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E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 11 IntroductionFuture high speed networks using the Asynchronous Transfer Mode will be able to carry abroad range of tra�c classes and will also have to provide a quality of service (QoS) measureto many of the tra�c classes. Typical QoS measures are cell loss probability (CLP) and celltransfer delay (CTD), which includes queueing delays and service times.The events associated with the QoS measures in ATM networks are typically rare. Forexample, the CLP and the probability that the cell delay exceeds a given high threshold(delay threshold probability) are expected to be in the range of 10�9 to 10�12. Second, dueto the de�nition of the di�erent classes of bursty and non-bursty tra�c, it is di�cult to �ndan accurate statistical model to account for all classes of tra�c. These facts, along with thelarge bu�er sizes make ATM switches di�cult to analyze. A solution is to estimate the QoSparameters using Monte Carlo simulation. Unfortunately, Monte Carlo simulation becomesinfeasible in the range of probabilities of interest.In [1] and [2], we developed and demonstrated e�cient methods for simulating for the cellloss probability and delay threshold probability, respectively, for single-stage ATM switcheswith homogeneous input tra�c. These methods used Importance Sampling as a means ofgenerating e�cient simulations. We extended our work to include cell loss probability in thecase of heterogeneous tra�c [3].In this paper, we present, for the �rst time, a simulation model to estimate the aggregatedelay threshold probability resulting from a single stage ATM switch with heterogeneousinput tra�c, namely constant bit rate (CBR) and variable bit rate (VBR) tra�c. Since theprobabilities involved are rare, we use Importance Sampling (IS) as a means of generatinge�cient simulations.Rather than using statistical models to characterize the input tra�c, we use the connec-tion tra�c descriptors standardized by the ATM Forum [4]. These descriptors are the peakcell rate �̂ in Mbps, the mean cell rate �� in Mbps and the maximum burst duration B̂ cellsat the peak rate. This approach has been called the operational approach in [5]. Our modeldoes not place any restrictions on the input tra�c other than the fact that it has to be UPCcompliant.
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^Figure 1: ATM switch model.This paper is organized as follows: In Section 2, we give a description of the system andthe input tra�c. We also list our assumptions and give a description of the slotted-timesystem model we use in our simulations. In Section 3 we demonstrate that an exhaustivesolution to �nding the delay threshold probability quickly becomes intractable for realisticsystems. We then proceed to describe a Monte Carlo method to estimate the rare delaythreshold probability. The IS method that we use to speed up our simulations is describedin Section 4. We present some experimental results in Section 5 and observe that theimprovement we obtain using IS instead of MC is inversely proportional to the probabilitybeing estimated. Finally, we draw conclusions in Section 6.2 System DescriptionThe model we use for the ATM switch is shown in Fig. 1. The switch has NP input portsand NP output ports and we assume the number of connections is NC = NP . We assumethere are two classes of tra�c: CBR tra�c has a triplet (�̂CBR; ��CBR; B̂CBR), VBR tra�chas a triplet (�̂VBR; ��VBR; B̂VBR). For the CBR tra�c, �̂CBR = ��CBR and B̂CBR = 1. Wealso assume that �̂VBR = k�̂CBR, where k 2 Z+ and k � 2. For this reason, the VBRconnection is referred to as the dominant class and the CBR connection is referred to as thenondominant class. Each connection is routed uniformly to one of the output ports througha nonblocking shared bus that operates at a speed of NP �̂VBR. We analyze a single \tagged"
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B - burst^ Figure 2: Greedy ON/OFF tra�c.output bu�er to represent the performance of all output bu�ers. The output bu�ers have a�nite size of K cells, a service rate of �̂ Mbps and use a FIFO queueing discipline.We assume the routing is instantaneous in that it has negligible e�ect on the cell's end-to-end delay. We also assume worst case VBR tra�c. We consider worst case UPC-compliantVBR tra�c to be the periodic greedy ON/OFF tra�c pattern. In the ON period, the sourcegenerates tra�c at a peak rate of �̂VBR for a burst duration of B̂VBR, and the OFF period isrequired to average out to the mean rate ��VBR. The greedy ON/OFF tra�c is illustrated inFig. 2. Although there is a debate as to whether or not the greedy ON/OFF pattern de�nesthe worst case UPC compliant tra�c, it has been considered the Worst Case Tra�c (WCT)in [6], [7], [8], [9] and [10]. This tra�c has been shown to cause more congestion in the caseof �nite bu�ers [9] and has been demonstrated to yield results very similar to the alternateworst cases [6], [11] under in�nite bu�ers.For our simulations, we use a slotted timemodel resulting from normalization with respectto the peak rate of the VBR source, �̂VBR. Hence, one slot corresponds to the transmissionof a 53-byte ATM cell. With this normalization, the equivalent arrival rate of the VBRsource is 1 cell/slot and that of the CBR source is �̂CBR=�̂VBR = 1=k cells/slot, where k wasde�ned above. Both the VBR and the CBR tra�c are periodic. The corresponding periodsare given as follows: TVBR = �̂VBRB̂VBR��VBR (1)TCBR = �̂VBRB̂CBR��CBR = k�̂CBR��CBR = k (2)
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0Figure 3: Slotted-time example pattern for CBR/VBR tra�c.Since both the VBR and CBR tra�c are periodic, the entire input tra�c has a super-period of TSP = lcm(TVBR; TCBR). We assume TVBR to be an integer multiple of k so thatTVBR = TSP. After normalization, the equivalent service rate is given by � = �̂=�̂VBRcells/slot. An example of the resulting slotted-time pattern is plotted in Fig. 3 for �̂VBR = 6cells/slot, ��VBR = 1 cell/slot, B̂VBR = 5 cells and ��CBR = �̂CBR = 1 cell/slot and B̂CBR = 1cell where both connections start at slot 0.The randomness in the simulationmodel is found in the connection starting-slot positions.Each of the NVBR connections can be characterized by a discrete-time random variable,uniform on [0; TSP � 1] representing the starting-slot of the VBR connection. Similarly,each of the NCBR CBR connections can be characterized by a discrete-time random variable,uniform on [0; TCBR�1]. Here,NC = NCBR+NVBR. We represent the starting-slots as an NC-dimensional vector v, which can be partitioned into two vectors vCBR and vVBR representingthe starting-slots of the VBR and CBR connections, respectively, as follows:v = (vVBRjvCBR) (3)For simplicity, we �x one VBR connection to start at slot 0. Hence, the �rst component ofv is always 0.Each arrival slot is composed of NC service slots as in Fig. 4. If at an arrival slot thenumber of cell arrivals is N < NC , we assume these cells occupy the �rst N service slots.In each service slot, one cell can be loaded into the output bu�er and �=NC cells can beserviced. For a cell that is not lost due to bu�er over
ow, the delay threshold � representsa fraction of the bu�er length, Km = �K. The queue length is compared to Km right afterthe arrival (but before the service) of a cell in a service slot. The delay threshold will berepresented by � and Km interchangeably in this paper. Since we estimate the aggregate
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1 2 NCFigure 4: Arrival slot and service slot relationship.delay threshold probability, there is no distinction between cells in an arrival slot. Hence,all cells have equal priority upon arrival in an arrival slot.3 Simulation Framework and Monte Carlo Simula-tion3.1 Upper Bound for Finite Bu�ersA problem in collecting end-to-end delay statistics and cell loss statistics simultaneouslycomes from the fact that often the two statistics are correlated. From an empirical study,we observed the following in [12]:Pr(DK > � ) � Pr(D1 > � )� Pr(cell loss) (4)where the subscripts K and 1 refer to �nite and in�nite bu�ers, respectively and D refersto the cell delay making no distinction between CBR cells and VBR cells. The expressionin (4) upper bounds Pr(DK > � ) by Pr(D1 > � ) � Pr(cell loss). In the remainder of thispaper, we will focus on estimating Pr(D1 > � ) for the in�nite bu�er, hereby denoted byPTH for conciseness. The cell loss results of [3] can be combined with the delay results hereto generate the upper bound estimate.3.2 Exhaustive Solution to PTHLet Dmax be the maximum number of cells that can exceed the given delay threshold forthe in�nite bu�er. In [12, 13], we show that for homogeneous tra�c sources, the worst case



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 6congestion occurs when all connections start at the same slot. For the combined CBR/VBRtra�c, worst case congestion occurs when all CBR and VBR connections start at the sameslot. Since one VBR connection is �xed to start at slot 0, the worst case congestion occursfor the aligned-at-zero (AAZ) case. Hence, Dmax can be found by running the AAZ vectorgiven by v = (0 : : : 0j0 : : : 0). This run is equivalent to a single simulation run and addsnegligible overhead to the overall simulation.Let V be the set of all connection starting-slot vectors and nTHj be the number ofconnection starting-slot vectors that map to exactly j cells that exceed the threshold � insteady state. Here, jV j = (TVBR)NVBR � (TCBR)NCBR, where j � j denotes the cardinality ofthe set. As in [2], the probability that j cells exceed the threshold in steady state is givenby pTHj = nTHj=jV j for j = 0; � � � ;Dmax. Note that PDmaxj=0 pTHj = 1. The average numberof cells �nTH that exceed the threshold in steady state is then given by �nTH = PDmaxj=0 jpTHj .Hence, as in [2], the delay threshold probability for the in�nite bu�er is given by:PTH = DmaxXj=0 � jNcells� pTHj (5)where Ncells is the total number of cells that arrive in a superperiod,Ncells = NVBRB̂VBR +NCBR � TSP�̂VBR=�̂CBR (6)In this formulation, PTH is expressed as a weighted sum of multinomial probabilities. Thus,we have a \multiple bin" probability structure composed of bins numbered 0 to Dmax, wherebin j corresponds to j cells that exceed the threshold. To obtain PTH , we have to runall possible vectors in jV j and collect the probabilities pTHj . This exhaustive solution hasa complexity of O((TVBR)NVBR � (TCBR)NCBR) and quickly becomes intractable for realisticsystems.3.3 Monte Carlo SimulationUsing Monte Carlo simulation, we form an unbiased estimate of PTH as follows:P̂TH = 1Ncells DmaxXj=1 jp̂THj (7)



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 7where p̂THj are estimates of the individual probabilities pTHj , j = 1; : : : ;Dmax. The estimatep̂THj is formed by running NMC simulation runs, with one connection starting-slot vectorbeing drawn uniformly from the sample space V for each run as follows [2]:p̂THj = 1NMC NMCXs=1 Ij(s) (8)where Ij(s) is the indicator function for j cells exceeding the threshold in steady state forvector s.Since the delay threshold probability is rare, if j cells do not exceed the threshold, thenmost of the time 0 cells will. Thus, we consider the bins to be independent since bin 0 isnot included in our estimates [12]. This multiple bin structure also helps us generate propercon�dence intervals for our estimates.The variance of the estimator PTH is given by:�2(P̂TH) = 1(Ncells)2 DmaxXj=1 j2pTHj(1 � pTHj )NMC (9)Since we do not know the probabilities pTHj a priori, we estimate this variance as follows:�̂2(P̂TH) = 1(Ncells)2 DmaxXj=1 j2�̂2(p̂THj) (10)where �̂2(p̂THj) are the estimates of the estimator variances for the individual bins:�̂2(p̂THj) = 1NMC(NMC � 1) NMCXs=1 (Ij(s)� p̂THj )2 (11)Following [3] and [2], we generate con�dence intervals using the result that the con�denceinterval of a weighted sum of individual multinomial probabilities follows a �2 distribution[14]. The �2 distribution results in higher con�dence intervals than using the normal distribu-tion, but the multinomial framework e�ectively removes the correlation between importantevents.3.4 Range for NCFor homogeneous tra�c with a given threshold � , there is a minimumnumber of connectionsnecessary, NC = NC0(� ), such that if there are less than NC0(� ) connections, no cells will



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 8exceed the threshold [13, 2]. The same holds true in the case of heterogeneous tra�c.However, for heterogeneous tra�c, NC0(� ) can have di�erent values depending on di�erentcombinations of the number of CBR and VBR sources. We arbitrarily �x the number ofVBR (dominant) connections to the minimumnumber required withNnC CBR (nondominant)connections, NpC0(� ), such that if there are less than NpC0(� ) VBR connections, no cells willexceed the threshold. We then vary the number of CBR sources and estimate delay thresholdprobabilities. Varying the number of VBR sources will result in delay threshold probabilitycurves very similar to the ones in [12, 2].Let the number of CBR connections be �xed at NnC at a threshold of � . If only VBRsources were present, the minimum number of connections required, NC0(� ), is given by[12, 2]: NC0(� ) = 666664�+ KmB̂VBR +r(�+ KmB̂VBR )2 � 4�B̂VBR2 777775+ 1 (12)Hence, NC0(� ) is an absolute upper bound for NpC0(� ). An absolute lower bound for NpC0(� )can be found by assuming that the NnC CBR connections are in fact of the same class as theVBR connections. Then, the absolute lower bound for NpC0(� ) is NC0(� ) � NnC. Thus, wehave: NC0(� )�NnC � NpC0(� ) � NC0(� ) (13)To �nd NpC0(� ), we run the AAZ case from NC0(� )�NnC VBR connections to NC0(� ) VBRconnections. Then, NpC0(� ) is the minimum number of VBR connections for which at leastone cell exceeds the threshold. Note that this stage is equivalent in run-time to at mostNnC + 1 simulation runs, which represents a negligible simulation overhead.Given NpC0(� ) VBR connections, there is a certain number of CBR connections NnCg suchthat if there are more than NnCg CBR connections, then all cells will eventually exceed thethreshold in steady-state. So, we must have:NpC0(� )��VBR +NCBR��CBR � �̂ (14)Thus, we �nd: NnCg = $�̂ �NpC0(� )��VBR��CBR % (15)



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 9where b�c denotes the 
oor operator.Simulations are performed for NpC0(� ) VBR connections and CBR connections in therange NnC � NCBR � NnCg .4 Importance Sampling MethodFor ATM networks, the delay threshold probability range of interest is 10�9 to 10�12. Inorder to obtain su�ciently accurate estimates in this range, at least 1011 to 1014 Monte Carlosimulation runs are necessary. Thus, MC simulation quickly becomes intractable at theselow probabilities.We use Importance Sampling to modify or \bias" the initial probability density function(pdf) fV1;V2(v1; v2) to f�V �1 ;V �2 (v�1; v�2) such that the estimate is formed with this new pdf. Here,V1 refers to the set of all possible connection starting-slot vectors v1 for the VBR source andV2 refers to the set of all possible connection starting-slot vectors v2 for the CBR source.Note that V = V1 � V2. Let us call the new estimate P̂ �TH . We require that the variance ofthe new estimate be reduced for a given number of simulation runs, or equivalently, that thenumber of simulation runs required to achieve a given variance be reduced.Note that due to the independence of the VBR and CBR connections, the pdf can bewritten as: fV1;V2(v1; v2) = fV1(v1) � fV2(v2). Since there is little to be gained by biasing theCBR source, we only bias the VBR source.To keep P̂TH unbiased, each important event (identi�ed by cells that exceed the thresh-old) must be appropriately weighted or \unbiased". Since we only bias the VBR source,f�V �1 ;V �2 (v�1; v�2) = f�V �1 (v�1) � fV2(v�1). Hence, the weight used to unbias the IS estimate is givenby w(v�1; v�2) = w(v�1) � 1. Additionally, we require that the biased pdf f�V �(v�) > 0 wheneverthe original pdf fV (v) > 0. Here, V � = V �1 � V2.We solve the problem of delay threshold probability calculation with three algorithms.The �rst algorithm (distance calculations) generates distances that identify the set V � in theimplementation of IS. The second algorithm (interval reduction) , adapted from [1] samples aconnection starting-slot vector and generates an IS weight given a set of distances. The thirdalgorithm (distance-shrinking) extends the distance calculation algorithm to subsequent bins.
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E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 11as before: P̂ �TH = DmaxXj=1 � jNcells� p̂�THj (16)But for the IS case, the individual estimates p̂�THj are formed as follows:p̂�THj = 1nj njXs=1 I�j (s)w�j (s) (17)where I�j (s) is the indicator function of a cell exceeding the threshold under the new pdff�V �1 ;V �2 (v�1; v�2) and w�j (s) is the vector-dependent weight function described in Section 4. Forrun s, the weight for vector v�(s) is given by w�j (s) = fV (v�(s))=f�V �(v�(s)) Note that theremay be a di�erent number of runs nj for each bin j, as opposed to the constant number ofruns NMC in the case of MC simulation. The unbiased estimate of the variance of P̂ �TH isgiven by: �̂2(P̂ �TH) = 1(Ncells)2 DmaxXj=1 j2�̂2(p̂�THj) (18)where �̂2(p̂�THj) = 1nj(nj � 1) njXs=1(I�j (s)w�j (s)� p̂�THj)2 (19)4.2 Distance CalculationsAs mentioned in Section 4, we bias only the VBR source since there is little to be gained frombiasing the CBR source. Here, the function of the distance calculation algorithm is to identifythe set V �1 from which the VBR starting-slot vector v1 is to be sampled. Given a number ofVBR and CBR connections, we de�ne a d-distance as the maximum distance in arrival slotsbetween the connection starting-slots of the �rst and last bursts of the VBR source such thatat least one cell can exceed the threshold for at least one of the CBR vectors v2 2 V2. Thus,a d-distance is such that, unless all VBR connections start their bursts within d slots of eachother, no cells will exceed the threshold. The d-distances depend on the relative values ofthe service rate � and the number of connections NVBR.



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 124.3 Case 1: � < 1For this case, one cell in an arrival slot is su�cient to increase the queue length for that arrivalslot. Let dr denote the d-distance for NVBR = NpC0(� ) + r connections. We �rst considerthe case where the number of connections is NpC0(� ). For a cell to exceed the threshold, allNC0(� ) connections must arrive within d0 slots of each other.To �nd d0, we consider the con�guration shown in Fig. 6. In this starting-slot con�g-uration, one VBR burst is �xed at slot 0 and another VBR burst is �xed at slot d0. Theremaining NpC0(� )� 2 VBR bursts are distributed over the interval [0; : : : ; d0]. By de�nition,all VBR bursts in this con�guration start within d0 slots of each other.
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0 Figure 6: Calculation of d0 for Case 1.In the con�guration in Fig. 6, we force one cell to exceed the threshold. By de�nition,NpC0(� ) VBR bursts are required for at least one cell to exceed the threshold. Hence, thequeue length cannot drop to 0 in the interval [0; : : : ; d0]. Also, since � < 1, if one cell ina VBR burst exceeds the threshold, the remaining cells in that burst will also exceed thethreshold. Hence, to �nd d0, we force the last arriving cell of the VBR burst �xed at slot d0to exceed the threshold. Then, d0 is found by maximizing the distance obtained by varingthe starting-slot positions of the NpC0(� )� 2 bursts distributed over the interval [0; : : : ; d0].Note also that the queue length will not drop to 0 throughout the entire support of thebursts. Thus, the e�ect of the NpC0(� )� 2 VBR connections and the NCBR CBR connectionscan be quanti�ed by the number of cells of these connections that arrive at slot d0+B̂VBR�1.Let y denote the number of cells that arrive in slot d0 + B̂VBR � 1. Then, 1 � y � NCBR +NpC0(� )� 1.



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 13Let x be the total number of CBR cells in the range from slot 0 to slot d0 + B̂VBR � 1.Then, we have: x = NCBR � & d0 + B̂VBR�̂VBR=�̂CBR' (20)Forcing the black cell in Fig. 6 to exceed the threshold, we have:NpC0(� )B̂VBR + x� �(d0 + B̂VBR) + (NC � y + 1) �NC > Km (21)where NC = NCBR +NpC0(� ) is the total number of connections. Hence,�d0 < B̂VBR(NpC0(� )� �) + (NC � y + 1) �NC �Km + x (22)To simplify the above equation, we use the following relation:da+ be � dae+ dbe � a+ 1 + dbe (23)Thus, we upper bound x as follows:x � x = d0 � NCBR�̂VBR=�̂CBR +NCBR +NCBR � & B̂VBR�̂VBR=�̂CBR' (24)Let d0 be the upper bound for d0 generated by replacing x with x. Thus, using Eq. 24 inEq. 22, we have:d0 < B̂VBR(NpC0(� )� �)�Km + (NC � y + 1) �NC +NCBR +NCBR � � B̂VBR�̂VBR=�̂CBR��� NCBR�̂VBR=�̂CBR (25)Th expression in Eq. 25 is maximized when y = 1, indicating only one cell in slot d0 +B̂VBR � 1. Incidentally, this cell is the last cell of the VBR burst �xed to start at slot d0.Incorporating y = 1 and choosing the maximum possible integer value for d0, we get:d0 = 266666B̂VBR(NpC0(� )� �)�Km + �+NCBR +NCBR � � B̂VBR�̂VBR=�̂CBR��� NCBR�̂VBR=�̂CBR 377777� 1 (26)For the case of NVBR = NpC0(� ) + r VBR connections, we use a similar con�guration asin Fig. 6, but for which NVBR � 2 VBR bursts are distributed over the interval [0; : : : ; dr].Proceeding identically to the case of d0, we obtain:dr = 266666B̂VBR(NpC0(� ) + r � �)�Km + �+NCBR +NCBR � � B̂VBR�̂VBR=�̂CBR��� NCBR�̂VBR=�̂CBR 377777� 1 (27)



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 14The expression in Eq. 27 can be used by itself to generate the d-distances. However, it isknown to represent an upper bound due to the upper bound of x. For increased e�ciency,the following iteration is used to generate the exact d-distances:� Find dr, 0 � r � NVBR �NpC0(� ).� For 0 � r � NVBR �NpC0(� ), do the following:{ while (NpC0(� ) + r)B̂VBR + x� �(dr + B̂VBR) + � � Km,� dr  dr � 1� dr  dr, 0 � r � NVBR �NpC0(� ).4.4 Case 2: � � 1For this case, at least b�c+1 cells per arrival slot are required for the queue length to increasefor that arrival slot. We also assume that NpC0(� )� 1 � �. Again, we �rst consider NpC0(� )VBR connections.Since � � 1, a physical constraint for this case is that d0 � B̂VBR. To �nd d0, westart with all VBR connections at slot 0 and cancel the e�ects of cells pertaining to oneof the bursts such that they no longer contribute to the �nal queue length (in essence, weremove the e�ects of the cells on the queue length, or simply \remove" the cells). We removecells from the last burst starting from the rightmost support and proceed towards slot 0 orstarting from the leftmost support and proceed towards slot B̂VBR�1, as seen in Fig. 7. Therationale behind removing cells from the last VBR burst and not any other burst is that, byde�nition, NpC0(� )� 1 bursts alone are not su�cient for a cell to exceed the threshold.As before, let the number of CBR cells in the support from slot 0 to slot B̂VBR be denotedby x. For this case, x is given by the following:x = NCBR � & B̂VBR�̂VBR=�̂CBR ' (28)Let f be the number of cells removed. We �nd the maximum possible value of f such thatone cell is guaranteed to exceed the threshold. The cell that exceeds the threshold varies



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 15depending on the direction of the removal process. For both cases, the cell that is guaranteedto exceed the threshold is shown in black in Fig. 7.
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Figure 7: Calculation of d0 for Case 2.For rightward removal, we have to check whether or not any CBR cells can fall into slotB̂VBR + 1. Forcing the black cell to exceed the threshold, we have:NpC0(� )B̂VBR � f + x� �B̂VBR + 1 + yNCBR �1 � �NC � > Km (29)where y = 1 if B̂VBR = lTCBR, l 2 Z+ and y = 0 otherwise. Solving for f , we obtain:f < B̂VBR(NpC0(� )� �)�Km + 1 + x+ yNCBR �1 � �NC � (30)Since � > 1, the maximum number of arrival slots necessary to cancel the e�ects of f cells,thus keeping the queue length unchanged, is f . Hence, we set d0 = f , yielding the following:d0 = &B̂VBR(NpC0(� )� �) �Km + 1 +NCBR � & B̂VBR�̂VBR=�̂CBR'+ yNCBR �1� �NC�'� 1 (31)where y = 1 if B̂VBR = lTCBR, l 2 Z+ and y = 0 otherwise.For leftward removal, we have to check whether or not any CBR cells can fall into slotB̂VBR � 1. Again, forcing the black cell to exceed the threshold, we have:NpC0(� )B̂VBR � f + x� �B̂VBR + (NC � (NpC0(� )� 1) + 1) �NC � z �NC > Km (32)where z = 1 if B̂VBR � 1 = lTCBR, l 2 Z+ and z = 0 otherwise. Solving for f yieldsf < B̂VBR(NpC0(� )� �)�Km + x+ (2 +NCBR) �NC � z �NC (33)



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 16We observe that for leftward removal, f is maximized when the CBR connections are alignedsuch that z = 0. By a similar argument as the one above, we have:d0 = 266666B̂VBR(NpC0(� )� �)�Km + (2 +NCBR) �NC +NCBR � & B̂VBR�̂VBR=�̂CBR'377777� 1 (34)Combining Eq.'s 31 and 34 and also generalizing to the case of NVBR = NpC0(� ) + r VBRconnections as in Case 1, we �nd the following:dr = 266666B̂VBR(NpC0(� ) + r � �) �Km +NCBR � & B̂VBR�̂VBR=�̂CBR '+max�1 + yNCBR �1� �NC� ; (2 +NCBR) �NC �377777� 1 (35)where y = ( 1, if B̂VBR = lTCBR, l 2 Z+0, otherwise (36)4.5 Interval Reduction AlgorithmGiven the d-distances, the interval reduction algorithm e�ciently samples a vector from thevector space generated by the d-distances and also calculates an IS weight relating to thesampled vector. This algorithm was �rst developed in [1] and we adapt it here for the caseof delay threshold probabilities.The algorithm iteratively keeps track of the intervals t̂i over which the starting-slots aresampled, where t̂NC0(�)+r�1 � t̂NC0(�)+r�2 � � � � � t̂2 � t̂1. The IS weight is calculated asw�(v�) = 1TNC�1 NC�1Yk=1 t̂k (37)4.6 Distance Shrinking AlgorithmThe original d-distances described above are derived by forcing one cell to exceed the thresh-old. Vectors that correspond to more than one cell exceeding the threshold have connections



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 17con�ned to a distance smaller than the original d-distances, and are thus rarer than vectorsthat produce one cell that exceeds the threshold. Thus, it is more e�cient to target individ-ual bins. Ideally, we would like to identify sets of distances di(h) for 1 � h � Dmax whereh speci�es the number of cells that exceed the threshold (multinomial bin number). Theo-retically computing di(h) is not possible because a given distance set di(�) may correspondto multiple bins; some bins may have identically zero probability; and there is no way ofknowing a priori by how much a distance has to be reduced to cause one more cell to exceedthe threshold. Note that this distance reduction applies to the connection starting-slots ofthe VBR source only.Let the d-distances be speci�ed by an ordered set �r = fd0; d1; � � � ; drg for NC =NC0(� ) + r connections, where r � 0. Distance shrinking involves identifying the worstcase connection starting-slot con�guration such that NC0(� ) connections start within d0 ofeach other, NC0(� ) + 1 connections start within d1 of each other etc. The worst case con-�guration is identi�ed by bursts producing the maximum congestion conforming to the setof distances �r and not to any other set of distances �0r which contains ordered elementsd0i < di. There are two con�gurations depending on whether � < 1 or � � 1.The worst case situation conforming to �r for � < 1 occurs when NpC0(� ) � 1 VBRconnections start at slot 0, 1 VBR connection starts at each slot di for 0 � i � r and theNCBR CBR connections start at slot 0. For � � 1, the worst case situation conforming to �roccurs when 1 VBR connection starts at slot 0, NpC0(� ) � 1 VBR connections start at slotd0, 1 VBR connection starts at each slot di for 1 � i � r and NCBR CBR connections startat slot d0.The distance-shrinking algorithm consists of two phases. The �rst involves obtaining thenumber of cells that exceed the threshold for the worst case con�guration by executing apresimulation run, which is equivalent to executing one realization of a vector drawn duringa simulation run. The total number of presimulation runs used in this phase brings negligibleoverhead to the simulation. This process is repeated by shrinking the entries in the set �rby one. The second phase uses the results of the �rst phase and identi�es the ranges of binsto be collected for a given shrink value during simulation.



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 18S �s Bin Range Lower Bin Upper Bin0 �0 1 � � ��0 1 �01 �1 �0 + 1 � � � �1 min(�0 + 1;Dmax) min(max(�0 + 1; �1);Dmax)2 �2 �1 + 1 � � � �2 min(�1 + 1;Dmax) min(max(�1 + 1; �2);Dmax)... ... ... ... ...Smax Dmax �Smax�1 + 1 � � �Dmax min(�Smax�1 + 1; Dmax) DmaxTable 1: Table generated by Phase 2 of the distance-shrinking algorithm.In the following, we present the algorithm for the �rst phase. Here, S denotes the shrinkvalue, �S denotes the maximum number of cells that exceed the threshold for the worst casecon�guration conforming to the set �r shrunk by S and !�r denotes the worst case vectorwith elements !�r (1); !�r (2) � � � ; !�r (NC) conforming to the set �r shrunk by S:Phase 1 (Assume there are NC = NC0(� ) + 1 connections, where r � 0.)� set S = 0 /* no shrinks initially */� set �0 = d0; �1 = d1; � � � ; �r = dr /* the original d-distances */� set �r = f�0; �1; � � � ; �rg /* form the ordered set */� form !�r /* get the �rst set of worst case starting slots */� do { run for vector !�r to get �s /* get # of cells exceeding � */{ for i = 0 to r,� if the i-th element, !�r (i) > 0, !�r (i) = !�r (i)� 1 /* shrink */{ S = S + 1 /* update shrink indicator */while �s�1 6= Dmax /* phase 1 stopping condition */Table 1 shows a typical output of the second phase of the algorithm. This table lists theshrink value S, the number of cells �s that exceed the threshold for the worst case vectorfor shrink value S, the bin range to be collected for shrink value S and lower and upper binranges corrected for over
ow conditions.Let the set of vectors conforming to the ordered distance set generated by shrink valueS be denoted by 
S for 0 � S � Smax. Then, we have 
0 � 
1 � � � � � 
S and 
0 � Vsince V also contains vectors in bin 0 which are not in 
0. Due to this relationship between
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i, the data collection proceeds as follows: For S = 0, hits are recorded for bins 1to Dmax. For S = 1, hits are recorded for bins �0+1 to Dmax etc. Finally for S = Smax, hitsare recorded for bins �S�1 + 1 to Dmax. The shrink value is advanced when at least 10-100hits are recorded for all the bins in the shrink range (for the �2 assumption [14]) or when amaximum run tolerance is reached.Note that for a certain shrink S, the bin range hits are recorded for is from �S�1 + 1 toDmax. The reason for this is that the space 
S produced by restricting to the d-distancesshrunk by S no longer contains all the vectors that produce 1 to �S�1 cells that exceedthe threshold. If we did collect for bins 1 to �S�1 at shrink S, we would be violating theImportance Sampling condition.Note that the sets 
i correspond to the sets V �i and 
0 corresponds to V �. Any set 
ican be written as 
i = 
i;1 � V2 since the biasing and distance-shrinking algorithms applyonly to the VBR connection starting-slots. The set 
0 is generated by shrink value S = 0and hence is de�ned by the original d-distances.4.7 Improvement in Simulation E�ciency Using ISThe improvement in simulation e�ciency using IS can be calculated by assuming the sameestimator variance for both the MC estimate P̂TH and the IS estimate P̂ �TH and taking theratio of the number of runs required to generate these estimates or, equivalently, by assumingthe same number of MC and IS simulation runs and taking the ratio of the resulting estimatorvariances as follows: Rnet = NMCNIS �����2(P̂TH)=�2(P̂ �TH) = �2(P̂TH)�2(P̂ �TH) �����NMC=NIS (38)Since our Importance Sampling procedure uses a di�erent number of simulation runs foreach bin, we use the latter approach in generating improvement factors. For any bin j, thenumber of IS simulation runs is nj and the probability estimate is pTHj . If MC simulationwere used for bin j, the estimate formed would involve a sum of Bernoulli trials on the hitson bin j, divided by the number of trials as in Eq. 8. Then, assuming the number of trials



E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 20Source �̂, ��, B̂, T ,Mbps Mbps cells slotsCBR 10 10 1 1VBR-1 50 5 25 250VBR-2 500 2 50 12,500Table 2: Sources for the heterogeneous systems.System Sources �̂, K, TSP, �,Mbps cells slots cells/slotA CBR, VBR-1 120 200 250 2.4B CBR, VBR-2 120 200 12,500 0.24Table 3: System parameters and derived parameters.was nj, an estimate of the variance for bin j is given by p̂THj(1 � p̂THj)=nj . Hence, weestimate the improvement as follows:R̂net = �̂2(P̂TH)�̂2(P̂ �TH) = PDmaxj=1 j2p̂THj(1� p̂THj)=njPDmaxj=1 �̂2(p̂�THj) (39)Here, Dmax is known, nj and p̂THj and �̂2(p̂�THj) are the outputs of the IS simulation, where�̂2(p̂�THj) is calculated as in Eq. 19.5 Experimental ResultsThe input parameters for the sources are listed in Table 2. We generated simulation resultsfor two systems. System A consisted of CBR sources and VBR-1 sources. System B consistedof CBR sources and VBR-2 sources. The system parameters and derived parameters for thesesystems are listed in Table 3.We �rst considered SystemAwith three threshold levels, � = 40%, � = 45% and � = 50%,corresponding to queue lengths of 90, 100 and 110 cells, respectively. The number of VBRsources was �xed at 6 and the number of CBR sources was varied. The stopping condition
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E�cient Simulation of Delay Threshold Probabilities in ATM... A. A. Akyama�c 23period of system B. Another result of this is that, at a �xed number of connections, the delaythreshold probability decreases more and more as the threshold is increased, which can alsobe observed in Fig. 9.6 ConclusionIn this paper, we considered the problem of estimating rare aggregate delay threshold prob-abilities in ATM networks with heterogeneous input tra�c consisting of CBR and VBRsources. We used the ATM Forum standardized connection tra�c descriptors to character-ize the input tra�c (operational approach).For the heterogeneous model, we used a multinomial formulation which e�ectively re-moved correlations (due to burstiness) between delay threshold events, and produced a \mul-tiple bin" simulation structure. We presented a three part Importance Sampling procedurebased on this structure. The multiple bin structure and the Importance Sampling procedurewere previously used for ATM switches with homogeneous input tra�c.For the experimental systems considered, we observed that the improvement in simulatione�ciency (speedup over standard Monte Carlo simulation) was inversely proportional to theprobability being estimated.References[1] J. A. Freebersyser and J. K. Townsend. E�cient Simulation of Cell Loss ProbabilityUsing Standardized ATM Connection Tra�c Descriptors. In Proc. IEEE Int. Conf.Commun., ICC '95, pages 298{303, Seattle, June 1995.[2] A. A. Akyamac and J. Keith Townsend. E�cient Simulation of Delay Threshold Prob-abilities in ATM Networks with ON/OFF Arrivals. To appear in the Proc. IEEE GlobalTelecom. Conf., GLOBECOM '96.[3] J. A. Freebersyser and J. K. Townsend. E�cient Simulation of Cell Loss Probability inATM Networks with Heterogeneous Connection Tra�c Descriptors. In Proc. IEEE Int.Conf. Commun., ICC '96, pages 320{327, Dallas, June 1996.
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