
ABSTRACT

YUAN, CHENGZHI. Synthesis of Hybrid/Switched Control Systems and Its Applications.
(Under the direction of Dr. Fen Wu.)

Due to the wide presence of digital devices in control applications, a large variety of engi-

neering systems exhibit rather complicated dynamical behaviors that can be typically modelled

as hybrid dynamical systems, i.e., systems that combine continuous dynamics with discrete

events. This prompts a great demand of developing new techniques for hybrid system analysis

and advanced hybrid controller synthesis. As a subclass of hybrid systems, switched systems

typically consist of a family of differential/difference equations and a rule that orchestrates the

switching among them. In spite of the rich literatures on hybrid dynamical systems analysis, the

problem of hybrid output-feedback controller synthesis has not yet been addressed adequate-

ly due to the lack of available techniques and convex solution for the associated optimization

problem. Thus, the major motivating theme of this dissertation research is developing effec-

tive hybrid control algorithms that simultaneously yield optimal controlled performance and

tractable computational synthesis conditions for various complex dynamical systems.

We first study the output-feedback control synthesis problem for a class of switched parameter-

dependent systems that can be described as a linear fractional transformation (LFT) parameter-

dependent model. A novel hybrid gain-scheduling control scheme is proposed, which consists of

a standard switching dynamic output-feedback LFT control law and a supervisor that monitors

the switching signal and enforces a reset/impulsive rule for the controller states at each switch-

ing time instant. It is shown that under the proposed hybrid controller structure, the associated

output-feedback control synthesis conditions guaranteeing weighted L2 performance can be for-

mulated in terms of finite numbers of linear matrix inequalities (LMIs), which can be solved

effectively using semi-definite programming. These results make a significant breakthrough for

the theoretical research on gain-scheduling control synthesis of switched LFT systems via convex

optimization. Specifically, it significantly simplifies the optimal output-feedback control design



procedure such that the weighted H∞ optimal control solution can be readily obtained by solv-

ing a convex constrained optimization problem. Moreover, both full-order and reduced-order

output-feedback control synthesis problems can be addressed under a unified framework. This

theoretical finding has been successfully applied to high-performance hybrid gain-scheduling

missile autopilot design, and its effectiveness and advantages over existing missile control meth-

ods have also been demonstrated through nonlinear simulations on a longitudinal missile dy-

namics over a wide range of operating conditions.

We then investigate a more complicated control design problem, i.e., mixed H∞ and out-

put regulation control for a class of switched linear dynamics subject to effects of persistent

switched exosignals. The problem of output regulation specifies the control task of achieving

not only the overall closed-loop stability but also the tracking and/or rejection of persistent

reference/disturbance generated by an exosystem. This problem is addressed in this disserta-

tion research by developing a new hybrid output regulator structure and a new mathematical

technique, namely the multiple coordinate transformation (MCT) technique. We consider both

switched controlled plant and the exosystem described by switched linear models. The proposed

hybrid output regulator structure is constructed as an impulsive switched linear system, and

embraces the exosystem dynamics as the internal model. It is shown that the associated hybrid

output regulator synthesis conditions that guarantee overall weighted L2 stability and output

regulation performance are established as a set of LMIs plus linear matrix equations, which are

computationally tractable via convex optimization. Apart from the technical novelty of the new

hybrid control architecture and new MCT technique, another important contribution of these

results lies in that the exosignals containing the reference to track are generated by a switched

system consisting of multiple linear models. This would render more sophisticated descriptions

for tracking control comparing to merely utilizing a pure linear or nonlinear exosystem. This

work would therefore enhance the control system capability and design flexibility. Usefulness of

the proposed approach has been demonstrated by solving the hybrid output regulation problem

for a mechanical system.



All the aforementioned results are obtained under the assumption that dynamics/parameters

of the controlled plant is precisely known or online measurable for controller design. Howev-

er, modeling uncertainties are ubiquitous in practical control engineering applications. This

motivates us to consider the control synthesis problem for systems with large uncertainties.

The control problem under consideration is posed in the two-degree-of-freedom framework, i.e.,

the control design tasks include feedback stabilization control design and feedforward perfor-

mance filter design. In this research, we focus on developing a feedforward control scheme with

a pre-specified feedback control part for a class of uncertain systems that can be described

in a standard LFT form. A min-switching-based switched feedforward controller structure is

first proposed for both H2 and H∞ robust stabilization problems. Stability and performance

analysis conditions are established by using a piecewise Lyapunov function combined with the

min-switching control technique. Based on the analysis results, the associated synthesis con-

ditions are finally formulated as a special type of bilinear matrix inequalities (BMIs), which

can be solved by means of convex LMI optimization coupled with a line search. This proposed

robust switched feedforward control scheme outperforms existing ones based on single quadratic

Lyapunov function, and leads to less conservative control designs. Successful application to the

tracking control problem of a ship steering system demonstrates the effectiveness and usefulness

of the proposed approach.
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Chapter 1

Introduction

1.1 Motivations and Objectives

Recent years have witnessed the rapid development of hybrid systems for both theoretical and

practical reasons (see, e.g., [48, 10, 23, 26, 31, 33, 95, 105, 91] and the references therein).

Typically, hybrid dynamical systems represent a large class of dynamic systems that combine

continuous dynamics with discrete events. Such type of systems are intensively studied in control

community, not only because they can be used effectively to model highly complex systems

and/or systems with large uncertainties, but also because some limitations of traditional control

designs can be relaxed or even avoided by introducing hybrid components into the control

structures, leading to improved control performance and design flexibility. For example, the wide

presence of digital devices in modern control applications results in a large variety of engineering

systems exhibiting rather complicated dynamical behaviors, such as abrupt parameter variations

in electronics, digital communication networks, and smart power grid systems; and sudden

changes of system configurations in automobile transmission systems, power split powertrain

systems of hybrid electric vehicles, automated traffic control, and cyber-physical networks. All

of these complex physical systems can be typically modelled as hybrid dynamical systems.

On the other hand, modern computer-based engineering control systems are prompting an
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urgent demand of advanced control strategies to meet stringent performance requirements,

which however usually goes beyond the capability of classical linear/nonlinear control design

techniques. Hybrid control techniques provide a new perspective for high-performance control

designs. Typical examples of applying hybrid control techniques to overcome limitations of

classical linear/nonlinear control schemes include: reset control systems [63, 95, 96], switching

control systems [48, 105, 58], impulsive control systems [102, 23, 38], and discrete-event control

systems [33], etc.

As a special class of hybrid systems, switched systems consist of a family of subsystems

(continuous time or discrete time) and a logical rule that orchestrates the switching between

them. The defining feature of a switched control system is that in addition to the control

laws, the switching logic serves as another important mechanism determining the hybrid nature

of the system dynamics. Widespread applications of switched control systems have been seen

over a broad range of areas, such as aerospace autopilot designs, multi aerial/groud vehicle

corporation systems, robotic manipulators, electric circuits, industrial manufacturing process

control systems, energy power systems, and mobile networked control systems. This justifies

the extensive research efforts over the past decades on both analysis and design of switched

control systems, see, e.g., [48, 82, 54, 67, 10]. Despite of many powerful tools for linear and

nonlinear analysis, the problems of stability and stabilization of switched systems are of great

challenge due to the involvement of the switching logic. For example, even the switching control

of multiple linear time-invariant (LTI) plants has been considered to be a non-trivial problem

since it is possible to cause instability by switching among multiple LTI systems that are all

individually asymptotically stable, or stabilize multiple unstable systems through a properly-

designed switching logic [48]. For stability analysis of switched control systems, under different

switching scenarios, two problems are raised and studied in the field:

1. Stability of autonomous switched system: Under arbitrary switching signals, what are the

conditions that guarantee asymptotic stability of a switched system?

2. Stability of controlled switched system: For a given switching signal, what are the con-

2



ditions that guarantee asymptotic stability of a switched system? How to specify these

switching signals?

For autonomous/arbitrary switching, the stabilization problem can be regarded as a robust

design problem, and the existence of a common Lyapunov function (CLF) provides a sufficient

and necessary condition to guarantee the robust stability against arbitrary switching [48]. Re-

search along the line of using CLF technique for analysis and design of switched control systems

mainly focuses on: developing effective mechanisms to construct different type of common Lya-

punov functions; and devising advanced switching control strategies to pursue better controlled

performance. In particular the existence of a switching compensator which stabilizes the plant

under arbitrary switching is discussed in [61]; and an advanced hybrid controller structure for

robust stabilization of switched linear systems with arbitrary switching signals were developed

in [94] by using a min-of-quadratic piecewise Lyapunov function. However, requiring all the

subsystems of a switched system sharing a common Lyapunov function could be very restric-

tive, and such a CLF may not exist or very hard to find for some switched systems. Moreover,

the CLF-based stability condition might become too conservative especially when a particu-

lar switching logic is concerned. Therefore, in the context of switched systems with controlled

switching, it is reasonable to constitute the switching logic in the system design and find a

suitable one such that stabilization as well as performance improvement can be achieved. To

this end, the multiple Lyapunov function (MLF) technique [67, 10, 91, 98] serves as an effective

alternative approach to the CLF-based technique. The key idea of multiple Lyapunov function

is that instead of sharing a common Lyapunov function, it is allowed for each individual sub-

system to possess its own Lyapunov or Lyapunov-like function, which thus forms the so-called

multiple Lyapunov functions for the associated switched system. This basic idea was originally

presented in [10]. Subsequent research along this line is focusing on devising different types

of switching logics such that overall stability can be guaranteed under the MLF framework.

Two typical switching logics prevailing the current switching control literature are worth to be

mentioned. The first one is the state-dependent “min-switching logic” as proposed in [29, 28].

3



Under the min-switching logic, stability of switched systems is achieved by requiring a decreas-

ing sequence to be formed and comparing the values of multiple Lyapunv functions at each

switching time instants. This switching logic ensures that the switching behavior can only oc-

cur when the value of Lyapunov function with respect to the currently active subsystem is not

minimal, and another subsystem associated with a minimal Lyapunov function value will be

switched to at the time instant. The second one is the time-driven “dwell-time (DT) switching

logic” [37]. Different from the min-switching logic, the concept of DT switching is defined for a

switched system with all individual subsystems asymptotically stable. It is well-known that a

switched system is table if all individual subsystems are stable and the switching is sufficiently

slow such that the transient effects can dissipate after each switch. The DT switching logic

therefore provides a simple way to quantitatively specify this slow switching. Specifically, it re-

stricts the class of admissible switching signals to be signals with the property that each pair of

consecutive switching times is separated with a fix minimal amount of time, namely the “dwell

time”. Under the DT switching logic, stability conditions of switched systems are established

with the MLFs technique, i.e., in order to guarantee stability, the Lyapunov function is allowed

to exhibit bounded increase at each switching time instant while required to decrease with

a sufficiently fast converging rate when no switching occurs. This DT switching strategy was

later on extended to an average sense, namely the average dwell-time (ADT) switching logic

[37]. The ADT switching logic relaxes the DT one in the sense that it allows the possibility

of switching fast when necessary and then compensating for it by switching sufficiently slowly

later. This relaxation significantly widens the application of ADT switching in solving various

practical engineering problems, such as [58, 62, 52].

It should be noted that in spite of the rich literature on stability and/or performance analy-

sis of switched control systems, the synthesis problem for switched control systems has not yet

been addressed adequately. For state-feedback control of switched systems, the MLF technique

with quadratic Lyapunov-like functions have been successful because the derived conditions can

usually be formulated as linear matrix inequalities (LMIs) and convex optimization problems

4



[8], and globally optimal solutions can be obtained for most performance objectives by using

efficient numerical algorithms [8]. However, the output-feedback switching control synthesis

problem is non-trivial. As opposed to the LTI systems, the separation principle is in general

not valid for switched systems. So the switching output feedback control problem cannot be

addressed by designing a stat-feedback controller and an observer separately. In addition, the

boundary condition that is used to guarantee overall switching stability by constraining the

difference between two adjacent Lyapunov functions usually leads to undesirable results under

different switching frameworks. For state-dependent switching control [29], a special structure

has to be imposed on the MLFs, which inevitably introduces certain degree of conservatism; for

time-driven switching control [57], the boundary condition could result in non-convex synthesis

conditions (in the form of bilinear matrix inequalities (BMIs)), which are difficult to solve. Such

a problem has not been addressed adequately in most of the current work, and there is still a

lack of an effective way to tackle the BMI problem involved. When specified to ADT switching

control, two methods typically used for dealing with this problem can be found in the literature

(see, e.g., [84] and [58]). In particular, [84] separated the design procedure into two sequential

steps: firstly design a H∞ controller for each plant subsystem individually, and then evaluate

the ADT as well as the weighted L2-gain performance based on the boundary condition. This

approach excludes the boundary condition from the controller synthesis, but might result in a

unacceptable disturbance attenuation level and/or a unreasonably large dwell time. As oppose

to [84], [58] incorporated the boundary condition into the controller synthesis, and the associ-

ated BMI problem was circumvented by using a controller state reset technique. However, the

resulting control scheme in [58] is essentially state-feedback, since the plant states are required

to be available at each switching instant for controller state reset. As such, developing an effec-

tive design scheme for switching output-feedback control synthesis under the MLF framework

is highly desirable but remains as a challenging problem.

Motivated from the discussions above, in this dissertation research, our objective is to solve

the challenging switching output-feedback control synthesis problem under the MLF frame-

5



work by developing a systematic and unified framework that is capable of rendering stringent

performance and computational efficacy simultaneously. Instead of focusing on devising new

computational algorithms to solve the aforementioned NP-hard BMI conditions, we are seeking

to develop new switching output-feedback controller structures that would lead to computa-

tionally tractable synthesis conditions such that the optimal control solution can be readily

obtained via convex optimization. Furthermore, in addition to the stabilization objective for

switched linear systems, we will consider different switched control problems with various per-

formance objectives, such that the developed results can be applied readily to solve practical

engineering control problems. Specifically, we aim to

1. Develop new switching linear parameter-varying (LPV) control schemes for high-performance

gain-scheduling linear fractional transformation (LFT) systems. The control objectives in-

clude both asymptotic stabilization and H∞ disturbance attenuation performance.

2. Develop new switching output-feedback control schemes for hybrid output regulator syn-

thesis of a class of switched linear systems affected by switched exosignals, such that

mixed H∞ performance and almost asymptotic output regulation can be achieved.

3. Develop advanced robust H2 and H∞ switching disturbance feedforward control schemes

for systems subject to time-varying LFT uncertainties.

1.2 Preliminaries

In this section, some preliminary results on switched linear systems will be first recalled, which

will be useful for the development of the subsequent chapters.

A typical switched linear system subject to exogenous disturbance can be described as

Dx
e

 =

Aσ Bσ

Cσ Dσ


x
d

 (1.1)
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where x ∈ Rn is the state with initial condition x(0) = x0, e ∈ Rne is the error/performance

output and d ∈ Rnd is the external disturbance. σ(t) ∈ I[1, N ] is the switching rule that selects

a particular sequence of subsystems among N available ones defined by {Ai, Bi, Ci, Di}, i ∈

I[1, N ]. For two integers k1, k2, k1 < k2, we denote I[k1, k2] = {k1, k1 + 1, · · · , k2}. The symbol

D denotes a differentiator for continuous-time systems and a difference operator for discrete-

time systems.

1.2.1 Stability definition of switched linear systems

The stability definitions for continuous-time and discrete-time switched linear systems are given

as follows.

Definition 1 ([48]). The continuous-time switched linear system (1.1) with d ≡ 0 is globally

uniformly exponentially stable (GUES) under certain switching signal if there exist constants

c > 0, λ > 0 such that the solution of the system satisfies ∥x(t)∥ ≤ ce−λt∥x(0)∥, ∀ t ≥ 0.

Definition 2 ([48]). The discrete-time switched linear system (1.1) with d ≡ 0 is globally

uniformly exponentially stable (GUES) under certain switching signal if there exist a class KL

function β such that for all initial conditions x0, the solution of the system satisfies ∥xk∥ ≤

β(∥x0∥, k), ∀ k ≥ 0.

1.2.2 L2 (ℓ2) performance under min-switching

In the context of min-switching control, the following will first recall an important concept of

Lyapunov-Metzler inequality. The class of Metzler matrices for continuous-time systems denoted

by M consist of all matrices Π ∈ RN×N with elements πij , such that πii ≤ 0 for all i ∈ I[1, N ]

and
∑N

i=1 πij = 0 for all j ∈ I[1, N ]. Another class of Metzler matrices for discrete-time systems

denoted by M̃ consists of all matrices Π̃ ∈ RN×N with elements π̃ji, such that π̃ji ≥ 0 and∑N
j=1 π̃ji = 1 for all i ∈ I[1, N ].

The following definitions pertain to the L2 and ℓ2 disturbance attenuation performance for

continuous-time and discrete-time systems, respectively.
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Definition 3 ([48]). Given certain switching signal σ, the continuous-time switched linear

system (1.1) is said to achieve an L2 disturbance attenuation level γ from d to e, if under zero

initial conditions, the system (1.1) is GUES and satisfies
∫∞
0 ∥e(t)∥2dt < γ2

∫∞
0 ∥d(t)∥2dt for

any d ∈ L2.

Definition 4 ([48]). Given certain switching signal σ, the discrete-time switched linear system

(1.1) is said to achieve an ℓ2 disturbance attenuation level γ from d to e, if under zero initial

conditions, the system (1.1) is GUES and satisfies
∑∞

k=0 ∥e(k)∥2 < γ2
∑∞

k=0 ∥d(k)∥2 for any

d ∈ ℓ2.

Adopting the piecewise quadratic Lyapunov function to the switched linear system (1.1),

V (x) = min
1≤j≤N

xTPjx (1.2)

where Pj > 0, ∀j ∈ I[1, N ], it will be shown in the next theorem that if these positive definite

matrices satisfy some well-defined conditions, then the min-switching strategy

σ = arg min
1≤j≤N

xTPjx (1.3)

stabilizes the switched systems with a guaranteed L2 (ℓ2) disturbance attenuation level for

continuous-time (discrete-time) settings. At the point x where minimum in (1.2) is not unique,

the function V (x) is not differentiable and the switching rule σ can be switched to any subsystem

achieving minimal Lyapunov function value, the chattering (if it occurs) is always stable as

discussed in [28].

Theorem 1 ([28, 14]). The min-switching strategy (1.3) is globally stabilizing the switched

linear system (1.1) with guaranteed L2 (ℓ2) performance if:

1. In continuous-time case: there exist symmetric positive definite matrices Pi and a Metzler
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matrix Π ∈ M satisfying


AT

i Pi + PiAi +
∑N

j=1 πjiPj ⋆ ⋆

BT
i Pi −γI ⋆

Ci Di −γI

 < 0, ∀i ∈ I[1, N ]. (1.4)

2. In discrete-time case: there exist symmetric positive definite matrices Pi and a Metzler

matrix Π̃ ∈ M̃ satisfying



−
(∑N

j=1 π̃jiPj

)−1
⋆ ⋆ ⋆

AT
i −Pi ⋆ ⋆

Bi 0 −γI ⋆

0 Ci Di −γI


< 0, ∀i ∈ I[1, N ]. (1.5)

Detailed proof of the above theorem has been well-established in [28, 14].

1.2.3 Weighted L2 (ℓ2) performance under (average) dwell-time switching

The following first recall the definitions of dwell-time and average dwell-time switching logics.

Definition 5 ([48]). A switching signal σ is said to have a dwell time (DT) τD if

1. In continuous-time case: tk+1 − tk ≥ τD, ∀k ∈ N where tk, tk+1 denotes the switching

instants.

2. In discrete-time case: kl+1−kl ≥ τD, ∀l ∈ N where kl, kl+1 denotes the switching instants.

Remark 1. For discrete-time case, since kl and kl+1 are integers that denotes the number of

samples, the dwell-time τD is also an integer number denoting the number of samples.

When all subsystems are asymptotically stable, the switched linear system (1.1) is asymp-

totically stable if the dwell time τD is sufficiently large [48]. This concept is relaxed to average

9



dwell-time in [37] to allow fast switching when necessary and compensate it by switching suffi-

ciently slowly later.

Definition 6 ([48]). Let Nσ(t, T ) < ∞ denote the number of discontinuities of a switching

signal σ on the interval (t, T ). We say that σ has an average dwell-time τa if there exist two

positive numbers N0 and τa such that

Nσ(t, T ) ≤ N0 +
T − t

τa
, ∀T ≥ t ≥ 0. (1.6)

N0 is called the chattering bound. In general, if we discard the first N0 switches (more,

precisely, the smallest integer greater than N0), then the average dwell time between consecutive

switches is at least τa.

Remark 2. The concept of ADT switching has been extensively used in the literature for sta-

bility analysis and stabilization of switched systems (e.g., [37, 108, 103]). The ADT constraint

(1.6) essentially provides an upper bound on the frequency of switchings occurred during a finite

interval (s, t]. The special case of N0 = 1 reduces to a dwell time condition in which any two

consecutive switches must be separated by at least τa units of time. Also, as an extreme case,

τa → 0 implies that the constraint on the switches is almost disappear and arbitrary fast switch-

ing is allowed. Therefore, the ADT constraint under consideration is more general and flexible

by covering the dwell-time switching and arbitrary switching as special cases.

Definition 7 ([108]). The switched system (1.1) with ADT switching is said to be GUES with

a weighted L2 (ℓ2) gain γ from d to e, if under zero initial conditions, the system (1.1) is GUES

and satisfies

• for the continuous-time case,

∫ ∞

0
e−λt∥e(t)∥2dt ≤ γ2

∫ ∞

0
∥d(t)∥2dt (1.7)

for some λ > 0 and any d ∈ L2.
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• for the discrete-time case,

∞∑
t=0

λt∥e(t)∥2 ≤ γ2
∞∑
t=0

∥d(t)∥2 (1.8)

for some 0 < λ < 1 and any d ∈ ℓ2.

1.3 Dissertation Outline

The detailed outline of this dissertation is as follows:

Chapter 1 overviews the research on switched systems and emphasizes on the literature

that motivates the research in this dissertation. The objectives of the research are discussed

and some preliminaries are presented.

Chapter 2 presents a novel hybrid gain-scheduling output-feedback control scheme for high-

performance missile autopilot design. The nonlinear dynamics of a pitch-axis missile model is

considered, and reformulated as a switched linear fractional transformation (LFT) systems.

Based on this, robust stability with guaranteed weighted L2 disturbance attenuation property

is analyzed using the average dwell time switching and multiple Lyapunov function techniques.

The proposed hybrid control scheme is shown to be systematic yet simple for both full-order

and reduced-order missile autopilot designs. The novelty can be reflected from three important

aspects: (1) The synthesis conditions of the hybrid missile autopilot are formulated in terms

of a finite number of LMIs, which can be solved effectively via convex optimization without

parameter-space gridding; (2) Stringent controlled performance can be obtained without requir-

ing parameter variation bound information for both controller synthesis and implementation;

(3) Reduced controller state order can be always achieved regardless the settings of performance

weighting functions employed. Comprehensive numerical simulations are provided to support

the technical results.

Chapter 3 explores a more complicated switched tracking control problem, i.e., the switching

output regulation problem. The output regulation problem specifies the control task of achieving
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not only the overall closed-loop stability, but also the tracking and/or rejection of persistent

references/disturbances generated by an exosystem. In this research, we consider both controlled

plant and the exosystem as switched linear systems. A new hybrid output regulator structure

and a new multiple coordinate transformation technique are proposed to establish switching

output regulation and weighted H∞ controlled performance. Under the average dwell time

switching control framework, the hybrid output regulator synthesis conditions are formulated

in terms of a set of linear matrix inequalities (LMIs) plus linear matrix equations, which can be

solved effectively using existing convex optimization algorithms. A mechanical system example

is used to demonstrated the effectiveness of the proposed approach.

Chapter 4 considers the robust feedforward stabilization problem under the switching control

framework for a class of uncertain systems described in a standard linear fractional transforma-

tion form. It is assumed that a switching feedback controller has been designed for the uncertain

system. A new min-switching-type dynamic feedforward control scheme is proposed for both

robust H2 and H∞ control designs. Switching stability is established using the piecewise Lya-

punov function technique, while the control synthesis conditions are formulated as a special

type of bilinear matrix inequalities (BMIs), which can be solved via LMI optimization plus a

line search. Advantages of the proposed design methods over existing ones based on using single

quadratic Lyapunov function are demonstrated through an application to ship steering control.

Chapter 5 summarizes the contributions of this dissertation and discusses some future re-

search directions.
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Chapter 2

Hybrid Gain-Scheduling Control

This chapter presents a new hybrid gain-scheduling control method for switched parameter-

dependent systems via dynamic output feedback. For controller design purpose, the switched

parameter-dependent model is first converted to a switched linear fractional transformation

(LFT) system. Then, the new hybrid gain-scheduling autopilot is designed, which consists of

a switching dynamic output-feedback LFT controller and a supervisor enforcing a controller

state reset at each switching time instant. The proposed hybrid control scheme is shown to pro-

vide a systematic yet simple framework for both full-order and reduced-order autopilot designs.

Specifically, the associated control synthesis conditions that guarantee weighted L2 stability

performance are formulated in terms of a finite number of linear matrix inequalities (LMIs),

which can be solved effectively via convex optimization without parameter-space gridding. Fur-

thermore, stringent controlled performance and strong robustness against parameter perturba-

tions are achieved using this new control approach, while no parameter variation information

is required for both controller synthesis and implementation. Another important novelty of the

proposed reduced-order controller lies in that its state order is equal to that of the plant state

regardless the settings of performance weighting functions employed. The advantages of the

proposed design approach over existing methods will be applied to a nonlinear missile control

problem and shown through nonlinear simulations for the missile autopilot design over a wide
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range of operating conditions.

2.1 Introduction

The autopilot design for modern missiles is a well-known challenging problem not only because

the missile itself is a highly complex nonlinear system that involves non-minimum phase dy-

namics and has wide parameter variations during the missile operation, but also because it is

required to be capable of providing stringent controlled performance across the entire flight

envelope.

Gain-scheduling, as one of the most popular nonlinear control design techniques, has been

demonstrated to be successful for missile autopilot design [45, 72, 80]. In traditional gain schedul-

ing, a fundamental guideline for missile autopilot design is to gain schedule local robust con-

trollers that are designed for several linearized missile models at their respective equilibrium

points, so as to yield a global controller. Satisfactory performance could be achieved by us-

ing such traditional gain-scheduling controllers. However, due to the local nature of traditional

gain-scheduling design, the stability of such controllers remains questionable for the entire flight

envelope, especially during the rapid transitions in the missile endgame. With the development

of linear parameter-varying (LPV) control theory, LPV-based gain-scheduling techniques have

been proposed to pursue high-performance missile autopilots with guaranteed reliability (see,

e.g., [3, 7, 64, 71, 78, 81, 87, 68, 52] and the references therein). In particular, [3] used LPV

control theory to design gain-scheduling controllers based on a simplified missile model. In [81],

the original missile dynamics were equivalently written in a quasi-LPV form via a state trans-

formation, and a robust gain-scheduling controller possessing an inner/outer-loop structure was

designed using µ synthesis. Later on, based on a second-order quasi-LPV model, a systematic

gain-scheduling approach for missile autopilot design was proposed in [87] following the method-

ology of LPV control from [88], and large improvement in controlled performance was achieved

by incorporating scheduling parameter variation information. [68] designed a missile autopilot

under multiple performance objectives by using the method from [4]. A switched LPV technique
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was further proposed in [52] for both modeling and H∞ control design of missile autopilots.

Current research of missile LPV control mainly focuses on constructing different types of

Lyapunov functions. Two types of Lyapunov functions frequently adopted in the field include

constant Lyapunov functions (CLFs) [66, 2, 76, 68] and parameter-dependent Lyapunov func-

tions (PDLFs) [1, 6, 88, 83, 52, 86], which leads to two respective synthesis frameworks, i.e.,

the scaled small-gain framework and the dissipative systems framework. With the CLF-based

scheme, the underlying missile LPV system is specified as a linear fractional transformation

(LFT) form, and the LFT gain-scheduling controller is fully characterized by a finite number of

LMIs [68]. When compared to the CLF-based scheme, the PDLF-based scheme provides a more

general and flexible framework for missile control synthesis though, there are several problems

associated with this scheme, which could largely limit its applicability in practice. The most

critical problem is that the synthesis conditions are often formulated as parameter-dependent

LMIs involving infinite dimensional LMIs, which are generally difficult to solve. A standard

approach to tackle this difficulty is to apply the gridding technique for the entire value set of

the gain-scheduling variables (in this case the angle of attack α and the Mach number M for

missile problem), and then solve the resulting finite-dimensional optimization problem to obtain

an approximate solution of the original synthesis problem. This approximate solution could be

risky for stabilizing missile control, and typically requires extensive post-analysis to verify its

validity [85]. Moreover, due to the lack of a systematic way of constructing the PDLFs, finding

a proper PDLF could be quite involved and time-consuming. For the missile problem, it came

with extensive simulation and complicated design procedure. Another significant problem en-

countered by the PDLF-based scheme is the requirement of parameter variation information for

controller synthesis and implementation. This is generally prohibitive, since parameter deriva-

tives either are not available or are difficult to estimate during system operation, especially for

missile systems with fast and wide parameter variations. As such, from a practical consider-

ation, the CLF-based scheme might be more suitable for missile autopilots design. However,

one drawback of this approach is that using a single constant Lyapunov function might be too
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conservative, and the resulting controller might not be able to meet the performance require-

ment especially when a large parameter variation range is considered. In order to overcome the

deficiencies mentioned above, this chapter will propose a new hybrid missile autopilot design ap-

proach based on a switching LFT control technique. With this technique, the entire parameter

region is partitioned into several small subregions such that a family of LFT controllers can be

designed for multiple parameter subregions, and better controlled performance can be achieved

by switching among these controllers instead of simply using a single controller derived from

the CLF-based scheme. More importantly, compared to the PDLF-based scheme, the proposed

hybrid control scheme will not only significantly reduce computational complexity in controller

synthesis by avoiding parameter-space gridding, but also facilitate controller implementation

since no derivative information of the scheduling parameters is required.

The methodology of incorporating switching techniques into LPV/LFT control design, which

defines the switching LPV/LFT control technique, was firstly presented in [50], which is further

extended in [51] by introducing average dwell time switching logic [37]. Further investigations

along this line can be seen in [58, 103]. It has been demonstrated that the switching LPV/LFT

control technique is effective in improving the performance of LPV control systems. However,

there are several problems yet to be addressed adequately in most of current work, such as

eliminating bilinear matrix inequality (BMI) constraints in controller synthesis and enhancing

the implementability of LPV/LFT controllers [58, 103].

In this chapter, we present a new hybrid gain-scheduling control method for missile autopi-

lot design by using the switching LFT control technique with the average dwell time logic. For

controller design purpose, the nonlinear missile dynamics will be first modeled as a switched

LFT system by partitioning the entire operating region of the scheduling variables (the angle

of attack α and the Mach number M) into several subregions. Then, based on this setup, the

new hybrid gain-scheduling autopilot design scheme is proposed, which consists of a switching

dynamic output-feedback LFT controller and a supervisor that monitors the switching signal

and enforces a reset rule for the controller states at each switching time instant. The pro-
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posed hybrid control scheme provides a systematic yet simple framework for both full-order

and reduced-order high performance missile autopilot designs. It is advantageous over existing

missile control methods in three important ways. First, the associated control synthesis con-

ditions that guarantee weighted L2 stability performance are formulated in terms of a finite

number of LMIs. As a result, the controller coefficient matrices can be readily solved through a

convex optimization problem without taking the griding and post-analysis procedures that are

typically required in most existing LPV design techniques (see, [58, 52, 85]). Second, stringent

controlled performance over a wide range of operating conditions, and strong robustness against

perturbed system parameters are achieved without utilizing scheduling parameter variations in

both controller synthesis and implementation. Another important novelty of the proposed hy-

brid controller lies in its reduced-order form, i.e., the controller state order is equal to that of the

plant state regardless what type and how many performance weighting functions are employed.

This would largely facilitates the missile autopilot implementation in practice, especially when

more complicated weighting functions are employed for more stringent performance goals.

The rest of this chapter is organized as follows. Section 2.2 presents both full-order and

reduced-order hybrid gain-scheduling controllers for a class of switched LFT systems with aver-

age dwell time. The controller synthesis conditions are also given in this section. Section 2.3 then

applies the proposed approach to the missile benchmark problem. This includes a derivation of

a switched LFT model, the control problem setup, and the discussion on controller synthesis

results and nonlinear simulations. Finally, Section 2.4 summaries the chapter.

2.2 Hybrid Gain-Scheduling Control of Switched LFT Systems

In this section, a hybrid gain-scheduling control scheme will be proposed for ADT switched

LFT systems. Both full-order and reduced-order controllers will be presented. It will be shown

that with this proposed hybrid control scheme, the associated controller synthesis problems are

formulated as LMI optimization problems, which can be solved efficiently.
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Consider an open-loop switched LFT parameter-dependent system described by:



ẋp

qp

e

y


=



Ap,i Bp0,i Bp1,i Bp2,i

Cp0,i Dp00,i Dp01,i Dp02,i

Cp1,i Dp10,i Dp11,i Dp12,i

Cp2,i Dp20,i Dp21,i Dp22,i





xp

pp

d

u


pp = Θiqp

(2.1)

where i ∈ I[1, Np], Np > 1 is the number of subsystems, xp ∈ Rn is the plant state, u ∈ Rnu

is the control input, e ∈ Rne is the controlled/performance output, d ∈ Rnd is the disturbance,

y ∈ Rny is the measurement output, and pp, qp ∈ Rnp are the pseudo-input and output. It is

assumed that the LFT representation (2.1) for all i ∈ I[1, Np] is well-posed, i.e., (Inp −Dp00,iΘi)

is invertible for any allowable parameter values. Furthermore, the time-varying parameter Θi

satisfies ∥Θi∥ ≤ 1, ∀i ∈ I[1, Np], and obeys the following structure:

Θi = {diag{θ1,iIr1,i , θ2,iIr2,i , · · · , θs,iIrs,i} : |θj,i| ≤ 1, j ∈ I[1, s]; i ∈ I[1, Np]} (2.2)

where
∑s

j=1 rj,i = np represents the order of the corresponding LFT for all i ∈ I[1, Np]. The

time-varying parameter Θi is assumed to be available in real-time for gain-scheduling control

use. All of the state-space data are real and assumed to be known for control design. Two

assumptions concerning the switched LFT plant (2.1) are also given:

(A1) The triple (Ap,i,

[
Bp0,i Bp2,i

]
,

Cp0,i

Cp2,i

) is stabilizable and detectable for all Θi satisfying

(2.2) and i ∈ I[1, Np];

(A2) Dp22,i = 0 for all i ∈ I[1, Np].

Note that these two assumptions are quite standard in the context of LPV control, assumption

(A1) guarantees the existence of a stabilizing gain-scheduling output-feedback controller for

each subsystem in (2.1), while assumption (A2) considerably simplifies the derivation. These
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technical assumptions can be relaxed with more complicated formulae, see [85] for more details.

The proposed hybrid gain-scheduling control scheme (as shown in Fig. 2.1) consists of a

standard switching dynamic output-feedback controller Cσ and a supervisor enforcing a reset

rule to the controller state at each switching time instant. σ is the signal governing the switching

between the subsystems, which is defined as a piecewise constant function with the value chosen

from the set I[1, Np]. It is assumed that σ is continuous from the right everywhere. For missile

control problem, the value of switching signal σ depends on the time-varying parameter Θσ

(which will be clarified in Section 2.3), and thus governs the dynamic behavior of the closed-loop

system. As such, the switching signal σ will be incorporated with the hybrid controller for missile

autopilot design to achieve overall stability and desired controlled performance. The switching

gain-scheduling controller Cσ has one-to-one correspondence with the switched LFT plant Gσ.

Specifically, during the flowing time intervals, the switched LFT plant Gσ will be controlled

using the switching gain-scheduling controller Cσ. Once switching occurs, the controller state

will undergo a reset/jump action at the switching time instant. The introduction of a reset

mechanism into the switching controller structure is motivated from [103], interested readers

are referred to this reference for more details.

Figure 2.1: The proposed hybrid control scheme.

19



A switched Lyapunov function consisting of multiple quadratic Lyapunov functions (MQLF-

s) [10], together with an average dwell time (ADT) logic [37], will be used for stability analysis

and control design. The switched Lyapunov function can be defined as

Vσ(x) = xTPσx (2.3)

where Pσ is a positive definite matrix with σ ∈ I[1, Np]. Each Lyapunov function Vi(x) (∀i ∈

I[1, Np]) corresponds to one particular subsystem.

Different from traditional Lyapunov-based analysis, to guarantee stability of a switched

control system under the ADT switching logic (see Definition 6), the value of the discontinuous

Lyapunov function Vσ is not necessarily decreasing along the entire system trajectory, but

is allowed to increase with a bounded amount at each switching time instant. The possible

increases of the Lyapunov function will be compensated by its decreasing during the dwell-

time interval by limiting the average switching frequency over a given time interval no greater

than 1
τa
. The constraint on Lyapunov functions at each switching instant, which is the so-called

boundary condition, is formulated as

1

µ
Vj ≤ Vi ≤ µVj , ∀i, j ∈ I[1, Np], (2.4)

where µ > 1 is a pre-specified scalar.

In most previous studies of dwell-time switching output-feedback control, the controller

synthesis conditions usually turn out to be non-convex due to the existence of the boundary

condition (2.4). In this chapter, this problem will be resolved by following the methodology

from [103] to embed a reset loop into the switching control structure (as shown in Fig. 2.1).

In the following development, we will first present the design of a full-order hybrid gain-

scheduling controller for the switched LFT plant (2.1), and then extended to the scheme of

reduced-order case by assuming that partial plant states are available for feedback use.
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2.2.1 Full-Order Case

The full-order hybrid gain-scheduled controller with one-to-one correspondence to the LFT

plant (2.1) is constructed in the form of


ẋk

qk

u

 =


Ak,i Bk0,i Bk1,i

Ck0,i Dk00,i Dk01,i

Ck1,i Dk10,i Dk11,i



xk

pk

y


pk = Θiqk

x+k = ∆ijxk, when switching occurs

(2.5)

where the controller state xk ∈ Rn has the same dimension of the plant state, the two sub-

scripts of the reset matrix ∆ij , i, j ∈ I[1, Np] with i ̸= j, are used to denote respectively the

indices of the pre-switching subsystem i and the post-switching subsystem j. pk, qk ∈ Rnp are

the pseudo-input and output of the controller, sharing the same dimension of the counter-

parts in system (2.1). The controller gain matrices (Ak,i, Bk0,i, Bk1,i, Ck0,i, Ck1,i, Dk00,i, Dk01,i,

Dk10,i, Dk11,i) and the reset matrices ∆ij of compatible dimensions are subject to design, while

the gain-scheduling matrices Θi, ∀i ∈ I[1, Np] are given by the open-loop system (2.1).

With the open-loop LFT plant (2.1) and the hybrid controller (2.5), the resulting hybrid

closed-loop system can be deduced as


ẋcl

qcl

z

 =


Acl,σ Bcl0,σ Bcl1,σ

Ccl0,σ Dcl00,σ Dcl01,σ

Ccl1,σ Dcl10,σ Dcl11,σ



xcl

pcl

d


pcl = Θcl,σqcl

x+cl = Ar,ijxcl, when switching occurs

(2.6)
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where xcl = [xTp xTk ]
T , pcl = [pTp pTk ]

T , qcl = [qTp qTk ]
T , and


Acl,σ Bcl0,σ Bcl1,σ

Ccl0,σ Dcl00,σ Dcl01,σ

Ccl1,σ Dcl10,σ Dcl11,σ

 =



Ap,σ 0 Bp0,σ 0 Bp1,σ

0 0 0 0 0

Cp0,σ 0 Dp00,σ 0 Dp01,σ

0 0 0 0 0

Cp1,σ 0 Dp10,σ 0 Dp11,σ


+



0 Bp2,σ 0

I 0 0

0 Dp02,σ 0

0 0 I

0 Dp12,σ 0



×


Ak,σ Bk1,σ Bk0,σ

Ck1,σ Dk11,σ Dk10,σ

Ck0,σ Dk01,σ Dk00,σ




0 I 0 0 0

Cp2,σ 0 Dp20,σ 0 Dp21,σ

0 0 0 I 0

 ,

Θcl,σ =

Θσ 0

0 Θσ

 , Ar,ij =

I 0

0 ∆ij

 .
σ ∈ I[1, Np] is the switching signal. Based on the above definitions of the two subscripts of Ar,ij ,

we have i = σ and j = σ+. The superscript “+” stands for the time instant immediately after

the switching, since a switching occurs instantaneously. Note that the plant state will not be

altered during the switching.

Using the ADT technique with multiple quadratic Lyapunov functions, the following theo-

rem presents the synthesis conditions for the full-order hybrid controller (2.5) in terms of LMIs,

together with an algorithm for the controller construction.

Theorem 2. Consider the open-loop switched LFT system (2.1). Given two positive scalars

λ0 ∈ R+ and µ > 1, if there exist positive definite matrices Ri, Si ∈ Sn×n, and Li, Ji ∈ Snp×np,

rectangular matrices Âk,i ∈ Rn×n,

[
B̂k0,i B̂k1,i

]
∈ Rn×(np+ny), Ĉk0,i ∈ Rnp×n, Ĉk1,i ∈ Rnu×n,[

D̂k00,i D̂k01,i

]
∈ Rnp×(np+ny),

[
D̂k10,i D̂k11,i

]
∈ Rnu×(np+ny), ∆̂ij ∈ Rn×n, and a positive
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scalar γ ∈ R+, such that the following conditions hold for all i, j ∈ I[1, Np] with i ̸= j,



He{Ap,iRi +Bp2,iĈk1,i}+ λ0Ri ⋆ ⋆

Âk,i +AT
p,i + CT

p2,iD̂
T
k11,iB

T
p2,i + λ0I He{SiAp,i + B̂k1,iCp2,i}+ λ0Si ⋆

LiB
T
p0,i + D̂T

k10,iB
T
p2,i B̂T

k0,i −Li

BT
p0,i +DT

p20,iD̂
T
k11,iB

T
p2,i BT

p0,iSi +DT
p20,iB̂

T
k1,i −I

BT
p1,i +DT

p21,iD̂
T
k11,iB

T
p2,i BT

p1,iSi +DT
p21,iB̂

T
k1,i 0

Cp0,iRi +Dp02,iĈk1,i Cp0,i +Dp02,iD̂k11,iCp2,i Dp00,iLi +Dp02,iD̂k10,i

Ĉk0,i JiCp0,i + D̂k01,iCp2,i D̂k00,i

Cp1,iRi +Dp12,iĈk1,i Cp1,i +Dp12,iD̂k11,iCp2,i Dp10,iLi +Dp12,iD̂k10,i

⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆

−Ji ⋆ ⋆ ⋆ ⋆

0 −γI ⋆ ⋆ ⋆

Dp00,i +Dp02,iD̂k11,iDp20,i Dp01,i +Dp02,iD̂k11,iDp21,i −Li ⋆ ⋆

JiDp00,i + D̂k01,iDp20,i JiDp01,i + D̂k01,iDp21,i −I −Ji ⋆

Dp10,i +Dp12,iD̂k11,iDp20,i Dp11,i +Dp12,iD̂k11,iDp21,i 0 0 −γI



< 0 (2.7)



µRi ⋆ ⋆ ⋆

µIn µSi ⋆ ⋆

Ri In Rj ⋆

∆̂ij Sj In Sj


≥ 0

Ri ⋆

In Si

 > 0 (2.8)

Li ⋆

Inq Ji

 > 0 (2.9)

where LiΘi = ΘiLi and JiΘi = ΘiJi. Then, the hybrid closed-loop system (2.6) is exponentially

stabilized by the full-order hybrid controller (2.5) for every switching signal σ with average dwell

23



time

τa ≥ ln(µ)

λ0
, (2.10)

and the weighted L2 gain from the disturbance d to the controlled output z is less than γ.

Moreover, the controller matrices are readily obtained with the following algorithm:

• Solve Ni,Mi and Ui,Wi for all i ∈ I[1, Np] from the factorization problem I − RiSi =

MiN
T
i , and I − LiJi = UiW

T
i .

• Compute the controller matrices Ak,i, Bk0,i, Bk1,i, Ck0,i, Ck1,i, Dk00,i, Dk01,i, Dk10,i, Dk11,i

and ∆ij for all i, j ∈ I[1, Np] and i ̸= j with


Ak,i Bk0,i Bk1,i

Ck0,i Dk00,i Dk01,i

Ck1,i Dk10,i Dk11,i

 =


Ni 0 SiBp2,i

0 Wi JiDp02,i

0 0 I


−1

×


Âk,i − SiAp,iRi B̂k0,i − SiBp0,iLi B̂k1,i

Ĉk0,i − JiCp0,iRi D̂k00,i − JiDp00,iLi D̂k01,i

Ĉk1,i D̂k10,i D̂k11,i




MT
i 0 0

0 UT
i 0

Cp2,iRi Dp20,iLi I


−1

∆ij = N−T
j (∆̂ij − SjRi)M

−T
i .

(2.11)

Proof. The proof is based on the Scaled Bounded Real Lemma and the congruence transforma-

tion theory [110]. For the closed-loop system (2.6), we define the multiple quadratic Lyapunov

functions as Vi(xcl) = xTclPixcl, ∀i ∈ I[1, Np], and partition the Lyapunov function matrices Pi

and the associated scaling matrices denoted by Λi according to the dimensions of the plant and

controller state as

Pi =

 Si Ni

NT
i X−1

i

 , Λi =

 Ji Wi

W T
i Y −1

i

 .
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Furthermore, we specify

Z1,i =

 Ri I

MT
i 0

 , Z2,i =

I Si

0 NT
i


T1,i =

Li I

UT
i 0

 , T2,i =

I Ji

0 W T
i


such that PiZ1,i = Z2,i and ΛiT1,i = T2,i. Then, we have X−1

i = −NT
i RiM

−T
i and Y −1

i =

−W T
i LiU

−T
i . Based on conditions (2.8) and (2.9), it can be verified that Pi > 0 and Λi > 0.

According to [110] and [108], to establish switching stability and weighted L2-gain performance

for the closed-loop system (2.6), we need to further prove the following Lyapunov conditions:

V̇i + qTclΛiqcl − pTclΛipcl +
1

γ
zT z − γdTd < 0

Vj − µVi ≤ 0

for all i, j ∈ I[1, Np] and i ̸= j. These two conditions can be further converted into matrix

inequalities by using the Scaled Bounded Real Lemma and Schur complement [110], i.e.,



He{AT
cl,iPi}+ λ0Pi ⋆ ⋆ ⋆ ⋆

BT
cl0,iPi −Λi ⋆ ⋆ ⋆

BT
cl1,iPi 0 −γI ⋆ ⋆

Ccl0,i Dcl00,i Dcl01,i −Λ−1
i ⋆

Ccl1,i Dcl10,i Dcl11,i 0 −γI


< 0,

 µPi ⋆

PjAr,ij Pj

 ≥ 0.

Consequently, performing congruence transformations on the above two inequalities with matri-

ces diag{Z1,i, T1,i, I, T2,i, I} and diag{Z1,i, Z1,j}, respectively, and after some tedious matrix cal-

culation, conditions (2.7) through (2.9) and the controller formulae (2.11) can be deduced.
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Theorem 2 provides an upper bound on the weighted L2 gain for the hybrid closed-loop

system (2.6). In order to determine the optimal weighted L2 gain performance under a pre-given

pair of dwell-time parameters (λ0, µ), one can solve the following LMI optimization problem:

min
Ri,Si,Li,Ji,Âk,i,B̂k0,i,B̂k1,i,Ĉk0,i,Ĉk1,i,D̂k00,i,D̂k01,i,D̂k10,i,D̂k11,i,∆̂ij

γ,

subject to (2.7), (2.8) and (2.9).

(2.12)

Remark 3. Observe that the reset matrices ∆ij (for all i, j ∈ I[1, Np] with i ̸= j) of the

hybrid gain-scheduled controller (2.5) depend on both indices of the pre- and post-switching

subsystems. As a result, there exist N2
p − Np such reset matrices. Furthermore, as opposed to

the method of [58], with the proposed hybrid control scheme, the controller state is reset to a

map of the controller state itself, but without resorting to any information of the plant state,

which significantly enhances the controller’s applicability in practice.

2.2.2 Reduced-Order Case

Now, we are in the position to consider the control synthesis problem for the switched LFT

system (2.1) using reduced-order output-feedback controllers. The reduced-order control laws

are preferable for easy control implementation when the number of plant states becomes large.

In particular, for missile control problem, we will show in Section 2.3 that with the proposed

hybrid control scheme, the order of the missile autopilot can be largely reduced by directly

utilizing the state information of the weighting functions. Based on the switched LFT plant

(2.1), we assume without losing any generality that xp = [xTp1 x
T
p2]

T with xp1 ∈ Rn1 , xp2 ∈ Rn2

and n1 + n2 = n being exactly measurable in real time without noise. In such a case, we can

partition the measurement output y of (2.1) as y := [yT1 yT2 ]
T with y1 ∈ Rny1 and y2 ∈ Rn2 and

ny1 + n2 = ny, such that y2 = xp2. Accordingly, the output matrices (Cp2,i, Dp20,i, Dp21,i) can
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be rewritten as follows for all i ∈ I[1, Np],

[
Cp2,i Dp20,i Dp21,i

]
=

 C̄p2,i D̄p20,i D̄p21,i[
0 In2

]
0 0

 . (2.13)

For the reduced-order control design, in addition to the measurement output y1, part of the

plant states, i.e., xp2, is also treated as a measurable output (denoted as y2) for control use.

Then, based on the hybrid control scheme as shown in Fig. 2.1, we will construct the following

reduced-order hybrid gain-scheduling controller for the switched LFT plant (2.1).


ẋk

qk

u

 =


Ak,i Bk0,i Bk1,i Bk2,i

Ck0,i Dk00,i Dk01,i Dk02,i

Ck1,i Dk10,i Dk11,i Dk12,i





xk

pk

y1

y2


pk = Θiqk

x+k =

[
∆1,ij ∆2,ij

]y2
xk

 , when switching occurs

(2.14)

where i, j ∈ I[1, Np] with i ̸= j, xk ∈ Rn1 is the controller state. ∆1,ij ∈ Rn1×n2 and

∆2,ij ∈ Rn1×n1 are the reset matrices. The two subscripts of the reset matrices with i ̸= j, are

used to denote respectively the indices of the pre-switching subsystem i and the post-switching

subsystem j. pk, qk ∈ Rnp are the pseudo-input and output of the controller. The controller

gain matrices (Ak,i, Bk0,i, Bk1,i, Bk2,i, Ck0,i, Ck1,i, Dk00,i, Dk01,i, Dk02,i, Dk10,i, Dk11,i, Dk12,i) of

compatible dimensions and the reset matrices ∆1,ij ,∆2,ij are subject to design, while the gain-

scheduled matrices Θi, ∀i ∈ I[1, Np] are copied from the open-loop plant (2.1).

With the open-loop LFT plant (2.1) and the hybrid controller (2.14), the resulting hybrid

closed-loop system can be deduced in the form of (2.6) with xcl = [xTp1 x
T
p2 x

T
k ]

T , pcl = [pTp p
T
k ]

T ,
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qcl = [qTp qTk ]
T , and


Acl,σ Bcl0,σ Bcl1,σ

Ccl0,σ Dcl00,σ Dcl01,σ

Ccl1,σ Dcl10,σ Dcl11,σ

 =



Ap,σ 0 Bp0,σ 0 Bp1,σ

0 0 0 0 0

Cp0,σ 0 Dp00,σ 0 Dp01,σ

0 0 0 0 0

Cp1,σ 0 Dp10,σ 0 Dp11,σ


+



0 Bp2,σ 0

In1 0 0

0 Dp02,σ 0

0 0 Inp

0 Dp12,σ 0



×


Ak,σ

[
Bk1,σ Bk2,σ

]
Bk0,σ

Ck1,σ

[
Dk11,σ Dk12,σ

]
Dk10,σ

Ck0,σ

[
Dk01,σ Dk02,σ

]
Dk00,σ





0 In1 0 0 0 C̄p2,i[
0 In2

]
 0

D̄p20,σ

0

 0

D̄p21,σ

0


0 0 0 Inp 0


,

Θcl,σ =

Θσ 0

0 Θσ

 , Ar,ij =


In1 0 0

0 In2 0

0 ∆1,ij ∆2,ij

 .
(2.15)

The synthesis conditions for the reduced-order hybrid controller (2.14) are summarized in

the following theorem.

Theorem 3. Consider the open-loop switched LFT system (2.1). Given two positive scalars

λ0 ∈ R+ and µ > 1, if there exist positive definite matrices Ri ∈ Sn+, S1,i ∈ Sn1
+ and Li, Ji ∈ Snp

+ ,

rectangular matrices S2,i ∈ Rn1×n2, Âk,i ∈ Rn1×n2,

[
B̂k0,i B̂k1,i B̂k2,i

]
∈ Rn1×(np+ny1+n1),

Ĉk0,i ∈ Rnp×n2, Ĉk1,i ∈ Rnu×n2,

[
D̂k00,i D̂k01,i D̂k02,i

]
∈ Rnp×(np+ny1+n1),

[
D̂k10,i D̂k11,i D̂k12,i

]
∈

Rnu×(np+ny1+n1),

[
∆̂1,ij ∆̂2,ij

]
∈ Rn1×(n1+n2), and a positive scalar γ ∈ R+, such that the fol-
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lowing conditions hold for all i, j ∈ I[1, Np] with i ̸= j,



He{Ap,iRi +Bp2,i

[
D̂k12,i Ĉk1,i

]
}+ λ0Ri ⋆

[
In1 0

](
AT

p,i + C̄T
p2,iD̂

T
k11,iB

T
p2,i

)
+

[
B̂k2,i Âk,i

]
+ λ0

[
In1 0

]
 He


([
S1,i S2,i

]
Ap,i + B̂k1,iC̄p2,i

)In1

0


+ λ0S1,i

LiB
T
p0,i + D̂T

k10,iB
T
p2,i B̂T

k0,i

BT
p0,i + D̄T

p20,iD̂
T
k11,iB

T
p2,i BT

p0,i

[
S1,i S2,i

]T
+ D̄T

p20,iB̂
T
k1,i

BT
p1,i + D̄T

p21,iD̂
T
k11,iB

T
p2,i BT

p1,i

[
S1,i S2,i

]T
+ D̄T

p21,iB̂
T
k1,i

Cp0,iRi +Dp02,i

[
D̂12,i Ĉk1,i

] (
Cp0,i +Dp02,iD̂k11,iC̄p2,i

)[
In1 0

]T
[
D̂k02,i Ĉk0,i

] (
JiCp0,i + D̂k01,iC̄p2,i

)[
In1 0

]T
Cp1,iRi +Dp12,i

[
D̂k12,i Ĉk1,i

] (
Cp1,i +Dp12,iD̂k11,iC̄p2,i

)[
In1 0

]T
⋆ ⋆ ⋆ ⋆ ⋆ ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆

−Li ⋆ ⋆ ⋆ ⋆ ⋆

−Inp −Ji ⋆ ⋆ ⋆ ⋆

0 0 −γInd
⋆ ⋆ ⋆ Dp00,iLi+

Dp02,iD̂k10,i


 Dp00,i+

Dp02,iD̂k11,iD̄p20,i


 Dp01,i+

Dp02,iD̂k11,iD̄p21,i

 −Li ⋆ ⋆

D̂k00,i

 JiDp00,i+

D̂k01,iD̄p20,i


 JiDp01,i+

D̂k01,iD̄p21,i

 −Inp −Ji ⋆ Dp10,iLi+

Dp12,iD̂k10,i


 Dp10,i+

Dp12,iD̂k11,iD̄p20,i


 Dp11,i+

Dp12,iD̂k11,iD̄p21,i

 0 0 −γIne



< 0

(2.16)
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

µRi ⋆ ⋆ ⋆

µ

[
In1 0

]
µS1,i ⋆ ⋆

Ri

[
In1 0

]T
Rj ⋆[

∆̂1,ij ∆̂2,ij

]
S1,j

[
In1 0

]
S1,j


≥ 0

 Ri ⋆[
In1 0

]
S1,i

 > 0 (2.17)

Li ⋆

Inp Ji

 > 0 (2.18)

where Li, Ji, i ∈ I[1, Np] are block-diagonal matrices commutable with Θi. Then, the hybrid

closed-loop system (2.6) is exponentially stabilized by the reduced-order (n1th-order) hybrid

controller (2.14) for every switching signal σ with average dwell time τa ≥ τ∗a := ln(µ)
λ0

and

the weighted L2 gain from the disturbance d to the controlled output e is less than γ. Moreover,

the controller matrices are obtained through the following algorithm:

• Partition matrices Ri =

R1,i R2,i

RT
2,i R3,i

, R−1
i =

R̀1,i R̀2,i

R̀T
2,i R̀3,i

 with R1,i, R̀1,i ∈ Sn1
+ , R2,i, R̀2,i ∈

Rn1×n2 , R3,i, R̀3,i ∈ Sn2
+ and let

S3,i = R̀3,i + (R̀2,i − S2,i)
T (S1,i − R̀1,i)

−1(R̀2,i − S2,i)

for all i ∈ I[1, Np]. Then, we have Si :=

S1,i S2,i

ST
2,i S3,i

 > 0. Note that the matrix S1,i− R̀1,i

is invertible [103].

• Solve Ni ∈ Rn×n1, Ui,Wi ∈ Rnp×np for all i ∈ I[1, Np] through the following factorizations,

respectively.

Si −R−1
i = NiXiN

T
i

Inp − LiJi = UiW
T
i
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where Xi ∈ Rn1×n1, and define Mi := −RiNiXi so that Mi, Ni satisfy the identity SiRi+

NiM
T
i = In. Furthermore, we partition Mi, Ni as

Mi =

M1,i

M2,i

 , Ni =

N1,i

N2,i


so that M1,i, N1,i ∈ Rn1×n1 are invertible and M2,i, N2,i ∈ Rn2×n1.

• Compute the controller matrices Ak,i, Bk0,i, Bk1,i, Bk2,i, Ck0,i, Ck1,i, Dk00,i, Dk01,i, Dk02,i,

Dk10,i, Dk11,i, Dk12,i and ∆1,ij ,∆2,ij for all i, j ∈ I[1, Np] and i ̸= j as

Dk11,i = D̂k11,i, Dk10,i =
(
D̂k10,i −Dk11,iD̄p20,iLi

)
U−T
i[

Dk12,i Ck1,i

]
=

{[
D̂k12,i Ĉk1,i

]
−Dk11,iC̄p2,iRi

}
Ω−1
i

Bk1,i = N−1
1,i

{
B̂k1,i −

[
S1,i S2,i

]
Bp2,iDk11,i

}
[
Bk2,i Ak,i

]
= N−1

1,i

{[
B̂k2,i Âk,i

]
−

[
S1,i S2,i

](
Ap,iRi +Bp2,iDk11,iC̄p2,iRi

+Bp2,i

[
Dk12,i Ck1,i

]
Ωi

)
−N1,iBk1,iC̄p2,iRi

}
Ω−1
i

Dk01,i =W−1
i

(
D̂k01,i − JiDp02,iDk11,i

)
Dk00,i =W−1

i

{
D̂k00,i − Ji

(
Dp00,iLi +Dp02,iDk10,iU

T
i

)
− (JiDp02,iDk11,i +WiDk01,i) D̄p20,iLi

}
U−T
i

Bk0,i = N−1
1,i

{
B̂k0,i −

[
S1,i S2,i

](
Bp0,iLi +Bp2,iDk11,iD̄p20,iLi

+ Bp2,iDk10,iU
T
i

)
−N1,iBk1,iD̄p20,iLi

}
U−T
i[

Dk02,i Ck0,i

]
=

{
W−1

i

([
D̂k02,i Ĉk0,i

]
− JiCp0,iRi − JiDp02,i

[
D̂k12,i Ĉk1,i

])
− Dk01,iC̄p2,iRi

}
Ω−1
i[

∆1,ij ∆2,ij

]
= N−1

1,j

{[
∆̂1,ij ∆̂2,ij

]
−
[
S1,j S2,j

]
Ri

}
Ω−1
i

(2.19)
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where Ωi :=

RT
2,i R3,i

MT
1,i MT

2,i

.
Proof. The proof is quite similar to that of Theorem 2. For the closed-loop system (2.6) with

(2.15), we still define the multiple quadratic Lyapunov functions as Vi(xcl) = xTclPixcl, ∀i ∈

I[1, Np], and partition the Lyapunov function matrices Pi and the scaling matrices Λi according

to the dimensions of the plant and controller states as follows.

Pi =

 Si Ni

NT
i X−1

i

 :=


S1,i S2,i N1,i

ST
2,i S3,i N2,i

NT
1,i NT

2,i X−1
i

 , Λi =

 Ji Wi

W T
i Y −1

i

 .

We specify

Z1,i =


Ri

I
0

[
MT

1,i MT
2,i

]
0

 , Z2,i =


I

S1,i
ST
2,i


0 NT

i



T1,i =

Li I

UT
i 0

 , T2,i =

I Ji

0 W T
i


such that PiZ1,i = Z2,i and ΛiT1,i = T2,i. Then, we have X−1

i = −NT
i RiM

−T
i and Y −1

i =

−W T
i LiU

−T
i , where MT

i := [MT
1,i M

T
2,i]. Conditions (2.17) and (2.18) confirm that Pi > 0 and

Λi > 0. The rest of the proof can be completed using a similar idea from [103], details are

omitted here.

Based on the synthesis conditions given in Theorem 3, the following LMI optimization

problem aiming to minimize the weighted L2 gain performance with a specified pair of dwell-

32



time parameters (λ0, µ) immediately follows:

min
Ri,S1,i,S2,i,Li,Ji,Âk,i,B̂k0,i,B̂k1,i,B̂k2,i,Ĉk0,i,Ĉk1,i,D̂k00,i,D̂k01,i,D̂k02,i,D̂k10,i,D̂k11,i,D̂k12,i,∆̂1,ij ,∆̂2,ij

γ,

subject to (2.16), (2.17) and (2.18).

(2.20)

Remark 4. From the above discussion, we note that the Dp22,i (i ∈ I[1, 2]) matrices of the

associated weighted open-loop switched LFT plant are non-zero, which violates the assumption

(A2). Nevertheless, this problem can be overcome by transforming the measurement output y

to ỹ with ỹ = y − Dp22,iu, so that the resulting system with a new measurement output ỹ

for synthesis will satisfy the assumption (A2). Accordingly, for controller implementation, the

control input u can be computed by using u = (I+Dk11,iDp22,i)
−1(Ck1,ixk+Dk10,ipk+Dk11,iy1+

Dk12,iy2). The invertibility of I +Dk11,iDp22,i is deducible from the control synthesis.

2.3 Missile Modeling and Autopilot Design

In this section, we will present the design procedure for missile pitch-axis autopilots by using

the proposed hybrid gain-scheduling control scheme. In order to fit the missile dynamics (which

is originally given in a quasi-LPV form [85]) into the switched LFT design framework, we will

first convert the nonlinear missile model to a switched LFT system in the form of (2.1). Then, a

hybrid missile autopilot will be designed to meet the stability and performance specifications by

solving the LMI optimization problems (2.12) for full-order controller and (2.20) for reduced-

order controller.
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2.3.1 Switched LFT Modeling of Missile

The pitch-axis missile model taken from [85] is described in the following quasi-LPV form

α̇
q̇

 =

f1 1

f2 0


α
q

+

f3
f4

 δ,
η
q

 =

f5 0

0 1


α
q

+

f6
0

 δ,
(2.21)

with the nonlinear functions given by

f1 = KαM

[
anα

2 + bn|α|+ cn

(
2− M

3

)]
cos(α),

f2 = KqM
2

[
amα

2 + bm|α|+ cm

(
−7 +

8M

3

)]
,

f3 = KαMdn cos(α),

f4 = KqM
2dm,

f5 = KzM
2

[
anα

2 + bn|α|+ cn

(
2− M

3

)]
,

f6 = KzM
2dn.

(2.22)

The physical meaning of different plant variables are listed below:

α(t) Angle of attack in degrees,

q(t) Pitch rate in degrees per second,

M(t) Mach number,

δc(t) Commanded tail deflection angle in degrees,

δ(t) Actual tail deflection angle in degrees,

ηc(t) Commanded normal acceleration in g’s,

η(t) Actual normal acceleration in g’s.
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The variables η(t) and q(t) are measured, thus available for feedback use. Angle of attack α(t),

Mach number M(t) are variables to be used for scheduling purpose. The input to the missile is

commanded tail deflection δc(t).

Also, the numerical values of various constants in the plant model are

Kα = 1.18587, Kq = 70.586, Kz = 0.6661697

an = 0.000103deg−3, bn = −0.00945deg−2

cn = −0.1696deg−1, dn = −0.034deg−1

am = 0.000215deg−3, bm = −0.0195deg−2

cm = 0.051deg−1, dm = −0.206deg−1

These coefficients are valid for the missile traveling between Mach number 2 and 4 at an altitude

of 20000ft . The operating range of the missile specified by (α,M) is such that −π
6 ≤ α ≤ π

6 and

2 ≤M ≤ 4.

To convert the nonlinear missile model (2.21) into a switched LFT form, we need to partition

the gain-scheduling parameter set denoted by P := [−π
6 ,

π
6 ]× [2, 4] into a finite number of closed

subsets {Pi}i∈I[1,Np] by means of a family of switching surfaces Sij (i, j ∈ I[1, Np]), so that in

each parameter subset, the dynamic behavior of the missile is governed by an associated LFT

system. To derive the LFT model with respect to each subregion Pi for all i ∈ I[1, Np], we

first approximate cos(α) using a second-order polynomial 1 − α2/2 with a maximum error of

0.36% over the range of |α| ≤ π
6 rad. The resulting LPV missile model is therefore expressed in

terms of polynomial functions of the gain-scheduling parameters α(t) and M(t), which can be

readily converted into an LFT form. The state-space LFT model with respect to the parameter
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subregion Pi can be described as:


ẋM

qp

η

 =


AM,i BM0,i BM2,i

CM0,i DM00,i DM02,i

CM2,i DM20,i DM22,i



xM

pp

δ

 ,
pp = Θiqp, i ∈ I[1, Np]

(2.23)

where xM := [α q]T , and Θi :=

θ1,iI4 0

0 θ2,iI5

 (for all i ∈ I[1, Np]) satisfy (2.2) with a block

dimension of 9. θℓ,i for ℓ = 1, 2 and i ∈ I[1, Np] are the normalized scheduling parameters

satisfying αi =
αi+αi

2 +
αi−αi

2 θ1,i and Mi =
M i+M i

2 +
M i−M i

2 θ2,i with (αi,Mi) ∈ Pi = [αi, αi]×

[M i,M i]. The other system matrices for the missile LFT model (2.23) with respect to the
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parameter subregion Pi for any i ∈ I[1, Np] are given by

AM,i =


(
1− α2

i
2

)
KαM iΥn,i 1

KqM
2
iΥm,i 0

 , BM2,i =


(
1− α2

i
2

)
KαdnM i

KqdmM
2
i

 ,
BM0,i =

 −Kα −Kααi

(
1− α2

i
2

)
KαanM i

(
1− α2

i
2

)
KαM i(anαi + bnSign(αi))

0 0 KqamM
2
i KqM

2
i (amαi + bmSign(αi))(

1− α2
i
2

)
Kα −1

3

(
1− α2

i
2

)
KαcnM i 0 0 0

0 8
3KqcmM

2
i Kq KqM i 0

 ,

CM0,i =



1
2αiαiM iΥn,i 0

1
2αiM iΥn,i 0

αiαi 0

αi 0

M iΥn,i 0

M i 0

M iM iΥm,i 0

M iΥm,i 0

M iM iΥn,i 0



, DM02,i =



1
2dnαiαiM i

1
2dnαiM i

0

0

dnM i

0

dmM iM i

dmM i

dnM iM i



,
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DM00,i =



0 αi
anαiαiM i

2
αiαiM i(anαi+bnSign(αi))

2
αiαi

2 − cnαiαiM i

6 0 0 0

0 0
anαiM i

2
αiM i(anαi+bnSign(αi))

2
αi
2 − cnαiM i

6 0 0 0

0 0 0 αi 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 anM i M i(anαi + bnSign(αi)) 0 − cnM i
3 0 0 0

0 0 0 0 0 0 0 0 0

0 0 amM iM i M iM i(amαi + bmSign(αi)) 0
8cmM iM i

3 0 M i 0

0 0 amM i M i(amαi + bmSign(αi)) 0
8cmM i

3 0 0 0

0 0 anM iM i M iM i(anαi + bnSign(αi)) M i − cnM iM i

3 0 0 0



,

CM2,i =

[
KzM

2
iΥn,i 0

]
, DM22,i = KzdnM

2
i

DM20,i =

[
0 0 KzanM

2
i KzM

2
i (anαi + bnSign(αi)) KzM i −KzcnM

2
i

3 0 0 Kz

]
,

where

Υn,i = 2cn − 1

3
cnM i + bnαiSign(αi) + anα

2
i ,

Υm,i = −7cm +
8cmM i

3
+ bmαiSign(αi) + amα

2
i .

Therefore, the resulting switched LFT model for the LPV missile plant (2.21) consists of

Np number of subsystems in the form of (2.23). The associated switching signal σ depends on

the scheduling parameters (α,M), and follows the switching rule of

σ = i, if (α,M) ∈ Pi. (2.24)

Based on this switched LFT model, we will be able to design a hybrid gain-scheduling

autopilot for the missile plant (2.21) by using the technique proposed in Section 2.2.
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Figure 2.2: Weighted open-loop interconnection of missile plant.

2.3.2 Control Problem Setup

The control objective of the missile autopilot is to track step commands of the normal acceler-

ation η(t), and meet the desired controlled performance for the overall closed-loop system for

all α(t),M(t) ∈ P . Specifically, the performance goals for the closed-loop system are: (i) track

step commands in ηc(t) with time constant no greater than 0.35 sec, maximum overshoot no

greater than 10%, and steady-state error no greater than 1%; (ii) maximum tail deflection rate

for 1 g step command in ηc(t) does not exceed 25 deg/sec.

To characterize these overall closed-loop performance specifications, we will augment the

missile plant with rational weighting functions. The resulting open-loop interconnection for

synthesis is shown in Fig. 2.2, where the grey dashed block H corresponds to the hybrid gain-

scheduling controller to be designed, and the weighting functions are defined by:

Wref (s) =
144(−0.05s+ 1)

s2 + 2× 0.8× 12s+ 144

We(s) =
0.5s+ 17.321

s+ 0.0577

Wδ̇(s) =
s

25(0.005s+ 1)

Wn1(s) =Wn2(s) = 0.001

(2.25)
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The weighting functions Wref and We concern about the tracking performance of the actual

normal acceleration η(t) to its reference ηref (t) with small steady state error, while a larger

error at high frequency range is allowed to avoid dynamic overload. Wδ̇ is used for penalizing

the control effort such that reasonable tail deflection profile is achieved during the control

process. Wn1 ,Wn2 are applied to attenuate the effects of sensor noises dn1 , dn2 . Act represents

the actuator dynamics describing the tail deflection mechanism δ(t), which has been chosen to

be 1 for simplicity. Realize the weighting transfer functions (2.25) in state-space representation,

we have:

Wref (s) :

ẋ1
ẋ2

 = Aref

x1
x2

+Brefηc =

 0 1

−144 −19.2


x1
x2

+

0
1

 ηc,
ηref = Cref

x1
x2

 =

[
144 −7.2

]x1
x2

 .
We(s) : ẋ3 = Aex3 +Beeη = −0.0577x3 + 17.29215eη,

er = Cex3 +Deeη = x3 + 0.5eη.

Wδ̇(s) : ẋ4 = Aδ̇x4 +Bδ̇δ = −200x4 − 1600δ,

eδ̇ = Cδ̇x4 +Dδ̇δ = x4 + 8δ.

Combining the above weighting functions with the switched LFT missile model derived in

Section 2.3.1, one can obtain the weighted open-loop switched LFT system in the form of (2.1)

for controller synthesis. This resulting switched LFT system contains 6 states in which 2 of them

are from the missile plant, and remaining 4 states from weighting functions. The system has 4

inputs with 1 control input, 1 command input and 2 disturbance inputs. There are 4 system

outputs including 2 measurement outputs and 2 error/performance outputs. Specifically, the
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signals of the weighted switched LFT missile model are defined by

xp :=

[
α q x1 x2 x3 x4

]T
,

e :=

[
er eδ̇

]T
,

y1 :=

[
y err

]T
,

d :=

[
dn1 dn2 ηc

]T
,

u := δc = δ.

The associated pseudo signals (pp, qp), time-varying parameters Θi (i ∈ I[1, Np]) and switching

logic σ have the same definitions as for system (2.23). The weighted open-loop system matrices

for controller synthesis are given as follows for all i ∈ I[1, Np].

Ap,i =



AM,i 0 0 0

0 Aref 0 0

BeCM2,i −BeCref Ae 0

0 0 0 Aδ̇


, Bp0,i =



BM0,i

0

BeDM20,i

0


, Bp1,i =



0 0 0

0 0 Bref

0 0 0

0 0 0


,

Bp2,i =



BM2,i

0

BeDM22,i

Bδ̇


,


Cp0,i

Cp1,i

Cp2,i

 =



CM0,i 0 0 0

DeCM2,i −DeCref Ce 0

0 0 0 Cδ̇[
0 1

]
0 0 0

−CM2,i 0 0 0


,
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
Dp00,i Dp01,i Dp02,i

Dp10,i Dp11,i Dp12,i

Dp20,i Dp21,i Dp22,i

 =



DM00,i 0 0 0 DM02,i

DeDM20,i 0 0 0 DeDM22,i

0 0 0 0 Dδ̇

0 0 0.001 0 0

−DM20,i −0.001 0 1 −DM22,i


.

For reduced-order controller design, since four states from the weighting functions, i.e.,

x1, x2, x3 and x4, could be readily computed online for feedback control use, the weighted open-

loop switched LFT system can be further partitioned to be with (2.13) accordingly. In such a

case, we have the associated signals as follows:

xp1 :=

[
α q

]T
, xp2 :=

[
x1 x2 x3 x4

]T
,

y1 :=

[
y err

]T
, y2 :=

[
x1 x2 x3 x4

]T
.

By further utilizing this portion of state information, the state number of the missile autopilot

will be reduced to 2. In fact, it is clear that from the reduced-order control technique, the state

number of the missile autopilot will not be greater than that of the missile plant regardless

the configurations of the employed weighting functions. This will largely ease the controller

implementation and enhance design flexibility, especially when more complicated weighting

functions are employed for more stringent performance specifications.

2.3.3 Control Synthesis and Simulation Results

Based on the weighted open-loop switched LFT model, two hybrid gain-scheduling controllers

corresponding to the full-order and reduced-order cases will be designed using the proposed

synthesis conditions in Theorems 2 and 3. The associated controller matrices can be obtained

by solving the LMI optimization problems (2.12) and (2.20), respectively.

For switched gain-scheduling control with ADT, since the scheduling parameter space par-
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titioning on P and the dwell-time parameters (λ0, µ) are both involved in the synthesis process,

we would like to study their influence on the optimized performance, i.e., the weighted L2 gain

γ. Tables 2.1 and 2.2 present the optimized γ values associated with different partitions of P

and specifications of (λ0, µ) by solving the problems (2.12) for full-order control and (2.20) for

reduced-order control. Table 2.1 compares four different scenarios with different partitions of P.

As seen from Fig. 2.3, the four scenarios correspond to the cases where P is partitioned evenly

into 2, 4, 8 and 12 subregions, respectively. The synthesis results under fixed dwell time param-

eters (λ0, µ) = (0.1, 1.2) in Table 2.1 show that better weighted L2 gains will be obtained as the

parameter space P is partitioned to more subregions. However, this will also lead to increased

optimization variables, in turn, demanding more computational efforts1. Comparing between

the full-order control case and the reduced-order control case, it is obvious that the latter one

provides a more effective and efficient scheme for missile autopilot design with relatively better

performance and significantly less computational cost. More importantly, from the controller

implementation point of view, the reduced-order controller is advantageous over the full-order

one in the sense of smaller controller state order (4 smaller in this example).

Table 2.1: Effects of the partitioning of P on optimized weighted L2 performance (with fixed
(λ0, µ) = (0.1, 1.2)).

Partitioning of P Full-Order Reduced-Order

γ
# of

variables
CPU time

(sec)
γ

# of
variables

CPU time
(sec)

Case I 5.0927 713 12.376 5.0882 517 6.833
Case II 3.3966 1569 100.714 3.3963 1081 34.494
Case III 2.6817 3281 975.918 2.6814 2209 283.039
Case IV 2.4295 4993 3660.272 2.4280 3337 920.649

On the other hand, the synthesis results in Table 2.2 are obtained under a fixed partition of

1All computations were performed on an Intel 4 Core i7 1.8 GHz PC.
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(a) Case I: two subregions (b) Case II: four subregions

(c) Case III: eight subregions (d) Case IV: twelve subregions

Figure 2.3: Partition the scheduling parameter space P.
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P as in Case III of Fig. 2.3. It is observed that changes caused by either parameter λ0 or µ would

affect the ADT constraint τ∗a as well as the optimized weighted L2 gain γ. Specifically, if λ0 is

fixed at 0.1, while µ varies from 1.2 to 1.8, τ∗a increases with improved γ. On the other hand, when

λ0 increases with fixed µ, τ∗a decreases while γ becomes larger. This experimental data reflects

that larger µ would result in improved disturbance attenuation level with tighter constraints on

the average dwell time. In contrast, variations of λ0 would produce opposite effects on τ∗a and

γ as those of µ. This phenomenon can be explained by the fact that increasing λ0 is essentially

imposing more restrictive (faster) convergency rate on the closed-loop system, while larger

µ would provide more freedom in synthesizing the multiple Lyapunov functions. Furthermore,

comparing the values of γ between the full-order and reduced-order cases (see the fourth and fifth

columns in Table 2.2), we observe that the reduced-order control scheme performs slightly better

than the full-order control scheme over the range from (λ0, µ) = (0.1, 1.2) to (λ0, µ) = (0.1, 1.8),

while the advantage becomes more obvious as λ0 increases. In particular, with fixed µ = 1.8,

when λ0 reaches 0.12, the resulting optimization problem for the case of full-order control

is infeasible, while the associated one for the reduced-order case is still capable of providing

acceptable performance even λ0 keeps increasing to 0.2. This indicates that the reduced-order

control scheme possesses better scalability in optimizing theH∞ performance when λ0 increases.

Table 2.2: Effects of the dwell-time parameters (λ0, µ) on optimized weighted L2 performance
(with fixed partition of P as in Case III).

λ0 µ τ∗a = ln(µ)
λ0

sec
γ

Full-Order
γ

Reduced-Order

0.1 1.2 1.8232 2.6817 2.6814
0.1 1.5 4.0547 2.4624 2.4619
0.1 1.8 5.8779 2.3494 2.3493
0.11 1.8 5.3435 6.4762 2.3529
0.12 1.8 4.8982 infeasible 2.3562
0.2 1.8 2.9389 infeasible 2.3828
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In controller synthesis, in order to overcome the numerical issue caused by ill-conditioning

matrices, we have constrained the closed-loop poles within the same circle |c + 300| ≤ 300.

This pole location constraint was formulated in terms of LMIs by using the method of [11]

and incorporated into the proposed control synthesis process. Selecting a pair of dwell-time

parameters (λ0, µ) = (0.1, 1.1) with a partitioning of P as in Case I of Fig. 2.3 will yield a

switched LFT missile model with 2 subsystems, and an ADT constraint τ∗a = 0.9531 sec. With

this setting, we obtain the optimal weighted L2 performance level γ = 5.0933 for full-order

control and γ = 5.0927 for reduced-order control. The associated controller gain matrices can

be further obtained by using the algorithm in Theorems 2 and 3.

To implement the switched gain-scheduling autopilots, we will specify the Mach number

M(t) in the following form [64].

Ṁ(t) =
1

vs

[
−|η(t)| sin(|α(t)|) +AxM

2(t) cos(α(t))
]
,

M(0) = 4.

where vs = 1036.4 ft/s represents the speed of sound at 20000 ft , and Ax = 0.7P0SCa/m with

P0 = 973.3 lbs/ft2 being the static pressure at 20000 ft , S = 0.44 ft2 being the surface area,

and Ca = −0.3, m = 13.98 slugs being the drag coefficient and mass of the missile respectively.

Another gain-scheduling parameter, the angle of attack α(t), is not measurable in real time for

this missile plant. We thus must estimate α(t) in terms of η(t), δ(t) and M(t) from the output

equation (2.21). To this end, we will adopt the nonlinear static estimator from [85, 87], which

is a polynomial approximation of an inverse of the output equation in (2.21). Detailed analysis

about its approximation accuracy can be found in [85, 87].

Based on the above system setup, nonlinear simulations will be performed to verify the

performance of the designed hybrid controllers. Since the closed-loop system responses under

the full-order control scheme have little difference with those obtained by using reduce-order

control (which is expected from the optimized γ values as indicated above), only the simulation
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results for reduced-order control are discussed below. With the reduced-order hybrid control

scheme, the missile dynamic responses to a series of step commanded acceleration are plotted in

Fig. 2.4. In particular, from Figs. 2.4(a) and (f), it is clearly verified that the performance goals

are satisfied under the proposed hybrid control strategy. The angle of attack α(t), the mach

numberM(t) and the associated switching signals are displayed in Figs. 2.4(b)–(d), respectively.

It is shown that the values of (α(t),M(t)) remain in the range of [−π
6 ,

π
6 ]× [2, 4] over the entire

time history, which therefore validates the switched LFT model established in Section 2.3.1.

Furthermore, the average dwell time over the operating time interval [0, 4] sec can be calculated

by τa = 4/3 = 1.3333 > τ∗a = 0.9531, where 3 is the number of switching instants over [0, 4] sec

as can be obtained from Fig. 2.4(d). This implies satisfaction of the ADT constraint (2.10), in

turn, guaranteeing switching stability.

In order to demonstrate the effectiveness of the proposed approach, the simulation results are

compared with those obtained by using the parameter-dependent Lyapunov function (PDLF)

method in [87]. By comparing Fig. 2.4 with the Fig. 2 of [87], it is observed that the hybrid

controller is capable of rendering comparable controlled performance. On the other hand, we

also conduct a similar spare simulation as in [87] to examine the robustness property of the

hybrid controller by perturbing the aerodynamic coefficients Cn := (an, bn, cn, dn) and Cm :=

(am, bm, cm, dm). We will carry out the perturbation independently between Cn and Cm. For

Cn, we simultaneously change an, bn, cn from their nominal values by ±10%, while separately

change dm by ±10% from its nominal value. Similarly, for Cm, the perturbations are carried

out with ±25% over the parameters am, bm, cm and ±25% over dm independently. As such,

totally 16 plots result from the combination of all of these variations, and the corresponding

responses are shown in Fig. 2.5. It is observed that all cases present stable dynamic behaviors

with only very slight performance degradation of missile under perturbations. Again, comparing

these results with those in Fig. 4 of [87], it is interesting to note that much larger performance

degradation is witnessed under the same perturbations for the PDLF-based missile autopilot

in [87]. This indicates a very strong robustness property for the proposed hybrid controller,
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Figure 2.4: Missile dynamic response to a sequence of step acceleration commands.

due to the avoidance of utilizing parameter variation information. Apart from the robustness

comparisons, we stress that the proposed hybrid gain-scheduling control scheme provides a

systematic yet simple framework that overcomes deficiencies of the PDLF approaches.

2.4 Summary

A systematic hybrid gain-scheduling control scheme has been proposed for missile autopilot

design by using the average dwell time switching technique. First, the original nonlinear mis-

sile dynamics are modeled as a switched LFT system, based on which both full-order and

reduced-order hybrid LFT controllers are then synthesized by solving a finite dimensional LMI
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Figure 2.5: Perturbed response to a sequence of step acceleration commands.

optimization problem. This new hybrid control scheme advances existing LPV control methods

for missile autopilot design in three important ways: simplified design procedure via convex op-

timization with reduced computational complexity by avoiding parameter-space gridding; eased

controller implementation without information of scheduling parameter variations; and reduced

controller state order independent of the settings of performance weighting functions employed.

Promising controlled performances and strong robustness of the hybrid autopilot have been

witnessed through nonlinear simulations.
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Chapter 3

Almost Output Regulation of

Switched Linear Dynamics with

Switched Exosignals

For systems with switched linear dynamics and affected by persistent switched reference com-

mands/disturbances, we propose a new hybrid control approach in order to achieve not only

closed-loop stability but also tracking and/or rejection of persistent references/disturbances

generated by multiple exosystems, namely, output regulation. It is assumed that both con-

trolled plant and exosystem are described by switched linear systems. The proposed hybrid

controller/output regulator is specified as a switching impulsive system, where the controller

states will undergo impulsive jumps at each switching instant. Based on the average dwell-time

(ADT) switching and multiple Laypunov function techniques, it has been shown how to com-

pletely reduce the synthesis problem of the hybrid controller to a set of linear matrix equations

and linear matrix inequalities (LMIs). To demonstrate its usefulness, the proposed hybrid con-

trol method has been applied to solve the output regulation problem for a mechanical system.
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3.1 Introduction

Output regulation of dynamical systems is an important problem and has been extensively

studied in control community since 1970’s. This problem specifies the control task of achieving

not only the overall closed-loop stability, but also the tracking and/or rejection of persistent

references/disturbances generated by an exosystem [74]. Many interesting results on this topic

can be found in the literature (see [24, 74, 41, 40, 55] and the reference therein). Several

pioneering works are in particular worth to be mentioned. In [24], necessary and sufficient

conditions to solve the output regulation problem for linear time-invariant (LTI) systems were

firstly established as a set of linear algebraic equations. It is not until the nineties that the

output regulation of nonlinear systems was addressed by Isidori and Byrnes [41] and Huang

and Rugh [40], where the solvability conditions were given in terms of mixed partial differential

and nonlinear algebraic equations. Recent years have witnessed a shift of research interests on

the output regulation problem to hybrid dynamical systems that combine continuous dynamics

and discrete event behaviors [59, 44, 27, 12, 93].

Despite a rich literature on switched systems, the output regulation of switched systems is

a challenging problem. Most previous results for output regulation of nonlinear systems are not

directly applicable to switched systems since the vector fields of switched systems are discontin-

uous and non-smooth. Different techniques have been proposed to tackle the output regulation

problem for switched systems, virtually all of which, however, have their own limitations that

restrict their applicability to practical problems. For instance, stability analysis conditions for

switched systems with the output regulation requirement were derived in [56, 89] using the com-

mon Lyapunov function (CLF) approach [8], which could be very conservative or even render

the control synthesis problem infeasible. On the other hand, the switching output regulation

problem was tackled in [90] under the multiple Lyapunov functions (MLFs) framework [8]. How-

ever, the derived control synthesis conditions are essentially bilinear matrix inequalities (BMIs)

and computationally expensive to solve. Based on a zero-error manifold switching strategy, [27]

also applied the MLFs technique to analyze the output regulation problem for switched linear
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systems with switched exosignals. The resulting condition for switching stability is restrictive

and difficult to check, especially when full plant state information is not available. Therefore,

it is highly desirable to develop a new and effective framework for the output regulation of

switched systems by using MLFs.

Several technical difficulties arise in this area that are not encountered in the case of linear

time-invariant (LTI) systems, two of which are worth to be mentioned. The first difficulty is

related to the switching nature of the controlled plant itself. For LTI systems, the output reg-

ulation problem would usually boil down to asymptotic stabilization of a transformed system

after decoupling the references/disturbances from the original system states through a coor-

dinate transformation. However, since each subsystem of switched linear systems has different

dynamics, it is difficult to find a common state transformation that is suitable for all subsystems

[18]. Thus, the questions of how to establish stability analysis and efficient synthesis conditions

for switched linear systems have to be answered first. Another difficulty lies in the use of MLFs

and the resulting boundary condition [57], that is non-trivial to handle in the switching con-

troller synthesis, especially for the case of output-feedback control. As opposed to LTI systems,

the separation principle is in general not valid for switched linear systems. So the switching

output feedback control problem cannot be addressed by designing a state-feedback controller

and an observer separately. In addition, the boundary condition that constrains the difference

between two adjacent Lyapunov functions usually leads to undesirable results under switching

control frameworks. For state-dependent switching [29], a special structure has to be imposed

on the MLFs; and for time-dependent switching [57], the boundary condition could result in a

non-convex synthesis condition. Although some progress has been made using ADT switching

technique [103], the output regulation problem for switched linear systems remains to be solved.

To overcome these difficulties arising in the output regulation of switched linear systems,

we propose a new hybrid control approach for switched linear systems with ADT switching.

It is assumed that both controlled plant and the exosystem are described by switched linear

systems. Different from classical output regulation where the reference/disturbance signals are
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generated by a precisely known exosystem, we extend the concept of exact output regulation

to almost output regulation by allowing some unknown perturbations to affect the plant and

exosystem dynamics. From this aspect, our control objectives are in twofold: output regulation

to regulate the error outputs to zero in the absence of perturbations, and weighted L2-gain

minimization (from [108]) to suppress the effect of perturbations on the error outputs. The

proposed hybrid controller/output regulator is specified as a switched linear dynamic output-

feedback controller that undergoes impulsive state jumps at each switching instant. Using the

ADT technique incorporated with multiple quadratic Lyapunov functions, solvability conditions

for asymptotic stability with weighted L2-gain performance and almost output regulation are

formulated as a set of linear matrix equations plus linear matrix inequalities (LMIs). As a

result, the proposed hybrid controller including switching control gains and state reset laws can

be jointly designed by solving a convex LMI-based optimization problem. More importantly, no

extra restrictions except the ADT switching are required to guarantee overall stability. To the

best of our knowledge, this chapter provides for the first time a systematic and effective solution

to the output regulation problem for switched linear systems via dynamic output feedback under

the MLFs framework.

Apart from the theoretical contribution of developing new control design approaches for

output regulation of switched linear systems, the current work is also motivated from a more

practical point of view: In most existing works such as [56, 18, 19, 47], external signals (including

the reference to track and/or the disturbances to be rejected) are generated by a single neutrally

stable exosystem. This assumption limits the exogenous signal to the class of constant and

periodic signals. In contrast, by considering multiple exosystems, we will be able to obtain

more sophisticated exosignals and enhance the control system capability. Moreover, our problem

setup is more realistic in the sense that unknown perturbations are allowed to affect not only the

controlled plant but also the exosystem dynamics as well. These considerations largely enhance

the applicability of the proposed approach to practical problems. Finally, the advantages of the

proposed hybrid control approach will be demonstrated through a mechanical system example.
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The rest of this chapter is organized as follows: Section 3.2 provides some preliminaries

for the development of new control synthesis approach. The hybrid synthesis conditions and

the controller construction schemes are presented in Section 3.3 for almost output regulation

of switched linear systems. Section 3.4 presents the simulation results on a mechanical system

example, and Section 3.5 summaries this chapter.

3.2 Preliminaries

3.2.1 Weighted L2 (ℓ2) Analysis for Switched Linear Systems with ADT

Consider the following switched linear system.

Dx
e

 =

Aσ Bσ

Cσ Dσ


x
d

 (3.1)

where x ∈ Rn is the state with initial condition x(0) = x0, e ∈ Rne is the performance

output and d ∈ Rnd is the external disturbance. The symbol D denotes a differentiator for

continuous-time systems and a forward shift operator for discrete-time systems. σ is the switch-

ing rule that selects a particular sequence of subsystems among N available ones defined by

{Ai, Bi, Ci, Di}, i ∈ I[1, N ]. In this chapter, we focus our study of switched linear systems in

the form of (3.1) on a class of switching signals with average dwell-time (ADT) switching (see

Definition 1.6).

By combing the ADT technique with multiple quadratic Lyapunov functions, the following

lemma establishes the conditions for the stability and L2 (ℓ2)-gain performance of the switched

linear system (3.1).

Lemma 1. Given two tunable scalars λ0 ∈ R+ and µ > 1, if there exist positive definite

matrices Pi ∈ Sn+ and a positive scalar γ ∈ R+ such that for all i, j ∈ I[1, N ], the following
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conditions hold. 
He{PiAi}+ λ0Pi ⋆ ⋆

BT
i Pi −γI ⋆

Ci Di −γI

 < 0, (3.2)

Pj ≤ µPi. (3.3)

Then, the switched linear system (3.1) is GUAS and has its weighted L2 gain smaller than γ

for any switching signal σ with average dwell-time τa ≥ ln(µ)
λ0

.

Proof. Define the Lyapunov functions with one-to-one correspondence to the subsystems in

(3.1) as Vi := xTPix, i ∈ I[1, N ]. Then, the following results can be obtained from condition

(3.2) by Schur complement for all i ∈ I[1, N ],

He{PiAi}+ λ0Pi PiBi

BT
i Pi −γI

+
1

γ

CT
i

DT
i

[
Ci Di

]
< 0

which together with condition (3.3) yields

V̇i =
∂Vi
∂x

(Aix+Bid)

= xTPi(Aix+Bid) + (Aix+Bid)
TPix

= xT (PiAi +AT
i Pi)x+ xTPiBid+ dTBT

i Pix

< −λ0Vi −
1

γ
eT e+ γdTd,

Vj(x) ≤ µVi(x)

for all x ∈ Rn and any i, j ∈ I[1, N ]. Consequently, the proof can be completed by following

that of Theorem 1 presented in [108].
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3.2.2 Dilated LMI Representations of the BRL

The following lemma provides the equivalent LMI representations (i.e., the so-called dilated

LMI conditions) of the Bounded Real Lemma (BRL). These results will be very useful to derive

new hybrid synthesis conditions for the output regulation of switched linear systems. Detailed

proof of Lemma 2 has been provided in [21], thus will be omitted here.

Lemma 2. Consider a continuous-time LTI system with (A,B,C,D). Given a positive scalar

γ ∈ R+, there exist a positive definite matrix P > 0 satisfying


PA+ATP ⋆ ⋆

BTP −γI ⋆

C D −γI

 < 0,

if and only if for the same P there exists a square matrix F such that



−F T − F ⋆ ⋆ ⋆

P − F T +ATF F TA+ATF ⋆ ⋆

BTF BTF −γI ⋆

0 C D −γI


< 0. (3.4)

3.3 Main Results

In classical output regulation problem, the exogenous signals are usually required to be con-

stant or perfect sinusoid. The associated design objective is to regulate the output precisely,

which in many cases is too ambitious. Following the work in [73, 17, 102], we will relax the

classical output regulation requirements by allowing some unknown perturbations affecting the

exogenous signals and achieving almost output regulation. More detailed descriptions of this

concept will be given in the sequel.
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Now, we consider a continuous-time switched linear plant with switched exogenous inputs



ẋp(t)

ẇ(t)

e(t)

y(t)


=



Ap,σ Aw,σ Bp1,σ Bp2,σ

0 Ae,σ Qσ 0

Cp1,σ Cw1,σ Dp11,σ Dp12,σ

Cp2,σ Cw2,σ Dp21,σ 0





xp(t)

w(t)

d(t)

u(t)


, t ≥ 0 (3.5)

where xp(t) ∈ Rn is the plant state, w(t) ∈ Rnw is the exogenous signal governed by the switched

“exosystem” ẇ(t) = Ae,σw(t) +Qσd(t), d(t) ∈ Rnd is the unknown disturbance input affecting

both controlled plant and exosystem dynamics, u(t) ∈ Rnu is the control input and e(t) ∈ Rne

is the error (performance) output, y(t) ∈ Rny is the measurement output available for feedback

control use. All of the subsystem matrices are constant with compatible dimensions. σ(t), a

piecewise constant function of time, takes its values in the finite set I[1, Np] with Np > 1 as the

number of the subsystems. It is assumed that σ(t) is continuous from the right everywhere and

obeys an ADT switching logic. We further assume that for any i ∈ I[1, Np],

A1. Ae,i is anti-Hurwitz (i.e., all of its eigenvalues are in the closed right half-plane);

A2. The pair (Ap,i, Bp2,i) is stabilizable;

A3. The pair


Ap,i Aw,i

0 Ae,i

 , [Cp2,i Cw2,i

] is detectable.

The above three assumptions are general enough and follow similar discussions as presented

in [55, 73] and [24] for LTI systems. Assumption A1 is made without loss of generality because

asymptotically stable modes in the exosystem would not affect the output regulation under the

ADT switching. The second assumption is necessary for asymptotic stabilization of the switched

closed-loop system with ADT via either state or output feedback. Although assumption A3

is stronger than the detectability assumption of the pair (Ap,i, Cp2,i) for all i ∈ I[1, Np], it is

necessary for the output regulability of individual subsystem as discussed by Francis in [24] for

LTI systems.
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Remark 5. Note that in (3.5), we have assumed a synchronized switching between the switched

plant and the exosystem. Without loss of generality, one can always arrive at an equivalent

switched plant in the form of (3.5) with synchronous switching by considering all possible com-

binations of the plant subsystem with each exogenous subsystem at all switching time instants.

Compared with an asynchronous switching case, the synchronized plant would only differ in

the number of subsystems Np. For instance, the number of equivalent switched subsystems is

Np = N1 ×N2 if original numbers of the asynchronous controlled plant and the exosystem are

N1 and N2, respectively.

The hybrid dynamic output-feedback control law will be in the form of

ẋc(t)
u(t)

 =

Ac,σ Bc,σ

Cc,σ Dc,σ


xc(t)
y(t)


xc(t

+) = Jc,ijxc(t), when switching occurs

(3.6)

where xc(t) ∈ Rnc (nc > nw) is the controller state, the two subscripts of the matrix Jc,ij

(i, j ∈ I[1, Np] with i ̸= j) denote respectively the indices of the pre-switching subsystem i and

the post-switching subsystem j, i.e., at the switching instant, we have σ(t) = i and σ(t+) = j.

We assume synchronized switching both in the controlled plant (as well as the exosystem) and in

the controller. Matrices Ac,i, Bc,i, Cc,i, Dc,i and Jc,ij for all i, j ∈ I[1, Np] and i ̸= j are controller

coefficients to be designed.

Our objective is to design a hybrid output-feedback controller (3.6) that stabilizes the

switched plant (3.5) with minimal weighted L2-gain performance from the disturbance d(t) to

the error output e(t), i.e. almost output regulation. For almost output regulation, it means that

for any initial conditions of the closed-loop system, there exits a function β ∈ KL such that the

error output e(t) satisfies ∥e(t)∥ ≤ β(∥φ(0), t∥) + ϵ∥d(t)∥ with φ(0) :=

[
xTp (0) xTc (0) wT (0)

]
for all t ≥ 0 and some ϵ > 0. In particular, e(t) is said to be asymptotically regulated if the

above condition holds for d(t) ≡ 0.
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To this end, motivated by the results in Theorem 3 of [75] for output regulation of LTI

systems and in [103] for hybrid stabilization of switched linear systems, we partition the hybrid

controller state xc in (3.6) as xc =

xc1
xc2

 with xc1 ∈ Rnw , xc2 ∈ Rnc−nw , and parameterize the

controller coefficient matrices for all i, j ∈ I[1, Np] and i ̸= j as

Ac,i Bc,i

Cc,i Dc,i

 =


Ae,i − D̄c2,i(Cw2,i + Cp2,iΠp,i) C̄c2,i D̄c2,i

−B̄c,i(Cw2,i + Cp2,iΠp,i) Āc,i B̄c,i

Γi − D̄c1,i(Cw2,i + Cp2,iΠp,i) C̄c1,i D̄c1,i

 , Jc,ij =

I Jc12,ij

0 Jc22,ij

 (3.7)

where Āc,i ∈ R(nc−nw)×(nc−nw), B̄c,i ∈ R(nc−nw)×ny , C̄c1,i ∈ Rnu×(nc−nw), C̄c2,i ∈ Rnw×(nc−nw), D̄c1,i ∈

Rnu×ny , D̄c2,i ∈ Rnw×ny , Jc12,i ∈ Rnw×(nc−nw), Jc22,i ∈ R(nc−nw)×(nc−nw), and Πp,i ∈ Rn×nw ,

Γi ∈ Rnu×nw are free variables subject to design. Needless to say, such a pre-specified controller

parametrization would impose a structural constraint on the hybrid controller gains with re-

duced number of design variables. However, it is clearly necessary for the output regulation of

each subsystem (see, e.g., [24, 25, 75]). Moreover, it will be shown in the sequel that output reg-

ulability of the switched linear system (3.5) can be readily achieved under the parametrization

(3.7).

Consequently, the hybrid closed-loop system is formed by interconnecting the switched plant

(3.5) and the hybrid controller (3.6) with the parametrization (3.7) as


ẋcl(t)

ẇ(t)

e(t)

 =


Acl,σ Aclw,σ Bcl,σ

0 Ae,σ Qσ

Ccl,σ Cclw,σ Dcl,σ



xcl(t)

w(t)

d(t)


xcl(t

+) = Jcl,ijxcl(t), when switching occurs

(3.8)
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where xcl :=

[
xTp xTc1 xTc2

]T
, and

Acl,σ =


Ap,σ +Bp2,σD̄c1,σCp2,σ Bp2,σ

(
Γσ − D̄c1,σ(Cw2,σ + Cp2,σΠp,σ)

)
Bp2,σC̄c1,σ

D̄c2,σCp2,σ Ae,σ − D̄c2,σ(Cw2,σ + Cp2,σΠp,σ) C̄c2,σ

B̄c,σCp2,σ −B̄c,σ(Cw2,σ + Cp2,σΠp,σ) Āc,σ

 ,

Aclw,σ =


Aw,σ +Bp2,σD̄c1,σCw2,σ

D̄c2,σCw2,σ

B̄c,σCw2,σ

 , Bcl,σ =


Bp1,σ +Bp2,σD̄c1,σDp21,σ

D̄c2,σDp21,σ

B̄c,σDp21,σ

 ,
Ccl,σ =

[
Cp1,σ +Dp12,σD̄c1,σCp2,σ Dp12,σ

(
Γσ − D̄c1,σ(Cw2,σ + Cp2,σΠp,σ)

)
Dp12,σC̄c1,σ

]
,

Cclw,σ = Cw1,σ +Dp12,σD̄c1,σCw2,σ, Dcl,σ = Dp11,σ +Dp12,σD̄c1,σDp21,σ,

Jcl,ij =


I 0 0

0 I Jc12,ij

0 0 Jc22,ij

 .
(3.9)

Employing multiple quadratic Lyapunov functions, the following theorem provides the syn-

thesis conditions of the hybrid controllers that possess the special architecture and achieve

almost output regulation for the closed-loop switched system (3.8). The hybrid controller con-

struction scheme is also provided.

Theorem 4 (Continuous-time). Given two tunable scalars λ0 ∈ R+ and µ > 1, if there exist

positive definite matrices P̂i ∈ S2(n+nw)
+ , rectangular matrices X,Y,W ∈ R(n+nw)×(n+nw), Âc,i ∈

R(n+nw)×(n+nw), B̂c,i ∈ R(n+nw)×ny , Ĉc,i ∈ R(nu+nw)×(n+nw), D̂c,i ∈ R(nu+nw)×ny , Ĵc12,ij ∈ Rnw×(n+nw),

Ĵc22,ij ∈ R(n+nw)×(n+nw), Πp,i ∈ Rn×nw ,Γi ∈ Rnu×nw , and a positive scalar γ ∈ R+ such that
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conditions (3.10)–(3.13) hold for all i, j ∈ I[1, Np], i ̸= j.

Πp,iAe,i −Aw,i = Ap,iΠp,i +Bp2,iΓi (3.10)

− Cw1,i = Cp1,iΠp,i +Dp12,iΓi (3.11)

−

X +XT ⋆

W + I Y + Y T

 ⋆ ⋆ ⋆

Ψ21,i Ψ22,i ⋆ ⋆

Ψ31,i Ψ31,i −γI ⋆

0 Ψ42,i Dp11,i +Daug12,iD̂c,iDp21,i −γI


< 0, (3.12)


µP̂i ⋆

Φij

X +XT ⋆

W + I Y + Y T

− P̂j

 ≥ 0, (3.13)

where

Ψ21,i =

Aaug,iX +Baug2,iĈc,i Aaug,i +Baug2,iD̂c,iCaug2,i

Âc,i Y Aaug,i + B̂c,iCaug2,i


T

−

X I

W Y

+
λ0
2

X I

W Y


T

+ P̂i,

Ψ22,i =

 He
{
Aaug,iX +Baug2,iĈc,i +

λ0
2 X

}
⋆

Âc,i +AT
aug,i + CT

aug2,iD̂
T
c,iB

T
aug2,i +

λ0
2 (W + I) He

{
Y Aaug,i + B̂c,iCaug2,i +

λ0
2 Y

}
 ,

Ψ31,i =

[
BT

aug1,i +DT
p21,iD̂

T
c,iB

T
aug2,i BT

aug1,iY
T +DT

p21,iB̂
T
c,i

]
,

Ψ42,i =

[
Caug1,iX +Daug12,iĈc,i Caug1,i +Daug12,iD̂c,iCaug2,i

]
,
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Φij =



I Πp,i −Πp,j

0 I

X +

−Πp,j

I

 Ĵc12,ij
I Πp,i −Πp,j

0 I


Ĵc22,ij Y

I Πp,i −Πp,j

0 I




,

Aaug,i =

Ap,i −Aw,i

0 Ae,i

 , Baug1,i =

Bp1,i

−Qi

 , Caug1,i =

[
Cp1,i −Cw1,i

]
,

Baug2,i =

Bp2,i −Πp,i

0 I

 , Caug2,i =

[
Cp2,i −Cw2,i

]
, Daug12,i =

[
Dp12,i 0

]
.

Then, there exists a hybrid controller in the form of (3.6) with order nc = n+2nw that renders

the closed-loop system (3.8) GUAS with its weighted L2 gain less than γ for every switching

signal σ with average dwell-time τa ≥ ln(µ)
λ0

.

Moreover, the hybrid controller gain matrices are readily obtained through the following

scheme:

• Solve M,N ∈ R(n+nw)×(n+nw) from the factorization problem MNT =W T −XY .

• Compute the controller coefficient matrices for i, j ∈ I[1, Np], i ̸= j by


Āc,i B̄c,iC̄c1,i

C̄c2,i


D̄c1,i

D̄c2,i


 =

N Y Baug2,i

0 I


−1 Âc,i − Y Aaug,iX B̂c,i

Ĉc,i D̂c,i


 MT 0

Caug2,iX I


−1

,

Jc22,ij
Jc12,ij

 =


N Y

−Πp,j

I


0 I


−1 

Ĵc22,ij − Y

I Πp,i −Πp,j

0 I

X
Ĵc12,ij

M−T .

(3.14)

• Obtain the realization of the hybrid controller in the form of (3.6) via relation (3.7).
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Proof. Consider the hybrid closed-loop system (3.8). For simplicity of presentation and without

loss of generality, we assume that σ(t) = i and σ(t+) = j for some i, j ∈ I[1, Np] and i ̸= j.

Then, by applying the following state transformation


x̃p(t)

x̃c1(t)

x̃c2(t)


i︸ ︷︷ ︸

x̃cl,i(t)

=


I −Πp,i 0

0 I 0

0 0 I


︸ ︷︷ ︸

Ti


xp(t)

xc1(t)

xc2(t)

−


0

I

0


︸︷︷︸
BI

w(t) (3.15)

to the system state, we obtain the following hybrid system


˙̃xcl,i(t)

ẇ(t)

e(t)

 =


Ãcl,i Ãclw,i B̃cl,i

0 Ae,i Qi

C̃cl,i C̃clw,i D̃cl,i



x̃cl,i(t)

w(t)

d(t)


x̃cl,j(t

+) = TjJcl,ijT
−1
i x̃cl,i(t) + (TjJcl,ijT

−1
i BI −BI)w(t), when switching occurs

(3.16)

With the controller parametrization (3.7), it can be verified that TjJcl,ijT
−1
i BI−BI = 0 for any

i, j ∈ I[1, Np] and i ̸= j. Furthermore, conditions (3.10) and (3.11) lead to the system matrices

of the above transformed closed-loop system as

Ãcl,i =


Ap,i −Aw,i

0 Ae,i

+

Bp2,i −Πp,i

0 I

D̄c1,i

D̄c2,i

[
Cp2,i −Cw2,i

] Bp2,i −Πp,i

0 I

C̄c1,i

C̄c2,i


B̄c,i

[
Cp2,i −Cw2,i

]
Āc,i

 ,

B̃cl,i =


Bp1,i

−Qi

+

Bp2,i −Πp,i

0 I

D̄c1,i

D̄c2,i

Dp21,i

B̄c,iDp21,i

 ,
(3.17)
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C̃cl,i =

[Cp1,i −Cw1,i

]
+
[
Dp12,i 0

]D̄c1,i

D̄c2,i

[
Cp2,i −Cw2,i

] [
Dp12,i 0

]C̄c1,i

C̄c2,i

 ,
D̃cl,i = Dp11,i +

[
Dp12,i 0

]D̄c1,i

D̄c2,i

Dp21,i

and Ãclw,i = 0, C̃clw,i = 0. Since the error output e(t) does not explicitly depend on the

exosystem state w(t) and D̃cl,i is bounded for all i ∈ I[1, Np], it suffices to prove that the above

transformed system (3.16) with state x̃cl,i(t) is GUAS in achieving almost output regulation.

To this end, we consider the Lyapunov-like functions for the transformed closed-loop system

(3.16) as

Vi(x̃cl,i(t)) = x̃Tcl,i(t)Pix̃cl,i(t), i ∈ I[1, Np] (3.18)

where Pi ∈ S2(n+nw)
+ . Note that each Vi has one-to-one correspondence with the subsystems in

(3.16).

According to Lemma 1, to establish the ADT-based switching stability and weighted L2-gain

performance for system (3.16), we need to prove the following conditions for all i, j ∈ I[1, Np]

(i ̸= j),


He{PiÃcl,i}+ λ0Pi ⋆ ⋆

B̃T
cl,iPi −γI ⋆

C̃cl,i D̃cl,i −γI

 < 0, (3.19)

Vj(x̃cl,j(t
+)) ≤ µVi(x̃cl,i(t)). (3.20)

It is worth pointing out that the second condition (3.20), i.e., the well-known boundary condition

that constrains the jump between two adjacent Lyapunov functions [103], is slightly different

from that of Lemma 1 (see, condition (3.3)) for purely switching linear systems without state

jumps. The boundary condition cannot be written directly in terms of the Lyapunov matrices

Pi here, due to the impulsive dynamics induced by the system state jumps at each switching

instant (as shown by the second equation in (3.16)). However, it is easy to verify by following
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a similar proof of Lemma 1 that weighted L2 stability still holds for system (3.16) under the

conditions (3.19)–(3.20), provided the satisfaction of the ADT constraint τa ≥ ln(µ)
λ0

.

Note that He{PiÃcl,i}+λ0Pi = He{Pi(Ãcl,i+
λ0
2 )}, condition (3.19) is ascertained from the

following by applying Lemma 2,



−F − F T ⋆ ⋆ ⋆

Pi − F T + ÃT
cl,iF + λ0

2 F He{F T Ãcl,i +
λ0
2 F

T } ⋆ ⋆

B̃T
cl,iF B̃T

cl,iF −γI ⋆

0 C̃cl,i D̃cl,i −γI


< 0, (3.21)

where F ∈ R(n+nc)×(n+nc) is a general non-singular matrix.

Then, we introduce two non-singular matrices

Z1 =

 X I

MT 0

 , Z2 =

I Y T

0 NT


withMNT =W T −XY and specify F = Z2Z

−1
1 . To show the first condition (3.21), multiplying

matrix diag{Z1, Z1, I, I} from the right hand side and its transpose from left of (3.21), we obtain:

ZT
1 PiZ1 = P̂i,

ZT
1 F

TZ1 = ZT
2 Z1 =

X I

W Y

 ,
ZT
1 F

T Ãcl,iZ1 = ZT
2 Ãcl,iZ1

=



Ap,i −Aw,i

0 Ae,i

X +

Bp2,i −Πp,i

0 I

 Ĉc,i

Ap,i −Aw,i

0 Ae,i

+

Bp2,i −Πp,i

0 I

 D̂c,i

[
Cp2,i −Cw2,i

]

Âc,i Y

Ap,i −Aw,i

0 Ae,i

+ B̂c,i

[
Cp2,i −Cw2,i

]


,
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B̃T
cl,iFZ1 = B̃T

cl,iZ2

=


Bp1,i

−Qi

T

+DT
p21,iD̂

T
c,i

Bp2,i −Πp,i

0 I

T Bp1,i

−Qi

T

Y T +DT
p21,iB̂

T
c,i

 ,
C̃cl,iZ1 =

[[
Cp1,i −Cw1,i

]
X +

[
Dp12,i 0

]
Ĉc,i

[
Cp1,i −Cw1,i

]
+
[
Dp12,i 0

]
D̂c,i

[
Cp2,i −Cw2,i

]]
.

where

Âc,i = Y

Ap,i −Aw,i

0 Ae,i

X + Y

Bp2,i −Πp,i

0 I


D̄c1,i

D̄c2,i

[
Cp2,i −Cw2,i

]
X

+NB̄c,i

[
Cp2,i −Cw2,i

]
X + Y

Bp2,i −Πp,i

0 I


C̄c1,i

C̄c2,i

MT +NĀc,iM
T ,

B̂c,i = Y

Bp2,i −Πp,i

0 I


D̄c1,i

D̄c2,i

+NB̄c,i,

Ĉc,i =

D̄c1,i

D̄c2,i

[
Cp2,i −Cw2,i

]
X +

C̄c1,i

C̄c2,i

MT , D̂c,i =

D̄c1,i

D̄c2,i

 .

(3.22)

Thus, we arrive at condition (3.12).

Now, we consider condition (3.20). According to the definition (3.18), we have

x̃Tcl,j(t
+)Pj x̃cl,j(t

+) ≤ µx̃Tcl,i(t)Pix̃cl,i(t) (3.23)

for all xcl(t) ∈ Rn+nc , w(t) ∈ Rnw and t ≥ 0. In order to transform such a Lyapunov boundary

condition to a condition of matrix inequality, we need to decouple the indexed matrices Ti and

Jcl,ij (for all i, j ∈ I[1, Np] and i ̸= j) from the state xcl(t) in the second equation of (3.16).

To this end, we substitute the second equation in (3.16) together with the state transformation
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(3.15) into the inequality (3.23), it yields

x̃Tcl,i(t)(TjJcl,ijT
−1
i )TPjTjJcl,ijT

−1
i x̃cl,i(t) ≤ µx̃Tcl,i(t)Pix̃cl,i.

Thus, according to Schur complement, it is equivalent to show that for all x̃cl,i(t) ∈ Rn+nc and

t ≥ 0

 µPi ⋆

TjJcl,ijT
−1
i P−1

j

 ≥ 0. (3.24)

Furthermore, since P−1
j ≥ F−T (F +F T −Pj)F

−1 for any non-singular F , condition (3.24) can

be reformulated after performing a congruence transformation [75] with matrix diag{I, F T } on

 µPi ⋆

TjJcl,ijT
−1
i F−T (F + F T − Pj)F

−1

 ≥ 0,

which leads to  µPi ⋆

F TTjJcl,ijT
−1
i F + F T − Pj

 ≥ 0. (3.25)

Again, multiplying matrix diag{Z1, Z1, Z1} to the right and its transpose from the left on both

sides of the above inequality, we have

ZT
1 F

TTjJcl,ijT
−1
i Z1 = ZT

2 TjJcl,ijT
−1
i Z1

=



I Πp,i −Πp,j

0 I

X +

−Πp,j

I

 Ĵc12,ij
I Πp,i −Πp,j

0 I


Ĵc22,ij Y

I Πp,i −Πp,j

0 I




,
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where

Ĵc12,ij = Jc12,ijM
T ,

Ĵc22,ij = Y

I Πp,i −Πp,j

0 I

X + Y

−Πp,j

I

 Jc12,ijMT +NJc22,ijM
T .

(3.26)

Consequently, condition (3.13) can be deduced. The controller formula (3.14) can be verified

readily by inverting the relations (3.22) and (3.26).

Remark 6. As mentioned in the introduction, one of the technical difficulties arise in the

output regulator synthesis is that different coordinate transformations are needed for different

subsystems. This difficulty has been overcome in the above proof by introducing a new coordinate

transformation as in (3.15). Unlike typically used in the literature [24, 27, 18]), it results in

a particular switched system with independent dynamics in each subsystem as seen in (3.16).

Such a coordinate transformation allows one to decouple the indexed matrices Ti from the state

xcl(t) in the second equation of (3.16). Based on this transformation technique and the new

hybrid controller structure (3.6) with impulsive dynamics, the convex synthesis conditions in

Theorem 4 are derived.

Conditions (3.10)–(3.11) are two linear matrix equations which essentially correspond to

the regulation equations (the so-called Francis conditions) for LTI systems [24]; while condition

(3.13) is termed as the boundary condition that frequently arises from ADT switching control

using MLFs [103]. Based on the results derived in Theorem 4, one can solve the hybrid output

regulation problem by formulating the following minimization problem of the weighted L2 gain

γ with two pre-specified scalars λ0 and µ:

min
P̂i,X,Y,W,Âc,i,B̂c,i,Ĉc,i,D̂c,i,Ĵc11,ij ,Ĵc12,ij ,Ĵc21,ij ,Ĵc22,ij ,Πp,i,Γi

γ,

s.t. (3.10)–(3.13).

(3.27)

The optimization (3.27) fits into the standard form of most convex optimization problems.
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Therefore it can be solved efficiently by using existing numerical softwares, such as the CVX

toolbox in MATLAB [9]. Note that the two constant parameters λ0 and µ are fixed when

solving the optimization problem (3.27). To determine suitable values of these two pre-specified

parameters, we suggest two rules: 1). based on the switching properties of the controlled plant,

one can determine desired ADT value τa. λ0, µ must then satisfy the ADT constraint τa ≥ ln(µ)
λ0

;

2). by gridding the parameter space of (λ0, µ) as in [103], one can obtain an optimal or sub-

optimal weighted L2 gain γ.

3.4 Application to A Mechanical System

In this section, the proposed control scheme will be applied to a mechanical system developed

in [89, 90] to achieve hybrid output regulation. As shown in Fig. 3.1, the mechanical system

Figure 3.1: Diagram of a mechanical system with switched dynamics [90].

consists of a mass m, a spring with stiffness k and a damper with damping coefficient c, and is

subject to a disturbance force Fa and a control force F . When in contact with the surface Sc,

the mass experiences an additional force generated by a spring with stiffness kc and a damper
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with damping coefficient cc. The control objective is to design an output regulator such that

the mass m follows the contact surface Sc as close as possible.

The equations of motion of such a mechanical system can be described by the following

switched linear system with two modes (subsystems):

mq̈ + cq̇ + kq = −F + Fa + Fc, when q ≤ qs (contact mode)

mq̈ + cq̇ + kq = −F + Fa, when q > qs (non-contact mode)

(3.28)

where the variable q is the deviation of the mass m from its equilibrium position. Fc is the

contact force expressed by

Fc = cc(q̇s − q̇) + kc(qs − q)

with qs being the displacement of the contact surface. According to our control goal, we define

the error output e to be regulated as

e = q − qs

where q−qs indicates the distances between the massm and the contact surface Sc. Furthermore,

we assume that the measurement output y for the controller is the same as the error output e.

Let xp1 = q, xp2 = q̇ and w1 = qs, w2 = q̇s, and define the control input u = F , the external

unknown perturbation d = Fa, the switched mechanical system can be written in the following
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standard form

ẋp1(t)
ẋp2(t)

 = Ap,σ

xp1(t)
xp2(t)

+Aw,σ

w1(t)

w2(t)

+Bp1,σd(t) +Bp2,σu(t)

e(t) = Cp1,σ

xp1(t)
xp2(t)

+ Cw1,σ

w1(t)

w2(t)


y(t) = e(t) = xp1(t)− w1(t)

σ(t) =

 1, if xp1(t) ≤ w1(t)

2, if xp1(t) > w1(t)

(3.29)

where

Ap,1 =

 0 1

−k+kc
m − c+cc

m

 , Aw,1 =

 0 0

kc
m

cc
m

 ,
Ap,2 =

 0 1

− k
m − c

m

 , Aw,2 =

0 0

0 0

 ,
Bp1,1 = Bp1,2 =

 0

1
m

 , Bp2,1 = Bp2,2 =

 0

− 1
m

 ,
Cp1,1 = Cp1,2 =

[
1 0

]
, Cw1,1 = Cw1,2 =

[
−1 0

]
.

For simulation purpose, we have the following parameter setup: m = 2kg, k = kc = 2N/m

and c = cc = 1N · s/m. Moreover, we adopt the following switched exosystem to generate the

reference trajectories that simulate the changing contact surface profile:

ẇ1(t)

ẇ2(t)

 = Ae,σ

w1(t)

w2(t)

+Qσd(t), (3.30)

where the switching signal σ(t) obeys the same switching rule for the switched plant (3.29),
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and the state-space matrices in (3.30) are

Ae,1 =

 0 1

−0.01 0

 , Q1 =

0
0

 ,
Ae,2 =

 0 1

−0.5 0

 , Q2 =

0.5
0

 .
Since the two tunable parameters λ0 and µ are involved in the hybrid control synthesis

process, it is desirable to elucidate their effects on the optimized weighted L2 gain γ and

determine suitable values for controller synthesis. To this end, we solve the optimization problem

(3.27) by gridding the parameter space of (λ0, µ) within the region [0.2 : 0.02 : 2]× [5 : 0.1 : 10].

The relations between (λ0, µ) and the optimized γ and the associated ADT constant τ∗a = lnµ
λ0

are shown in Fig. 3.2. It is observed from Fig. 3.2(a) that larger µ would in general yield better

γ; while the optimal γ is located between λ0 = 0.4 and 0.8. The effects of (λ0, µ) on the ADT

constant τ∗a is more explicit, as seen in Fig. 3.2(b), increasing µ and/or decreasing λ0 will result

in larger τ∗a . This can also be reflected from the equation τ∗a = lnµ
λ0

.
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Figure 3.2: Relations between (λ0, µ) and optimized γ as well as τ∗a .
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Based on these results, to balance the weighted L2-gain performance and the ADT con-

straint, we select λ0 = 0.6 and µ = 10 for the hybrid output regulator synthesis. Solving the

optimization problem (3.27), it yields

Πp,1 = Πp,2 =

1 0

0 1

 , Γ1 =

[
−1.98 −1

]
, Γ2 =

[
−1 −1

]
.

In order to avoid getting ill-conditioning matrices, we have also constrained the closed-loop poles

within the circle |r + 10| ≤ 10. The pole location constraint can be written as LMI conditions

[11] and easily incorporated into the proposed hybrid synthesis process. The optimized weighted

L2 gain γ is γ = 2.7551. Finally, following the controller construction scheme in Theorem 4, we

obtain hybrid controller gains as

Ac,1 =



0 1 −1.2450 −3.5261 −10.2613 61.5338

−0.01 0 −1.4736 −1.6176 −13.1714 48.2543

0 0 −9.2322 −3.7521 −12.9688 201.2147

0 0 0.3604 −2.1797 0.1052 −12.6183

0 0 0.0219 −0.0072 −2.0866 −0.6709

0 0 −0.0110 0.0031 −0.0200 −0.1666


, Bc,1 =



−15.7401

−16.9478

−98.2614

5.3450

0.2943

−0.2069


,

Cc,1 =

[
−1.9800 −1 4.8462 5.1394 16.3808 −157.8450

]
, Dc,1 = 56.8117,

Jc,12 =



1 0 0.0032 −1.1167 −1.0692 5.3265

0 1 −0.0219 −0.3831 −5.2692 −4.1407

0 0 0.9898 0.6723 1.8958 −2.7775

0 0 −0.0317 −0.0190 −0.0594 0.7010

0 0 −0.0022 −0.0018 −0.0043 −0.0307

0 0 0.0043 0.0053 0.0093 0.4392


,
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Ac,2 =



0 1 −1.2299 −3.7208 −10.8157 60.0411

−0.5 0 −1.2728 −0.8475 −14.5426 53.0860

0 0 −9.1977 −3.7732 −15.2596 213.9712

0 0 0.3443 −2.3529 0.7030 −16.6330

0 0 0.0216 0.0119 −2.4357 −0.8818

0 0 −0.0108 0.0032 −0.0301 −0.1286


, Bc,2 =



−15.2552

−13.9506

−97.3590

5.1535

0.3170

−0.2023


,

Cc,2 =

[
−1 −1 4.8370 4.1052 17.2548 −166.8534

]
, Dc,2 = 56.1634,

Jc,21 =



1 0 −0.0173 −1.1729 −1.1401 3.0543

0 1 0.0688 −0.2054 −5.3365 14.3572

0 0 0.9624 0.6190 2.0741 −11.9925

0 0 −0.0215 0.0122 −0.0639 5.5237

0 0 0.0090 0.0081 0.0192 0.1576

0 0 0.0043 0.0052 0.0078 0.3962


.

For time-domain simulations, we choose perturbation d(t) as a periodic impulse starting

from t = 1 sec with 10 sec period, 0.1 sec pulse width and amplitude 1N . Then, with initial

conditions xp(0) = 0, xc(0) = 0, w(0) =

[
0.2 0.2

]T
, we carry out the time-domain simulation

using the synthesized hybrid output regulator. The simulation results are plotted in Fig. 3.3

through Fig. 3.4. Fig. 3.3(a) displays the reference trajectories generated by the switched linear

exosystem (3.30), which cannot be obtained via a single model with a purely LTI configuration.

The switching signal is also displayed in Fig. 3.3(b), which has 10 switches occurred during the

entire time interval. Since the system operating duration is 50 sec, the actual average dwell-time

is τa = 50/10 = 5 sec > τ∗a = ln(µ)
λ0

= ln(10)
0.6 = 3.8376 sec. Therefore, overall stability of the

switched closed-loop system is guaranteed.

The system responses in Fig. 3.4 illustrate the performance of the proposed hybrid controller

in maintaining the desired system output despite the presence of switching and perturbation d.

As can be seen, the hybrid output regulator is indeed capable of rendering the overall switched
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Figure 3.3: Exosystem states and switching signal.

system stable and suppress the effects of the persistent exosignal w and the unknown perturba-

tion d on the error output e. Furthermore, the error output is regulated asymptotically to zero
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if the perturbation d(t) = 0, thus exact output regulation is achieved. On the other hand, the

switched closed loop has smooth responses in both controlled output and control input (see Fig.

3.4) owing to the impulsive dynamics induced by the controller state jumps. This exemplifies

the importance of controller reset in coping with switching events.

3.5 Summary

In this chapter, we have developed a new hybrid control approach for almost output regulation

of switched linear systems. The proposed output feedback controller has a hybrid nature in

the sense that the switching controller state undergoes an impulsive jump at each switching

instant. Using the average dwell-time technique incorporated with multiple quadratic Lyapunov

functions, the hybrid synthesis conditions are formulated as linear matrix equations plus a set

of LMIs. This new hybrid control scheme provides an unified and more flexible framework for

the output regulation of switched linear systems with switched exosystems. Its effectiveness has

been illustrated through a mechanical system example.
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Figure 3.4: Simulation results for the hybrid output regulation of the mechanical system (3.28).
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Chapter 4

Robust Switched Feedforward

Control of Uncertain LFT Systems

This chapter presents a new robust switched feedforward control scheme for a class of uncer-

tain systems described in a standard linear fractional transformation (LFT) form. Firstly, the

analysis conditions for switching stability are derived by using a piecewise Lyapunov function

incorporated with the min-switching control technique. Based on the analysis results, the syn-

thesis conditions are then formulated as a special type of bilinear matrix inequalities (BMIs),

which can be solved by means of linear matrix inequalities (LMIs) and line search. Both robust

H2 and H∞ feedforward control problems are considered. The proposed robust switched control

scheme outperforms existing robust feedforward control approaches for uncertain systems based

on single quadratic Lyapunov function, and leads to less conservative control design. Numerical

examples will be used to illustrate the effectiveness and advantages of the proposed results.

4.1 Introduction

In the two-degree-of-freedom control framework [92, 34, 53, 32], the control design tasks are in

twofold: feedback control design and feedforward filter design. The main roles played by such
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two control components are quite different. Specifically, the feedback control component, which

is the only part affecting the overall closed-loop stability, is designed to (robustly) stabilize the

open-loop system and to attenuate the influence of external disturbances, while the feedforward

controller is usually introduced to reshape the time- or frequency-domain responses of the feed-

back closed loop to a reference input, such that improved tracking performance or enhanced

disturbance rejection capability can be achieved. The validity and usefulness of such a two-

degree-of-freedom control design approach has been demonstrated theoretically [53, 32, 43, 5],

and through numerical simulations and practical applications [34, 22, 69]. In this paper, we will

focus on feedforward controller design with a pre-specified feedback control part for a class of

linear uncertain systems. For systems with perfectly known dynamics, the feedforward control

problem is quite trivial as one can always find a feedforward controller through model-based in-

version [16]. However, in the more realistic case when the controlled system is actually uncertain,

such an inverse-based feedforward controller could result in a large degradation of performance

[16]. This motivates the problem of designing robust feedforward controllers for various dynami-

cal systems with uncertainties. Considerable interesting results on this topic have been reported

in the literature, see for instance, [32, 69, 22, 79, 43]. In particular, [32] considered the robust

feedforward control synthesis problem for a class of linear systems with time-invariant and time-

varying structured uncertainties. In [69], the feedforward control problem was treated under a

full-information control framework for a class of linear parameter-varying (LPV) systems with

online measurable time-varying parameters. Further ramifications along this line mainly focus

on the construction of different types of scalings/multipliers in the robust control problem. For

instance, as an extension of [32, 22] and [79], Kose and Scherer [43] proposed a direct syn-

thesis of robust feedforward filters by convex optimization for uncertainties described through

dynamic integral quadratic constraints (IQCs) [60]. In spite of the rich literature, we observe

that virtually all of the published results are obtained by using a single quadratic Lyapunov

function, which could be conservative for systems with large uncertainties.

To overcome the limitations and potential conservatism encountered by the previous works
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on robust feedforward control, we propose a new robust switched feedforward control scheme for

a class of norm-bounded uncertain systems possessing a linear fractional transformation (LFT)

representation by using a piecewise switched Lyapunov function [104, 67, 61, 70]. As opposed to

the existing results where the robust feedforward controller is typically constructed as a linear

time-invariant (LTI) system, the proposed robust switched feedforward controller composes

multiple LTI controllers in a full-order dynamic form and a Lyapunov-based min-switching rule

[67, 28] governing the switching among these controllers. The analysis conditions for both robust

H2 andH∞ performance are derived using a piecewise switched Lyapunov function incorporated

with multiple scaling matrices (or multipliers) [110], respectively. In particular, it will be shown

that the obtained Lyapunov-based H2 analysis conditions recover those established in [30]

using a single constant multiplier as a special case. Based on the analysis results, the synthesis

conditions for robust switched feedforward control will be formulated in terms of a special type

of matrix inequalities, which can be solved effectively by means of linear matrix inequalities

(LMIs) and multi-dimensional search.

The contribution of this work lies in that a novel robust switched feedforward control scheme

with minimal switching strategy is proposed for linear uncertain systems, it outperforms the

robust control methods based on single quadratic Lyapunov function and leads to less conser-

vative control design. Numerical examples will be used to demonstrate the effectiveness and

advantages of the proposed design scheme.

The rest of this chapter is organized as follows. The problem statement and the structure

of robust switched feedforward controller are presented in Section 4.2. Section 4.3 and Section

4.4 contain the main results of this chapter including the robust H2 and H∞ analysis and

control synthesis conditions, respectively. Simulation results on a ship steering control problem

are provided in Section 4.5, and Section 4.6 summarizes the chapter.
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4.2 Problem Statement

Consider a class of uncertain linear systems given in the following LFT form


ẋp

q

z

 =


Ap Bp0 Bp1 Bp2

Cp0 Dp00 Dp01 Dp02

Cp1 Dp10 Dp11 Dp12





xp

p

w

u


,

p = ∆q

(4.1)

where xp ∈ Rn is the system state, u ∈ Rnu is the control input, z ∈ Rnz is the controlled

(performance) output, w ∈ Rnw is the exogenous input signal which is assumed to be measurable

for feed-forward control use, and p, q ∈ Rnq are internal variables (i.e., the pseudo-input and

output). Throughout this chapter, we assume that the system matrix Ap is Hurwitz, which is

a typical assumption of all works in feed-forward control area. Furthermore, it is also assumed

that all the state-space matrices but ∆ ∈ Rnq×nq are known, and the LFT representation (4.1)

is well-posed, i.e., the matrix I−Dp00∆ is invertible for any bounded allowable parameter values

of ∆. Matrix ∆ represents the parametric norm-bounded time-varying uncertainty satisfying

∥∆∥ ≤ 1 and of the following spatial structure:

∆ = {diag{δ1Im1 , · · · , δsIms ,∆s+1, · · · ,∆s+f} :

δi ∈ R, |δi| ≤ 1, i ∈ I[1, s];∆s+j ∈ Rrj×rj , ∥∆s+j∥ ≤ 1, j ∈ I[1, f ]
}
, (4.2)

where
∑s

i=1mi +
∑f

j=1 rj = nq.

This LFT representation of uncertainty is widely used in robust control theory (for instance,

in [8, 110] and the references cited therein). To handle robust stabilization and performance

control problems, associated with the time-varying uncertainty ∆ in (4.2), we will introduce
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the following scaling matrix set,

Λ =
{
diag

{
Λ1, · · · ,Λs, λs+1Ir1 , · · · , λs+fIrf

}
:

Λi ∈ Smi
+ , i ∈ I[1, s]; λs+j ∈ R+, j ∈ I[1, f ]

}
.

(4.3)

Clearly, any Λ ∈ Λ is commutable with ∆, i.e., Λ∆ = ∆Λ,∀Λ ∈ Λ.

In this chapter, our objective is to design a feed-forward controller robustly against the

time-varying uncertainty ∆ so as to minimize the effects of the exogenous input signal w to

the performance output signal z. We will construct a robust switched feed-forward (RSFF)

controller in the following form:

ẋc
u

 =

Ac,σ Bc,σ

Cc,σ Dc,σ


xc
w


σ = arg min

i∈I[1,Nc]
xTc X̄ixc

(4.4)

where xc ∈ Rn is the switched controller state. σ is a switching rule depending on xc in real

time, it selects a particular sequence of sub-controllers among Nc available ones defined by

{Ac,i, Bc,i, Cc,i, Dc,i}, i ∈ I[1, Nc]. The switched controller gain matrices (Ac,i, Bc,i, Cc,i, Dc,i)

and Lyapunov matrices X̄i for all i ∈ I[1, Nc] are appropriately dimensioned matrices to be

determined.

The closed-loop system interconnecting the LFT plant (4.1) and the switched controller

(4.4) can be written as follows.


ẋcl

q

z

 =


Acl,σ Bcl0,σ Bcl1,σ

Ccl0,σ Dcl00,σ Dcl01,σ

Ccl1,σ Dcl10,σ Dcl11,σ



xcl

p

w

 ,
p = ∆q

(4.5)

where xcl = [xTp xTc ]
T , the switching signal σ obeys the same rule as defined in (4.4), and for
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any i ∈ I[1, Nc],


Acl,i Bcl0,i Bcl1,i

Ccl0,i Dcl00,i Dcl01,i

Ccl1,i Dcl10,i Dcl11,i

 =



Ap Bp2Cc,i Bp0 Bp1 +Bp2Dc,i

0 Ac,i 0 Bc,i

Cp0 Dp02Cc,i Dp00 Dp01 +Dp02Dc,i

Cp1 Dp12Cc,i Dp10 Dp11 +Dp12Dc,i


In this chapter, two problems will be considered: the robust H2 control; and the robust H∞

control. More precise descriptions about these two problems are given as follows.

Problem 1. Given the uncertain LFT system (4.1). The robust H2 control design objective is

to determine matrices (Ac,i, Bc,i, Cc,i, Dc,i, X̄i) subject to (4.4), such that the switched closed-

loop system in (4.5) is robustly asymptotically stable and achieves a minimal worst-case H2

norm γ2 defined by

max
∆

nw∑
k=1

∥zk∥22 < γ22 (4.6)

where for each k ∈ I[1, nw] the trajectory zk is the outcome of the closed-loop system associated

with the input w(t) = ηkδ(t) with ηk ∈ Rnw being the k-th column of the nw × nw identity

matrix, and δ(t) being the Dirac Delta function.

Problem 2. Given the uncertain LFT system (4.1). The robust H∞ control design objective

is to determine matrices (Ac,i, Bc,i, Cc,i, Dc,i, X̄i) subject to (4.4), such that the switched closed-

loop system in (4.5) is robustly asymptotically stable and achieves a minimal worst-case H∞

norm γ∞ defined by

max
∆

sup
∥w∥2 ̸=0

∥z∥2
∥w∥2

< γ∞. (4.7)
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4.3 Robust H2 Control

In the section, we will consider the robust H2 control design problem. Throughout this section,

we assume that Dp01 = 0, Dp02 = 0, Dp11 = 0 and Dp12 = 0. With this assumption, it renders

the corresponding closed-loop matrices Dcl01,i = 0 and Dcl11,i = 0 in (4.5) for all i ∈ I[1, Nc].

This is a typical assumption of all work in the area of H2 control to ensure a meaningful and

bounded H2 norm.

4.3.1 Robust H2 Analysis

Before proceeding to the study of the controller synthesis, we first present a sufficient condition

for robust H2 performance of the closed-loop system (4.5) in terms of a set of Riccati-Metzler

inequalities by using a piecewise switched Lyapunov function.

Theorem 5. Given a positive integer Nc, if there exist positive definite matrices Pi ∈ S2n+ and

Wi ∈ Snw
+ , scaling matrix Λi ∈ Λ, positive scalar γ2 ∈ R+, and a Metzler matrix Π ∈ M such

that for all i ∈ I[1, Nc] the following conditions hold.



He{PiAcl,i}+
∑Nc

j=1 πjiPj ⋆ ⋆ ⋆

BT
cl0,iPi −Λ−1

i ⋆ ⋆

Ccl0,i Dcl00,i −Λi ⋆

Ccl1,i Dcl10,i 0 −I


< 0 (4.8)

 Wi ⋆

PiBcl1,i Pi

 > 0 (4.9)

tr(Wi) < γ22 (4.10)

Then, under the switching rule

σ = arg min
i∈I[1,Nc]

xTclPixcl, (4.11)
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the uncertain switched LFT system (4.5) is robustly stable and has its robust H2 norm less than

γ2 for all ∆ satisfying (4.2).

Proof. To prove asymptotic stability, we first consider the switched closed-loop system (4.5)

with w = 0. Define the Lyapunov function V (xcl) = mini∈I[1,Nc] x
T
clPixcl, and assume without

loss of generality that the index of currently active subsystem is i ∈ I[1, Nc]. Then, we have

V̇ = (Acl,ixcl +Bcl0,ip)
TPixcl + xTclPi(Acl,ixcl +Bcl0,ip)

= xTcl(A
T
cl,iPi + PiAcl,i)xcl + 2pTBT

cl0,iPixcl.

On the other hand, the feasibility of condition (4.8) implies via Schur complement that

He{PiAcl,i}+
∑Nc

j=1 πjiPj PiBcl0,i

BT
cl0,iPi −Λ−1

ji

+

 CT
cl0,i

DT
cl00,i

Λ−1
i

[
Ccl0,i Dcl00,i

]

+

 CT
cl1,i

DT
cl10,i

[
Ccl1,i Dcl10,i

]
< 0, ∀i ∈ I[1, Nc].

Multiplying vector [xTcl p
T ]T from the right of the above matrices and its transpose to the left,

we obtain

xTcl(A
T
cl,iPi + PiAcl,i +

Nc∑
j=1

πjiPj)xcl + 2pTBT
cl0,iPixcl

+ qTΛ−1
i q − pTΛ−1

i p+ zT z < 0, ∀i ∈ I[1, Nc].

Substituting p = ∆q into the above condition, and since Λi ∈ Λ, ∀i ∈ I[1, Nc] which implies
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Λ−1
i ∈ Λ,∀i ∈ I[1, Nc], it yields for all ∆ that

V̇ < −xTcl
Nc∑
j=1

πjiPjxcl − zT z

= −xTcl
Nc∑

j=1,j ̸=i

πji(Pj − Pi)xcl − zT z

≤ −zT z ≤ 0.

(4.12)

where the second inequality is obtained in light of the min-switching logic (4.11).

Now, we examine the value of V (xcl) at the switching instants. Suppose that a switching

occurs at time instant ts with t−s and t+s representing the time instants of pre- and post-

switching, respectively. Then based on the min-switching strategy, switching occurs if and only

if the following condition is satisfied,

V (xcl(t
+
s )) = min

i∈I[1,Nc]
xTcl(t

+
s )Pixcl(t

+
s )

< min
i∈I[1,Nc]

xTcl(t
−
s )Pixcl(t

−
s ) = V (xcl(t

−
s )).

This implies that the piecewise switched Lyapunov function V (xcl) is monotonically decreasing,

which according to the Theorem 2.3 in [10] concludes the asymptotically stability of the switched

system (4.5).

Furthermore, from (4.12), we have zT z < −V̇ . Integrating both sides of this inequality

from t = 0 to ∞ and taking into account that V (xcl(∞)) = 0 from asymptotic stability of the

switched system and the system evolves from the initial condition xcl(0), we obtain

max
∆

∫ ∞

0
zT (t)z(t)dt < min

i∈I[1,Nc]
xTcl(0)Pixcl(0). (4.13)

On the other hand, as we notice that the output zk of the system (4.5) with zero initial condition

and input w = ηkδ can be alternatively determined from the response of the same system with

zero input and initial condition xcl(0) = Bcl1,iηk for all k ∈ I[1, nw], using the result in (4.13),
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we have

max
∆

nw∑
k=1

∥zk∥22 = max
∆

∫ ∞

0
zT (t)z(t)dt

≤
nw∑
k=1

max
∆

∥zk∥22

<

nw∑
k=1

min
i∈I[1,Nc]

(Bcl1,iηk)
TPi(Bcl1,iηk)

≤ min
i∈I[1,Nc]

nw∑
k=1

(Bcl1,iηk)
TPi(Bcl1,iηk)

= min
i∈I[1,Nc]

tr(BT
cl1,iPiBcl1,i)

< min
i∈I[1,Nc]

tr(Wi)

< γ22 .

The last two inequalities are deduced from conditions (4.9) and (4.10), respectively. This ends

the proof.

Remark 7. Note that the robust H2 analysis condition (4.8) in Theorem 5 generalizes the

corresponding analysis results in [30]. When all the scaling matrices Λi ∈ Λ, i ∈ I[1, Nc] are

specified as an identity, it will recover the analysis condition (18) of Lemma 1 in [30]. Further-

more, by enforcing Nc = 1 and Pi = P,Wi =W,Λi = Λ, the results in Theorem 5 will specialize

to a solution for robust H2 feed-forward control of the uncertain system (4.1) based on a single

quadratic Lyapunov function. The associated robust feed-forward controller can be constructed

in the following LTI form ẋc
u

 =

Ac Bc

Cc Dc


xc
w

 (4.14)

Similar arguments concerning the generalization of the proposed results in this chapter also

applies to the case of robust H∞ control that will be discussed in Section 4.4.
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4.3.2 Robust H2 Controller Synthesis

Based on the analysis results in subsection 4.3.1, the synthesis problem of the switched feed-

forward controller (4.4) with robust H2 performance will be addressed in the subsection. The

synthesis conditions will be formulated in terms of a special type of BMIs through variable

transformation [75, 103], which can be solved by using the existing LMI solvers [8] coupled with

a line search over scalar variables.

Theorem 6. Given a positive integer Nc, if there exist positive definite matrices Y, Si ∈ Sn+

and Wi ∈ Snw
+ , scaling matrix Λi ∈ Λ, rectangular matrices Âc,i ∈ Rn×n, B̂c,i ∈ Rn×nw , Ĉc,i ∈

Rnu×n, D̂c,i ∈ Rnu×nw , positive scalar γ2 ∈ R+, and a Metzler matrix Π ∈ M such that for all

i ∈ I[1, Nc] the following conditions hold.



He{ApY } ⋆ ⋆ ⋆ ⋆ ⋆

ÂT
c,i +ApY He{ApSi +Bp2Ĉc,i}+ πii(Si − Y ) ⋆ ⋆ ⋆ ⋆

ΛiB
T
p0 ΛiB

T
p0 −Λi ⋆ ⋆ ⋆

Cp0Y Cp0Si Dp00Λi −Λi ⋆ ⋆

Cp1Y Cp1Si Dp10Λi 0 −I ⋆

0 Sji 0 0 0 Φji


< 0 (4.15)


Wi ⋆ ⋆

Bp1 + B̂c,i Y ⋆

Bp1 +Bp2D̂c,i Y Si

 > 0 (4.16)

tr(Wi) < γ22 (4.17)
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where

Sji =


...

πji(Si − Y )

...


Nc − 1 , Φji = diag

Nc−1︷ ︸︸ ︷
{· · · , πji(Y − Sj), · · · }, ∀j ∈ I[1, Nc] and j ̸= i

(4.18)

Then, the switched LFT system (4.5) is robustly stabilized by the switched feed-forward controller

(4.4) and has its robust H2 norm less than γ2 for all ∆ satisfying (4.2). Moreover, the coefficient

matrices of the controller and the min-switching rule are given by

Ac,i Bc,i

Cc,i Dc,i

 =

MT −MTBp2

0 I


Âc,i −ApSi B̂c,i

Ĉc,i D̂c,i


(Yi − Si)

−1M−T 0

0 I

 ,
σ = arg min

i∈I[1,Nc]
xTc X̂ixc.

(4.19)

where M ∈ Rn×n is a nonsingular matrix and X̄i =M−1Y −1Si(Si − Y )−1M−T .

Proof. Based on Theorem 5, let Qi = P−1
i for all i ∈ I[1, Nc], then condition (4.8) is equivalent

to the following via congruence transformation,



He{Acl,iQi}+
∑Nc

j=1 πjiQiPjQi ⋆ ⋆ ⋆

ΛiB
T
cl0,i −Λi ⋆ ⋆

Ccl0,iQi Dcl00,iΛi −Λi ⋆

Ccl1,iQi Dcl10,iΛi 0 −I


< 0, (4.20)

We specify

Qi =

 Si Ni

NT
i NT

i (Si − Y )−1Ni

 , Z1,i =

 I I

N−1
i (Y − Si) 0

 , Z2,i =

Y Si

0 NT
i

 (4.21)

such that QiZ1,i = Z2,i, and let without loss of generality Ni = (Y − Si)M with M ∈ Rn×n
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nonsingular. Then, we have

ZT
1,iQiZ1,i = ZT

1,iZ2,i =

Y Y

Y Si

 ,
ZT
1,iQiPjQiZ1,i = ZT

2,iZ1,jZ
−1
2,jZ2,i =

Y Y

Y Y + (Si − Y )(Sj − Y )−1(Si − Y )

 ,
ZT
1,iAcl,iQiZ1,i = ZT

1,iAcl,iZ2,i =

ApY Âc,i

ApY ApSi +Bp2Ĉc,i

 ,
ΛiB

T
cl0,iZ1,i =

[
ΛiB

T
p0 ΛiB

T
p0

]
,

BT
cl1,iZ1,i =

[
BT

p1 + B̂T
c,i BT

p1 + D̂T
c,iB

T
p2

]
,

Ccl0,iQiZ1,i = Ccl0,iZ2,i =

[
Cp0Y Cp0Si

]
,

Ccl1,iQiZ1,i = Ccl1,iZ2,i =

[
Cp1Y Cp1Si

]

where

Âc,i = ApSi +Bp2Cc,iM
T (Y − Si) +M−TAc,iM

T (Y − Si),

B̂c,i =M−TBc,i +Bp2Dc,i,

Ĉc,i = Cc,iM
T (Y − Si),

D̂c,i = Dc,i.

(4.22)

Consequently, perform congruence transformation to condition (4.9) with matrices diag{I, Z2,i},

we arrive at conditions (4.16). Again, perform congruence transformation to condition (4.20)
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with matrices diag{Z1,i, I, I, I}, it yields



He{ApY } ⋆ ⋆ ⋆ ⋆

ÂT
c,i +ApY

 He{ApSi +Bp2Ĉc,i}

+
∑Nc

j=1 πji(Si − Y )(Sj − Y )−1(Si − Y )

 ⋆ ⋆ ⋆

ΛiB
T
p0 ΛiB

T
p0 −Λi ⋆ ⋆

Cp0Y Cp0Si Dp00Λi −Λi ⋆

Cp1Y Cp1Si Dp10Λi 0 −I


< 0,

which is equivalent to condition (4.15) via Schur complement.

On the other hand, the Lyapunov matrices Pi for all i ∈ I[1, Nc] can be obtained by

Pi = Q−1
i = Z1,iZ

−1
2,i

=

 Y −1 Y −1M−T

M−1Y −1 M−1Y −1Si(Si − Y )−1M−T

 (4.23)

Then, the condition for online determination of the switching signal σ in (4.11) is equivalent to

mini∈I[1,Nc] x
T
c X̄ixc with X̄i =M−1Y −1Si(Si−Y )−1M−T . Consequently, The controller formu-

lae (4.19) can also be verified by (4.23) and inverting the relations in (4.22), which completes

the proof.

Based on the results of Theorem 6, the synthesis conditions for robust H2 switched control

are essentially expressed as a set of BMIs involving the products of variables πji and Pj . They

can be used to pose the following optimization problem of minimizing the robust H2 control

performance γ2:

min
Y,Si,Wi,Λi,Âc,i,B̂c,i,Ĉc,i,D̂c,i,Π, ∀i∈I[1,Nc]

γ2

s.t. (4.15)–(4.17)

(4.24)

For such a special type of BMI optimization problem, it can be solved effectively by using
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the LMI optimization techniques [8] plus multi-dimensional search over the scalar variables

πji for all i, j ∈ I[1, Nc]. Alternatively, it can be solved using the well-known path following

method [35]. After obtaining the suboptimal solution in (4.24), the robust switched feed-forward

controller can be subsequently constructed using (4.19).

4.4 Robust H∞ Control

All the results for robust H2 feed-forward control have counterparts for robust H∞ control.

For H∞ control, we will consider the uncertain LFT plant (4.1), the switched controller (4.4),

and the corresponding closed-loop system (4.5), all in their general form. Similar to the case of

robust H2 control, the robust H∞ analysis results will be first derived based on the Lyapunov

Metzler inequality technique, upon which the associated synthesis conditions for robust H∞

control problem will be established.

4.4.1 Robust H∞ Analysis

Theorem 7. Given a positive integer Nc, if there exist positive definite matrices Pi ∈ S2n+ ,

scaling matrix Λi ∈ Λ, positive scalar γ∞ ∈ R+, and a Metzler matrix Π ∈ M such that for all

i ∈ I[1, Nc] the following conditions hold.



He{PiAcl,i}+
∑Nc

j=1 πjiPj ⋆ ⋆ ⋆ ⋆

BT
cl0,iPi −Λ−1

i ⋆ ⋆ ⋆

BT
cl1,iPi 0 −γ∞I ⋆ ⋆

Ccl0,i Dcl00,i Dcl01,i −Λi ⋆

Ccl1,i Dcl10,i Dcl11,i 0 −γ∞I


< 0 (4.25)

Then, under the switching rule (4.11), the uncertain switched LFT system (4.5) is robustly

stable and has its robust H∞ norm less than γ∞ for all ∆ satisfying (4.2).

Proof. Similar to the proof of Theorem 5, consider the switched closed-loop system (4.5). Define
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the Lyapunov function V (xcl) = mini∈I[1,Nc] x
T
clPixcl, and assume without loss of generality that

the index of currently active subsystem is i ∈ I[1, Nc]. Then, we have

V̇ = (Acl,ixcl +Bcl0,ip+Bcl1,iw)
TPixcl + xTclPi(Acl,ixcl +Bcl0,ip+Bcl1,iw)

= xTcl(A
T
cl,iPi + PiAcl,i)xcl + 2pTBT

cl0,iPixcl + 2wTBT
cl1,iPixcl.

Feasibility of condition (4.25) implies via Schur complement that


He{PiAcl,i}+

∑Nc
j=1 πjiPj PiBcl0,i PiBcl1,i

BT
cl0,iPi −Λ−1

i 0

BT
cl1,iPi 0 −γ∞I

+


CT
cl0,i

DT
cl00,i

DT
cl01,i

Λ−1
i

[
Ccl0,i Dcl00,i Dcl01,i

]

+
1

γ∞


CT
cl1,i

DT
cl10,i

DT
cl11,i


[
Ccl1,i Dcl10,i Dcl11,i

]
< 0, ∀i ∈ I[1, Nc].

Multiplying vector [xTcl p
T wT ]T from the right of the above matrices and its transpose to the

left, we obtain

xTcl(A
T
cl,iPi + PiAcl,i +

Nc∑
j=1

πjiPj)xcl + 2pTBT
cl0,iPixcl + 2wTBT

cl1,iPixcl

+ qTΛ−1
i q − pTΛ−1

i p+
1

γ∞
zT z − γ∞w

Tw < 0, ∀i ∈ I[1, Nc].

Substituting p = ∆q into the above condition, and since Λi ∈ Λ, ∀i ∈ I[1, Nc] which implies
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Λ−1
i ∈ Λ,∀i ∈ I[1, Nc], it yields for all ∆,

V̇ < −xTcl
Nc∑
j=1

πjiPjxcl −
1

γ∞
zT z + γ∞w

Tw

= −xTcl
Nc∑

j=1,j ̸=i

πji(Pj − Pi)xcl −
1

γ∞
zT z + γ∞w

Tw

≤ − 1

γ∞
zT z + γ∞w

Tw.

(4.26)

When w = 0, we have V̇ < 0, and similar arguments as given in the proof for Theorem 5 can

be applied here to conclude the monotonically decreasing property of the Lyapunov function

V (xcl), which proves the asymptotic stability of the closed-loop system.

On the other hand, integrating both sides of (4.26) from t = 0 to ∞ and taking into

account that V (xcl(0)) = 0 under zero initial condition, and V (xcl(∞)) ≥ 0, we conclude that

∥z∥2 < γ∞∥w∥2.

4.4.2 Robust H∞ Controller Synthesis

Based on the analysis results derived in subsection 4.4.1, the synthesis problem of the switched

disturbance feed-forward controller (4.4) with robust H∞ performance will be addressed in the

subsection.

Theorem 8. Given a positive integer Nc, if there exist positive definite matrices Y, Si ∈ Sn+,

scaling matrix Λi ∈ Λ, rectangular matrices Âc,i ∈ Rn×n, B̂c,i ∈ Rn×nw , Ĉc,i ∈ Rnu×n, D̂c,i ∈

Rnu×nw , positive scalar γ∞ ∈ R+, and a Metzler matrix Π ∈ M such that for all i ∈ I[1, Nc]
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the following conditions hold.



He{ApY } ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

ÂT
c,i +ApY

 He{ApSi +Bp2Ĉc,i}

+πii(Si − Y )

 ⋆ ⋆ ⋆ ⋆ ⋆

ΛiB
T
p0 ΛiB

T
p0 −Λi ⋆ ⋆ ⋆ ⋆

BT
p1 + B̂T

c,i BT
p1 + D̂T

c,iB
T
p2 0 −γ∞I ⋆ ⋆ ⋆

Cp0Y Cp0Si +Dp02Ĉc,i Dp00Λi Dp01 +Dp02D̂c,i −Λi ⋆ ⋆

Cp1Y Cp1Si +Dp12Ĉc,i Dp10Λi Dp11 +Dp21D̂c,i 0 −γ∞I ⋆

0 Sji 0 0 0 0 Φji



< 0,

(4.27)Y ⋆

Y Si

 > 0, (4.28)

where Sji and Φji are defined by (4.18) for all i, j ∈ I[1, Nc] and j ̸= i. Then, the switched

LFT system (4.5) is robustly stabilized by the switched feed-forward controller (4.4) and has its

robust H∞ norm less than γ∞ for all ∆ satisfying (4.2). Moreover, the coefficient matrices of

the controller and the min-switching rule are given by (4.19).

Proof. The proof can be immediately completed by following a similar line as the proof for

robust H2 control in Theorem 6 (based on the variable transformation method).

Similar to the case of robust H2 control, Theorem 8 provides sufficient conditions for robust

H∞ switched control. The suboptimal control solution to the robust H∞ control problem can

be obtained by solving the following BMI optimization problem:

min
Y,Si,Λi,Âc,i,B̂c,i,Ĉc,i,D̂c,i,Π, ∀i∈I[1,Nc]

γ∞

s.t. (4.27)–(4.28)

(4.29)
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Again, the LMI-based optimization techniques in [8] with multi-dimensional search, or the

path-following method in [35] can be applied to solve such a special type of BMI optimization

problem. Afterwards, the robust switched feed-forward controller gains will be constructed from

(4.19).

Remark 8. It is worth pointing out that due to the products of the variables Π and {Y, Si} for

all i ∈ I[1, Nc], the optimization problems (4.24) for H2 control and (4.29) for H∞ control are

by nature non-convex, solving this type of non-convex optimization problems may be computa-

tionally expensive. One way to obtain a simpler, although certainly more conservative, version

of optimization with LMI constraints is to consider a special Metzler matrix Π with the same

diagonal elements [28], i.e., πii = π, i ∈ I[1, Nc]. The simplified optimization problem could be

relatively easier to solve using LMIs plus a line search. Interested readers are referred to [28]

for more detailed discussions along this line.

4.5 Examples

In this section, two examples will be used to demonstrate the effectiveness and usefulness of

the theoretical results. Specifically, the first example is concerned about the robust H2 control

problem, while the proposed robust switched feed-forward control scheme will be applied to

solve the robust H∞ feed-forward control problem for a ship steering system in the second

example.
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4.5.1 A Numerical Example

Consider an uncertain LFT system in the form of (4.1) with the nominal system matrices given

by

Ap =


−5 2 −1

−2 −10 −1

−13 11 −7

 , Bp0 =


1 −1

3 0.5

−2 −2

 , Bp1 =


−1

0.5

1

 , Bp2 =


0

0.5

0

 ,

Cp0 =

 1 −0.2 0.5

0.2 0 1

 , Dp00 =

−0.1 0.5

0.5 0.1

 , Dp01 = Dp02 =

0
0

 ,
Cp1 =

[
1 1 1

]
, Dp10 =

[
0.1 0

]
, Dp11 = Dp12 = 0.

(4.30)

The parametric uncertainty ∆ ∈ R2×2 is assumed to be in the form of δI2 satisfying |δ| ≤ 1.

In this example, we will consider the robust H2 control problem. The synthesis results using

the proposed RSFF control design scheme with different values of Nc are listed in Table 4.1.

All the results are obtained through a two-step procedure: First solve the optimization problem

(4.24) via multi-dimensional search to yield a suboptimal control solution; Then conduct a post-

design analysis on the resulting closed loop using the analysis conditions in Theorem 5. Note

that when Nc = 0, it stands for the case of pure feedback control (without using feed-forward

controller); and Nc = 1 represents the case of using a single LTI feed-forward controller (as

discussed in Remark 7). As expected, it is observed that using single LTI feedforward controller

in the case of Nc = 1 provides better performance than that obtained in the case of Nc = 0

without using feedforward control. Furthermore, compared to both cases of Nc = 0 and Nc = 1,

the newly proposed RSFF control approach with Nc = 2 through Nc = 4 is capable to provide

better performance measured by the H2 norm γ2, although it consumes more computational

power because more decision variables involved in the optimization process. On the other hand,

as the number of Nc increases from 2 to 4, the respective optimized H2 norms are essentially

the same. The small difference between their calculated performance values is mainly due to
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numerical accuracy.

Table 4.1: Optimized robust H2 norms (Example 1).

Nc 0 1 2 3 4

γ22 1.2148 0.2475 0.0376 0.0376 0.0375

# of decision
variables 10 32 62 101 150

We also compare the control performance via time domain simulation of three different con-

trol strategies: (i) “FB Control” using pure feedback control; (ii) “Single FF + FB” combining

single feedforward controller with feedback control; and (iii) “Switched FF + FB” applying the

proposed switched feedforward control with feedback control. The time-domain simulation is

0 20 40 60 80 100 120
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Time (sec)

 

 

Reference w
FB Control
Single FF + FB Control
Switched FF + FB Control

Figure 4.1: Tracking performance comparison (Example 1).

conducted under zero initial conditions with δ = cos(2t). The resulting tracking responses to a

unit step input are plotted in Fig. 4.1. It is clearly seen that the proposed RSFF control indeed
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outperforms the other two control strategies. Moreover, only one switching event from value 1

to 2 for the switching signal of the RSFF controller occurred at time t = 10 sec.

4.5.2 Application to A Ship Steering Problem

In the second example, to demonstrate the usefulness of the proposed feed-forward control

scheme, we focus on the ship steering problem as discussed in [86, 42]. The open-loop dynamics

of the ship steering system can be approximated by the following model

ψ̈(t) = av(t)ψ̇(t) + bv2(t)δ(t)

where ψ denotes the heading of the ship, δ denotes the rudder angle as control input, and v

is the speed of the ship satisfying v(t) = v0 + V cos(w0t). Define x1 = ψ and x2 = ψ̇, this

open-loop model can be written as an uncertain system in LFT form

P :



ẋ1

ẋ2

q

y


=



0 1 0 0 0

0 av0 1 0 bv20

0 aV 0 1 2bv0V

0 0 0 0 bV2

1 0 0 0 0





x1

x2

p

δ



p = ∆q

where ∆ := cos(w0t)I2 denotes the uncertain parameter.

The ship steering control design problem will be treated under a standard two-degree of

freedom control structure for servo systems [15] as shown in Fig. 4.2, where K represents a

feedback controller acts on the error signal z := ψref − ψ. For numerical purpose, we assume a

simple stabilizing PID feedback controller K with the following approximation

K(s) = kp + ki
1

s
+ kd

s

0.01s+ 1
.
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Figure 4.2: Control diagram for the ship steering problem (Example 2).

Our objective is to design an additional feed-forward controller Cσ by using the proposed RSFF

design scheme so as to minimize the H∞ norm from w to z. To fit into the proposed RSFF

control framework, the uncertain LFT system in the form of (4.1) used for feed-forward control

synthesis can be obtained by absorbing the feedback controller K into the open-loop plant,

which results in an augmented uncertain plant with

Ap =



0 1 0 0

−bv20(kp + 100kd) av0 bv20(ki − 10000kd) 100bv20ki

−1 0 −100 0

0 0 1 0


,

[
Bp0 Bp1 Bp2

]
=



0 0 0 0

1 0 bv20(kp + 100kd) bv20

0 0 1 0

0 0 0 0


,

Cp0

Cp1

 =


−2bv0V(kp + 100kd) aV 2bv0V(ki − 10000kd) 200bv0Vki

−bV2(kp + 100kd) 0 bV2(ki − 10000kd) 100bV2ki

−1 0 0 0

 ,
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Dp00 Dp01 Dp02

Dp10 Dp11 Dp12

 =


0 1 2bv0V(kp + 100kd) 2bv0V

0 0 bV2(kp + 100kd) bV2

0 0 1 0

 .

With the parameter selections a = −1, b = 0.8, v0 = 3,V = 0.85 and kp = 0.05, ki =

0.01, kd = 0, the achievable L2 gains for changing number of sub-controllers Nc that we obtain

via a similar two-step procedure as in Example 1 with correspondence to the optimization

problem (4.29) and Theorem 7 are listed in Table 4.2. Similar to the first example, due to

the extra degrees of freedom provided by more free variables in the proposed RSFF design

framework, including the Metzler matrix variables πji, the multiple Lyapunov function matrix

variables Si and the multiple scaling matrix variables Λi for all i ∈ I[1, Nc], the proposed robust

switched synthesis approach provides less conservative results than those obtained in both cases

of without using feed-forward control and using a single LTI feed-forward control. Furthermore,

as Nc increases, the performance bounds are further improved.

Table 4.2: Optimized robust H∞ norms (Example 2).

Nc 0 1 2 3 4 5

γ∞ 2.8915 1.4382 1.1568 1.0947 1.0807 1.0459

# of decision
variables 14 49 91 134 179 226

For time-domain simulation, we select Nc = 2 for the proposed H∞ RSFF control synthesis.

The simulation results with zero initial conditions and w(0) = 0.2 are shown in Fig. 4.3, where

the reference input signal is chosen as a sinusoid input satisfying w = sin(20t). As can be seen,

compared to the case of pure feedback control, the proposed RSFF controller provides much

better tracking control performance (see Fig. 4.3(a)) with largely reduced control efforts (see

Fig. 4.3(b)). The switching signal involved is also plotted in Fig. 4.3(b) to show the control

effectiveness.
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(a) Tracking performance

0 10 20 30 40 50 60 70 80 90 100
−0.1

−0.05

0

0.05

0.1
Control input u

 

 

0 10 20 30 40 50 60 70 80 90 100

1

1.2

1.4

1.6

1.8

2

Time (sec)

Switching signal σ

FB Control
FF+FB Control

(b) Control force and switching signal

Figure 4.3: Time-domain simulation of robust feed-forward control (Example 2).

4.6 Summary

A new robust switched feedforward control scheme has been presented for a class of uncertain

LFT systems. The proposed robust switched feedforward controller consists of multiple LTI
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feedforward controllers and a min-switching rule that governs the switching among them. The

synthesis conditions that guarantee robust H2 and H∞ performance are derived and formulated

in terms of BMIs, respectively, which can be solved effectively using LMI-based optimization

coupled with multi-dimensional search over the scalar variables. The proposed approach utilizes

a piecewise Lyapunov function with multiple multipliers to reduce the conservatism of robust

feedforward filtering methods based on single Lyapunov function and/or single constant mul-

tiplier. It has been demonstrated through numerical examples that performance improvements

have been gained with a price of solving a computationally more-expensive non-convex BMI

problem with more optimization variables. The proposed switching control design scheme can be

easily extended to more general uncertain systems with IQCs using dynamic scalings/multipliers

[77].
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Chapter 5

Conclusion

5.1 Dissertation Contributions and Concluding Remarks

In this dissertation, our general goal is to develop systematic and unified design schemes for

output-feedback control synthesis of hybrid switched control systems. To be more specific, we

have developed new hybrid impulsive switching controller structures that simultaneously yield

optimal controlled performance and computationally tractable synthesis conditions for three

important control problems, directed at different engineering applications.

1. In the first part, we considered the gain-scheduling H∞ output-feedback control problem

for a pitch-axis missile dynamic systems. In order to pursue stringent controlled perfor-

mance with easy-to-implement control algorithms, the original nonlinear missile dynamics

is formulated as a switched LFT parameter-dependent system such that advanced gain-

scheduling switching techniques can be applied under the multiple quadratic Lyapunov

functions framework. Based on this system setup, a new hybrid gain-scheduling missile

autopilot is proposed, which consists of a standard switching output-feedback LFT con-

troller and a supervisor monitoring the switching behavior of the plant and enforcing a

reset/jump dynamics to the controller states once switching occurs. Both full-order and

reduced-order hybrid output-feedback control problems are addressed under a unified

104



framework. Under this novel hybrid missile autopilot structure, it has been shown that

the proposed design method advances existing missile control methods in three important

ways:

• The associated control synthesis conditions that guarantee weighted L2 stability

performance are formulated in terms of a finite number of LMIs. As a result, the

optimal control solution can be readily obtained by solving a convex optimization

problem without taking the involved gridding and post-analysis procedures that are

typically required in most existing LPV design techniques.

• Stringent controlled performance are achieved without utilizing scheduling parameter

variations in both controller synthesis and implementation processes.

• For reduced-order hybrid control, the controller state order is always equal to that

of the missile plant state regardless what type and how many performance weighting

functions are employed. This would largely simplify the implementation of missile

autopilot in practice, especially when more complicated weighting functions are em-

ployed for more stringent performance goals.

2. The second part of the dissertation considers a more complicated control design prob-

lem, i.e., mixed H∞ and output regulation control of switched linear dynamics subject

to switched exosignals. Specifically, both controlled plant and exosystem are described by

switched linear models. The control objective specifies not only closed-loop stability, but

also tracking/rejection of persistent references/disturbances generated by multiple linear

exosystems. A new impulsive switching control approach has been proposed to address

this problem. The proposed hybrid output regulator is constructed as an impulsive switch-

ing system, where the controller states will undergo impulsive jumps at each switching

instant. Based on the ADT switching technique and MLFs design framework, the hybrid

synthesis conditions are formulated in terms of LMIs plus linear matrix equations, which

can be solve effectively via convex optimization. Furthermore, the proposed hybrid control
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method has been applied to solve the hybrid output regulation problem for a mechan-

ical system. Compared to existing results, the novelties of the proposed hybrid output

regulation design scheme include:

• Technical Novelty: A new hybrid controller structure and a new coordinate transfor-

mation technique, i.e., the multiple coordinate transformation (MCT), are proposed

to overcome several technical difficulties encountered in existing hybrid output reg-

ulation literatures.

• Practical Novelty: First, the exosignals (containing the reference trajectories to track)

are generated by a switched linear system consisting of multiple linear models, which

would render more sophisticated exosignals and enhance the control system capabil-

ity. Second, we consider a more realistic system setup, i.e., unknown perturbations

are allowed to affect both controlled plant and the exosystem, and almost output

regulation can be achieved under the proposed design framework.

3. The last part of this dissertation research has focused on the two-degree-of-freedom robust

control problem for a class of uncertain systems described in a standard LFT form. A new

robust switched feedforward control scheme has been proposed. Firstly, analysis conditions

for switching stability are derived by using a piecewise Lyapunov function incorporated

with the min-switching control technique. Based on the analysis results, the control syn-

thesis conditions are then formulated as a special type of BMIs involving multiplications

between scalar and matrix variables, which can be solved by means of LMIs coupled with

a line search. Both robust H2 and H∞ feedforward control problems are considered under

a unified framework. Numerical examples have been used to demonstrate the effectiveness

and advantages of the proposed robust switched control design approach. In particular,

its usefulness has also been demonstrated through a real-world application of the tracking

control problem for a ship steering system. As opposed to the existing methods where

the robust feedforward controller is typically constructed as an LTI system, the proposed
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robust switched feedforward controller composes multiple LTI controllers in a full-order

dynamic form and a Lyapunov-based min-switching rule governing the switching among

there controllers. The novel contributions of these results are:

• A new robust switched control scheme is proposed to handle robust feedforward

stabilization and performance optimization problems for uncertain LFT systems by

using a piecewise Lyapunov function and multiple scalings/multipliers, such that

both robust H2 and H∞ control problems are addressed under a systematic and

unified design framework. It has been demonstrated both theoretically and through

numerical simulations that the proposed robust switched control scheme outperforms

the existing robust control methods based on single quadratic Lyapunov function

and/or single constant multiplier, and leads to less conservative control design.

5.2 Future Work

Besides the results presented in this dissertation, the following discussion provides some re-

maining issues as well as promising directions that are worth to be further pursued in the

future.

1. Robust Switching Output-Feedback Control for Systems with Large Uncertainties.

Recent trends in modern engineering control practice, such as high-precision control sys-

tems and wide-range flight control systems, show the growing demand of effective control

solutions to achieve stringent performance requirements, while at the same time maintain

robustness against unavoidable large uncertainties in the systems. Conventional robust

control schemes of designing a single stabilizing controller to cover the entire set of uncer-

tainties may no longer be a feasible solution in this case. To complement the research on

feedforward robust switching control in Chapter 4 of this dissertation, we plan to further

investigate the robust switching output-feedback control synthesis problem for systems

with large uncertainties.
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Specifically, in order to overcome the limitations in conventional robust control, we plan

to develop new mathematical techniques for high-performance robust switching control

designs. To this end, two promising directions are worth to be pursued:

• Lyapunov-based min-switching robust control: The basic idea of this method is to par-

tition the entire system state space into finite number of subregions, and assign each

individual subregion with a Lyapunov function and an associated controller, then

switch among these individual controllers online based on the evolution of the system

trajectory [107]. Switching stability can be guaranteed by using the min-switching

technique and the piecewise switching Lyapunov function from the switching control

theory. Two potential technical issues of this method include: (1) The min-switching

logic usually requires full information of the system states to instantaneously cal-

culate and compare the Lyapunov function values so as to decide which controller

should be active at each time instant; (2) The synthesis problem of min-switching

controllers is typically a non-convex optimization problem, which could be very dif-

ficult to solve. Research along this direction should first focus on solving these two

technical issues.

• Multiple controllers via uncertainty set division: Different from the first method to

partition the system state space, this approach will divide the model uncertainty

set into finite numbers of subsets. For uncertain plants in each subset, a controller is

specialized to achieve robust performance. This approach aims to improve the closed-

loop performance by employing multiple controllers with each robustly against a

small subset of the model uncertainty, rather than using a single robust controller for

the entire set. Two critical issues that would also be encountered along this direction

are needed to be first addressed: (1) how to develop an effective framework to guide

suitable divisions of a given uncertainty set; (2) how to develop new switching logics

and/or switching controller structures to guarantee switching stability and facilitate

switching control implementation.

108



2. Hybrid Switching Control for Systems Subject to Physical Constraints.

In this dissertation research, all of the controlled systems under consideration are assumed

to be free of physical constraints, such as actuator saturations [97] and/or time-varying

delays [100, 99, 106]. In order to consider a more realistic control design scenario, we

plan to further investigate the hybrid output-feedback synthesis problems for systems

subject to different types of physical constraints. Specifically, we will focus on control

systems with actuator saturations and/or time-varying delays because of two reasons:

(1) Actuator saturation is an inherent nonlinearity for all dynamic systems, the need to

develop effective actuator saturation control algorithms is evident for practical control

applications; (2) Moreover, time delay is also ubiquitous in various engineering systems,

such as the recycle delays in a chemical reactor plant; the fueling and combustion process

delay in an automobile diesel engine system; and more typically the communication delays

in networked control systems. In control engineering practice, time delay is a key source

leading to performance degradation and even destabilization of control systems. Thus it

is necessary to take the time delay effects into account for delay tolerant control design.

One important mathematical foundation worth to be pursued along this line is to de-

velop new integral quadratic constraints (IQCs) from robust control theory for future

robustness analysis and high-performance robust saturation/delay controller design use.

The IQCs have been recognized to be powerful in modeling a large variety of nonlin-

earities/uncertainties of various dynamical systems. The basic idea of applying IQCs in

nonlinear system analysis is that instead of directly considering the nonlinear system itself

for stability/performance analysis (which usually could be very difficult), we apply IQCs

to model/approximate the input-output dynamic behavior of the corresponding nonlin-

ear components, and then replace them with an LTI model induced from the employed

dynamic IQCs. By doing so, many techniques, such as the passivity/dissipativity theory

and semi-definite programming techniques, can be easily incorporated into the analysis

and control design process.
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3. Hybrid Impulsive Modeling and Control in Networked Control Systems.

Typically, a networked control system (NCS) can be described as a control system where-

in the control loops are closed through a communication wireless network. The defining

feature of an NCS is that control and feedback signals are exchanged among the system

components (like sensors/samplers; actuators/zero-order-hold (ZOH) devices; and con-

trollers) in the form of information packages through a network medium [101]. Compared

to conventional point-to-point interconnected feedback control systems, NCSs have many

advantages, such as high system operatability, more efficient resource utilization and shar-

ing, lower cost, reduced weight and power requirements, as well as simplicity for system

installation and maintenance, etc. This justifies their widespread applications in modern

real-world engineering problems over a broad range of areas, such as mobile sensor net-

works, remote surgery; automated traffic control; unmanned vehicles; and cyber-physical

systems.

In spite of many distinctive features of NCSs, the insertion of the communication network

in the feedback control loops makes the analysis and design of an NCS complex. Various

challenging issues are encountered due to the network-induced time delays and/or possi-

bility of data package losses. This motivates one of our future research interests to develop

an effective and systematic framework for both NCS analysis and synthesis. Promising

approach is to combine two different control methods, i.e., the hybrid impulsive control

technique and the dynamic IQC-based robust control technique, for both modeling and

design of NCSs with time-varying measurement and actuation delays.
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