ABSTRACT

BISWAS, MITYL. Hypothesis Testing in Function on Scalar Regression. (Under the direction
of Arnab Maity.)

Recent advances in technology have led to a plethora of functional data being avail-
able, where each observation represents a curve instead of a scalar or vector. Functional
regression analysis examines the relationship between response and predictor variables
where at least one of them contains a random function. In the literature of functional data
analysis, while there has been abundant work done in function-on-function regression
and scalar-on-function regression, literature regarding function-on-scalar regression is
scarce, with the research concentrated on linear models. The available articles in function
on scalar regression focus on estimation problems and do not perform any hypothesis
testing. Literature on multivariate functional regression is scarce compared to that on
univariate functional regression. Functional data may be relatively sparse and irregularly
observed. These gaps in existing texts make it difficult to perform certain analyses using
existing functional methods.

We proceeded with a goal to develop new methodology to determine potentially non-
linear effect of several multidimensional scalar covariates on sparsely observed irregularly-
spaced functional data. We have worked with a function-on-scalar regression model, where
we modeled the scalar covariates jointly using a nonlinear function. Kernel machine based
methods aim to quantify the association between a pair of subjects based on their covariates
by modeling the effect of the covariates via a pre-specified kernel function.

Our research was motivated by the Newborn Epigenetic STudy (NEST) which sought
to study how maternal environmental exposures and nutrition affect child health. The
question of interest was whether prenatal exposure to any of 24 metals or the percentage of
methylation at any of 9 DMR sites are associated with child growth. We wished to test the

effect of methylation at multiple sites within a DMR site, thus dealing with multivariate



covariates rather than univariate ones. Prenatal exposure to toxic metals has been cited
in literature to be inversely associated with birth weight, hence a linear model would
most likely fail to detect such a relationship, making our non-linear approach necessary.
Furthermore, we have demonstrated the versatility of our methods by applying them to a
calcium absorption study.

In Chapter 1, we have provided an introduction and an overview of the rest of the
work. We have talked about the dataset that motivated our study, and why exploring the
relationship between the response and the covariates interests us. In each of the chapters,
we have used a kernel machine approach to model the unknown function and transform the
hypothesis of no effect to an appropriate variance component test. Each of our proposed
methodology has been demonstrated using a simulation study and by applying it to analyze
the NEST data. In Chapter 2, we have developed a likelihood based score like test statistic to
test for association. A method for testing of hypothesis has been proposed and compared
to the hypothesis testing method proposed but not demonstrated in Ramsay and Silverman
(1997).

In Chapter 3, we have expanded the multivariate kernel machine regression (MKMR)
approach to provide a faster alternative to the methodology developed in Chapter 2. We
use functional principal component analysis to obtain scores that we use for MKMR. We
compare this methodology to one using Superlmposition by Translation and Rotation
(SITAR) and MKMR, and also the one developed in Chapter 2. In Chapter 4, we have
proposed a multivariate garrote kernel machine based hypothesis testing procedure in
nonlinear function-on-scalar regression model. In Chapter 5, we consider a variable selec-
tion problem by performing regression on functional data with functional response and
scalar covariates. In Chapter 6, we present a conclusion, briefly outlining what we found

and deliberate on possible extensions for interesting future work.
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CHAPTER

INTRODUCTION

1.1 The Motivating Data: NEST

Newborn Epigenetic Study (NEST) was a birth cohort study in Durham, North Carolina.
Between 2009 and 2011, the NEST recruited pregnant adult women from six prenatal
clinics who intended to deliver at either of the two obstetric facilities serving Durham,
North Carolina, enabling the collection of umbilical cord blood at birth [King et al. (2015)].
Enrolment occurred during the first prenatal clinic visit (~ 13 weeks) with a questionnaire
and peripheral blood was collected. Demographic and lifestyle information such as age,
race, education history, socioeconomic status, smoking during pregnancy, type of nutrients
they consumed while expecting, and whether the mother breastfed her baby were collected

from the mothers. Cord blood was collected and processed from 619 children at birth, and



the metal levels in the blood for 24 metals were recorded. The percentage of methylation at
certain differentially methylated region, DMR sites was also obtained. The weight of the
newborn babies was collected over several years. None of the children from the study were
reported to have expired during the length of the study.

Our research was motivated by the Newborn Epigenetic Study (NEST) which sought
to study how maternal environmental exposures and nutrition affect child health. The
question of interest was whether prenatal exposure to any of 24 metals or the percentage of
methylation at any of 9 DMR sites are associated with child growth. We wished to test the
effect of methylation at multiple sites within a DMR site. Hence, we dealt with multivariate
covariates rather than univariate ones. Prenatal exposure to toxic metals has been cited in
literature to be inversely associated with birth weight, so a linear model would most likely
fail to detect such a relationship, making our non-linear approach necessary.

The child growth trajectory was considered at a monthly resolution, which is a func-
tion of time, as the functional response, and the measurements regarding metal content
or percentage of methylation, which are scalar covariates, were modeled jointly using a
nonlinear function, thereby making it more general. We aimed to test the effect of the
levels of multiple covariates on the growth trajectories. While testing for one covariate
at a time is straightforward, such an approach disregards any possible interactions and
co-occurrences among the metals. Hence, we modeled the covariates jointly. Parametric
models, such as linear or quadratic regression models, are not flexible enough; therefore,

we used a semiparametric approach to model the joint effect of the covariates.

1.2 Problem of Interest: Growth Curve

Low birth weight is frequently followed by steeper growth trajectories in early life, called
catch-up growth [Finkielstain et al. (2009), Lui and Baron (2011), Moore et al. (2015)]. Such

accelerated growth in early life is a consistent risk factor for cardiometabolic impairment



in adulthood [Anderson et al. (2014), de Kroon et al. (2010), Whincup et al. (2008)]. Low
birth weight is also associated with obesity and type II diabetes in adulthood [Jornayvaz
et al. (2016), Mi et al. (2017), Burke et al. (2004), Knop et al. (2018), Harder et al. (2007),
Johansson et al. (2008), Tian et al. (2006)]. We are interested in determining the association
between a child’s growth trajectory for the first five years of its life and i) the level of its

prenatal exposure to 24 metals, and ii) the percentage of methylation at 9 DMR sites.

1.2.1 Prenatal Exposure to Metals

Developing powerful statistical methods for studying the effect of prenatal exposure to
metals is of significant interest in child development studies. Exposure to heavy metals,
including cadmium, mercury, lead, arsenic, and zinc, in the fetal stage, has been found
to cause low birth weights [Hu et al. (2015), Sabra et al. (2017)]. These metals are of great
interest to maternal reproductive health and fetal well-being due to their ability to cross the
placenta causing fetal toxicity [Seeger (2012), Clarkson et al. (1985), Kampa and Castanas
(2008)]. The hypothesis that prenatal exposures to metal increase disease risk in adult-
hood was first proposed by Hales et al. (1991) and this hypothesis has been subsequently
supported by multiple epidemiologic studies [Eriksson et al. (2004)].

Prenatal exposure to toxic metals has been cited in literature to be inversely associated
with birth weight [Kippler et al. (2010), Menai et al. (2012), Vejrup et al. (2013), Xie et al.
(2013), Jin et al. (2006), He et al. (2007), Rahman et al. (2009), Uriu-Adams and Keen (2010)].
Kippler et al. (2010) found that cadmium concentration in the placenta was inversely
associated with birth weight. Menai et al. (2012) found that maternal exposure to cadmium
was inversely associated with birth weight in females. Another study detected that women
with high mercury exposure delivered offspring with reduced birth weights [Vejrup et al.
(2013)]. Xie et al. (2013) documented that increased maternal blood lead level was negatively
related to birth weight. Other studies proved that arsenic easily crossed the placenta,

causing reduced birth weight [Jin et al. (2006), He et al. (2007), Rahman et al. (2009)]. Zinc



deficiency has been associated with low birth weights [Uriu-Adams and Keen (2010)].

1.2.2 Percentage of Methylation at DMR Sites

Developmental exposures are associated with alterations to the epigenome in early life,
although determining how these alterations affect an individual has proved challenging.
Genomically imprinted genes are a class of genes characterized by monoallelic expression,
and use allele-specific differential CpG methylation by silencing one of the two parentally-
derived alleles [Ollikainen and Craig (2011), Woodfine et al. (2011)]. There are several known
differentially methylated regions (DMRs), where multiple adjacent CpG sites show this
type of parent-of-origin-specific methylation. Literature has suggested that certain gene
methylation profile characteristics within a DMR can control the expression of genes to
impact the weight of a child [Wang et al. (2013)].

Methylation at certain gene sites such as Mestitl, PEG3, IGF2 DMR, SGCE, Zacl, MEG3,
and NNAT have been associated with abnormalities such as low height and weight at birth,
short stature in later life, and other abnormalities [Meyer et al. (2003), Ishida and Moore
(2013), Kappil et al. (2015), Lambertini et al. (2012), Gicquel et al. (2005), Gonzalez-Nahm
et al. (2018)), Azzi et al. (2014), McCullagh and Nelder (1989)]. It has been observed that
imprinted genes, such as PEG3, cause low birth weight in humans [Ishida and Moore (2013),
Kappil et al. (2015), Lambertini et al. (2012)]. Hypomethylation of the IGF2 DMR leads to
growth restriction [citeGicquel]. Studies have also found the methylation of the SGCE gene
to be associated with a child’s birth weight [Gonzalez-Nahm et al. (2018)]. Expression levels
at Zacl, MEG3, and NNAT are positively associated with large for gestational age status
[Kappil et al. (2015)]. Degree of methylation of Zacl (PLAGL1) is associated with prenatal
and post-natal growth in healthy infants [Azzi et al. (2014), McCullagh and Nelder (1989),

Gonzalez-Nahm et al. (2018)].



1.3 Data

We aim to determine if a certain covariate is associated with a child’s growth trajectory.
However, we only have the children’s weight at certain irregular time points instead of the
entire trajectories. We looked at the data over the first five years at a monthly resolution. This
led to between 2 and 30 randomly and irregularly spaced observations for each individual.
The weights of the children, which are functions of time, were considered as the response
variables. The demographic information of the mothers was not our primary interest
and was treated as the nuisance covariates. The weight curves did not display any clear
distinction between the male and female children, so the analysis was not performed
separately for the genders. Figures 1.1 and 1.2 illustrate the growth curves of the children

in our study.
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Figure 1.1 Growth curve showing weight of the children in kg versus their age in months
for the children considered for testing for association of growth curve with metal content
as described in section 1.3, the females being denoted by a circle, and the males being
denoted by a triangle.

The first objective of the study was to test whether there was an association between
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Figure 1.2 Growth curve showing weight of the children in kg versus their age in months
for the children considered for testing for association of growth curve with percentage
of methylation at a DMR site as described in section 1.3, the females being denoted by a
circle, and the males being denoted by a triangle.

the levels of the metals in the children’s cord blood and their weight curves. Data about
both metal levels and demographic covariates were available for 77 children. Of these, 2
growth curves were found to have sharp spikes, which may have been due to improper
measurements, and have been left out of the analyses giving us 75 usable records. We
perform the analysis by considering all the metals and also by splitting them into two
groups: one with highly toxic metals comprising arsenic, cadmium, lead, chromium, and
mercury, and the other consisting of the rest, which we shall call non-toxic metals. The first
principal component function explained a large percentage of the underlying variance-
covariance structure for either gender considered in testing the association of growth
curve with metal content, as seen in table 1.1. The first eigenvector for male children and
for female children was similar to that when all the children were considered together,
as illustrated in figure 1.3. Given the small size of data available to us, we did not split
the dataset according to gender, as doing so would lead to a severe loss in power. The

assumptions made in our model would be reasonable in the hypothesis tests performed.



Table 1.1 Percentage of the underlying variance-covariance structure explained by the
first 2 principal component functions for the individuals with and without segregation
by their gender for studying the association of growth curve with the metal content in
cord blood as mentioned in section 1.3.

All Female | Male
Number of Children 75 38 37

Explained by First Principal Component Function | 954 % | 98.1% | 99.9 %

Explained by Second Principal Component Function | 3.2 % 1.9% | 0.1%

Association between growth curve and metal content
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Figure 1.3 Eigen vectors corresponding to the first principal component for studying the
association of growth curve with the metal content in cord blood for all subjects (solid
line), females (dashed line), and males (dotted line) as mentioned in section 1.3.



Table 1.2 Percentage of the underlying variance-covariance structure of X explained by
the first 2 principal component functions for the individuals with and without segrega-
tion by their gender for studying the association of growth curve with the percentage of
methylation at the DMR sites in cord blood as mentioned in section 1.3.

All Female | Male
Number of Children 59 30 29

Explained by First Principal Component Function | 95.0% | 98.1 % | 90.6 %

Explained by Second Principal Component Function | 3.6 % 1.9% 5.9 %

The second objective of the study was to test whether there was association between
the level of the methylation at the DMR sites in the children’s cord blood and their weight
curves. Complete methylation profiles, demographic covariates, and weight curves were
available for 59 children. None of the children considered showed abnormally sharp spikes
in their growth curves. The first principal component function explained a large percentage
of the underlying variance-covariance structure for either gender considered in testing the
association of growth curve with the percentage of methylation at the DMR sites. This is
evident in table 1.2. The first eigen vector for male children, and for female children was
similar to that when all the children were considered together. This is illustrated in figure

1.4.

1.4 Existing Literature

Recent technological advances generate an increasing amount of functional data where
each observation represents a curve or an image instead of a scalar or multivariate vec-
tor [Ramsay and Silverman (1997), Horvath and Kokoszka (2012)]. Functional regression
analysis is used to describe the relationship between response and predictor variables
when at least one of the variables contains a random function [Cuevas (2014)]. Literature
on multivariate functional regression is scarce compared to that on univariate functional
regression. Matsui et al. (2008) has proposed functional multivariate regression modeling in

scalar responses with functional covariates, using Gaussian basis functions from Bayesian
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Figure 1.4 Eigen vectors corresponding to the first principal component for studying
the association of growth curve with the percentage of methylation at the DMR sites in
cord blood for all subjects (solid line), females (dashed line), and males (dotted line) as
mentioned in section 1.3.



viewpoints.

Blanquero et al. (2020) has used Support Vector Regression to perform variable selection
to predict a scalar response from multivariate functional data. Krzysko and Lukasz Smaga
(2017) and Hofer (2010) have used the scalar response and functional multivariate covari-
ate for multiclass classification of multivariate functional data. Goérecki et al. (2016) has
used multivariate functional regression to address classification problems for functional
responses with functional covariates, and Chiou et al. (2016) has proposed a multivariate
functional linear regression (mFLR) approach to analyse and predict multivariate func-
tional data in cases in which both the response and predictor variables contain multivariate
random functions. Rosen and Thompson (2009) has used a Bayesian mixed effects model
and modeled the error term through the multivariate Ornstein—-Uhlenbeck process for a
functional response and scalar covariates model.

With most of the articles concerning themselves with univariate covariates, the number
of papers regarding multivariate covariates is low. Bauer et al. (2018) has provided an
extensive compilation of available methodology for semi-parametric function on scalar
regression. Several Bayesian methods for function-on-scalar regression exist [Goldsmith
and Kitago (2016)]. Morris et al. (2003) have developed wavelet-based functional mixed
models assuming that residual curves consist of independent measurement errors. Morris
and Carroll (2006) has extended this to allow correlated residual curves. Goldsmith et al.
(2015) has dealt with multilevel functional responses, Goldsmith and Kitago (2016) has
estimated the bivariate function-on-scalar regression with subject-level random functional
effects while accounting for potential correlation in residual curves. A penalized spline
approach for functional mixed models has been taken in Baladandayuthapani et al. (2007),
whereas Baladandayuthapani et al. (2010) has used a piecewise constant basis.

For cross-sectional functional data observed sparsely at the subject level, Montagna
et al. (2012) has developed a Bayesian latent factor model. Rosen and Thompson (2009)

has estimated the mean and the subject-specific deviations via low-rank cubic splines
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using radial basis functions, and performed an inference using Markov chain Monte Carlo
methods. Kowal and Bourgeois (2020) has proposed a decision theoretical approach for
Bayesian variable selection in Function on scalar regression selecting variables jointly
rather than marginally. The computational burden of the Bayesian procedures can be
prohibitive for data exploration and model building, even for moderate data sets, which has
contributed to the slow adoption of Bayesian methods in functional data analysis. As an
example, a comparison of the Bayesian penalized spline method in Baladandayuthapani
et al. (2007) to a method based on functional principal component analysis on simulated
data found computation times of 5 hours versus that of 5 seconds [Staicu et al. (2010)].

Faraway (1997) has considered the linear function-on-scalar model, but his method
works with an assumption that extremely few points are capable of representing an entire
function, which is unreasonable. Barber et al. (2017) has extended the LASSO to functional
data. Reiss et al. (2010) has used the same linear model as Faraway (1997) to obtain a
penalized generalized least squares (P-GLS) alternative. They have suggested a test statistic
for hypothesis testing similar to an F statistic from Ramsay and Silverman (1997) without
demonstrating it. Reiss et al. (2011) has considered the same model as Faraway (1997) and
used penalized regression with cubic B-spline basis function to avoid overfitting. It has
also suggested a hypothesis testing method using a pointwise F-statistic from [Ramsay and
Silverman (1997)]. However, the performance of the suggested test statistic has not been
demonstrated.

A specific method proposed by Wu and Chiang (2000) has utilized kernel smoothing on
the functional coefficients and assumed independent and identically distributed random
errors. Aguilera-Morillo et al. (2020) has proposed a penalized version of the functional
linear regression model by introducing a P-spline penalty in the least squares fitting crite-
rion for variable selection and functional parameter estimation. Mirshani and Reimherr
(2021) has presented Adaptive Function-on-Scalar Smoothing Elastic Net (AFSSEN), that

separately controls the smoothness of the underlying functional parameter estimates and
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selects important predictors. All of these articles deal with the linear model and would not
be useful in dealing with a non-linear curve. They have also not suggested any method
of performing hypothesis testing. Li et al. (2017) has extended the functional single index
model to a functional varying-coefficient single index model. The article has also pro-
posed but not illustrated a test statistic similar to the one by Reiss et al. (2011) for the same
hypothesis test.

Kernel machine regression has gained popularity due to its model flexibility in capturing
the true genetic effects that may be nonlinear or involve interactions, and its ability to
accommodate a large number of genetic variables [Liu et al. (2007), Kwee et al. (2008),
Wu and Chiang (2000)]. Kernel machine based methods model the genetic effect via a
pre-specified kernel function that aims to quantify the similarity between a pair of subjects
based on their genetic covariates [Liu et al. (2007)]. By proper specification of the kernel
functions, kernel machine can capture nonlinear main effects and complicated interactions
among multiple markers [Liu et al. (2007), Shao et al. (2019)]. It has been shown that kernel
machine regression is often powerful in modeling multi-dimensional genetic variables
while retaining computational efficiency due to its connection to the linear mixed model
framework [Liu et al. (2007)].

Due to the various advantages of kernel machines, several multivariate regressions
based on kernel machines [Maity et al. (2012), Xu and Pan (2015), Broadaway et al. (2016),
Zhan et al. (2017)] have been developed to carry out marker-set association analysis for mul-
tivariate phenotypes. Maity et al. (2018) has developed a kernel machine based multivariate
regression framework, where the joint effect of the marker set on each of the phenotypes
was modeled using pre-specified kernel functions with unknown variance components.
Estimation and testing procedures based on the penalized likelihood approach have stud-
ied phenotype-specific effects and their corresponding standard errors while accounting
for possible correlation among the phenotypes. Dutta et al. (2018) has used multivariate

kernel regression models to incorporate the effect of covariates through a kernel matrix
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and performed a variance component test of association. However, these articles deal with
scalar data instead of functional data.

Garrote kernel machine uses an extra nonnegative parameter which is multiplied to the
covariate of interest so that the score test can be formulated in terms of this nonnegative
garrote parameter. A key feature of the proposed test is that it is flexible and developed
for both parametric and nonparametric models within a unified framework, and is more
powerful than the standard test by accounting for the correlation among genes and hence
often uses a much smaller degrees of freedom [Maity and Lin (2011)]. It has been extensively
used to perform scalar on scalar regression, and is being increasingly used in applications,
especially in the field of genetics [Shao et al. (2019), Zhan et al. (2017), Broadaway et al.
(2015), Rong et al. (2018), Deng et al. (2020), Ren et al. (2020), Liu et al. (2021)]. The use
of a garrote parameter in kernel machine regression for function on scalar models does
not currently exist in literature, but would be useful to test for association with a single
covariate while accounting for its interaction with other covariates.

The majority of the work using non-negative garrote parameter performs variable
selection for models where both the response and the covariate of interest are scalars
[Fang et al. (2016), Allen (2013), Gijbels and Vrinssen (2015), Cantoni et al. (2011), Sun
et al. (2016), Sun et al. (2014), Wu et al. (2014), Wang et al. (2015)]. Theory of statistical
models is well-established if the set of independent variables to consider is fixed and
small [Heinze et al. (2018)]. However, in real life data, we often have a large number of
plausible covariates [Gertheiss et al. (2013)], and using all of them for modeling, prediction,
estimation, or other statistical purposes may be expensive in terms of time, resources, and
modeling accuracy. Variable selection is useful in performing dimension reduction for
modeling purposes. Heinze et al. (2018) has provided an overview of various available
variable selection methods that are based on significance or information criteria, penalized
likelihood, the change-in-estimate criterion, background knowledge, or combinations

thereof. Most of the literature on variable selection focuses on scalar responses and scalar
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covariates. Variable selection in functional data mostly deals with function on function
or scalar on function models. For function on scalar models, literature is not as extensive.
Our work was done concurrently with Chen et al. (2016) and has been included as Chapter
5 in this dissertation for the sake of completeness. Since then Matsui and Umezu (2019)
and Aguilera-Morillo et al. (2020) have also performed variable selection in function on

scalar regression models.

1.5 Our Approach

In the literature of functional data analysis, while there has been abundant work done in
function-on-function regression and scalar-on-function regression, literature regarding
function-on-scalar regression is scarce, with the research concentrated on linear models.
Certain data, for example, growth curves, are non-linear in nature and it is reasonable to
suspect that a covariate might be non-linearly affecting it. The available articles in function
on scalar regression focus on estimation problems and do not perform any hypothesis
testing. Literature on multivariate functional regression is scarce compared to that on
univariate functional regression. In real data, we are increasingly encountering multivariate
covariates, hence the need for testing the association between a functional response variable
and multivariate scalar covariates is growing. Functional data may be relatively sparse
and irregularly observed. These gaps in existing texts make it difficult to perform certain
analyses using existing functional methods.

We proceeded with a goal to develop new methodology to determine potentially non-
linear effect of several multidimensional scalar covariates on sparsely observed irregularly-
spaced functional data. The problem of developing a hypothesis kernel association testing
procedure where the responses are functions, possibly observed over an irregular set of
points (e.g., time points) and the covariates are scalar was considered. A popular model in

this context is the linear function-on-scalar regression model, which models the covariates
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additively and quantifies each covariate’s effect using a time-varying coefficient function.
Our goal was to generalize such models to account for nonlinear effects of the covariates
by jointly modeling them using an unknown, possibly nonlinear function. We wished to
develop methodology that shall perform well for both dense and sparse data cases, and
even when the data are observed at irregular intervals.

From a statistical point-of-view, we consider a function-on-scalar regression model,
where we model the scalar covariates jointly using a nonlinear function. Kernel machine
based methods aim to quantify the association between a pair of subjects based on their
covariates by modeling the effect of the covariates via a pre-specified kernel function. Kernel
machine regression offers model flexibility in capturing nonlinear effects and interactions,
modeling multi-dimensional variables with computational efficiency.

In Chapter 2, we have developed a likelihood based score-like test statistic to test for
association between the percentage of methylation at DMR sites and the growth trajectory
as well as between the amount of prenatal exposure to metals and the growth trajectory. We
use a two-way kernel to incorporate time dependency in the model while simultaneously
accounting for association between the covariates of interest. We have proposed a method
for testing the hypothesis while comparing it to the hypothesis testing method using an
F-like test statistic proposed but not demonstrated in Ramsay and Silverman (1997). We
have also demonstrated the variety of problems our test can be used for by applying it
to a calcium absorption study in addition to our main problem of interest, which is the
NEST dataset. In Chapter 3, we have expanded the multivariate kernel machine regression
(MKMR) approach to provide a faster alternative to the methodology developed in Chapter
2. We use functional principal component analysis to obtain scores that we use for MKMR.
We compare this methodology to one using SuperImposition by Translation and Rotation
(SITAR) and MKMR, and also the one developed in Chapter 2. There are many statistical
growth modeling techniques [Anderson et al. (2018)], but we chose SITAR as it is commonly

used.
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In Chapter 4, we have proposed a multivariate garrote kernel machine based hypothesis
testing procedure in nonlinear function-on-scalar regression model. The question of
interest is whether methylation at any of 9 pre-specified differentially methylated regions
(DMRs) is associated with child growth. We test for one of the 9 DMRs while accounting
for possible correlation with the other DMRs. We also test for one of the 24 metals while
accounting for possible correlation with the other metals.

In Chapter 5, we perform a variable selection using linear regression on functional data,
this was developed concurrent to Chen et al. (2016), and is similar, but has been included
for the sake of completeness of the thesis. In Chapter 6, we provide a brief synopsis of our

contribution as a conclusion and enumerate further lines of work emerging from this.
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CHAPTER

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION
USING A TWO-WAY KERNEL APPROACH

2.1 Introduction

Currently, all the articles dealing with function on scalar regression that exist in literature
propose models that are linear in their scalar covariates. Such an assumption may cause
the model to fail to capture a non-linear relationship between the scalar covariate and the
functional response. Prenatal exposure to toxic metals has been cited in literature to be

inversely associated with birth weight [Kippler et al. (2010), Menai et al. (2012), Vejrup et al.
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(2013), Xie et al. (2013), Jin et al. (2006), He et al. (2007), Rahman et al. (2009), Uriu-Adams
and Keen (2010)], so a linear model would most likely fail to detect such a relationship.
Moreover, they have not attempted to perform hypothesis testing. In our approach, we
handle non-linear function on scalar regression, making it more general. We have also
proposed a method for testing of hypothesis while comparing it to the hypothesis testing
method proposed but not demonstrated in Ramsay and Silverman (1997). Our method is
capable of handling multivariate covariates.

We face three main challenges. Firstly, we wish to test the effect of the levels of multiple
metals on growth trajectories. While testing for one metal at a time is straightforward, such
an approach disregards any possible interactions and co-occurrences among the metals.
Instead, we model the metals jointly. Secondly, we want to allow for the possibility that
the effect on the growth trajectory may be nonlinear. Parametric models, such as linear or
quadratic regression models, are not flexible enough; instead, we will use a semiparametric
approach to model the joint effect of the metals. Finally, the functional data is relatively
sparse and irregularly observed, and possibly with measurement errors. These challenges
make it difficult to analyze the data using existing functional methods. Our goal is to
develop a new approach to determine whether there is a potentially nonlinear effect of a
multidimensional covariate on irregularly-spaced functional data. We use a kernel machine
approach to model the unknown function and transform the hypothesis of no effect to an
appropriate variance component test.

The rest of the chapter is organized as follows: In section 2.2 we explain the kind of data
that motivates our work and the way we model the data to get an appropriate hypothesis
testing problem. We obtain a test statistic and use it to develop a test for the null hypothesis.
Next, in section 2.3, we have performed a simulation study for the cases of both densely
sampled data and sparsely sampled data. In the aforementioned section, we have also
compared the performance of our method with the one suggested by Reiss et al. (2011).

Subsequently, in section 2.4.1, the methodology thus developed has been applied to the
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real-life dataset that motivated our work. Section 2.5 discusses the results.

2.2 Methodology

2.2.1 Framework and Model Specifications for Densely Sampled Data

Let us denote the number of individuals in our dataset by 7. It is supposed that for the i ‘"

individual the data observed is Y;(¢;;), X, and Z;, at m; many time points, f;;, belonging
to some compact interval for j=1,...,m;,i=1,...,n, k=1,...,p,£=1,...,q. Here, Y;(:) is
a functional response of time with Y;(¢;;) being the instance at time ¢; ;, X;, is the covariate
of interest, and Z;, comprises the nuisance covariates. It is important to note that we are
not imposing any restrictions on any of the aforementioned X;; or Z;,.

We first consider the simpler situation of densely sampled data, where we have obser-
vations for m data points for each individual, i.e., m; = m fori =1,...,n. Hence, Lij=t;
for j=1,..., m. This assumption is only for illustration purposes, and we will discuss the

sparsely sampled case which is more realistic in a later subsection. We consider the model
q

Yit)) =D Zunet)+B(Xi, 1))+ £i(1)), 2.1)
=1

where Y;(z;) is the observed response corresponding to individual i at time #;, Z;, is the
(" observed covariate which is not of interest to us (nuisance) for individual i, X; =
(Xi1,...,X;,)" is the vector of observed covariates of interest to us corresponding to Y;(¢;),
at observed time ¢; for individual i, 5(-,-) is an unknown function determining how the
observed response depends on the covariates of interest, 1),(¢;) are the unknown regression
coefficients of Z;,, and &;(¢;) are the unknown error terms for the i’ " individual at time ¢ i, for
£ belonging to some bounded continuous interval for, i =1,...,n,j=1,...,m;,{=1,...,9.
The ¢,(-) are assumed to be Gaussian processes with mean 0, that are independent of

each other, for i = 1,...,n. We also assume that ¢;(-) are independent of f(:,-), X; and
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Zyfori=1,...,n,{=1,...,q. X; and Z;, are assumed to be independent of each other
fori=1,...,n,{ =1,...,q9. In order to account for the intercept term, we shall specify
Z;=1{fori=1,...,n. So, we have g — 1 nuisance covariates for each person.

Our primary goal is to test whether there is any association between the covariate X; and
the functional response Y;(-). Thus, we aim to test the null hypothesis, H; : B(-,-) = 0 against
the alternate hypothesis H, : 3(:,-) # 0. Under H,, the functional response Y;(-) would be
independent of the vector covariate X;. 3(:,-) is a bivariate function with a scalar operand
and a vector operand. So, our problem is essentially an infinite-dimensional hypothesis

testing problem.

2.2.2 Hypothesis Testing

We want to test the null hypothesis, H; : B(-,-) = 0. In this article, we adopt a Gaussian
Process based approach. We assume f(-,-) to be a Gaussian Process with mean 0, and
variance-covariance kernel 7K (:,-), where 7 > 0. This is a valid assumption to make if the
€;(-) have mean 0 for i =1,..., n, once we center Y;(-) about 0.

A Gaussian process is a process whose finite dimensional distributions are Gaussian.
If the random function G is distributed as a Gaussian Process with mean function y and
covariance function k, we denote it as G ~ G P(u, k). In Gaussian Process regression, given
a set of input variables W= (w,, w,, ..., w,), the latent function variable g =(g,, &, ..., &)
has a joint Gaussian distribution P(g|W) = N (M, Kgp(W, W)), where M is the mean vector
with ¢ elements, and Kgp(W, W) is a ¢ x ¢ covariance matrix [Cui and Fearn (2017)]. The
covariance matrix Kgp(W, W) is a kernel function evaluated at the ¢ instances.

In our model, the observations for a given individual at different time points would
be correlated to each other, and the observations for different individuals would also
be correlated to each other at different time points. However, the covariance would be
more when the observations are for the same individual. Also, for different individuals,

the covariance would be more at time points that are closer together. To incorporate
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this, for two given time points, ¢, and t;, we propose K as a matrix K{(Xj, t;),(X;, t;)} =
L(Xi,Xj)e*(’h*‘k)z, where L(-,-) is a kernel function, fori =1,...,n, j=1,...,n,h=1,...,m,
k=1,...,m. Letus denote t=(t;,..., t,,)". Then, for observed (X, t),...,(X,,t)), we have
(B(Xy,1),..., B(X,,t)) ~ N(0, 7K), where K is the mn x mn kernel matrix with n rows and n
columns of m x m blocks, with the (i, j)** block as K{(X;, t),(X;, )} which is a matrix with
its (h, k)" element as K{(X;, t},), (X, tx)}. Such a Kis clearly positive definite. So, B(-,-)=01is
true if and only if 7 = 0. This provides us with the equivalent null hypothesis, H; : 7 =0, and
the corresponding alternate hypothesis, H’ : 7 # 0. Then, the original problem of testing an
infinite-dimensional function is converted to a much simpler one parameter test.

In the ideal scenario, 1,(-) would be known to us. However, in practice it is unknown. We
model it using basis functions as 1,(¢;) = Zgzl By, (t;)0,,, where By, is a basis function, and
0,, is the corresponding coefficient, for j=1,...,m,{=1,...,q, u=1,...,U. We use penal-
ized likelihood maximization with thin plate regression splines as the basis functions. The
smoothing parameters are estimated by generalized cross-validation criterion n m,
where D is the deviance, and D o F is the effective degrees of freedom of the model. This lets
us obtain estimates 7),(-) for £ = 1,..., g. The effect of the nuisance covariates is removed to
get Y*(¢;) = Y;(t;) —Z;’zl Z;M,(t;). We obtain a test statistic from the score equation of this
model to test whether 7 =0. We have developed a variance component test to incorporate
the case of functional responses.

Let X(-,-) be the covariance operator of process &(-), i.e., X(s,t) = Cov(e(s),&(t)). Let
R be a matrix of dimension m x m, with the (j, k)" element as X(¢;, 1). Let X, be the
block diagonal matrix of dimension nm x nm formed by n blocks of R. Then, X is the
variance-covariance matrix of € = (&,(t,),...,&/(t,),...,€,(t;),...,€,(¢t,,)). Now, we have

Y*~ N(0,7K+X,) This gives us the following likelihood function:

L(T|Y*, £, X)= e ¥ KDl Y24 2 4 52 (120 pynm/2) -1 2.2)
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And, the corresponding log-likelihood equation is obtained as ¢(7|Y*,t,X) = —Y*"[TK +

Yol 7'Y*/2—log{|TK+ X,|/2(27)"™/?}. When T = 0, we have

) 1 1
ot 1 trace([So] ' K) + =Y [Z, ] KX, LY.
0T 2 2

We note that only the second term depends on Y*. Thus, the test statistic we obtain is
T = Y*ZEIKZle*T. However, the true error terms are not observable. So, we have to work
with an estimate of €. From equation 2.1, it follows that under H,, £;(¢;) = Y*(¢;) is an
unbiased estimator of ¢,(¢;). Then, we can obtain an approximation of X, as $,, where ¥, is
the variance-covariance matrix of (Y,*(#1),..., Y*(£,,), ..., Y *(#1),..., Y*(#,,)). We consider the
Karhunen-Loeve expansion of &;( ZU L Pu(E)Y i, + w;j, where w;; is the white
noise term, w;; ~ N(0, o?). This can be approximated by Z;zl ¢,(t;)Y;y + w;; for some
suitable ¢. Similarly, we can get the K-L expansion of (s, t), ¥(s, t) ZU LPu(s A, +
o?I(s = t). This can be approximated by Zizl ¢ ,(8)p,(t)A,+02%I(s = t). We use functional
pr1nc1pal component analysis to get £, ¢ ,( Av, oforj=1,...,m,v=1,...,{. We obtain

Ri(t; ir k) ZU LPu( o(t)A,+01(t; = t;), and we use it to construct ¥,. The test statistic
we propose is T = Y*ZglKZle*T. We also investigated a simpler test statistic without %,
the details of which are provided in the Appendix. If ),(-) were known tous for ¢ =1,..., g,
then this test statistic would have a weighted sum of chi-squared distribution. But, we are
estimating 1,(-) for £ =1,..., g, so the test statistic does not have a standard distribution
under the null hypothesis. We provide further details about this in the Appendix. Thus,
in order to perform a valid test, the null distribution needs to be estimated. We use a
re-sampling approximation permutation test [Berry et al. (2001)]. We proceed as follows for

the b'" iteration for b =1,..., B:

1. Break the ordered sets of (X;, Y;*) into (X;) and (Y*) forall i in 1,...,n
2. Some (X;.)is randomly assigned to each (Y;*), where {i*}] isa permutation of {1,..., n}.

3. The test statistic, T'") is obtained for the set (X;., ¥;*).
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Under H,, X and Y* are unrelated, so the test statistic thus obtained in step 3 is a valid test
statistic under the assumption of the null hypothesis. The distribution of the B statistics
thus obtained provides an empirical null distribution of the test statistics. However, here
we remove the relation between X and Z as well. So, a test based on this would be stricter
than required.

If Hy: T =0 is rejected at desired level of significance, a, then we select the covariate
X as a predictor for the variable Y. The p-value is estimated as the proportion of times

we obtain a test statistic as extreme as the one observed on simulating the test statistic a

S HTP>T)+1

BT . Note that the

large number of times from the null model. We estimate it as
performance of our test statistic would depend on the choice of the kernel function L(:,-).
We have investigated which commonly used kernel might be preferred through simulations

in section 2.3.

2.2.3 Extension to Sparsely Sampled Data

The discussion so far corresponded to an ideal case where the data obtained is densely
sampled. However, real data is generally sparse. So, we need to make certain adjustments.

We consider the following model, which is an extension of equation 2.1:

q
Yi(tij):ZZiénf(tij)'i'ﬂ(Xi)tij)+3i(tij)y (2.3)
=1

where Yj(¢;;) is the observed response corresponding to individual i at time ¢;;, Z; is
the " observed covariate which is not of interest to us (nuisance) for individual i, X; =
(Xi1,...,X;p)", is the vector of observed covariates of interest to us corresponding to Y;(; i)
at time ¢;; for individual i, 3(-,-) is a function determining how the observed response
depends on the covariates of interest, 1,(¢;;) are the regression coefficients of Z;,, and
¢,(t;;) are error terms for the i’ " individual at time t; j» for ¢;; belonging to some bounded

continuous interval, i = 1,...,n, j=1,...,m;, £ =1,...,q. The ¢;(-) are assumed to be
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Gaussian processes with mean 0, that are independent of each other, fori =1,...,n. We
also assume that ¢,(-) are independent of 3(-,+), X; and Z;, fori =1,...,n,¢ =1,...,q9. X;
and Z;, are assumed to be independent of each other for/ =1,...,q. In order to account
for the intercept term, we shall specify Z;, =1, fori =1,...,n. We use this framework to
deal with the same hypothesis testing problem as before.

We extend the approach we made for densely sampled data to sparsely sampled data. K
is now defined as K{(X;, t;,),(X;, t;1)} = L(X;, Xj)e_(‘ih_tfk)z, where L(-,+) is a kernel function
as in the densely sampled scenario, fori =1,...,n, j=1,...,n,h=1,...,m;, k=1,..., m;.
Therefore, for observed {(X;, t11),...,(X,, t,,,, )}, we have {B(Xy, t11), ..., B(X,, tm, )} ~ N(O,
7K), where K is the Z?:l m; X 2?:1 m; kernel matrix with n rows and n columns of m; x m;
blocks, fori =1,...,n, j=1,...,n, with the (i, j)'" block as K{(X;, t;),(X;, t;)} which is an
m; X m; matrix with its (A, k)" element as K{(X;, t;,), (Xj, tji)}. ne(t;;) is estimated by
generalized additive modeling of Y;(#;;) on Z;, to get m(tij) fori=1,...,n,j=1,...,m,,
£=1,...,q9. We model 1,(¢;;) = Z[u]:l By, (t; )0, where By, is a basis function, and 6,,, is the
corresponding coefficient, fori =1,...,n, j=1,....m;,{=1,...,q, u=1,...,U. The effect
of the nuisance covariates is removed to get Y*(¢;;) = Y;(Z;;) —ZZZI ZiiM(2;;). R; is a matrix
of dimension m; x m;, with the (j, k)'" element as X(t; j» Lir)- Let Xy be the block diago-
nal matrix of dimension Z?:l m; X Z?:l m,; formed by R, ...,R,,. The variance-covariance
matrix of € = {&,(#1,),...,&.(f1,) - > €4(L01)s - -, €4 (Tn )} 1S Zo. But the true error terms be-
ing unobservable, we estimate € by £;(z;;) = Y*(¢;;) which is an unbiased estimate under
the null hypothesis. The variance-covariance matrix of {Y,*(#;),..., ¥, (f1n,)s -+, Y (£01)s -
Y*(t,m,)} is ¥,. We consider the Karhunen-Loeve expansion of ;(7;;) and X(s, t) and ap-
proximate the latter by Zizl O ,(8)p,(t)A, +a?I(s = t). We use functional principal com-
ponent analysis to get {, ¢,(¢;;), A, for j=1,...,m;, v=1,...,{. We obtain ﬁi(tij, tiy) =
Zi:l Gt )i (ti) A +0%I(¢;; = t;), and use it to construct 5. The likelihood function is

similar to equation 2.2, with nm replaced by X’ m;. This leads to similar changes in the

subsequent equations, eventually giving us the same test statistics. The permutation based
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method is similar to the one for the case of densely sampled data.

2.3 Simulation Study

2.3.1 Design of Study

We performed a simulation study to evaluate the finite-sample performance of our test
and compared its performance with the F-like statistic suggested in Reiss et al. (2011).
For testing the performance of the method in terms of type I error, the data sets were
simulated s = 10,000 times from the true model 2.3, under the null hypothesis g(-,-) =0,
with n = 100 subjects, p =5 covariates of interest for each subject, and g = 3 nuisance
covariates for each subject. Note that model 2.1 is a special case of model 2.3. For i =
l,...,nand j=1,..., m;, the following was done: The covariates of interest were generated
as X;; from X; ~ N,(0,1,), and the nuisance covariates were generated as Z;; = 1, Z;; ~
N(0,1), Z;3 ~ Ber(0.4), with their corresponding coefficients in the model being 1, () =
t, N,(t) = sin(2nt), ns(t) = cos(2mt). The error functions were generated as £(f;;) =

x/za“cos(Zﬂtij) + ﬁaigsin(ZntU-) + w;;, where a;; ~ N(0,1), is independent of a;, ~

J?
N(0,2), and they are both independent of w; ; ~ N(0, 1). The other specifications vary based

on whether the simulations were for densely sampled or sparsely sampled data. For densely

sampled data, we considered m; =m =51, t;; = %,i 1,...,n,j=1,...,m. The values of
0 used were 6, =(0,0.1,0.2,...,1),6, =(0,0.1,0.2,...,1.2),05 =(0,0.1,0.2,...,1), and 6, =
(0,0.1,0.2,...,1) for B,(:,*), B2(-,+), B3(+, ), and B,(:, ), respectively. For sparsely sampled data,
we generated m; € {7,8,...,14} with equal probability, and considered ¢; i= # Then, t;;
was obtained through simple random sampling without replacement of size m; from ¢;; for
i=1,...,n,j=1,...,m,k=1,...,m;. The values of 6 used were 6, =(0,0.3,0.6,...,1.5),0, =
(0,0.5,1,...,4),05=(0,0.3,0.6,...,1.5), and 6, =(0,0.5,1,...,3) for B,(:,*), B.(-,-), Bs(-,-), and
B.(:,-), respectively.

We compared the proposed test with the statistic similar to the one suggested in Reiss
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et al. (2011), which is henceforth referred to as the F-statistic. For this purpose, we consid-
ered the model Y;(¢;;) = ZZZI Zim,;(t,-j)+Xl.Ty(tij)+£i(t,-j) for j={1,...,m;}andi={1,...,n}.
The null model had y(¢;;) =0, for j ={1,...,m;},i = {1,...,n}, and under H,, y(¢;;) and
n,(t; ;) were estimated by the same procedure used to estimate 1,(¢; ;) in our own methodol-
ogy, for j ={1,...,m;},i ={1,..., n}. The test statistic used was F* = [ms}‘?’%gss‘] where, RSS,
and RSS, are the residual sum of squares under H, and H,, respectively.

In each scenario, we compared the performance of three different kernel functions, L(-,-):
L,(-,-) denoting the linear kernel, L,(-,-) denoting the quadratic kernel, and L;(-,-) denoting
the Gaussian kernel. The d’" polynomial kernel corresponds to the models with d‘"*-order
polynomials including the cross-product terms [Maity and Lin (2011)]. The Gaussian kernel
generates the function space spanned by the radial basis functions [Buhmann (2003)]
and incorporates several nonlinear functions. The null distribution was simulated by the
permutation method using B = 1,000 permutations. This gave us B simulations of the
test statistics for each case, namely T; 4, ..., T; ;5 for the i'" scenario and the j*" simulation
fori=1,...,4,j =1,...,s. For an observed test statistic Tf; in the i'" scenario and j”’

. . . . . (T > )+1 . .
simulation, its estimated p-value is p;; = Z’“+ fori=1,...,4,j=1,...,s. The

Yoo pij>a

. . )+1 .
type I error at nominal level @ was estimated as et for each of our four scenarios

i=1,...,4fora,=0.01, @, =0.05, and a; =0.1.
The power was computed at @,,,,, = 0.05 level of type I error. We performed s,,,,, =
400 simulations under the same setup as the one used for simulating type-I error, with

B,

ow =400 permutations, but with different values of (-, ). For the purpose of estimating
the power, B,(X;, t)=6X;t, Bo(X;, 1) = 6%, £, Bs(X;, )= 6e %!, and B,(X;, t) = 5e " were

. - — 2 .
considered, where X; = 5 > /_, Xir, Xi* = 5 21, X5, and X = (5 2.}, X;;)*. The linear

case was demonstrated by f,(X;, t), the quadratic case by f,(X;, t), and non-separable
cases by f3(X;, t) and B4(X;, t). Due to the fact that §;(X;, ) may be approximated by a
linear function from its Taylor series expansion in certain cases, f4(X;, t) has also been

i l(pij<a
N

considered. The power was estimated as P = vw) for i = 1,..., 4. Different & values
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were considered to determine where sufficient power was being achieved. It would be
expected that the power would be lower when the 6 value is lower, and when the data is
sparse. Power curves were drawn for the purpose of comparison. A higher power at a lower

value of 6 would make the corresponding kernel more useful.

2.3.2 Results

The results from the simulation study are presented in table 2.1 for the type I error, and
figures 2.1 and 2.2 for the power analysis for the densely sampled case and the sparsely
sampled case, respectively. Our method appears to have type I error around the nominal
level. The relative performances of the kernels in the dense scenario are similar to the
relative performances of the kernels in the sparse scenario. Linear kernel gives higher
power for 3;, and quadratic kernel gives higher power for 3,. This is consistent with our
expectations. Linear kernel also gives higher power for f3;, this is because the linear term
is the most significant in the Taylor series expansion of the exponential term. For f3,, the
Gaussian kernel gives the most power. We see that a linear kernel is incapable of detecting
the presence of a non-linear component. It is observed that the Gaussian kernel works
better than the linear kernel for non-linear . While the quadratic kernel is better when f is
quadratic, when f is a more complicated function, like the non-separable f,, the Gaussian
kernel performs best. The simulated results confirm our suppositions and suggest that the

methodology developed is suitable for testing our hypothesis.
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Figure 2.1 The power curves from the simulation study described in section 2.3 for T*%,
and the F-statistic for densely sampled data for B,(, ), B.(:,*), Bs(-,-), and B,(:,-) (Linear
kernel : dashed line with triangles, Quadratic kernel : dotted line with pluses, Gaussian
kernel : dash and dot line with crosses, F-statistic : small and big dash with circles, solid
horizontal line at nominal level of &, 0.05).
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Figure 2.2 The power curves from the simulation study described in section 2.3 for T*,
and the F-statistic for sparsely sampled data for B,(-,), B(-,*), B5(:,-), and B,(:,-) (Linear
kernel : dashed line with triangles, Quadratic kernel : dotted line with pluses, Gaussian
kernel : dash and dot line with crosses, F-statistic : small and big dash with circles, solid
horizontal line at nominal level of &, 0.05).
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Table 2.1 Results for simulation study described in section 2.3. Displayed are the type I
error rates (rounded to third decimal place) for both the dense and sparse cases for all

three kernels considered and the F-statistic.

Dense Case
Nominal Value of ¢ | Linear | Quadratic | Gaussian | F-statistic
0.01 0.011 0.011 0.009 0.012
0.05 0.054 0.051 0.047 0.051
0.1 0.101 0.102 0.100 0.100
Sparse Case
Nominal Value of « | Linear | Quadratic | Gaussian | F-statistic
0.01 0.010 0.008 0.010 0.011
0.05 0.050 0.048 0.049 0.051
0.1 0.096 0.098 0.099 0.102

2.4 Data Analysis

2.4.1 Child Growth Study

We applied our proposed hypothesis testing procedure to data obtained from the Newborn
Epigenetic STudy (NEST), a birth cohort study in Durham, North Carolina. We looked at the
data over the first five years at a monthly resolution. This led to between 2 and 30 randomly
and irregularly spaced observations for each individual. The objective of the study was
to test whether there was an association between the levels of the metals in the children’s
cord blood and their weight curves. The weights of the children, which are functions of
time, were considered as the response variables. The demographic information of the
mothers was treated as the nuisance covariates. Since the underlying f(:,-) function is not
known, we have used the Gaussian kernel in our methodology. The assumptions made in
our model would be reasonable in the hypothesis test performed. The analysis was done
for all the metals together, and then repeated by splitting the metals into two groups: one
with highly toxic metals comprising arsenic, cadmium, lead, chromium, and mercury, and
the other consisting of the rest. Gaussian kernel was used in our methodology with 10,000

permutations. Bonferroni correction has been used and the test has been performed at a
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Table 2.2 Results displaying p-values for association between the metal content from
the cord blood and the growth curve collected from the children in NEST mentioned in
section 2.4.1 for the linear, quadratic, and Gaussian kernels.

Linear | Quadratic | Gaussian
p-value | 0.8937 0.9697 0.0081

Table 2.3 Results displaying p-values for association between the metal content from
the cord blood and the growth curve collected from the children in NEST mentioned
in section 2.4.1 for all metals, toxic metals, and the other (nutrient) metals using the
Gaussian kernel.

All Metals | Toxic Metals | Other Metals
Number of Metals 24 5 19
p-value 0.0081 0.5225 0.0122

level of significance of 0.05/3 =0.0167. The p value of 0.0081 suggests that there seems to
be some association between the level of metals in cord blood and the growth trajectory of
children. The p-value of 0.0122 for the metals which are not highly toxic suggests that they
are associated with child growth. The hypothesis test was also performed by considering
the percentage of methylation at the DMR sites as the covariates of interest. Gaussian
kernel was used in our methodology with 10,000 permutations. Bonferroni correction has
been used and the test has been performed at a level of significance of 0.05/9 = 0.0056.

None of the covariates were found to be significant at that level of significance.

2.4.2 Another Application: Calcium Absorption Study

A total of 526 absorption studies, using both the double-isotope and balance-based meth-
ods, were performed in 189 middle-aged women in good general health [Heaney et al.
(1989)]. The study extended over 17 years of observation, with most subjects studied from
two to four times at 5 year intervals [Heaney et al. (1989)]. Each study was done on the
woman’s own self-selected calcium intake and was carried out under inpatient, metabolic
balance controls [Heaney et al. (1989)]. There was a highly significant inverse correlation

between calcium intake and absorption fraction, with the best fit provided by an hyperbola
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Table 2.4 Results displaying p-values for association between the methylation at the
DMR sites from the cord blood and the growth curve collected from the children in NEST
mentioned in section 2.4.1 using Gaussian kernel.

Gene Number of CpG Sites | p-value
IGF2 CBS1 4 0.3820
IGF2 DMR 3 0.9630
MEG3 CBS 8 0.1440

MEG3 IG 4 0.3140
Mestitl 4 0.0568

NNAT 3 0.2760

PEG3 10 0.5930

SGCE 6 0.7940

Zacl 6 0.5630

in which absorption fraction is approximately inversely proportional to the square root
of intake [Heaney et al. (1989)]. The range of absorptive performance was very broad at
all intake levels [Heaney et al. (1989)]. We had one to four observation points per patient,
which were observed at irregular intervals. Body surface area and BMI were also recorded
and we treated them as our nuisance covariates.

Heaney’s formula states the relationship between calcium intake and calcium absorp-
tion as: Calcium Absorption = 0.2333(Calcium Intake )~%4°77® [Heaney et al. (1989)]. Hence,
on applying our methodology, we should expect it to reject the null hypothesis on utilising
the Gaussian kernel and failing to do so on using the linear or quadratic kernels. This is
demonstrated in table 2.5. On running this analysis on an x86-64 machine with 4GB RAM
on a single core for each of the kernels, and the comparison method, we observed that
the run times were 110.58 s for the linear kernel, 111.53 s for the quadratic kernel, 130.17
s for the Gaussian kernel, and 731.65 s for the F-like test statistic. Interestingly, despite
performing poorly in the simulation studies, the F-like test statistic provided a p-value of

0.0001, thus successfully rejecting the null hypothesis.
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Table 2.5 Results displaying p-values for association between calcium intake and cal-
cium absorption from the middle-aged women in the study mentioned in section 2.4.2
for the linear, quadratic, and Gaussian kernels.

Kernel | Linear | Quadratic | Gaussian
p-value | 0.3107 0.1793 0.0006

2.5 Discussion

We have developed a new hypothesis testing method that can determine a potentially
non-linear effect of a multidimensional scalar covariate on irregularly-spaced functional
data. We have proposed a score-based test statistic and applied it to the NEST dataset
to test for association between the metal content in a child’s cord blood and their weight
curve for the first 5 years of their life. The amount of metals in a child’s cord blood seems to
affect its weight in its early childhood. Further analyses may elucidate how the different
metals interact to affect the child’s growth. We ran our methodology on male and female
children separately for the association between metals and growth curves. We performed
these latter tests solely to get a vague idea of what the p-values would look like and shall
not be using it to draw conclusions as we reused the dataset that we had used for our initial
analyses. The results are available in the appendix.

It may be noted that, given the nature of the study; it is subjected to self-selection bias.
Also, the participants were restricted to a certain geographic area. Further work may be
performed for cases where certain assumptions that we made do not hold. Our model and
methodology assume that the error function is a Gaussian process. We do not know how
our test statistics would behave if the assumption were to be false. We have performed a
global testing for (-,-). When a f3(-,-) is found to be significantly different from 0, we do not
know what the underlying structure of 3(-,-) might be. We require localized testing in order
to determine that.

We have also demonstrated that our methodology is versatile and also works for the
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calcium absorption study. We have developed a software package in R for our methodology.
When performing the hypothesis test, the true underlying function of the covariate is
unknown, so it is suggested that a Gaussian kernel be used in the methodology developed.
This is because if the true function is linear, using a Gaussian kernel would not cause much
loss of power compared to using a linear kernel, but if the true function is a complicated
non-linear one, the power obtained would be much higher compared to using a linear
kernel.

The simulation code for the case of densely sampled data can be made more efficient
using a simplification that has been outlined in the appendix. The appendix also includes
the p-values obtained by running the methodology for the two sexes separately, and the
p-values obtained by performing the tests separately for each of the 24 metals; these are
reported solely for the purpose of getting a vague idea of what the p-values would look like,
and are not intended for drawing conclusions as we have reused the dataset that we had used
for our initial analyses. The code used for the simulations mentioned in the data analysis
section is available online at the website https://github.com/MBiswasl/hyp_test.

However, we do not have permission to share the dataset used.
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CHAPTER

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION
USING MULTIVARIATE KERNEL

MACHINE REGRESSION

3.1 Introduction

In this chapter, we consider the problem of developing a hypothesis kernel association
testing procedure where the responses are functions, possibly observed over an irregular set

of points (e.g., time points) and the covariates are scalar. We wish to develop a methodology
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that shall perform well for both dense and sparse data cases, and even when the data
are observed at irregular intervals. We develop a valid test that runs faster than the test
developed in Chapter 2.

From a statistical point-of-view, we consider a function-on-scalar regression model,
where we model the scalar covariates jointly using a nonlinear function. In the literature
of functional data analysis, while there has been abundant work done in function-on-
function regression and scalar-on-function regression, literature regarding function-on-
scalar regression is scarce, with the research concentrated on linear models. The available
articles focus on estimation problems and do not perform any hypothesis testing. With
most of the articles concerning themselves with univariate covariates, the number of
papers regarding multivariate covariates is low. The computational burden of the Bayesian
procedures can be prohibitive for data exploration and model building even for moderate
data sets, which has contributed to the slow adoption of Bayesian methods in functional
data analysis.

The articles existing in literature deal with scalar responses with scalar covariates, or
scalar responses with functional covariates. The data that we have is a scenario of functional
response on scalar covariates. We face three main challenges. We wish to test the effect of
methylation at multiple sites within a DMR site, and the effect of multiple metals. Hence,
we would deal with multivariate covariates rather than univariate ones. Furthermore, we
want to allow for the possibility that the effect on the growth trajectory may be nonlinear.
Additionally, the functional data is relatively sparse and irregularly observed. These factors
make it difficult to analyze the data using existing functional methods. Our goal is to
develop a new method that can determine if there is a potentially non-linear effect of several
multidimensional covariates on irregularly-spaced functional data. In this chapter, we
adopt a multivariate kernel machine regression, MKMR approach. MKMR would develop a
score based test for the global hypothesis.

The rest of the chapter is organized as follows: In section 3.2 we explain the kind of data
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that motivates our work, and the way we model the data to get an appropriate hypothesis
testing problem. We obtain a test statistic and use it to develop a test for the null hypothesis.
Next, in section 3.3 we have performed a simulation study for the cases of both dense data
and sparse data. Subsequently, in section 3.4 the methodology thus developed has been

applied to the real-life dataset that motivated our work. Section 3.5 discusses the results.

3.2 Methodology

3.2.1 Framework and Model Specifications

We have 7 individuals, and for the i’" individual we observe data Y;(; i)» X and Z;, at m;
many time points, ; belonging to some compact interval for j=1,...,m;,i=1,...,n,k=

L,...,p,=1,...,q. Here, Y(¢;;) is a functional response of time ¢;;, X;; is the covariate of

jr
interest, and Z;, comprises the nuisance covariates. It is important to note that we are not
imposing any restrictions on any of the aforementioned X, or Z;,. Let X; = (X;,..., X;},)
and Z; =(Z;,...,Z;;) for i = 1,..., n. In order to account for the intercept, we shall have
Z;=1fori=1,...,n. So, we effectively have g — 1 nuisance covariates.

To begin, let us consider the simpler situation of densely sampled data, where we have
observations for m data points for each individual, i.e., m; = m for i = 1,..., n. Hence,
t;; = t; for j = 1,...,m. This assumption is only for illustration purposes, and we will

discuss the sparsely sampled case which is more realistic in a later subsection. We consider

the following model:
Yi(t:))=Z] B(t:;))+h(X;, t;;)+e(t;;),

where Y;(-) denotes the growth curve for the i*" individual, #; is the j'" time point at which
the growth curve is observed for the i*" individual, Z; is a g-dimensional covariate modeled
linearly with time, X; is the p-dimensional covariate of interest modeled via kernel machine,

and ¢;(-) are random error functions in the form of a Gaussian process with mean 0, that
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are independent of each other, for i =1,..., n. We also assume that ¢;(-) are independent
of X; and Z; fori =1,...,n. X; and Z; are assumed to be independent of each other for

i=1,...,n.

3.2.2 Hypothesis Testing

Our primary goal is to test whether there is any association between the covariate X; and
the functional response Y;(:). Thus, we aim to test the null hypothesis, H; : h(-,-) = 0 against
the alternate hypothesis H, : h(-,-) # 0. Under H,, the functional response Y;(-) would be
independent of the vector covariate X;. We have a bivariate function with a scalar operand
and a vector operand in h(:,-). So, our problem is essentially an infinite-dimensional
hypothesis testing problem.

In this chapter, we adopted a multivariate kernel machine regression, MKMR approach.
MKMR would develop a score based test for the global hypothesis H; : h(:,-) =0. In it, the
joint effect of the marker set on each of the phenotypes was modeled using pre-specified
kernel functions with unknown variance components. Unlike most existing methods that
mainly focus on the global association between the marker set and the phenotype set, we
developed testing procedures to study phenotype-specific associations.

We fit the SITAR model to the growth curve data and then computed the three parame-
ters (a;, b;, ;)T for each Y;(). Then we used MKMR on those responses. We considered
both the linear and quadratic kernels and applied the Bonferroni correction and Sidak’s
approach separately to obtain an overall p-value. We also performed functional principal
component analysis on the growth curves to obtain 0.95 percentage of variance explained
and used MKMR on the scores thus obtained. We used Bonferroni correction and Sidak’s
approximation separately to obtain an overall p-value. For each case we obtained Bon-
ferroni adjusted p-value as minimum(1, 2x linear p-value, 2x quadratic p-value), and the
Sidak adjusted p-value as minimum[1 — (1— linear p-value)?, 1 —(1— quadratic p-value)?]

We assumed each weight curve to be a square-integrable random function of time with
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mean u(t)= E[Y(t)] and covariance between the measurements at time t and s : Cov[Y(s),
Y(t)] = C(s,t). One may write the Karhunen-Loeve expansion of the weight curve as:
Y(t)=u( t)+zzil Y1 0:(t)+€(t), where €(+) is a random error function with mean 0, and Y,
are the functional principal components (FPC) expressed as: y/; = f[ Y(t)—u(t)0:(t)dt.
They have mean 0 and variance A, where A, is the corresponding eigenvalue. C(s,t)=
> oo Ak0i(s)0:(t). We obtain a k such that Y(£)=pu(r)+Y.,_, ¥+ 0c(t)+ ei(r) explains 95%
of the variance from the growth trajectory. We use Y, =(Y1y, Yi5,..., Vi, Yo1, Yo, ..., Yopp,,
ceor Y1, Yo, .., ¥, )T and use it to obtain scores Wy, ..., ¥,,. Here, Y;; denotes weight of ith
individual for j*" time point. ¥; refers to the k-dimensional vector obtained from the
scores that were obtained from Y;(-), ¥; = (y'/,..., ] )".

We consider the model:

(wil\ (ZTm\ (hl(Xi)\ (eu\

Yio ZT’?z hy(X;) €

\’Pin} \ZTT]K} \hK(Xi)j \eiK}
,where Z are the nuisance covariates modeled linearly represented as a q-dimensional
vector with the first element being 1 to account for the intercept, n; are the unknown
coefficients used to incorporate the Z, X; are the covariates of interest modeled via ker-
nel machine represented as a p-dimensional vector, e;; are error terms with mean 0 and
(el el el) follow a N(0,%) distribution, and h;(-) are functions to capture the non-
linear effects of the covariates of interest, mapping a p-dimensional vector to a scalar, for
i=1,...,n,j=1,...,k. We have used the linear kernel and the quadratic kernel.

We considered ¥, to be the vector obtained by stacking the U;, ¥, = (¥, ¥/, ..., ¥T)", and

denoted h = (I (X,),..., h(X}),..., (X,),..., h(X,))T. We used the following notations:

Z*=blockdiagonal(I;®Z,,...,}®Z,),n*=1,8n,nl,...,nI)". Weused the penalized
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log-likelihood: L =—(Wy—Z*Tn*—h)T &7 (W — Z*Tn* — h)/2 =37 Allly (I, where || 1y]]?
denoted the function norm of k; and A; was the roughness penalty parameter associated
with &;. The penalty parameter avoided overfitting the data. The value of A; controlled the
estimators of /;(-): larger values would produce flatter and near zero estimates of h;(-) while
smaller values would result in estimators that interpolate the data closely [Liu et al. (2007)].
We used the notation X =¥ ®I,,.

We adopted the dual representation of i, b;(X)=>_"_, Z;lzl K(X;, X;)a;;a;;. Let K, be
the n x n positive semidefinite similarity matrix such that its (i, j)'" element is K;(X;, X i)-
Then, the penalty term is Z';zl Ajaf Kya; [Livetal. (2007)]. Let Kp = blockdiagonal(K;,
oK), a=(af,...,al)T, >1=x191I, A=diag(A,,...,A.)® I,. We get the equiva-
lent likelihood term: L* = —(¥, — Z*"n*— Kpa)"S7' (¥, — Z*Tn* — Kpa) — a” KpAa. Dif-
ferentiating with respect to @ and n*, we get : n* = [Z*T(Kp A~ + £ Z* 181y, h =
(KpET +A) Kp S (B — Z17)

For computations, these normal equations are identical to those of the mixed effects
model: ¥, = Z*"n*+ h +e, where h ~ N(0,A"'K}) and e ~ N(0,%). The penalty parameters
As may be considered as the variance components. Hence, testing Hy : hy()=...=h,(-)=0
is equivalent to testing for the variance components Hj : A, =... =4, = 0. If we use a
likelihood-based score test to test HO’ , then it would not take into account the loss of degrees
of freedom due to estimation of 1, resulting in loss of power. Hence, we use the restricted
maximum likelihood estimation procedure to derive a score-based test statistic.

We write the REML as Lpgy; = —1og|KpA™ +X|/2—1og|Z*T (Kp A~ + )1 2% /2 —
(T —Z* T T (Kp At + £)71 (I, — Z*Tn*)/2. Under HJ the score function of A, is T, = (¥, —
2T T (Kp A+ S Kp (Kp A+ £ (W, — Z*Tn*) — trace(Kp By), where Py = (KpA +3)7' —
(KpA + )1 2427 (Kp A+ X)1 241 2T (Kp A + ). We choose the penalty parameters
by maximizing the REML criteria. We have implemented this procedure using the gam
function in the R package mgcv, which automates the optimization process using Newton’s

method [Wood (2006)] by default.
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To derive the null distribution of the test statistic 7,,, we first computed the eigenvalue
decomposition of K, = UDUT and observed that T = r” Dr is a quadratic form where
r=UT(E+AKy) (¥, — Z*T*)B). Under H,, r followed a Gaussian distribution with
mean 0 and covariance matrix U T P,U, and therefore the distribution of T, was a mixture
of chi-squared random variables weighted with the diagonal elements of D. One can
approximate the distribution of 7,, by the empirical approach. We used the Davies method,
which is a moment-matching based approximation method to estimate the p-value. An
accuracy level of 107 was employed. We generated independent and identically distributed
random vectors w;, ..., w} from multivariate normal distribution with mean 0 and identity
covariance matrix for a large number B, and computed the realizations of r under H, as
rp=U TPOU 2 wy. Then realizations of T, were generated as T, = ri"Dr}. We computed
the p-value as p-value = Zle (T, < I; ,)/ B, where 1(-) denotes the indicator function.

We needed a working covariance matrix ¥ in order to perform this test. We first used a
working independence structure, that is assuming X is a diagonal matrix with unknown
variances, we fit the null model ¥ = Z'1 + e and computed the residuals & = ¥ —Z717).
Then we estimated the covariance matrix under null using these residuals. The estimated
covariance matrix was used to conduct the test. For the SITAR-based approach, we defined
the vector {; =(a;, b;, c;)" fori=1,...,nand {,=({],...,Z})". We used the {,, thus defined
in place of ¥, to arrive at a test statistic analogous to the one used in the FPCA-based MKMR

approach.
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3.3 Simulation Study

3.3.1 Design of Study

3.3.1.1 Studyl

For the first simulation study, we demonstrate the performance of our methodology on
growth curves. We generated growth curves from the percentage methylation values
of a gene. We used: Yi(tj) = HALCW where A; ~ Unif(l,,u;),t = 0,---,60, which is
the month from birth, and B; incorporates DMR effect into the growth curve as: B; =
X'y +Unif(l,u,), and C; = Xy + Unif(ly, us), for B; < Businpercentiter Ci = X1 +
Unif(ly, us), for B; < Bsounpercentiter Ci = X[ v+ Uni f(l5, us), for B; < Bisunpercentiter Ci =
X" r+Uni f(ls, ug), for B; < Bigoinpercentites X; is the methylation percentages of PEG3 gene
for the i'" individual, expressed as a value between 0 and 1, obtained by sampling with
replacement from the NEST dataset, fori =1,...,nand j=1,..., m.

We estimated the parameters of the logit model using simulations with values from a grid
to get curves similar to our data. We have obtained growth curves similar to those from the
NEST dataset by using [, =6,1, =0.03, 13 =20,1,=24,1;=28,l3=32,u, =8,u, =0.12, u3 =
28, u, = 32, us = 36, ug = 40. In order to decide upon a gene, we generated 1,000 curves,
each with X; as the methylation percentage for the 9 genes in contention, fori =1, ..., n,
j=1,...,m,with n =100 and m = 61, and chose the gene that gave us the least p-value.
The gene with the minimum p-value in the exploratory studies is PEG3 as seen in table 3.1.
We used it to generate growth curves by using a logit model. We performed a simulation
study to evaluate the finite-sample performance of our test and compared its performance

with the test statistic we formulated in chapter 2.

Ci

For generating the data used in our simulation study, we considered: Y;(¢;;) = YW

Er;; where A; ~ Unif(l, u,), tij, is the month from birth, and B; incorporates DMR ef-

fect into the growth curve as: B; = X'y + Unif(l,, u,) and C; = X'y + Uni f (I3, u3), for
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B; < Bosunpercentiter Ci = X y+Uni f(ly, uy), for B; < Bsoupercentiter Ci = X, y+Uni f(Is, us),
for B; < Brsunpercentiter Ci = X'y +Uni f(ls, us), for B; < Biggunpercentiter X; is the methy-
lation percentages of the i’ " individual, expressed as a value between 0 and 1, obtained
by sampling with replacement from the NEST dataset. We have obtained growth curves
similar to those from the NEST dataset by using [, =6, 1, =0.03, [; =20, 1, =24, 5 =28, [ =
32,u; =8,u,=0.12, u; =28, u, = 32, us = 36, ug = 40. We ran simulations for 3 scenarios
ofEr(tij): i) Er;j=0,ii) Er;; ~ N(0,1), iii) Erj;~ N(0, j/100). The parameter affecting the
influence of the covariate is y. We vary it in the simulations to obtain estimates of the type
I error and power curves. While performing the hypothesis testing, the simulated X; are
used to generate the Y;.

For simulations to estimate type I errors, we used PEG3 to generate growth curves for
10,000 simulations of each scenario of densely and sparsely sampled simulated data. For
the densely sampled case we consider two scenarios of n = 100 and n =50 individuals, each
with m =61 time points. For the sparsely sampled data we also consider two scenarios of
n =100 and n = 50 individuals, but with the number of time points m; € {11,...15} with
equal probability. In order to generate data for the sparse case, we first simulated data for
the dense case and then sparsely sampled data points from it without replacement. We
sampled the sparse case data from dense case data of 61 time points as well as 25 time
points.

The p-values were obtained for each of the cases and histograms were constructed
to find the overall p-values at the nominal values of « of 0.01, 0.05, and 0.10. Let T, be

the r*" simulation of test statistic simulated under the null hypothesis. The p-values

SO0 [(T,> T )+

at level of a = T, were computed as p,,; = Wl In order to generate power
curves, we performed 1,000 simulations for each of the following values of y : y = v1, for
v =0.01,0.02,0.03,0.04,0.05,0.2,0.4,0.,0.8,1, 2, 3,4, 5, that we shall henceforth refer to as
Study 1-a, and y = ve,, for »=0.01,0.02,0.03,0.04,0.05,0.2,0.4,0.6,0.8,1,2, 3,4, 5, that we

shall henceforth refer to as Study 1-b, where 1 is a vector of length 10 corresponding to the
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10 DMR sites of the PEG3 gene, each of whose elements is 1, and e, is a vector of length 10
corresponding to the 10 DMR sites of the PEG3 gene, whose first element is 1 and the rest

are 0. Let p,,; be the p-value for the r th simulation of p-value for a given value of y.

1,000 I(pyaz,>0.05)

The power for each value of y was computed for & = 0.05 as pow =~ 1600 -

Here, I(-) is the indicator function, which is 1 if the operand is true, 0 otherwise. We used
Bonferroni correction and Sidak’s approach separately to obtain an overall p-value. For
each case, we obtained Bonferroni adjusted p-value as minimum(1, 2x linear p-value, 2x
quadratic p-value), and the Sidak adjusted p-value as minimum[1—(1— linear p-value)?,
1 —(1— quadratic p-value)?]. We compared the proposed test with the methodology de-
veloped for project 1 using the suggested Gaussian kernel with 400 simulations and 400

permutations.

3.3.1.2 Study2

The second simulation study generates data in a manner similar to that in chapter 2. For
the purpose of power curve study, we consider a (:,-) equivalent to the f;(-, ) of chapter
2. For testing the performance of the method in terms of type I error, the data sets were

simulated s = 10,000 times from the true model:
Yi(t;5)= Zgzlzifnﬁ(tij)"‘ﬂ(xi» tij)+&(t;),

under the null hypothesis f(-,-) = 0, with n = 100 subjects, p = 5 covariates of inter-
est for each subject, and g = 3 nuisance covariates for each subject. Fori =1,...,n
and j =1,..., m,;, the following was done: The covariates of interest were generated as
X;; from X; ~ N,(0,Iy), and the nuisance covariates were generated as Z;; = 1, Z;;, ~
N(0,1), Z;3 ~ Ber(0.4), with their corresponding coefficients in the model being n,(¢) =
t, No(t) = sin(2nt), ns(t) = cos(2mt). The error functions were generated as £(f;;) =
ﬁailcos(ZntU) + ﬁaizsin(Znt”) + w;j, where a;; ~ N(0,1), is independent of a;, ~
N(0,2), and they are both independent of w; ; ~ N(0, 1). The other specifications vary based

on whether the simulations were for densely sampled or sparsely sampled data.For densely
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sampled data, we considered m; = m =51, t;; = %, i=1,...,n,j=1,...,m. The values of 0
used were 0, 0.1, 0.2, 0.3, 0.4. For sparsely sampled data, we generated m; € {7,8, ..., 14} with
equal probability, and considered #;; = # Then, t;; was obtained through simple random
sampling without replacement of size m; from t;; fori =1,...,n,j=1,...,m,k=1,..., m;.

The power was computed at a,,,, = 0.05 level of type I error. For the purpose of esti-
mating the power, two different B(X;, t) were used. For Study 2-a, §(X;,t)=0 e~Xit was
considered, where X; = % '_ Xix. For Study 2-b, B(X;, t)= e 1, was considered. We
thus demonstrate a non-separable simulation. Let j =1 denote the scenario of using the
linear kernel, and j =2 denote using the quadratic kernel in the following. The power was

S‘— I( i< ow) . . . .
M for i =1,2. Different & values were considered to determine

estimated as P =
where sufficient power was being achieved. The values of 6 used were 0,0.3,0.6,0.9,1.2. It
would be expected that the power would be lower when the 6 value is lower, and when the
data is sparse. We used Bonferroni correction and Sidak’s approach separately to obtain an
overall p-value. For each case, we obtained Bonferroni adjusted p-value as minimum(1, 2x
linear p-value, 2x quadratic p-value), and the Sidak adjusted p-value as minimum|[1—(1—
linear p-value)?, 1 —(1— quadratic p-value)?]. We compared the proposed test with the

methodology developed for project 1 using the suggested Gaussian kernel with 400 simula-

tions and 400 permutations.

3.3.1.3 Study3

For the third and final simulation study, we generated our response variable from the

underlying score functions. We generated data from the model:

Yi(¢;;) =u(tij)+2§:1 wipgp(fij)"‘z,le ¢, 0,(t;;)+€;(t;;),
using K =3, u(t;;) = ﬁ, 0(1;;)=(1,v2sin(2nt;;/5),v2cos2nt;;/5))" /m, €;(t;;) = w;; +
\/f2)dlsin(27tt,~j/5)/m + \/EZ)dzcos(Zntij/S)/m, dy; ~N(0,1), dy; ~N(0,1), w;; ~ N(0,1),
Yu =B Z+yh(X;)+e;y, B ~ N,(O, %I), g = number of nuisance covariates = 6, e; ~ N (0,1),

h(X;)=a, X7+ b, X;, a; ~ N,(0,1), b, ~2N,(0,1), ¢; ~ N(0,0.5), v = number of covariates of
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interest=10,fori=1,...,n,j=1,...,m;, 1 =1,...,K. X and Z are the covariates of interest
and nuisance covariates, respectively, sampled with replacement for each simulation run
from the NEST dataset. We considered n = 100, and ran s = 1,000 simulations. For the
case of densely sampled data, we considered m; = m =61, t;; =5j/m, for j =1,...,m,
i=1,...,100; and for the case of sparsely sampled data, we considered m; € 12,13, 14, 15, 16,
with probability 0.2 for each. We simulate this by sampling m; data points from a densely
sampled dataset without replacement.

We have used y =(0.01,0.02,0.03,0.04,0.05,0.2,0.4,0.6,0.8, 1). We used Bonferroni cor-
rection and Sidak’s approach separately to obtain an overall p-value. For each case, we
obtained Bonferroni adjusted p-value as minimum(1,2x linear p-value, 2x quadratic p-
value), and the Sidak adjusted p-value as minimum[1—(1— linear p-value)?, 1—(1— quadratic
p-value)?]. We compared the proposed test with the methodology developed for project 1

using the suggested Gaussian kernel with 400 simulations and 400 permutations.

3.3.2 Results

The results from the simulation study are presented in table 3.1 for the p-values from
using our methodology to test for association between 1,000 growth curves generated from
the percentage methylation at the different genes, as described in section 3.3.1.1 and the
methylation profiles at those genes, using linear and quadratic kernels for results from
SITAR and FPCA, applying Bonferroni and Sidak’s correction to both. We observed low
p-value for the PEG3 gene and used it to generate growth curves for our first simulation
study as described in section 3.3.1.1.

The p-values at nominal values of ¢ =0.01, 0.05, and 0.1 were obtained for the dense
and sparse cases using the linear and quadratic kernels for MKMR for both the SITAR-based
and FPCA-based methods and Bonferroni’s correction and Sidak’s approximation were
applied to the values obtained. The observed values are depicted in tables 3.2 and 3.3.

The histograms obtained from the p-values were found to resemble that for the standard
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Table 3.1 Results displaying p-values for growth curves obtained from methylation per-
centages at different DMR sites using linear and quadratic kernels for results from SITAR
and FPCA, applying Bonferroni and Sidak’s correction to both as mentioned in section
3.3.1.1.

Bon, SITAR | Sidak, SITAR | Bon, FPCA | Sidak, FPCA
IGF2 CBS1 1.0000 0.9213 0.6656 0.5548
IGF2 DMR 1.0000 0.9919 0.8212 0.6526
CBS 1.0000 0.9608 0.7688 0.6210
MEG3 IG 1.0000 0.8849 0.5940 0.5058
Mestitl 1.0000 0.8776 0.7248 0.5935
NNAT 1.0000 0.8811 0.4234 0.3786
PEG3 1.0000 0.9775 0.1598 0.1534
SGCE 1.0000 0.9581 0.3452 0.3154
Zacl 0.8054 0.6432 0.5728 0.4908

uniform distribution for each of the two kernels used.

Table 3.2 Results for simulation study described in section 3.3.1. Displayed are the type
I error rates (rounded to third decimal place) for n =100 and n =50 both the dense and
sparse cases using linear and quadratic kernels for results from SITAR and FPCA.

SITAR
Linear Quadratic
Nominal Valueof « | 0.01 0.05 0.10 0.01 0.05 0.10
Dense n=100 0.000 | 0.020 | 0.061 | 0.000 | 0.027 | 0.082
n=50 0.016 | 0.082 | 0.148 | 0.016 | 0.066 | 0.131
Sparse n=100 0.000 | 0.039 | 0.078 | 0.000 | 0.045 | 0.110
n=>50 0.000 | 0.025 | 0.089 | 0.013 | 0.038 | 0.101
FPCA
Linear Quadratic

Nominal Valueof ¢ | 0.01 | 0.05 | 0.10 | 0.01 | 0.05 | 0.10

Dense = 100 | 0.010 | 0.050 | 0.098 | 0.010 | 0.050 | 0.097
n=>50 0.013 | 0.058 | 0.113 | 0.013 | 0.060 | 0.115
Sparse n=100 | 0.008 | 0.045 | 0.094 | 0.008 | 0.046 | 0.096
n=>50 0.010 | 0.053 | 0.107 | 0.010 | 0.052 | 0.106

SITAR fails to run in a number of cases. The failure to run is more at higher values of

y. Above y = 0.4, SITAR was found to run in about 0 to 11 simulations out of the 1,000
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Table 3.3 Results for simulation study described in section 3.3.1. Displayed are the type
I error rates (rounded to third decimal place) for n = 100 and n = 50 for both the dense
and sparse cases applying Bonferroni’s correction and Sidak approximation to linear and
quadratic kernels for results from SITAR and FPCA.

SITAR
Bonferroni Sidak’s
Nominal Valueof o | 0.01 0.05 | 0.10 | 0.01 0.05 | 0.10

Dense n=100 0.000 | 0.007 | 0.034 | 0.000 | 0.007 | 0.034
n=>50 0.016 | 0.033 | 0.082 | 0.016 | 0.033 | 0.082
Sparse n=100 | 0.000 | 0.045 | 0.052 | 0.000 | 0.045 | 0.052
n=>50 0.000 | 0.025 | 0.038 | 0.000 | 0.025 | 0.038
FPCA
Bonferroni Sidak’s
Nominal Valueof ¢ | 0.01 | 0.05 | 0.10 | 0.01 | 0.05 | 0.10
Dense | ™= 100 | 0.007 | 0.032 | 0.063 | 0.007 | 0.033 | 0.065
n=>50 0.008 | 0.036 | 0.073 | 0.008 | 0.036 | 0.075
Sparse n=100 0.005 | 0.028 | 0.058 | 0.005 | 0.028 | 0.060
n=>50 0.007 | 0.032 | 0.067 | 0.007 | 0.033 | 0.069

simulations performed for each case. Given this low success of running SITAR, we are
only reporting the power curves obtained from the FPCA method here. The power curves
obtained by applying Bonferroni’s approximation and Sidak’s correction to the p-values
obtained by using MKMR with linear and quadratic kernels on the scores along with the
comparison curve gained by using the method of Chapter 2 with the Gaussian kernel are
presented as graphs where the curves are seen to rise.

The curves from study 1-a, study 1-b, study 2, and study 3 are illustrated in figures 3.1,
3.2, 3.3 and 3.4 respectively, for the case of densely sampled data. The corresponding power
curves obtained for the case of sparsely sampled data are illustrated in figure 3.5, 3.6, 3.7,
and 3.8. We notice that for identical parameters, the power obtained is higher in the case of
densely sampled data than in the case of sparsely sampled data. We notice that the power
tends to increase with increasing values of y and then stabilizes. The simulation results
suggest that the proposed test statistic has acceptable p-values at the nominal levels of

a and provides sufficient power for growth curves commonly observed in children. The
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power obtained by performing Sidak’s approximation is almost the same as that obtained
by performing Bonferroni correction and the two lines for them almost overlap. Sidak’s
approximation only performs marginally better in some cases. Hence, either correction
method might be employed. The method developed in Chapter 2 provides higher power,

but is comparatively computationally cumbersome.

3.4 Data Analysis

We applied our proposed hypothesis testing procedure to data obtained from the Newborn
Epigenetic STudy (NEST), a birth cohort study in Durham, North Carolina.The weights
of the children, which are functions of time, were considered as the response variables.
The variables of interest were the methylation profiles for each of the nine DMR sites. The
demographic information of the mothers were treated as the nuisance covariates. As the
SITAR method fails to run in most cases and has been deemed unreliable, we performed
the data analysis using the FPCA-based MKMR method.

The linear and quadratic kernels have been used. We are interested in simultaneously
testing 2 null hypotheses on the same dataset, so the p-values from each of the individual
tests may result in false discoveries. Let the individual p-values be given by p, and p,,
respectively. Bonferroni and Sidak corrections have been performed. From our simulation
studies we can conclude that either correction method may be employed. Here, we shall
consider the Sidak’s approximation for discussion purposes. The test has been performed
at a level of significance of 0.05/9 = 0.0056.

We performed the same test using the prenatal metal levels of all the metals and the
toxic and non-toxic metals, and listed the results in table 3.5. The test has been performed
at a level of significance of 0.05/3 =0.0167. We do not detect any signal from the covariates,
possibly because this method has lower power than the one developed in Chapter 2. How-

ever, we do see a similar trend in the p-values. The p-values obtained by running each of
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Figure 3.1 Results illustrating the power curves from the simulation study described in
section 3.3 for the FPCA-based MKMR method developed in this chapter using the Bon-
ferroni correction and Sidak’s approximation and the test statistic from Chapter 2 using
the Gaussian kernel applied to the data generated in section 3.3.1.1 for Study 1-a, for
densely sampled data, for n =50 and n =100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
of ,0.05].
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Study 1b, n =50
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Figure 3.2 Results illustrating the power curves from the simulation study described in
section 3.3 for the score-based MKMR method developed in this chapter using the Bon-
ferroni correction and Sidak’s approximation and the test statistic from Chapter 2 using
the Gaussian kernel applied to the data generated in section 3.3.1.1 for Study 1-b, for
densely sampled data, for n =50 and n =100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
of ,0.05].
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Study 2a, n = 100
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Figure 3.3 Results illustrating the power curves from the simulation study described

in section 3.3 for the score-based MKMR method developed in this chapter using the
Bonferroni correction and Sidak’s approximation and the test statistic from Chapter 2
using the Gaussian kernel applied to the data generated in section 3.3.1.2 for Study 2a
and Study 2b, for densely sampled data, for n = 100 [Gaussian kernel (Chapter 2): dash
and dot line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles,
Sidak’s approximation (Chapter 3): dotted line with pluses, solid horizontal line at nomi-
nal level of a,0.05].
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Study 3, n =50
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Figure 3.4 Results illustrating the power

using the Gaussian kernel applied to the

of ,0.05].

curves from the simulation study described

in section 3.3 for the score-based MKMR method developed in this chapter using the
Bonferroni correction and Sidak’s approximation and the test statistic from Chapter 2
data generated in section 3.3.1.3 for Study 3, for
densely sampled data, for n =50 and n =100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
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Study 1a, n =50
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Figure 3.5 Results illustrating the power curves from the simulation study described in
section 3.3 for the score-based MKMR method developed in this chapter using the Bon-
ferroni correction and Sidak’s approximation and the test statistic from Chapter 2 using
the Gaussian kernel applied to the data generated in section 3.3.1.1 for Study 1-a, for
sparsely sampled data, for n =50 and n = 100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
of ,0.05].
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Study 1b, n =50
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Figure 3.6 Results illustrating the power curves from the simulation study described in
section 3.3 for the score-based MKMR method developed in this chapter using the Bon-
ferroni correction and Sidak’s approximation and the test statistic from Chapter 2 using
the Gaussian kernel applied to the data generated in section 3.3.1.1 for Study 1-b, for
sparsely sampled data, for n =50 and n = 100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
of ,0.05].
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Study 2a, n = 100
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Figure 3.7 Results illustrating the power curves from the simulation study described

in section 3.3 for the score-based MKMR method developed in this chapter using the
Bonferroni correction and Sidak’s approximation and the test statistic from Chapter 2
using the Gaussian kernel applied to the data generated in section 3.3.1.2 for Study 2a
and Study 2b, for sparsely sampled data for n =50 and n = 100 [Gaussian kernel (Chapter
2): dash and dot line with crosses, Bonferroni correction (Chapter 3): dashed line with
triangles, Sidak’s approximation (Chapter 3): dotted line with pluses, solid horizontal
line at nominal level of «,0.05].
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Study 3, n =50
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Figure 3.8 Results illustrating the power curves from the simulation study described

in section 3.3 for the score-based MKMR method developed in this chapter using the
Bonferroni correction and Sidak’s approximation and the test statistic from Chapter 2
using the Gaussian kernel applied to the data generated in section 3.3.1.3 for Study 3, for
sparsely sampled data for n =50 and n = 100 [Gaussian kernel (Chapter 2): dash and dot
line with crosses, Bonferroni correction (Chapter 3): dashed line with triangles, Sidak’s
approximation (Chapter 3): dotted line with pluses, solid horizontal line at nominal level
of ,0.05].
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the metals separately have been provided in the appendix. That table was obtained solely
for the purpose of getting a vague idea of what the p-values would look like, and should not
be used to draw conclusions as we have reused the dataset that we had used for our initial
analyses.

The p-values obtained on running our FPCA-based methodology on the calcium ab-
sorption dataset are reported in table 3.6. A comparison of time taken by this method and
the methodology developed in chapter 2 was done. This method took 23.46 s to compute
the p-values for the linear and quadratic kernels and perform the Bonferroni and Sidak’s
corrections. On the other hand, the methodology developed in Chapter 2 had taken 110.58
s for the linear kernel, 111.53 s for the quadratic kernel, and 130.17 s for the Gaussian kernel.
The R Code for each of the cases was run on an x86-64 machine with 4GB RAM on a single

core for the sake of comparison.

Table 3.4 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and percentage of methylation at a DMR site in a child’s cord blood
as mentioned in section 3.4.

Linear, FPCA | Quadratic, FPCA | Bon, FPCA | Sidak, FPCA
IGF2 CBS1 0.7301 0.7550 1.0000 0.9272
IGF2 DMR 0.7604 0.6989 1.0000 0.9093
CBS 0.5214 0.5917 1.0000 0.7709
MEG3 IG 0.7409 0.7117 1.0000 0.9169
Mestitl 0.9698 0.9819 1.0000 0.9991
NNAT 0.4532 0.4653 0.9064 0.7010
PEG3 0.8205 0.8054 1.0000 0.9621
SGCE 0.5047 0.5280 1.0000 0.7547
Zacl 0.0065 0.0043 0.0086 0.0086
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Table 3.5 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and prenatal metal content in a child’s cord blood as mentioned in
section 3.4.

Linear, FPCA | Quadratic, FPCA | Bon, FPCA | Sidak, FPCA
All Metals 0.1676 0.6679 0.3352 0.3071
Toxic Metals 0.4346 0.1837 0.3374 0.3337
Non-Toxic Metals 0.1418 0.7734 0.2836 0.2635

Table 3.6 The p-values (rounded to fourth decimal place) for the test of association cal-
cium intake and calcium absorption rates in middle aged women as mentioned in sec-
tion 3.4.

Linear, FPCA | Quadratic, FPCA | Bon, FPCA | Sidak, FPCA
p-value 0.1676 0.6679 0.3352 0.3071

3.5 Discussion

We have developed a new hypothesis testing method that can determine if there is a poten-
tially non-linear effect of a multidimensional covariate on irregularly-spaced functional
data. A score-based test statistic has been proposed. We suggested a FPCA-based MKMR
method and compared it against a SITAR and MKMR method, but SITAR doesn’t run in
a vast majority of cases, hence we suggest using the FPCA-based MKMR method instead.
The FPCA-based MKMR method was applied to the NEST dataset to test for association
between the methylation at a DMR site in a child’s cord blood and their weight curve for
the first 5 years of their life, and also between the metal content in a child’s cord blood and
their weight curve for the first 5 years of their life. The amount of methylation at the DMR
site in a child’s cord blood does not seem to affect the child’s weight in its early childhood.
However, we did not detect any association between the metal content in a child’s cord
blood and their growth curve.

It may be noted that given the nature of the study, it is subjected to self-selection bias.
Also, the participants were restricted to a certain geographic area. Further work may be

performed for cases where certain assumptions that we made do not hold true. Our model
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and methodology assume that the error function is a Gaussian process. We are yet to explore
how our test statistics would behave if the assumption were to be false. We have performed
a global testing for h(-). When a h(-) is found to be significantly different from 0, we do not
know what the underlying structure of /(-) might be. Localized testing is required in order
to determine that.

This methodology runs faster than the one developed in Chapter 2, but we do encounter
some loss in power. However, for the comparison of growth curves, this loss in power does
not have a significant adverse effect as this methodology captures even small signals given
the form of logistic growth curves, as demonstrated through our simulation studies. We
would therefore recommend using this methodology when the response variable is a logistic
growth curve, for the sake of time complexity, but the method developed in Chapter 2 for
all other response curves, in light of the higher power that it provides. We have developed
a software package in R for our methodology. When performing the hypothesis test, the
true underlying function of the covariate is unknown, so it is suggested that both linear and
quadratic kernels be used in the methodology and Sidak’s correction be applied. The code

used for the simulations is available online athttps://github. com/MBiswas1/MKMR.
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CHAPTER

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION
USING MULTIVARIATE GARROTE

KERNEL MACHINE

4.1 Introduction

In Chapter 2, we developed a hypothesis testing procedure to test for the association
between a functional response and multivariate scalar covariates. We might be further

interested in testing for the effect of one of the elements of the multivariate covariate of
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interest. Alternatively, we may have several univariate covariates of interest, and may want
to test for possibly non-linear effect of one covariate on a functional response variable,
while accounting for the possible effect of other covariates on the response and possible
interaction and co-occurrence between the covariate of interest and the other covariates.

The articles existing in literature mostly deal with scalar responses with scalar covariates,
or scalar responses with functional covariates. The data that we have is a scenario of
functional response on scalar covariates. Furthermore, existing literature only exists for
linear models, growth curves are generally non-linear in nature. We wish to test the effect
of methylation at multiple DMR sites. Hence, we would deal with multivariate covariates
rather than univariate ones. We also test for the effect of prenatal levels of each of the 5
toxic metals and 19 non-toxic metals while accounting for the possible interactions and
co-occurrences between the different metals.

Methodology dealing with multivariate covariates is rare. Additionally, the functional
data is relatively sparse and irregularly observed. These factors make it difficult to analyze
the data using existing functional methods. Here, we shall consider testing for the possi-
bly non-linear effect of one of the elements of a multidimensional scalar covariate on a
functional response variable, while accounting for the possible effect of other covariates on
the response and possible interaction and co-occurrence between the covariate of interest
and the other covariates. The methodology may be easily extended to test for the possible
influence of @ many covariates of interest in a similar setup.

The rest of the chapter is organized as follows: In section 4.2 we explain the kind of data
that motivates our work, and the way we model the data to get an appropriate hypothesis
testing problem. We obtain a test statistic and use it to develop a test for the null hypothesis.
Next, in section 4.3 we have performed a simulation study for the cases of both dense data
and sparse data. In this section, we have also compared the performance of our method
with the one obtained by separately testing for the 9 DMR sites and applying multiple

testing correction. Subsequently, in section 4.4 the methodology thus developed has been
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applied to the real-life dataset that motivated our work. Section 4.5 discusses the results.

4.2 Methodology

4.2.1 Framework and Model Specifications

We had 7 individuals, and for the i’" individual we observed data Y;(¢; ih Xix and Z;, at m;
many time points, #;; belonging to some compact interval for j=1,...,m;,i=1,...,n,k=

L,...,p,£=1,...,q. Here, Yi(t,-j) was a functional response of time ¢; ;, X;; was the covariate

jr
of interest, and Z;, comprised the nuisance covariates. It is important to note that we were
notimposing any restrictions on any of the aforementioned X; or Z;,. Let X; = (X;,..., X;},)
and Z; =(Z;,...,Z;,), fori =1,..., n. In order to account for the intercept, we set Z;; = 1
fori=1,...,n. So, we effectively had g — 1 nuisance covariates.

To begin, we considered the simpler situation of densely sampled data, where we had
observations for m data points for each individual, i.e., m; = m for i = 1,...,n. Hence,
t;j=t; for j=1,..., m. This assumption was only for illustration purposes, and we discuss
the sparsely sampled case which is more realistic in a later subsection. We considered the

following model:

K(tl]):ZlTﬂ(tl])'i‘h(X“ t,])-l-el(tl]), (4].)

where Y;(-) denoted the growth curve for the i'" individual, ¢;; was the j'" time point
at which the growth curve was observed for the i*" individual, Z; was a g-dimensional
covariate modeled linearly with time, X; was the p-dimensional genetic covariate modeled
via kernel machine, and e;(-) were random error functions in the form of a Gaussian process
with mean 0, that were independent of each other, for i =1,...,n. We also assumed that
e;(-) were independent of h(:,-), X; and Z; for i = 1,...,n. X; and Z; were assumed to be

independent of each other fori =1,...,n.
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4.2.2 Hypothesis Testing

Our primary goal was to test whether there was any association between certain elements
of the covariate X; and the functional response Y;(-). If we considered the simple case of
testing whether there was any association between the first covariate of interest, X;, and the
functional response Y;(-), we would aim to test the null hypothesis, Hy : h(X;, X, ..., X, £)=
h(X,,...,X,, t) against the alternate hypothesis H, : h(X}, X;,..., X, ) # h(X,,..., X, I).
Under H,, the functional response Y;(-) would be independent of the first covariate of inter-
est X;. This could be extended to test for 2 many covariates of interest as HO’ ch(X,,..., X,
Xas1r+o0 Xy 1) = h(Xy41,..., X, 1) against the alternate hypothesis H; : h(X;,..., X,, X411,

o Xy, 1) # h(X,.1,.. ., Xy, t). Under HO’, the functional response Y;(-) would be indepen-
dent of the first a covariates of interest (X,,...,X,). h(-,-) was a multivariate function with
p +1 operands. So, our problem was essentially an infinite-dimensional hypothesis testing
problem.

In this chapter, we adopt a score statistic based approach. We introduce a garrote param-
eter 0 to the terms involving X, and define the garrote polynomial kernel as K,(X;, X; 6, p)
=(p+0X 1 X+ Z?:z leXZj)d. Under Hj : 6 =0, h(-) corresponds to the model without
X, under the d*" polynomial kernel and the Gaussian kernel. So, our hypothesis testing
problem now becomes: H; : 6 =0vs. H: 0 # 0. Thus, we reduce a multi-dimensional,
possibly infinite-dimensional problem to a unidimensional one.

We assume each weight curve to be a square-integrable random function of time with
mean u(t)= E[Y(t)] and covariance between the measurements attime t and s : Cov[Y(s),
Y(t)]= C(s, t). We may write the Karhunen-Loeve expansion of the weight curve as: Y (t)=
u(t)+ ZZ‘;I Y 0:(t) + €(t), where €(-) is a random error function with mean 0, and ¢/,
are the functional principal components (FPC) expressed as: y; = f[ Y(t)—u(t)0:(t)dt.
They have mean 0 and variance A, where A is the corresponding eigenvalue. C(s, ) =

>0 Ak0i(s)0:(t). We obtain a k such that Y(£)=pu(r)+Y,_, ¥ 0i(t)+ e;(r) explains 95%
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of the variance from the growth trajectory. We use Y, = (Y1y, Yiz,..., Y, Yo1, Yan, ooy Yopyr oo,
Y, Ym0, Ynmn)T and use it to obtain scores ¥,,...,¥,. Here, Y denotes weight of ith
individual for j" time point. ¥; refers to the k-dimensional vector obtained from the x
scores that were obtained from Y;(-), &; =(y/,,..., ] )".

We consider the following model:

[wil\ (ZTﬁl\ (hl(Xi)\ eil\

Yis ZTﬁz hy(X;) €is

i) \278) \nx)) e
,where Z are the nuisance covariates modeled linearly, represented as a q-dimensional
vector with the first element being 1 to account for the intercept, f8; are the unknown
coefficients used to incorporate the Z, X; are the p-dimensional covariates of interest, e; i
are error terms with mean 0 and (elTl, eps,...,e )" follow a N(0,X) distribution, and h;()
are functions to capture the non-linear effects of the covariates of interest, mapping a
p-dimensional vector to a scalar, fori=1,...,n,j=1,...,K.

We consider ¥, to be the vector obtained by stacking the ¥;, U, = (¥, ¥/,..., 0", and
h=(X),..., h(X)),..., (X,),..., h(X,)T. Let Z* = blockdiagonal([, ® Z;,..., I, ®
Z), pr=LeB,B,....80", ¥ =¥ ®I,, where I, and I, are the n dimensional and k
dimensional identity matrices. We consider the following penalized log-likelihood function:
L(B* h)=—3(—Z*" B*— W)= (W —ZT B*— h)+ X.,_, A|I1 A ()I|?, where || ;|* denotes the
function norm of h; and A, is a tuning parameter associated with #;, which controls the trade
off between the goodness of fit and the complexity of the model. The penalty parameter
avoids over-fitting the data. The value of A; controls the estimators of I;(-): larger values
produce flatter and near zero estimates of /;(-) while smaller values result in estimators

that interpolate the data closely [Liu et al. (2007)].
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We propose to use the garrote kernel K(-,+;0,p) to express h(-). With an abuse of
notation, we adopt the dual representation of h;, h;)(X;) = ’;:1 2’:1 Ki(Xji, Xii)ayjay .

Let K;; be the p x p matrix such that its (j, k)!" element is K;(Xji, Xi;)- Then, if we denote
a;=(a,...,a;,)" the corresponding penalty termis Y ,_, A,a! K;;a; [Liuetal. (2007)]. This
leads to the overall penalty term, Y7 >/ A,al K;;a;. Let Ky(6,p)=blockdiagonal(
Koo Ky ooy Kppy oo Ky a=(al,..,al)'®1, £ =27101, A=diag(A, ..., A)®L,p,
where I,,p is the np-dimensional identity matrix. Note that for K;; = K;, = ... = K. =
Ki, Ko 5 = I, ® K, for K = blockdiagonal(K,...,K,). Then, maximizing L(f* h) is
equivalent to maximising [(8*, h) = —3[(¥,—Z*T p*—Ky(8, p)a) =7 (W) —Z*7 B*—Ky(6, p)a) +
a"Ky(6, p)Aa]

For computations, these normal equations are identical to those of the mixed effects
model: ¥, = Z*T f*+ h+e, where the vector of random effects, i ~ N(0, A‘lKg(5, p))and e ~
N(0,%). Using this formulation, A, p, 0, and P may be considered as variance components
and estimated. We thereby propose a variance component test for H; : 6 =0 and obtain
a score-based test statistic. Let us denote our unknown parameters by 8 = (0,A, %, p).
Then, the marginal covariance matrix of Y is V(0)=%+ A'K,(6, p). We then obtain the
log-likelihood: 1(8, B*)=—310g|(V(0))| + (o —Z*" B*— )T V(0) (W, —Z*T B*— h).

One can estimate the variance components A and p by maximizing this. However, the
maximum likelihood approach does not take into account the loss of degrees of freedom
due to estimation of the fixed effects 3, resulting in loss of power. Hence, we use the
restricted maximum likelihood estimation procedure to derive a score-based test statis-
tic. We write the REML as Lz, = —3[10g(V(0)+ log(Z*VH0)Z*T) + (W, — Z+" B* —
R VY0) Y, —Z*T B*— h)]. Under H, : § = 0, we get 6, = (0,A, X, p). Define Py(0,) =
V0 — VO Z T {Z*V(0,)Z*T} 1 Z*V~1(6,). The REML-based score function of &,
evaluated at H, is Ss , = (¥, —Z*" p*— h)T V‘l(HO)A_lKéﬁ(O,p)V‘l(OO)(\IIO —Z*"B*—h)/2—
tr{A~! Kg”ﬁ(O,p)PO/Z} , where K§_5(5,p) denotes the derivative of K,(6, p) with respect to 6.

A

We propose the score-based test statistic: T}, = (¥, —Z*" f*—h)” V‘l(éo)f\_ll(éﬁ(o, PIV(6,)
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(W, —Z*T ﬁ* —h)/2 , where 6, = (0, 0,A,%)and /5* are estimators of §, and B* respectively,

constructed under the null hypothesis H,: 6 =0.

4.2.2.1 Null Distribution of Test Statistic

This testing procedure only needs to estimate the parameters under the null model. Under
Hy, the reduced model is U, = Z*" #* + h + e*, where with a slight abuse of notation, h} =
(M (Xo1)s -+ Be(Xo1)s - I (Xop), + o e(Xon))Ts Xoi = (Xai - Xpi)T» e*=(en,.., ey -,

vene)’ fori=1,...,n. Letusdefine Xy; =(Xy;,..., X,;)", and K, as the kernel matrix under
H, corresponding to Xj,..., X,,. The model components for this reduced model can be
estimated [Liu et al. (2007)] by fitting the linear mixed model formulation ¥, = Z*" *+h+e*
where hj ~ N(0,AK,). We estimate * and h(-) using the best linear unbiased predictors,
and estimate the variance components using REML under the null working linear mixed
model [Liu et al. (2007), Harville (1977)]. We get S= = (o —Z*T B*— )T (W, — Z*T f*—
R, B*=(Z V002" ) Z* VT (0p)Po, do = A1+ AT Ky 50, p)) (@ — Z*7 f*), and o =

A'K! 050 P)I +A™ 1K’ 5(0,P)) (@ — 7*T %), where A= Z*{Z*V~1(60,)Z*"} 1 Z*TV=1(0,) +
AK] 500, 0)VHO)I=Z{Z* V1 (6,)Z*"} 1 Z*T V~1(6y)]is the hat matrix for Z*" B+h=Ad,.
A and p are obtained by numerical approximation.

To test for Hy : 6 =0, we need to derive the distribution of the score-based test statistics
T, under H,. T, is a quadratic form in ¥, and follows a mixture of chi-squared distribution
under H, : 6 = 0. We use the Satterthwaite approximation to approximate its distribution by
ascaled chi-squared distribution vy 7. The parameters v and d are evaluated by equating
the mean and variance of T,, to those of vy 3. The information matrix of  based on the REML
T

155 1590

function is given by I = . B and @ are orthogonal in the linear mixed model

Is, 1g,0,
so there is no loss of information for 6 when estimating . The efficient information of 6
accounting for the fact that A, ¥, p are estimated is given by I55 = I55—1 5T0 I 10 Isg,, where all
the quantities are computed under H,. We solve vd = ¢ r{PO(HAO)AKéﬁ(O,p)}/Z and 21%d =

I55, to get the solution ¥ = I35/t r[V‘l(éO)AKéﬁ(O, p)landd =t r(V_I(HAO)Kg’ﬁ(O, P/ (2I55).
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The p-value of the test is obtained using the tail probability of the ¥ )(622 distribution.
A permutation test was also performed to simulate the underlying null distribution. We
used a re-sampling approximation permutation test [Berry et al. (2001)]. We proceeded as

follows for the b'" iteration for b =1, ..., B:

1. Break the ordered sets of (X;;, Y;) into (X;;) and (¥;) forall i in 1,...,n.
2. Some (X ;.)israndomly assigned to each (Y;), where {i*}} is a permutation of {1,..., n}.

3. The test statistic, T'") is obtained for the set (X;., Y?).

Under H,, X, and Y* are unrelated, so the test statistic thus obtained in step 3 is a valid test
statistic under the assumption of the null hypothesis. The distribution of the B statistics
thus obtained provides an empirical null distribution of the test statistics. However, here
we remove the relation between X; and Z as well. So, a test based on this would be stricter
than required.

The score test tests for an individual covariate at a time. However, when testing for mul-
tiple covariates, the p-values from individual tests need to be adjusted in order to avoid false
discoveries. When comparing W different covariates, we are interested in simultaneously
testing W null hypotheses each corresponding to one covariate. Let the individual p-values
be given by p,, ..., pw. Instead of using the individual p-values, we shall modify them to
obtain adjusted p-values for multiple testing. Here, we have used Bonferroni’s correction.
For each case we obtained Bonferroni adjusted p-value as p,,; = minimum(1,2x linear

p-value, 2x quadratic p-value).

4.3 Simulation Study

4.3.1 Design of Study

We performed a simulation study to evaluate the finite-sample performance of our test. For

testing the performance of the method in terms of type I error, the data sets were simulated
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s = 10,000 times from the true model 4.1, under the null hypothesis (-,-) = 0, with n
subjects, p = 10 covariates of interest for each subject, and g = 6 nuisance covariates for
each subject. We sampled X and Z with replacement from the NEST dataset. Z was our
set of nuisance covariates, and X was the percentage of methylation at the PEG3 gene.

The data for our simulation study was generated as follows. Fori =1,...,n and j =
1,...,m;, the following was done: coefficients of Z in the model were generated as f3,(7;;) =1,
Bo(t;;) =1, B3(t;;) = sin(2mt;;), Pu(t;;) = cos(2mt;)), Bs(t;)) =0, Bo(t;;) = ﬁ The error
functions were generated as e;(1;;) = a;;cos(2nt;;)+a;, sin(2nt;;)+w;;, where a;; ~ N(0,1),
was independent of a;, ~ N(0,2), and they were both independent of w;; ~ N(0,1). The
other specifications varied based on whether the simulations were for densely sampled
or sparsely sampled data. For densely sampled data, we considered m = 61 time points
for n =100 and n =50 individuals. We defined ¢; =(j —1)/12. For sparsely sampled data
we generated m; € {11,...15} time points with equal probability for n = 100 and n = 50
individuals. In order to generate data for the sparse case, we first simulated data for the
dense case and then sparsely sampled data points from it without replacement.

We used the polynomial kernels: linear kernel and quadratic kernel, for the construction
of our test statistic. For the polynomial kernel, the (i, j)"* element of the derivative matrix is

K! 5. (6=0,p)=dX;;X,;(p +>.}_, Xxi Xy,;)* " This translates to K/

2.6,0,] 56,50 =0 P)= X1 Xy;

for the linear kernel and K’

50,0 =0,p) =2X1:Xy;(p + 377, X; i) for the quadratic

kernel. The p-values were computed using a scaled chi-squared approximation of the
distribution of the test statistic under the null hypothesis. Histograms were constructed to
observe the distribution of the p-values estimated under the null hypothesis. Let 7, be the
r'" simulation of test statistic simulated under the null hypothesis. The p-values at level of

W, for a; =0.01, a, =0.05, and a; =0.1, where T}, is

a were computed as p,,; =
the critical value of the test statistic at level a.
We performed the permutation test based method for sparsely sampled data we for

m; € {11,...15} time points with equal probability with time-points sampled from ¢; =
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(j —1)/12 without replacement for n = 50 individuals. We considered this scenario as it
closely resembles the real-life data-set of sparsely sampled data from a few individuals that
we have. Let i = 1 denote the scenario of using the linear kernel, and i =2 denote using the
quadratic kernel in the following. The null distribution was simulated by the permutation
method using s = 1,000 simulations and B =400 permutations. This gave us B simulations
of the test statistics for each case, namely T;;;,..., T; ;5 for the i’ " scenario and the j'"
simulation for i =1,2, j=1,...,s. For an observed test statistic Tl’; in the i*" scenario and

il . . : Se ITp>THH .
j'" simulation, its estimated p-value is p;; = =——57——fori =1,2, j=1,...,s. The type

Zj’:] I(pl'j>l1)+l

sl for each of our scenarios i = 1,2 for

[ error at nominal level @ was estimated as
a, =0.01, a, =0.05, and a5 =0.1.

The power was computed at @,,,,,, = 0.05 level of type I error. We performed s,,,,, = 1000
simulations under the same setup as the one used for simulating type-I error. For the pur-
pose of estimating the power, h(X;, t;;) = 6 e Xinlii was considered. We thus demonstrated

> I(pij<@pow) .
==——"— for i = 1,2, where

a non-separable case. The power was estimated as P =
pij corresponded to the p-value obtained for linear kernel in the j th simulation and p, i
corresponded to the p-value obtained for quadratic kernel in the j’* simulation. Different
o0 values were considered to determine where sufficient power was being achieved. It would
be expected that the power would be lower when the 6 value is lower, and when the data is

sparse. Power curves were drawn for the purpose of comparison. A higher power at a lower

value of 6 would make the corresponding kernel more useful.

4.3.2 Results

The p-values at nominal levels of # =0.01, 0.05, and 0.1 were obtained for the dense and
sparse cases for both the linear and quadratic kernels and the results are displayed in table
4.1 for the theoretical distribution that we found. The simulation results suggest that the
proposed test statistic has acceptable p-values at the nominal levels of @, providing us a

valid test. However, the histogram does not resemble the probability distribution function
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Table 4.1 Results for simulation study described in section 4.3.1. Displayed are the type
I error rates (rounded to third decimal place) for n = 100 and n = 50 both the dense
and sparse cases using linear and quadratic kernels, by using the theoretically obtained
distribution.

Dense
Linear Quadratic
Nominal Valueofa | 0.01 | 0.05 | 0.10 | 0.01 | 0.05 | 0.10
n=100 0.008 | 0.030 | 0.055 | 0.002 | 0.003 | 0.003
n=>50 0.070 | 0.086 | 0.096 | 0.051 | 0.054 | 0.057
Sparse
Linear Quadratic
Nominal Valueof o | 0.01 0.05 0.10 0.01 0.05 0.10
n=100 0.013 | 0.026 | 0.036 | 0.003 | 0.005 | 0.007
n=>50 0.004 | 0.022 | 0.041 | 0.010 | 0.029 | 0.046

Table 4.2 Results for simulation study described in section 4.3.1. Displayed are the type
I error rates (rounded to third decimal place) for n =50 for the case of sparsely sampled
data, using linear and quadratic kernels, by using the permutation test.

Linear Quadratic
Nominal Valueof ¢ | 0.01 | 0.05 | 0.10 | 0.01 | 0.05 | 0.10
n=>50 0.008 | 0.036 | 0.072 | 0.007 | 0.035 | 0.073

of a uniform distribution. We found a small number of p-values concentrated near 0, and
a larger peak of p-values concentrated near 1 Hence, the test statistic obtained does not
follow the scaled chi-squared distribution that we had supposed.

The p-values at nominal levels of ¢ =0.01, 0.05, and 0.1 were obtained for the permuta-
tion test method, and the results are displayed in table 4.2 . The simulation results suggest
that the proposed test statistic has acceptable p-values at the nominal levels of @, and the
histogram of p-values obtained resembled that of a uniform distribution, providing us a
valid test.

The power curves were obtained at ¢ = 0.05 by using linear and quadratic kernels. The
power obtained by using the theoretically obtained distribution has been reported in figures
4.1 and 4.2 for the dense and sparse case simulations, respectively. We obtained a flat curve

for the densely sampled data scenario, and an increasing curve for the sparsely sampled
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data scenario. An exception was the scenario of using the quadratic kernel for the n =100
sparsely sampled data. There we received a flat curve at a value of about 0.730. We even

ran simulations for lower values of §, but the power curve is flat there. Those are reported

in tables in the appendix.
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Figure 4.1 Results illustrating the power curves from the simulation study described in
section 4.3 using the theoretically obtained distribution for densely sampled data for

n =50 and n =100 (Linear kernel: dashed line with triangles, Quadratic kernel: dotted
line with pluses, solid horizontal line at nominal level of ,0.05)

The power obtained by using the permutation test, at @ = 0.05 by using linear and

quadratic kernels has been illustrated in figure 4.3.

4.4 Data Analysis

We applied our proposed hypothesis testing procedure to data obtained from the Newborn
Epigenetic STudy (NEST), a birth cohort study in Durham, North Carolina. The weights
of the children, which are functions of time, were considered as the response variables.

The variables of interest were the methylation profiles for each of the 9 DMR sites, and
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Figure 4.2 Results illustrating the power curves from the simulation study described in
section 4.3 using the theoretically obtained distribution for sparsely sampled data for
n =50 and n =100 (Linear kernel: dashed line with triangles, Quadratic kernel: dotted
line with pluses, solid horizontal line at nominal level of @, 0.05)
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Figure 4.3 Results for the simulation study described in section 4.3.1. Displayed are the
power at level of @ =0.05 (rounded to third decimal place) for n =50 for the sparse cases
using linear and quadratic kernels, by using the permutation test method.
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the prenatal metal contents in the child’s blood. For the methylation profiles of the DMR
sites, we considered the average methylation percentage at each of the DMR sites and
performed the test for each of the 9 DMR sites considering the possible effects of the other
8 in the model. For the prenatal metal content, we considered the two groups of toxic and
non-toxic metals and tested for each of the metals in the group, accounting for the possible
effects of the other metals. The p-values obtained by running each of the metals separately
have been provided in the appendix. We obtained those numbers solely for the purpose of
getting a vague idea of what the p-values would look like, and shall not be using them to
draw conclusions as we have reused the dataset that we had used for our initial analyses.

We performed Bonferroni’s correction in each case. So, for the methylation percentages,
the test has been performed at a level of significance of 0.05/(9 % 2) = 0.0028. For the toxic
metals, the test has been performed at a level of significance of 0.05/(5%2) = 0.005. For the
toxic metals, the test has been performed at a level of significance of 0.05/(19%2) =0.0013.
The demographic information of the mothers were treated as the nuisance covariates.

First, we talk about the results obtained by considering the tail probability of the ¥ ;(2
distribution. For the percentage methylation at the DMR sites, each of the p-values was
found to be 1. Hence, no signal was detected. The p-values obtained for the toxic and
non-toxic metals are listed in tables 4.3 and 4.4, respectively. They suggest that chromium,
silicon, rubidium, tin, and calcium may have a linear effect on a child’s growth curve if we
consider it’s effect along with that of the other metals in their respective groups.

Next, we talk about the results obtained by using the permutation method. For the
percentage methylation at the DMR sites, the p-values are recorded in table 4.5. Here, no
signal was detected. The p-values obtained for the toxic and non-toxic metals are listed in

tables 4.6 and 4.7, respectively. They also do not detect any association.
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Table 4.3 Results displaying p-values for association between the metal content from the
cord blood for each of the toxic metals and the growth curve collected from the children
in NEST mentioned in section 4.4 using the linear and quadratic kernels using the tail
probability of the ¥y~ distribution.

Metal Linear Kernel | Quadratic Kernel
Cadmium 0.9419 0.9999
Lead 0.1721 0.9982
Arsenic 0.4705 0.9998
Chromium 0.0000 0.9145
Mercury 0.7482 1.0000

Table 4.4 Results displaying p-values for association between the metal content from
the cord blood for each of the non-toxic metals and the growth curve collected from the
children in NEST mentioned in section 4.4 using the linear and quadratic kernels using
the tail probability of the ¥y 7 distribution.

Metal Linear Kernel | Quadratic Kernel
Iron 0.8635 1.0000
Zinc 0.9600 1.0000
Selenium 0.0800 0.9989
Copper 0.0040 0.9886
Calcium 0.0000 0.9940
Strontium 0.1352 1.0000
Barium 0.8956 1.0000
Manganese 0.1741 0.9998
Cobalt 0.0220 0.9998
Molybdenum 0.9653 0.9999
Scandium 0.9903 1.0000
Titanium 0.6433 0.9999
Copper 0.7542 1.0000
Aluminium 0.1860 0.9996
Silicon 0.0000 0.9891
Vanadium 0.3545 0.9999
Rubidium 0.0007 0.9978
Tin 0.0001 0.9947
Magnesium 0.9248 1.0000
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Table 4.5 Results displaying p-values for association between the metal content from
the cord blood for each of the non-toxic metals and the growth curve collected from the
children in NEST mentioned in section 4.4 using the linear and quadratic kernels using
permutation method.

DMRsite | Linear Kernel | Quadratic Kernel
IGF2 CBS1 0.7400 0.2225
IGF2 DMR 0.9775 0.0225
CBS 0.4925 0.4225
MEG3 IG 0.6150 0.2275
Mestitl 0.7675 0.7250
NNAT 0.4975 0.3900
PEG3 0.4625 0.4825
SGCE 0.5325 0.5175
Zacl 0.2675 0.5950

Table 4.6 Results displaying p-values for association between the metal content from the
cord blood for each of the toxic metals and the growth curve collected from the children
in NEST mentioned in section 4.4 using the linear and quadratic kernels using permuta-
tion method.

Metal Linear Kernel | Quadratic Kernel
Cadmium 0.7700 0.6950
Lead 0.6675 0.9050
Arsenic 0.8975 0.9998
Chromium 0.4825 0.5050
Mercury 0.5650 0.7225
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Table 4.7 Results displaying p-values for association between the metal content from
the cord blood for each of the non-toxic metals and the growth curve collected from the
children in NEST mentioned in section 4.4 using the linear and quadratic kernels using
permutation method.

Metal Linear Kernel | Quadratic Kernel
Iron 0.7425 0.8275
Zinc 0.4550 0.4925

Selenium 0.1075 0.1150
Copper 0.5000 0.5850
Calcium 0.2175 0.2225
Strontium 0.5650 0.6100
Barium 0.1400 0.1450
Manganese 0.5325 0.5750
Cobalt 0.0975 0.0550
Molybdenum 0.8050 0.8050
Scandium 0.7175 0.6825
Titanium 0.7800 0.8350
Copper 0.6700 0.6800
Aluminium 0.8200 0.9250
Silicon 0.5900 0.5625
Vanadium 0.4650 0.5500
Rubidium 0.6225 0.6400
Tin 0.5200 0.5575
Magnesium 0.3625 0.3200
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4.5 Discussion

We have developed a new hypothesis testing method that can determine if there is a poten-
tially non-linear effect of a multidimensional covariate on irregularly-spaced functional
data. A score-based test statistic has been proposed. We found a theoretical distribution
of the test-statistic, but simulations show it to be following a different distribution, so we
proposed an alternative permutation test. We applied both methods of determining the
p-value to the NEST dataset to test for association between the methylation at a DMR site in
a child’s cord blood and their weight curve for the first 5 years of their life, and also between
the metal content in a child’s cord blood and their weight curve for the first 5 years of their
life.

Neither set of p-values thus obtained suggests an association between the methylation
at DMR sites and the child growth curves. The chromium content in a child’s blood seems
to have a linear effect on a child’s growth curve if we consider it’s effect along with that
of the other toxic metals, whereas the silicon, rubidium, tin, and calcium amounts may
affect a child’s growth curve on accounting for the possible interaction effects from the
other non-toxic metals. As the null distribution of the p-values obtained by using the
permutation test approximates that of a uniform distribution, we suggest using that over
the other method. Since, the kernel that would work best is unknown to us when faced
with a real life dataset, we suggest using both the linear and quadratic kernels and then
applying Bonferroni’s correction to the p-values thus obtained.

It may be noted that given the nature of the study; it is subjected to self-selection bias.
Also, the participants were restricted to a certain geographic area. Further work may be
performed for cases where certain assumptions that we made do not hold true. Our model
and methodology assume that the error function is a Gaussian process. We are yet to explore
how our test statistics would behave if the assumption were to be false. We have performed

a global testing for h(-). When a h(-) is found to be significantly different from 0, we do not
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know what the underlying structure of /(-) might be. Localized testing is required in order
to determine that. We have developed a software package in R for our methodology When
performing the hypothesis test, the true underlying function of the covariate is unknown,
so it is suggested that the test be performed using both the linear and quadratic kernels,

and Bonferroni correction be applied thereafter.
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CHAPTER

VARIABLE SELECTION BY REGRESSION
ON FUNCTIONAL DATA

5.1 Introduction

Data with a large number of predictors collected on a few subjects are becoming common-
place. In order to gain proper insight into such data it becomes imperative to perform
variable selection and decide upon the most important predictor variables. Here we dis-
cuss a situation of variable selection where the response is a function and the predictor
variables are scalar in nature. In comparison with traditional regression models, this setting
is complicated by the dimensionality of the response and coefficient curves, and by the

correlation structure of the residuals [Chen et al. (2016)]. Variable selection in functional

80



data mostly deals with function on function or scalar on function models. For function
on scalar models, literature is not as extensive. In our approach, we have expanded the
coefficient functions using a B-spline basis, and formulated the function-on-scalar regres-
sion model as a multivariate multiple regression model. In this chapter we developed a
variable selection technique for functional response and scalar predictors using a LASSO
based method.

The rest of the chapter is organized as follows: In section 5.2.1 we explain the kind of
data that motivates our work and the way we model the data to get an appropriate problem
statement. Subsequently, in section 5.2.2, we outline our approach to tackle the problem.
Next, in section 5.3, we have performed a simulation study, the design of which is outlined in
5.3.1, results reported in 5.3.2, and an interpretation provided in 5.3.3. Section 5.4 provides

a conclusion.

5.2 Methodology

5.2.1 Framework and Model Specification

We consider functional data, Y;(t; j), observed for individual i, at m; many time points
tij), fori=1,...,n, j=1,...,m;,and tij belonging to some bounded continuous interval.
Some scalar covariates, X;; are observed corresponding to Y;(¢;;), attime, ¢;; fori=1,...,n,
k=1,...,p.

We propose the following linear model:
Yi(t;;) :M(fij)"‘zllz:l XiePr(tij)+ €y,

where, Y;(¢;;) is the observed response corresponding to individual i at time #;;, u(f;;) is the
general effect of time on the response variable, X;; are observed covariates corresponding
to Yj(¢;;), at time ¢;;, B(¢;;) are coefficients of regression, and €, are error terms for

the i*" individual at time ¢;;, which are independent of each other, and follow a N(0,

J?
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o?) distribution, for ¢;; belonging to some bounded continuous interval, i = 1,...,n,k =
L..,p,j=1,...,m;.

Our aim is to perform variable selection in response models with functional response
variable, and obtaining reasonable estimates of the coefficients corresponding to the se-
lected variables. Estimates are obtained for f5,(¢; ;). If the predicted coefficient is significant,

we select the variable, otherwise we drop the variable.

5.2.2 Approach

X is centered across individuals to get X’ = X; «— X, where X, = % Z?:l X;. Y is centered
using a prediction of its mean, Y obtained by fitting a generalized additive model using
smoothing splines to get Y*. Spline bases, B, were obtained for / =1, ..., L for a chosen
degree, L. We formulated S (z;;) = ZZL:1 By(t;;)0r;. The model was fit using LASSO and
group LASSO methods. The groups for group LASSO were made so that the 6;; belonged to
group k, for k=1,...,p, thatis, in a group corresponding to ;. 10 fold cross validation
with L2 error norm was used to form the groups. The same partitions were maintained. In
order to obtain the minimum MSE, for LASSO, the A value corresponding to 1 standard
error L2 norm from minimum error was used as it provided better selection than the one
corresponding to minimum error. Similarly, for group LASSO, the A value corresponding
to the minimum cross-validation error was used. The covariate would be selected if the

corresponding estimated coefficient function, ;(:) is non-zero.

5.3 Simulation Study

5.3.1 Design of Study

We ran s = 1000 simulations for n = 100 individuals and m; = m = 51 time points. We

generated data using p =5, 02 =1, X, ~ N(0,1), and tij:%fori: 1,...,n,j=1,...,m.

82



The true coefficients were defined as fB,(t) =1, B.(t) = sin(2nt), Bs(t) = Bi(t) = Bs(t)=0.
Thus, we had signal corresponding to 3, and f,. Our methodology would be deemed
efficient if it could detect signal from f, and f3,, while estimating f;, 3,, and S5 to be 0.
For each f§;, for j =1,..., p, the percentage of each ; being chosen, bias(f;), MSE(f;),
and var(f3;) were evaluated by using LASSO and group LASSO. Higher percentage of true

positives and true negatives, and lower MSE would be preferred.

5.3.2 Results

Tables 5.1 and 5.2 list the percentages of 3, selected for [ =1,...,5. We want higher percent-
ages of true positives and true negatives for the method to be useful. The bias, variance,
and MSE for both the methods are listed in tables 5.3, 5.4, and 5.5, respectively. A bias of 0
and low MSE are desired. We illustrate the estimates of 3, be ta,, and f; obtained through
the methods using LASSO and group LASSO in figures 5.1 and 5.2, respectively. Estimation

curves close to the true curve would make the method more useful.

Table 5.1 The percentage of  being selected on using LASSO as described in section
5.3.1

Br | Ba | Bs | Bsa| Bs
True Positive | 100 | 100 0 0 0

True Negative | 0 0 |10.8|9.6]93

Table 5.2 The percentage of  being selected on using group LASSO as described in sec-
tion 5.3.1

B Bo | Bs | Bs | Bs
True Positive | 100 | 100 | O 0 0

True Negative | 0 0 0]01|O0
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Figure 5.1 Curves illustrating the estimates obtained for f,, 3,, and f3; with time for the
method using LASSO, as described in section 5.3.1. The red curve represents the true
function, while each grey curve demonstrates an estimate of § for a simulation.
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Figure 5.2 Curves illustrating the estimates obtained for f,, 3,, and 3; with time for the
method using group LASSO, as described in section 5.3.1. The red curve represents the
true function, while each grey curve demonstrates an estimate of  for a simulation.
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Table 5.3 The bias obtained on estimating 8 by the methods using LASSO and group
LASSO as described in section 5.3.1

B Bo | Bs | Bs | Bs
LASSO -0.095 | 0.000 | 0.000 | 0.000 | 0.000

Group LASSO | -0.022 | 0.000 | 0.000 | 0.000 | 0.000

Table 5.4 The variance obtained on estimating 8 by the methods using LASSO and group
LASSO as described in section 5.3.1

B B Bs | Bs | Bs
LASSO 0.022 | 0.008 | 0.000 | 0.000 | 0.000

Group LASSO | 0.024 | 0.0021 | 0.002 | 0.002 | 0.002

5.3.3 Interpretation

Both the methods detected the signals perfectly giving us 100% true positives. The method
using LASSO gave us a few true negatives, but group LASSO failed to give us any true
negatives, indicating that it always detected a signal and failed to make a distinction between
presence and absence of signal. Group LASSO failed to reject the non-significant . For
both the methods, in estimating f3;, there was bias due to improper estimation near the
boundary at ¢ =0, whereas while estimating f3,, the estimates appeared to be close. The
estimates obtained using the LASSO method exhibited higher mean squared error for the
covariates that have been used to generate the response variable, but lower mean squared
error for the covariates that have not been used to generate the response variable. This
makes it slightly more useful in rejecting the covariates that are not associated with the

response variable than the method using group LASSO.

Table 5.5 The MSE obtained on estimating 8 by the methods using LASSO and group
LASSO as described in section 5.3.1

Br | B | Bs | Bs | Ps
LASSO 0.031 | 0.008 | 0.000 | 0.000 | 0.000

Group LASSO | 0.025 | 0.002 | 0.002 | 0.002 | 0.002
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5.4 Conclusion

The method using LASSO with 1 standard error appeared to work marginally better for se-
lecting variables, and may be recommended over the method using group LASSO. However,
we still obtained a large percentage of false positives, and for practical use, the methodology

would need to be improved upon.
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CHAPTER

CONCLUSION

6.1 Our Contribution

Functional data analysis is rapidly gaining popularity in the corporate and academic world.
Numerous relationships in associative studies are non-linear in nature. Our methodology
may be applied to a variety of hypothesis testing problems where the response is a function
and the covariate of interest is a scalar. Through our present case study, we have found that
prenatal exposure to nutritional metals is associated with a child’s growth curve for the first
five years after birth. Through the methodology developed to perform the required analyses,
we can perform hypothesis testing in a function on scalar regression framework, which is
capable of handling irregularly spaced sparse data points, with multivariate covariates of

interest. By modeling the covariates jointly, we have accounted for possible interactions
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and co-occurrences. Our methodology is efficient when the data is densely sampled as
well as when it is sparsely sampled. We have made recommendations regarding the kernel
to be used, and have conducted several simulation studies in order to demonstrate the
effectiveness of our methods, and to justify our kernel of choice. We have also proposed
a way of performing variable selection in order to find out which of the covariates are

associated with our response variable.

6.2 Future Work

The work presented in this dissertation may be extended in myriad directions. Here we
shall mention a few of them with possible applications in different fields, ranging from
climatology to finance, and mentioning their applicability to problems of interest arising
from the datasets that we have considered in this thesis. We may consider localized hypoth-
esis testing. Currently, we have performed a global test. If an association is found, it would
be of interest to investigate if it can be determined in which time range the effect is present.
It is also possible that in the current scenario we are smoothing out isolated effects in time.
If we develop a test with more resolution, we could detect such effects with better accuracy.
This would be of interest in the child growth data to see if growth is affected at a certain
age of the infant. We explored a bootstrap based methodology that is mentioned in the
appendix. It may be investigated further.

The independent scalar covariates may be functions of time. This would require method-
ology to perform hypothesis testing on non-linear function on function regression models.
This would be useful in analyzing datasets where both the response and covariates are
functions of time, for example, in the calcium absorption study, if calcium intake is regu-
lated by age, and we wish to know whether calcium absorption varies with calcium intake.
We could also use it to test for association between temperature readings and levels of

particulate matter in the atmosphere. We could also perform localized hypothesis testing

89



for it. This would try to detect bands from the domain of the function where the regressor
and regressand might be associated. If calcium intake is regulated by age, we may explore
the age range(s) where calcium absorption varies with calcium intake. There may be sev-
eral functional covariates of interest, and we may want to know which of them affect our
response variable. For example, in the stock market: the price of a stock might be affected
by exchange rates and/or gold prices in a different manner when the stock has just gone
public.

It might be of interest to study whether the presence of a mediator variable influences
the relationship between the dependent variable and the independent variable. This would
warrant mediation analysis. In the child growth study, we could treat the amount of metal
present as a mediator variable, the amount of methylation as the independent variable,

and the child weight as the dependent variable.
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APPENDIX

A

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION

USING A TWO-WAY KERNEL APPROACH

A.1 Kernel Matrix, K as a Kronecker Product.

We have utilized the following property in order to make our code more computationally

efficient while performing the simulation study.

Let’s consider the (h, k)'" element of the (i, j)*"* block for some he{l, ..., m;}, ke{l, ...,

m;}, ie{l, ..., n}, je{l,..., n}
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KA{(X;, tin), (X, )} = L(Xiyxj)e_lti”_[f"lzy

he{l, ..., m;}, ke{l, ..., m;}, i=1,...,n, j=1,...,n. This is clearly a separable function
in (X;,X;), and (;;, t;;). Then, we can see that the (i, j)*" block is L(X;,X;)®T;, where Ty
is the m; x m; matrix with the (h, k)" element as ettt for h=1,...,m;, k=1,..., m;.
Now, if we had m; = m, with t;, = t, for h =1,...,m,i = 1,...,n, then, the (i, j)'" block
would have been L(X;,X;)®T, where T is the m x m matrix with the (&, k)" element as
el for h =1,...,m,k = 1,...,m. This results in the following corresponding kernel
matrix: K* =A®T, where A is the n x n matrix with the (i, j)*" element as L(X;,X;). Now, if
we only consider those rows and columns of K* that correspond to the observed data, we

would have the required kernel matrix K.

A.2 Simplified Test Statistic

We investigated a simpler test statistic by ignoring the variance structure between the error
functions. We shall call this test statistic T, = Y*T K Y*. We expected this to be easier to
compute, and faster than our original test statistic, T. We ran the same simulation study
for T, as we did for T in section 2.2 for estimating type I error and generating power curves.
This test statistic did not follow a standard distribution either. This is further illustrated in
section A.3. The histograms of p-values obtained under the null distribution resembled a
uniform distribution, and we saw acceptable type I errors as displayed in table A.1. But it
exhibits loss of power as seen in figures A.1, A.2, A.3,A.4,A.5,A.6,A.7,and A.8. It also does not

seem to be stable for sparsely sampled data. Hence, this test statistic is not recommended.
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Figure A.1 Results illustrating the power curves from the simulation study described in
section 2.3 for T*, T, and the F-statistic for densely sampled data for (-, ), for the linear,
quadratic, and Gaussian kernels (T* : dashed line with triangles, T, : dotted line with
pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal level
of ¢,0.05).
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Figure A.2 Results illustrating the power curves from the simulation study described in
section 2.3 for T*, T, and the F-statistic for densely sampled data for 3,(-, ), for the linear,
quadratic, and Gaussian kernels (T* : dashed line with triangles, T, : dotted line with
pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal level
of ¢,0.05).
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Figure A.3 Results illustrating the power curves from the simulation study described in
section 2.3 for T*, T, and the F-statistic for densely sampled data for f35(-, ), for the linear,
quadratic, and Gaussian kernels (T* : dashed line with triangles, T, : dotted line with
pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal level
of ¢,0.05).
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Figure A.4 Results illustrating the power curves from the simulation study described in
section 2.3 for T*, T, and the F-statistic for densely sampled data for 3,(-, ), for the linear,
quadratic, and Gaussian kernels (T* : dashed line with triangles, T, : dotted line with
pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal level
of ¢,0.05).
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Figure A.5 Results illustrating the power curves from the simulation study described

in section 2.3 for T*, T,, and the F-statistic for sparsely sampled data for (-, ), for the
linear, quadratic, and Gaussian kernels (7* : dashed line with triangles, T, : dotted line
with pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal
level of ,0.05).
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Figure A.6 Results illustrating the power curves from the simulation study described

in section 2.3 for T*, T,, and the F-statistic for sparsely sampled data for 3,(, ), for the
linear, quadratic, and Gaussian kernels (7* : dashed line with triangles, T, : dotted line
with pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal
level of ,0.05).
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Figure A.7 Results illustrating the power curves from the simulation study described

in section 2.3 for T*, T,, and the F-statistic for sparsely sampled data for f35(, ), for the
linear, quadratic, and Gaussian kernels (7* : dashed line with triangles, T, : dotted line
with pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal
level of ,0.05).
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Figure A.8 Results illustrating the power curves from the simulation study described

in section 2.3 for T*, T,, and the F-statistic for sparsely sampled data for ,(-, ), for the
linear, quadratic, and Gaussian kernels (7* : dashed line with triangles, T, : dotted line
with pluses, F-statistic : small and big dash with circles, solid horizontal line at nominal
level of ,0.05).
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Table A.1 Results for simulation study described in section A.2. Displayed are the type I
error rates (rounded to third decimal place) for 7, for both the dense and sparse cases for
all three kernels considered.

Dense Case
Nominal Value of ¢ | Linear | Quadratic | Gaussian
0.01 0.011 0.011 0.009
0.05 0.054 0.051 0.047
0.1 0.101 0.102 0.100
Sparse Case
Nominal Value of o | Linear | Quadratic | Gaussian
0.01 0.008 0.009 0.010
0.05 0.049 0.048 0.049
0.1 0.095 0.097 0.097

A.3 The Test Statistic Does Not Follow a Standard Distribu-
tion

The test statistic 7* does not follow a weighted chi-squared distribution. Nor does the
simplified test statistic, T,. On running simulations to estimate type I errors, the histograms
obtained were skewed. The results from the simulation study are presented in table A.2
for the type I error. We ran simulations using the linear and quadratic kernels for densely
sampled data to investigate this further. On using the exact values of ¥ and n), the type
I error distribution resembles that of a uniform distribution and the type I errors were
appropriate at the nominal levels of « that we were considering, as seen in table A.3. Next
we ran simulations with 17 = 0. We used the exact values of %, but estimated the value of 1.
The resulting distribution of the test statistics were no longer mixture of chi-square. The

results for nominal levels of @ =0.01,0.05,0.10 are recorded in table A.4.
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Table A.2 Results for simulation study described in section 2.3. Displayed are the type
I error rates (rounded to third decimal place) for both the dense and sparse cases for

all three kernels considered, for both 7* and T,, on assuming a mixture of chi-square
distribution.

Dense Case
T* T,
Nominal Value of o | Linear | Quadratic | Gaussian | Linear | Quadratic | Gaussian
0.01 0.007 0.002 0.000 0.007 0.000 0.000
0.05 0.044 0.010 0.009 0.046 0.006 0.003
0.1 0.085 0.023 0.026 0.088 0.025 0.012
Sparse Case
T* T,
Nominal Value of ¢ | Linear | Quadratic | Gaussian | Linear | Quadratic | Gaussian
0.01 0.015 0.018 0.056 0.002 0.000 0.000
0.05 0.033 0.042 0.079 0.017 0.001 0.000
0.1 0.046 0.056 0.089 0.035 0.005 0.001

Table A.3 Results for simulation study described in section 2.3. Displayed are the type I
error rates (rounded to third decimal place) for the case of densely sampled data for the

linear and quadratic kernels, for both 7* and T, on using the exact values of > and ) and
assuming a mixture of chi-square distribution.

T* T
Nominal Value of o | Linear | Quadratic | Linear | Quadratic
0.01 0.011 0.013 0.006 0.007
0.05 0.052 0.050 0.044 0.042
0.1 0.107 0.096 0.091 0.088

Table A.4 Results for simulation study described in section 2.3, on using ) = 0. Displayed
are the type I error rates (rounded to third decimal place) for the case of densely sampled
data for the linear and quadratic kernels, for both T* and T,, on using the exact values of
3}, and assuming a mixture of chi-square distribution.

T* T

Nominal Value of a | Linear | Quadratic | Linear | Quadratic
0.01 0.008 0.001 0.008 0.001
0.05 0.043 0.010 0.040 0.010
0.1 0.084 0.029 0.0 88 0.030
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A.4 Additional Tables and Figures

The p-values obtained by performing the tests separately for the male and the female
children show that they are similar for the two genders, although the values are slightly
lower for the females. The statistics are listed in table A.5. The p-values obtained by
performing the tests separately for each of the 24 metals have been recorded in table A.6.
We obtained these numbers solely for the purpose of getting a vague idea of what the p-
values would look like, and shall not be using them to draw conclusions as we have reused

the dataset that we had used for our initial analyses.

Table A.5 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and amount of metal in a child’s cord blood for either gender using
Gaussian kernel as mentioned in section 2.5.

All Metals | Toxic Metals | Other Metals
Females 0.0163 0.2019 0.0174
Males 0.0282 0.2882 0.0303
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Table A.6 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and amount of metal in a child’s cord blood for both genders com-
bined, and either gender separately for each of the 24 metals whose values are available
to us, as mentioned in section 2.5.

All | Female | Male
Number of Children 75 38 37

Cadmium 0.4472 | 0.3489 | 0.4136
Lead 0.7191 | 0.4567 | 0.1715
Arsenic 0.7102 | 0.6798 | 0.3210
Iron 0.4734 | 0.0998 | 0.8637
Zinc 0.2612 | 0.6560 | 0.7337
Selenium 0.8298 | 0.0694 | 0.7281
Copper 0.9028 | 0.7353 | 0.0164
Calcium 0.2104 | 0.1559 | 0.3459
Strontium 0.6351 | 0.0676 | 0.7209
Barium 0.6884 | 0.9244 | 0.9779
Manganese 0.4178 | 0.8938 | 0.1069
Cobalt 0.5255 | 0.0657 | 0.9518
Molybdenum 0.9491 | 0.3438 | 0.9059
Scandium 0.6514 | 0.3574 | 0.6255
Titanium 0.4075 | 0.2335 | 0.5048
Chromium 0.2799 | 0.5231 | 0.5076
Aluminium 0.9435 | 0.8885 | 0.3141
Silicon 0.3530 | 0.0963 | 0.6416
Vanadium 0.4860 | 0.1063 | 0.1957
Rubidium 0.4089 | 0.8445 | 0.2812
Tin 0.4601 | 0.0135 | 0.2599
Mercury 0.4742 | 0.4186 | 0.4358
Nickel 0.5029 | 0.1059 | 0.3895
Magnesium 0.7958 | 0.2419 | 0.3440
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APPENDIX

B

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION
USING MULTIVARIATE KERNEL

MACHINE REGRESSION

B.1 Additional Tables and Figures

We ran s = 1,000 simulations for lower values of 6 for both the dense and sparse case

scenarios and found the curves to be flat as reported in tables B.1 and B.2, respectively.
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Table B.1 Results for simulation study described in section 4.3.1. Displayed are the
power at level of @ = 0.05 (rounded to third decimal place) for n = 100 and n = 50 for
the dense cases using linear and quadratic kernels.

Value of 6
0.001 | 0.002 | 0.003 | 0.004 | 0.005

Linear n=100 | 0.901 | 0.907 | 0.900 | 0.902 | 0.904
n=>50 | 0.927 | 0.927 | 0.926 | 0.926 | 0.925

Quadratic n=100 | 0.995 | 0.994 | 0.995 | 0.995 | 0.995
n=50 | 0.929 | 0.928 | 0.927 | 0.925 | 0.925

Table B.2 Results for simulation study described in section 4.3.1. Displayed are the
power at level of @ = 0.05 (rounded to third decimal place) for n = 100 and n = 50 for
the sparse cases using linear and quadratic kernels.

Value of 0
0.01 0.02 0.03 0.04 0.05
Linear n=100 | 0.737 | 0.735 | 0.738 | 0.739 | 0.739
n=50 | 0.480 | 0.537 | 0.537 | 0.537 | 0.533
Quadratic n=100 | 0.737 | 0.733 | 0.735 | 0.732 | 0.732
n=>50 | 0.520 | 0.516 | 0.516 | 0.522 | 0.600
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APPENDIX

C

HYPOTHESIS TESTING IN NON-LINEAR
FUNCTION ON SCALAR REGRESSION
USING MULTIVARIATE GARROTE

KERNEL MACHINE

C.1 Additional Tables and Figures

Power curves were obtained at ¢ = 0.05 by using linear and quadratic kernels, using lower
values of o0 for the theoretic distribution. The power values were found to be flat. The values

are reported in table C.1 for the densely sampled scenario and in table C.2 for the sparsely
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sampled scenario.

Table C.1 Results for simulation study described in section 4.3.1. Displayed are the
power at level of @ = 0.05 (rounded to third decimal place) for n = 100 and n = 50 for

the dense cases using linear and quadratic kernels.

Value of 0
0.001 | 0.002 | 0.003 | 0.004 | 0.005
Linear n=100 | 0.901 | 0.907 | 0.900 | 0.902 | 0.904
n=>50 | 0.927 | 0.927 | 0.926 | 0.926 | 0.925
Quadratic n=100 | 0.995 | 0.994 | 0.995 | 0.995 | 0.995
n=50 | 0.929 | 0.928 | 0.927 | 0.925 | 0.925

Table C.2 Results for simulation study described in section 4.3.1. Displayed are the
power at level of @ = 0.05 (rounded to third decimal place) for n = 100 and n = 50 for
the sparse cases using linear and quadratic kernels.

Value of 6
0.01 0.02 0.03 0.04 0.05
Linear n=100 | 0.737 | 0.735 | 0.738 | 0.739 | 0.739
n=50 | 0.480 | 0.537 | 0.537 | 0.537 | 0.533
Quadratic n=100 | 0.737 | 0.733 | 0.735 | 0.732 | 0.732
n=>50 | 0.520 | 0.516 | 0.516 | 0.522 | 0.600

The p-values obtained by performing the tests separately for each of the 24 metals,
while accounting for the rest have been recorded in table C.3 by using the tail probability of
the ¥ )(2 distribution and in table C.4 by using the permutation method. We obtained these
numbers solely for the purpose of getting a vague idea of what the p-values would look like,

and shall not be using them to draw conclusions as we have reused the dataset that we had

used for our initial analyses.
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Table C.3 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and amount of metal in a child’s cord blood for both genders com-
bined, and either gender separately for each of the 24 metals whose values are available
to us, as mentioned in section 3.4 for both the linear and quadratic kernels and applying
Bonferroni’s correction and Sidak’s approximation to them by using the tail probability
of the ¥y~ distribution.

Linear | Quadratic | Bonferroni | Sidak’s

Cadmium 0.3254 0.4809 0.6508 0.5449
Lead 0.9083 0.9191 1.000 0.9916
Arsenic 0.3289 0.7003 0.6578 0.5496
Iron 0.0392 0.2476 0.0784 0.0769
Zinc 0.9406 0.8467 1.0000 0.9765
Selenium 0.2890 0.2000 0.4000 0.3600
Copper 0.2475 0.1563 0.3126 0.2882
Calcium 0.8553 0.7182 1.0000 0.9206
Strontium | 0.1637 0.4115 0.3274 0.3006
Barium 0.0745 0.1578 0.1490 0.1434
Manganese | 0.0511 0.1563 0.1022 0.0996
Cobalt 0.5014 0.7627 1.0000 0.7514
Molybdenum | 0.6140 0.8606 1.0000 0.8510
Scandium 0.9914 0.9688 1.0000 0.9990
Titanium 0.3335 0.1578 0.3156 0.2907
Chromium 0.8572 0.4482 0.8964 0.6955
Aluminium | 0.0912 0.0169 0.0338 0.0335
Silicon 0.2045 0.5630 0.4090 0.3672
Vanadium 0.1991 0.4972 0.3982 0.3586
Rubidium 0.7545 0.1334 0.2668 0.2490
Tin 0.1936 0.5657 0.3872 0.3497
Mercury 0.0888 0.0788 0.1576 0.1514
Nickel 0.3185 0.6244 0.6370 0.5356
Magnesium | 0.2617 0.6050 0.5234 0.4549
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Table C.4 The p-values (rounded to fourth decimal place) for the test of association be-
tween growth curves and amount of metal in a child’s cord blood for both genders com-
bined, and either gender separately for each of the 24 metals whose values are available
to us, as mentioned in section 3.4 for both the linear and quadratic kernels and applying
Bonferroni’s correction and Sidak’s approximation to them by using the permutation
method.

Linear | Quadratic | Bonferroni | Sidak’s
Cadmium 0.812 0.840 1.000 0.965
Lead 0.665 0.768 1.000 0.888
Arsenic 0.815 0.788 1.000 0.955
Iron 0.702 0.812 1.000 0.911
Zinc 0.470 0.508 0.940 0.719
Selenium 0.140 0.155 0.280 0.260
Copper 0.588 0.720 1.000 0.830
Calcium 0.198 0.175 0.350 0.319
Strontium 0.600 0.715 1.000 0.840
Barium 0.108 0.128 0.215 0.203
Manganese 0.585 0.655 1.000 0.828
Cobalt 0.098 0.078 0.155 0.149
Molybdenum | 0.805 0.798 1.000 0.959
Scandium 0.695 0.690 1.000 0.904
Titanium 0.782 0.855 1.000 0.953
Chromium 0.612 0.760 1.000 0.850
Aluminium 0.622 0.655 1.000 0.857
Silicon 0.862 0.930 1.000 0.981
Vanadium 0.638 0.602 1.000 0.842
Rubidium 0.422 0.482 0.845 0.666
Tin 0.672 0.705 1.000 0.893
Mercury 0.542 0.700 1.000 0.791
Nickel 0.570 0.622 1.000 0.815
Magnesium | 0.315 0.310 0.620 0.524
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APPENDIX

D

FURTHER WORK

D.1 Localized Hypothesis Testing

In Chapter 2, we have tested H, : (X, t) =0V X, Vt. If H, is rejected, it would be of interest
to investigate the point(s) in time where the effect is present. It is also possible that in the
current scenario we are smoothing out isolated effects in time. If we consider H,: B(X, t) =
0V X for each time point, we should get more resolution. We investigated a methodology
based on the model specified in Chapter 2, by considering a different underlying covariance
structure Cov[Y*(s), Yj*(t)] =1(s, 1)K(X;, X;). We defined 7, = 7(, £). Then, we formulated
B, t)~GP(0,7,K(,-)). Thus, we obtained a reparameterized hypothesis test of H;: 7, =0
vs. H' : 7, # 0 for a given . We used B-splines to fit 7 as a bivariate surface with 7, = 0.

We generated data in the same manner as in Chapter 2, for each of the 4  functions and
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used the linear, quadratic, and Gaussian kernels to get estimates of 7, on an equi-spaced
grid of length I = 100. We ran a bootstrap algorithm with i e r =400 iterations to obtain
point-wise confidence intervals. We would reject the null hypothesis if our 95% confidence
band did not have 0. However, in all our cases the 95% confidence band always had 0,
hence the test did not have any power. The methodology would need to be investigated

further.
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