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J. RICHARD LANDIS. A General Methodology for the Measurement of
Observer Agreement When the Data are Categorical (Under the direction
of GARY G. KOCH.)

Initially, this dissertation reviews research situations in med-
icine, epidemiology, and psychiatry, in psychological measurement and
testing, and in sample surveys in which the observer (rater or inter-
viewer) can be an important source of measurement error. In additiom,
most of the statistical literature concerning observer variability is
surveyed with attention given to a notational unification of the vari-
ous models. In the quantitative data case, the usual analysis of var-
iance (ANOVA) components of variance models are presented with an em-
phasis on the intraclass correlation coefficient as a measure of reli-
ability. Other modified ANOVA models, response error models in sample
surveys, and related multivariate extensions are discussed. For the
cetegorical data case, special attention is given to measures of inter-
observer agreement and tests of hypotheses concerning inter-observer
bias. In particular, simiiarities between -the dichotomous and quanti-
tative data cases are presented in terms of intraclass correlation
coefficients. Moreover, measures of agreement for the nominal and
ordinal data case such as kappa and weighted kappa are reviewed.
Otherwise, a brief discussion of measures of agreement with a standard,
i.e., "true value," is presented with particular attention being given
to the dichotomous data case.

| Subsequent to this literature revie&, a general statistical
methodology is proposed for the analysis of multivariate categorical
data arising from observer reliability studies. This procedure essen-

tially involves the construction of functions of the observed propor-
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tions which are directed at the relationships under investigation, the
generation of test statistics for hypotheses involving these functions,
and the estimation of corresponding model parameters via weighted least
squares computational algorithms. In this regard, hypotheses involving
first-order marginal homogeneity are directed at questions of sub-
population differences and inter-observer bias. Furthermore, measures
of inter-observer agreement for both the two-observer and multiple-
observer case are developed as generalized kappa-type indices.

This methoéology is then illustrated for the two-observer case
in considerable detail within the context of data sets from the epide~
miological literature. Specifically, a one-population diagnosis exam-
ple concerning byésinosis is used to illustrate the estimation of
kappa-type agreement measures under several smoothing procedures.
Moreover, a two-population diagnosis example involving multiple scle-
rosis is used to illustrate the hypothesis tests concerning multiple
sub-populations, the use of hierarchical kappa-type statistics to
investigate certain disagreement patterns,-and smoothed estimates of
agreement obtained by model reduction.

More generally, these procedures are applied to a clinical
diagnosis example involving seven pathologists. Since these multiple-
observer situations give rise to very large contingency tables in which
most of the observed cell frequencies are zero, methods based on indi-
cator functions of the raw data are used to generate first-order mar-
gins and main diagonal sums from the conceptual multidimensional con-
tingency table. Then estimates of overall agreement involving hierar-
chical kappa-type statistics are generated to reflect the strength of

a consensus decision on each subject. Moreover, a subset of obgervers



iii

who demonstrate a high level of inter-observer agreement can be iden-

tified by using palrwise agreement statistics between each observer
and the internal consensus standard opinion on each subject.

On the other hand, a components of variance model for the
dichotomous data case is developed in terms of an ANOVA model for
quantitative data. In this regard, the estimation procedures are
expressed in terms of the appropriate functions of proportions. Thus,
the corresponding intraclass correlation coefficient provides an esti-
mate of inter-obsérver agreement. Furthermore, this variance compo-
nents model is extended to the multinomial data case involving L > 2
response categories. These developments are motivated by considering
a multivariate approach to the response categories treated as L dichot-
omous variables which satisfy the multinomia; constraints. As a result,

this model gives rise to a separate (within subject) intraclass corre- .

lation coefficient for each of the L categories and (within subject)

jnterclass correlation coefficients between each pair of response cate-

gories.
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CHAPTER 1

INTRODUCTION AND REVIEW OF LITERATURE

1.1 Introduction and Survey of Measurement Error Literature

For many years now, researchers in medicine and epidemiology, in
psychiatric diagnosis, in psychological measurement and testing, and in
sample surveys have been aware of the observer (rater or interviewer)
as an important source of measurement error. Fletcher and Oldham [1964]
listed a bibliography on observer error and variation which includes
more than 70 papers in the area of clinical studies, radiology, patho-
logy and clinical chemistry, and related fields. In one of these
papers, Cochrane et al. [1951] indicated that there appeared to have
been a general reluctance to recognize observer error in medical judg-
ment situations, and even more hesitation to analyze this observer var-
iability in some rigorous, quantitative manner. However, during the
period 1940-1960, researchers in many disciplines began reporting
studies which indicated the importance of assessing the variation in
measurements due to different observers.

One prominent area in medical practice which gave rise to
increased attention to observer error was chest radiography. It soon
became apparent in the late 1940's that inter-observer error (the incon-
sistency of interpretations among differen£ observers) and intra-
observer error (the failure of an observer to be consistent with himself
in independent readings of the same film) were factors in medical diag-

nosis that required serious consideration. Studies reporting marked




disagreement among radiologists and chest specialists in film inter-
pretation are discussed in Birkelo et al. [1947], Yerushalmy [1947],
Fletcher and Oldham [1949], Yerushalmy et al. [1950], Yerushalmy et al.
[1951], and Cochrane and Garland [1952].

Besides these examples of observer disagreement in the reading
of films for diagnostic purposes, serious inconsistencies in the
reporting of signs in physical exams were cited by other workers. In
particular, Comroe and Botelho [1947] found extreme variability in
observers noting éyanosis in different patients with the same arterial
oxygen saturation. Moreover, Fletcher [1952] concluded that the clin-
ical diagnosis of emphysema could not be made confidently by a single
observer, except perhaps in the most advanced stages of the disease,
because of the high level of observer disagreement. Pyke [1954]
arrived at a similar conclusion in an investigation of finger club-
bing. In an epidemiological study of respiratory disease among male
cotton workers in England, Schilling et al. [1955] reported substan-
tial disagreement between two observers in-diagnosing byssinosis and
other clinical signs. In a similar report, Smyllie et al. [1965]
investigated the level of observer disagreement in twenty respiratory
signs in patients with various diseases. Otherwise, Butterworth and
Reppert [1960] reported the results of testing 933 physicians in aus-
cultatory diagnosis. Fifteen "unknowns," which had been classified by
cardiac specialists, were presented to each physician simultaneously
by tape recording and oscilloscope. The average number of correct
diagnoses was only 49%, pointing out the need for continuing training
and education in auscultation of the heart. Other papers of interest

which reported similar variability among observers recording physical



signs include those of Cochrane et al. [1951], Reymolds {1952], Bear-
man et al. [1964], Fletcher [1964], and Loewenson et al. [1972].

Another area involving observer variability is the estimation
of the precision of measuring instruments for industrial or laboratory
usage. Grubbs [1948] considered the situation in which a test is
destructive so that on any given piece of material only one test can
be performed, but it can be observed simultaneously by several instru-
ments. Thus, the problem is to obtain separate estimates of the var-
iances of the instrument error and of the variability of the material
under study.

Since rating scales have been widely used in psychiatric
research and in psychological and educational testing, the need for
determining the scale reliability is well known and has been discussed
in terms of test-retest reliability by Guttman [1946]. However, as
i;digated by Overall [1968], reliability testing has been primarily
concerned with the rating instrument without adequate attention to the
fact that the reliability of the scores depends on the skill of the
rater or observer. In an educational research application, Ebel [1951]
described a situation in which the agreement among raters was con-
sidered as a criterion for validating a selection procedure for admit-
ting graduate students into a physics research program. Burdock et al.
(1963] also indicated the importance of assessing observer variability
in using an instrument developed for recording critical aspects of the
behavior of mental patients observed under different situations.
Moreover, other situations in psychiaﬁric research in which observer

agreement is considered are reported by Sandifer et al. [1964], Fleiss

et al. [1965], Spitzer et al. [1967], and Fleiss et al. [1972].




As mentioned earlier, interviewer error is an important consid-
eration in sample survey situations. For example, Kish [1962] showed
that even for cases where the variability attributed to interviewers
was low, the variance of the mean can be significantly increased. More
generally, Hansen et al. [1961] formulated a matﬁematical model which
has stimulated much of the research undertaken at the U. S. Bureau of
the Census, as well as elsewhere, regarding the effects of certain
sources of variation like interviewers on the responses of the respec-
tive population elements in a specific sample. In particular, various
aspects of this model (or similar analogues) have been discussed in
Hansen et al. [1964], Fellegi [1964], Bailar [1968], Bailar and
Dalenius [1969], Koch [1973], and Nathan [1973]. Finally, extensive
bibliographies dealing with the subject of measurement errors in sur-
veys are given in Zarkovich [1966] and Sudman and Bradburn [1974].

! Even though the effects of the observer in the measurement sit-
uations reviewed here must be assessed, there does not seem to be any
unified body of statistical methodology formulated for all aspects of
this complex problem. Instead, as reviewed in the following sections,
researchers in various disciplines have employed different procedures

for their own specific problems, and in many cases have not utilized

parallel developments in other areas.

1.2 Methods Proposed for Quantitative Data

When the scores assigned by observers involve quantitative data
such as measurements of height, weight, or serum cholesterol level, a
suitable analysis of variance model can be used to assess observer
variation. These models arise in situations in which the same set of

subjects is measured separately by several observers in order to



determine the reliability of individual measurements, and to assess

the level of observer variability.

1.2.1 Standard ANOVA Models

The most elementary reliability testing situation involves each
of d observers individually measuring the specified characteristic
once on each of the same set of n subjects. An initial model proposed

by Ebel [1951] for this design can be rewritten in standard form as

=Uu+38, +e (1.2.1)

Yij3 17 %43

for { = 1,2,...,n and j = 1,2,...,d. Here

yij is the score assigned to the i-th subject by the j-th
observer,
M is an overall mean response,
8y is the i-th subject effect,
’ -eij is the residual error for the (i,j)-th observation.

Assuming that the n subjects are a random sample from a specified pop-
ulation, the additional assumptions necessary to make standard tests
of hypotheses are that the {si} are NID(0,0i), and the'{eij} are
NID(O,ci), where NID means normal, independent, and identically dis-
tributed. The sets {Si} and {eij} are also assumed to be mutually
independent.

A standard measure studied in this situation is the (within
subject) intraclass correlation ;oefficient between any two scores

assigned to the same subject, denoted by

%
Pp=5 3 - (1.2.2)




From usual analysis of variance (ANOVA) calculations, a consistent

estimate of pl is obtained by using

MS - MS
~ - S e
P1 " ¥S_ + (a-DMs_ °*
S e

(1.2.3)

where MSs is the mean square for subjects, and MSe is the mean square
for residual error. This index is indicative of the reliability of the
measuring procedure or the intrimnsic accuracy of the instrument being
used. As such, Si does not yield specific information about differ-
ences among observers, but it is of considerable importance in assess-
ing the accuracy of the measurement process, since it reflects the pro-
portion of total variance which is due to the inherent variance attrib-
utable to the subjects.

Robinson [1957] proposed an alternative reliability measure to
(1.2.2) in terms of ANOVA sums of squares associated with the model in

(1.2.1). His agreement measure can be estimated by setting
(n—l)MSs
- - - ’
(n 1)MSs + n(d l)MSe

2

R (1.2.4)

which is equivalent to the multiple correlation ratio of regression
sums of squares to total sums of squares in multiple regression analy-
sis. In this regard, R2 in (1.2.4) has a slight advantage over 81 in
(1.2.3) with respect to its range of variation, as Rz ranges between
0 and 1 regardless of :he number of oBserﬁers; whereas 81 has a lower
bound of -1/'(d-1) which lacks a meaningful interpretation since it

does depend on d.



Since the implicit assumption of "no observer effects" in the
model (1.2.1) is somewhat restrictive for many situatiomns, suitable
extensions which include observer effects become of interest. In this
regard, both Ebel [1951] and Burdock et al. [1963] proposed an ANOVA
model involving either "random observer effects" or 'fixed observer
effects." This model will now be discussed within the context of each
of these types of assumptions concerning the observer effects.

If the d observers are assumed to be a random sample from a
larger population.of potential observers of interest, then this model

can be written as

=u+s,+d, +e

1 j ij ° (1.2.5)

yij

where dj is the j-th observer effect. All the other parameters are
the same as defined for the model in (1.2.1). The additional assump-
tions are that the {dj} are NID(O,og), and the sets {Si}’ {dj}’ and
{éij} are mutually independent. By denoting the mean square for

observers as MSd, unbiased and consistent estimates of these variance

components are given by

A2

oy = (MSd - MSe)/n , (1.2.6)
a2

&% = Ms (1.2.8)
e e L ] ] [ ]

In terms of this experimental situation, these components can be

interpreted as follows:

(1) 83 is the estimate of the variance due to differences
in the average judgment of observers. As such, it
reflects the "among observers effects" and thus,
"inter-observer bias."

2

s is the estimate of the variance due to differences

in the responses of subjects over all observers.
Thus, it indicates the "among subjects effects."

(11) o




(111) 82 is the estimate of the intrinsic measurement error

variance component.
As a result, 83 indicates the extent of observer disagreement in their
usage of the measurement scale, whereas 8: indicates the variability
that is not accounted for by the main effects of observers and subjects,
such as the possible observer x subject interaction. The (within

subject) intraclass correlation coefficient corresponding to model

(1.2.5) is given by
g

p, = (1.2.9)
S e

a e N

+02
e

which can be estimated via the estimates of (1.2.6); (1.2.7), and
(1.2.8).

Other reliability studies may involve the situation where the d
observers are a fixed set which will be used in later experiments, and
are the‘only observers of interest. In this case, the usual ANOVA

mixed model can be written as

=+, +8, +e (1.2.10)

Y14 17 73 i3 °

where the {Gj} are the fixed observer effects under the constraint
d
Gj = 0, (1.2.11)
i=1
All the other assumptions given for the model in (1.2.5) also apply.

Within the context of this mixed model, the measure of reliability P3
is formulated as shown in (1.2.2) except that cz and 02 pertain to
(1.2.10).

The ANOVA models in (1.2.5) and (1.2.10) can be extended to



include the situation in which each observer individually makes r sep-
arate measurements of the same characteristic on each subject. These
extensions produce two different models depending on the assumptions
concerning the observer effects. Each of these models will now be dis-
cussed within the context of either random or fixed observer effects.

The random effects model will be written as

1]

+ d, + (sd)

=1 + Sy i 1j + eijk

for 1 = 1,2,...,0; J = 1,2,...,d; and k = 1,2,...,r, where (sd)ij is
the interaction of the j-th observer and the i-th subject. The usual
random effects assumptions necessary for hypothesis testing are that
the {si} are NID(0,0z), the {dj} are NID(O,og), the {(Sd)ij} are

NID(O’OZd) and the {e,, } are NID(O,oi). Also, these sets of param-

13k

eters are assumed to be mutually independent. From ANOVA calculations,

v

unbiased and consistent estimates of these variance components are

given by A2 )
: o4 = (MSd - MSsd)/nr s (1.2.13)
Ai = (Ms_ - MS_,)/dr , (1.2.14)
Gid - (M5 4 - M5)/r , (1.2.15)
82 = us_ , (1.2.16)

where the observer x subject interaction mean square is denoted by
MSsd. The interpretations given previously for these components apply
here. In addition, the interaction effect (sd)ij measures the extent
to which observer j departs from his usual pattern when measuring sub-
ject 1. As a result, Szd reflects how observers vary in their overall

rating of the same subject. In this context, the (within subject)
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intraclass correlation coefficient is given by

. oz
p, = . (1.2.17)
bt vt ot 4ot
d sd e

The corresponding ANOVA mixed model for the fixed observer case

can be written as

yijk =u + sy + Gj + (sG)ij + eijk . (1.2.18)
where the {63} are fixed constants under the constraint
d
) 8§, =0, (1.2.19)
Jj=1
and the {(sﬁ)ij} are random constants under the constraints
i

for each 1 = 1,2,...,n. The assumptions regarding the other parameters
are similar to those given for (1.2.12). gbreover, an intraclass cor-
relation coefficient analogous to (1.2.17) can be developed for the
fixed observer effects situation.

In this section, attention has been limited to the estimation
of variance components and the associated intraclass correlation coef-
ficients. However, under the assumptions of normality and independence
stated for each of the models, confidence intervals for the individual
variance components and for the intraclass correlation coefficient can
be constructed by procedures discussed in Anderson and Bancroft [1952]
and Scheffé [1959]. Furthermore, these procedures permit relevant

hypotheses regarding observer effects to be tested by comparing appro-
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priate ratios of mean squares to certain F distributions.

1.2.2 Modified ANOVA Models

To this point, all the proposed models have assumed that the
variance component due to random measurement error, oz, is constant
across all observers. In many situations, this may Be an unwarranted
assumption. For example, Grubbs [1948] formulated measurement error
models for estimating precision of instrumentation in laboratories and
industrial plants which involved the separation of the variance of the
products being measured from the variance of the measurement instru-

ments. In terms of previous notation, his general model can be rewrit-

ten as

Yi4 =u + 84 + Gj + eij (1.2.21)

for 1{ = 1,2,...,n and j = 1,2,...,d instruments. In this case,

v yij is the value of the i~th item using the j~th instrument,
H is an overall mean response,
8y is the i-th item effect,
Gj is the bias of the j~th instrument,
eij is the residual error for the‘(i,j)-th observation.

Grubbs' model in (1.2.21) is directly analogous to the ANOVA mixed
model given in (1.2.10). However, the more general assumption on the
error components is that the {eij} are NID(O,ozj) for 1 = 1,2,...,n.
The other assumptions are that tﬁe {si} are NID(O,cz); and the {si},
{eil},...,{eid} are mutually independent.‘ Thus, this formulation spe-
cifies a separate variance component for the measurement error of each
instrument, Uij’ and for the variance of Fhe products being measured,

2

08. As a result, for the i-th item the variance terms can be written
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as 2 2
Var {yij} = 0y F O for j = 1,2,...,d, (1.2.22)

and the covariance terms as
Cov {y, s¥, 11 = 02 for j ¢ 3' (1.2.23)
ij’ ij' s . . .
By defining

2 Y sy . -3
Syyv = o1 iZl(yij - F) g0 - Iy (1.2.24)

n
for j, ' = 1,2,...,d, where §j = { Z yij/n}, Grubbs [1948] showed
i=1

that unbiased estimates of these variance components are given by

d d

~2 2 2
o, = S, = 947 S.iv Y TSy Sy (1.2.25)
ej i3 d-1 jvgj i3 (d-1) (d-2) kzk' kk
k,k'#j
for j = 1,2,...,d,
’ d
~2 2
o- === ] S..1. (1.2.26)
8 d(d l) 1sj<j' jj

For the case of two instruments, these expressions simplify to

a2
55, = 811 = S12 (1.2.27)
822 = S,, = 515 (1.2.28)
a2
3L =Sy - (1.2.29)

Smith [1950] considered the same basic problem of estimating the
precision of "measuring instruments." By assuming that the measurement
scale of one instrument is linearly related to the scale of the other
instrument, he developed estimates of these parameters in a manner

analogous to that of Grubbs [1948]. Other papers related to this type
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of precision estimation in the physical sciences include those of

Mandel [1959], Thompson {[1963], Hahn and Nelson [1970]1, and Grubbs
{1973].

In estimating rater reliabilit§ iﬁ psychological and psychiatric
research, Overall [1968] discussed essentially the same problem con-
cerning separate measurement error variance components for each
observer. He specifically considered the situation in which n subjects
are randomly assigned to m treatments, and are subsequently rated inde-
pendently by two judges. By performing a separate analysis of variance
on the measurements recorded by each rater, he demonstrated that the
within and among treatment mean squares could be used in conjunction
with an estimate of inter-rater cotrelation to obtain separate esti-
mates of the measurement error varianée components. In addition, these

estimates were then used to motivate separate reliability measures for

v
each rater using intraclass correlation coefficients.

1.2.3 Response Error Models in Sample Surveys

Measurement (or response) error has generally been recognized as
an important source of variation for estimators which are based on com-
plex sample survey data. Much of the research in this direction has
been undertaken in terms of models which have been developed by the
U.S. Bureau of the Census and is discussed, for example, in Hansen
et al. [1964]. These models provide a framework for partitioning the
total variance of a sample estimétor into ;omponents which are defined
as the response variance, the sampling variance, and the interaction
variance. This decomposition is then used to motivate the formulation

of an index of inconsistency (unreliability) of classification which
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reflects the relative magnitude of response variance to total variance,
and thus can be regarded as a complementary alternative to (within sub-
ject) intraclass correlation coefficients like (1.2.2).

Alternatively, Kish [1962] used a (within interviewer) intra-
class correlation coefficient based on a model like (1.2.5) to demon-
strate the effect of interviewer variance on the sample mean in a sur-
vey situation involving attitudinal variables. This approach, however,
is similar in spirit to the U,S. Bureau of the Census model since the
(within interviewer) intraclass correlation coefficient reflects the
relative magnitude of interviewer variance to total variance, and is

thus directly analogous to the index of inconsistency.

1.2.4 Multivariate Models

All the models in the previous sections are univariate in the
éense of involving the measurement of only one variable or attribute
for each subject or observation. However, since many situations
involve the simultaneous measurement of ;everal variables, it is of
considerable importance to be able to assess the level of observer var-
jability in a multivariate reliability framework. In this regard, var-
ious models have been proposed for the multivariate case by Gleser
et al. [1965], Fleiss [1966], and Maxwell and Pilliner [1968].

In particular, Fleiss [1966] considered a reliability study in
which each of the d observers assigns scores for c¢ separate character~-
istics to each subject. He proposed a model which is a direct exten-
sion of the ANOVA mixed model in (1.2.10). In order to maintain simi-

larity with previous notation, let

Ve (o) (2) (c)
74y (yij’yij”"’yij ) (1.2.30)
1xc
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be the vector of c scores assigned to the i-th subject by the j-th
observer. Then the multivariate model proposed in Fleiss [1966] can be

written as

Zij =p+s, + éj + Sij , (1.2.31)
cxl
where H is an overall mean vector for the ¢ characteristics,

cxl

8y is the vector of effects for the i-th subject,

cxl

§j is the vector of effects for the j~-th observer,

cxl

e1 is the vector of residual error for the c characteristics

c;lj on the (i,j)-th observation. :

The assumptions for this model in (1.2.31) are that U and the {éj} are
fixed constants, the {gi} are NIDC(Q,YS), and the {Sij} are NID_(0,V.),
Q@ere NIDc means c-variate normal, independent and identically distri-
buted vectors.

Within the framework of this model, Fleiss [1966] derived a
likelihood ratio test criterion for the c-variate hypothesis of no

inter-observer bias,
(1.2.32)

In addition, as a single measure of reliability among the d observers,

he recommended

1 -1
Rc - trace {YS(YS + Ye) } . (1.2.33)

In the case when both VB and Ve are diagonal, Rc reduces to the arith-
metic mean of the univariate intraclass correlation coefficients based

on (1.2.2) which are associated with each of the ¢ characteristics.
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For general sample survey situations, Koch [1973] discussed a
multiva;iate extension of the U.S. Bureau of the Census model cited in
Section 1.2.3. This model provides a c-variate frameﬁork for jointly
partitioning the total variance of a set of estimators into components
representing the response variance, the sampling variance, and the
interaction variance. Thus, multivariate analogues of the index of
inconsistency can be formulated to reflect the relative magnitudes of
response variance to total variance. In this regard, Bershad [1969]
suggested an inde# which is the weighted average of the respective uni-

variate indices with the weights being the corresponding total variances.

1.2.5 Summary For Variance Components Models

The models for assessing observer variability when the response
variable is assumed to be continuous have been shown to involve random
éﬁfects'or ANOVA mixed model estimation problems. Various methods have
been proposed for the estimation process, and they can be classified
“into three basic categories as follows:

(1) Analysis of Variance (ANOVA) estimators

(2) Maximum Likelihood (ML) estimatofs

(3) Symmetric Sum of Products (SSP) estimators.

The ANOVA procedures as discussed in Anderson and Bancroft [1952],
Scheffé [1959], and Searle [1971], together with SSP techniques devel-
oped by Koch [1967a, 1968] do not require distributional assumptions,
while the ML procedures as discussed in Hartley and Rao [1967] and
Hemmerle end Hartley [1973] do require such assumptions in thelsense
of normal distributions. Thus, the estimation procedure needs to be
selected within the context of the underlying assumptions for a speci-

fic situation.
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Throughout the discussion in the previous sections, the choice
of the appropriate variance components model was shown to depend on
such considerations as

(a) The experimental or survey research design

(b) The assumptions regarding the observer effects

(c) Uniform vs. general correlation structure of the error
terms

(d) Normal vs. no distributional assumptions.

For example, the models in Section 1.2.1 differ only in the complexity
of (a) the research design and (b) the assumptions regarding absent,
fixed, or random observer effects. Otherwise, the correlation struc-
ture (c) is assumed to be uniform. In a somewhat more general sense,
the Grubbs [1948] model in Section 1.2.2 assumes a less restrictive
correlation structure to account for unequal observer variance compo-
nents. Alternatively, the response error models for sample surveys
discussed in Section 1.2.3 are based on randomization theory for proba-
bility sampling of finite populations, and.as such require much less
restrictive assumptions regarding (c) and (d). However, in certain
situations these response error models may become difficult either to
apply or to interpret.

In all of these cases, the objective in analyzing data from
observer reliability studies is to provide a satisfactory characteriza-
tion of the data without seriously violating the assumptions of the
model, For a discussion of the effects of.departures from underlying
assumptions such as normality and certain correlation structures of the

error terms, see Scheffé {1959, Chapter 10].
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1.3 Methods Proposed for Dichotomous Data

There are many situations in which a dichotomous judgment is the
only discrimination that can be determined or that is of interest.
Examples include the decision as to whether or not a patient has
"recovered" from a particular condition, the establishment of the pre-
gence or absence of lung involvement from a radiograph, or the determi-
nation of the presence or absence of a psychological trait. Accord-
ingly, this section deals with statistical procedures developed specif-
ically for dichotémous data. Since the two states of the response
variable can be coded 0 (absent) and 1 (present), the ANOVA procedures
presented in Section 1.2 can be applied to dichotomous data to obtain
estimates of observer reliability and of variance components assogiated
with the effects in a specified model. However, a wide variety of
methods have been developed for dichotomous data from a contingency
t;ble point of view. Thus, such methods will be surveyed in this sec-
tion with special emphasis being directed at those measures of agree-

ment which have an intraclass correlation coefficient interpretation.

1.3.1 Measures of Association Between Two Observers

In the situation in which each of the d = 2 observers make sepa-
rate dichotomous judgments on n subjects, the resulting data can be
summarized in the 2 x 2 table of‘observed proportions shown in Table
1.1. Thus, the relationship between the clagsifications by the two
observers can be characterized in terms of contingency table measures
of association. For example, as discussed in Kendall and Stuart [1961],
one well-known measure of assoclation is

_ PuaPy ~ PP
P11P22 * P12P21

’ (1.3.1)
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TABLE 1.1

OBSERVED PROPORTIONS RESULTING FROM TWO OBSERVERS
CLASSIFYING n SUBJECTS ON A TWO-POINT SCALE

Observer 2

0 1 Total
0 P p Pq.
Observer 1 11 12 1
1 Py P22 | Pa.
Total P.q P., 1

which ranges between -1 and +1 and has the following properties:
+1, 1f py,Pyy = o, i.e., pyy OT Py; = 0

0, if P11P22 = P12P5? i.e., the ratings of the observ-
ers are independent

Q-

Here Q is identical to the Y statistic proposed in Goodman and Kruskal

[1954]. Kendall and Stuart also discussed the ¢ coefficient denoted by

P11P9y = Py5P 2\ %
1722 2F21 X
{py.P.1P2.P.))

where X2 is the usual Pearson chi-square statistic for the 2 x 2 table.
The ¢ coefficient ranges between -1 and +1 and has the following pro-

perties:

+1, 1if Pyg = Pp1 * o, i.e., perfect agreement between
the two observers

o = 0, 1if P11P22 = P12Po1: i.e., the ratings of the two
observers are independent

-1, 1f p;; ® Pyy = o, i.e., complete disagreement
11 2 between the two observers. .
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Thus, both Q and ¢ measure the strength of the association between the
classifications by the two observers. Furthermore, ¢ is not only a
measure of association; but also a measure of agreement, since it
reflects the extent to which the data are on the main diagonal of the
table. Finally, it can be shown that ¢ is identical to the Tau-b

coefficient of concordance presented in Kendall (1955, Chapter 3].

1.3.2 Measures of Agreement Between Two Observers

Whereas measures of association reflect the strength of the pre-
dictable relationship between the ratings of the two observers, meas-
ures of agreement pertain to the extent to which they clgssify a given
subject identically into the same category. As such, agreement is a
special case of association. The most elementary agreement index is
based on the proportion of subjects classified into the same category

Bz the two observers, and can be estimated by
pO - Pll + P22 » ‘ (1.3.3)

which has been called the "index of crude agreement" by Rogot and
Goldberg [1966]. However, if the response is judged to be absent more
often than present, then indices which ignore Py may be of interest.

One such statistic proposed in Dice [1945] is

2p
N 22

P - W R (1-3.4)

As such Ap estimates the conditional proﬁability of agreement on the
presence of the response given the average of the proportions judged to

be present by the separate observers. The analogous statistic directed
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at agreement concerning the absence of the response is

2r1y

A'p - m . (1.3.5)

Using these estimates in (1.3.4) and (1.3.5), Rogot and Goldberg [1966]

proposed a combined estimate of agreement given by
A, =% (A + A5) (1.3.6)
1=7 Wt -3

which ranges from O (when there is complete disagreement) to +1 (when
there is complete agreement). In addition, they also estimated another
measure of agreement based on conditional probabilities by

P11 P11 P2 P2

1
A, =7 + ==+ =4 : (1.3.7)
41P1.  Pay Pa. Pup

v

A2 also ranges from O (complete disagreement) to +1 (complete agree-

ment).

1.3.3 Chance Corrected Measures of Agreement

None of the indices of agreement cited in Section 1.3.2 account
for the level of agreement expected by chance alone when the ratings of
the two observers are independent. However, for statistics such as
Py Ap, Aﬁ’ Al’ and A2 defined previously, suitable corrections for
chance agreement can be derived. Using the notation of Fleiss [1973b],
let Io denote the observed value of the index, and let Ie denote the
value of the same index expected under certain baseline constraints
such as total independence., Then (Io - Ie) represents the excess

agreement beyond chance, and (1 - Ie) in&icates the maximum possible
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excess agreement beyond chance. Then define

I -1
e

[o)
M =371 o
e

(103.8)

as a standardized measure of agreement adjusting for the agreement due
to chance. In this context, M(I) ranges from {-Ie/(l—Ie)} to +1 and

has the following properties:

+1, 1if both observers are in complete agreement

0, 1if the level of agreement is equal to the
M(I) = expected agreement due to chance

<0, 1if observed agreement is less than the
expected agreement due to chance.

Thus, only for the special case where I = (1/2) does M(I) range from
-1 to +1.

According to Mokken [1971], the earliest examples of indices of
tge type M(I) were developed by Loevinger [1947, 1948] in scale anal-
ysis. In this regard, both Scott [1955] and Cohen [1960] proposed
agreement measures of the type given in (1.3.8) based on P, in (1.3.3)..
In particular, Scott's agreement measure T was derived under §2, the
simultaneous constraints of marginal homogeneity and independence;
whereas Cohen's K measure was developed using only E,, the constraints
of independence. These estimates are given by

4(py1Pgg = PyoPay) = (P - Py’

L N I - (2.3.9)

) 2(py1P9p = P12Pp7)
P1.P.2 ¥ PupPs.

R

(1.3.10)
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Moreover, by choosing appropriate functions of the marginal proportioms
as estimates of Ie’ each of the measures of agreement in Section 1.3.2
can be transformed according to (1.3.8) to produce the estimates of

M(I) shown in Table 1.2 as discussed in Fleiss [1973b]. Thus, Py» A,

P
TABLE 1.2
CHANCE CORRECTED AGREEMENT STATISTICS
2 Baseline ~ ~
L Constraints I, M(I)
1 2 2 ~
Py E 7 Upp. +o.)7 + (o, +0.)) } T (Scott)
Py 21 P1.Peg + Py.P.y K (Cohen)
2p,.pP. ~
A E ___2___2_ K
p _l p2' + p.z
2p,.P. "
A_ . E 1-7°1 K
v ﬁ —1 pl' + p'l
Py.P. Py.P. ~
o 5 121, P2 -
p]_o p'l Py, P.y

Aﬁ’ and Al are equivalent for this type of M(I) under the constr#ints
of independence. On the other hand, such equivalence does not apply to
A, defined in (1.3.7). By noting that ie = 1/2 under E,, Fleiss
[1973b] demonstrated that

1 1
+ } .
2p1.Pp.  2P.Pep

M(A,) = {pllp22 - p12p21} { (1.3.11)
Thus, ﬁ(Az) ranges from -1 (for complete disagreement) to +1 (for com-
plete agreement); whereas K correspondingly ranges from

2 2
{-2p,,p,./(pyv + p,)} to +1.
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1.3.4 Intraclass Correlation Coefficilents

By assigning the values 0 and 1 to the respective classifica-
tions of the diéhotomous variable, ANOVA sums of squares can be calcu-
lated in terms of the prbportions in Table l.i when d = 2 observers.
These calculations lead to the expressions shown in Table 1.3, which

can be used to estimate various intraclass correlation coefficients as

TABLE 1.3

ANOVA TABLE FOR DICHOTOMOUS DATA (TWO OBSERVERS)

Source d.f. Sums of Squares
Observers 1 ss. =2 [¢( - P )2]
b~ 2 '\P12 T P21
n 2
Subjects n-1 SSS-’ E [(pll + pzz) - (pll - P22) ]
2
Residual Error n~-1 SSe = %[(p12 + p21) - (p12 - p21) ]
' Tot-al 2n-1 L & N - P )2]
2 P31 ~ P22

" discussed in Fleiss [1973b]. Under the ANOVA model in (1.2.1), the
intraclass correlation coefficient p; in (1.2.2) can be estimated from
the expressions in Table 1.3 by using MS_ = {(SSb + SSe)/n} for the
mean square due to residual error in (1.2.3). It can then be shown

that this estimate satisfies

4

R T, (1.3.12)

1

where 4 means "asymptotically equal to" in the semse that terms of
order (1/n) are regarded as negligible and where % is the agreement
measure in (1.3.9) proposed by Scott [1955]. This equality is consist-
ent with the fact that T was derived under the constraints of marginal

homogeneity, which is directly analogous to including the observer
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effects in the residual error term in (1.2.1).

On the other hand, the intraclass correlation coefficients asso-
ciated with the models in (1.2.5) and k1.2.10) which do involve
observer effects can also be estimated frqm the sums of squares in
Table 1.3. For the random effects case, Krippendorff [1970] and Fleiss
et al. [1973] both have shown that the estimate of Py in (1.2.9),

obtained by using (1.2.6), (1.2.7), and (1.2.8), satisfies

4

R PR (1.3.13)

2

where E is the agreement statistic in (1.3.10) proposed by Cohen
[1960]. Alternatively, in the fixed effects case, the intraclass cor-
relation coefficient p3 associated with (1.2.10) can be obtained from
(1.2.3) by using Ms,_ = SSe/(n-l). This estimate is given by

- | _ 2(py3Ppy ~ PygPyy)

R
3 PPy Y PPy

, (1.3.14)
which is identical to the measure 1 deveioped from psychometric
theory by Maxwell and Pilliner [1968].

This correspondence between specific ANOVA estimates of intra-
class correlation and the contingency table statistics shown in
(1.3.12), (1.3.13), and (1.3.14) can be used as a strong basis for rec-
omending these agreement statistics from among those presented in the
previous sections. Furthermore, the choice of a suitable agreement
statistic for a particular situation can be based on whether observer
effects are assumed to be absent, fixed, or random, as summarized in
Table 1.4. In this regard, these results suggest that E is a more con-

A
servative estimate of agreement than T and riye since it is based on
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TABLE 1.4

CORRESPONDENCE BETWEEN ASSUMPTIONS ON OBSERVER EFFECTS
IN ANOVA MODELS AND MEASURES OF AGREEMENT

Assumptions ANOVA Model Agreement Statistic
No Observer Effects (1.2,1) ™ (1.3.9)
Fixed Observer Effects (1.2.10) Ty (1.3.14)
Random Observer Effects (1.2.5) K (1.3.i0)

the more general assumption of random observer effects (of which fixed

observer effects and no observer effects are special cases).

1.3.5 Measures of Agreement Among Many Observers

The situation in which d > 2 observers separately rate n sub-
jects on a dichotomous scale has been considered by Fleiss [1965],
Armitage gs_gé, [1966], and Bennett [1972a]. In this context, the
objectiﬁe is to create overall measures of the extent to which observ-
ers agree or disagree in their recording of the same sign S for the
same subjects. For this purpose, the resulting data can be displayed
as shown in Table 1.5, where

1, 1if the i-th subject is determined to be positive
- for S by observer j
0, otherwise.

Thus, ti

y.j is the total number of subjeéts found positive by observer j.

is the number of positive findings for the i-th subject, and

Furthermore, by expressing the average number of positive findings for
the i~th subject as Ei --% ti’ the overall proportion of positive

findings for all subjects is given by

t, . (1.3.15)

- g - 1
t = t, = =
11 i nd i

B
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TABLE 1.5

DATA RESULTING FROM d OBSERVERS CLASSIFYING
n SUBJECTS ON A TWO-POINT. SCALE

Observers
1 2 ves  d Total
Loy Yoo Vg &
Subjects 2 Y21 Y22 *** Yaq €2
n Va1 Yn2 *** Ynd tn
Total y.1 Yoo ¢ Yo Yoo

Using this notation, the majority agreement index (MAI) of

Armitage et al. [1966] can be expressed as
c, = lei - 1| for 1 = 1,2,...,n. (1.3.16)

Thus, Ci ranges from O (when the observers are evenly divided) to +1
(when all the observers agree on the preseﬁce or absence of S) on the
i-th subject. An unusual property of the MAI is that it can assume the
value 0 only if d is even; otherwise, it can attain a minimum of 1/4.

As a summary statistic of the MAI across subjects, Armitage et al.

[1966] proposed
n

c
121 172

1
C= 3 (1.3.17)
which is called the mean majority agreement index. This index is
identical to Po in (1.3.3) when d = 2.
Dedlizing the fact that there are CD possible pairs of observ-

ers, of which ti(d - :i) disagree on the classification of the i-th
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subject, Armitage et al. [1966] proposed a pair disagreement index
(PDI) defined by

t,(d - t,)
D B S for i= 1,2,...,1'1. (1-3.18)

C

As such, D, ranges from O (if all the observers agree on the presence

i
or absence of S5) to d/2(d-1) (if the observers are evenly divided) on
the i-th subject. Moreover, they also proposed a summary statistic of

the PDI across subjects,

(=]
]
N

n
o, (1.3.19)
i=1
which is called the mean palr disagreement index. This index is iden-
tical to the crude index of disagreement (1 - po), corresponding to
(1.3.3) when d = 2.

’ fhe third measure of observer agreemeht proposed by Armitage
et al, [1966] is based on the variation of the {t,} from subject to

subject. They defined the standard deviation agreement index (SDAI) as

n
7 (t, - df)? C
gmy 1
S, = . (1.3.20)

n-1

In this context, an increase in Sd reflects an increase in the varia-
bility of the {ti}’ and therefore, an increase in observer agreement.
Except in the special case when all the Suﬁjects are classified as
positive (or negative) by all the observers, Sd assumes a minimum of O
when there is complete disagreement among the observers. Fleiss

[1973b] has shown that when d = 2, the SDAI can be written as
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S. = (=B [(pay + Por) = (pry = pyy) 1Y = [2045 ) 1" (1.3.21)
2 n-1 11 22 11 22 s 4 s

where MSs is the mean square due to subjects from Table 1.3. 1In this
situation, 52 ranges from O to a maximum value of [n/(n-l)]%, only when
Py t Py = 1 and Pyp = Pop T 1/2. This feature makes S, unattractive
as a general usage agreement index.

Armitage et al. [1966] indicated that one advantage of the mean
MAI and the mean PDI is that they can also be used to evaluate each
observer separateiy. In this context, the mean MAI is calculated as
the proportion of subjects on which a given observer agrees with the
majority opinion; whereas the mean PDI for a given observer is the pro-
portion of disagreements among all the paired comparisons involving
that observer across all subjects. However, none of these indices pro-
posed by Armitage et al. [1966] have been adjusted for expected agree-
ment (or disagreement) under certain baseline constraints involving the
marginal proportions, as discussed in Section 1.3.3. As such, these
measures indicate overall agreement (or di;agreement) without suitable
adjustment for inter-observer bias reflected by inequalities among the

{§.j}, where y_, = (y.j/n) for j = 1,2,...,d.

3

Subsequently, Bennett [1972a] derived the means and variances of
these indices due to Armitage et al. [1966] for selected values of d,
and suggested how these measures could be extended to the situation

involving c¢ dichotomous signs. He illustrated this in terms of the

average proportion of positive findings for each of the c signs.

1.3.6 Hypotheses Involving Marginal Distributions

The hypothesis of marginal homogeneity, i.e., no inter-observer
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bias, is concerned with the simultaneous equality of the underlying
proportions positive for S as classified by each observer. In this
regard, if the expected values of the {§.j} obtained from Table 1.5 are

denoted by m, for j = 1,2,...,d, then the hypothesis of marginal homo-

3

geneity involving the d observers ié

(1.3.22)

Fleiss [1965]) recommended using Cochran's Q statistic for test-

ing H, in (1.3.22). Given the notation in Table 1.5, this statistic

0
can be expressed as

d 2
2 X (yoj - §oo)
i=1

Q = for D >0, (1.3.23)

nD

ol

.
where y__ = z y.j, and D is the mean pair disagreement index in
i=1

(l~3.19). As such, Q has an approximate X2 distribution with (d-1)
d.f. under (1.3.22). This formulation of Q in (1.3.23) demonstrates
that as the disagreement index D decreases, the Q statistic increases.
Accordingly, the Q statistic is influenced both by agreement and by
inter-observer bias. Moreover, Fleiss [1965] showed that the common
intraclass correlation between all pairs of judgments on the same sub-

jects can be estimated by
r* = 1 - (B/Q) , (1.3.24)
where |
d .
16y -9.0°
p = 1=l —
- =2
y.. - G, /)

. (1.3.25)

In particular, r* in (1.3.24) simplifies to T in (1.3.9) when d = 2, as

discussed in Fleiss [1973b].,
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Bennett [1967, 1968] proposed two éoodness of fit statistics for
the hypothesis in (1.3.22) which are both asymptotically Xz distributed
with (d-1) d.f. Moreover, these test statistics were illustrated in
Bennett [1972b] in terms of comparisons among several diagnostic pro-
cedures. In addition, Bennett [1972a] showed that these results could
be used to test for inter-observer bias in the situation in which d
clinicilans each observe the presence or absence of c¢ correlated signs

§1’§2""’§c for a sample of n patients.

1.4 Methods Proposed for Nominal and Ordinal Data

Many research designs in studies of observer reliability give
rise to categorical data via nominal scales (e.g., states of mental
health such as depression, personality disorder, schizophrenia, neuro-
sis, and other) or ordinal scales (e.g., stages of disease such as
n?ne, mild, moderate, and severe). In these situationms, each of the d
observers classifies each subjeét once into exactly one of a fixed set
of L categories. As such, these designs are directly analogous to
those giving rise to the standard ANOVA models in (1.2.1), (1.2.5),
and (1.2.10) when the measurement scale is assumed to be quantitative.
However, standard ANOVA procedures are rarely appropriate for the
analysis of nominal and ordinal scaled data. As a result, these data
are usually cross-classified into an Ld contingency table, and can then
be analyzed by techniques developed for multidimensional contingency
tables as discussed further in Section 1.6. In particular, methods
developed for two-way tables which are reviewed in the next two sec-

tions can be used in the two observer .case.
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1.4,1 Measures of Association Between Two Observers

When each of d = 2 observers separately classifies n subjects on
an L-point scale, the resulting data can be summarized in the L x L

table of observed proportions shown in Table 1.6. In this case, Py

TABLE 1.6

OBSERVED PROPORTIONS RESULTING FROM TWO OBSERVERS
CLASSIFYING n SUBJECTS ON AN L-POINT SCALE

Observer 2

1 2 ... L Total
L[ Pn P2 e Py P1-
2 p P cee P Py,
Observer 1 21 22 2L 2
L fppy P v Py Pr.
Total Py Poyg ¢+ P. 1

is the proportion of subjects classified into category k by observer 1
and into category k' by observer 2. Moreover, the diagonal elements
{pkk} for k = 1,2,...,L represent the proportions of the subjects clas-
sified into each of the respective agreement category combinations.

Various indices which characterize the association between the
row and column classifications have been proposed for L x L contingency
tables. For.example, Kendall and Stuart [1961] discussed a coefficient
of contingency due to Pearson denoted by

2 %

P - —————-—2 ’ (10401)
n+ X

where X2 is the Pearson chi-square statistic for independence. This P
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coefficient ranges from 0 (for complete independence) to an upper limit
of (Lii) & (for perfect agreement) between the two observers. As such,
the upper limit of this coefficient depends on the number of categories
in the measurement scale.

In order to avoid this undesirable scale-dependency property of

P in (1.4.1), Tschuprow proposed an alternative function of X2 for the

L x L table, which is given in Kendall and Stuart [1961] as

x2 1
T= m . (1.4.2)

T ranges from 0 (for complete independence) to +1 (for perfect agree-
ment) between the two observers. In this regard, T is a natural

extension of ¢ in (1.3.2), since T = ¢ when L = 2.

1.4.2 Measures of Agreement Between Two Observers

As discussed in Section 1.3.2, agreement is a special case of
association which reflects the extent to w@ich observers classify a
given subject identically into the same category. For this purpose,
the most elementary index of agreement is based on the proportion of
the subjects classified into the same category by the two observers,

and can be estimated by

L
p.= ) Py o> (1.4.3)
o k=1 kk

which is a direct extension of the index of crude agreement in
(1.3.3). Under the baseline constraints of complete independence
between ratings by the two observers, the expected agreement proportion

corresponding to (1.4.3) is estimated by -
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L

P. = ) DPL.P.. » (1.4.4)
e kel k k

Moreover, Cohen [1960] proposed a standardized coefficient of agree-
ment for nominal scales in terms of (1.4.3) and (1.4.4) which can be

estimated by

P, P
- (o] e
K = —"‘—1 -' pe . (104.5)

As defined here, K has the same properties as the general index M(I) of
(1.3.8), and simplifies to the expression in (1.3.10) when L = 2.

In a later paper, Cohen [1968] introduced a modified form of
kappa which allows for scaled disagreement or partial credit. Since
certain patterns of disagreement between the observers may be more
important than others, he proposed using a set of weights {wkk'} for
k,k' = 1,2,..,,L, which reflect the contribution of each cell in Table
1.6 to ghe measure of agreement. For example, in evaluating the relia-
bility of a decision tree technique used to classify psychiatric
patients into one of four groups, Feldman éE.El' [1972] suggested
weights which reflected the relative merits of each of the disagree-
ments in diagnosis. In particular, they used weights which implied
that it was less desirable to misclassify schizophrenia as excited or
affective disorder than as a character disorder. Accordingly, in order
to measure agreement with respect to the specified set of weights
{wkk'}’ Cohen [1968] definedva weighted kappa measure which is esti-
mated by

~ P -p%

- (1.4.6)

w 1- p; ’
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L L L L

* = * =
where X kzl k'lekk.pkk, and p* kzl k.zlwkk'pk'p°k' . (1.4.7)

In most cases, 0 < VK ! < 1 for all k,k', so that pg is a weighted
observed proportion of agreement, and p: is the corresponding weighted
proportion of agreement expected under the constraints of total inde-

pendence. Furthermore, by choosing the weights in (1.4.8),

1, k=k'
w = (1.4.8)
0 , k#k' .

K, in (1.4.6) simplifies to < in (1.4.5).

Everitt [1968) derived the means and variances of both kappa and
weighted kappa; but as indicated by Fleiss et al. [1969], the standard
errors given by Cohen [1960, 1968] and Everitt [1968] were derived
under the assumptions of independence and fixed marginals, rather than
urider the single constraint of a fixed number of subjects, n. Accord-
ingly, Fleiss et al. [1969] calculated the unconditional large sample
variance of weighted kappa based on the linear term from a Taylor

series expansion as

A, . L E
Var(k ) = =t Pyyr
Vad - p)Y kel k=1 KK
pe

Lo (4 = o) = Gy, + 3,00 - p%)17 (1.4.9)

2
- (p* p} - 2p% + p¥) } R

L L

where CARL Z WPyt and @0 = Z W, 4Py, ¢ (1.4.10)
ke T b Pk k' 7L kPl
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This expression in (1.4.9) reduces to the appropriate estimated vari-
ance of kappa in (1.4.5) by substituting the weights given in (1.4.8).
Agreement statistics such as weighted kappa in (1.4.6) can also
be generated for ordinal scale data by assigning appropriate weights to
each of the off-diagonal cells to reflect the degree of disagreement.

One such selection of weights recommended by Cicchetti [1972, 1973] is

given by
Ik - k'|
Wkk' 1 - (L _ 1) . (1.4.11)

Using the weights in (1.4.11), the Cicchetti test statistic for the

significance of observer agreement is

p* - p*
z, = —'O—K—e—;; > (1.4.12)
[Vaz (p%) ]
. L L .
’ N\ 1 2 2
where Var(p*) = — z Wy 1 1Py — DX . (1.4.13)
o n-1 kel k'=1 kk'"kk o

which depends only on the observed weighteé proportion of agreement.
Furthermore, recent empirical studies reported in Cicchettdi and Fleiss
[1975] indicate that this estimate of bafiance in (1.4.13) is probably
inappropriate for situations involving significant "inter-observer
bias,” since it is not based on both the observed and expected propor-
tions of agreement. Otherwise, weights such as those in (1.4.11) can
be used to generate the cor;esponding weighted kappa statistics in
(1.4.6).

In situations where the L categories are not only ordinally
scaled, but can be assumed to be equally spaced along some underlying

continuum, discrete numerical integers such as 1,2,...,L can be
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assigned to the respective classes. In this context, by choosing the

welghts to be
R R N L (1.4.14)

Cohen [1968] has shown that under observed marginal symmetry, weighted
kappa in (1.4.6) 1is precisely equal to the product-moment correlation
coefficient calculated on the integer-valued categories. Furthermore,
Fleiss and Cohen [1973] have shown that if the random effects model of
(1.2.5) is assumed to hold for the data scored as 1,2,...,L by each of
the two observers, the estimate of the intraclass correlation coeffi-
cient p, in (1.2.9) is "asymptotically equal to" Ew in (1.4.6) using
the weights in (1.4.14).

Various other procedures involving the main diagonal of a square
contingency table have been developed. For example, Goodman and
Kruskal [1954, 1959] proposed a measure of agreement of the type M(I)

in (1.3.8) based upon optimal prediction of order given by

L ) :
kzlpkk -5 By, + Py
A = : (1.4.15)

1
1-3 (pM, + p,M)

where Py and P.y are the two marginal proportions corresponding to a
hypothesized modal class, As defined here, Ar ranges from -1 (when

all the diagonal elements are zero and Py. + Py ™ 1) to +1 (when both
observers are in complete agreement). In Chen et al. [1961], Mantel
and Crittenden proposed a chi-square statistic with 1 d.f. as a test of
agreement on the main diagonal cells. In another study reported by
Spiers and Quade [1970], the expected value for the (k,k')-th cell was

considered to be a weighted average of the expected value under inde-
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pendence and the expected value with the diagonals inflated to the
greatest possible extent. Using the method of minimum X2, estimates of
these weights were derived, and then a test of independence was per-
formed. Light [1971] has also recommended a chi-square statistic that
i{s sensitive to the pattern of agreement on the main diagonal of the

L x L table for two observers. Using the expected values based on
independence and combining all the off-diagonal cells, his statistic

xi is given by

2
2 L (pyy — PPy
X, =10

k=1 PrePox

ke, T b 2
+ P opo ' (p 1 <P .p. ') "y
Lk k ‘k A kk kePek

which is asymptotically chi-square with L degrees of freedom under the

(1.4.16)

hypotheéis of independence. Here it can be noted that E of (1.4.5) may
be essentially zero, while xi may be large and significantly different
from zero. However, if xi is near zero, 2.w111 be necessarily near
zero. As such, xi reflects deviations from the expected pattern on the

main diagonal, while K reflects the overall level of agreement.

1.4.3 Measures of Agreement Among Many Observers

Overall measures of inter-observer agreement have also been
developed for the situation wheré each of d> 2 observers individually
classify n subjects on an L-point scale. Moreover, most of tﬁese
developments have been in terms of pairwise agreement considerations.
For example, Cartwright [1956] proposed an agreement coefficient which

can be estimated by
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A 1 % d
a == L{%f@}, (1.4.17)

i

where L is the number of pairs of raters in agreement on the classifi-
cation of the i-th subject, In this context, & ranges from 0 (no
agreement) to +1 (perfect agreement) among the observers, since the
{mi} range between 0 and (g) for each subject. Thus, for dichotomous
data, a can be regarded as a complementary analogue to D in (1.3.19).
Also, for nominal or ordinal scaled data, a is identical to P, in
(1.4.3) when d = 2. In this respect, o in (1.4.17) is essentially an
uncorrected index of agreement, since the expected agreement calculated
under such baseline constraints as total independence is not considered.
For this purpose, Fleiss [1971] developed an extension of kappa
in (1.4.5) for more than two raters which does account for expected
agreement under the baseline constraints of pairwise independence and

marginal homogeneity. Specifically, he proposed an estimate of the

overall observed proportion of agreement based on pairwise considera-

1§1 :Zl (:ik) / (‘;) : (1.4.18)

where LI is the number of assignments of the i-th subject to the k-th

tions as

8|

Py ™

category by the d observers., In this regard, 50 is identically equal
to a in (1.4.17). Furthermore, his estimate of expected agreement can

be written as

B, = E 0 . (1.4.19)
k=1

n
where q = %E Z uik (1.4.20)
al
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is the overall proportion of assignments to the k-th category. Then
in terms of (1.4.18) and (1.4.19) his extension of kappa to the case

involving d > 2 observers can be estimated by

N P -p

K, o =28 (1.4.21)
@ "5
pe

Moreover, in certain situations it may be useful to partition
an overall measure of agreement into component parts which reflect
agreement for each of the L categories. For this purpose, Fleiss

[1971] showed that E in (1.4.21) can be expressed alternmatively as

(d)
L
_ a (k)
X kZlqka a0 Rig)
K(d) = T . - (1.4.22)
Y q (- q)
k=1 k k
where 2<§g = S%%;—EE for k = 1,2,...,L (1.4.23)
( Qe

are separate estimates of inter-observer agreement for each of the L

categories. In this regard, Qk in (1.4.23) is given by

/0]

k , ’
nqk

(1.4.24)

which is an estimate of the conditional probability of agreement
between two randomly selected observers on the assignment of a partic-
ular subject into the k-th category, given that the first observer

classified the subject into the k-th category. As such, K(d) in



(1.4.22) is shown to be a weighted average of the conditional agree-
ment statistics in (1.4.23).

Similarly, Light [1971] has developed analogous statistics to
(1.4.21) and (1.4.23) from a somewhat different point of view. 1In
particular, these K-type statistiecs involve pairwise agreement consid-

erations based on fixed marginal distributiomns.

1.5 Measures of Agreement With a Standard

All the measures of reliability and the tests for marginal homo-
geneity discussed in the previous sections reflect the extent to which
the observers agree among themselves on the classification of the same
set of subjects. In this regard, since none of these measures of
agreement involve comparisons with a "standard" or "correct" classifi-
cation for each subject, they simply provide estimates for a type of
iqternal consistency among the observers. Moreover, the absence of a
known "true value" is precisely the motivation for using multiple
observers in the measurement process.

Alternatively, in some situations one of the observers may be
the standard whose classification of the subjects is considered to be
"correct." For example, in physical health exams the classifications
by an expert diagnostician may be used as a standard for determining
the validity of the diagnoses by a group of interns or medical students.
Similarly, new clinical diagnostic proce@ures may be tested by compar-
ing their results with those of a standa?d laboratory test as dis-
cussed in Bennett [1972b]. Finally, "true values' may be created by
using a separate panel of experts to provide a standard classification

for each subject. Then the performance of other observers can be
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evaluated by comparing their classifications with the expert panel
decisions.

The measurement of observer reliability within the context of a
known standard involves issues which are quite different from those
discussed previously, In particular, the major emphasis 1is given to
comparisons between the observers and the standard, rather than to
measures of agreement among the observers themselves. When the data
are assumed to be quantitative, appropriate models can be readily
obtained as speciél cases of the ANOVA models given previously. For
example, by subtracting the "true values" from the observed values, the
sources of variation for the resulting differences can be modeled by
one of the ANOVA models given in Section 1.2. However, for the case
where the data are categorical (e.g., either dichotomous, nominal, or
ordinal), such questions involving a standard have been evaluated by
contingency table methods which have been developed from a somewhat
different point of view from those discussed in Sections 1.3 and 1.4.

In particular, much work has been déne for the dichotomous case
involving a standard as reviewed recently by Feinstein {1975]}. For
this purpose, a variety of reliability and validity measures have been
proposed in terms of the proportions from an appropriate 2 x 2 table.
In this context, the n subjects are labeled as positive (+) or negative
(-) by each of the measurement procedures, and then the resulting data
are cross-classified as shown in Table 1.7. Yerushalmy [1947] intro-
duced the term sensitivity to demote the proportion of "true posi-
tives,”" £, and the term specificity to denote the proportion of "true
negatives," n, associated with the test procedure. Using the notation

in Table 1.7, the estimates of these quantities are given by



TABLE 1.7

CLASSIFICATION BY STANDARD AND TEST
PROCEDURE ON DICHOTOMOUS SCALE

Test
+ - Total
+ n n n
Standard 1i 12 1
- a1 P22 2.
Total n.1 n.2 n
n n
o 11 A 22
E = -n—-— n = ;‘—“‘ . (1.5.1)
lo 20

In both cases, these estimates range from O (for no agreement) to +1
(for perfect agreement) with the standard. Moreover, these statistics
pnovide'a separate estimate of agreement with the standard for the

"positives" and for the '"megatives." However, as indicated by Fleiss

[1973a] and Feinstein [1975], if the test procedure is to be used for
predictive purposes, such as a screening device, alternative reliabil-
ity measures which indicate the positive accuracy, p+, and the negative

accuracy, p , are required. In this regard,

A n
ot - n—li (1.5.2)

reflects the "true positive rate'" of the test, and

A n
- 22
p ';—.—2- (1.5.3)

reflects the '"true negative rate" of the test. In addition, these
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authors discussed the effect of the prevalence rate of the condition
under investigation on the accuracy rates in (1.5.2) and (1.5.3).
Otherwise, an overall estimate of validity for the test can be obtained

from 1

P, = 5 (v + 8y5) (1.5.4)

which is directly analogous to the crude index of agreement in (1.3.3).
Finally, Bennett [1972b] showed how his results obtained in Bennett
{1967, 1968] could be used to compare the sensitivity, specificity, and
predictive value of several diagnostic procedures used on the same set
of n subjects. These involve considerations directly analogous to the
multiple observer case in Section 1.3.5.

More generally, when the classification scale is nominal or
ordinal with L > 2 categories, the notions of sensitivity, specificity,
and predictive value become much more complex to formulate, as dis-
cussed in Feinstein [1975]. However, eacﬁ observer or test procedure
can be compared with the standard in terms of a measure of validity
directly analogous to (1.4.3) as an extension of (1.5.4). In addition
to this, Light [1971] proposed a test of the joint agreement of the d

observers with a standard in terms of an overall sum of the individual

crude indices of agreement between each observer and the standard.

1,6 Summary and Outline of This Research

Because the observer has been shown to be an important source of
measurement error in data acquisition, reliability studies are con-
ducted in experimental or survey situations to assess the extent of the
observer variability. In all of these cases, the most common research

design for a univariate response can be regarded as involving samples
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from s sub-populations of subjects on whom the response variable is
measured separately by d observers. In this regard, observer relia-
bility experiments or surveys involve research designs which produce
repeated measurement data.

The questions of substantive interest in these repeated measure~

ment situations are as follows:

1) Are there any differences among the sub-populations with
respect to the distribution of the response to the d
observers?

2) Are there any differences among the distributions of
responses to the d observers within each of the respéctive
sub-populations?

3) Are there any differences among the sub-populatioms with
respect to differences among the distributions of responses
to the d observers? 1In other words, is there any observer
X sub-population interaction? |

4) Are there any differences among the sub-populations with
respect to the overall agreement of the d observers on indi-
vidual subjects?

5) Are there any differences in agreement among certain subsets

of observers within each of the respective sub-populations?

As reviewed in Koch et al. [1974], questions (1)-(3) are directly anal-

ogous to the hypotheses of "no whole-plot effects," 'mo split-plot

effects,”" and "no whole-plot x split-plot interaction" in standard
split-plot experiments. In this context, question (1) addresses dif-

ferences among the s sub-populations, question (2) involves the issue
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of inter-observer bias, and question (3) 1s concerned with the observer
x sub-population interaction. In contrast to overall differences,
questions (4)-(5) address the issue of agreement on a subject-to-:
subject basis., Here question (4) involves differences in measures of
inter-observer agreement among the s sub-pop§lations, and question (5)
is concerned with differences in pairwise agreement or agreement among
subsets of the d observers,

When the data arising from observer reliability studies are
quantitative measﬁrements, tests for inter~observer bias and measures
of inter-observer agreement are usually obtained from ANOVA models as
discussed in Section 1.2, These models permit estimation of intraclass
correlation coefficients for measures of agreement, and significance
testing of the observer effects for the hypothesis of '"no inter-

' Even though assumptions of normality may not be war-

observer bias.'
ranted in certain cases, the ANOVA procedures discussed in Anderson and
Bancroft [1952], Scheffé [1971], and Searle [1971], and the SSP proce-
dures in Koch [1967a, 1968] still permit tﬂe estimation of the appro-
priate components of variance and the reliability coefficients used in
assessing observer variability.

As reviewed in Sections 1.3 and 1.4, a wide variety of estima-
tion and testing procedures have been developed to assess observer
variability when the data are categorical. In these situations the
response variable is classified into L nominal (or possibly ordinal)
multinomial classes. Thus, the conceptual formulation of questions
(1)-(5) may be undertaken in terms of an underlying (s x r) contingency

table where r = Ld represents the number of possible multivariate

response profiles. Within this context, the first-order marginal dis-
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tributions of response for each of the d observers contain most of the
relevant information for dealing with questions (1)-(3). Furthermore,
functions of the diagonal cells of various subtables provide the infor-
mation for estimating and testing the significance of the agreement
measures on a subject-to-subject basis. These quantities which reflect
the extent to which the observers agree among themselves can be .
expressed as functions of the observed proportions obtained from the
underlying contingency table. Accordingly, they can be analyzed within
the scope of the general methodology for multivariate categorical data
discussed in Grizzle et al. [1969] (referred to as the GSK procedure).

The GSK approach essentially involves a two-stage procedure:

(1) the construction of the appropriate functions of the
observed proportions which are directed at the relation-
ships under investigation by a sequence of matrix formu-
lations;

(i1) the construction of test statigtics for hypotheses involv-
ing these functions and the estimation of corresponding
model parameters via weighted least squares computational

algorithms.

For example, the GSK formulation for hypotheses of first-order marginal
homogeneity in Koch and Reinfurt [1971] and Koch et al. [1974] can be
used for tests concerning inter-observer bias. Similarly, extensions
of the GSK procedures discussed in Forthofer and Koch [1973] can be
used to estimate and to model generalized kappa-type statistics for
measures of inter-observer agreement.

Accordingly, this dissertation develops a unified approach to




48

the measurement of observer agreement within the context of the GSK
procedure. In Chapter II the required theory and methodology is out-
lined, with emphasis given to specific estimators and hypotheses of
interest in the general observer agreement situation. Then in Chapter
III these procedures are illustrated in considerable detail for the
two—-observer case using two examples from the epidemiological litera-
ture. Moreover, the analysis of very large contingency tables involv-
ing more than two observers is discussed in Chapter IV. In particular,
consensus agreemeﬁt measures are developed within the context of a
clinical diagnosis example involving seven pathologists. Finally, in
Chapters V and VI a variance components approach for categorical data
18 developed for models directly analogous to (1.2.1). In this regard,
measures of agreement are proposed in terms of intraclass correlation
coefficients similar to (1.2.2) for each category of response.

' Another approach to the analysis of multidimensional contingency
tables 1s based on maximum likelihood estimation within the framework
of log-linear models as presented in Bishoé et al. [1975]. Much of the
research in this direction has been concerned with the analysis of
multivariate relationships, and thus pertains to generalized measures
of association. Otherwise, Bishop et al. [1975] have discussed agree-
ment in two-way tables as a special case of association; and Lin‘[1974]

has applied maximum likelihood methods to more general multidimensional

agreement problems.
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CHAPTER II

STATISTICAL THEORY AND METHODOLOGY FOR THE
MEASUREMENT OF OBSERVER AGREEMENT

2.1 Introduction

The purpose of this chapter is the presentation of a general
statistical methodology for observer reliability experiments or sur-
veys which involve multivariate categorical data. In this regard,
Section 2.2 summarizes the most important aspects of the matrix opera-
tions associated with the GSK approach to the analysis of multidimen-
sional contingency tables which will be #pplied to observer reliability
gtudies. These procedures are then directed at the formulation of cer-
tain h}potheses concerning inter-observer bias in Section 2.3 and
inter-observer agreement on a subject-to-subject basis in Section 2.4.
In this chapter, attention is limited to the case where the d observers
are assumed to be a fixed reference set with each observer classifying
each of the subjects once on an L-point scale. Other situations like
those pertaining to unbalanced designs are not within the scope of this
chapter, but will be considered in Chapters V and VI. Thus, the meth-
odology presented here represents a categorical data analogue to the
ANOVA models resulting from balagced designs reviewed in Chapter I.
Finally, in Section 2.5 the matrix operators for specific estimators

and hypotheses are described in detail for a canonical example.

2.2 General Framework

Let j = 1,2,...,r index a set of categories which correspond to
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the r = Ld response profiles associated with the specific dependent
variable of interest. .Similarly, let 1 =1,2,...,8 index a set of
categories which correspond to distinct sub-populations as defined in
terms of pertinent independent variables. If samples of size oy where
i=1,2,...,8, are independently selected from the respective sub-
populations, then the resulting data can be summarized in an (s xr)
contingency table as shown in Table 2.1, where nij denotes the fre-
quency of response category j in the sample from the i-th sub-

population.

TABLE 2.1

OBSERVED CONTINGENCY TABLE

Response Profile Categories

Sub-population

1 2 cee r Total
, 1 0,4 n,, vee n, . n,
2 n,, n22 oo n2r n,
8 o, n_, see n_. n_

' =
The vector n, where ny (nil’niz""’nir)’ will be assumed to

follow the multinomial distribution with parameters n, and Ei =

.,wir), where T,, represents the probability that a randomly

(MyoTypee 13
selected element from the i-th population is classified in the j-th

response category. Thus, the relevant product multinomial model is

s r [( nij) ]
6= T Jn,0 1 |[n //n ! (2.2.1)
=1 1 ogm VY 4
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with the constraints

§ ﬁij =1 for 41 = 1,2,...,8. (2.2.2)
j=1

Let p, = (n /ni) be the (r x 1) vector of observed proportions
associated with the sample from the i-th sub-population and let b be
the (sr x 1) compound vector defined by g' = (gi,gé,...,g;). The vec-
tor p represents the unrestricted maximum likelihood estimator of m
where T' = (Ei,gé;...,fé). A consistent estimator for the covariance
matrix of p is given by the (sr x sr) block diagonal matrix Y(E) with

the matrices

1
vy (pp) = [0, - pypsl s (2.2.3)
(rxr) i =i

for 1 f 1,2,...,8 on the main diagona%, wherg Ppi is an (r x r) diag-
oral matrix with elements of the vector p; om t;e main diagonal.

Let Fl(E)’FZ(B)""’Fu(E) be a set; of u functions of P which
pertain to some aspect of the relationship-between the distribution of
the response profiles and the nature of the sub-populations. Each of
these functions is assumed to have continuous partial derivatives

through order two with respect to the elements of p within an open

region containing T = E{p}. If F = F(p) 1is defined by

F' = [F(p)]' = [F;(p),F,y(p),...,F (P)] (2.2.4)

then a consistent estimator for the covariance matrix of F is the
(u x u) matrix

Ve=H V@I B, @25

~

where H = [dF(x)/dx | x = p] is the (u x sr) matrix of first partial
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derivatives of the functions F evaluated at p. In all applicatioms,

the functions comprising F are chosen so that V_ is asymptotically

F

~

nonsingular.

The function vector F is a consistent estimator of E(E). Hence,
the variation among the elements of E(f) can be investigated by fitting
linear regression models by the method of weighted least squares. This

phase of the analysis can be characterized by writing

(2.2.6)

=1
~~~
r
[ )
"
tr
~—
i
”~~
o
A d
[S—)
L}
r
”~~
=
Nt
[
1]
PR

where X is a pre-specified (u x t) design (or independent variable)

matrix of known coefficients with full rank t < u, § is an unknown

(t x 1) vector of parameters, and "EA" means ''asymptotic expectation."
As described in more detail i; Koch et al. [1974], an appro-

priate test statistic for the goodness of fit of the model (2.2.6) is
Q= Q&P = €H'Icy, ¢ cE, (2.2.7)

where C is a full rank [(u - t) x u] matrix orthogonal to X. Here Q is
approximately distributed according to the X2 distribution with

(u ~t) d.f. if the sample sizes {ni} are sufficiently large that the
elements of the vector F have an approximate multivariate normal dis-
tribution as a consequence of Central Limit Theory (CLT). Test sta-
tistics such as Q are known‘as Wald Statistics, Wald [1943], and var-
ious aspects of their application to a broad range of problems involv-
ing the analysis of multivariate categorical data are discussed in
Bhapkar and Koch [1968a, 1968b] and Grizzle et al. [1969].

However, these test statistics like (2.2.7) are obtained in
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actual practice by using weighted least squares as a computational
algorithm which is justified on the basis of the fact that Q of

(2.2.7) is identically equivalent to

Q= F-XD)' ¥ E-XDB), (2.2.8)

~

where b = (X' V—1 X) " X'v

¥ X 2 U F (2.2.9)

is a BAN estimator for g based on the linearized modified xi—statistic
of Neyman [1949)]. In view of this identity which can be proven from
results in Bhapkar [1966], both Q and E are regarded as having reason-
able statistical properties in samples which are sufficiently large for
applying CLT to the functions F. For further discussion regarding
sample size considerations, see Koch et al. [1974, Section 2.3]. As a
quult,'a consistent estimator for the variance-covariance matrix of

b 1is given by

-1 _.\-1

v, &'V 0T (2.2.10)

~ ~ «~F
~

~

If the model (2.2.6) does adequately characterize the vector
F(m), tests of linear hypotheses pertaining to the parameters B can be
undertaken by standard multiple regression procedures. In particular,

for a gemeral hypothesis of the form

H .

o’ c g =0, (2.2.11)

where C is a known (c x t) matrix of full rank ¢ < t and 0 is a (c x 1)

vector of 0's, a suitable test statistic is

Q. = € B)' ¢ (&' viontcertes, (2.2.12)

~ ~F «~ ~
~
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which has approximately a xz—distribution with ¢ d.f. in large samples
under HO in (2.2.11).

In this framework, the test statistic QC reflects the amount by
which the goodness of fit Wald Statistic (2.2.5) would increase if the
model (2.2.6) were simplified (or reduced) by substitutions based on
the additional constraints implied by (2.2.11). Thus, these methods
permit the total variation within E(E) to be partitioned into specific
sources and hence represent a statistically valid amalysis of variance
for the corresponding estimator functions g.

Predicted values for E(E) based on the model (2.2.6) can be cal-
culated from
=Xb=X (X g'l X) X'V OF. (2.2.13)

v S SF «
~ ~

ML P

Consistent estimators for the variances of the elements of ﬁ can be

-~

ohtained from the diagonal elements of

. , o=l -1,
G-I @ T nTX . | (2.2.14)

~

The predicted values % not only have the advantage of characterizing
esgentially all the important features of the variation in E(E), but
also represent better estimators than the original function statistics
g since they are based on the data from the entire sample as opposed
to its component parts. Moreover, they are descriptively advantageous
in the sense that they make trends more apparent and permit a clearer
interpretation of the relationship between E(E) and the variables com~
prising the columns of §.
Although this formulation of g(g) is more general, Grizzle

et al. [1969] demonstrated that a wide range of problems in categorical
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data analysis could be considered within the class of linear and log-

iinear functions of the observed proportions. Moreover, a broader
class of compounded logarithmic, exponential, and linear functions was
developed by Forthofer and Koch [1973] to permit the construction of
complex ratio estimates which are useful in the analysis of patterns of
association. These functions can be expressed in terms of a particular

sequence of the following matrix operations:
(1) Linear transformations of the type

F(p) = 4p =2, > (2.2.15)

~

where Al is a known (u x sr) matrix;

(i1) Logarithmic transformations of the type

F,(p) = log (p) = 3, » (2.2.16)

v where loge transforms a vector to the corresponding

vector of natural logarithms;

(111) Exponential transformations of the type
Fa(p) = exp(p) = a5 (2.2.17)

where exp transforms a vector to the corresponding vec-

o

tor of exponential functions, i.e., of anti-logarithms.

Then the linearized Taylor series estimate of the covariance matrix of
Ek for k = 1,2,3, is given by (2.2.5), where the corresponding Ek

matrix operator is

H =45 (2.2.18)
H. =p1. (2.2.19)
~2 "‘B ’ XX

H, =D (2.2.20)
h oy °
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where Da is a diagonal matrix with elements of the vector a on the main
diagonal.
These matrix operations in (2.2.15), (2.2.16), and (2.2.17) can

be used to generate estimates of various measures of inter-observer

agreement. For this purpose, let

a; = AP (2.2.21)
ay = exp (K [log (21} 5 (2.2.22)
33 = 885 3 (2.2.23)
2, = oxp (Byllog (a1} (2.2.24)

where Al is a known (a1 X sr) matrix, K1 is a known (kl X al) matrix,

éz is a known (a2 X kl) matrix, and EZ is a known (k2 X az) matrix.

Then complex ratio estimates such as generalized kappa-type statistics
discussed in Section 2.4 and intraclass correlation coefficients dis-
cussed in Chapters V and VI can be estimated and modeled within the
formulation of (2.2.6) by expressing these estimates as compounded

functions of the type
F(p) = A;{exp[K,(log {a)(exp (X {log [4pIDIDI},  (2.2.25)

where é is a known (a3 X kz) matrix, and the other matrices are as
defined previously. Moreover, the linearized Taylor series estimate of
the covariance matrix associated. with E(E)-in (2.2.25) can be

obtained by repeated application of the chain rule for matrix differ-
entiation. In particular, the results in (2.2.18)-(2.2.20) can be used
to provide a consistent estimate of the covariance matrix via (2.2.5),

where
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-1 1

H=A,D K, D A D K, D A , (2.2.26)
~  ~3 -3, ~2~a3~2 ~a, ~1 ~3y ~1

in terms of the vectors defined in (2.2.21)-(2.2.24).

2.3 Hypotheses Involving Marginal Distributions

As discussed in Section 1.6, an observer reliability study is
a special type of repeated measurement experiment or survey in which
the d observers represent the d different conditions under which each
subject is observed and classified in terms of the L categories of the
response variable. In accordance with the general framework in Section
2.2, these response profiles will be indexed by a vector subscript
3= (jl’jZ"“’jd) where jg =1,2,...,L for g = 1,2,...,d. As a result,

m represents the joint probability of response pro-

a T
ij ijl’jz""’jd
file j for randomly selected subjects from the i-th sub-population.
The quantities which provide the most obvious indication of the rela-
tive effects associated with the respective observers and sub-
populations are the first-order marginal pfbbabilities

i=1,2,...,8
for g = 1,2,...,d . (2.3.1)

O4op ™ y.o.o@m
gk 19 1 3msennsd
172 d k=1,2,...,L

ith j_=k
3 with jo

~

Here ¢igk represents the probability of the k-th response category for
the g-th observer in the i-th sub-population.

In the broader domain of repeated measurement experiments dis-
cussed in Koch et al. [1974] a set of hypotheses is expressed in terms
of constraints on the {¢igk} in (2.3.1). Accordingly, the first three
questions raised in Section 1.6 can be considered in terms of the fol-

lowing hypotheses.




(1)

(2)

(3)
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If there are no differences among the distributions of

the response profiles among the sub-populations, then the

{¢igk} satisfy the hypothesis

H (2.3.2)

st P1gk = P2 Tt T ek

If there are no differences among the distributions of the
responses to the d observers within the sub-populations,
then ;he'{¢igk} satisfy the hypothesis of first-order mar-

ginal homogeneity

Bowt 9y1e = Pgoi = oo = ®yax

Thus, H., is the hypothesis of "no inter-observer bias."

oM
1f there is no observer x sub-population interaction, then

the'{¢igk} may be written in terms of an additive model

i=1,2,...,s
for g = 1,2,...,d, (2.3.4)

H..,: ¢ =1 + & x T Ty )
™ igk k i*k gk K=1.2,....L

where My is an overall mean associated with the k-th
response category, gi*k is an effect due to the i-th sub-
population, and T*gk igs an effect due to the g-th observer
and where it is usually understood that the'{uk},'{ii*k},

and‘{r*gk} satisfy the following types of constraints

i ) i
U, =1 £ - 0, T a 0
el BT a1 =1 Y8k

(2.3.5)
d

8
1‘2151*k " gzlr*gk =0
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as a consequence of (2.2.2) and certain parameter identi-
fiability gonsiderations, i.e., removal of logical redun-
dancies among parameters. If there is no observer x sub-
population interaction, as implied by (2.3.4), then the

hypothesis Hg in (2.3.2) implies

M
HSM|IM: El*k = EZ*k 2 ., = Es*k = 0 k2.3.6)
for k = 1,2,...,L, and the hypothesis HOM in (2.3.3)
impliés
HOMlIM: Tagre = Taole = °°° = T*dk =0 (2.3.7)

for k = 1,2,...,L.
In the situation where all the subjects belong to a sample from one
sub-population, the hypothesis of "mo inter-observer bias" in (2.3.3)
is the only question of relevance among (1), (2), and (3).

All of these considerations can be extended somewhat further if
the response categories k = 1,2,...,L are ordinally scaled with pro-
gressively larger intensities. In this event, the effects of the
respective sub-populations and observers can be compared in terms of

summary indices,

i= 1’2,...’8

L
nig = kzlak¢igk for g = 1,2,..-,d . (2-3.8)

As a result, nig can also be regarded as a mean score for the g-th
observer within the i-th sub—population with respect to an underlying
numerical scaling CELTERERL Y of the L response categories. in this
context, the'{nig} are equivalent to mean scores derived from strictly

quantitatively scaled response variables as discussed by Bhapkar
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[1968]. If the hypothesis H M in (2.3.2) holds, then equivalently, the

S
{nig} satisfy the hypothesis

=Ny, = «-- =N for g = 1,2,...,d; (2.3.9)

HSAM= nlg g sg

while if there are no differences among the observers in the sense of

How in (2.3.3), then the {”13} satisfy the hypothesis

HOAM: Ngp =Myp = eee = N4q for 1 = 1,2,...,8. (2.3.10)

The hypotheses H and HO are more useful than HSM and HOM for the

SAM

tests of differences 1n sub-populations and observers if the scores

AM

1585500053 provide a meaningful and valid quantitative measure of the
intensity of the response. In addition, statistical tests directed at

H and HO tend to have better asymptotic convergence properties in

SAM AM
ﬁqderately large samples, with respect to the valid application of Cen-
tral Limit Theory arguments, than those directed at HSM and HOM since
they involve fewer constraint equatioms, i.e., degrees of freedom.

Other hypotheses can be formulated in terms of the‘{nig}- For

example, if there is no interaction between observers and sub-

populations in the sense of (2.3.4), then the'{nig} satisfy the model

- = seeesS
Hpot Ny, = WO+ Eixe t Ta for _ _ . (2.3.11)

with the constraints

s _ d _
) Eiv. = 05 Y T,,.=0. (2.3.12)
i=1 g=l g

Here }i, is an overall mean, Ei*' is an effect due to the i-th sub-
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population, and E*g' is an effect due to the g-th observer. If the .

model (2.3.11) is appropriate for a particular experimental situation,

then the hypothesis Hg,, in (2.3.9) implies

HSAM|IAM: E1*- = Ez*. T oeee = Es*- =0, (2.3.13)
and the hypothesis Hj,, in (2.3.10) implies
Hoam|zam®  Tw1e ™ Tage = oo0 ™ Tage = 0. (2.3.14)

The hypothesis (2.3.11) is directly analogous to the hypothesis of no
whole-plot x split-plot interaction in standard split-plot or repeated
measurement experiments involving a univariate quantitatively scaled

response variable. Similarly, the hypotheses (2.3.13) and (2.3.14)

are analogous to the hypothesis of no whole-plot main effects and the .
hypothésis of no split-plot main effects. In this observer variability
context, the sub-populations represent the whole-plot effects, and

the observers represent the split-plot effects.

2.4 BHypotheses Involvingggeneralized‘qupngype Measures

In the previous section, the hypotheses were directed at the
questions of inter-observer bias and differences among sub~populations
which involved the first-order marginal probabilities. However, a
major research question in studies utilizing multiple observers is the
extent to which they agree on a subject-to-subject basis. Accord-
ingly, quantities which reflect this kind of agreement involve various
functions of the internal elements of the table as reviewed in Sections

1.3 and 1.4. 1In particular, for the two observer case the estimates

of crude agreement in (1.3.3) and (1.4.3) are based on main diagonal .
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gsums from two-way tables. Moreover, the estimates of agreement
described in Sections 1.3.5 and 1.4.3 for situations involving more
than two observers are based on main diagonals of certain subtables
from the corresponding multidimensional contingency table. In this
regard, generalized kappa-type measures similar to (1.4.6) and
(1.4.21) can be proposed to analyze inter-observer agreement. As dis-
cussed in Chapter I, these measures are chance corrected; and more
importantly, they have an intraclass correlation coefficient inter-
pretation.

With respect to hypothesis formulation, it is useful to distin-
guish among three different types of kappa measures. Let'{Kiél)}
denote a set of overall agreement indices within the i-th sub-
population which reflect the simultaneous performance of all observers
taken together, such as majority or consensus agreement. Secondly,
lét'{Kiéz)} be a set of measures pertaining to subsets of observers,
such as all possible pairwise agreement measures. Finally, let
'{Kié3)} denote a set of agreement measures’between each observer and
a standard, such as an internal majority opinion or an external set of
correct responses. Furthermore, in all three cases, these sets of
kappa measures can be chosen to reflect increments in agreement by
successively combining relevant categories of the response variable.
In such situations where various patterns of misclassification are
studied, these kappa measures are said to be in a hierarchical rela-
tionship with each other.

These various types of kappa measures can be estimated Sy

choosing corresponding sets of weights which reflect the role of each

response category in a given agreement measure. For this purpose,
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(m) (m) (m) be

let wlj W 2j oW j

Vo sets of weights assigned to the

response profiles indexed by j = (jl,jz,...,jd), in order to construct
a set of Vo kappa statistics to estimate the m~th type of agreement
patterns discussed previously. In most cases, 0 f_wzgm) < 1, for

L= 1,2,...,vm; m=1,2,3; over all J’ so that the re;ulting estimates
are interpretable as proportions of agreement. Thus, the observed
proportion of agreement associated with the 2-th set of weights in the

i-th sub-population for the m-th type of kappa measure is the weighted

sum
i = 1,2,.-0,8

- Z v T w, (m) for £ = 1,2,.00,v . (2.4.1)
m=1,2,3

Correspondingly, the expected proportion of agreement associated with

(2.4.1) is the weighted sum

A4

i = 1’2,0--’8

Yiém) - Z v Z w2§m) iée) fo? g = 1’2""’vm s (2.4.2)
m=1,2,3

(e)
ij
file j for randomly selected subjects from the i-th sub-population.

~

where m represents the joint expected probability of response pro-

Specifically, the expected probabilities “i§ e) of (2.4.2) are deter-
mined by the choice of a particular set of baseline constraints assumed
for the response profiles. For this purpose, let E = {gltgz,...}
represent such underlying constraints on the marginal probabilities

{¢p, .} of (2.3.1). 1In this context, the following sets of comstraints
igk

are of interest in creating observer agreement measures.

(1) Under the assumption of total independence among the .
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response variables from the d observers, the {n1§e)}
satisfy
E.: (e)

Byt Mg,y ¢’11j1 "’1zj2 d’idjd

d
I¢ for 1 = 1,2,...48. (2.4.3)
i E Al ] ?
g1 &g
(11) Under the assumption of "no inter-observer bias,'" the
hypoﬁhesis of first-order marginal homogeneity in (2.3.3)

holds. In this regard, let the common probability of

classification into the k-th category be

Vi ™ P51 = bqoic = 000 T Pk (2.4.4)

for 1 = 1,2,...58 and k = 1,2,...,L. Then under the

baseline constraints of total independence and marginal

homogeneity, the {ﬂi§e)} satisfy
. (e) -
Bt M5 4,e01y ‘pijl wijz ‘pijd
d
i wij for 1 = 1,2,...,s. (2.4.5)
g=l g

Accordingly, under a set bf specified constraints in E, the gen-
eralized kappa-type measure of agreement of the m-th type can be

expressed in terms of (2.4.1) and (2.4.2) as

A @ @ {21,2,...,8
Kiém) o ik i%m) for L = 1,2,.0,v . (2.4.6)
1

LT m=1,2,3
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(m)
il

the i-th sub-population with respect to the 2-th set of weights. As

Thus, K represents an agreement measure among the d observers in
introduced previously, m indexes, firstly, measures of overall agree-
ment, secondly, measures of agreement among subsets of observers, and
thirdly, measures of agreement between observers and a standard.
Within the context of questions (4)-(5) in Section 1.6, the

following hypotheses are of interest in observer agreement studies.

(1) 1If there are no differences among the s sub-populations

with respect to the measures of overall agreement among

the d observers under gj, then the {Kiél)} satisfy the
hypothesis
] a _ . @ ..
HOAIE ST Kog ces Kag (2.4.7)
24 ,
’ for 2 = l,2,...,vl;

(2) 1f there are no differences in agreement among subsets or

pairs of observers within each of the respective sub-

populations under Ej’ then the {Kiéz)} satisfy the
hypothesis
) 2) _ . @) _ - @

for 1 = 1,2,...,8;
(3) If there are no differences in agreement between the

observers and a specified standard response within each of

the respective sub-populations under E,, then the {Ki§3)}

ﬁ
satisfy the hypothesis
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HSAlEj: Ki§3) = Ki§3) = ,,, = Ki§3) (2.4.9)
for 1 = 1,2,...,8;
(4) 1If the level of agreement, as reflected by the various
kappa measures, is equal to that expected under Ej’ then

the {Kiém)} satisfy the hypothesis

1=1,2,...,8
] (m) _ -
HNAIEj. Kig = 0 for % l,2,...,vm . (2.4.10)
m=1,2,3

(5) 1In some cases the kappa measures are chosen to be in a
hierarchical relationship with each other in order to
investigate specific patterns of misclassification. In
these situations, if the extent of misclassification is the

' . gsame for the classes combined by the (& + 1l)-st set of
weights as for those combined by the #-th set, then the

{Kiém)} satisfy the hypothesis’

: (m)
HHAIE_J' Ki,(?gd-l) T Kig (2.4.11)

fO]’.‘ i = 1’2,--0,8 aIld R; = 1,2,...,Vm"' 1.

In addition to testing these various hypotheses associated with
the agreement measures, it is of considerable interest to express the
{Kiém)} of (2.4.6) in the framework of (2.2.6) so that the variation
among the agreement measures can be investigated by the fitting of

linear regression models via weighted least squares. This procedure

permits the construction of smoothed estimates in a reduced model
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resulting in smaller estimates of the estimated standard errors as
compared with those of the original estimates. The foliowing section
demonstrates how the hypotheses regarding the marginal probabilities
{¢igk} of Section 2.3 and the agreement measures {Kiém)} of this sec-
tion can be modeled and tested in the framework of the previous sec-

tions by appropriate choices of the matrices discussed in Sectian 2.Z2.

2.5 Matrix Operators for Specified Estimators and Hypotheses

Tests of hypotheses as well as the estimation of corresponding
model parameters discussed in the previous sections can be undertaken
within the general framework of Section 2.2 by specifying the appro-
priate set of functions E. For this purpose, the operator matrices in

(2.2.25) are chosen so that these functions are generated by F(B)‘

2.5.1 Roles of Matrix Operators

In this context, the roles of the matrices used in the estima-

tion and hypothesis testing procedures are as follows:

1. The é matrix specifies additive operations and can be used
to generate linear functions of the observed compound pro-
portion vector p which are unbiased estimators for certain
sets of cell probabilities like the {“ij}’ marginal proba-
bilities like the {¢igk} and/or mean sc;res like the {nig}’
useful in testing thé hypotheses concerning inter-observer
bias. In addition, weighted sums of the proportions can be
generated to estimate the {Aiém)} which are used in the
estimation and testing regarding observer agreement. In
this regard, the rows of A, represent the respective func-

tions while the columns are the corresponding coefficients
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of the elements of the compound vector p which produce such
functions.

The § matrix specifies multiplicative operations, i.e.,
additive on the loge scale, and in combination with the
appropriate él matrix can be used to generate asymptotically
unbiased estimators for functions involving the {1ogeﬂij}
or the {loge¢igk}. In the construction of the agreemenz
statistics, the rows of K, are used to produce estimates of
the ceil probabilities under such baseline constraints as
independence or pairwise independence, e.g., the products
of the marginal probabilities ¢igk which are linear om the
log scale.

The A matrix specifies additive operations, after the anti-
loge transformation, of quantities which are formed by the
preceding multiplicative operations determined by the El
matrix. In this respect, rows ?f the éz matrix are chosen
to form estimates for the {Yiém)}’ and in particular, the
quantities {Xiém) - Yiém)}e In addition, because of the
constraint (2.2.2), estimates of the {1 - Yilm)} can be
formed by using the weights {1 - w2§m)}.

The 5 matrix specifies multiplicative operations, i.e.,
additive on the loge scale, involving é matrix functions

such as estimates of the {Aiém) - Yiém)} and the {1 - Yiém)}.

As a result, ratio estimators of the {Kiém)} can be gener-
ated on the loge scale.

The A, matrix specifies additive operations, after the anti-

1oge transformation, on quantities such as the {Kiém)}.
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For most purposes, A3 is an identity matrix used to gener-

ate the kappa-type statistics as ratio estimates involving
the {liém)} and {Yiém)} in Section 2.4.

6. The X matrix has the saﬁe role here as it does in standard
multiple regression, 1.e., it indicates the manner in which
the variation among a certain set of functions E(E) of cell
probabilities can be characterized as linear functions of a
smaller set of unknown parameters. Thus, the columns of §
corresbond to the components of g; and the rows of § spe-
cify the appropriate linear combinations of the components
of the parameter vector g which apply to the respective ele-
ments of E(E). In this context, the § matrix is used in
modeling and testing the hypotheses concerning inter-

observer bias for the marginal probabilities {¢igk} in Sec-

tion 2.3 and the hypotheses of observer agreement for the
- (m)
{Kil } in Section 2.4. -
7. The C matrix also has the same role as in standard multiple
regression, i.e., it indicates which linear functions of
the parameters are equal to zero in accordance with a par-

ticular hypothesis which is to be tested.

2.5.2 A Canonical Example

Although the construction of these matrices is relatively
straightforward for observer reliability experiments (or surveys)
associated with specific applications, the corresponding expressions
for the gemeral framework discussed in the previous sections are com-

plicated and wmwieldy in their most general form. For this reason, ‘
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such mathematical details will be discussed initially in terms of the
special case involving s = 2 sub-populations, d = 2 observers, and an
ordinal response with L = 4 categories which can be quantitatively

scaled in terms of scores ays 855 845 3, respectively.

2.5.2.1 Matrices for Functions Involving Marginal Distributions

All the hypotheses of Section 2.3 involving constraints on the
first-order marginal probabilities can be tested by first expressing
the estimates of the {¢igk} of (2.3.1) and/or the estimates of the
{nig} of (2.3.8) as linear functions of the proportions as formulated
in (2.2.15). Consequently, these functicns can be modeled as in
(2.2.6), producing test statistics of the form given in (2.2.7) and

(2.2.12). The functions required to test H M in (2.3.2) and Ho in

S M
(2.3.3) can be generated in the formulation of (2.2.15), with proper

account given to (2.2.2), by choosing

® I,, (2.5.1)

él =

12x32

OOHOO'—“l
OMHOOO M-
HOOOOM
OO0 OOOK
COMHROFO
OMHOOKO
=HOOOKO
OOCOOKrO
COMRKFOO
OM~HOMMOO
HOORFOO
OCOoOOKHOO
OO KHHOOO
O OCOOO
HOOOOO
[=NeNoNeNoNo
L 1

where ® denotes Kronecker product and Iu denotes the (u x u) identity

matrix. If X =1 is used, then

~12
6x12 '

produces a test statistic for H_,, via (2.2.12); while

SM
100-100
Coy =10 1 0 0-1 0| @ I (2.5.3)
*, oo 10 0-1

6x12
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similarly produces a test statistic for HOM'
Moreover, the hypothesis HIM of no observer x sub-—population
interaction in (2.3.4) can be tested by the goodness of fit statistic

(2.2.8) which corresponds to the model

a1 E1x1
D] with B o= B | - 258
L &1x3
Ta11
Tx12
| "3 |

1f the model (2.5.4) corresponding to (2.3.4) can be presumed to hold,

then the hypotheses HSMIIM in (2.3.6) can be tested by using

A4

000 100 000
C = {000 010 000/ , (2.5.5)
-S| ™™ 000 001 600
3x9
and the hypothesis HOMlIM in (2.3.7) can be tested by using
000 000 100
C = 000 000 010/ . (2.5.6)
3;2M|IM 000 000 001

The functions required to test HSAM}in (2.3.9) and HOAM in

(2.3.10) can be generated by using

81 al 31 al 32 82 82 32 3.3 33 83 33 34 84 34 34
A = ® I - (205-7)

~1 a a a.a, a, a,.a,a, a, a, a, a, a, a, a, a b
4x32 1 32 %39 %1 %2935 71 %23 747172 3 74
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If X = Ea is used, then
1 0-1 0 1-1 0 0
Coam = | 0 1 0-1] and Coyy =19 o 1-1] (2.5.8)
2x4 2x4

produce test statistics via (2.2.12) for HSAM and HOAM respectively.

The hypothesis H of no interaction in (2.3.11) can be tested by the

IAM
goodness of fit statistic (2.2.8) which corresponds to the model

with B = . (2.5.9)

~

1%+
%]

!

o
1

CR =y

1

e

Al e E

4x3

If the model (2.3.11) corresponding to HIAM can be presumed to hold,

then the hypotheses HSAMIIAM and HOAMIIAM can be tested by using

= [010] and C = [001] . (2.5.10)

Coam| 1AM Z0AM | 1AM
1x3 1x3

2.5.2.2 Matrices for Functions Involving Agreement Measures

Whereas the hypotheses in Section 2.3 regarding marginal dis-
tributions can be tested within the formulation of linear functions of
the type in (2.2.15), the hypotheses in Section 2.4 concerning gener-
alized kappa-type agreement measures involve complex ratio functions of
the proportions. Accordingly, by generating estimates within the
formulation of (2.2.25), these kappa statistics can be modeled as in
(2.2.6), producing test statistics of the form given in (2.2.7) and
(2.2.12). 1In particular, to illustrate some of the mathematical

details, suppose vy = 2 measures of overall agreement between the
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d = 2 observers are to be estimated within each of the s = 2 sub-
populations. For this purpose, two sets of weights as shown in Table

2.2 are selected to reflect certain agreement patterns. Specifically,

TABLE 2.2

HIERARCHICAL WEIGHTS FOR OVERALL AGREEMENT MEASURES

(1) (1)

Weights wl1 w21
Observer 2 2
Response Category 1 2 3 4 1 2 3 4

1 1 0 0 O 1 % X% o©

2 0 1 o0 0 ¥ 1 % X
Observer 1 3 o 0 1 0 ¥ % 1 X

4 0O 0 0 1 0 % % 1

wljl) corresponds to the weights in (1.4.8) used to generat; an esti-
m;;e of perfect agreement, and w2§1) represents a set of weights
similar to those in (1.4.11) prop;sed for Qrdinal scales which assign
partial credit on the basis of the extent of the disagreements. In
this context, the functions required to test the relevant hypotheses

in (2.4.7)-(2.4.11) under E, of (2.4.3) can be generated in the formu-

lation of (2.2.25) by choosing

1111 0000 0000 00O d_
0000 1111 0000 0O0O00O
0000 0000 1111 06000
0000 0000 000G 1111
1000 1000 1000 1000

él = (0100 0100 0100 0100} @® }2 . (2.5.11)

20x32 0010 0010 0010 0010
0001 0001 0001 0O0O01
1000 0100 0010 0001

1%%0 %1%% %1% O%%1
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In this case, rows 1-8 and 11-18 generate the first-order margins with
respect to the two observers within each of the two sub~populations,
while rows 9-10 and 19-20 represent the weights wlgl) 2§1)

in creating the estimates of the'{Xiém)} in (2.4.1). Under the base-

and w used

line constraints Ei’ the Kl matrix of (2.2.25) required to create the

estimates of the {m (e)} in (2.4.2) is

ij
[ -

1000 1000 00O

1000 0100 00

1000 0010 00

1000 0001 00O

0100 1000 00

0100 0100 00

0100 0010 00

0100 0001 00O

K, =|[0010 1000 00| ® I, (2.5.12)

36220 0010 0100 00
0010 0010 00

0010 0001 00

, 0001 1000 00O
0001 0100 0O

0001 0010 00O

0001 0001 00

0000 0000 10

0000 0000 01

Moreover, rows 17-18 and 35-36 are used to create the estimates of the
{logexigm)}. Following this, the estimates of the numerators and

denominators of the {Kigm)} of (2.4.6) can be generated by choosing

éz of (2.2.25) to be
.1 000 0-10O O0O-10 00O0O0-1 10
Ao |l 0 -lk ol 0ol 0L
89 0111 1011 1101 1110 00
8x36 0% ¥ 1 % 02X % % % o013% 1 %% 0 00

® 12 ’ (2.5.13)
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where the estimates of the {\ (m) _ Y (m)} are created by rows (1,2)
il il

(m)
2

and (5,6), and the estimates of the {1 - Yi } are created by rows

(3,4) and (7,8). Finally, if the estimates of the {Kiém)} are posi-

tive, the appropriate choices for K, and A, in (2.2.25) are

~2 ~3
1 0-1 0
K, = [; 1 0-1| ® I (2.5.14)
4x8
é3 = }4 . (2.5.15)
4x4

Although the estimates of kappa are rarely negative, this situ-
ation will always occur when the estimates of the {kiém) - Yiém)} are
negative. In this case, the 52 matrix can be altered to accomodate
the negative estimates of the numerators by multiplying each of the
é}ements of the corresponding rows by -1 prior to the calculations at
the logarithm stage. Accordingly, each of the corresponding rows of
the é3 matrix are then multiplied by -1. In the specific example
given here, if the perfect agreement kappa statistics are negative,
but the partial-credit weighted kappa statistics are positive, the
appropriate é matrix can be obtained from (2.5.13) by multiplying rows
1 and 5 by -1. Moreover, the corresponding 53 matrix is given by

-1 0
4x4

In sumeary, then, the estimates of the {k (m)} can be expressed
ig

in the formulation of (2.2.25) as
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—
2(1)
11

"y o (1)
); g) = 12 . (2.5.17)

4x1 ~ (1)
K21
~ (1)

K

22 |

by using the él’ El’ 52’ 52, and 53 matrices of (2.5.11)-(2.5.15),
respectively. Accordingly, the estimated covariance matrix of these
estimates is given by (2.2.5) using the g matrix in (2.2.26). 1If

§ = I, is used, then

N 1 0-1 O
9°A|E1 = [; 10 -i:] (2.5.18)
2x4

produces a test statistic for HOA'E of (2.4.7) via (2.2.12), while
=1

. 1-1 0 O
2x4

similarly produces a test statistic for HHAIE of (2.4.11). Finally,
-1

the simultaneous test of HNA'E of (2.4.10) can be obtained by choosing
=1

I (2.5.20)

Snalg, T 24
4x4

Moreover, the individual tests of HNAIE can be produced by choosing
-1
single rows of ENA|§1 in (2.5.20).
Other aspects of the specification of these operator matrices
will be discussed within the context of the applications in Chapters
III and IV. In particular, the smoothed estimates of the {Kiém)}

obtained by model reduction will be illustrated along with estimates of

agreement under alternative constraints on the marginal probabilities.



CHAPTER III

APPLICATIONS INVOLVING TWO OBSERVERS

3.1 Introduction

The main purpose of this chapter is to illustrate and to develop
in further detail the general methodology proposed in the previous
sections for measuring inter-observer agreement. In this regard,
attention is limited to the two-observer case giving rise to two-way
tables, in order to present a comprehensive treatment of these pro-
cedures. For this purpose, two sets of data from the epidemiological

literature will be analyzed in considerable detail. Specifically, in

Section 3.2 a one-population diagnosis example is used to illustrate a
wide range of procedures, including the estimation of kappa-type agree-
ment measures under several smoothing procedures. Moreover, in Section
3.3 a two-population diagnosis example is used to illustrate the
hypothesis tests concerning multiple sub-populations and smoothed esti-
mates of agreement obtained by model reduction.

Thfoughout this chapter, as well as in Chapter IV, an attempt is
made to provide relevant interpretations of these results which are
consistent with the substantive aspects of the particular examples.
Furthermore, since the measures of inter-observer agreement involve
kappa-type statistics, it will be useful to establish a standard
nomenclature for referring to the relative degree of strength or impor-

tance associated with these estimates. For this purpose, the following .
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labels will be assigned to the corresponding ranges of values of kappa

statistics:
KAPPA STATISTIC DEGREE OF STRENGTIH
0.00 - 0.20 Negligible
0.21 - 0.40 ' Fair
0.41 - 0.60 Moderate
0.61 - 0.80 Substantial
0.81 - 1.00 Almost Perfect

Although these divisions are clearly arbitrary, they will provide use-
ful 'benchmarks' for discussion and interpretation within the context

of specific examples in later sectioms.

3.2 A One-Population Diagnosis Example

The data in Table 3.1 were obtained from a study of byssinosis

in Lancashire cotton workers reported in Schilling et al. [1955]. Im

TABLE 3.1

DIAGNOSIS OF BYSSINOSIS IN COTTON WORKERS

Diagnostic Observer 2
|
Class Normal 1 I1 Total | Proportion
Normal 72 6 0 78 : 0.426
Observer 1 I 6 47 17 70 | 0.383
11 1 14 20 35 | 0.191
i
Total 79 67 37 183 J
Proportion 0.432 0.366 0.202

order to investigate the reliability of clinical observations in this
respiratory disease, two observers graded 183 men on the following
diagnostic scale for byssinosis, based on the unusual characteristics

of chest tightness and breathlessness on Mondays:
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Normal: No chest symptoms;

Grade I: Chest tightness and/or breathlessness on Mondays
only;

Grade II: Chest tightness and/or breathlessness on Mondays
: and other days.

From Table 3.1 the reader can note that the two observers disagreed in
their classification of 44 (24%) of the subjects, even though each
observer assigned a comparable number of subjects to each of the diag-
nostic classes, as reflected in the margins of the table.

This surve& design involves d = 2 observers and L = 3 response
categories, producing r = Ld = 9 possible multivariate response pro-

files. By letting T represent the probability of response profile

3132

(jl, j2) for (Observer 1, Observer 2), the marginal probabilities are
given by

3
: , o ™ ) T for k = 1,2,3 (3.2.1)

v jz-l 2

for observer 1, and

3 i

o = ) My for k= 1,2,3 (3.2.2)
jl-l 1

for observer 2, using the notation in (2.3.1). The hypothesis HOM in
(2.3.3) of marginal homogeneity involving a set of constraints omn
(3.2.1) and (3.2.2) may be tested in the formulation of (2.2.15), with

proper account given to (2.2.2), by choosing

111 000 000
A = 000 111 000 (3.2.3)
P 100 100 100

010 010 010

and obtaining
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0.426
0.383

Fp =42 0432 | (3.2.4)
0.366

Using these marginal proportions in (3.2.4), the test for "no inter-

observer bias'" can be obtained by selecting

X = . (3.2.5)

~

4x2

O O
HOKO

The resulting goodness of fit statistic (2.2.8) for this model is
Q = 0.21 with 2 d.f. This suggests that the observers are not signifi-
cantly (o = 0.25) biased in their overall usage of the three-point
diagnostic scale for byssinosis.

In assessing the level of agreement on a subject-to-subject
basis,.the two sets of weights shown in Table 3.2 will be used to gen-

erate two kappa statistics which are in a hierarchical relationship

TABLE 3.2

HIERARCHICAL WEIGHTS FOR BYSSINOSIS DATA

Weights wlj w21
Observer 2 2
Diagnostic Class N I II N I 11
Observer 1 I

I1 0o 0 1 0

with each other. In particular, the first set of weights‘{wlj} is used

to generate a perfect agreement kappa statistic, such as (1.4.5), on
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the three-point scale; whereas the second set {VZJ} generates a sta- .
tistic which reflects agreement on the diagnosis of the presence or

absence of byssinosis. The resulting agreement measures will then be
estimated and modeled under three alternative smoothing procedures.

For notational simplicity, the superscript (1) will not be used for

any of the estimators in this chapter, since all the kappa-type sta-

tistics are of the same type.

3.2.1 Observed Agreement Sums; Observed Margins

For the data in Table 3.1, estimates of the {*12} in (2.4.1)

with respect to the weights in Table 3.2 are given by

Al = 0.760

a (3.2.6)
>‘2 = 0.929 , ‘

which represent the respective observed proportions of agreement.

Under Ei in (2.4.3), the corresponding kappa measures of agreement in

(2.4.6) can be estimated in the formulation of (2.2.25) by using the

matrices in (3.2.7)-(3.2.11).

111 000 000

000 111 000

000 000 111

100 100 100
A7 lo10 010 010 ° (3.2.7
8x9 001 001 001

100 010 00-1

1100 011 011
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(100 100 00
100 010 00O
100 001 00O
010 100 00
010 010 00O
. /010 001 00O , (3.2.8)
N 001 100 00
11x8 001 010 00
001 001 00O
000 OO0 10
000 000 01
e —
-1 00 0-1 0 O O0-1 10
-1 00 0-1-1 0-1-1 0 1
4 =1 911 101 110 00/ ° (3.2.9)
4x11 011 100 1 0O0 0O
1 0-1 0
152-[0 1 0_:‘ . (3.2.10)
2x4
é3 = 12 . (3.2.11)
2x2
These operator matrices produce the estimates
Ky 0.6227
F= |l = (3.2.12)
- K 0.8550
2
via (2.2.25), and
0.22813 0.10085 -2
e E).IOOBS 0.15015:] x 10 (3.2.13)
via (2.2.5) using the corresponding H matrix in (2.2.26). If X = }2,
test statistics for the hypotheses (2.4.10) and (2.4.11) under gi in
(2.4.3) are obtained via (2.2.12), producing the statistics shown in
Table 3.3. These results suggest that the agreement measures are sig-
nificantly (o = 0.01) non-zero. Moreover, the difference between the
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TABLE 3.3

STATISTICAL TESTS FOR KAPPA STATISTICS UNDER E

1

Q Significance
Hypothesis d.f. C Level
Ky = K, = 0 2 488.31 0.01
Ky = 0 1 169.98 0.01
K, = 0 1 486.85 0.01
K, = K 1 30.56 0.01

kappa measures indicates a significant (a = 0.01) level of misclassi-
fication between Grades I and II on the diagnostic scale. Finally,
95% confidence intervals based on large sample normality assumptions

are given for the kappa measures of agreement in (3.2.14).

0.529 < Kk, < 0.793

1 (3.2.14)

0.779 < k, < 0.931 .

2

As a result, even though these two observers showed a significant
level of misclassification between Grades 1 and II of byssinosis, they
demonstrated a high level of inter-observer reliability in the diag-

nosis of the presence or absence of byssinosis.

3.2.2 Observed Agreement Sums; Smoothed Margins

As indicated by the lack-of-fit statistic for the model (3.2.5),
(Q = 0.21), the inter-observer bias is non-significant (o = 0.25).
Thus, the kappa measures assoclated with the weights in Table 3.2 can
also be estimated under EQ in (2.4.5), the baseline constraints of
marginal homogeneity and total independence. For this purpose, the .
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ﬁpik} in (2.4.4) can be estimated in the weighted least squares form-
ulation of (2.2.9) by using the A1 matrix in (3.2.3) to generate the
functions F, via (2.2.15) and by using the X matrix im (3.2.5). Then

the smoothed estimates of the margins are given by

) =Cb+m, (3.2.15)
3x1
where
1 0 0 .
¢ =101 , m = [0 , (3.2.16)
3x2 -1-1 3x1 1

and b is the BAN estimator in (2.2.9). These smoothed estimates of the
marginal probabilities given in (3.2.15) can be combined with the
estimates of the {Ail} given in (3.2.6) in a slightly altered form of

(2.2.15) by

0 0.42941
’ * * 0 0.37422
F =Ap+ | 1| = 0.19637 , (3.2.17)
- - 0 0.75956
0 0.92896
where
A" - . (3.2.18)
5x9
and where
* - v ' —1 "1 ) [] -1
A = CIX GV ADT XIT XA VAN (3.2.19)
3x9 -
* 100 010 001
A, Eoo 011 011] . (3.2.20)
2x9

: *
In this context, the estimated covariance matrix of F in (3.2.17) 1is
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given by

A ¥oooaty Y

248 40554
vV * = ~ -
= VR A W AT ’
5%5 22 % 4 22 p 22

0.12398 -0.07869 -0.04529 0.03676 —-0.00261

0.09580 -0.01711 -0.01498 —0.00354 )
a 0.06240 -0.02178 0.00615 | x 1074, (3.2.21)

(symmetric)

0.09980 0.02949

0.03606

As a result, the estimates of the kappa measures of agreement

under E, associated with the weights in Table 3.2 can be generated

2

*
within the formulation of (2.2.25) by substituting F in (3.2.17) for

p and by selecting

N

~

8x5

COOOCOKMM

OO0OKMMNMNMNOKMO
OCONNHOKFHOO
O OOOOO0OO

CO KK+

Ay =
4x8

NN OO
NN OO
cokh
ONILJO

and the K, and A, matrices of (3.2.10)

(3.2.22)
0—7
0
0
8 , (3.2.23)
0
0
1|
-1 1 0
T oe ol (3.2.24)
0 0 0

and (3.2.11), respectively.

These operator matrices produce the estimates

K 0.

OD

6226
(3.2.25)

8550




86

via (2.2.25), which are the same to three decimal places as those

given in (3.2.12). Moreover, by substituting yF* in (3.2.21) for V

~ ~P
in (2.2.5), the estimated covariance matrix for F in (3.2.25) is given
by
0.22854 0.10082 -2
Yg [0.10082 0.15019] x 10 © , (3.2.26)

using the corresponding H matrix in (2.2.26). 1If X = 12, test statis-
tics for the hypotheses (2.4.10) and (2.4.11) under §2 in (2.4.5) are

obtained via (2.2.12), producing the statistics shown in Table 3.4.

TABLE 3.4

STATISTICAL TESTS FOR KAPPA STATISTICS UNDER_E_2

Q Significance
Hypothesis d.f. c Level
. Ky = Ky = 0 2 488.23 0.01
! Ky = 0 1 169.58 0.01
Ky = 0 1 486.77 0.01
Ky = Ky 1l 30.52 0.01

These results suggest that the agreement patterns with respect to the
weights in Table 3.2 are essentially the same under E, and E,- This
similarity is also supported by the corresponding test statistics in

Tables 3.3 and 3.4.

3.2.3 Smoothed Agreement Sums; Smoothed Margins

An alternative procedure which is of some interest when the
hypothesis of ''no inter-observer bias" can be assumed to hold involves
smoothed estimates of the entire contingency table under §2 in (2.4.5).

For this purpose, the smoothed estimates of the‘{kiz} in (2.4.1) and
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the'{wik} in (2.4.5) under E

o, can be generated in the formulation of

(2.2.9) by using

111 000 000 |
000 111 000
100 100 100
A" 1010 010 010 (3.2.27)
6x9 100 010 001
100 011 011 |
in (2.2.15), and by using
(1000 |
0100
1000
X 5500 (3.2.28)
6x4 0010
| 0001 |

Then the three smoothed marginal proportions and the two smoothed

agreement sums are estimated by

’ . *
¢ =Cb+u,
5x1

0.42941
0.37422
= | 0.19637 s (3.2.29)
0.76044
0.92897

*
where , and m = (3.2.30)

5x%4 5x1

X ]

i

i

=

1

-
OHOOO
HOOCOCO
OCOHrHOO

Moreover, the estimated covariance structure of these smoothed esti-

mates is given by
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0.12398 -0.07869 -0.04529 0.03676 -0.00261
0.09580 -0.01711 -0.01498 -0.00354 _2
= 0.06240 -0.02178 0.00615 | x 10 “. (3.2.31)
0.09943 0.02948
(symmetric) 0.03576

Thus, the kappa measures of agreement associated with the
weights in Table 3.2 can be estimated from the smoothed table under E&
by using G in (3.2.29) for p in (2.2.25) and V in (3.2.31) for Vp in

(2.2.5), and by using the operator matrices in (3 2. 7) (3.2.11). In

this case, the estimates are given by

0.6239
F = = (3.2.32)

K 0.8551

via (2.2.25), and

0.22769 0.10080 -2
Ip [0.10080 0.14892] x 10 (3.2.33)

-~

via (2.2.5) using the corresponding H matrix in (2.2.26). 1If X = }2,
then test statistics for the hypotheses (2.4.10) and (2.4.11) are
obtained via (2.2.12), producing the results shown in Table 3.5.

Again these test statistics are essentially the same as those shown in
Tables 3.3 and 3.4. However, these kappa statistics in (3.2.32) have
slightly smaller standard errors as indicated by comparing (3.2.33)

with (3.2.13) and (3.2.26).
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TABLE 3.5

STATISTICAL TESTS FOR KAPPA STATISTICS UNDER
SMOOTHED MARGINS AND SMOOTHED AGREEMENT SUMS

Q Significance
Hypothesis d.f. 9 Level
Ky = Ky = 0 2 492,23 0.01
Ky = 0 1 170.97 0.01
Ky = 0 1 490.95 0.01
Ky = Ko 1 30.52 0.01

3.3 A Two-Population Example

The data in Table 3.6 appeared in Westland and Kurland [1953]
regarding studies on multiple sclerosis. Among other things, the
investigators were interested in comparing patient groups to study
pdssibie differences in geographical distributions of the disease.
For this purpose, a series of patients in Winnipeg, Manitoba and
New Orleans, Louisiana were selected and examined by a neurologist.
Moreover, because of the difficulties associated with making a defin-
itive diagnosis, each neurologist was required to review all the
records without seeing his earlier summary and diagnosis, and to
classify them into one of the following diagnostic classes:

1. Certain multiple sclerosis;

2. Probable multiple sclerosis;

3. Possible multiple sclerosis (odds 50:50);

4, Doubtful, unlikely, or definitely not multiple sclerosis.

In order to evaluate agreement between the diagnosticians, the Winnipeg
neurologist reviewed and clasgified each of the New Orleans records,

and vice versa. These review diagnoses are displayed in Table 3.6.
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DIAGNOSTIC CLASSIFICATION REGARDING MULTIPLE SCLEROSIS

Sub-population

Winnipeg Patients (1)

Observer

Winnipeg Neurologist (2)

Diagnostic Class 1 2 3 4 Total Proportion
I
1 38 5 0 1 44 1 0.295
' !
New Orleans 2 33 11 3 0 47 | 0.315
|
Neurologist 3| ;5 14 5 6 35 | 0.235
= 4 ' 4
3 7 3 10 23 0.15
_J
Total 84 37 11 17 149
Proportion | 0.564 0.248 0.074 0.114
Sub-population New Orleans Patients (2)
Observer Winnipeg Neurologist (2)
Diagnostic Class 1 2 3 4 Total Proportion
1 5 3 0 0 8 : 0.116
New Orleans 2 3 11 4 0 18 | 0.261
. |
Neurologlst 31 5, 13 3 4 22 | 0.319
(1) I
4 1 2 4 14 21 | 0.304
Total 11 29 11 18 69

Proportion

0.159 0.420 0.159 0.261
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The survey design for this example involves s = 2 sub-

populations, d = 2 observers, and L = 4 response categories. Thus,
there are r = Ld = 16 possible multivariate response profiles within

each of the s = 2 sub-populations. I represents the proba-

£t .
13,3,

bility of response profile (jl, j2) for (Neurologist 1, Neurologist 2)

in the i-th sub-population, then the first-order marginal probabil-

ities are given by

4 i=1,2
¢ilk = ) “ikj for | _ 1,2,3,4 (3.3.1)
jz=1 2
for observer 1, and
4 i=1,2
o™, LMy BT k= 1,2,3,4 (3.3.2)
j1=1 1

for observer 2, using the notation in (2.3.1). In this regard, the set
of hypotheses in Section 2.3 involving constraints on the {¢igk} will
now be used to detect differences among the sub-populations and the

H_, and H can

neurologists. The functions required to test HSM’ oM M

be generated, with proper account given to (2.2.2), via the Al matrix

of (2.5.1) as

[0.295 |
0.315
0.235

0.564
0.248

F,omApa=| 2074 | (3.3.3)
0.116
0.261
0.319

0.159
0.420

| 0.159 | .
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Using § = }12, a test statistic for HSM in (2.3.2) is obtained via
(2.2.12) with SSM in (2.5.2). As shown in Table 3.7, the resulting

QC = 46.37 with 6 d.f., which implies that there are significant

(& = 0.01) differences in the distributions of the respomse profiles
between the Winnipeg and New Orleans patients. The test of this
hypothesis within each of the observers indicates that a dominant
source of these sub-population differences is due to the Winnipeg
neurologist, even though both are statistically significant (o = 0.01).

Similarly, a test for H . in (2.3.3) is obtained via (2.2.12)

oM

with COM in (2.5.3). This test produces QC = 69.01 with 6 d.f., which
1mplies that there are significant (a = 0.01) differences in the
response profiles between the two neurologists. Moreover, as indicated

in Table 3.7, the dominant source of these observer differences is

, ' TABLE 3.7

STATISTICAL TESTS ON MARGINS USING MULTIPLE SCLEROSIS DATA

- Significance
Hypothesis d.£f. Qg Level
Sub-populations

HSM (Both neurologists) 6 46.37 0.01

(New Orleans neurologist) 3 15.60 0.01

(Winnipeg neurologist) 3 46.01 0.01
Observers

HOM (Both sub-populations) 6 69.01 0.01

(Winnipeg patients) 3 58.47 0.01

(New Orleans patients) 3 10.54 0.01

within the Winnipeg patient group. These results demonstrate signifi-

cant observer bias between the two neurologists in their overall usage
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of the diagnostic classification scale. 1In particular, the marginal .

proportions of Table 3.6 indicate that the Winnipeg neurologist diag-
nosed considerably more cases of certain (1) or probable (2) multiple

sclerosis than did his colleague in New Orleans.

In addition, the interaction hypothesis H._ in (2.3.4) can be

M
tested by using the model in (2.5.4). As expected from the previous

tests shown in Table 3.7, the resulting goodness of fit statistic,
Q = 14.09 with 3 d.f., is significant (o = 0.01). This significant
observer x sub-population interaction is consistent with the result
that the observer differences are more substantial in the Winnipeg

patient group (Q, = 58.47), than in the New Orleans patient group
C h

~

(QC = 10.54).
Moreover, since the diagnostic classification scale is ordinal

with respect to the likelihood of multiple sclerosis, these observer ’

’

and sub-population differences can be studied within the context of
summary mean scores {nig} in (2.3.8). For example, by choosing two
gets of coefficients consistent with the level of certainty of multi-

ple sclerosis in the diagnosis, the functions required to test HSAM in

(2.3.9) and Hyuy 10 (2.3.10) can be generated by using the A, matrix

AM
in (2.5.7) producing

0.649 0.570

@ _, @ _ | 0.787 @ _,(@_ _|o0.725

B AP 0.470 | » 2and Fy Ap 0.406 | » (3:3-9
0.554 0.449

using the selected values for a, to a, given in Table 3.8. In this
context, the first set of coefficients is aimed at the intended four

point diagnostic classification, while the second set assumes only an .
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TABLE 3.8

STATISTICAL TESTS ON MARGINS USING MEAN SCORES

a a a a a

Coefficients for 1 22 33 3 a; 3 a3 3,
Mean Scores 1 % % 0 1 % % O

a

QC Significance Qc Significance

Hypothesis d.f. C Level C Level

Sub-populations

H
SAM Both
Neurologists 2 21.82  0.01 33.35  0.01
New Orleans
Neurologist 1 12.80 0.01 12.82 0.01
Winnipeg
Neurologist 1 21.21 0.01 33.25 0.01
Observers
HOAM Both
Sub-populations 2 37.51 0.01 33.83 0.01
' Winnipeg
New Orleans
Patients 1 5.92  0.02 1.68  0.20
Interaction
HiaM 1 1.66  0.20 6.58  0.01

intermediate state of uncertainty between present and absent. If

X = I, is used, a test statistic for H can be generated via (2.2.12)

~ ~ SAM
with CSAM in (2.5.8). As shown in Table 3.8, the resulting QC = 21.82
(33.35) with 2 d.f., under the respective sets of coefficients, which
implies that there is a significant (0. = 0.01) difference between the

summary measures of multiple sclerosis in the two geographical areas.

The test of this hypothesis within each observer also confirms this



95

significant difference between patient groups under either set of

weights. Similarly, a test statistic for H in (2.3.10) can be gen-

0AM

erated via (2.2.12) with C in (2.5.8). The resulting QC = 37,51

~0AM
(33.83) with 2 d.f., under the respective sets of coefficients, which
implies that there is a significant (¢ = 0.01) difference between the
two neurologists as measured by the summary mean scores. However,
under the second set of coefficients, which effectively combine diag-
noses 2 and 3, the inter-observer bias is non-significant (o = 0.20)
within the New Orleans patient group, as shown in Table 3.8. As a
result, the goodness of fit statistics for the ﬁypothesis of no

interaction, in (2.3.11) corresponding to the model in (2.5.9),

HIAM
is significant (o = 0.01) under the second set of coefficients. The

results in Tables 3.7 and 3.8 seem to indicate that the dominant source

of inter-observer bias is due to the Winnipeg patients. This finding

v’

will also be confirmed in subsequent analyses of agreement measures.

3.3.1 Ordinal Scale Weights

To this point, the hypothesis tests have been directed at over-

all differences between the two groups of patients and between the two

neurologists in terms of marginal distributions. Alternatively, in
this section attention is directed at the level of agreement between

the two neurologists on a subject-to-subject basis. For this purpose,

the kappa-type agreement measures associated with the weights in Table

2.2 are appropriate, since the diagnostic scale for multiple sclerosis
is ordinal. In particular, the {Kil} measure the level of perfect
agreement between the neurologists in the sub-populations, and the

{x

12} measure the corresponding level of agreement when misclassifi-
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cations are assigned partial credit on the basis of the magnitude of
the disagreements. Accordingly, these estimates of agreement in

(2.5.17) under the constraints of E. in (2.4.3) are generated in the

formulation of (2.2.25) as '
—él;j _b.zog—
.. 212 | o315 ’ 535
) Koy 0.297
L_Ezz_ _0.401

via the operator matrices in (2.5.11)-(2.5.15). Moreover, the esti-

mated covariance matrix of F is given by

0.2546 0.2377 0.0 0.0
0.2377 0.2499 0.0 0.0 -2
. V¥ = | 0.0 0.0 0.6163 0.5623 | * 10 > (3.3.6)
~ 0.0 0.0 0.5623 0.5507

via (2.2.5) using the corresponding H matrix in (2.2.26). Using

X=1,, test statistics for the relevant hypotheses in (2.4.7)-(2.4.11)

under §1 are obtained via (2.2.12) with the corresponding C matrices
(2.5.18) -(2.5.20) producing the statistics shown in Table 3.9. These
results suggest that the perfect agreement measures are not signifi-
cantly different (a = 0.34), and that the weighted agreement measures
are not significantly different (0. = 0.30) in the two groups of
patients. Moreover, the various tests of K = 0 indicate that agreement
is significantly (o = 0.01) greater than expected under total indepen-

dence within both groups of patients. Furthermore, the weighted kappa

measures are significantly different (@ = 0.01) from the perfect



97

TABLE 3.9

STATISTICAL TESTS FOR AGREEMENT STATISTICS
USING WEIGHTS FROM TABLE 2.2

Hypothesis d.f. Qg Sig:iiiiance
~Winnipeg Patients

Kqp = 0 1 16.99 0.01
Kig = 0 1 39.70 0.01
Ki1 = K12 1 39.54 0.01
New Orleans Patients
Koy = 0 _ 1 14.27 0.01
Kog = 0 1 30.07 0.01
Koy ™ 2 1 28.76 0.01
Between Sub-populations

' Kip = Kg13 K39 = K99 2 1.07 0.59
Kll = Koq 1 . 0.90 0.34
Ky = Koo 1 1.06 0.30

agreement measures in both sub-populations. This suggests that the
misclassifications were not completely random, and tended to fall close
to the main diagonal cells, i.e., indicating perfect agreement. Even
though the kappa statistics are non-zero, the level of reliability
between these neurologists is oniy “fair," as indicated by the esti-
mated 95% confidence intervals based on large sample normality assump-

tions for the perfect agreement measures in (3.3.7).
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0.109 < K,, < 0.307
11 (3.3.7)

0.143 < K, < 0.451 .

3.3.2 Hierarchical Weights for Combining Classes

The patterns of disagreement between the neurologists can be
studied further by selecting a hierarchy of weights which successively
combine adjoining categories of diagnosis in order to create poten-
tially larger reliability measures. In particular, the four sets of

weights in Table 3.10 can be used to investigate the sources of

TABLE 3.10

HIERARCHICAL WEIGHTS FOR AGREEMENT MEASURES

Weights wlj wzj w3j w@j

~ ~ ~

Observer 2 2 2 2

Diagnostic Class 12 3 4 1 2 3 4 1 2 3 4 1 2 3 4

Observer 1

coro
oOHOO
O OO
OO
-1
OHOO
Hooco
COMM
OO
PHOO
COK K
O
== O
HHOO

SWLWOH
cocor
HHOO

imprecise diagnostic criteria. As indicated in Table 3.11, these
weights are chosen so that specific misclassifications are successively
included in the corresponding estimates of agreement.

Accordingly, the kappa-type measures in (2.4.6) under El in
(2.4.3) associated with the.weights in Table 3.10 are generated in the

formulation of (2.2.25) as
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TABLE 3.11

DESCRIPTION OF MISCLASSIFICATION WEIGHTS

Set of Misclassification Permitted
Weights for Agreement Statistic
1 None; requires perfect agreement.
2 Certain (1) with Probable (2).

Certain (1) with Probable (2);
Possible (3) with Doubtful (4).

Certain (1) with Probable (2);
4 Possible (3) with Doubtful (4);
Probable (2) with Possible (3).

- - - -
&1y 0.208
- : <19 0.328
213 0.408
pa || |0 , (3.3.8)
) Kyq 0.297
Ky 0.332
223 0.386
_224_ | 0.789 |

where K,, 1s the estimate of the agreement measure in the i-th sub-

ij
population for the j-th set of weights, by using the operator matrices

in (3.3.9)-(3.3.13). Moreover, the estimated covariance matrix
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-1 0 00 0-1 0 0 0 0-10000-11020D0
-1-1 0 0-1-1 0 0 0 0-1 0 0 0 0-1 0 1 0 O
-1-1 0 0-1-1 0 0 0 0-1-1 0 0-1~-1 0010
-1-10 0-1-1-1 0 0-1-1-1 0 0-1-1 0 0 0 1
A =
16;20 11110111110 1111000 00
0o 0110 01111011110 0000
0 60110011 110 0110 O0O0UO0ODO0T0O
L_P 0 11000 11000110 00000
® 12 s (3.3.11)
§2 = [54 —54] ® 52 H (3.3.12)
8x16
63 = 58 . (3.3.13)
8x8

of F in.(3.3.8) is given as

o

0.2546 0.2122 0.1868 0.1442 .

0.2122 0.4005 0.3862 0.2912 0

0.1868 0.3862 0.5200 0.3832 ~

0.1442 0.2912 0.3832 0.5700

~F 0.6163 0.5582 0.5046 0.2185

- 0.5582 0.6879 0.6544 0.3010

< 0.5046 0.6544 1.0030 0.4147
0.2185 0.3010 0.4147 0.7720

e

x 1072, (3.3.14)
via (2.2.5) using the corresponding H matrix in (2.2.26).
If X = 18’ then tests of the hierarchical hypotheses in (2.4.11)

can be created via (2.2.12) with the appropriate C matrices. The

resulting statistical tests for these hypotheses are given in Table
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3.12. These results reflect significant increases in successive
agreement measures within the Winnipeg patient group (1), but non-
significant increases in the agreement measures except for the final
set of weights within the New Orleans patient group (2). This suggests

that the neurologists are exhibiting significant disagreement between

TABLE 3.12

STATISTICAL TESTS FOR HIERARCHICAL HYPOTHESES

Hypothesis d.f. Qg Sigziﬁiiance

Combined Patient Groups

Kyg = K13 Koo = Ko1 2 6.89 0.03
Kig = Ky23 Ko3 ® K2 2 5.15 0.08
K4 ™ K135 K24 = Ko3 2 28.13 0.01L

’ Winnipeg Patients

K12 ™ 11 1 6.20 0.01
K13 = ¥12 1 4.38 0.04
Kyg = K13 1 10.96 0.01
New Orleans Patients

Kog = Koq 1 0.69 0.41
Ky3 = Kp 1 0.76 0.38
Ky4 = K23 Y 17.17 0.01

diagnoses (1,2), (2,3), and (3,4) in group 1, and significant disagree-

ment between diagnoses (2,3) in group 2, as evidenced by the inflated
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frequencies in these off-diagonal cells in Table 3.6. However, the

game increasing trend qf the hierarchical kappa statistics is apparent
within both patient groups as demonstrated by the estimates in (3.3.8).
Since the estimated variances of the kappa statistics shown in (3.3.14)
are considerably larger for the New Orleans patient group due to the
smaller sample size, these agreement patterns may indeed be esséntially

the same in both patient groups.

3.3.3 Development of Final Model

If the two neurologists are indeed exhibiting the same agree-
ment patterns within the two groups of patients, then under the con-—

straints E, the {Kij} satisfy the hypotheses

Ssualg,t K1y T gy for d = 1,2,3,4. (3.3.15)
Then if X =1,
$ smag, = s L] (3.3.16)
4x8
produces a test statistic for the simultaneous test of H via
SHA|Ey

(2.2.12). Moreéver, individual rows from (3.3.16) can be used to test
the corresponding components of (3.3.15). Accordingly, the test sta-
tistics for these hypotheses are given in Table 3.13. These results,
along with those shown in Table 3.12, suggest that a reduced model can
be used to combine parameters which are essentially equivalent. For

this purpose, the agreement statistics in (3.3.8) can be modeled by
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TABLE 3.13

STATISTICAL TESTS BETWEEN SUB-POPULATIONS OF PATIENTS

Q Significance
Hypothesis d.f. C Level
Klj = sz for § = 1,2,3,4. 4 7.15 0.13
Klz = K22 1 0.00 1.00
Ki3 = Kpq : 1 - 0,03 0.86
Kig = Kou 1 2.77 0.10
10000 -Kl—
01000 <
00100 2
. . - . |00010 K
’ E{F} = X 8, 10000 »<3 . (3.3.17)
01000 4
00100 K
00001

For this model, the goodness of fit statistic in (2.2.8) is Q = 2.27
with 3 d.f. Thus, this reduced model provides a satisfactory charac-
terization of the distribution of these agreement measures. In this
regard, test statistics for hypotheses pertaining to the §2 model in
(3.3.17) are given in Table 3.14. These results suggest that all the
parameters are significantly (o = 0.01) different from zero, and more-
over, are significantly (o =‘0.05) different from each other. Further-
more, by reducing the model to these smoothed estimates, the marginally
significant (o = 0.10) difference between K14 and Ka4 in Table 3.13 is

now significant at the a = 0.03 level in this final model when testing
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TABLE 3.14
STATISTICAL TESTS FOR REDUCED X, MODEL
Hypothesis d.f. Qg Sigziiiiance
<, T 1 5.40 0.02
K37 %2 1 4.92 0.03
e = %3 1 12.33 0.01
K5 = "@ 1 4.88 0.03
Kp =0 1 31.05 0.01
Ky = 0 1 40.71 0.01
K3 =0 1 45.49 0.01
' % = 0 1 72.44 0.01
ks = 0 1 94.97 0.01

K. = K,. The resulting estimated parameters, along with their

5 4
corresponding estimated standard errors, are displayed in Table
3.15.

Thus, these results suggest that the diagnostic criteria are
not sufficiently precise with respect to their usage by these two
neurologists. In addition to Bias at the macro stage, i.e., consid-
ering only the overall marginal proportions, these observers exhibited

significant disagreement at the micro stage, i.e., considering each

individual subject, in specifying a dilagnosis. Only with the fourth
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SMOOTHED ESTIMATES OF AGREEMENT UNDER REDUCED XZ MODEL

Sub-population 2
Weight Agreement Estimate Estimated Estimate Estimated
€ S Statistic Under §2 Standard Error Under X2 Standard Error
W . K 0.236 0.0424 0.236 0.0424
11 11

w2! Kig 0.311 0.0487 0.311 0.0487
w3i Kig 0.383 0.0568 0.383 0.0568

w“__i Kig 0.579 0.0680 0.790 0.0811

set of weights do the kappa statistics indicate a "moderate" to

"substantial" level of inter-observer reliability.



CHAPTER IV

APPLICATIONS INVOLVING MORE THAN TWO OBSERVERS

4.1 Introduction

This chapter is concerned with situations in which the number
of observers d ana the number of response categories L are sufficiently
large that the number of possible multivariate response profiles
T = Ld is extremely large. Consequently, since the associated operator
matrices discussed in Section 2.5 are cumbersome, the computing costs
and programmer effort can be substantially increased. In addition, for
each of the s sub-populations some of the r possible response profiles,
2; will not necessarily be observed in the respective samples so that
corresponding cell frequencies nij are zer?.

Thus, alternative procedur;s to those discussed in Chapter II
for obtaining estimates of the required functions, and their corre-
sponding estimated covariance matrix, are proposed as functioms of the
raw data associated with each subject. In particular, Section 4.2
summarizes the use of indicator functions to generate the first-order
margins used in testing hypotheses regarding sub-population differences
and inter-observer bias. Similarly, the use of indicator functions to
create estimates of inter-observer agreement for generalized kappa-type
statistics is discussed in Section 4.3. Finally, a clinical diagnosis

example involving seven pathologists is used in Section 4.4 to illu-

strate these procedures with data. Within this context, certain
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response categories are combined on the basis of tests'for homogeneous
margins. Then estimates of overall agreement involving hierarchical
kappa-type statistics are generated to reflect the strength of a con-
sensus decision on each subject. Moreover, a subset of observers who
demonstrate a high level of inter-observer agreement 1s identified by
using palrwise agreement statistics between each observer and the

internal majority opinion on each subject.

4.2 1Indicator Functions for Marginal Distributions

As noted in Section 2.3, the hypotheses of primary interest
regarding sub-population differences and inter-observer bias can be
expressed in terms of constraints on the {¢igk} in (2.3.1) or on the
{nig} in (2.3.8). Consequently, unbiased estimators for these quanti-
ties can be obtained in the formulation of (2.2.15) by applying an él
Aatrix énalogous to (2.5.1) to the hypothetical data in Table 2.1.
However, unless both the number of observers d and the number of
response categories L are small, e.g., d <'3 and L < 3, these matrices
become cumbersome to manipulate, and in some cases are outside the
scope of computational feasibility. On the other hand, these same
identical estimators can be generated in an alternative procedure by
first forming appropriate indicator functions of the raw data associ-
ated with each subject, and then by computing the across subject
arithmetic means within each of the respective sub-populations. For
this purpose, let

1, if the g-th observer classifies the

u-th subject in the sample from the (4.2.1)
- i-th sub-population into the k-th
yigku category,

0, otherwise,
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for 1 = 1,2,...,8; g = 1,2,...,d; k= 1,2,.,.,(L - 1); and

u-l,Z,...,ni. 1f
- 1o
Figk ;:.uzl Yigku ° (4.2.2)
91" O, - oo far Ve, - ) 0 @023
7' = (G000l » (4.2.4)
then z = 5113 ’ (4.2.5)

where A, 1s the corresponding matrix that would be used to generate the

marginal proportions to estimate the {¢igk} from the conceptual multi-

dimensional contingency table in the formulation of (2.2.15). More- ‘

over, an unbiased estimate of the covariance matrix V;, of z in (4.2.4)

~

is block diagonal with the matrices

n
1 i

W ———eee e - <y - v )
Yyi o, G, - 1) uzl Gyn = 399 Qg ~ Iy) (4.2.6)

~

on the main diagonal, where

! -
Yiw = Ogaapr=-%11,@ - 1),u’ " *V1d1uw’ " *Y1d, (L - 1,0 4-2.7)

As such,

g

V-
~y

~

A, V@14, (4.2.8)

corresponding to (2.2.5) with the appropriate H matrix given by

(2.2.18), where " é * means "asymptotically identical to" in the sense .
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that terms of order (1/n) are regarded as negligible. Since sd(L - 1)
is usually much smallet than r = Ld, this method of computing the esti-
mates of the {¢igk} is reasonably straightforward and efficient. In
addition, these fuﬁctions in (4.2.5) can be modeled by (2.2.6). Con-
sequently, by using the estimated covariance matrix in (4.2.8), test
statistics for the corresponding hypotheses in Section 2.3 can be
genefated via (2.2.12).

Furthermore, this approach can also be used to generate esti-

mates of mean scores such as the {nig} by letting

if the g-th observer classifies the

= a u-th subject in the sample from the (4.2.9)
y1gu k’ i-th sub-population into the k-th *e
category,

for £ = 1,2,...,8; 8 = 1,2,...,d; and u = 1,2,...,ni, where the

response categories can be assumed to have an underlying numerical

’

scaling al,az,...,aL. Then, 1if

e
Tig = o uzl Yigu * (4.2.10)
F1 = GypoFi00ee 0754 o (4.2.11)
7' = (§158p0e003g) » (4.2.12)
it follows that z = A;p (4.2.13)

is the vector of estimates of the {nig}, where A, is the corresponding
matrix similar to (2.5.7) which would be used to generate the same

estimates from the underlying multidimensional contingency table.
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Similarly, an unibased estimate of the covariance matrix V§ of z in
(4.2.12) 1s block diagonal with the matrices V. 1in (4.2.6) on the

21
main diagonal, where in this case, ?i is obtained from (4.2.11) and

1 - .
Ziu (Yilu,}'izu, e ’yidu) . (4.2.14)

As a result, these functions can be modeled via (2.2.6), and test sta-
tistics for the corresponding hypotheses in Section 2.3 can be gener-

ated via (2.2.12),

4.3 Indicator Functions for Agreement Measures

As discussed in Section 2.4, the generalized kappa-type meas-~
ures of agreement are based on an observed proportion of agreement and
a corresponding expected proportion of agreement associated with a set
of weights which reflect the role of each response profile in a par-
cicula; measure. For situations in which the underlying multidimen-
sional contingency table is too large for the matrix operator proce-
dures discussed in Section 2.5, alternative calculations involving
indicator functions analogous to those proposed in the previous section
can be used to generate the required estimates. In particular, the
components for the m-th type of kappa measuré associated with the 2-th

set of weights can be estimated by letting

if the u-th subject in the sample
(m) from the i-th sub-population 1is (4.3.1)
23 > classified- into the j-th response T
profile,

for 1 = 1,2,...,8; 4 = 1,2,...,vm; and u = 1,2,...,n If

io
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that terms of order (1/n) are regarded as negligible. Since sd(L - 1)
is usually much smalle; than r = Ld, this method of computing the esti-
mates of the {¢igk} is reasonably straightforward and efficient. 1In
addition, these fuﬁctions in (4.2.5) can be modeled by (2.2.6). Con-
sequently, by using the estimated covariance matrix in (4.2.8), test
statistics for the corresponding hypotheses in Section 2.3 can be
generated via (2.2.12).

Furthermore, this approach can also be used to generate esti-

mates of mean scores such as the {nig} by letting

if the g-th observer classifies the

= a u-th subject in the sample from the (4.2.9)
yigu k’ i-th sub-population into the k-th et
category,

for 1 = 1,2,...,s; g = 1,2,...,d; and u = 1,2,...,ni, where the

response categories can be assumed to have an underlying numerical

’

scaling al,az,...,aL. Then, 1if

Yig 3 ui Yigu * (4.2.10)
Fi = GypsTypseeoo¥ig) o (4.2.11)
3= (§1s¥p0ec 003y (4.2.12)
it follows that z = 512 (4.2.13)

is the vector of estimates of the {nig}, where A, is the corresponding
matrix similar to (2.5.7) which would be used to generate the same

estimates from the underlying multidimensional contingency table.
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Similarly, an unibased estimate of the covariance matrix V? of 2 in
(4.2.12) 1is block diagonal with the matrices V? in (4.2.6) on the

=1
main diagonal, where in this case, ii is obtained from (4.2.11) and

' - s
Ziu (yilu!yizu’ e )yidu) . (4- 2.14)

As a result, these functions can be modeled via (2.2.6), and test sta-
tistics for the corresponding hypotheses in Section 2.3 can be gener-

ated via (2.2.12).

4.3 1Indicator Functions for Agreement Measures

As discussed in Section 2.4, the generalized kappa-type meas-
ures of agreement are based on an observed proportion of agreement and
a corresponding expected proportion of agreement associated with a set
of weights which reflect the role of each response profile in a par-
ticu1a£ measure. For situations in which the underlying multidimen-
sional contingency table is too large for the matrix operator proce-
dures discussed in Section 2.5, alternative calculations iavolving
indicator functions analogous to those proposed in the previous section
can be used to generate the required estimates. In particular, the
components for the m-th type of kappa measuré associated Vith the 2-th

gset of weights can be estimated by letting

if the u-th subject in the sample

z - w(m) from the i-th sub-population is (4.3.1)
i%u 2j * classified. into the j-th response ©
- profile,

for 1 = 1,2,...,8; 4 = l,2,...,vm; and u = l,2,...,ni. If
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n,
=1
5 g (4.3.2)
—' = — -
Z, (zil,ziz,...,iivm) s (4.3.3)
=1 _ (= ' -1
E (51’22’.'.’58) > (4.3.4)

then ? in (4.3.4) 1is the vector of estimates of the {A(m)} in (2.4.1).

In addition, the {Yil)} can be estimated from the estimates of
the marginal probabilities {¢igk}’ For this purpose, the zi vector in
(4.2.3) can be augmented to include the L-th mean for each of the d
observers. Then z in (4.2.4) contains the estimates of the {¢igk}'
As a result, if

p*' = (3',2") , (4.3.5)

then p* = AR > ' (4.3.6)

-~

where él is a matrix analogous to (2.5.11) which corresponds to the
weights given in (4.3.1). Finally, the estimates of the {K( )} can
now be expressed in the formulation of (2.2.25) by using p* in (4.3.6)
for élg, and by using matrices analogous to Kl, Ays 2, and A3 in
(2.5.12)-(2.5.15). Accordingly, the estimated covariance matrix for
these estimateg is given by (2.2.5), where the g matrix is the
corresponding matrix product in (2.2.26), and where Y(g) is replaced

by V(p*), which is given by a block diagonal matrix with the matrices

n
i
1 - -
V=77 L (% -0 -0', (4.3.7)
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on the main diagonal. 1In this context,
i = Qi 21 o (4.3.8)

where Yiu corresponds to the augmented form of (4.2.7), and

' =
2T IR IPSETRR ’zivmu) [(4.3.9)
Finally, Ei' - (§i’ Ei) , (4.3.10)

corresponding to the augmented form of (4.2.3) and to (4.3.3).

4.4 A Clinical Diagnosis Example

The data in Table 4.1 were obtained from a study to investigate
the variability in the classification of carcinoma in situ of the
uterine cervix reported in Holmquist et al. [1967]. For this purpose,
sdven pathologists individually evaluated and classified 118 slides
into one of the following five categories based on the most involved
lesion:

1. Negative;

2. Atypical Squamous Hyperplasia;

3. Carcinoma in Situ;

4. Squamous Carcinoma With Early Stromal Invasion;

5. Invasive Carcinoma.
Further details regarding the categories of classification and the
study protocol are described in the Holmquist et al. [1967] paper.
For the subsequent analyses reported here, the level of confidence in
the classification indicated by (*) and (f) in Table 4.1 is ignored.

This design involves s = 1 sub-population, d = 7 observers, and

L = 5 response categories which produces r = Ld = 78,125 possible

response profiles. Obviously, with only 118 slides most of the corre-
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A

Pathalogist

Slide
No.

TABLE 4.1

Pathologist

INDEPENDENT CLASSIFICATION BY SEVEN PATHOLOGISTS
OF MOST INVOLVED HISTOLOGICAL LESION

Slide
No.
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{1 Indicates no statement of centidence.

* Indicates doubtful classification,
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sponding cell frequencies nil are zero. Nevertheless, as discussed in
the previous sections, tests of inter-observer bias and estimates of
inter-observer agreement can be developed within the general methodo-

logy outlined in Chapter II via indicator functions.

4.4.1 Tests Concerning Inter-Observer Bias on Four-Point Scale

By defining the functions in (4.2.1) for the data in Table 4.1,
the estimates of the marginal probabilities {¢igk} are simply the
observed marginal proportions for each of the seven pathologists which
can be calculated via (4.2.2). These estimates are displayed in Table
4.2. As reported by the authors in Holmquist et al. [1967], the four
pathologists A, B, C, and D appeared to have followed the protocol
more closely than did pathologists E, F, and G. Accordingly, they are
labeleq Pl and P2 in Table 4.2. For purposes of further analysis,
categories 4 and 5 will be combined, because of the extremely infre-

quent usage of class 5, viz., < 5% by any of the pathologists. This

will avoid potentially ill-conditioned covariance matrices, and can

TABLE 4.2

FIRST-ORDER MARGINS OF SEVEN PATHOLOGISTS CLASSIFYING 118
SLIDES ACCORDING TO MOST INVOLVED HISTOLOGICAL LESION

Response Category
Pathologist 1 2 3 4 5

A 0.220 0.220 0.322 0.186 0.051

Pl B 0.229 0.102 0.585 0.059 0.025
c 0.263 0.356 0.314 0.051 0.017

D 0.322 0.407 0.195 0.068 0.008

P E 0.136 0.263 0.449 0.119 0.034
2 F 0.525 0.263 0.169 0.008 0.034

G 0.271 0.169 0.517 0.025 0.017
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furthermore be justified on the clinical similarity of these types.
For notational convenience, the categories will be labeled I-1V as

displayed in Table 4.3.

TABLE 4.3

COMBINED CLASSES FOR FOUR-POINT SCALE

Class Original Classification
I
I1
I1I
v 4,5

By substituting the estimates § in (4.2.3) for p in (2.2.15)
and Y§ in (4.2.8) for Y(E) in (2.2.5), the functions required for the

tests of inter-observer bias described in Section 2.3 can be produced

in’ the formulation of (2.2.15) by choosing

1000 )
él =10100|® L,. (4.4.1)
21x28 0010

Then with X = I 1’ appropriate C matrices analogous to those in Section

2
2.3 are used to produce the statistical tests shown in Table 4.4.

These results indicate that the hypotheses of marginal homogeneity are
rejected for both groups of observers Pl and P2 on the combined classes,
as well as individual classes. Moreover, the inter-observer bias is
significant (o = 0.01) for all pairwise comparisons of pathologists, as
shown in Table 4.4.

In view of the substantial differences reflected in the marginal

distributions shown in Table 4.2, the agreement on a slide-to-slide



117

TABLE 4.4

STATISTICAL TESTS OF MARGINAL HOMOGENEITY USING
FOUR-POINT SCALE SHOWN IN TABLE 4.3

Q Significance
Hypothesis d.f. 9 Level
Among P1 & P2
Class: I - IV 18 271.83 0.01
I 6 81.74 0.01
II 6 52.12 0.01
III 6 100.85 0.01
v 6 35.30 0.01
Among Pl
I 3 12.16 0.01
II 3 42.97 0.01
ITI 3 72.55 0.01
v 3 26.65 0.01
Among P2
Clagss: I - IV 6 156.50 0.01
' I 2 74.98 0.01
II 2 6.74 0.03
ITI 2 59.25 0.01
Iv 2 12.§8 0.01

QC VALUES FOR PAIRWISE TESTS BETWEEN PATHOLOGISTS (d.f. = 3)

Pathologist | A B c D E F G
A - 38.20 50.88 70.28 14.78 119.84 31.38
B - 44.85 82.79 22.51 114.91 18.01
c - 11.40 46.58 47.22 29.39
D - 93.96 26.89 63.70
E - 144.34 33.81
F - 79.73
G -

basis using the 4-point scale in Table 4.3 is not expected to be very
high. In particular, consider the proportions of slides classified

into the same category on the 4-point scale by specified numbers of .



pathologists displayed in Table 4.5.

118

In this context, only 68 of the

slides (58%) were classified into the same category by at least 5 of

the pathologists.

Furthermore, as shown in Table 4.6 most of the

uncorrected agreement proportions between pairs of pathologists indi-

cate a sizable amount

of disagreement.

TABLE 4.5

OVERALL AGREEMENT OF PATHOLOGISTS ON FOUR-POINT SCALE

No. of Pathologists No. of Percent
in Agreement Slides of Slides
All 7 16 0.136
At least 6 41 0.347
At least 5 68 0.576
TABLE 4.6
’ ‘ UNCORRECTED PAIRWISE AGREEMENT PROPORTIONS ON
CLASSIFICATION OF SLIDES INTO CATEGORIES I-IV
Pathologist| A B C D E F G
A - 0-64 0054 0-51 0056 0039 0062
B - 0-54 0047 0.67 0041 0-78
c - 0.60 0.52 0.50 0.65
D - 0.42 0.56 0.59
E - 0.32 0.64
F - 0051
G -

4.4.2 Tests Concerning Inter-Observer Bias on Two-Point Scale

The results in the previous section seem to imply that the diag-

nostic criteria for the 4-point scale are not sufficiently precise to

ensure a high level of inter-observer reliability.

Consequently, the

effects of a further reduction in the scale shown in Table 4.7 will be
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investigated. This binary classification is of considerable clinical
importance, since different therapy may be prescribed for patients
diagnosed as C

» than for those diagnosed as C In this situation,

1 2°

TABLE 4.7

COMBINED CLASSES FOR TWO-POINT SCALE

Class Original Classification
Cl 1,2
C2 3,4,5

the functions required to test the inter-observer bias hypotheses can

be generated by choosing

=[1100]@® I (4.4.2)

A
7x28

7 $

which creates the proportions assigned to C1 by each pathologist as

r--0.441

0.331
0.619
F = ? = 0- 729 © ! (4-4-3)
SRt 0.398
0.788
_0.441__

By choosing X = 57, the statigstical tests shown in Table 4.8 can be
produced via (2.2.12) with the use of the appropriate 9 matrices. As
indicated in (4.4.3), pathologisgs C, D, and F assigned more than 60%
of the patients to Cl; whereas the remaining pathologists assigned
less than 45% to C,. This demonstrates that the partitioning of the

1

pathologists into P, and P2 i1s not particularly meaningful in terms of

1
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the differences in the marginal distributions. As a result, pairwise

kappa statistics will now be used to study the inter-pathologist agree-

ment patterns on the diagnostic scale involving categories C1 and C2

in order to identify other groupings of pathologists which may have a

high level of inter-observer agreement.

TABLE 4.8

STATISTICAL TESTS OF MARGINAL HOMOGENEITY USING TWO-POINT SCALE

Hypothesis ' d.f. Qg Sigzii:;ance
Among Pl & P2 6 118.46 0.01
Among Pl 3 88.07 0.01
Among P2 2 77.28 0.01
Between Pl &'P2 1 0.49 0.25

QC VALUES FOR PAIRWISE TESTS BETWEEN PATHOLOGISTS (d.f. = 1)

-~

Pathologist | A B C D E F G

A - 9,54 25.33 47.35 1.48 62.30 0.00
B - 43.74 77.45 4.72 98.72 12.35
C - 7.11 33.06 16.12 25.33
D - 53.65 2.61 47.35
E - 74.75 2.30
F - 62.30
G

4.4.3 Pairwise Agreement Statistics

Because of the lack of marginal homogeneity, several of the

first-order margins must be considered in the formulation of the

expected proportions under independence, rather than a single smoothed

margin, as illustrated in Section 3.2. In order to minimize the data
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analytic problems in terms of size and computer costs, the number of
required margins can be reduced by dividing the pathologists into four
groups on the basis of thelr overall assignment of slides to class Cl'

These can be identified as follows:

01 : B

O2 A, E, G
O3 : C

04 : D, F

This partition of observers can be confirmed by fitting the model

— -
TB 100 Bl
1000
0010 |8,
E, {F}=10001 , (4.4.4)
2 0100 |8,
0001
0100 |8,

v

using F, in (4.4.3). The resulting goodness of fit statistic (2.2.8)

1
for this model is Q = 5.62 with 3 d.f. (a = 0.13). This suggests that
the model in (4.4.4) provides a satisfactory characterization of the

marginal probabilities of assignment to Cl by each of the pathologists.

The model estimates of B are given by

0.339
0.431
0.618
0.757

(4.4.5)

LT
]
-

in which all pariwise tests of Bi = Bj’ i # J, are statistically signi-
ficant (a = 0.01). As a result, for purposes of estimating the

{Yiéz)} in the kappa statistics of (2.4.6), smoothed marging for the
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four groups of pathologists 01 to 04 can be used, thus reducing the
size of the computational problem considerably. Finally, rather than
using the P1 and P2 grouping scheme discussed previously, the patholo-

gists are classified into four categories on the basis of the first-

order marginal probabilities.
Estimates of generalized kappa-type measures of pairwise agree-

ment {Kiéz)} in (2.4.6) can be generated using the indicator functions

discussed in Section 4.3. 1In particular, let

1, 1if the g-th pathologist classifies

y - the u~-th slide into Ck (4.4.6)

gku
0, otherwise,

for g = 1,2,...,7; k= 1,2; and m = 1,2,...,118, and

1, 1if the g-th and g'-th pathologist
agree on the classification of the

) zgg’u = u~-th slide in either Cl or C2 (4.4.7)

0, otherwise,
forg<g'=1,2,...,7; u=1,2,...,118. Then by ordering the 21
observer pairs according to the two digits gg', let pa in (4.3.8) be

given by
) . (4.4.8)

veesZ

*' =
Pa (110°Y 120 ** 2V 720 21100 2120° 67u

1x35
Consequently, the required functions are obtained by forming the
across—slides arithmetic mean vector §* in (4.3.10), and their esti-
mated covariance matrix is given by (4.3.7). ‘In particular, the means
of the functions defined in (4.4.7) generate the estimates of the
uncorrected proportions of pailrwise agreement {Aiéz)} in (2.4.1) which

are shown in Table 4.9. In this regard, most of the large values of
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TABLE 4.9

UNCORRECTED PAIRWISE AGREEMENT PROPORTIONS ON CLASSIFICATION
OF SLIDES INTO C, OR C, BY SEVEN PATHOLOGISTS

1 2
Observer 01 02 O3 04
Group
Pathologist B A E G C D F
A - 0.86 0.90 0.82 0.71 0.65
O2 E - 0.91 0.78 0.65 0.61
G - 0.82 0.71 0.65
O3 C - 0.79 0.76
D - 0.84
% F -

the crude proportions of pairwise agreement occur within groups of

pathologists with comparable marginal distributions.

Within this context, pairwise kappa statistics can now be gen- .
erated within the formulation of (2.2.25) by first applying the follow-

ing A, matrix to the p* vector of means associated with (4.4.8).

1
""— -
N
~1 ~
él - 8x14 8x21 , (4.4.9)
29x35 0 I
21x14
00 10 00 00 00 00 00O
00 01 00 00 00 00 00O
%0 00 00 00 %0 00 %40
* 1 ! L
ay = 0% 00 00000% 00 0% (4.4.10)
-y 00 00 10 00 00 00 00
00 00 01 00 00 00 00O
00 00 00 %0 00 %0 00
00 00 00 O% 00 0% 00




124

This A, matrix in (4.4.9) is used to create unbiased estimates,
although not identically equal to the smoothed estimates of (4.4.5).
Instead, these estimates of the margins which are used to estimate the

{yiéz)} of (2.4.2) in the kappa statistics are given by

0.331

P 0.427

g = 0.619 ’ (4-4'11)
0.759

providing essentiélly the same values as those in (4.4.5).

Now by choosing the appropriate 51’ éZ’ K2 and A3 matrices com-

parable to those in Section 2.5, pairwise kappa statistics can be gen-
erated for the data from Table 4.1 using the classification scheme of
Table 4.7. Accordingly, the estimates of these agreement measures are
displayed in Table 4.10. These results indicate that the pathologists

i 04 are demonstrating '"fair" to "moderate" agreement with the others,

(2)

DF = (0,56) between themselves. Moreover,

and "moderate" agreement (K

-~

TABLE 4.10

PAIRWISE KAPPA STATISTICS ON DATA CLASSIFIED INTO
CATEGORIES C, OR C, BY SEVEN PATHOLOGISTS

1 2
Observer 01 02 03 04
Group
Pathologist B A E G C D F
A - 0.71 0.79 0.66 0.46 0.35
02 E - 0.81 0.57 0.35 0.28
G - 0.66 0.46 0.35
D - 0-56
% F -
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these palrwise kappa statistics reflect a "substantial' level of inter-
observer agreement among the other pathologists in Ol’ 02, and 03,
except for the "moderate" levels when comparing C with B and E.

Further aspects of these agreement patterns will now be studied within
the context of majority opinion standards, as discussed briefly in

Section 2.4.

4.4.4 Majority Agreement Statistics

Although a "standard" or "correct" classification for each sub-
ject is not available to create measures of agreement with a standard
as discussed in Section 1.5, the classifications by all the patholo-
gists can be used to create an "internal consensus decision" on each
slide. Since there are 7 observers, it is always possible to specify
a majority decision on each slide. However, the validity of such a
mdjorit& opinion is the real question of interest in this situation.
One measure of the validity of consensus diagnoses is the extent to
which most of the slides are classified by a clear majority, e.g.,
7-0, 6-1, and 5-2 splits, rather than trivial or "tie-breaking' major-
ities, e.g., 4-3 splits. For this purpose, let M7 denote the majority
opinion based on the responses of the seven pathologists. Using this
decision rule, 59 (50%) of the slides are classified as Cl (normal).
Furthermore, on the basis of the M7 diagnosis, the decision on 101
(86%) of the slides 1s based on a majority of at least 5 of the patho-
logists. These results can be expressed Qithin the formulation of
(1)} measures which are in a hierarchical relationsﬁip with

i%

each other, as discussed in Section 2.4, using indicator functions

overall {k

similar to (4.3.1). Estimates of these measures, along with thelr
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estimated standard errors, under the baseline constraints of total
independence gl in (2.4.3) are given in Table 4.11. As reflected by

the hypothesis tests in Table 4.11, each of these increments in the

TABLE 4.11

OVERALL AGREEMENT AMONG ALL SEVEN PATHOLOGISTS
USING TWO-POINT SCALE

Extent of 7-0 7-0 -
Total Agreement (perfect) 6-1 52
Uncorrected Proportion 0.424 0.661 0.856
Est. of k1 0.417 0.620 0.747
Est. of s.e. (kD) 0.0453 0.0470  0.0558
Hypothesis d.£f. Qg Sigz:ji;ance
_ sz - Kl(l) 1 22.60 0.01
»<3(1) - Kz(l) 1 6.46 0.02

overall kappa measure 1is statistically significant (a = 0.02). Further-
more, because of the "substantial" agreement (K§l) = 0.747) on the
diagnoses of these slides with a clear majority, i.e., at least 5-2
splits, it seems reasonable to use M7 as a valid internal-standard
diagnosis.

Now 1f M7 is a valid decision rule, most of the observers should
be consistent with this majority opinion. As a method of cross-
validation, each pathologist can be compared with M7 via estimates of
the {Kié3)} measures Involving a standard,. as discussed in Section 2.4.

Estimates of these agreement statistics, which are obtained by calcula-
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ting pairwise kappa statistics between M7 and each pathologist, are
displayed in Table 4.12. Here the pathologists in 01, 02, and 03 show
"substantial" to "almost perfect" agreement with M7, while D and F are
in "moderate" agreement with the majority opinion. These results are
consistent with those reflected by the pairwise kappa statistics in
Table 4.10. This predominance of "substantial" agreement statistics
between individual pathologists and the majority opinion tends to sup-

port M7 as a reasonable diagnostic rule.

TABLE 4.12

AGREEMENT BETWEEN EACH PATHOLOGIST AND MAJORITY OPINION (M7)

Observer Group 0l 02 O3 04
Pathologist B A E G (o) D F
g“‘mre‘?ted 0.81 0.94 0.88 0.94 0.88  0.77 0.71
roportion

E;t. of k3 0.63 0.88 0.76 0.88  0.76  0.54 0.42

Est. of s.e. (K(3)) 0.068 0.043 0.059 0.043 0.058 0.069 0.068

However, within the context of the M7 majority opinion, these
results in Tables 4.10 and 4.12 also suggest that pathologists D and F
are not consistent with the others in their diagnoses of these slides.
Moreover, as reflected by their.pairwise kappa statistic (ED§2)= 0.56)
in Table 4;10, they are demonstrating only '"moderate" agreement
between each other. For these reasons, iet M5 denote the majority
opinion based on the 5 pathologists in Ol, 02, and 03, eliminating
both D and F. This in no way assumes that D and F are making incor-

rect diagnoses, but rather that they appear to be using different
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criteria than the remaining pathologists. With respect to this

reduced panel of 5 pathologists, 51 (43%) of the slides are diagnosed
as Cl. In additign, on the basis of the M5 diagnosis, 102 (86%) of the
slides are classified by a majority of at least 4 of the pathologists.
The strength of this overall 5-fold agreement, resulting by removing
pathologists D and F, is reflected by the overall kappa statistics for
perfect agreement (Qfl)= 0.638) and for at least 4-point agreement
(Eél)= 0.782) shown in Table 4.13. From the hypothesis test in Table

4.13, the difference between these two measures is statistically signi-

TABLE 4.13

OVERALL AGREEMENT AMONG PATHOLOGISTS
A,B,C,E,G USING TWO-POINT SCALE

Extent of Total 5-0 5-0
Agreement (perfect) 4-1
*  Uncorrected Proportion 0.661 0.864
Est. of k(P 0.638 0.782
Est. of s.e. (k1)) 0.0462 0.0506
Q Significance
Hypothesis d.f. C Level
@ _ . W
K, Ky 1 9.55 0.01

ficant (o = 0.01). Due to the '"substantial" agreement on the diagnoses
of these slides with a clear majority, i.e., at least 4~1 splits, this
5 member panel of pathologists can be regarded realistically as the
basis for a diagnostic majority opinion denoted as MS5.

Similarly, as an alternative procedure of cross-validation, each

pathologist will be compared with M5 using estimates of the {Kiés)}
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measures involving an internal standard. The estimates of these kappa
statistics, in which each observer is compared with M5, are given in
Table 4.14. Here the pathologists in 0, show "almost perfect" agree-
ment with M5, B and C demonstrate 'moderate' agreement with M5, while
D and F reflect "fair" agreement with the standard. Again, these
results seem to support M5 as a valid majority opinion based on the 5

obgservers in O 02, and O

1 3’
TABLE 4.14

AGREEMENT BETWEEN EACH PATHOLOGIST AND MAJORITY OPINION (MS5)

Observer Group 0l 02 03 04
Pathologist B A E G C D F
Uncorrected 0.88  0.92 0.93 0.97 0.81 0.70 0.64
Proportion

Est. of k&) 0.75 0.8 0.8 0.95 0.64  0.44 0.34

Est. of s.e. (K(3)) 0.061 0.050 0.048 0.030 0.065 0.066 0.062

Furthermore, these estimates of K(B) in Table 4.14 seem to
indicate that the pathologists in 02 are highly consistent in their
diagnoses, and could possibly be used to construct a 3-fold majority
opinion, denoted as M3. The strength of this overall majority decision
rule based on observers A, E, and G is reflected by the kappa statistic
for perfect agreement (2(1)= 0.769) shown in Table 4.15. As a result
of this "substantial" level of pérfect aggeement, it seems reasonable
to consider M3 as a valid decision rule. Moreover, for this set of
data, the M3 opinion is precisely the same as the M5 opinion on each

slide. This suggest that the consensus diagnosis determined by the 5
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pathologists in 01, 02, and 03 is highly consistent with the individual

diagnoses of these observers, particularly those in 02.

TABLE 4.15

OVERALL AGREEMENT AMONG PATHOLOGISTS
A,E,G USING TWO-POINT SCALE

Extent of Total 3-0
Agreement (perfect)
Uncorrected Proportion 0.831
Est. of kb 0.769
Est. of s.e. (K(l)) 0.0470

This high level of agreement among the various majority opinion
decision rules can be emphasized by the "almost perfect' agreement

pairwise kappa statistics among M7, M5, and M3 shown in Table 4.16.

TABLE 4.16

PAIRWISE KAPPA STATISTICS AMONG MAJORITY
OPINION DECISION RULES

Decision Rule M7 M5 M3

M7 - 0.86 0.86
M5 - 1.00
M3




CHAPTER V

A COMPONENTS OF VARIANCE MODEL FOR
CATEGORICAL DATA: BINOMIAL CASE

5.1 Introduction

The purpose of this chapter is to develop a components of vari-
ance model for dichotomous data which is directly analogous to the
ANOVA models discussed in Section 1.2. In this regard, all the esti-
mation procedures will be developed in terms of appropriate functions
of proportions which correspond to the usual ANOVA estimates for quan-
titative data. However, whereas standard tests of hypotheses require
assumptions of normal distributions for quantitative data as discussed
in Section 1.2, these corresponding hypotheses can be tested via the
GSK procedures discussed in Sectiomn 2.2 by-expressing these functions
of proportions in the formulation of (2.2.6). In particular, the ANOVA
model in (1.2.1) will be modified to include unbalanced designs involv-
ing a two—state‘response variable which assumes only.the values 0 and
1. Thus, these developments represent a direct extension of the ANOVA
calculations for dichotomous data reviewed in Section 1.3.4 for the
special case of d = 2 observers.

Specifically, Section 5.2 summarizes the basic notation and
definitions used in subsequent developments. Then three different pro-
cedures for estimating the mean are presented in Section 5.3 as speci-

fic functions of the observed proportions:. In addition, the ANOVA

estimates of the variance components, as well as the corresponding
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intraclass correlation coefficilent, are presented in Section 5.4.
Finally, in Section 5.5 the formulation of these estimators within the

GSK framework is discussed.

5.2 General Framework

Let a sample of n subjects be selected at random from a popula-
tion with an underlying prevalence rate T for a specified binomial
attribute, where 0 < 7 < 1. Moreover, let di separate determinations
of the presence or absence of the attribute be made on the i-th sub-

ject, and define

1, 1if the i-th subject is classified as
positive on the j-th determination (5.2.1)

0, otherwise,

for i = 1,2,...,0; J = 1’2""’di' Then

t, = X yij for i = 1,2,...,n (5.2.2)
is the total number of positive determinations on the i-th subject. In
this context, if d = max {di}, then 0 <ty < d for 1 = 1,2,...,n.

i
Accordingly, the n subjects can be divided into d sub-groups on the
basis of the number of determinations di on each subject. Thus, let

nmg denote the number of subjects receiving m positive classifications

on g determinations, where 0 < m < g. Then

g
n = (5.2.3)

n
8 peo M8

is the total number of subjects having exactly g separate determina-
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tions, and thus the total sample size can be expressed as

n= n . (50204)
Consequently, these data can be summarized in terms of the proportioms

n
_mg
_)a , 1f ng #0
Png g (5.2.5)
0, if ng =0

form=0,1,...,8; g = 1,2,...,d, as shown in Table 5.1.
TABLE 5.1

PROPORTIONS CORRESPONDING TO DICHOTOMOUS
DATA FROM UNBALANCED DESIGN

No. of No. of Positive Classifications Total
Determinations 0 1 2 3 e e . d
1 p01 pll = - o o e - 1
2 Pgg P12 P2 .oc ot T 1
d Poa P1a P2a P3a *° ° Pad 1

The standard assumption for the {yij} in (5.2.1) corresponding

to the ANOVA model in (1.2.1) which assumes 'no observer effects" is

- i=1,2,...,n
E{yij} T for 3= 1204, (5.2.6)
From this assumption, it follows that
2- = - '1’1,2,-..,11
o] var{yij} m(1l - m) for j = 1’2”"’d1 (5.2.7)
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For i = 1,2,...,n, let

§ = E{yijyij,} for § # 3"

= °°V(yij’y1j') + E{yij}E{yij.} (5.2.8)

=-p1r(1—1r)+1r2,

where p is the (within subject) intraclass correlation coefficient.

From (5.2.8) it follows that

2

p = E%EZZEFT , (5.2.9)

which ranges from —nzl{ﬂ(l - m} to +1. However, the lower bound is
effectively O since § is rarely less than ﬂz (which occurs under pair-
wise independence of multiple determinations on the same subject) . |
Furthermore, this range for p is directly analogous to that of the

intraclass correlation coefficients discussed in Section 1.2 and vari-

ous agreement measures in Section 1.3.3. Finally, by writing

02 = cov(yy»yyy)  for i # 3

(5.2.10)
= pr(l - ™)
2
Ge = (1L -p)m(L~-m , (5.2.11)
it follows that the total variance in (5.2.7) can be written as
o2 = g% + 3 . (5.2.12)
s e

Consequently, the (within subject) intraclass correlation coefficient

can be expressed as
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(5.2.13)

which is directly analogous to (1.2.2).

5.3 Estimation of the Mean ()

If the experimental (or survey) design is completely balanced,
the ordinary sample mean is the best estimate of the population mean.
However, when the design 1s unbalanced, several alternative procedures
may be recommended on the basis of the relative sizes of the variance
components. In this regard, three different estimates of the popula-
tion prevalence rate T will be developed in terms of the proportioms
given in Table 5.1. For balanced designs, all three of these estimates

are shown to lead to the same expressiomn.

' 5.3.1 Overall Mean

The overall sample mean can be proposed as an unbiased estimate
of T. Specifically, in terms of the propor%ions in Table 5.1 this

estimate can be expressed as

(5.3.1)
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where
N L4

(5.3.2)

Thus, by calculations summarized in Appendix A.l, the variance of the

overall sample mean in (5.3.1) is given by

var@ = HE=T 11 4 - 1)p) (5.3.3)
d
where R = %' X an . (5.3.4)
g
g=1
In particular, for the balanced case when di = d for

1=1,2,...,n, it follows that

v

R= d H (5-3-5)
- 1 d
vy =3 mzompmd ; (5.3.6)
var(y) = =T (3 4 (@ - 1)p) . (5.3.7)

5.3.2 Mean of Means

The mean response for the i-th subject,

4

Ll 1
¥, "3 Z y for i = 1,2,...,n, (5.3.8)
1 d1 j=1 ij

can also be used to comstruct an unbiased estimate of m. In particu-
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lar, the mean of these subject means 1s defined as

(5.3.9)

Furthermore, as shown in Appendix A.l, the variance of y in (5.3.9) is

given by ,
var = TE=T {3+ ) - 1o}, (5.3.10)
d
where R' = n/{ z n /gl . (5.3.11)
g=1 8

Finally, for the balanced case these expressions all simplify to the

correspbnding quantities given in (5.3.5)-(5.3.7).

5.3.3 Koch's Mean

The SSP procedures referred to in Section (1.2.5) can be used to
develop an alternative estimate of the mean as proposed in Koch [1967b].
In this context, an unbiased estimator of T can be developed using
methods involving an unbiased estimate of “2 as summarized in Appendix

A.l. This estimate of T can be expressed as

M= ey} (N - g)n mp ’ (503012)
N' gm1 & nap U8
2 9
where N'=N°- Vg ng . (5.3.13)
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In addition, as developed in Appendix A.l, the variance of M is given

by

d
var (M) = Ml-N:—ZEl zl{gng(u -2+ (g - Lol . (5.3.14)
2=

Specifically, for the balanced case M in (5.3.12) simplifies to
expression (5.3.6) and the variance of M in (5.3.14) simplifies to

expression (5.3.7).

5.4 ANOVA Estimates of the Variance Components

This section summarizes the ANOVA calculations which can be
used to estimate the variance components introduced in Section 5.2.
In this regard, the usual sums of squares associated with the corre-
sponding ANOVA model in (1.2.1) are expressed in terms of the propor-
gions from Table 5.1. The details of these calculations are developed
in Appéndix A.2, and are summarized in Table 5.2 for the unbalanced

case. In particular, the total sums of squares can be expressed in

~

TABLE 5.2

ANOVA TABLE FOR DICHOTOMOUS DATA: UNBALANCED CASE

Source d.f. Sums of Squares
ta $ 3[la fun’
Subjects n-1 S§ = bt -4 np -3 mp
S a1 B peo U8 Niop 850 "8
: d 4
: n
Residual Error N-n SSe - ) _8 Z n(g - m)pm
g=1 € m=0 g
o Tang- 2l Sny Doy
Total N-1 SS,, = n_- mp -=| ) n_ - ) mp
T g=1 & pao "B N g=1 & m=0 "8
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terms of the overall mean in (5.3.1) as

ssp = N5 (1 - 5) . (5.4.1)

Moreover, the expected values for the corresponding mean squares
obtained from Table 5.2 are derived in Appendix A.3, and can be

expressed as

*
E{MSS} = (L-p)n(l-m +dpm(l-m
(5.4.2)
= 02 + d*c2 H
e S
E{Ms } = o2 ; (5.4.3)
e e
2 * 2
E{MST} = g, +coag (5.4.4)
n
| - 1a
where d* -« 1=l ; (5.4.5)
N(n - 1)
n
W
N e (5.4.6)
N(N - 1)

As a result, the mean squares assoclated with the ANOVA Table
5.2 can be used to construct unbiased estimates of these variance com—

ponents. In particular, the usual ANOVA estimates are given as

A2 P 1

o, = p(l - ) = 'c'l'; {MSs - MSe} H (5.4.7)
~2 /\ .

o, - (1-p)r(1 -m) = MSe . (5.4.8)
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2
However, an alternative unbiased estimate of Os can be obtained from

2 1 -
s ™ o {ms,, - ms_}, (5.4.9)

o
which is sometimes easier to compute in large unbalanced designs.

These results can be used to produce two separate consistent
estimates for p in (5.2.13) depending on the choice of the estimate
for the total variance 02, which can be obtained from (5.4.7) and
(5.4.8) as

A2 1 *
0" = 5 s, + Lus,} (5.4.10)

or from (5.4.8) and (5.4.9) as

2

Q»

- i—; {us,, + " - Lms_} (5.4.11)

A4

Thus, the standard estimate for p using (5.4.7) and (5.4.10) is

. MS_ - MS_
p = o H (5.4.12)
MSs + (d - l)MSe

whereas the estimate of p involving the total mean square is given by

MST - MSe

*
gST + (¢ - l)MSe

o = , (5.4.13)
using (5.4.9) and (5.4.11). In particular, 8 in (5.4.12) 1s directly
analogous to the estimate given in (1.2.3) for the quantitative data

case.
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Now in the special case where the design is balanced, these
calculations simplify considerably as shown in Table 5.3. Specifi-
cally, since di =d for 1 =1,2,...,n, the estimates involving d* and
c* can be obtained by substituting d and {d(n - 1)/(nd - 1)}, respec-
tively. As such, the estimate of p in (5.4.12) is identical to

(1.2.3) 1in this case.

TABLE 5.3

ANOVA TABLE FOR DICHOTOMOUS DATA: BALANCED CASE

Source d.f. Sums of Squares
n d 2 d 2
Subjects n-1 8$, =3 {mgom Ppg ~ (mzompmd) }
2 ¢
Residual Error N-n ss, = E‘{mzom(d - m)pmd}
n d d 2
Total N-1 88, =3 {dmZQumd - (mzompmd) }

5.5 Matrix Operators for Specific Estimators

These estimates proposed in the previous sections can be form-
ulated in the general framework‘of the GSK procedure presented in
Chapter Ii by specifying the appropriate set of functions F and by
obtaining their estimated covariance matrix. For this purpose, this
section summarizes the basic strategies which can be used to estimate
the required model parameters and to test relevant hypotheses.

Ac:nrdingiy, let Bg be the [(g + 1) x 1] vector of observed
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proportions associated with the g-th sample (the subjects having

exactly g separate determinations) defined by

! = LRCRC RN Y . .

involving the elements from the g-th row of Table 5.1. Then let p be

the [(d Z l) X ]Zl compound vector defined by

p' = (Ei’gz‘""’gé) . (5-502)

~

A consistent estimator for the covariance matrix of p is given by the

block diagonal matrix V(p) with the matrices

V)= -pp'l (5.5.3)

- '
~8 ~8 g ~Pg ~g~8

-~

for g - 1,2,...,d on the main diagonal; here, DP is a

~

~8
[(g + 1) x (g + 1)] diagonal matrix with elements of the vector pg on

~

the main diagonal.
In this context, the three estimates of the mean, i.e., preva-
lence rate 1 given in Section 5.3, can be expressed in the formulation

of (2.2.15) by using p in (5.5.2), and by choosing

r~ =
A-
~y
~ = ) é’} » (50504)
3x1

where
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57 - ﬁ'[O n, 0 n, 2n2 P ¢ ny an...dnd] H (5.5.5)
2n n, 2n dn
1 22 7% 4 %4 Ta
é’i‘n[o nl 02 2 ...Od dco-d] ’ (5-506)
A, _.%T [0 ®-Dn; 0 (¥-2)n, 2(8-2)n, ...
~ (5.507)
In particular,
Fl(B) = é? P (5.5.8)
is the estimate of the overall mean in (5.3.1);
FZ(B) = é; P (5.5.9)
is the estimate of the mean of means in (5.3.9);
Fa(p) = Ay p (5.5.10)

A

is the estimate of Koch's mean given in (5.3.12). Moreover, the
estimated covariance matrix of these means can be obtained from
(2.2.5) using él in (5.5.4) for g and Y(B) determined by (5.5.3){
Similarly, the estimates of the variance components and the
agssociated intraclass correlation coefficients can be expressed in the
formulation of (2.2.25) by using p in (5.5.2), and by choosing the

following matrices given in (5.5.11)-(5.5.17).

rh__'
¥
361 “la s (5.5.11)
X
—~e—
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where é§ is given in (5.5.5), and

2
A =t _[0n 0“_2& Ofg"“d d“d] ~(5.5.12)
~8 (n-1) 1 2 Y d d """ d ’
n, 0y 2(d--2)nd
éé = Yo [00 O 7 0 ... 0 T g oo 013 (5.5.13)
-
200
Kl = 10107 ; (5.5.14)
N 001
3x3 [
N 1 -1
52 = * H (5.5.15)
2%3 _:N 1 (d-1)
1x2
’ A, = [1] . (5.5.17)
1x1

>

In particular, by using these matrix operators, it follows that the

formulation in (2.2.25) gives
F(g) - p o, (5.5.18)

where B is defined in (5.4.12). Thus, the variance of 5 may be esti-
mated via (2.2.5) using the corresponding H matrix in (2.2.26). From

this formulation, hypotheses analogous to (2.4.10), such as

H .

0t P - 0 (5.5.19)

can be tested via (2.2.12) using X = [1]. In addition, a large sample
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confidence interval can be constructed for p by

Pz, lse.(®], (5.5.20)

1-a/2

where 21 a/2 is the (1 —-a/2) ¢ 100-th percentile of the standard nor-
mal distribution, and s.e.(S) is the square root of the estimated var-
iance obtained via (2.2.5). Finally, the estimates of the specific
variance components involving either the total mean square or the sub-
jects mean square can also be formulated in (2.2.25) by appropriate

modifications of the matrices in (5.5.11)-(5.5.17).




CHAPTER VI

A COMPONENTS OF VARIANCE MODEL FOR CATEGORICAL
DATA: MULTINOMIAL CASE

6.1 Introduction

This chapter represents an extension of the components of vari-
ance model develoﬁed for dichotomous data in the previous chapter to
the situation in which the response variable has an underlying multi-
pomial distribution involving L > 2 response categories. Specifically,
these developments are motivated by considering a multivariate approach
to the response categories treated as L dichotomous variables which
satisfy the multinomial constraints. The procedures developed in the
p;:evious chapter can be ree;dily extended to the L-variate case with
proper attention being given to the covariance structure. Thus, these
developments give rise to a separate (withln subject) intraclass corre-
lation coefficient for each of the L categories which can be inter-
preted as a reliability measure. In addition, this formulatiom also
involves (within subject) interclass correlation coefficients which
reflect pairwise disagreement between two given response categories.

In this regard, Section 6.2 summarizes the basic notation and
definitions used in subsequent developments. Then multivariate analy-
sis of variance (MANOVA) calculations are used in Section 6.3 to pro-
duce estimates of the various components of variance and correlation

coefficients.
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6.2 General Framework

Let a sample of n subjects be selected at random from a popula-
tion in which the response variable is assumed to have an underlying

multinomial distribution with parameters m's= (ﬂl,ﬂz,...,WL), where "k

~

1xL
represents the probability that a randomly selected subject from the

population is classified into the k~th response category. Thus, these

probabilities satisfy the constraint

. Z '“'k =1 . (6.2.1)
k=1

Let di separate classifications into one of the L response categories

be made on the i-th subject, and define

. 1, 1if the i-th subject is classified
. (k) into the k-th response category
yij - on the j-th determination (6.2.2)
0, otherwise

>~

for 1 = 1,2,...,0; § = 1,2,...,d,5 k = 1,2,...,L. Then let

vl (D) @) @
Zij (Yij ’yij 9 e ’yij
1xL

the j-th determination on the i-th subject. As a result of (6.2.1)

i;

)) be the vector of L indicator functions for

these indicator functions satisfy the constraints

L .
(k)
k§1 4

for i = 1,2,...,n and j = 1’2""’di'

In this context, the standard assumption for the'{yig)} in

(6.2.2) analogous to (5.2.6) is
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i1i=1,2,...,n

k
E{yij)} =Ty for j = 1,2,...,d
k=1,2,...,L

{ - (6.2.4)

From this assumption, it follows that

i=1,2,...,n
2 e varly®) = @ -m)  for=1,2,...,d (6.2.5)
ck var yij = ﬂk nk or j = 1,2,..., i 2.
k=1,2,...,L

For i = 1,2,...,n, let

Sk = E{yfﬁ) yi??} = P{yig) = yi?? =1} for j #3' (6.2.6)

be the pairwise probability of agreement on the classification of a
given subject into the k-th class on multiple determinations which

&orreéponds to (5.2.8) in the binomial case. Then, it follows that for

j#3'
Sy = cov(yg).yg?) + E{yg) }E{yﬁ?}
= pm (L - M)+ nﬁ for k = 1,2,...,L, (6.2.7)

where pkk is the (within subject) intraclass correlation coefficient

for the k-th response category. As a result,

2
S =T
kk k
pkk = '"k(l - "k) for k = 1,2,..0,1‘, (60208)

which is directly analogous to (5.2.9). Accordingly, let

2
Ok ™ pkknk(l - nk) (6.2.9)
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0% = (1= p O (1 - m) (6.2.10)
k kk’ "k k’ tet
Consequently, the total variance associated with the k~th response cat-~

egory given in (6.2.5) can be expressed as

2 2 2
O =0 +

sk ek for k = 1,2,...,L, (6.2.11)

and the (within subject) intraclass correlation coefficient associated

with the k-th response category in (6.2.8) can be expressed as

= fOr k - 1,2,0..,1‘. (602-12)

The correlation structure among the response categories can be

developed by letting

v

- (k) _(k')y _ ) _ (k") _
E{yij Vi } P{yij Vigr 1} (6.2.13)

-~

skk'
for 1 = 1,2,...,n; J #3' = l,2,...,di; k#k'=1,2,...,L, be the
pairwise probability of disagreement on the classification of a given
subject between the k-th and k'~th response categories on multiple
determinations. Then it follows that for j # j'

® 580y + 5y® ety ED)

6kk' - COV(Yij ’yij

(6.2.14)

= Ppgt (MM @ - M Q- Trk.)]li + MM

for k # k', where pkk' is the (within subject) interclass correlation

coefficient for the (k,k')-th response categories. As a result,
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Prk!

[m (1 = mdme . (L - nk.)]é

1
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for k ¥ k' = 1,2,...,L.

(6.2.15)

This covariance structure involving intraclass and interclass

correlation coefficients can be summarized in matrix notation by letting

Hia ]
]

LxL

e

P11 P12 -
Pra
(symmetric)

—

+ P
< Py
PLL
p—

(6.2.16)

denote the matrix of correlation coefficients given in (6.2.8) and

(6.2.15);

denote the matrix of pairwise agreement

6ll 612 :
622 .
(symmetric)

given in (6.2.7) and (6.2.14);

o

L] 61L
.8y,
6LL

(6.2.17)

and disagreement probabilities"

[ =]

(6.2.18)

denote the diagonal matrix of standard deviations associated with each

of the L categories obtained from (6.2.5). Then the results in (6.2.7)
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and (6.2.14) can be expressed as

é = Eoggo +m E" (6.2.19)

and alternatively, the results in (6.2.8) and (6.2.15) can be expressed
as

= -1 - ] -1 A
P D, [ - mm ]Qo . (6.2.20)

~ -~

Due to the constraint in (6.2.1) there is a set of dependencies among

the rows (and colﬁmns) of P, and hence of A. In particular, since

- (k) (k") k # k'
Pt = corr(yy, PR ) for i#3
(k) (m)
- corr(y s 1 - mzly ) (6.2.21)
m#k'
' == Z P s
m=1 lom
m¥k’
it follows that
L
k'az-lpkk' =0 for k=1,2,...,L. (6.2.22)

Consequently, all the rows (and columns) of g sum to zero, which
implies that any estimation procedure will involve only (g) linearly

independent parameters.

6.3 MANOVA Estimates of the Variance Components

This section is concerned with multivariate analysis of variance
(MANOVA) calculations which can be used to estimate the variance com~

ponents and the corresponding intraclass and interclass correlation
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coefficients developed in Section 6.2. Since the {ﬂk} can be esti-
mated by direct extensions of the procedures discussed in Sectiom 5.3
which involve vector analogues to (5.3.1), (5.3.9) and (5.3.12), the
various estimates of these means will not be considered in much detail
in this section. However, the usual sums of squares and cross prod-
ucts matrices associated with MANOVA models obtained from multivariate
extensions of (1.2.1) will be summarized in this section. Since the
details of these calculations are developed in Appendix A.4, only the
major results wiil be presented here.

For this purpose, let

d

2 Z F, - DG 2N (6.3.1)
~~3 i i ~
L. 1=13=1

be the between subjects sums of squares and cross products matrix,

where

d
‘%— z i3 for 1 # 1,2,...,n (6.3.2)

I‘<l

is the vector extension of (5.3.8) which involves the L mean responses

for the i-th subject;

d
" 1 B i
XN X Z Y43 (6.3.3)

~

is the vector extension of (5.3.1) which involves the L overall means;

and N is as defined in (5.3.2). Moreover, let

-1 ss (6.3.4)
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be the mean square matrix due to subjects. Then from previous univar-
iate results obtained in Appendix A.3, the expected values of the diag-

onal elements in (6.3.4) can be expressed as

[

*
2 4 3%2

E{Mss(kk)] 0ek sk

(- p )T (- m) + d*pkkﬂk(l -m)  (6.3.5)

2
-'rrk+1rk

* 2
(d - l) (skk - Trk)

*
for k = 1,2,...,L, where d 1is as defined in (5.4.5). In additiom,
from results obtained in Appendix A.4, the expected values of the off-

diagonal elements in (6.3.4) can be expressed as

. *
. E{Mss(kk')} =- WM+ (d" = 1Py 10,0y
’ (6.3.6)
: ®
= (d - l) (6kk| - “kﬂk') - Trkﬂky

for k# k' = 1,2,...,L. Finally, these results in (6.3.5) and (6.3.6)

can be combined by writing

E(us} =V + @ - DA - '], (6.3.7)

- - ' . L ]
where | Yﬁ P" LA (6.3.8)

and Pn is the {(LxL) diagonal matrix with elements of the vector 7 on

~

the main diagonal.

Similarly, let
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d

n i
$5e ™ izl j§l<zij - 3Gy -1y (6.3.9)

be the within subjects sums of squares and cross products matrix, and

let

1
MS, " W omy SSe (6.3.10)

be the mean square matrix due to residual error. Then from previous
univariate results obtained in Appendix A.3, the expected values of the

diagonal elements in (6.3.10) can be expressed as

2

E{MSe(kk)} =0
= (1 - pkk)ﬂk(l -m) (6.3.11)
= “k - Gkk for k = 1,2,...,L.

Furthermore, from results obtained in Appendix A.4, the expected values

of the off-diagonal elements in (6.3.10) can be expressed as

E{Mse(kk')} = - akk. for k # k' = 1,2,...,L. (6.3.12)

Thus, these results in (6.3.11) and (6.3.12) can be combined by writing

E{MS } =D_ - A
~~e’ T~ (6.3.13)

- - - L
=V @ -7 .

-~

In addition, let
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ss, = z Z(y -G, -
=T ga) g=1 A
Z Z (y,,y! N5y’ (6.3.14)
j=1 3=1 ~13% 130 ~ Ni¥
:NV_
~y

be the total sums of squares and cross products matrix, where

V- = (D- - ¥¥") , 6.3.15
v = @ - 73 ( )

~~

and Di is the (LxL) diagonal matrix with elements of the vector ¥y on

the main diagonal. Moreover, let

vs, = (Nlj 1)‘1;, (6.3.16)

be the mean square matrix due to total variation. Then from previous
univariate results obtained in Appendix A.3, the expected values of
the diagonal elements in (6.3.16) can be expressed as

2

l)pkkck (6.3.17)

*
1 - wk) + (¢ -

E{MST(kk)} = nk(

*
for k = 1,2,...,L, where ¢ 1is as defined in (5.4.6). Furthermore,
from results obtained in Appendix A.4, the expected values of the off-

diagonal elements in (6.3.16) can be expressed as

E{MST(kk')} = - WM+ (c* - (6.3.18)

1)pkk.okok.

for k # k' = 1,2,...,L. Thus, these results in (6.3.17) and (6.3.18)
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can be combined by writing
*
E{(Ms.} =V + (c - 1@ - 7). (6.3.19)

Consequently, these MANOVA mean square matrices can be used to
construct unbiased estimates of the parameter matrices involving vari-
ance components for each of the L response categories. In particular,
the usual ANOVA estimates involving the subjects mean squares and

residual error mean squares can be obtained from

/\ 1

PGEP = g {ggs - §§?} 3 (6.3.20)
/\
~T ~g~~0 ~~e

-~ ~ ~

As such, the main diagonal elements of (6.3.20) provide unbiased esti-
mates of the variance components due to subjects in (6.2.9); whereas
the main diagonal elements of (6.3.21) provide unblased estimates of

the residual error variance components in (6.2.10). These results can

be summarized as

2 1

g, = Diagl 3 @S, - M50 ] s (6.3.22)

Lx1
6% = Diag[MS_] ' (6.3.23)
O = 22381 721> "
Lxl

where Diag(A) denotes the vector determined by the diagonal elements of

o o~
~

the matrix A. As such, these vector estimates simplify to (5.4.7) and
(5.4.8), respectively, when L = 2.

Alternarively, unbiased estimates of DngG can be obtained via

~ ~
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the total mean square matrix by forming

AN
DyPD, = 5 (iSy - M8} (6.3.24)

~G
<~ 2

which is sometimes easier to compute in large unbalanced designs.

Accordingly, the variance components due to subjects can also be esti-

mated by
22 1
Oy = Diag[ "3 (M5, - MS)] . (6.3.25)
Lx1

Furthermore, these results can be used to provide two separate
congsistent estimates of g, i.e., the intraclass and interclass correla-
tion coefficients in (6.2.16), depending on the choice of the estimate
of the total variance-covariance matrix Yﬂ, which can be obtained from

~

(5,.3.20') and (6.3.21) as

A

1 *
v = = {1~4§8 + (d - 1)}§§e} , (6.3.26)

or from (6.3.21) and (6.3.24) as
7oL ws. + (- yms 6.3.27
~TT c* ~eT ¢ ~~e} ’ ( e )

Thus, unbiased estimates of the total variance for each of the L

response categories in (6.2.11) can be expressed as

~2 _1_— *—
o = Diagf{ U [Ms, + (4 - Lus I} (6.3.28)

~ ~n

Lxl

from (6.3.26), or as
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~ *

o - Diag{ i-,;-[MsT + (c - 1)MSe]} (6.3.29)
- o A o —
Lx1

from (6.3.27). Using these results, the standard estimates of the

correlation coefficients using (6.3.20) and (6.3.28) are given by

1 -1 -1
& D {mMs, - M5} D57, (6.3.30)

P =

where Da is the (LxL) diagonal matrix with the square roots of the

elements of the vector 82 in (6.3.28) on the main diagonal. Alterna-

tively, by using (6.3.24) and (6.3.29), P can be estimated by

1 -1 -1
= x 13,5 {1:1§T - 1-1§e} 133 . (6.3.31)

~ ~

rra»

where Dg is the (LxL) diagonal matrix with the square roots of the

~ 2
elements of the vector gz in (6.3.29) on the main diagonal. In partic-
ular, the elements on the main diagonal of (6.3.30) are directly anal-

ogous to the estimate in (1.2.3) for each of the L classes considered

separately.

Whereas these estimates of the intraclass correlation coeffi-
cients obtained from (6.3.30) or (6.3.31) reflect the reliability
associated with each of the L response categories individually, an
overall summary level of reliability which effectively combines these

separate measures is of considerable interest. In particular, let

L
2
N k§l°kk°k
p = '—L—;— (6.3.32)
. Z o
k=1 K
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be a weighted average of the individual intraclass correlation coeffi-
cients with the weights being the corresponding total variances. As
such, p is similar to the kappa-type measure estimated in (1.4.22)
proposed in Fleiss [1971] which involves separate kappa measures for
each of the L response categories. Moreover, p in (6.3.32) is directly
analogous in a complementary way to the multivariate index of incon-
sistency proposed in Bershad [1969]. 1In this regard, unbiased esti-
mates of the numerator of p can be obtained from either (6.3.20) or

(6.3.24) by forming

N

L

2 1
(kzlpkkck) = er {5 (M5, - MS )} ; (6.3.33)
/\\
L
2 1
(kzlpkkck) = t:r{? Q@T - 1:1_5‘36)} R (6.3.34)

where tr(A) denotes the trace of the matrix A, i.e., the sum of the
main diagonal elements. Furthermore, unbiased estimates of the denom-

inator of p can be obtained from either (6.3.26) or (6.3.27) by forming

“N

;o2 (L * .
(k§£0k> =g [Ms_ + (d - 1S 1} ; (6.3.35)

A

¥ 2 1 x
(o) =tr{ = M, + (- 1MS_I} . (6.3.36)
k=1 e’ ~~

As a result, consistent estimates of § in (6.3.32) can be obtained from
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~ tr{ MSs - Mse}

5 - =8 == ; (6.3.37)
tr{Ms, + (d'- LKS,)

2 tr{ MS, - MS_}

5 = =x1_ =~ve ) (6.3.38)

tr{ 34§ + (c*— l).l.d.?e}

Alternatively, these mean squares can also be calculated as
functions of proportions such as the expressions shown in Table 5.2.
Thus, the estimates of the intraclass and interclass correlation coef-
ficients in (6.3.30) can be expressed in the formulation of (2.2.25) by
specifying the appropriate functions of the proportions. Moreover, the
covariance matrix assoclated with these estimates can then be estimated
via (2.2.5) using the corresponding H matrix given by (2.2.26). As a
result, the estimates of the (2) linearly independent correlation coef-
ffcient; can be mpdeled via (2.2.6), permitting relevant hypotheses to
be tested via (2.2.12).

On the other hand, because the multi:nomial case involves cross
product terms as well as a separate set of proportions given in Table
5.1 for each of the L response categories, the matrix operators
required to formulate these estimators in (2.2.25) may be beyond the
scope of computational feasibility. For this purpose, the particular
functions of proportions required to formulate the estimates of the
mean square matrices can be expressed as across subject means of appro-
priately chosen indicator functions as discussed in Chapter IV. In
this context, the components of the expressions used to estimate the
total mean square matrix and the residual error mean square matrix can

be constructed as simple arithmetic means of indicator functions.
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Accordingly, the covariance structure of these estimates can be
obtained from expressions similar to (4.2.6).

Even though further developments of these indicator function
procedures will not be presented in this dissertation, this methodology
is a straightforward extension of the strategies discussed in Chapter
IV. Otherwise, a brief analysis of a small data set will be used to
1llustrate the estimation procedures discussed in this chapter. In
addition, the similarity between intraclass correlation coefficients

and kappa-type statistics will be demonstrated.

6.4 A Psychiatric Diagnosis Example

The data in Table 6.1 were reported in Fleiss [1971] to illu-
strate the kappa-type measure of agreement for many raters given in
(1.4.22), as well as the individual components of kappa given in
61.4.23). Specifically, each of n = 30 subjects was classified into
one of L = 5 resﬁonse categories separately by d = 6 psychiatrists.
Thus, the most general aspects of the methodology developed in the
previous sections of this chapter are not required for this particular
example since the design is balanced, i.e., di =6 fori=1,2,...,30.
Nevertheless, the corresponding mean square calculations for balanced
designs will be used to provide estimates for the components of vari-
ance and correlation coefficients described in Section 6.2. For this

purpose, the estimate of the mean square matrix due to subjects in

(6.3.4) is given by

e
D

0.28429 -0.09502 -0.02874 -0.04981 -0.11073
0.28429 -0.07471 -0.00383 -0.11073

N
§§s = 0.51724 -0.29885 -0.11494 , (6.4.1)
0.73659 ~0.38410
(symmetric) 0.72049

- —
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TABLE 6.1

PSYCHIATRIC DIAGNOSES INVOLVING SIX
DETERMINATIONS PER SUBJECT

Category
Subject Depres- Personal- Schizo-
sion ity dis- hrenia Neurosis | Other
(k=1) order p(k=3) (k=4) | (k=5)
(k=2)
1 6
2 3 3
3 1 4 1
4 6
5 3 3
6 2 4
7 4 2
8 2 3 1
9 2 4
10 6
11 1 5
12 1 1 4
13 3 3
14 1 5
15 2 3 1
16 5 1
17 3 1 2
18 5 1l
19 2 . 4
20 1 2 3
21 6
22 1 5
23 2 1 3
24 2 4
25 1 4 1
26 5 1
27 4 2
28 2 4
29 1 5
.30 6

162



163

and the mean square matrix due to residual error in (6.3.10) is given

by
0.09333 -0.00667 -0.02333 -0.04333 -0.02000
~ 0.09333 -0.01444 -0.05222 -0.02000
MS_ = 0.06667 -0.00333 -0.02556 . (6.4.2)

) (symmetric) 0.11222 -0.01333
0.07889

From these estimates, unbiased estimates of the total variances for

each of the 5 response categories are given by (6.3.28) as

0.12516
. 0.12516
0" = | 0.14176 (6.4.3)
~ 0.21628

0.18582

By combining these results according to (6.3.30), the estimates of the

intraclass and interclass correlation coefficients are given by

04

0.25429 -0.11765 -0.00676 -0.00656 -0.09915
0.25429 -0.07541 0.04902 -0.09915
0.52973 ~0.28128 -0.09179 . (6.4.4)

(symmetric 0.48113 -0.30824
T 0.57546

trd >
L}

The alternative calculations involving the total mean square matrix
ingtead of the mean square matrix due to subjects provided identically
the same estimate of P via (6.3.31). Finally, the summary intraclass

correlation coefficient p 1s estimated by (6.3.37) as
5 = 0.44038 . (6.4.5)

The similarity between the kappa-type estimates of reliability

for the individual response categories given by (1.4.23) and the intra-
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class correlation coefficlents obtained from the main diagonal of P in
(6.3.30) is shown in Table 6.2. In addition, the overall summary

kappa-type measure proposed in Fleiss [1971] is given by (1.4.21) as

N

K(6) = 0.430 , (6.4.6)

which is comparable to p given in (6.4.5).

TABLE 6.2

ESTIMATES OF RELIABILITY MEASURES FOR
INDIVIDUAL RESPONSE CATEGORIES

Response Categories
1 2 3 4 5

E?g; 0.248 0.248 0.517 0.470 0.565

0.254 0.254 0.530 0.481 0.575




CHAPTER VII

SUMMARY AND PROPOSAL FOR FUTURE RESEARCH

7.1 Summary

This research included an extensive review of the statistical
methods proposed for the analysis of observer reliability data. For
the quantitative data case, this involved the general area of variance
components models which give rise to measures of reliability in terms
of intraclass correlation coefficients. Also, for the categorical data
case, emphasis was given to those measures of agreement which have an

intraclass correlation coefficient interpretation. In this context,

éhaptef I unified many of the procedures developed in quite varied
disciplines. ’

Furthermore, in Chapter II the statistical methodology for the
analysis of multidimensional contingency tables introduced by Grizzle
et al. [1969] was extended to provide a general framework for the
inter-observer reliability situation. In particular, a broad class of
hypotheses involving sub-population differences, inter-observer bias,
and inter-observer agreement were formulated in.terms of functions of
the observed data which can then be analyzed by using the GSK procedure.
For this purpose, the required matrix expressions for testing these
hypotheses were specified in considerable detail for a representative

situation.

More specifically, this general methodology was developed further .
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and illustrated in Chapter III within the context of two published sets
of data from the epidemiological literature. Both of these examples
involved only two observers, which permitted a comprehensive analysis
of the data to illustrate the full range of hypothesils tests and esti-
mation procedures of interest. In particular, hierarchical kappa-

type statistics were developed to investigate specific patterns of dis~
agreements between the two observers.

An alternative approach to the matrix formulations applied to
contingency table.data was developed in Chapter IV for situations in
which the size of the problem may be outside the scope of computational
feasibility. Specifically, indicator functions of the raw data were
used to generate the required quantities which can then be analyzed in
the GSK framework. These procedures were then illustrated within the
context of a clinical diagnosis example involving seven pathologists.
Méreover, estimates of overall agreement were proposed in terms of
hierarchical kappa-type statistics which reflected the strength of a
consensus diagnosis on each subject. Suchhmajority agreement consid-
erations were then used to identify a subset of the pathologists who
demonstrated a high level of inter-observer agreement.

In Chapter V, a variance components model directly analogous to
(1.2.1) was developed from first principles for the dichotomous data
case including unbalanced designs. In this regard, the variance compo=
nents were expressed in terms of the underlying binomial probability T,
and the corresponding intraclass correlation coefficient p. Thus, the
ANOVA estimation procedures were expressed in terms of the appropriate
functions of proportions, and could therefore be formulated in the GSK

framework. As a result, this model provided a measure of observer
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agreement in terms of an intraclass correlation coefficient for situa~
tions in which an unqual number of determinations are made on each
subject.

Furthermore, in Chapter VI this components of variance model was
extended to the multinomial data case involving L > 2 response catego-
ries. This model also permits unbalanced designs and was motivated by
congsidering a multivariate approach to the response categories treated
as L dichotomous variables which satisfy the multinomial constraints.
In particular, thése developments gave rise to a separate measure of
observer agreement for each of the response categories in terms of
(within subject) intraclass correlation coefficients. In addition, a
palrwise disagreement measure between each pair of response categories
was expressed in terms of a (within subject) interclass correlation

acoefficient.

7.2 Proposal for Future Research

As discussed briefly in Chapters V and VI, the implementation of
the variance components methodology developed for categorical data
involves the expression of ANOVA sums of squares for unbalanced designs
in the formulation of (2.2.25) as compounded functions of proportionms.
In many cases, this can most readily be accomplished by specifying the
appropriate indicator functions of the raw data for each subject so
that the a;ross subject arithmetic means generate the required fumc-
tions of the proportions which can then be analyzed in the general GSK
framework presented in previous chapters. Specifically, the following
developments and extensions of this research are recommended:

1) The detailed specification of a general formulation for the
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indicator functions corresponding to both the balanced and
unbalanced designs for the multinomial response situation;

2) The detailed specification of the canonical matrices which

can be used td generate the sums of squares and cross pro-
duct terms in the formulation of (2.2.25) required to obtain
the estimates of the variance components and correlation
coefficients derived in Chapters V and VI,

As indicated in Section 1.2.1, the implicit assumption of "no
observer effects" in the model (1.2.1) is somewhat restrictive for many
situations. Correspondingly, this restriction also applies to the
analogous variance components model developed for categorical data in
Chapters V and VI. In particular, separate observer components are not
included in the covariance structure of the multiple determinations on
each subject. Accordingly, suitable extensions of this variance compo-
nents model for categorical data which do include observer effects such
as the models in (1.2.5) and (1.2.10) shou}d be developed.

Finally, these variance components procedures should be extended
to include the possibility of multiple sub-populations as discussed in
Chapter II. This would permit the analysis of observer variability

within the context of other pertinent independent variables.



APPENDIX A.l

VARIANCES OF THE ESTIMATORS OF THE MEAN

A.1l.1 Overall Mean

d

=111

y = y s
N a1 4=1 M

n
where N = z d,. TFrom this
4=1 *

d
n i
var(y) = _1_2_ var Z ¥y
N 1=1 j=1 3
{3 P
- = var(y,,) + cov(y, sV 1)
N2 |ia1 3=1 13 i-]...jéj' 137713
1 n
= ;1—2_ Nr(l - m) + 121 d;(d; - Dpr(1 - m)
n
) di - N
= M l + _i._fi_____. p
N
N
=LA {1+ ® - D},

(A.1.1)

(A.1.2)
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A.1.2 Mean of Means

d
y = — N y . A. .
By 4y 4o
From this
d
n i
-~ 1 : 1
var(y) = = var o y
n2 1:2-1 di jzl 13
n di d
1 X 1 Z var(
- = ¥, + 1 cov(y, . ,¥..1)
n? o1 di = 07 443 137743
n
1 1
- ) 5 {din(l -m) + di(di - Lpm(l - m)}
n* {=a] di
n n
e R P
n i=1 4 i=1 i
=T 1k @' 1) (A.1.4)

n d
where R' = n/ ) (174 = n/ } (a_/g)
i=1 g=1 &

A.1.3 Koch's Mean

An unbiased estimate of Wz can be obtained from the normalized

symmetric sum recommended in Koch [1967a, 1967b] by writing

Ty Tyr

DR XD 200 AU
,  ipi'=ly=1 g'a1 1A
S -

2 n

) L
d. | - d
4=1 1T g=1 1
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L ) R
o § g2 | \tmtam 11| 3=1 "1
=1 1
n
- -2
= cam? - T @ p?y, (4.1.5)
N i=1
d
1
where N' = N2 - E dz S 5 Z
1’ Y4759 Vi3 ¢

i=1 i j=1

Now by adding a constant o to each of the yij’ and by using the
procedures discussed in Koch [1967b], an unbiased estimator for

(r + a)2 is obtained from

/\2 1 n di
G-~(1r+a) = izljzlyij+Na -] zyij+dia

14

2 n 'di 2

1j - z Z yij

d

n i
-1 5Ty
i=1\j=1

N i=1 j=1

d

n
+2a(N) 7}
1=1 j=1

i n di 2
yij - 121 di jg yij + N'a > s (A.1.6)

which 1s of the form

G = S2 +2aM+ az ’

where S2 is an unbiased estimator of "2 by construction and G is an

unbiased estimator of (m + a)z. Thus,
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d
(A.1.7)

; d
N ga1 3=1 113

138 an unbiased estimate for m. From this

var (M)

n N-4d di
var z . 2 Z yij
i=1 j=1

n [N.‘diJz dy a4 [N-dj]z
) 121 N le vy 121 jgj' m B AR P RET R

2
N - di
[ = J {din(l -m + di(di - D)pn(l - m}

12 =1

: | .
~Id-m 1N‘ m {12 N - di)zdi[l + (4, - 1)p]} . (A.1.8)

-
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APPENDIX A.2

SUMS OF SQUARES AS FUNCTIONS OF PROPORTIONS

A.2.1 Subjects Sums of Squares

d
n i )
Pl G -

SSs =
1=1 j=1
n
-1 4y -
1=1
- % s 1 22 -
g=l m=0 TE\8
d n d
2 1 . E
-1 E& § nPpe | L g "Png
g=1 m=0 g=1 m=0

A.2.2 Residual Error Sums of Squares

Step 1 (Within group g)

2

(A.2.1)
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A.2.3 Total Sums of Squares
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APPENDIX A.3

EXPECTED VALUES OF SUMS OF SQUARES: BINOMIAL CASE
A.3.1 Preliminary Calculations
i=1,2 n
E = :ﬂ- f 24 b4
Elyyy) T3 =1,2,000,455
LI 1i=1"', § =3’
E{y, . Y,14e} = { pm(L = m) + 72 1i=1i', 343
ij 1'j' s ]
1r2 s 144" ;

n di 2
';2 - L 7Yy
" N2 |qey g=1 1S

>
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As a result,
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n
- ) 4, E(5% -~ E(5%)
P Bl

n
= I {r+ @ -Dlera-m + 7%}
i=1

(A.3.5)

(A.3.6)
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n

¥ di - N
_ N{ﬂz + n(lN- ) + <i=1 NZ or (L - ")}

2

=nor + (N - n)[pr(1 - m) + ﬂ2] - N7

)
I ;- N
i=]
-1l - m) - pm(l ~ )
N
n
, Zdi-N
= (n-DmL-m+|@-n) - |2L om(l - )
N
- (n-1)(1-p)T@ -1 + (o - 1derc -m , (A.3.7)

using tbé results in (A.3.5) and (A.3.6), where

A4

n .
N2 - § 42
* g=1 1
d = ———=— | ag defined in (5.4.5).-
N(n - 1)

A.3.3 Residual Error Sums of Squares

- d
n i _ 2
E{ss } = E{ ) (vyq = ¥4) }

1=1 j=1

n di 2 n _2
- 121 jgl E{yij} - 1-2-1 d, E{F]}

n .
=Nt - ) {m+ (di - Do - ™) + nzl}
i=1
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= NT = nT - (N - n)[pm(1l - 1) + 1r2]

= (N - )Tl - M - p), (A.3.8)

using the result in (A.3.6).

A.3.4 Total Sums of Squares

d
E{ss.} = E f Zi(y -9
T =1 §=1 1

= N E{y( - )}

) di - N
= NT - N "2 + ﬂ(lN- m) +| =L 3 pm(l - m)
N

= (N-L1r@ -m1)A - p)

2 2

N- ] dj+NW -1
i=1
+ pr(l - m)

N
= N -DTA-mM@-p)+ N -Dcor@ -1, (A.3.9)

using the results in (A.2.4) and (A.3.5), where

n

2 2
N“- ) d
* 1=1 1

¢ = ———=—=—— , ag defined in (5.4.6).
N(N - 1)




APPENDIX A.4

EXPECTED VALUES OF SUMS OF SQUARES: MULTINOMIAL CASE

A.4.1 Preliminary Calculations

i=1,2,...,n

E{yg)} =T for § =1,2,...,d, (A.4.1)
k=1,2,...,L;
(T 1=1',4=3',k=k'
0, i=1',4=1", kik'
E{yg)yffj'z} =4 8 = pkkcﬁ + ﬂi . 1=1', 445" ,k=k'  (A.4.2)
. Skt = PriOiTkr + MM o 1=17, 3437 KAk
L“k"k' g 141
d d,,
(k)< (k") 1 20wl B«
Ny y = N4 y N Yirgt
{N 121 j-z-l 4 } {N 1'21 j'=Z-1 173
1) 8 ‘2‘;1 di' (k) (k")
- . y Yits H (A-4-3)
N 121 g'a1 j=1 §'=1 13 717J
ook T )1 2wl [ (k")
121 Wi T 121di 4 le 104y 1'21 713
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-7 L oy

11 yij' (A.4.4)

As a result, for k # k'

' 1 n '
ey My D) - %{N e by (P14 (Tl ow e 550
i=1

(1=1i', J=1") (=1, 343"

nn
(k) (k")
d d ] T

(1$1')

Lo (If 2 _w tfn
- = + d? - NS, ., + ( d.d.mmw, ,
N i=li kk 1#;‘-.11 k'k

.1 g2
N{N(N l)nknk, + ( 2'1 di -N)pkk,okck.}

i

n
d
i=1

2
(- N
N Pk %%k (A.4.5)

= (N - 1)1rk1rk, +

; () (k") ? 1 e SN (k')
E 4.5,y = -— E{ o}
=1 1L g 4y jzl j'=z=l EERET

B G0 e
" gyt

o
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-3 L 14,64, - DI
=1 dy kk

= (N - n)é (A.4.6)

kk'

A.4.2 Subject Sums of Squares and Cross Products

From (A.3.7), for k = k'

E{SSs(kk)} = (n-1( - pkk)ﬂk(l - nk) + (n - l)d*pkknk(l - ﬂk).

(A.4.7)
For k # k', by using (A.4.5) and (A.4.6) :
4,
E{SS_(kk')} = Z ) (-(k) 79y kD - 5ED
8 .. iﬂl jal
n 1]
-E{ngf%?> f”%?%
1=1
n
2o
1=1 |
= (N - - N - Dmem, - —'N"‘_' Prx ' k%K

N - n)[pkk.okck. + "Tk"k'] - (N = Dy

n
- N

[l

=1
Prk ' k%K’

*



N

183

*
where d 1s given in (5.4.5).

A.4.3 Residual Error Sums of Squares and Cross Products

From (A.3.8), for k = k'

E{SSe(kk)} = (N - n)Trk(l - ﬂk) Q- pkk) . (A.4.9)

For k # k', by using (A.4.6)

E{sse(kk')}

d
n i
(k) _ o(k)y (k') _ (k")
E{izl le Gy =5 )0y vy )}

d
n i ] n ]
-1 1 E ty @y &y a.E (505}
1=1 3,1 11743 121 7
=0 - (N- 6,
-- (-6, - (A.4.10)

-

A.4.4 Total Sums of Squares and Cross Products

From (A.3.9), for k = k'

B{SS ()} = O = Dm, (1 = 1) = p ) + (¥ = De'pm (1= m)
(A.4.11)

For k # k', by using (A.4.5)

d
n i
, ) oGy (') _ (k")
E{sS,(kk')} = E{izl jZl(yij Y DOy - )}




N

*
where c¢

4,
n
(k) x") -(k)-(k")
- izl jZl E {y Yii Y13 }-NE {5 }
n
) di - N
=1
=0- (N-Dmm., - Pk 95K

= - (N.- l)ﬂkjk

is given in (5.4.6).

|+(N‘

N

1)(C*- 1)pkkvckok| ’
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(A.4.12)






