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ABSTRACT

The Fast Pole-Zero (ARMA) Recursive Least Squares Algo-
rithm is derived using geometric projections. The new algo-
rithm has a reduced number of computations compared to the
algorithm obtained using matrix methods. In particular two
inner products are eliminated. This is particularly impor-
tant in multiprocessor implementations of the algorithm.
The geometric approach provides insight and useful interpre-
tations of the various filters and residuals that form the
algorithm. Such insights are absent in the matrix deriva-

tion. Simulations verifying the performance of the algo-
rithm are presented where the poles and =zeroes of an IIR
filter are estimated. The algorithm finds application in

echo cancellation and system identification.



l. Introduction

The Recursive Least Squares algorithm has been applied
to a wide range of adaptive filtering problems. 1In many of
these applications the system impulse response is estimated.
In these cases the RLS algorithm has the structure of
transversal filters and fast estimation schemes have been
derived for efficient solution of these problems. These
include the work by [1] and [2]. In the latter work the RLS
problem is formulated geometrically and using geometric pro-
jections efficient solutions are derived. The resulting
algorithms have fewer computations than the fast Kalman
algorithm derived in [3] and used in [1]. Furthermore, the
geometric approach provides insight into the interpretation
and significance of the various filters and quantities ori-

ginally encountered in [3].

Recently the RLS algorithm was applied to echo cancel-
lation using pole-zero modeling [4,5], In this case the fast
Kalman algorithm derived in 3 1is formulated to 1include the
echo in addition to the echo generation signal to estimate
the parameter vector containing the numerator and denomina-
tor coefficients of the echo path transfer function. 1In
other words the echo path is modeled as an ARMA (pole-zero)
process. The excellent performance of this algorithm in
achieving very rapid and extremely high echo cancellation

[(6,4] has provided motivation for deriving a more effi-

cient and robust algorithm.
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In this paper, the geometric approach used in [7,8]
and (2] 1is extended to the derivation of a fast pole-zero
(ARMA) Recursive Least Squares algorithm. The work is also
an extension of the formulation presented in [3] where a
fast estimation scheme 1is developed using permutation
matrices. The pole-zero algorithm differs from the multi-
channel Fast Transversal Filter of [2] in that the order of
poles and zeroes can be independently and arbitrarily speci-
fied. However, the same efficiency in terms of the elimina-
tion of some vector inner products and other operations in
comparison with the fast Kalman algorithm are achieved as in

the case of the Fast Transversal Filter.

Also in this paper, an alternative derivation of the
projection update formula 1is presented using matrix

methods.

2. Pole Zero Modeling

In the pole zero modeling of the linear system S, the

transfer function H(z) is written as,

i=M -i
pX biZ
- Y(z) _ 1=0
B(z) = 315 =L _; (2.1)
1l + aiz
i=1

y(n) = £ byx(n-i) - =z a;y(n-i) (2.2)
= i=1
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Define the vector (N=M+L), note that "'" denotes the tran-

spose of a vector,

z(n) = [x(n)x(n-1)...x(n-M)y(n-1)...y(n-L)]  Nx1 (2.3)
and
we o= [ -b b 1

N aoal...aM 100 7bp (2.4)

Then we can write y(n) in vector notation as an inner pro-

duct,
' *
y(n) =z (n)wWg (2.5)

3. Geometric Projection Formulation

The solution to the RLS adaptive-filtering problem is

stated as any vector Wy o for which
’

T
- 2
EN(T) = tio[d(t)+riTE(t)] (3.1)

is minimized. In the case of pole/zero modeling the desired

signal d(t)=y(t) the current system output sample.

Define the following vectors,

X [x(T)x(T-1)...x(0)0...0]" Jx1 (3.2)

T

[y(T-1)y(T-2)...y(0)0...0]" Jxl (3.3)

Yy
T
The above vectors group all measurements of x(n) and y(n-1)

up to time T into vectors. Define,

ce X ] JxM (3.4)
M,T T T-1 T-M+1

] JxL (3.5)

<
"

L,T B 7% AUPEREN M|



|

N,T rp-17 " Fromer¥ro1

N
1
—
=<
B

YT—L] Jx (M+L); JxN (3.6)

yA = [ ] JxN (3.7)

X Y
N,T M, T L,T
Note that N=M+L. Furthermore define the vector,

z, = [xT yT] Jx2 (3.8)

which collects all measurements into a single vector. Also

define the vector of desired response,

d, = [d(T)d(T-1)...d(0)0...0]T (3.9)

Hence the prediction error becomes,

‘4

=d +2 (3.10)

W
°N,T T °N,T' N, T
From which,

sN(T) = (3.10)

“N,T°N,T
In a vector space interpretation the minimizing solution |is

the WN T that forms a linear combination of the input vec-

tors

(3.11)

z_,2 cee,Z
T'"T-1' T-N-1
which has a minimum distance from the desired response vec-

tor, dT" In the vector space fN.T is orthogonal to the sub-
14

space that spans all the linear combinations of the N most

recent input vectors. That 1is, €N.T 1s orthogonal to the
14

column space of ZN T and thus satisfies,

[

z_ .
T-i°N,T
In matrix notation this becomes,

= [00 ] for i=0,...,N-1. (3.12)



fon

) 1 '

ZN,TEN,T=ZN,T(dT+ZN,TwN,T) = Oy {3.13)

The solution is,
)—l

W = -d :
N,T dTZN,T(ZN,TZN,T

As pointed out in [2] if the sample autocorrelation matrix

(3.14)

is sinqular, a situation that always occurs when the
discrete time index T is less that N-1, then any generalized

inverse yields a solution to the RLS problem. We can write,

- [I- ' -1y
fNor T (I zN'T(zN,TzN’T) ZN’T]dT (3.15)

Define the projection operators,

P, = z(z' z)"1z (3.16)
and,

= 1-p (3.17)
P I z
Hence,

=pl g (3.18)

‘N, 7 - En, 17
The matrix PN T projects vectors onto the subspace spanned

by the <columns of Z, i.e. the past observations. The pro-
jection operator P&,T 1s its orthogonal complement and pro-
jects vectors onto a subspace that is orthogonal to the sub-
space associated with PN,T' In other words [2] , the pred-

| .
iction error eq = pN,TdT = dp-dp is orthogonal to the

~

predicted estimate d_ = P d_.

A

An important property of the projection operator is the

idempotent property:
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p2 = p (3.19)
N,T N,T

We also define the quantity,

K, = z(z z)71 (3.20)

From which using (3.14) we can write the optimum weights as,

wN,T = —d&KN’T (3.21)
Therefore, U'Kz can be 1interpreted (2] as the linear
transformation which acts on the subspace Z to yield the
closest approximation to U in the least-squares or minimum
distance sense. In other words U‘KZ is a linear filter that
acts on the input vectors to estimate U. In our case

U = dT. Also, KZ can be interpreted as a generalized right

inverse for Z:

Z K =1 (3.22)

Furthermore,

P =
ZKZ KZ (3.23)

As in [7,9] and (2] we define the pinning vector,

s =[100...00]" Jxl. (3.24)

The pinning vector has the important property that its inner
roduct with the time vectors d_, i

P - EN,T, and zT ylelds the

most recent sample:

Q
Q
]

d(T) (3.25)

[x(n)y(n-1)T (3.26)

Q
N
1



4. Filters for RLS Algorithm

We introduce the following filters for the

RLS algorithm:

Ay = Iy -2qKy qo1] 2x (N+2)
BN, T = [—z:I._I\TKN'T I,] 2x(N+2)
Cn,T = _U’KN,T 1xN
Wn,T T —d&KN’T 1xN

(

(RN}

3.27)

pole/zero

(4.1)

(4.2)

(4.3)

(4.4)

Corresponding to these filters are the residuals obtained by

appropriately exciting these filters. First define

Z(T) = [x(T) x(T-1)...x(T-M+1) y(T-1)...y(T-L+1)]

]

opz(T) [x(T) y(T-1) g'(T-l)f

i

ppZ(T) = [ z (T) x(T-M+1) y(T-L+1)]
The permutation matrices g¢p and ¢p were introduced

and have the important property that

e 9o =1
Now,
= oz (T) = z'(T)PI o 2x1
eN(T) AN,TPFE (T) z N, T-1
Z (1) = z (T-N)P] 2x1
rN(T) = BN,T—l‘pBE (T) = 2z N,T?

in

(4.5)

(4.6)

(4.7)
(3]

(4.8)

(4.9)
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TN(I) = 1+CN,TZ(I) (
e ' l 4.11
Y (T) o P ,Ta ( )
'l' e ! I)I 4 12
EN( ) dT N,Ta (4. )

The above quantities can be interpreted as the filtered
residuals. In particular (4.10) provides an interesting
interpretation for Cy,T as the filter which when excited
forms the best estimate of the quantity one. The residual
being yy(T). In [7] the term yy(T) is seen to be the
cosine squared of the angle between z(T) and its projection
on the space 2y ¢.;. Hence as yn(T) approaches one the gap
between the spaces closes. In other words it is a measure

of how much new information is provided.

We define the prediction residuals as,

eS(T) = Ay q_1epZ (T) 2x1 (4.13)

D(T) = B Z (T (4.14)

rN(T) N, T-1°8% (T) 2x1

eR = alm)+w, .,z (T) (4.15)
Define the residual powers,

an(T) = Ay 7epZy, TZN, TPFAN,T 2x2 (4.16)

sn(T) = By, regZy,TZN,T¢BBN, T 2x2 (4.17)

Or, using the idempotent property of the projection opera-

tors,



o

= 2 pl
aN(T) ZTPN,T-lZT (4.18)
T) = z_ Pl
BT 20 NPN, 127N (4.19)
Furthermore,
] SURTE I
7N(T) = IIU+ZN,TCN,TI| = 0o pN,To (4.20)
' 2 o
eg(T) = lldp+2Zy oWy ¢l 17 = dpPy pdo (4.21)

5. Projection Operator and Filter Updating

There are two types of projection operator updating
which for the case of the pole/zero RLS have to be dis-
tinguished. One involves order updating and the other
involves time updating. In order updating, the order of the
projection operator is increased by augmenting a new column

space as follows:

#
{ | .1,
= ' 21z Wl Z (5.1)
Pz W Lz W]¢B{¢B[Wj[ | wB} ¢B{w'}¢B
Or,
( ]#f ] (5.2)
211 1 Z .
P = [z Wl zZw 1
In case of order updating Z = ZN 7 and W = Zo_N" For time

updating W = ¢ as will be shown. The projection update can

be shown to be [8] (also see appendix for a matrix deriva-

tion),

_ l ! I #og I (5.3)
Pz,w = PZ+pr(w pzw) W pz

Define,



Then,

= P_+P

p +
Z,W yARAY
The update for the orthogonal projection becomes,

pl = (pl-plww plw)¥w p!
z.w = (PgmB MW P W) z)

For filter updating we note that,

[, )
¢B{w'}Kz,w =1z w

Also,

Pz wkz,w = Kz, w

Define,

A

K

]
o]
€

Z,W Z,W B
and,

Rw,z = Ky, zeF
Then substituting for P, ., we obtain

~ ~ ~

K - p K _+PwwWPplwhw (1 -
2w = Py ytP W PWITW (1 Py w

Or using (5.7),

~

Kz w = (Kz 00) + Py e FL-w k, 1)

Similarly,

~

- | "ol # '
KW’Z [0 O KZ]+PZW(W pr) (1 -wW KZ],

(5.

(5.

(5.

(5.

(5.

4)

5)

.6)

7)

8)

9)

(5.10)

(5.11)

(5.12)

(5.13)



Summary of Projection and Filter Updating

_ | |
Pz w = lPZ + pzw(w P,W) w Pé} (5.1")
o I © oo #,

U Pz wV = U PzV-(U PzW) (W PzW) (W P7zV) (5.2")
: = ' ‘ol oluv#r _w .3
UK, = (UK, 0 01+ (U P W) (W P o) FL-W K, 1] (5.3")
UKy gz = [00 U Ry1+ (U po) (W By LT W K] (5.4%)
0 aE (5.5")

Z,W z,W'B
~ (5.6')

Ry,z = Ky,z#F
~ (5.7")

6. Derivation of Algorithm

In the following derivation frequent use is made of the

definitions of the filters and residuals of section 4. The
derivation follows [2] closely.

First we derive the time updates for the forward and

backward prediction filters: ( use 5.3 with
W o,U ZT,Z N,T-1
eN(T

' = =¢,2 =2 )
(use 5.4' with U ZT—N’W o N, T



ry(T)
BN,T“]. = BN,T—W[CN,T 0 0] (6.2)
Order update Cy g-) by using (5.4") with
U=90¢,W-= ZT,Z = zN,T"l
-1
CN+1,T = [O 0 CN,T_l]—eN(T)aN (T)AN,T (6-3)
Also using (5.3') and U=o,W=2p_N, 252y 7,
(6.4)

_ : -1
= [C 00 ]+rN(T)ﬂN (T)BN

CN+1,T N,T , T

Close examination of (6.4) reveals that the

~

elements of C are equal to,
N+1,T q

- 4 -1
u(T) = rN(T)BN (T)

SO we can write

~

CN+1,T = [CN,T O 0}+}‘-(T)BN,T

From (5.2"') using U=V=2q,W=0,Z=Zy 7_71,

ay (T)=ap (T-1)+ey (T) 7y (T-1)ey(T)

last two

(6.4")

(6.5)

Update By(T) by using (5.2') with U=V=zq_y,W=0,2=2Zy o,

(6.6)

To obtain the prediction errors post multiply (6.1) by

ppz (T) and (6.2) by egz (T).

e (T)
p )= - —l - - - - N
eN(*) eN(T) eN(T)yN (T l)(7N(T 1)-1) 7§TT:TT
5 rN(T)
I‘N(T) = W

(6.7)

(6.8)
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To obtain the order update for y» (T) use (5.2') with

N+1
W= = ==
ZT-N' Z ZN,T-—l' U=V=¢,
- L -1 (T)
7N+1(T) 7N(T) rN(T)ﬁN (T)rN (6.9)
Again in (5.2') let W=zq, Z=Zy q_1, U=V=0o ,
(T)=yp (T-1)—en (T)agr (T)
7N+l 7N eN CIN T eN(T) (6.10)
Define,
- -1
CN,T = TN (T)CN,T (6.11)
- -1 (6.12)
= T
CN+1,T a1 )¢BCN+1,T
~ (6.13)

-1
Cy+1,7 = 7*N+1{T)erCn+1,T
Then from (6.3) substituting (6.1) and simplifying wusing

(6.11) we obtain,
-1
CN+l,T = [0 0 CN,T_l]"eN(T)aN (T)AN,T"]. -

eg(T)ay (T)ey(T)[0 0 Cy po1]

Cy+1,r = [0 0 Cy,p-1!
._l -1
-1 -1 -1
CN"’l,T = 7N+1(T)7N (T-l)[O 0 CN’T_l]"eN(T)aN (T)7N+1(T)AN’T_1

Using the definition (6.11) we obtain,

(6.14)

~

~ -1 -1
CN+1,T = [0 0 CN’T_l]—eN(T)aN (T)7N+1(T)AN,T_1



Now from (6.11) through (6.13),

- o ' (6.15)
Cn+1,T = ON+1,TYF¢B

Substituting (6.2) into (6.4) we get,

~ I'N(T)
Cy+1,7 = [CN,7 0 O ]*#(T)BN,T_1+u(T)7;r§7[CN'T 0 0] (6.16)

But p(T) = rk(T)ﬁgl(T) . Hence, using (6.9) we get,

Chel,T [CN,T 0 O]+u(T)BN'T_l—[ nap (T 7 (T)]__-(_T N,T 0 0]

-~ A~ ~

(6.17)
Chel,T [CN'T 0 0]+#(T)BN’T_1

Simultaneous solution of (6.4) and (6.2) yields

(Cy,p 0 01 = [Leu(T)rf(T) 1 Cyyy g (T)By g1 (6.18)

E b
xcite by ¢B-T ,

-1 - -1
TN, 2(T) = [1+u(T)rR(T) 7 £7N 1.7

Substituting from (6.9) and simplifying,

L -1
(T) rN(T)ﬁN (T)rg(T)]

= p -1
7N(T) [l+,u,(T)I'N(T)] 7N+1(T) (6.19)
Once C has been wupdated then the joint process
updates can be obtained:
P =
egT) d(T)+WN'T_1§(T) (6.20)
= ¢P
eN(T) eN(T)yN(T) (6.21)

-~

_ (6.22)
Wt = WN, -1 * en(TICy 7



Summary Fast Pole/Zero Adaptive Filter

eN(T) = Ay g 1 wpz(T)

en(T) = en(T)yp(T-1)

N N TN

ag(T) = ag(T-1) + eR(T)ey(T)

e (T) = 7y(T-D-eg(T)ay (T)ey(T)

~

_ - o -1 -1
CN+l,T (00 CN,T-I] eN(T)aN (T) 7N+l(T)AN,T_l
Cn+1,T = CN+1,T ¥F¥B
= 0 0C
Avor = An, -1t e (T N,T-1
2 (1) = () g (T-1)
N g ﬁN
~ _ ~N ) -~
Note that p(T) = CN+l is the last two elements of CN+1,T'
~ -1
(T) = LoD gDy (T 1 7 (D)
= P (T)
rN(T) = rN(T)7N
- S +ro(T)r(T)
ﬂN = ﬁN(T l)+rN(T I'N

-~

= - T)B
[CN,T 00 ] CN,T pu(T) N, T-1

BN,T = BN,T_l + rN(T)[CN,T 00 1



Joint-Process Extension.

d(T) + WN’T_IE(T)

EE(T)

eP
sN(T) N(T)yN(T)

-~

WN,r = Wy, p-1*en(T)Cy, 7



7. Simulation Results

In this section the results of simulating the Fast
Pole-Zero Recursive Least Squares algorithm, derived and
summarized in the previous section, are presented. The
algorithm was programmed in C. To test the algorithm the
poles and zeroes of a 1l0th order elliptic bandpass digital
filter were estimated. The pole-zero distribution of the
filter is shown in figure 1. In figure 2 the estimated
poles and zeroes using the algorithm when a white Gaussian
noise sequence is used to excite the filter is shown. Note
the close estimation of the pole and zero locations. Figure
3 shows the prediction error plotted 1in dB's against the
number of 1iterations. Note the rapid convergence of the
algorithm. Also the prediction error is more than 100 dB's
pelow the desired signal, an indication of the high degree
of accuracy achievable by pole-zero modeling in comparison
to impulse response modeling. In an echo cancellation
application this corresponds to a 100 dB echo return loss
enhancement. Where appropriate and as a measure of the
algorithm's performance the ratio of the power of the
desired signal over the power of the prediction error is
given in dB's. Ideally, in the absence of noise, this ratio

is very large. 1In all cases the first N iterations are dis-

carded.

The effect of zero overspecification 1is presented in

figures 4 and 5. In this case the number of zeroes was
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overspecified by 10 (M=20,L=10). The zeroes are distributed
around the origin and two of them cancel out two of the
poles. The rapid convergence and high degree of prediction
accuracy 1s again observed in figure 4 with a slight degra-

dation in comparison with no zero overspecification.

The interesting case of both pole and zero overspecifi-
cation 1is presented in figure 6 (M=20, L=20). Notice that

the extra poles and zeroes cancel each other out.

An important property of the algorithm is 1its ability
to predict the desired signal in the presence of noise. 1In
figure 7, the prediction error is plotted against the number
of 1iterations for the case where white Gaussian noise with
an rms value of 0.1 was added to the desired signal. Note
that the prediction error is uncorrelated in contrast to the
filtered and correlated desired signal. In other words the
desired signal has been eliminated from the prediction
error. In an echo cancellation application this corresponds
to the elimination of the echo even in the presence of
noise. The pole-zero distribution for this case is shown in
figure 8. Note that noise does effect the location of the
poles and zeroes. In fact, since the noise contaminates y(n)
which is used in the prediction of the desired signal a bias

is introduced in the estimation of the weight vector wN T

14
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Fig. 2 Estimated Pole-Zero Distribution (M=10, L=10)

Signal to Pred. Error = 75 dB

30.0 |
10.0
-10.0 4

-30.0
-50.0 1
-70.0 ﬂMﬂ\\

-90.0 1 W
-110.0 |

-130.07

10*log(error*error)

-150.0

1 ¥ T L) v v 1 Li v i

0 20 40 60 80 100 120 140 160 180 200
NUMBER OF ITERATIONS

Fig. 3 Convergence of Fast Pole-Zero Algorithm
(M=10, L=10)



Fig. 4 Pole-Zero Distribution Zero Overspecification
(M=20, L=10)
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Fig. 6 Pole-Zero Distribution With Pole and Zero
Overspecification
(M=20, L=20)
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8. Appendix

In this appendix the projection wupdate 1is derived
directly from matrix methods. The projection obtained by

augmenting the column space W to Z 1is,

-1
AR 1 (71
Nz W 1o
j Y

(

o — —
z

We must find an inverse such that,

2 zwlhl
Wz wwjlB1 By

Or,

[ 22 Ay+Z WB:, 2 ZA-+Z WB. I 0

| 1 1 2 2| { NN p}
| ' oo T lo
[W ZAj+W WB) W ZAy+W WBy | N pp]

This leads to four equations:

Z ZA1+'Z WBl==INN (1)
W ZA2 + W WB2 = Ipp (4)
From (3),

- (‘ -1
A, = -(Z2 Z) "2 wWBy

Substituting into (4) and rearranging,

By = [WW - W 2(z2) 'z w "

Hence,



A, = ~(Z2) 2 wiww - Woz(z 2)" 1z W)L

Similarly we obtain,

|

(Ww-waz(z2) 12w 1wz (z z)"1

A

—(z’z)"lz'w[ww‘—w’z(z‘z)‘lz‘w]‘l(w'z)(z’z)“1+(z'z)‘l

Substituting the inverse into the projection update and

after some algebra we obtain,

: -1

W P, (5)

Note that,

|
Pz = I_ pz

The above relationships could have been derived using the
generalized inverses. It is interesting to note that if we

define,

v = pw (6)

Then the projection update (5) can be written,

Py w = Pz + Py (7)
In fact an alternative derivation of (5) 1is suggested by
(7). The vector V represents that part of W that cannot be
estimated by the space spanned by the columns of Z. It 1is
orthogonal to the sub space Z. Hence the projection opera-
tor that includes the subspace Z and W can be expressed as a
direct sum of the projection operator of the subspace Z ( Py
) and the projection operator Py of the subspace spanned by

V which is orthogonal to Z. Thus,
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