ABSTRACT

KONER, SALIL. Modern Statistical Methods for Multivariate and Functional Data.
(Under the direction of Ana-Maria Staicu and Jonathan P Williams).

The proliferation of collecting a huge volume of data, continuously streaming out of
technological devices, saw the large-scaled prediction algorithms such as random forest,
neural networks, boosting, deep learning, engulf the classical statistical techniques in the
twenty-first century. Variable selection is one of the few traditional statistical techniques
that gained popularity even in the era of wide data (p » n), primarily due to its inter-
pretability. Rehearsing the discussion by Efron (2020), the newly popular ‘pure’ predic-
tion algorithms often capture the relation between the predictors and learners that are to
some extent ephemeral, and fundamentally different from the traditional attribution (sig-
nificance testing) techniques, which furnish some notion of causality. To this aspect, this
dissertation work aims to contribute to the armory of traditional techniques by introduc-
ing a non-regularization based variable/model selection technique for multivariate data,
especially in a high-dimensional setting, and by developing two efficient non-bootstrap
based testing procedures for inherently infinite-dimensional second-generation functional
data (Wang et al. 2016).

In the first part, we develop an epsilon-admissible subset (EAS) methodology for
grouped variable selection for multivariate data in a high-dimensional regression setting.
By introducing a generalized fiducial inference (GFI) framework for the Matrix-Normal
data generating model, we construct a posterior-like GF distribution over the subset of
the model, among a set of correlated predictors, even when the true data generating
model is far from sparse. Under usual regularity conditions, we establish that the EAS
strategy is asymptotically consistent if there exists a sparse true data generating model.
The effectiveness of our approach is demonstrated through numerical studies, compared
to the state-of-the-art regularization-based counterparts.

Next, we shift our attention to longitudinal functional data (LFD), which arises
when functional profiles, images, or any curve-like object is recorded repeatedly over
time. The distributional properties of such data are more complex than univariate func-
tional data, because of its complex hierarchical correlation structure characterized by
between-function and within-function. In the first of the two works on LFD, we propose a
novel projection-based procedure to test (PROFIT) whether the bivariate mean function

changes along the longitudinal direction. The fundamental idea behind the methodology



is to reduce the dimension of the infinite-dimensional functional response by projecting
into a bunch of orthogonal basis functions for the underlying Hilbert space and employ
the likelihood-based testing procedures available for longitudinal data. We derive the
asymptotic null distribution of the test statistic when the basis functions are estimated
from a data-driven marginal covariance function. In association with the derivation of the
null distribution, we also establish a strong uniform convergence rate for the estimated
eigenfunctions in the LFD setup. Through finite sample numerical results, we justify
that the test maintains the nominal level and exhibits excellent power to detect depar-
ture from null, compared to its competitors. We apply our test to assess the progression of
the disease for patients with Multiple Sclerosis, as summarized by fractional anisotropy.

In the second work on LFD, we employ the idea of projection to develop a pro-
cedure (PROLIFIC) for testing the significance of the bivariate treatment effect in a
placebo-controlled four-period crossover design. Our pseudo generalized F type statistic
is two-staged, as designed to test for the significance of bivariate direct treatment effect
in the presence of other nuisance bivariate effects in the model. The non-standard asymp-
totic null distribution of PROLIFIC is derived utilizing the uniform convergence of the
data-driven basis functions. The test maintains the size empirically and appears to be
very powerful to detect the significance of treatment effect even under a reasonably small
and medium sample size, irrespective of the magnitude of the nuisance components in
the model. We apply the test to evaluate the effectiveness of an active drug, Meloxicam,
on household cats with pre-existing Osteoarthritis, to boost the daily physical activity,
recorded by an accelerometer. The biggest triumph of both PROFIT and PROLIFIC
is their efficiency to accommodate large-scale data, which are very common in the con-
text of second-generation functional data, compared to the enormously computationally

intensive resampling-based alternatives.
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Chapter 1

Introduction

1.1 Contribution

Increasingly ample opportunities to store large volumes of data have shifted statisticians
towards the world of big data. More often than not, in many modern applications espe-
cially in genomics, we encounter problems when the number of observations, n is much
less than the number of features p. Selection of the best features to parsimoniously model
the response is essential to understand the important source of variations in the data, and
to obtain a better prediction accuracy. Various regularized approach such as Lasso (Tib-
shirani 1996), SCAD (Fan and Li 2001), Spike and Slab prior (Ro¢kova and George 2018)
has become popular to address this problem for univariate linear regression problems.
Grouped variable selection (Yuan and Lin 2006) is particularly useful when some of the
covariates are highly correlated, e.g. in single nucleotide polymorphism (SNP) data genes
that share the common biological pathway are known to regulate the biological system
similarly. These grouped penalized approaches have also been extended for a multivariate
(Li et al. 2015) and a functional response (Ghosal et al. 2020). However, these approaches
heavily rely on the magnitude of the regression coefficients to decide whether a variable
(or a group of variables) should be included in the model. In a high dimensional setting,
the design matrix is highly collinear and these parameter estimates are often unreliable.
Moreover, penalized methods inherently assume that the true model is sparse. In the first
part of my thesis, I focus on developing a new method to address this potentially hard
problem of best subset selection for a multivariate regression model.

As a first contribution (chapter 2), we extend the epsilon admissible subsets (EAS)

model selection approach, from its original construction in the high-dimensional linear



regression setting to an EAS framework for performing group variable selection in the
high-dimensional multivariate regression setting. Assuming a matrix-Normal linear model
we show that the EAS strategy is asymptotically consistent if there exists a sparse, true
data generating set of predictors. Nonetheless, our EAS strategy is designed to estimate
a posterior-like, generalized fiducial distribution over a parsimonious class of models
in the setting of correlated predictors and/or in the absence of a sparsity assumption.
The effectiveness of our approach, to this end, is demonstrated empirically in simulation
studies, and is compared to other state-of-the-art model /variable selection procedures.

My second and third work concentrates on developing testing procedures for lon-
gitudinal functional data (LFD) which occurs when functional responses are recorded
repeatedly. Examples of this type of data include physical activity data continuously
recorded via wearable devices such as accelerometer, Fitbit or Apple watches, for a week
(Wang et al. 2021); electroencephalography (EEG) data, event-related potential (ERP)
curves are recorded longitudinally at multiple electrodes on brain scalp (Jeste et al. 2015).
In the second work (chapter 3), we propose a novel statistical procedure to test whether
the mean function for LFD, pu(s,t) varies over time ¢t. Our approach relies on reducing
the dimension of the response using data-driven orthogonal projections and it employs
likelihood-based hypothesis testing. We investigate the methodology theoretically and
discuss a computationally efficient implementation. The proposed test maintains the
type I error rate and shows excellent power to detect departures from the null hypothesis
in finite-sample simulation studies. We apply our method to the longitudinal diffusion
tensor imaging study of multiple sclerosis (MS) patients to formally assess whether the
brain’s health tissue, as summarized by fractional anisotropy (FA) profile, degrades over
time during the study period.

The third work (chapter 4) is motivated by the interest to understand the efficacy of
a treatment melozicam on the daily activity levels of household cats with a pre-existing
condition of Osteoarthritis under a crossover design. These activity profiles are recorded
at a minute level by a wearable device called Accelerometer over the entire study period.
To this aspect, we propose an orthogonal projection-based test pseudo generalized F
test for the significance of the functional treatment effect under a functional additive
crossover model after adjusting for the carryover effect and other baseline covariates.
Under mild conditions, we derive the asymptotic null distribution of the test statistic
when the projection function for the underlying Hilbert space is estimated from the
data. In finite-sample numerical studies, the proposed test maintains the size, is powerful

to detect the significance of functional treatment effect, and is very efficient compared to



bootstrap-based alternatives.
In the remaining part of this chapter, we will introduce the modeling framework for
multivariate data and univariate functional data along with some common methodologies

that are pertinent to the scope of this dissertation.

1.2 Multivariate data

Multivariate data analysis (MDA) deals with analysis of data where multiple scalar out-
comes are recorded simultaneously for each subject. MDA is ubiquitous in many applied
fields such as atmospheric sciences (Nogarotto and Pozza 2020), neuroimaging (Habeck
and Stern 2010), behaviorial science (Vehkalahti and Everitt 2018), genome wide associ-
ation analysis (GWAS) (Van der Sluis et al. 2015) to name a few. Typically in MDA, one
observes n i.i.d copies of g-dimensional response vector Y = (Y, . .., Yiq)? with common
mean = (g, ..., Hq)” and ¢ x ¢ dimensional covariance matrix . The dimension of
the multivariate response, ¢ is often assumed fixed. The most popular way to model the
multivariate response is through multivariate linear regression model (MLR), which is

often confused with multiple linear regression, as discussed below.

1.2.1 Multivariate Linear Regression

In MLR, one records measurements of p covariates Xj = (Xjj, ..., Xpi) along with the
multivariate response Y; with an objective to explain the association between the re-
sponse and the predictor through a linear model. The fundamental difference between
the multiple linear regression and MLR is that in MLR, we assume that the coordinates
of the vector outcome Y are correlated. Thus, in MLR, the entire vector Y serves as
one replicate, whereas, in multiple regression the dependence between the coordinates
of the vector Yj, is often ignored. Nonetheless, generalizing the idea of univariate linear

regression, the response is expressed as the linear model,

P
Yi= Bj X ji + Ei,
il
where Bj = (byj, ..., bgj)> is a g-dimensional regression coefficient vector where b<j quan-
tifies the influence of j-th predictor on ¢-th coordinate of the response, and Ej € R% 1 is

the i-th error vector, with covariance Var(E;j) = . Column-tacking the response for n



subjects as Y = [Yyq,...,Yy], the covariates as X = [Xy,...,Xp] and the error in the

same way, we obtain the classical MLR as
Y = BX + E,

where B 1= [By,...,Bp] € RY P is the unknown regression coefficient matrix. Note
that, this is similar to the model defined in chapter 10 of Muirhead 2009, except they
stacked the response and covariates for each subject horizontally. Under the assumption
that Y; "< N¢(BjXji, ), the maximum likelihood estimator of B and  coincides with
the least square estimator B = YXJ(XX?) 1 and P = Y(I — H)Y?/(n — p) with
H = XJ(XX7) X being the projection matrix onto the row space of X, provided
n > q + p. For a fixed dimensional problem (i.e. fixed p and ¢), these estimators are
asymptotically consistent as n — co.

The problem of identifiability /overfitting/multicollinearity starts to magnify when
p becomes larger than n, or when p grows with n. Such a high-dimensional regression
problem occurs in many applications, especially in genomics, where testing the association
between phenotypes and a large number of single nucleotide polymorphisms (SNPs) is
the primary objective (Ikram et al. 2010). Although black-box algorithms such as random
forest, deep learning offer a solution to the prediction problem, they care very little about
the uncertainty in the prediction or quantifying the association through a parsimonious
model which is to some extent robust (Efron 2020).

Finding the best subset of predictors among the 2P subset models is an NP-hard
problem. Parsimonious modeling of multivariate response through dimension reduction
has been the answer to the high-dimensional(p > n) multivariate linear regression prob-
lem. Principal component analysis (PCA) is by far the most common data-driven di-
mension reduction tool for multivariate data (Anderson 1962). The major advantage of
PCA is that it facilitates principal component regression (Rawlings et al. 2001, chapter
13). Introducing sparsity in the data generating model offers an effective approach to
the model selection problem. Apart from the step-wise information based selection tech-
niques (Akaike 1973; Mallow 1973; Schwarz 1978), following the breakthrough of Lasso
(Tibshirani 1996), several shrinkage criterion-based approaches such as group Lasso Yuan
and Lin (2006), adaptive Lasso MCP (Zhang 2010) have been extended to the case MLR
problem. See George and McCulloch (1997) for a review of Bayesian variable selection
approaches. Other notable techniques are partial least squares (Huang et al. 2004), re-

duced rank regression (Izenman 1975), to name a very few among the vast and growing



literature on model /variable selection methods.

All of the existing sparsity-based procedures rely on penalizing the magnitude of the
true regression coefficients, i.e. the number of predictors in the estimated model is driven
by the amount of signal coming out of that predictor. As a result, these Lasso-based
approaches are shown to be model/variable selection consistent under a typical sparsity
assumption of the true model. In a high-dimensional scenario, the notion of a true model
is somewhat vague, as any set of n predictors will fit the data equally well. The EAS
approach by Williams et al. (2019a) for univariate linear regression offers a completely
different perspective for model selection, which we extend for multivariate response in
chapter 2. Next, we will discuss the foundational methods for the analysis of functional

data, which have been immensely applicable in biomedical research.

1.3 Functional data

Functional data analysis (FDA) is a statistical tool to analyze data that are of the form of
functions, curves, objects, images, or more general multi-dimensional objects. An example
of functional data would be the trend of Covid-19 over time in a particular region (Tang
et al. 2020; Boschi et al. 2020). Refer to https://covid.cdc.gov/covid-data-tracker/
#demographicsovertime for a recent trend of weekly Covid-19 cases and death in the
US cross-sectioned by sex, age, and ethnicity.

Typically in functional data, we observe m; measurements {Yjj : j = 1,...,m;} sam-
pled discretely at time points {tjj : j = 1,...,mi} for every subject ¢ = 1,...,n. In the
general notion of functional data, we assume that these observations are realization of
an underlying stochastic process Xj(t) at time ¢jj. In general, the functions are observed
at a uniform time grid ¢, ..., tm, where it is assumed that m is large and the distance of
between tj —tj 1 is small so that the samples are observed ‘fully’ in the compact domain
T . However, in practice the number of time points at which the functions are observed
can be quite different for each subject and the trajectories can be observed sparsely.
Depending on the growth of m;, functional data has been categorized as dense or sparse
(Wang et al. 2016). The key distinction between the multivariate and the functional data
is that functional data is intrinsically infinitely dimensional, where the dimension of mul-
tivariate response ¢ is often assumed fixed. Moreover, there is a natural ordering between
the response observe at a time ¢; and one that is observed at a later time ¢, with t; < 5.

This ordering is often not present or meaningful in the multivariate response. For these



reasons, inference for functional data requires more sophisticated techniques to properly
utilize the rich source of information contained in them.

The above classification of the functional data is primarily driven by the precision
in the estimation of mean and covariance. While we describe the common estimation
techniques in functional data in the following section, we will intuitively explain the ra-
tionality behind this segregation. Needless to say, traditional parametric approaches that
assume a fixed number of parameters are not appealing to explain the massive informa-
tion contained in the high-dimensional nature of the data, especially when the trajectories
are observed densely. Smoothness plays a fundamental role to to tackle the curse of di-
mensionality in the analysis of functional data. Much of the prevalent statistical methods
for FDA incorporate some degree of smoothness such as continuity of the derivatives of
the mean and/or the covariance. Pivoting on the assumption of smoothness, the denser
the trajectories are observed, the more and more information we have about the struc-
ture of the characteristics of the underlying stochastic process X (¢). This phenomenon is
observed in the estimation of mean function u(t), as the rate of convergence happens is
proportional to the growth of m; with the sample size n. Conventionally, if the number
of repeated measures m; grows with n at a rate such that the mean or the covariance
functions can be estimated at an (almost) parametric 4/n rate, concerning some metric,
such as Lp-norm or sup-norm, then those functional data are called dense. On the other
hand, if the growth of m; is not fast enough to achieve the fastest rate of convergence then
they are called sparse functional data. With this definition, longitudinal data where the
response is typically measured irregularly for every individual with the number of mea-
surements m;j bounded above for each ¢ comes under the framework of sparse functional
data (Zhang et al. 2016).

As a by-product, statistical methodologies involving functional data and related the-
oretical results vary across the sampling plan of the response. Like other statistical do-
mains, over two decades of research work on functional data can be broadly classified into
three categories, Estimation, Prediction, and Attribution, speaking in Efron’s terms. On
the estimation front, the objective is to estimate the true mean and covariance of the
underlying process. On the prediction front, the goal is to reconstruct the individual tra-
jectories with some degree of confidence. When the sampling plan is dense, one can afford
to reconstruct the underlying curve under the smoothness assumption; however when the
functions are observed sparsely, one needs to pool information from the trajectories of
other individuals to estimate the mean and covariance, reconstruction of individual-level

trajectories are not possible. On the attribution front, the objective is to formally as-



sess several conjectures about the mean and covariance functions, such as equality of
mean functions among two groups, the significance of a covariate on the overall mean
process or equality of the covariance function, etc. In general, hypothesis testing is the
most difficult among these because it requires modeling both the mean and the complex
dependence among the response suitably. In the next section, we will briefly discuss the
key smoothing techniques employed that are widely applied in the literature and touch

base upon some of the existing testing procedures.

1.3.1 Tools for estimation of mean and covariance function in
FDA

Typically, we assume that the functions X;(¢),..., Xn(t) are n i.i.d copies of a random
process X (t) :t €T in a compact interval T with a continuous mean pu(t) = EX(¢) and
a covariance function (¢,¢') = Cov(X(¢), X(#!)). Assuming that Yjj are contaminated

with some mean zero measurement error e;jj, leads to the model,
Yij = Xi(tij) + eij, (1.1)

where the measurement errors are assumed to be independently distributed with mean
zero and variance sz for all 7. It is often assumed that that the errors are homoscedastic
so that O'j2 = o2 for all j. However, that is no necessary as long as sz = 0?(t;) for some
smooth function o(t). Inference of the mean p(t) and the covariance function (¢, has
been the center of the research. The rest of the section provides a very brief overview of
the common techniques associated with the estimation of the mean and the covariance
function, in order to enhance the readers’ acquaintance with the topic. We refer the reader
to the two books by Ramsay and Silverman (2005) and Kokoszka and Reimherr (2017)
for a very detailed insight on FDA.

When the samples are observed densely at a same time schedule for each subject, i.e.
tij = tj and m; = m with m large, the structure is analogous to a multivariate data and
a sample estimate of the mean function and the covariance function can be obtained as
pit)=nt ; Yyjforeveryj=1,...m Pt t5)=n*t 7 (Yy—p(t)) (Y —p(t))
for j # j'. A smooth estimate of (¢,t') over the entire interval T can be obtained by
smooth interpolation of the sample estimates at the grid points. Finally an estimate of

the variance of measurement error at the observation point ¢j is obtained by #®(¢j) =
n b3 (Y = ()2 = P, tp).



When the functional data are observed densely but the sampling scheme differs for
each subject, one can not follow the above principle to estimate the mean and covariance
surface. Instead, one can reconstruct a smoothed version of the individual level response
profile by some smoothing technique. Among the widely applied smoothers available,
nonparametric local polynomial kernel (LPK) (Wand and Jones 1994; Fan and Gijbels
2018) and semiparametric spline smoother (Wahba 1990; Gu 2013) are the most popular.
To start with kernel smoothing, assuming that the stochastic process X (t) has (p + 1)
continuous derivative in a neighborhood of ¢, we can expand it as Xj(tij) ~ Xi(t) + (tij —
HXME) + -+ (L — )PXP(1), where XM9(t) is the jth derivative of X;(t) as t. Then
one can construct the p-th order LPK reconstruction of the original curve as

mj
>

- -
Ri(t) =po :=argmin  [Vij —ao — as(tij —t) — ... ap(tij — )PP K L—

h Y

where h is the kernel bandwidth parameter that controls the amount of weight given to
the data points in the vicinity of ¢. The literature of selecting the optimal bandwidth
is pretty dense and still open for exploration (Jones et al. 1996; Sheather and Jones
1991). For the spline smoother, a smooth reconstruction of the profiles is obtained by
expanding X (¢) in terms of suitable known basis. Many choices of basis functions are
possible, such as exponential basis, Fourier basis, B-spline basis or Wavelet basis. The
choice of bases are primarily made upon investigating the nature of the data; for example,
if there is a periodic nature of the curve, Fourier basis is recommended, Wavelets are
best suited for data that is dominated by local spiky features. B-splines are the most
popular choice of basis used in the non-parametric and the functional data literature,
because of their faster and stable computation and robustness to the variation in the
pattern of the data (Friedman et al. 2001). In regression splines (Eubank 1999), we write
Xi(t) ~ l}f 1 Bk (s)Bi for sufficiently large K, where Bi(t), ..., Bk (t) are basis functions.
Then the smooth reconstruction of the original curve is obtained as Ri(t) = | ; Bi(s)Bi

where P is obtained as the minimizer to the objective function

mj K 2

P:—argmin = Y —  Bi(t)B
i1 k 1

The number of basis functions K determines the quality of the fit, an overly larger value
of K may also fit the noise in the data, which we want to ignore. If K is too small, then

we may miss some important features. The major problem of regression spline of choosing



the knots points and the number of basis function K is ameliorated by smoothing splines
(De Boor 1978) which penalizes the roughness of the function Xj(¢) as quantified by the

2
r-th derivative X["'(t) with r > 0 and solves the objective function

mi » 2
Ri(t) :=argmin ~ (Vjj — X; (tij))2 +A 0 XM dt,
j1

where A\ > 0 is the smoothing parameter that controls the trade-off between bias and vari-
ance. The tuning parameter \ is often estimated by generalized cross-validation (GCV)
(Craven and Wahba 1978) or restricted maximum likelihood (REML) (Kimeldorf and
Wahba 1970). The knots are placed at the data points. Other notable smoothing tech-
niques are penalized splines (Ruppert et al. 2003) which is a hybrid of regression splines
and smoothing splines both using a reduced number of knots and penalizing the rough-
ness. Depending on the placement of knots and the choice of roughness penalty, penalized
splines are categorized as P-splines (Eilers and Marx 1996), O-splines (O’Sullivan 1986)
etc to name a few. Nonetheless, once a noiseless reconstruction of the original curve is
obtained, one can construct a smooth estimator of the mean and the covariance function
using the reconstructed curves (Ramsay and Silverman 2002).

When the functional data is observed sparsely, i.e. the number of points at which
the curves are observed are small then a smooth reconstruction of the individual curves
is not possible. In this situation, one has to borrow information from the neighbouring
points and pool the information across the all the subjects to estimate pu(t) and (¢, t').
A univariate smoother is passed through the collection {(tjj,Yij):j =,1...,mi}; | to

estimate the mean function as follows. Analogously as above, for the kernel smoother,

n mj
p(t) =B :=argmin  w; [Yij —bo — ba(tij — t)]° K
bobr § 1 o1

tiy —t
h
and for the spline smoother, p(t) = ,t( 1 Bk(s)B where
LU )
P:—argmin  wj Vij—Blt;) “+A P,
i1 1

where the weights wj are the weights placed on each observation and P is an appropriate

matrix penalizing the roughness of the mean function. For the covariance function, once



a smooth estimate of p(t) is obtained, it is estimated by smoothing the “raw covariances”
{(tij, tij, Cijjr) = 4,3 =1 ,mi, j # 31}, where Cijjr = (Yij — p(tij)(Yij: — p(tij:) at
j # j' (Staniswalis and Lee 1998; Yao et al. 2005; Di et al. 2009). Needless to say, one
can always apply the method of estimation of mean and covariance function designed for
sparse data in a dense case, without bothering about reconstructing the original curve. A
FAst Covariance Estimator (FACE) for high-dimensional functional data using penalized
splines is proposed by Xiao et al. (2013) when the data are observed at a regular grid
points.

The literature on the optimal choice of weights wj and the associated rates of the
convergence of the estimated mean and the covariance function is relatively new. Typi-
cally, it is chosen in such a way that ; mjw; = 1. Yao et al. (2005) put equal weights to
each observation i.e wj = 1/ mj, which means the subjects with more number of ob-
servations will receive more weight, Li et al. (2010) placed equal weights to each subject,
i.e wj = 1/nmj. Recently, Zhang et al. (2016) derived the asymptotic rates of conver-
gence under a general weighting scheme for kernel smoothers. Later, Xiao et al. (2020)
established the convergence rates for penalized splines under common fixed design or in
a random design. Consistent estimation of the smooth covariance function is essential for
functional principal component analysis (FPCA) which is still by far the most commonly
used technique in FDA and serves an integral part of the work presented in chapter 3

and 4, as discussed in next section.

1.3.2 Functional principal component analysis

FPCA is one of the most popular dimension reduction tools applied for the reconstruc-
tion of the functional trajectories. The idea of FPCA has been directly extended from
the principal component analysis (PCA) of multivariate data. Suppose the stochastic
process X (t) belongs to the space of square integrable functions L2(T ) with the covari-
ance (s,t). The principle of FPCA is based on Mercer’s theorem, where under some

regularity conditions, the covariance function admits the spectral decomposition,

8

() = Medr(t)on(t) (1.2)

k 1

where \; > Ay = --- > 0 are the non-negative eigen values of the of covariance function
and { Pk (t) }yp.are the orthonormal eigenfunctions, i.e. ¢k (t)¢p«(t)dt = I(k = ¢). Provided
that tr( ) = (t,t)dt = 2, A\ < o, the above convergence holds uniformly over

10



s,t € T. Following the Karhunen-Loeve expansion, the stochastic process Xj(¢) has the

FPCA expansion

8
Xi(t) = p(t) +  &Gixgx(t)
k 1
1 o
where & = (Xi(t) — p(t)ox(t)dt, k = 1,..., are the FPC score of the decomposition
that are mean zero and uncorrelated across k, with E(£5) = A2. The set of orthogonal
eigenfunctions {¢x(t)},y form a basis for the space L?(T ). One can then approximate

the original process by truncating it upto the first K terms

K
XPUE) = () + T Gean(t)

k 1
The readers must remember that expansion of Xj(¢) in terms of other orthogonal bases
such as Fourier, Legendre polynomials is totally feasible. What distinguishes the FPCA
decomposition from any other orthogonal basis decomposition is that the basis {¢k(t)}
for the space L?(T ) is constructed from the covariance function of the process. In other
words, these functions not only serve as an orthogonal basis, but also signify the principal
source of variation in the data, in the sense that the eigenfunction corresponding to
the maximum eigenvalue \; explains the most of the variability, followed by A, and
so on. As a result, X} Kq(t) provides the best rank K approximation to the original
infinite dimensional process. This is analogous to the PCA for multivariate data, where
the quantity PK9 := L( L oiUiu; gives the best K-rank approximation to the original
covariance matrix  in both Frobenious norm or operator norm, where o1 > ...0k are
the first K eigenvalues and {ui}ff , are the corresponding eigenvectors.

To estimate the eigenfunctions one needs to obtain a smoothed version of the esti-
mated covariance (t,t') at suitable grid points and then obtain a matrix spectral decom-
position of the covariance to get the estimated eigenvalues and eigenfunctions evaluated
at the grid of points. The smoothed covariance surface can be estimated by the techniques
specified in section 1.3.1, depending on the sampling scheme. To obtain the scores one
needs to adopt techniques according to the sampling scheme. If the design is dense, then
one can approximate the scores by numerical integration with a high level of precision,
because a smooth reconstruction of the noisy profiles Xj(t) is possible. However, if the
scheme is sparse, one computes the FPC score by the conditional expectation method

assuming that the score ik and the error process €j; are Gaussian. We refer the readers
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to Yao et al. (2005) for a detailed description of the Principal Component Analysis via
Conditional Expectation (PACE) method.

FPCA has always been the center of the research on FDA, because of its wide range
of applicability in different types of functional data. FPCA for dense functional data is
studied by Besse and Ramsay (1986); Silverman (1996); Cardot (2000); Hall and Hosseini-
Nasab (2006) are the reference therein. For the sparse case, some of the notable articles
are Staniswalis and Lee (1998); James et al. (2000); Yao et al. (2005); Yao and Lee
(2006); Paul et al. (2009). Covariate adjusted FPCA has also been explored by Chiou
et al. (2003); Chiou and Miiller (2009); Jiang et al. (2010), to name a few. The rate
of convergence of the eigenfunctions is associated with the rate at which the covariance
functions are estimated. In the case of univariate functional data, the convergence rate
for the covariance function is often dependent on the density at which the response tra-
jectories are observed, i.e. sparse, dense and ultra-dense (Zhang et al. 2016). When the
functional data are observed densely, a parametric rate of convergence for estimated co-
variance functions can be achieved. On the other hand, when the trajectories are observed
sparsely, the rate of the convergence of the eigenfunctions is typically slower than the
parametric rate and it is mostly dependent on the smoothing method applied (Hall et al.
2006).

1.3.3 Hypothesis testing

The volume of work on testing procedures for functional data is relatively less compared
to the gigantic amount of work done on estimation and prediction. Among the tests
developed, most of these are suitable to deal with independent functional data. These
procedures vary across the sparsity level at which the curves are recorded. When the
functional data are recorded densely, L, norm-based statistic are constructed to test for
the significance of the global model or a particular smooth functional effect (Fan and Lin
1998; Shen and Faraway 2004; Cuevas et al. 2004; Zhang 2011). In some cases, these tests
are applied directly to the raw data, in other cases smoothing techniques such as local
polynomial kernel, regression splines, smoothing splines, P-splines are adopted to recon-
struct the individual functions and then apply the test on the smoothed functions (Zhang
and Chen 2007). Removing noise via smoothing generally improves the power of the tests.
On the other hand, when the functional data are observed sparsely, these Ly-norm based
tests can not be constructed. Likelihood-based testing procedures for the significance

of smooth functional effect have been formulated by expanding the functions semipara-
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metrically under complex dependence structure (Greven et al. 2008; Staicu et al. 2014).
These procedures rely on the pooling information from the other observed functions and
convert the problem into a hypothesis involving a set of fixed and variance components
(Crainiceanu et al. 2005). Several goodness-of-fit testing procedures for the significance
of predictor effect on functional response have also been considered in the literature. See
Kokoszka et al. (2008); Patilea et al. (2016); Lee et al. (2020); Garcia-Portugués et al.
(2021) and the references therein. Other notable testing procedures include equality of
mean (Zhang et al. 2010; Crainiceanu et al. 2012; Staicu et al. 2015; Horvath and Rice
2015), covariance functions (Guo et al. 2019) and distribution (Wynne and Duncan 2020)
between two groups.

All the techniques discussed above are suitable for univariate functional data that has
been the most common framework in FDA over the last two decades or so. However, with
the prevalence of a continuous monitoring system, a huge volume of univariate functional
data are collected for subjects across different features. We conclude this section by
providing a very brief discussion on this new genre of functional data, popularly termed

as second-generation functional data.

1.3.4 Second generation functional data

Second generation functional data arises when several functional trajectories are observed
along some other dimension. For example, in the National Health and Nutrition Exam-
ination Survey (NHANES) data, electronic health record data are collected for every
subject at a minute level by a hip-worn accelerometer over 7 days (Leroux et al. 2019).
In the Zurich growth study database, growth curves are measured across different parts
of the body such as height, arm length, shoulder, etc (Park and Ahn 2017). In functional
Magnetic Resonance Imaging (fMRI), blood-oxygen-level-dependent (BOLD) signals are
recorded across different regions of the brain to understand the stimulating areas of the
brain (Li and Solea 2018). To classify by the structure of the data collection, when the tra-
jectories are observed across a common factor, it is termed as multi-level functional data;
when observed across regions, they are called spatially indexed functional data (SFD);
multivariate functional data (MFD) when a finite-dimensional collection of profiles are
observed for each subject as in the Zurich growth study; and longitudinal functional data
when the trajectories are observed repeatedly with a small frequency.
Analysis of the second-generation functional data is different from that of first-generation

functional data because of the complex nature of the covariance structure in the response
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induced by the hierarchy of the data collection. For example, in the LFD, the functional
trajectories that are observed longitudinally are expected to the correlated among each
other simply because they are coming from the same subject, along with the inherent de-
pendence within the individual trajectory. For the spatially observed functional data, the
response is correlated in both space and time. Although this domain is new and rapidly
expanding, so far the research is concentrated on the estimation and the prediction front,
where the dependence structure is countered by extending of FPCA to the specific type
of data, such as multi-level FPCA (Di et al. 2009), longitudinal FPCA (Greven et al.
2011), multivariate FPCA (Happ and Greven 2018), spatial FPCA (Kuenzer et al. 2020),
double FPCA (Chen and Miiller 2012), and product FPCA (Chen et al. 2017). Notable
contributions on LFD are Yuan et al. (2014); Zipunnikov et al. (2014); Scheffler et al.
(2020), on SFD Nerini et al. (2010); Baladandayuthapani et al. (2008), on MFD Petersen
and Miiller (2016); Li et al. (2020); Volkmann et al. (2021) to name a few.

Hypothesis testing methods for second-generation functional data are very sparse,
primarily because of the high-dimensional nature of data and the difficulty to address
the covariance structure properly. To this end, the majority of this dissertation work is
devoted to constructing test procedures for LFD, which is a major subclass of second-
generation functional data, and to provide a general framework for extending it seamlessly
to other divisions of second-generation functional data and beyond. We conclude this
chapter by providing a gentle introduction to crossover design, which is an important

component of the testing framework developed in chapter 4.

1.4 Crossover design

Experimental design is extremely important to systematically assess the relationship
between factors and responses. In a typical Crossover design, each experimental unit
receives more than one treatment during different periods. As the treatment applied to
a specific unit changes over periods, it is often called change-over or switch-over design.
As per Jones and Kenward (2014), the earliest use of crossover design was in agricul-
tural experiments around the mid-nineteenth century by Liebig et al. (1847). For the
last two decades, crossover designs are extensively used in phase-1 or phase-2 trials of
pharmaceutical studies (Lui 2016). However, their use is not limited as they are exten-
sively used in biological assay (Finney 1956), for evaluation of food products by FDA
(Brown Jr 1980), weather modification experiments (Moran 1959), psychological studies
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(Ruiz-Cantero et al. 2007), bio-equivalence studies (Jaki et al. 2013), consumer prefer-
ence experiments (Harker et al. 2008). Senn (2002) provides application of such designs in
pharmacokinetic studies. Several books on crossover designs such as Jones and Kenward
(2014), Ratkowsky et al. (1992) offer a detailed description of the experiments where
crossover designs have been used historically.

A crossover design is defined by three parameters, viz. ¢ : number of treatments to be
compared, g : number of treatment groups, p : number of periods over which responses are
observed. Throughout the paper, we denote a crossover design with these parameters as
d(t,p, g). It is crucial to notice that, unlike parallel-group design, the number of treatment
groups (g) is not always equal to the number of treatments to be compared (t). Here, a
treatment group is defined by a sequence of treatments and the length of the sequence
is the number of periods in the study. The experimental units selected for the study are
randomly assigned to one of the g treatment groups. We define nj as the number of units
in the ¢th group, i = 1,2, ..., g. Clearly, ny + np + --- + ng = N, the total number of

subjects or units in the study.

Table 1.1: A visual representation of crossover design with two (in (a)) and three (in (b))
treatments, four periods and six treatment groups

(a) Diagram of a d(2,3,4) (b) Diagram of a d(3,4,6) de-
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Let us consider a small example with ¢ = 2, p = 3 and g = 4. Two treatments
are to be compared (say A and B) and each subject is assigned to one of the four
treatment groups while the response is observed over three periods. Example of a d(2, 3, 4)
design is presented in table 1.1(a). Each row defines a treatment group and the columns
represent the period. The four treatment groups are ABA, BAB, AAB, and BBA. Each
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cell represents the treatment that is applied to a subject in a treatment group and a
particular period. For example, a subject in treatment group 3 receives treatment A at
period 1, again A in period 2 and B in period 3. This implies that each subject receives
multiple treatments over the period of the study. In other words, the treatments are
switched over across the periods; this is why it is called a crossover or switch-over design.
Similarly table 1.1(b) provides diagram of another crossover design with three treatments
(A,B and C), four periods and six treatment groups, i.e a d(3, 4, 6) design. To clarify more,
a subject in the group 5 receives treatment B in period 1, A in period 2, and treatment
C in both periods 3 and 4. Subjects in groups 3 start with treatment C followed by A,
B, and B again over the four study periods.

The extensive use of crossover design stems from a major drawback of traditional
parallel-group design, where each subject is randomly assigned to one of two or more
treatment groups (see Jones and Kenward 2014, section 1.3). In most experimental de-
signs, the inherent heterogeneity in the experimental units induces a high between-subject
variability in the response. Then the standard error will be inflated if variability between
the subjects is large compared to the measurement error. Naturally, an analysis of vari-
ance (ANOVA) type test for detecting a significant treatment difference has low power.
On the other hand, in a crossover design where each subject receives more than one
treatment in different periods, it is possible to estimate every treatment contrast (and
possibly contrasts of all other effects) through within-subject difference after eliminating
variability due to the subject. If the magnitude of the within-subject variation is minimal,
then, the test can be done with high power. It is reasonable to contemplate that there
can be a confounding effect of the period on the response, but this can be eliminated by
splitting the units into two groups where one group receives treatment in period 1 and
another receives placebo in period 1, and the ordering gets switched in the next period.
Moreover, crossover designs are generally more economical as fewer subjects are required
in order to get the same number of responses compared to parallel-group study (Bose
and Dey 2009).

One potential objection to crossover design is that the effect of treatment at period 2
is confounded by the residual effect of the treatments applied in period 1. This residual
effect is termed as carryover effect of treatment (Cochran et al. 1941). In most trials, the
objective is to measure the direct effect of the treatment on the response after adjusting
for carryover. Efficient estimation of direct treatment effect through the within-subject
difference in the presence of significant carryover can be done by choosing a suitable

crossover design with more than two periods and/or more than two groups. A significant
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amount of research has been done in the late twentieth century to address the estimation
of direct treatment effect in presence of carryover (Grizzle 1965; Hills and Armitage 1979;
Willan and Pater 1986). Moreover, the use of crossover design is limited to applications
where the treatment might change the initial condition of the experimental unit signif-
icantly. For example, if a surgery completely cures a patient, then the condition of the
patient before and after surgery is not the same. With that perspective, crossover designs
are particularly effective in assessing treatments that can not cure the subject completely

but moderates the disease such as migraine or asthma (Senn 2002).
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Chapter 2

The EAS approach to variable selection
for multivariate response data in
high-dimensional settings

2.1 Introduction

With the advent of modern data collection technologies, in many real-life applications
multiple responses are simultaneously collected that are characterized by a set of explana-
tory variables. Data of this structure falls under the scope of the multivariate regression.
Examples arise in chemometrics (Frank and Friedman 1993), genome-wide association
study (GWAS) (Boulesteix and Strimmer 2005), etc. More often than not, the number of
predictors, say p, is much larger than the number of observed multivariate response vec-
tors, say n. Parsimoniously modeling the variability in the response without overfitting
is necessary to enhance the prediction accuracy. For example, in GWAS; identification of
key genetic markers out of millions that are associated with a univariate or multivariate
phenotype is of scientific interest (Vounou et al. 2010). Model/variable selection is a sta-
tistical framework that has been widely popular in this context. A naive way to approach
this multivariate problem is model the components of the response as separate univariate
regressions on the predictors, and to employ existing selection techniques available in the
univariate setting. However, since the multiple responses for each subject are often corre-
lated, prediction error can be minimized substantially if one uses the inherent association
between the responses effectively (Breiman and Friedman 1997). Finding the best model

in the context of multivariate linear regression (MLR) without ignoring the correlation
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between the responses, especially in a high-dimensional setting is a challenging task and
has received much attention in the literature over the last decade.

In this direction, we develop an EAS procedure for group variable selection in the
high-dimensional MLR setting. The EAS procedure was originally developed in a high-
dimensional univariate regression setting by Williams et al. (2019a), and has been ex-
tended to the vector auto-regression setting by Williams et al. (2019b). However, an
EAS procedure has not been constructed for the multivariate regression setting, nor has
there been built a group selection mechanism for EAS selection. Analogous to Bayesian
model selection approaches, we consider a generalized fiducial inference (GFI) approach
(Hannig et al. 2016) that explicitly estimates the generalized fiducial (GF) distribu-
tion over the class of all subsets of predictors; whereas frequentist and most Bayesian
approaches exclusively focus on coefficient estimation to perform variable selection. In
a high-dimensional setting, it is very problematic for a variable selection procedure to
over-rely on the magnitude of the estimated regression coefficients because they lack iden-
tifiability and are numerically unstable. Moreover, most variable selection procedures for
multivariate regression do not consider the correlation structure of the multivariate re-
sponses. Our multivariate group EAS procedure is designed to inherently accommodate
the arbitrary covariance structure of the response. As explained in Lee and Liu (2012),
accounting for the correlation is important because, for example, in the case of the least
absolute shrinkage and selection operator (LASSO) estimator the shrinkage criterion is
effected by the magnitude and sign of the correlation between the responses.

Mathematically, under a standard sparsity and Gaussian errors assumption we prove
that our proposed EAS procedure achieves strong model selection consistency, as de-
fined in Narisetty et al. (2014). That is, we show that, over the class of all e-admissible
subsets of the predictors/groups, the GF probability of a true sparse model converges
to one in probability as the sample size goes to infinity, and the number of predic-
tors/groups is allowed to grow sub-exponentially as a function of the sample size. Ad-
ditionally, as a next paper in the series of papers to investigate EAS model selection
strategies in various settings, the algorithm we propose improves on the computational
efficiency and stability of the algorithms proposed in Williams et al. (2019a,b). We
provide user-friendly R software to implement our EAS procedure, available at https:
//salilkoner.wordpress.ncsu.edu/research/.

Under sparsity assumptions, Obozinski et al. (2011) proved support union recovery
for high-dimensional multivariate group LASSO, and Chen and Huang (2012) estab-
lished selection consistency for SRRR when p is fixed. As for the Bayesian methods,
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Liquet et al. (2017) demonstrated model selection consistency under an orthogonal de-
sign, which is a bit restrictive from a practical perspective. To the best of our knowledge,
the only currently existing paper to prove a consistency result in a high-dimensional
Bayesian multivariate regression setting is Bai and Ghosh (2018a). However, they show
an estimation consistency result for the regression coefficients, rather than a model se-
lection consistency result. Moreover, their method is not designed to shrink coefficients
to zero, so to implement variable selection they infer the insignificance of a predictor if
the estimated posterior credible interval (at some a-priori specified level) of its coefficient
includes zero.

The choice of the tuning parameter ¢ used in Williams et al. (2019a) is somewhat
unintuitive as it is primarily driven by theoretical consistency rates, and it is dependent
on the size of the true model, which is typically unknown. In our paper, we design the
grouped EAS variable selection procedure in such a way that the tuning parameter can be
searched over a (true sparse model agnostic) grid with respect to some pre-specified error
metric. In Williams et al. (2019a), € is chosen via k-fold cross-validation (CV), which is
computationally expensive (especially in a multivariate setting). In our paper, we imple-
ment a computationally efficient version of the EAS algorithm that bypasses the original
repeated sampling based pseudo-marginal Markov chain Monte Carlo (MCMC) algo-
rithm, and also chooses the tuning parameter through a mult