the Depertment of Statistics

The Library of State University

North Carolina

ANALYTIC EXPRESSIONS FOR MAXIMUM LIKELIHOOD
ESTIMATORS IN A NONPARAMETRIC MODEL OF TUMOR
INCIDENCE AND DEATH
by
Paige Leigh Williams

Department of Biostatistics
University of North Carolina at Chapel Hill

Institute of Statistics Mimeo Series No. 1868T



ANALYTIC EXPRESSIONS FOR MAXIMUM LIKELIHOOD ESTIMATORS
IN A NONPARAMETRIC MODEL OF TUMOR INCIDENCE AND DEATH

by

Paige Leigh Williams

A Dissertation submitted to the faculty of the University of North Carolina
at Chapel Hill in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Biostatistics

Chapel Hill

1989



ABSTRACT

PAIGE L. WILLIAMS. Analytic Expressions for Maximum Likelihood Estimators in a
Nonparametric Model of Tumor Incidence and Death (under the direction of Dr.
Christopher J. Portier)

ABSTRACT: The primary objective of a long-term animal carcinogenicity experiment is
the comparison of tumor incidence rates among treatment groups. Complications arise in
the statistical analysis of tumor incidence data when the tumor type of interest is not
observable. Since reliance on assumptions regarding tumor and treatment lethality is likely
to introduce bias, this research focuses attention on the estimation of tumor incidence rates
from long-term animal studies which incorporate interim sacrifices. A nonparametric
stochastic model is described with transition rates between states corresponding to the
tumor incidence rate, overall death rate, and death rate for tumor-free animals. Exact
analytic solutions for the maximum likelihood estimators (MLE's) of the discrete hazard
rates are presented, and constrained MLE's are derived for a study design with up to three
intervals under the imposition of boundary constraints. For a study design with more than
three intervals, alternative estimators of the discrete death rates and tumor incidence rate are
~ developed heuristically by pooling together data from adjacent time intervals. The
estimators derived in this research are applied to actual data from a long-term animal study, )
and the results are compared with ofher published estimates of the tumor incidence rates for
the same data. The ability of these estimators to predict the true tumor incidence rate under
a variety of study designs is evaluated by Monte Carlo simulation studies.

The availability of closed-form expressions for the MLE's of the tumor incidence
rate and death rates represents a dramatic savings in time over the iterative computer
algorithms currently used, in addition to avoiding biases from inappropriate assumptions
regarding tumor and treatment lethality. The constrained MLE's exhibit only a small degree

of bias even within the small samples typically employed in long-term animal studies, and

appear to have smaller variances than the unconstrained MLE's. For study designs with



more than three time intervals, estimators derived from intuitively pooled data appear to .

offer a reliable alternative to the constrained estimators.
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CHAPTER I: STATISTICAL ANALYSIS OF LONG-TERM ANIMAL STUDIES

1.1 Role of Long-Term Animal Studies in Risk Assessment

A rapid increase in the number of chemicals in common use has brought with it an
increasing need for qualitative and quantitative methods of evaluating the potential adverse
effects from chemical exposure. The assessment of a chemical compound for carcinogenic
potential in humans is based upon many sources of information. Epidemiologic
observations gathered on human subjects, in vitro assays of mutagenicity, study of DNA
damage and repair in mammalian cells, examination of chemical structure, pharmacokinetic
studies, and short-term and long-term animal carcinogenicity studies all play a part in

evaluating the risk of chemical exposure to man.

Recognition of a chemical substance as a human carcinogen has been met with the
least controversy when sound epidemiologic evidence of carcinogenic risk factors was
available. However, the difficulties inherent in controlling and measuring individual
exposures, the long latency period between exposure to the chemical and onset of cancer in
humans, and the typically low levels of exposures tend to prevent direct measurement of
risk in epidemiologic surveys. Clearly, use of clinical trials with human subjects to
perform risk assessment cannot be considered an ethical alternative. The lack of controlled
experiments in humans has led to the need to employ animal carcinogenicity studies to
predict human risk. In the limited number of chemicals for which both human and animal
experimental data are available, there appears to be a good qualitative correlation (Tomatis

et al., 1980a).



Although methods for extrapolating animal carcinogenicity studies to human ‘
populations have become a center of controversy, long-term animal carcinogenicity studies
remain the most commonly used tool for evaluating the carcinogenic potential of
compounds in our food, environment, and workplace. Short-term studies can evaluate a
large number of chemicals quickly and at a relatively low cost in comparison to long-term
animal studies; however, a recent evaluation of the ability of these tests to predict chemical
carcinogenicity in rodents demonstrated a lack of both sensitivity and specificity for the
four most common short-term tests (Tennant et al., 1987). While the advantages of these
short-term methods should not be overlooked, "in the absence of human data, long-term
animal tests are still today the only ones capable of providing conclusive evidence of the

carcinogenic effect of a chemical" (Tomatis, 1980b).

i ng-T nim: i

The goal of a long-term animal carcinogenicity experiment is to compare animals .
treated with a particular chemical compound to untreated animals with respect to tumor
development. In order to accomplish this goal, the design of a carcinogenicity bioassay
must direct attention at the characteristics of the chemical compound, the sex, species, and -
number of animals to be tested, the dosage levels and route of administration of the test
substance, the randomization of animals to dosage levels, the duration of exposure, and the
collection of clinical and histopathologic observations. The experimental design must
include recruitment of experienced personnel to plan, conduct, and analyze the results of

the long-term animal experiment.

The standard animal bioassay guidelines first developed by the National Cancer
Institute (NCI, Sontag et al., 1976) and later adopted and refined by the National

Toxicology Program (NTP, Haseman, 1983) specify use of both male and female animals .

of at least two species. Rodents such as mice, rats, and Syrian hamsters are most



commonly employed based on their small size, short lifespan, and availability. In addition
to these practical advantages, inbred strains of these rodents have been developed which

exhibit fairly uniform responses to chemical insults as a result of their genetic homogeneity.

The levels of doses for a long-term animal study are based on subchronic toxicity
studies which determine for each sex and species the maximum tolerated dose (MTD), i.e.,
the highest dose that can be given that does not cause a significant decrease in survival from
effects other than carcinogenicity. Some definitions of the highest dose have also required
that it does not appreciably inhibit normal weight gain as compared with control animals
(Food Safety Council 1978, IRLG 1979). The number of dose levels employed by the
long-term study depends on whether the specific purpose of the long-term carcinogenicity
study is the evaluation of the carcinogenic potential of a chemical compound on a qualitative
basis (screening assay) or determination of possible dose-response relationship. The
original NCI bioassays were designed as carcinogenic screening assays and define only
three experimental groups: high dose (MTD), low dose (1/2 or 1/4 MTD), and control
(untreated). The MTD is used as the high dose to maximize the probability of observing a
carcinogenic effect if one exists, and the lower dose is included to confirm the evidence and
protect against early mortality in the high dose group due to toxicity from the MTD. If the
purpose of the long-term bioassay is to examine the dose-response relationship, three or
more test doses in addition to a control are typically employed; the current NTP guidelines
suggest three dose levels in addition to an untreated control (Haseman, 1983). Most
bioassay designs recommend a minimum of 50 animals in each sex, species, and dose level
cross-classification for testing each potential carcinogen. The route of administration is

chosen to most closely mimic the human route of exposure.

The final step before starting a long-term animal study is the randomization of

animals to experimental groups. The purpose of randomization is to prevent the bias that



could occur if the predisposition to tumor development is not the same in all treatment

groups. Animals are first stratified by factors thought to affect the predisposition to tumor
development, such as body weight, litter and age, and then animals are randomly allocated
to dose levels within strata. In some study designs, cage locations are also randomized to

protect against environmental gradients within the animal facility.

Treatment is initiated a few weeks after the weaning period and continues for an
exposure period which constitutes the major portion of the animals' expected lifespan. A
commonly used treatment period for mice and rats is 2 years, which constitutes 60-70% of
the lifespan of the breeds of mice and rats most commonly used (Portier et al., 1986). The
animals are observed daily or weekly for indications of tumor onset (if it is possible to
observe this endpoint) or other clinical abnormalities, and a complete necropsy is
performed for any animal found dead. If the cause of death can be ascertained, it is
recorded along with the time of death. At the end of the treatment period, all surviving ‘
animals are subjected to a complete necropsy and histopathologic examination. Specific
sites at which tumors are observed are recorded, along with cause of death information, if

available.

Occasionally, designs for long-term animal experiments may designate timepoints at
which interim sacrifices (planned kills prior to study termination) are to be performed in
order to obtain more information on the progression of the tumor over time. Generally, an
equal number of animals from each dose group are randomly selected to be sacrificed and
necropsied from those animals surviving to the chosen sacrifice time. Since interim
sacrifices reduce the number of animals at risk of cancer development at later times, more
animals should be included in an animal bioassay design with planned interim sacrifices.
Reviews and summaries of the design concepts discussed here are provided by Feron e al.

(1980), Hamm (1985), Gart et al. (1986), and Portier (1988).



1.3 Analysi ng-T i xperim

Once a long-term carcinogenicity experiment has been designed and conducted, an
analysis of the results must be performed based on the data collected. By convention, a
separate analysis of the effect of a chemical compound is performed for each individual
tumor site (Peto et al., 1980). Since most carcinogens are believed to have a specific target
organ or group of organs, site-specific analyses usually increase the power of detecting a
true carcinogenic effect. In fact, a recent comparison of site-specific and overall analyses
of NTP tumor incidence data found that less than half of the species- and sex-specific
effects regarded as carcinogenic by site-specific analyses remained significant if primary
emphasis was given to the overall proportion of animals with primary or malignant tumors
(Haseman et al., 1986). Although designs have been proposed in which the cage or litter is
the experimental unit, knowledge of these types of clustering effects is still limited and the
statistical analysis of most studies continues to treat the individual animal as the
experimental unit. This assumption also implies that an animal with a single tumor at a

given site is treated the same as an animal with multiple tumors at this site.

1 Basi i n istical Framew

In the construction of a long-term carcinogenicity study, suppose that a total of N
animals are randomly assigned to K+1 dose groups, and the Nj animals in dose group i
receive dose z;, where zg < 21 <. .. <zk. The control group is indexed by i=0 and
receives dose zo=0. Let tjj be the time at which the endpoint of interest (e.g., tumor onset

or death) is observed for the j-th animal in the i-th dose group, j=1,2,...,Nj.

For the purposes of summarization and statistical analysis, it is often desirable to
divide the total length of the long-term experiment into S time periods with endpoints at ts,
s=1,2,...,S. For the i-th dose group and the s-th time period, let xjs be the number of

events (deaths or tumor onsets) and let ris be the number of animals at risk of developing



the response of interest. The data corresponding to the experimental endpoints tjj can be

summarized in S 2x(K+1) contingency tables of the following form.

Contingency Table for Time Period s

Dose Z ] ... K Total
No. of events  xqg X1 eee.. XKs X g
No. at risk I0s Tls  veees IKs I.s

In a long-term carcinogenicity experiment, it is assumed that the probability that a
single experimental endpoint occurs in a given time period is independent of the probability
that the endpoint falls into any other time period for animals in each dose group; the data
thus follows the multinomial distribution. Under the null hypothesis of equal tumor
" incidence rates among dose groups, the probability of observing an event is the same for all
dose groups and can be estimated by the ratio of the total number of events to the total
number of animals at risk within the specified time period, or X, g/ 1 5. The expected
number of events for the i-th dose level and s-th time period computed under the null
hypothesis in the multinomial framework is thus Ejg = Tis * (x s/ ). These expected
values can be summed over time periods to obtain the total number of expected events for

each dose level, Ej = L Ej5.

Several authors have shown that the most commonly used tests for carcinogenicity
can be expressed as particular cases of a generic test statistic, Zg, which is asymptotically
distributed as a standard normal variate (Bailer and Portier, 1988), or X2 = (Zg)2, which is

asymptotically distributed as a chi-square random variable (Gart et al., 1986). The




construction of the test statistic Zg is accomplished by dividing a "trend" statistic -- the
weighted sum of differences between observed and expected number of events of interest
over strata defined by dose groups -- by the square root of its cdrrespondin g variance
under the assumption of independent strata (Mantel and Haenszel, 1959). The weights are
taken to be either the actual doses or dose rankings. More specifically, the test statistics can

be calculated as shown below:

Tg X
ZG=V—G, where TG=Zzi(xi-Ei),
i=0

K
S, = o
s=1 S =0

Although the same generic test statistic can be used for several different types of
statistical procedures, both the assumptions and the interpretations of the procedures may
differ appreciably. The main differences between many of the statistical procedures to be
discussed lie in the response of interest tjj, the construction of the S time-dependent strata,
and in the specification of the number of animals at risk, ris . In order to discuss how these )

criteria are determined, the following indicator variables are defined for each experimental

endpoint.

8o = indicator of type of tumor (8¢=0 if observable, 1 if occult)

d1 = indicator of tumor presence  (8;=0 if not present, 1 if present)

&2 = indicator of cause of death (=0 if sacrifice, 1 if natural death by
unknown cause, 2 if natural death by
competing causes, and 3 if natural death due to

tumor)



In general, dyjj is defined as the value of the indicator 8 (k=0, 1, or 2) for the j-th
animal in the i-th dose group. It must be noted that all of the possible values of the
indicator variables defined above may not be available to a particular long-term
carcinogenicity study. Within the context of a single study, the tumor type will generally
remain constant for all experimental endpoints. In many studies, only subsets of the values

of the cause of death indicator, 8;, will be appropriate.

If 80=0 and 8;=1, then the experimental endpoint t;; is taken to be the time of tumor
onset for an observable tumor, i.e., one which can be identified visually or by palpation.
In all other cases, tjj is taken to be the time of death. For example, if 8g=1, §;=1, and
d=1, then tjj is the time of natural death for which histopathologic examination revealed
an occult tumor, i.e., an internal tumor which can be discovered only at necropsy. When a
tumor is observed in an animal that died from causes completely unrelated to the tumor
(competing causes or sacrifice), the tumor is said to be observed in an "incidental” context.
A tumor observed in an animal whose death was directly or indirectly attributable to the

tumor of interest is said to be observed in a "fatal" context.

The three indicators 8¢, 81, and &, together define the amount and types of data
available from a long-term animal study, and thus the appropriate type of analysis.
Although there are 16 theoretical possibilities for the combinations of the three indicators,
there are only nine practical possibilities, as shown in Table 1.3.1.1. For situations in
which no tumors of the given type are discovered at the time of sacrifice or death, then the
cause of death cannot be due to the tumor, and must therefore be due to competing causes
(including sacrifice). The cases in which the triplet (89,81,82) is equal to (0,0,1), (0,0,3),
(1,0,1), or (1,0,3) are thus eliminated from consideration. When an observable tumor type
is determined to be present, then j; is the time of tumor onset and no death status indicator

is necessary. The four theoretical possibilities (0,1,0), (0,1,1), (0,1,2), and (0,1,3) are




thus combined into the one practical possibility (0,1, . ).

Based on the cross-classification of tumor type, tumor-status, and death status,
statistical analyses of long-term carcinogenicity experiments can be considered to fall into
one of four general categories: (1) analysis of observable tumors, (2) analysis of occult
tumors when cause of death is known, (3) analysis of occult tumors when cause of death is
unknown, but assumptions are made regarding cause of death or interim sacrifices are
incorporated, and (4) analysis of occult tumors with unknown cause of death, no
assumptions regarding cause of death, and no interim sacrifices. These four categories
range from the situation in which the most informative set of data possible is available to

the situation when the least information is available regarding tumor incidence.
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Table 1.3.1.1

Possible Combinations of Tumor Type, Tumor Status, and Death Status

5

8o

Tumor
T

81 &2
Tumor  Death o
Status ____Description

0 0 observable tumor not present
at sacrifice

0 2 observable tumor not present at
death from competing causes

1 observable tumor present

0 0 occult tumor not present at
sacrifice

0 2 occult tumor not present at death
from competing causes

1 0 occult tumor present at sacrifice

1 1 occult tumor present at death,
cause of death unknown

1 2 occult tumor present at death
from competing causes

1 3 occult tumor present at death due

to tumor

10
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1.3.2 Case I: Analysis of Qbservabl

The ideal statistical analysis relies on the primary assumption that the tumor to be
studied is detectable either visually or by palpation, so that the time of tumor onset is
directly observable. In terms of the three indicator variables, this occurs when 80=0.
Under the assumptions that the tumor type under study is observable and irreversible, a
standard lifetable method of analysis can be used to test for differences in tumor incidence
(Tarone, 1975). The observed tumor onset times tjj for group (3) are ordered from lowest
to highest to indicate the end of each stratum tg, and tg=t;; where s=rank(t;;) among those

animals with observable tumors (i.e., 59=0 and 81=1). For the i-th dose and s-th time

period, the number of observed tumors can be calculated by

Xig= 2, (1- 8g;) 8y
j:ts-l<tij5ts

‘ The number of censored observations, Cjs, is defined to be those animals dying without the

observable tumor, i.e.,

Cis= z (1'8011)(1'8111).

Jteg<tysitg

The number at risk, rjs, is defined to be those animals alive and tumor-free immediately

before the stratum delimiter, so that

s-1
ris=nj - 2, (Xjj+ Cjj) -
Fl

McKnight and Crowley(1984) state that the response of interest in the analysis of

. all long-term carcinogenicity experiments is the tumor incidence rate, or the instantaneous
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probability of tumor development in an alive tumor-free animal. Since the analysis of .
observable tumors is based on the times of tumor onset, the incidence test is directly aimed

at testing for differences in tumor incidence rates. In this sense, the incidence test

represents the ideal against which all other tests should be compared. H;)wever, its

pract@cal merit ranks very low among the tests to be discussed, as the times of tumor onset

are rarely observable. Nuclear magnetic resonance (NMR) techniques may some day allow

accurate identification of the types of internal tumors which are currently regarded as

occult. Until these methods have been further developed, the analysis of observable

tumnors serves primarily as a hypothetical standard for comparison in simulation studies.

1 II: _Analysis of Occult Tum nown of Death
When the tumor type of interest is occult (8g=1), but the cause of death is known
(82=0, 2, or 3), then analysis proceeds in a straightforward manner. A review of the
statistical methods applicable to the case in which the cause of death is known is provided .
by Kalbfleisch et al. (1983). Separate analyses are performed for tumors observed in an
incidental context (62=0 or 2) and those observed in a fatal context (63=3), as described

below.

1.3.3.1 Analysis of Inci Tumor

Since incidental tumors are assumed to have no effect on mortality, the prevalence
method proposed by Hoel and Walburg (1972) can be used to test for equal tumor
incidence in all dose groups. The time period encompassed by the long-term
carcinogenicity study is subdivided into smaller time periods, with the terminal sacrifice
constituting its own stratum. The time periods can be chosen arbitrarily, although Peto et
al. (1980) discuss an adaptive interval method for defining suitable subdivisions based on
tumor prevalence data. The National Toxicology Program uses the strata defined in weeks

as 0-52, 53-78, 79-92, 93-Terminal Sacrifice, and Terminal Sacrifice (Haseman, 1984). ’



13

Within each time-dependent stratum and dose group, xjs is the number of deaths for which
the tumor of interest is observed at necropsy and cjg is the number of animals which die

without the tumor of interest, computed as shown below:

Xis= 2, OOy and cig= X 8g;(1-8y;)
Jteg<tystg g <tyst

The number of animals at risk, ris, is defined as the total number of deaths within a time

period, i.e., ris=Xjs + Cis.

An alternative method for comparison of tumor prevalence in the analysis of non-
lethal tumors is the use of a logistic regression model which adjusts for differential survival
by incorporating age as a covariable in the regression model (Dinse and Lagakos, 1983).
This method avoids the difficulty and potential bias sometimes encountered by the Hoel-
Walburg method in subdividing the length of study into smaller time intervals at the
expense of using a parametric model for tumor prevalence. The logistic regression analysis
models tumor prevalence as a function of both age and dose, allowing for incorporation of
both discrete and continuous covariates. When mortality patterns differ across dose
groups, extensive simulations have demonstrated that the logistic regression test is more
powerful than the Hoel-Walburg test of dose-related trend in prevalence of non-lethal
tumors (Dinse, 1985).

1.3.3.2 Analysis of Fatal Tumors

The analysis of fatal tumors, sometimes called a "death-rate" or lifetable analysis, is
conducted in a manner similar to the analysis of observable tumors except that strata are
formed based on the times of death for which tumors are observed, rather than the

observed times of tumor onset (Tarone 1975, Haseman 1984). In terms of the generic test



14

statistic, xis is the number of animals dying with the tumor present in the s-th stratum, cig is
the number of animals dying without the tumor of interest, and ris is the number of animals
in dose group i alive just prior to the s-th time period, as in the analysis of observable

tumors.

1 ination of iden r An,

The separate analyses of incidental and fatal tumors can be combined in an intuitive
manner as described by Peto et al. (1980) when the tumor of interest can be observed in
both contexts. This is possible if a group of animals has a high rate of mortality from
causes unrelated to the tumor (termed "intercurrent mortality"), so that many potentially
fatal tumors may be observed in an incidental context if tumor-bearing animals die of other
causes before being killed by the tumor. The observed and expected number of events for
incidental tumors are denoted in vector form by O!=(0l 01, ,...,0'k ) and
El=(Ely El; ,....Elg ) respectively, and their corresponding variances and covariances in
the matrix V1. Similarly, the observed and expected numbers of events in the analysis of
fatal tumors are denoted by OF and EF, and their corresponding covariance matrix by VF.
These vectors and covariance matrices are summed over analyses to obtain O=01+OF,
E=E! +EF, and V=VI + VF. The test statistic Zg as presented in Section 1.3.1 is then

based on these combined analyses.

Other authors have proposed models which estimate the joint distributions of time
to tumor and time to death from tumor when individual tumors can be classified as either
fatal or incidental. Kodell and Nelson (1980) describe an illness-death model for occult
tumors under the assumption that the time-to-tumor, time-to-death from tumor, and time-to-
death from competing risks follow independent Weibull distributions. Kodell, Shaw and
Johnson (1982), Dinse and Lagakos (1982), and Turnbull and Mitchell (1984) derive

nonparametric maximum likelihood estimators for the time to tumor and time to death from
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tumor based on iterative procedures. All of these methods can incorporate interim sacrifice

data but do not require it for estimation of the time to tumor and time to death distributions.

1.3.3.4 Potential for Bias in Analysis of Fatal or Incidental Tumors

Although the methods of analyzing long-term carcinogenicity studies appear to be
straightforward when the cause of death is known, there is still the potential for bias. Both
incidental and fatal tumor analyses require the assumption that tumor-bearing and tumor-
free animals are equally healthy with regard to all life-shortening disorders, including
toxicity, that are not caused by the presence of the tumor (Gart ez al, 1986). It is often the
case that the presence of tumors accelerates death more in exposed animals than in the
control group due to some cause unrelated to the tumor of interest, especially in the early
age intervals. Analyses of incidental tumors using prevalence methods actually test for
equality of incidence rates only under strict assumptions (McKnight and Crowley, 1984).
The choice of stratification intervals in the analysis of incidental tumors by the Hoel-
Walburg method can bias comparisons of tumor prevalence rates when the intervals are
forced to be too wide by the lack of natural deaths at comparable times in all dose groups
~ (McKnight, 1988). Although prevalence tests are regarded as tests which avoid biases due
to treatment-induced mortality, Bailer and Portier (1988) have shown that these test can be
sensitive to effects of extreme treatment lethality. The analysis of fatal tumors can be
biased by the fact that no distinction is made between rapidly lethal tumors and tumors
which kill their hosts slowly. In addition, Bailer and Portier (1988) have shown that the

lifetable analysis is extremely sensitive to the degree of treatment lethality.

Analyses based on the combination of fatal and incidental tumors can also suffer
from a number of sources of bias. Lagakos (1982) has discussed possible biases resulting
from misclassification of the context of observation. The type of analysis proposed by

Kodell and Nelson (1980) is dependent upon the choice of a certain parametric model for
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which the appropriateness may not be able to be validated, and also depends upon the
strong assumption that the time until tumor onset and time until death from tumor are

- independent. A lack of interim sacrifice data may create difficulties in computation of the
nonparametric maximum likelihood estimates of the time to tumor distribution using the

methods proposed by Kodell et al, Dinse and Lagakos, and Turnbull and Mitchell.

4 III: Analysis of T wn f Death

In many long-term carcinogenicity studies involving non-observable tumors, it is
not possible to classify deaths of tumor-bearing animals as occurring in an incidental
context or fatal context. When the tumor type is occult (8g=1) and the cause of death is
unknown (82=1), then the analysis of the long-term carcinogenicity study must rely on
additional assumptions about the nature of the tumor or additional data as provided by
interim sacrifices. These additional assumptions or data are needed to allow for
characterization of the tumor incidence rates while still adjusting for differential survival

rates among the dose groups.

1.3.4.1 Assumed Cause of Death

In many cases in which the cause of death is unknown for an animal dying with an
occult tumor, an assumption is made that the tumor type of interest is, in general, either
incidental or fatal. If it is assumed that the tumor type is incidental, then the data are
analyzed using the methods described in Section 1.3.3.1. If it is assumed that the tumor
type is generally fatal, then the death-rate methods of analyzing fatal tumors are employed
as described in Section 1.3.3.2. The assessment of the carcinogenicity of chemical
compounds by the National Toxicology Program currently includes both a life table
analysis under the assumption of fatal tumors and a prevalence analysis under the

assumption of incidental tumors.
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In some situations, it may be possible to determine the contexts of observation for
some tumors but not others. In this case, Peto et al. (1980) recommend classification of
individual occult tumors on an ordinal scale, with a score of 1 if the tumor is definitely
incidental, 2 if probably incidental, 3 if probably fatal, and 4 if definitely fatal. Although
the usual combined analysis would be based on grouping tumors classified as 1 or 2
together as incidental tumors and classifications 3 and 4 together as fatal tumors, other
groupings can be used to assess the impact of misclassification. For instance,
classifications 1, 2, and 3 can be considered incidental and classification 4 considered fatal,
or classifications 2, 3, and 4 can be considered fatal and classification 1 incidental.
Comparison of the interpretation of the usual combined analysis and the latter two
suggested analyses can help to strengthen conclusions or indicate possible misclassification

problems.

4.2 Interim ifice Anal

In the situation in which tumors are not classified as incidental or fatal and no
assumption is made regarding the influence of tumor incidence on the risk of death,
sacrifice data is essential to the estimability of the tumor incidence function (McKnight and _
Crowley, 1984). Nonparametric analyses suggested by Turnbull and Mitchell (1978),
Mitchell and Tumbull (1979), McKnight and Crowley (1984), Dewanji and Kalbfleisch
(1986), and Malani and Van Ryzin (1986) rely on numerous animals being sacrificed at
various times during the experiment. Turnbull and Mitchell (1978) and Mitchell and
Turnbull (1979) compare dose groups by fitting log-linear or logistic models to survival
and sacrifice data and testing whether certain interaction terms are zero. McKnight and
Crowley (1984), Dewanji and Kalbfleisch (1986), and Malani and Van Ryzin (1986) all
propose comparison of tumor incidence rates by calculation of nonparametric maximum
likelihood estimates based on multistate models for tumor development and death. These

multistate frameworks are simple stochastic models of the transition rates between the states
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of being alive and tumor free, tumor-bearing, and dead. The multistate model proposed by
McKnight and Crowley is developed under a continuous time framework, while discrete

multistate models are suggested by Malani and Van Ryzin and by Dewanji and Kalbfleisch.

Although the nonparametric methods for survival and sacrifice data discussed above
avoid potential biases from both misclassification of contexts of observation and untestable
assumptions regarding the relationship between tumor incidence and death, the extra cost
associated with the additional animals necessary for interim sacrifices may prove
prohibitive. In addition, intensive computational algorithms are sometimes necessary for
estimating the nonparametric maximum likelihood estimators. Dinse (1988a, 1988b) has
noted that the characterization of the tumor prevalence function from such nonparametric

analyses can be severely limited by the number of interim sacrifice times, since estimates of

the tumor incidence function can only be obtained for intervals defined by interim sacrifice '
times. To avoid the problem of unstable prevalence estimates sometimes produced by
nonparametric methods, Dinse (1988b) suggests use of simple parametric functions of time

to model a set of functions which can be transformed to obtain estimates of the tumor

incidence rate. Comparisons of the results of the parametric model fitting with the results

of nonparametric methods can provide an assessment of the appropriateness of the

particular parametric model employed.

In order to balance the opposing desires of protection against bias and avoidance of
numerous interim sacrifices, Portier (1986) considered a semi-parametric model which
requires fewer interim sacrifices than the fully nonparametric analyses and fewer
distributional assumptions than the fully parametric analyses. In these semi-parametric
analyses, the tumor incidence function is modelled as a continuous parametric function,

while no parametric restrictions are placed on the death rates with and without tumors. The ‘

semi-parametric framework developed by Portier (1986) is dependent upon the Markov
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assumption that the risk of death for a tumor-bearing animal does not depend on the prior
time of tumor onset. Portier and Dinse (1987) and Dinse (1988a) subsequently showed
that a similar semi-parametric model could be spéciﬁed in terms of hazard rates which do
not require the Markov assumption. In addition, the latter formulation does not require the
use of latent failure times, i.e., potential random variables which cannot always be
observed. The semi-parametric models discussed above hold great promise as statistical
techniques which require neither a large number of interim sacrifices nor assumptions of
questionable validity; however, they do require intensive computational algorithms similar
to the fully nonparametric models. In addition, knowledge of the statistical properties of

the proposed estimators is still limited.

1.3. ; Analysis of 1t Tum antal Respon

In the analysis of long-term carcinogenicity experiments by quantal response
methods, the entire time period encompassed by the long-term study is regarded as
collapsed into a single stratum (S=1). With regard to the generic test statistic described in
Section 1.3.1, xj is the number of animals in dose group i which developed the tumor of
interest before the time of terminal sacrifice and rj; is the total number of animals in dose
group i which were placed on study. There are three possible reasons for using quantal
response methods in the analysis of long-term animal experiments: (1) based on historical
precedent and simplicity, (2) no times of death are available, or (3) no interim sacrifices
were performed and the analyst is not willing to make assumptions regarding the

relationship between tumor incidence and death.

Fisher's Exact Test can be used to compare the proportion of animals that
developed tumors in each treated dose group, xi} / rj1, with that of the control group, xo1 /
101, during the course of the long-term carcinogenicity experiment. Under the assumption

that the number of animals in each dose group is fixed, the number of treated animals
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which develop tumors follows a hypergeometric distribution, and a one-tailed p-value for
the null hypothesis of no difference in tumor incidence can be calculated as the probability
of detecting at least as many tumors in the treated group as that observed. A separate
pairwise comparison of each treatment group with the control group is necessary using

Fisher's Exact Test.

If more than one dose group received active treatment, the Cochran-Armitage test
can be used to test the hypothesis of no trend in the proportion of animals with tumors with
increasing dose levels (Armitage, 1955). Letting mj represent the probability of tymor
onset before terminal sacrifice for an animal in dose group i, Chapman and Nam (1968)
have noted that the Cochran-Armitage Trend test can also be expressed as a test of the
hypothesis Ho:B=0 versus Hp:B>0 for which mi=ct + B;.

Since the quantal response tests described above regard the entire study period as a
single time interval for comparisons of tumor incidence, the tumor lethality (fatal, non-fatal,
or intermediate) will have no effect on the test statistics. However, these quantal response

tests do not take into account the possibility of different levels of tumor-free mortality

(treatment lethality) among dose groups, and may therefore be subject to this source of
bias. More specifically, if the MTD of the chemical is highly toxic, then animals in the
higher dose groups may die of unrelated causes before the tumor has time to develop.
Several adjustment procedures can be applied to either Fisher's Exact Test or the Cochran-
Armitage Trend Test in order to control for differential effects of intercurrent mortality
among dose groups. The Truncated Trend Test suggested by Gart ez al. (1979) adjusts the
number at risk by eliminating all those deaths that occurred before the first tumor was
observed in any dose group. A second method of adjustment considers the number at risk

in dose group i to be




21

n; 3
ril=xil+2 (tij/tmax) (l'alij)
Fl

where tmax is the maximum survival time over all dose groups. When this adjustment is
applied to the Cochran-Armitage Trend Test, the resulting test has been denoted the Poly-3
Trend Test (Bailer and Portier, 1988), which reflects the observation that many tumors
appear at the rate of a 3td to a 5th order polynomial in time (Portier ez al., 1986). If the
unavailability of death times motivates the use of a quantal response test, then the
appplication of the Poly-3 Trend Test is clearly not feasible. However, a comparison of the
Type I error rates and power of the Cochran-Armitage, Truncated and Poly-3 Trend Tests,
the Hoel-Walburg and logistic regression prevalence tests, and the lifetable test revealed the
Poly-3 Trend Test to be the most robust when little information was available regarding the

degree of tumor lethality and treatment lethality (Bailer and Portier, 1988).

1.4 [ ]

The primary objective of a long-term carcinogenicity experiment is the comparison
of tumor incidence rates among treatment groups. The most common situation in the
analysis of tumor incidence data is that tumor onset cannot be observed and the lethality of
the tumor is unknown. The assumption that the tumor is either incidental or fatal are
extreme and difficult to justify; most types of tumors are recognized to be of intermediate
lethality. The recognition of the biases introduced both by tumor lethality and treatment
lethality on past methods of analysis have led to the use of multistate stochastic models.
Yet the need for intensive computer algorithms to obtain maximum likelihood estimators
developed in the framework of these multistate methods precludes the investigation of small
sample operating characteristics relevant to typical long-term animal studies. As a result,

these methods have not been adopted for routine use by regulatory agencies.

In this research, attention is focused on the estimation of tumor incidence rates from
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long-term animal carcinogenicity experiments which incorporate interim sacrifices. This
estimation is based on a completely nonparametric model containing separate parameters for
the tumor incidence rate, death rate for tumor-free animals, and overall death rate for each
interval. Analytic solutions are derived for the maximum likelihood estimators of the
nonparametric death hazards and tumor incidence rate. The existence of analytic solutions
for these hazards reduces the need for intensive computational algorithms relied upon in
current maximum likelihood methods, and provides protection against the biases of tumor
lethality and treatment lethality. The availability of analytic solutions for the tumor
incidence rate and death rates for tumor-free and tumor-bearing animals allows
straightforward investigation of the operating characteristics of these estimators, and the
forms of the estimators also provides intuitive appeal towards the understanding of the

tumor incidence rate and death rates.

Chapter II focuses on a description of the assumptions and form of the multistate
model upon which the nonparametric model is based. Under the framework of this model,
the death hazards and tumor incidence function are described and the likelihood function is
derived. Analytic solutions are first provided for the unconstrained maximum likelihood
estimators of the hazards of death and tumor incidence. It is then recognized that certain
boundary conditions on these estimators should be enforced, and analytic solutions for
constrained MLE's are accordingly derived. Relationships are explored between the
estimators derived under the framework of this nonparametric model and those of a

nonparametric model which relies on potential random variables.

The asymptotic properties of the unconstrained MLE's of the tumor incidence rate

and death rates are presented in Chapter III, and alternate estimates of the asymptotic

variances of the unconstrained MLE's are obtained by comparison with the MLE's .
proposed by Malani and Van Ryzin (1986). While the asymptotic properties of the
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unconstrained estimators can be obtained as a standard result for maximum likelihood
estimators, the determination of the asymptotic variance-covariance matrix for the
constrained MLE's is complicated by the imposition of boundary constraints.
Consequently, more details are provided for the derivation of the asymptotic properties of

the constrained MLE's.

Due to limitations of the proposed MLE's for study designs with more than three
time intervals, additional estimators of the discrete death rates and tumor incidence rate are
developed heuristically by pooling together data from adjacent time intervals. Several
different algorithms for pooling data are developed for a study design consisting of three
time intervals, and two generalized algorithms are described for a study design consisting

of more than three intervals. These pooling methods are described in Chapter IV.

Test statistics for comparing the tumor incidence rates among treatment groups are
presented in Chapter V. These testing procedures are based on similar statistical methods
first suggested by McKnight and Crowley (1984) and subsequently adapted by Malani and
Van Ryzin (1986) for a discrete nonparametric framework. Additional testin g procedures
are described for the comparison of tumor lethalities among treatment groups and the
comparison of death hazards in the presence or absence of a tumor among treatment

groups.

The methodology developed in this research is illustrated in Chapter VI by an
application of the results to data gathered from a long-term animal study. The estimators
calculated by maximum likelihood methods and pooling methods are compared with those
obtained by Kodell and Nelson (1980), Portier and Dinse (1987), and Malani and Van
Ryzin (1988) for the same data. The small sample operating characteristics of the proposed

estimators are evaluated on the basis of a Monte Carlo simulation study, with emphasis on
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the comparison of the proposed estimators with some of the commonly used tests of

carcinogenicity. Chapter VII provides a discussion of the results and directions for future

research in the analysis of long-term animal carcinogenicity experiments.




CHAPTER II. MAXIMUM LIKELIHOOD ESTIMATION OF PARAMETERS

2.1 iption Multi M

The most common situation in the analysis of long-term animal experiments is that
the tumor type of interest is occult and the cause of death is unknown. In this case, the
results of an experiment can be conveniently described by a three-state stochastic model as
illustrated in Figure 2.1.1. Define the random variable E; to be the time from initial
exposure to the occurrence of the first event, which is either tumor onset or tumor-free
death, let E3 be the time to natural death for tumor-bearing animals and let D denote the
time to natural death. Also define an indicator &(t) that has value 1 if the tumor has
occurred by time t and O otherwise. The transition rates from one state of the stochastic

model to another are described by the following hazard functions:

MO = [ Prt<E;<t+d, 3(t+4)=11E,2 1]/ A @.1.1)
B® = I Pr{t<E,<t+A, 8(t+A)=01E,21/ A 2.1.2)
om =0 Prit<D<t+AID21/A (2.1.3)

in which A(t) is the tumor incidence function, B(t) is the tumor-free death rétc, and ¢(t) is
the overall death rate. This model has been previously discussed by Portier and Dinse
(1987), and similar three-state models have been employed by McKnight and Crowley
(1984), Portier (1986), Dewanji and Kalbfleisch (1986), Malani and Van Ryzin
(1986,1988), Gomez and Julia (1988), and Bailer and Portier (1988). Many of the latter

multistate models rely on the specific death rate for tumor-bearing animals,

1) = IB Prit<E;<t+A | Ey=0<t, Ep21/4
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rather than the overall death rate. As written, the death rate with tumor is not identifiable
since the times of tumor onset are unknown. Several authors have noted that maximum
likelihood estimation of parameters based on the latter formulation requires making a
certain type of assumption in order to estimate the death rate with tumor. For example, the
Markov assumption that y(t,w1) = Y(t,m2) for all ®;, w2 <t is commonly relied upon. The
implication of this assumption is that the risk of death for tumor-bearing animals can be

estimated by the "average" risk function:

¥ = 50 pr(t<Ey<t+ | B(t+A)=1,E521 /A (2.1.4)

However, McKnight and Crowley (1984) claim that a stochastic model based on the
tumor-bearing death rate does not restrict a tumor-bearing animal's risk of death to being
independent of the time the tumor developed, but consider ¥(t) to be a marginal function

that averages the risk ¥(t,m) over the distribution of tumor onset times ® for animals dying

at time t. An advantage of the proposed formulation of hazards given above is that it

avoids reliance on the Markov or similar type of assumption.

An additional advantage of the proposed hazard formulation is that it does not
require the use of potential (or latent) random variables which cannot always be observed
and which force untestable assumptions to be made (Portier, 1986). In comparison, the
model used by Malani and Van Ryzin (1986) and Portier (1986) is based on the random
variables T, the time until tumor development, and D, the time until death. This model has
an implicit assumption that every animal would get the tumor if it lived long enough. In
cases where animals die before developing the tumor, only the minimum of T and D is
observed. The validity of the assumption that every animal would get the tumor if it lived
long enough cannot be assessed without knowing more about the actual biological system.

Based on a multistate model with the random variables T and D, it is also necessary to
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assume that the probability of death without a tumor does not depend on what the future
time of tumor development would have been in order for the hazards to be identifiable

(Portier, 1986).

Under a continuous time framework, the total hazard h(t) for the random variable
E representing the time to the first event is the sum of the first two hazards in the

proposed model:

h® = " Prt<E,<t+AIE,21/A

lim
= .o [ PrtSE;<t+A, 8(t+A)=11E 2 1] +
Prit<E;<t+A, 8(t+A)=01E;21]} /A

=A(t) + () .

From the above result it can be verified that the separate functions A(t) and B(t) can be
added to obtain the total hazard for the event E;. The probability of tumor-free survival
based on the total hazard is:
t
S(t) = exp {- f h(u) du}
0

30) = exp (- (hw) + B(w) du) .
0

The hazard functions introduced in (2.1.1) - (2.1.3) can be modelled as continuous
functions of time using appropriate density functions. Alternatively, the following discrete

rates can be defined and estimated separately for each time interval:

As=Pr[E1=t58(t) =1 |[E1 2t5], (2.1.5)
Bs=Pr[E;=t5 8(ts)=01E; 2t and (2.1.6)
¢s=Pr[D=t5,ID2tg] . (2.1.7)
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Although the use of a continuous distribution to model the hazards typically
reduces the number of parameters which must be estimated, the selection of an appropriate
density function may be difficult and an incorrect choice is likely to intoduce bias. Since
most long-term animal carcinogenicity experiments are unlikely to include more than three
sacrifice times, a reduction in the number of parameters would only be realized if the
continous density functions each contained two parameters or less. A model with discrete
death probabilities has the practical advantage that it allows adjustment for different levels
of intercurrent mortality among the dose groups with as little chance for bias as possible.
Additional support for the use of discrete rates is provided by arguments of Kaplan and
Meier (1958) and Johansen (1978). Based on the results published by these authors,
Portier and Dinse (1987) claim that the likelihood based on the above hazards is maximized
when B(t) and ¢(t) place mass only at the observed times of natural death. Thus death can

be treated as a discrete process for maximization purposes.

Note that both the continuous hazards and the discrete hazards are based on the
indicator variable 8(t), which has a value of 1 if the tumor is present at time t and O
otherwise. This definition of 8(t) is used by Portier and Dinse (1987) and McKnight and
Crowley (1984). An alternate framework for the definition of these hazards is to define an
indicator 8*(t) equal 1 if the first event E; is tumor occurrence and 0 if the first event is
death without tumor. The latter designation for the indicator variable is employed by
Dewanji and Kalbfleisch (1986), Portier and Bailer (1987) and Gomez and Julia (1988).
Under the first framework, the events &(t)=0 and 8(t)=1 are mutually exclusive, and thus

the conditional probability of the first event can be written:

PrlEyj=¢1E1 2] =Pr(E) =¢, 8(tj)=l FEy 2] + Pr(Ey =1, 5(tj)=0 |Ey 2]
=4 +Bj
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and the probability of tumor-free survival through the end of the j-th interval is:

)
S(t) =Pr[E\>t] =TT (1-A;-B) (2.1.8)

=l
However, it is possible that tumor-free death and tumor onset could occur simultaneously,
unless we assume otherwise. If we allow for simultaneous occurrence of tumor onset and
tumor-free death at a given time tj, then the interpretations of the parameters must reflect
this. Under the second framework, the events 8*(t)=0 and 8"(t)=1 may not be mutually
exclusive unless the assumption is explicitly made that tumor onset and tumor-free death
cannot occur during the same interval. If the simultaneous occurrence of the two events is
allowed, then the hazard for the event E; becomes:
Pr{E; =tj1E; 2t)] =Pr[E; =t;, 8"(t)=0 U 8*(tj)=1 1 Ey 2 )]
= PrE; =, 8*(t)=1 | E; 2 4] + Pr[E} =1t;, 8"(1;))=0 | E; 2 1)) -
Pr[E; =1, 8"(tj)=1, 8’(tj)=0 |Ey 2 )]
Under the assumption of independence, the latter probability can be written as:
Pr(E; =tj, 8*(tj)=1, 8*(t)=0 1 E; 2 tj] =Pr[E; =t;, 8"(t,-)=1 IE; 2] *
Pr{E; =tj, 8°(tj)=0 1 E1 2 ;]
=A% B’
in which A*; and B*;j are the parameters defined within the second framework
corresponding to Aj and B; in the first framework. The hazard for the event E; is:
PrE1=t|E1 2] =A% +p%-A" B
and the probability of tumor-free survival corresponding to the second framework

becomes:
j ] * *® »
St =PrE;>t] =TT (1-2 i-B i+A i i)
i=1
j » *
=TT-A )A-B ) (2.1.9)

i=1
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While the interpretation of the parameters A; and A*; are equivalent in the two frameworks,
the interpretations of the parameters B; and B*; are different. If the simulataneous
occurrence of death without tumor and tumor incidence is allowed in the second
framework, then the relationship between the death rate for tumor-free animals from the
first framework and that of the second framework can be expressed as:
B=B"-B*A" orf=p* (1-3)

If the simultaneous occurrence of tumor incidence and death without tumor is

prohibited within a given time interval, then the death rates for tumor-free animals within

the two frameworks are equal and their interpretations are equivalent.

Dewanji and Kalbfleisch (1986) use the second framework and claim that the
probability of tumor-free survival is given by (2.1.8), although they do not explicitly state
the assumption that tumor onset and tumor-free death cannot occur simultaneously.
McKnight and Crowley (1984), Portier and Dinse (1987) and Gomez and Julia (1988)
base their results on continuous tumor incidence rates, so there is no possibility of
simultaneous occurrence. Manlani and Van Ryzin (1986) employ a model with a discrete
 tumor incidence rate and death rates, but they base the maximum likelihood estimation on
the tumor prevalence function rather than tumor incidence, and on time to tumor and time
to death rather than time to first event. However, Malani and Van Ryzin explicitly state the
assumption that all deaths and tumor occur at the end of the interval, and within each

interval, tumor onset precedes natural death.

In the present development of the likelihood function, the assumption will be made
that tumor incidence and death without tumor cannot occur simultaneously. Furthermore,
when the events of death and tumor occur in the same interval, it will be assumed that

tumor onset precedes natural death. However, preliminary results analagous to those




derived under this set of assumptions will be presented for the situation in which

simultaneous occurrence of tumor and death without tumor is permitted.
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Figure 2.1.1
Stwochastic Model for Tumor Incidence and Death

Eo:l N i’

States:
N - Normal animal
El - First Event: Tumor Onset (T) or Death (D)
E2 - Second Event (Death with Tumor)

Transition Rates Between States:

A — tumor incidence rate
B~ death rat for tumor-free animals
Y~ death rate given presence of tumors

¢ — oversll death rate
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2.2 Derivation of a Likelihood Function

Maximum likelihood methods can be used to find estimators for the parameter
vector 0 = {(A1,...,As),(B1,---sB8):(®1,...,0s)} in the nonparametric model described in
Section 2.1. In the analysis of long-term animal studies which incorporate interim
sacrifices, one possible choice for the designation of the time periods are on the basis of
the prespecified times of interim sacrifice. Let the random variable 5 desi gnafe the time of
sacrifice and assume that all sacrifices occur at the end of the time period after the death
status of each animal has been ascertained. Using the framework described in Figure 1,
there are four possible mutually exclusive events which could occur for each animal within
time period s:

(1) sacrifice without tumor (SWOT;), {S=ts, E; > t5, &ts5) = 0}

(2) sacrifice with tumor (SWTs), {S=t5, D >tg, 8(tg) =1}

(3) death without tumor (DWOT;), {52 ts, E1 =t5, 8(ts) =0}
or (4) death with tumor (DWTy), {S2t5, D=tg, 6(t5) =1} .

The collection of the four events described above for all S time intervals determines
a set of 4S possible outcomes which are mutually exclusive and exhaustive, so that the
death of an animal can be classified as falling into one and only one such category.
Because the response of an individual animal is independent of the response of any other
animal, the numbers of animals falling into the 4S possible categories follow a multinomial
distribution. Let cg and cg* denote the respective numbers of tumor-free and tumor-
bearing animals that were sacrificed in time period s, and let ds- and dg* denote the
respective numbers of tumor-free and tumor-bearing animals that died naturally in time
period s. Under the multinomial model, the full likelihood is proportional to the product of

the probabilites of all such events over all animals:
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S - + - +
LM),3g09 o T] (PHSWOTJ} s (PrSWTJ} s (PHDWOTg} % (PrDWTy} %

s=1
and the log-likelihood, apart from an additive constant, is
L =1n L(A(1),Bs,95) =
S
Z((c; In Pr{SWOT ) + c:ln Pr{SWT) + (d¢In P{DWOT ) + d}ln Pr[DWTS]))

s=1

It will be assumed in this likelihood development that the probability of sacrifice
for any animal is unrelated to its tumor status and its future time of natural death,.i.e.,
sacrifice is an unbiased sampling method. At each sacrifice time during the study, a
prespecified proportion of animals are selected at random from those which remain alive.
Other sacrifice schemes are possible, such as the random allocation of sacrifice times to
individual animals at the beginning of the study, or the designation of a fixed number of
animals to be sacrificed at the end of each interval . However, it can be easily verified
through examination of the likelihood function that the maximum likelihood estimators for

A, B, and ¢ are equivalent under any sacrifice scheme which is an unbiased sampling

method.

Within the sacrifice scheme selected for use in this development, the conditional
probability of sacdﬁcc given that an animal is alive at time tg is designated as:
PriS=tID>ts 521t5] =ms.
The probability of an animal escaping sacrifice through the first s ime periods given that it
is alive is:
Prs>tID>tg] =Pris#ts, 5>t5.1 | D>tg]
=Pr{S#t15>1t5.1, D> t] Pr{s> 5.1 | D > tg]
=Pr[S#t1S52t, D>t] Pr{s>t5.) ID >ty
=(1-Pr{S=t5152t,D>t]) Pr{s>t5.1 1D > tg]
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= (l'ns) Pr[5> ts-l I D > ts-l]
= (1-7t) Pr{S#t5.1, S> ts.2 I D > 5]

N
=10 -=)) (by recursion). (2.2.1)
=1

The derivation of the separate contributions of each animal to the total likelihood is
straightforward under the proposed three-state stochastic model_. Animals that are
sacrificed and are found to be tumor-free during time period s make the following
contribution:

Pr{SWOTs] =Pr[S=ts, E1 > tg, 6(t5)=0]

=Pr[s=t5, D >t5, T > tg]

=Pr[S§=t5, S2t5, D> t5, T > tg]

=PrlS=t152t, D>t5, T>1t5] Pr{S2t, D>tg, T > tg]
=Pr[S=tg152t5, D>t5] Pris2t5, D>t5, T > ]

=ng Pr{s2t5, D> t, T > tg]
=ngPr{s2tID>t, T>t] Pr[ D> tg, T > tg]

=g Pr[s2t5ID>t] PriD > tg, T > tg]

= Pr{s>t5.1 ID>tg] Pr{D > t5, T > tg]

s-1

= [J(-7;) PD>t, T>td by (2.2.1)
j=1
Js-l

=7tsn(1'7tj) Pr{E >t
j=1
s-1 s

=ng [T(1-x;) [I(1-2-B)) by (2.1.8)
1 j=1
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Animals that die of natural causes during time period s and are tumor-free contribute the
following component to the likelihood:
Pr[DWOTg] = Pr{52tg, Eq = tg, 8(t5)=0]
=Pr[s2t;, D=1tg, T > tg]
=Pr[§2tID=t5, T>t5] Pr{D=1t5, T > tg]
=Pr[§2t51D>t5.1] PrD=t5, T > tg]

=Pr[§>ts.1 ID>ts.1] PrD=t5, T>tg]
s-1
=r[(l-1tj) PriD=t, T>tJ by (2.2.1)
=1
s-1
=[1(1-=;) PriE;=t, 8(ty = 0]
j=1
s-1
=[1(1- =) PrE; =ty 8(t9=0,E;21tg
=1
s-1
=[T1(1-7;)PE =ty 8(tg=01E 2 tJ Pr{E;21t]
j=1
s-1
=[1(1-%;) B PrE 2 t]
j=1
s-1 ,
=TT (1-%;) BgPrlE ;> te.]
=1
s-1 s-1
=T1(-7;))Bg TI(1-2;-B;) by (2.1.8)
1 il

A tumor-bearing animal that is sacrificed in time period s makes the following contribution:
Pr{SWTg] = Pr{$=t5, D > t5, 8(t5)=1]
=Pr[s=1ts1 D > tg, 8(ts)=1] Pr{D > t5, &(t5)=1]
=Pr{S=ts1 D >tg] Pr{D > t;, d(tg)=1]




s-1
=n [T(1-=%;) PrD>t5 8(t9=1]  (analogous to P{SWOTY)
Fl
s-1
=%, JT(1- ;) {PD> 1 - PrD > t, 8(t9=01}
Fl
s-1
=, [(1-=;) {PrD >t - Pr(E;>tg}
Fl
s-1
=n, [IL-=%;) {Pr[D#tsDZts]-Pr[E1>ts]>
Fl
s-1
=n, 1 -x;) {Pr[D#tSIths]Pr[ths]-Pr[E1>tS]}
Fl
s-1

=nsn(1-n ) {(1-¢s) Pr[D>ts_1]-Pr[E1>ts]>

-ns]'[(l ;)

—nsn(l th) {]‘[(1 ¢J) -Pr{E{ >t (by recursion)
{nu -9) 1'[(1 Aj-B)

Finally, an animal that dies with one or more tumors in the s-th time period donates the
following to the total likelihood:
Pr[DWT;] =Pr[s2t5, D = tg, 8(t5)=1]
=Pr{s2t5 |1 D =15, 8(t5)=1] Pr{D = tg, &(t5)=1]
=Pr{s2t5 1D >ts.1] Pr[D =ts, 8(t5)=1]
=Pr[$§> ts.1 | D> t5.1] Pr[D =tg, 8(t5)=1]

sl
=I'I (1- nJ) Pr[D = ts 8([5)=1] by (2.2.1)
Fl

37



38

s1
-[1a-x) {Pr[D=ts]-Pr[D=ts, 8(ts)=0]}
Fl
s1
=11 -x;) {Pr[D=tsD2ts]-Pr[E1=t9 8(ts)=0]>
=
sl
= (l-nj){Pr[D=tsID2tS]Pr[D.>.ts]-Pr[DWOTS]>
Fl
sl

=10 - %)) {0, > 1,1 - PDWOT )

Fl

sl s1 s1
=TT -7 { OTT-0) -BIT(L-4;-Bp
Fl Fl Fl

To summarize, the components representing the probability of the four possible

events within each time interval are:

s-1 S .
Pr[SWOTJ =n, [T(1-=;) [T(1-%;-B;) i
=l = (2.2.2)
s-1 s-1
P{DWOT,] = [T (1 - x;) Bg TT(1-4;-B;)
=1 Fl (2.2.3)
sl fs s }
PHSWTs]=n [T -%) { [IA-9) -TI(1-2;-B)
F \j‘l H (2.2.4)

s1 sl s1
Pr[DWTs]=n(1'7tj) ¢sn(l‘¢j) 'Bsn(l'}"j-Bj)
Fl F F (2.2.5)
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The expressions involving the probability of sacrifice or non-sacrifice can be factored out
of the likelihood and incorporated with the constant of proportionality, since they do not
involve the parameters for which the likelihood is to be maximized. Substituting the

separate expressions for the four possible events into the log-likelihood, we have:

L=InLAB,0) =
K+ i {[cgln(lj}(l -4 - Bj ))_ + [cg‘ln(g(l -¢p) - g(l -Ai- B ))}

s=1

s-1 [ s-1 s-1 )
+[d§h(ﬂs ITa-2-B ))]+ d§ln(¢sH(1-¢j) 'Bsn(l'xj‘ﬁj)):'
=1 B Fl Fl

(2.2.6)

in which A = A1,A2, ..., As)', B = (B1,B2, ... , Bs)' and ¢ = (1,02, ... , §s)', and K is

an additive constant which does not involve any of the parameters in A, B, or ¢.

It can be shown that the above likelihood is correct even under very restrictive data
situations such as those resulting from fatal tumors or incidental tumors. The
demonstration of the appropriateness of the likelihood under these restrictive models
hinges on the reduction of the general form of the conditional death rate, ¢;, to a simpler
form allowed by these assumptions. In order to derive the general form for ¢, it is first
necessary to define a discrete average death rate for tumor bearing animals corresponding
to the continuous rate y(t) given by (2.1.4) as:

¥i = Pr[Ez = t; | E2 2 t;, 8(tj)=1]
The average risk runction is used rather than the specific rate of death given tumor onset at
a particular time tg,, since the latter rate is not identifiable in the absence of tumor onset

times.
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The general form of the conditional death rate ¢; can now be written in terms of the
remaining parameters corresponding to the first through the i-th time intervals.
d; =PrD=tjID2t]
=PrD=t;]/Pr[D 2tj]
so ¢; Pr{D 2 tj] =Pr[D =1, 8(tp=0] + Pr[D =t;, 8(t)=1]
=Pr{E; =4, 8(t)=0] + Pr[Ez=1]

To obtain the value of the latter term, the probability of dying with the tumor must be
summed over all possible times of tumor onset. For each possible time of tumor onset, the
term can be written as the probability of the first event not occurring in the first j-1 time
periods, the first event occurring at time j (tumor onset), death with tumor not occuring

during intervals ® to i-1, and then death with tumor occurring in time interval i, as follows:

1
PHE,=t] = Z{Pr[E2=tilE22ti, Ey=tj] PE22 t;|Es2t; E;=t]
=1

*Pr[El=tJ-, 8(tj)=1 |E12tj] PI'[EIZIj]}

Using the above construction, it is now possible to write the general form of ¢; as:

i NS j1

o;PD2t)= BT (1-A-BY + 7 20 TTA-%) A [T -A-BY
k=1 U kej k=1

i-1 it j1
BiIT(-Ay-Byp +7; TTA-v) A TT-Ag-Byp
k=1 =Y ks k=1
o = :
i-1
ITC-9)

k=1 (2.2.7)
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For a rapidly fatal tumor, one would expect that y; = 1. The form for ¢; can thus be
reduced to:
i-1
Bi+ AT A-A-ByY
k=1

i-1

IT-0p)
k=1

Since ¢1 = By + A1, then 1-¢; is (1-Aq - By). Solving for ¢z given this value for ¢; yields
¢2 = B2 + A2, and continuing recursively, the fatal tumor relationship can be summarized
as ¢; = Bj + Aj . The components for Pr{SWOT] and PrfDWOT] remain unchanged as
they do not involve ¢. The probability of sacrifice with a tumor must be zero since the
tumors are assumed to be rapidly lethal. The probability of death with tumor during the

s-th time interval is;

s s-1
PrDWT] =TT (1 -7;) A TT(1-9))
Fl Fl

When the three components corresponding to the case of a fatal tumor are substituted into
the log-likelihood, its form and interpretation become equivalent to that employed by
Tarone for lifetable analysis (1975).

For an incidental tumor, the probability of death does not depend on tumor status,
so that 7 = ¢j. By substituting ¢; for ¥; in expression (2.2.7) and solving recursively, the
reladonship for incidental tumors can be determined to be ¢; = B; / (1 - Aj). Recognition of
this relationship allows the four components of the likelihood to be reduced to the

following expressions:
s-1 s

PrSWOTJ = [T (1-x;) [T(1-4))(1-9;)
j=l j=1
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s-1 s s-1

PrDWOT,] =TT (1 -7)) & [T(1-A) [T (1-9¢;)
=1 j=1 Fl

sl s s
PrSWT]=n TT(1-%) [I(A1-¢){ L -[T(L-1)
Fl Fl Fl
s s-1 s
PrDWT] =TT (1 -m;) 6;JT(1-¢p) (1 - [T(1-4))
Fl Fl Fl

When the four components shown above for the incidental tumor case are
substituted into the log-likelihood, its structure takes on the same form as the log-likelihood
proposed by Hoel and Walburg (1972) for the analysis of incidental tumors. An added
advantage for the case of incidental tumors is that the log-likelihood becomes factorable into
two parts: one part depends only on the parameter 0 and the second part involves only A.
Thus the total likelihood corresponding to an incidental tumor type can be maximized by
maximizing each likelihood factor separately . In the analysis of either incidental or fatal
tumors, the set of three parameter vectors (A, B, ¢) can been reduced to a set of two

parameter vectors (A,0 ).

nconstrain 's in the Non ic Model
Maximum likelihood techniques were first applied to the nonparametric model
described in 2.1 under the most restrictive cases: those applicable to incidental and to fatal
tumor analyses. Although these assumptions are not expected to be realistic in the analysis
of most tumor incidence data, the derived results illustrate the types of estimators which

would be used under these circumstances, provide intuition as to what is to be expected in
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the general case where no assumptions are made regarding tumor lethality or treatment

lethality, and serve as a comparison for the general solutions.

Theorem 2.3.1: In the nonparametric model for death and tufnor development with the
discrete rates

As=Pr[E;=t5 8(ts) =11E; 2 tg]

¢s=Pr[D=tsI D2t
in which E is a random variable representing the time to first event (tumor onset or death),
D is a random variable representing the time to death and 3(t) is an indicator of tumor

presence or absence, the maximum likelihood estimators for As and ¢s in the the case of

incidental tumors are given by

~ dg+dg
¢s R ?
s 2.3.1)
o~ '+d- ~ ++d+
(1-A)=255 o 1-Ag=3_58
ngSs1 fs 2.3.2)

in which Ag is the cumulative probability of remaining tumor-free, ns is the total number of
animals which die naturally or are sacrificed during the s-th time period, and Ry is defined

to be the risk set at time tg as defined below:

) S S
As=n(1_li) and Rs=2(c;+ci++d;+d;') =Zni.
i=s

i=1 i=s
The maximum likelihood estimator of ¢; is the simple Kaplan-Meier estimator, and the

estimator of the probability that tumor onset occurs at or before time tg (designated by
(1-Ay)) is the simple prevalence of tumors in the s-th time interval. The asymptotic

variances of these estimators will be discussed in Chapter IIL.
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Proof:
The log-likelihood under the incidental tumor assumption can be factored into two

components, one of which involves only the vector ¢ and the other of which involves only

the vector A. The first component to be maximized with respect to ¢ is:

S s
L@ =K+ ) ||+ edm{TTa-0p ||+ |5+ adm|o, [T -0,

s=1 il =l

s1

The partial derivative with respect to ¢ is:

dLg _ d;+ d;' Rjsp+ci+ °i+
d¢; 9; (1-9¢;)

Setting the above result to zero and solving for ¢; yields the value in expression (2.3.1).

Similarly, the component of the log-likelihood which is to be maximized with respect to A

can be expressed as follows:
S
L) =K+ Z [(c;+ d)In As] + [(c;“+ dg)In(1- As)])
s=1

and the corresponding partial derivative with respect to A; has the form:

8L, _ ESZ “Es+dy | (cs +dg) Ay
8A; | (1-A)  (A-A)(-AY

When this partial derivative is set to zero, the expression (2.3.2) satisfies the resulting
equation. A necessary and sufficient condition for the maximum to exist at this set of
points is that the matrix of second partial derivatives, or Hessian, is negative definite (has
all negative eigenvalues). This is equivalent to requiring each of the diagonal elements in

the Hessian to be negative, and the determinant of the (2x2) matrix of second partials to be .
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positive (Mirsky, Intro to Linear Algebra, 1963) within each time interval. Since the log-
likelihood L(¢,A) can be factored into two components as described above, the partial
derivatives with respect to each parameter do not depend on the other parameter. The
resulting Hessian is thus a diagonal matrix with zero elements on the off-diagonal, and it is
therefore sufficient to show that the diagonal elements 82 L / (8 ¢;)2 and 82 L / (8 1) of
the Hessian are negative. The second partial derivative with respect to ¢; is negative, as
shown below.

5L _-@ird) - RupreireD)

2 2 2
5{0y) 0; (1-9;)

The second partial derivative with respect to A; has the form below, which is also strictly

negative.
2 2
8 Lg _ ES: “es+dy | - (cs +dg) A
2 e 2 2 2
s(h)  s=ila-a)”  a-a) a-ay
Theorem 2.3.2:

Inthe nonparametric model for death and tumor development described in Theorem 2.3.1,

the maximum likelihood estimators for A and ¢ in the case of fatal tumors are given

o= ,
. (2.3.3)
~~ d+
-
RS

(2.3.4)
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Proof:
Define the number of animals at risk Rg and the cumulative survival probability ®s as:
S S
( LT
®,=T[(1-¢;) and Re=D |cj+di+dj].
i=1 i=s
It is necessary to modify the term Rg by eliminating the data value cs* from the number of

animals at risk, since the probability of observing an animal with a tumor that has not died

is zero in the case of fatal tumors. The log-likelihood for ¢ and A is:

L(0M) =K+ i ([c; In <1>s] + [d;m (0529 QS_I)] + [d;“ In (A, <Ds_1)])

s=1
The partial derivatives of this log-likelihood with respect to ¢; and A; are exhibited below.

It is clear that both partial derivatives involve only parameters from the (i-th) time period:

SLy 4 Rijs1+¢;
8¢; (-1 (-9

8Ly -dj
oA  (9;-1y

+
L3
)"i

Solving these two equations simultaneously yields the MLE's provided in expressions

(2.3.3) and (2.3.4). The second partials in the case of fatal tumors are:

2 ] ;
3 L _ -d; . -Ris1+¢;)

8(¢i)2 ;- Ai)z a -¢i)2

2 .
8 Ly -d; +-d;’

2 2
() @i-A) A

2
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5L, __ 4
ER YR

Each of the second partials 82 Lg / 8(A;)2 and 82 Lg / 8(¢;)? are strictly negative, and the

determinant of the matrix of second partials is:

- : - +
d; Rm+°i+ d;

2 2 2
CR PR CR PR ¥
which is strictly positive. Thus the estimators given in expressions (2.3.3) and (2.3.4) are
the maximum likelihood estimators. The asymptotic variances of these estimators will be

discussed in Chapter IIIL.

It is quite interesting that the same estimators of the overall probability of death
within a given time interval arise under the fatal tumor assumption and incidental tumor
assumption, although their true values are quite different. The true value of ¢; under the
fatal tumor assumption is actually A; (1-A;-B;) / (1-A;) larger than the true value of ¢; under -
the incidental tumor assumption. Yet, in either situation, the best estimator of the overall
death rate in terms of maximizing the likelihood is the simple Kaplan-Meier estimator, i.e.,
the ratio of the number of animals dying naturally (with or without tumors) during the time

interval to the total number of animals at risk at the beginning of the time interval.

Next, maximum likelihood techniques were applied to the general case of the
nonparametric model described in Section 2.1. Solutions were obtained by first solving the
three partial derivative equations corresponding to the last time interval in the study. This

step provided solutions for s and Ag in terms of the vector of parameters from the first S-
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1 intervals and a closed-form solution for $S in terms of the observed data from just the last
interval. Next, the three partial derivative equations corresponding to the (S-1)-th time
interval were solved, taking into account the solutions derived from the last interval. This
process continued from the last time interval to the first time interval, and at each step the

parameters from the succeeding time interval were eliminated from the system of equations.

Theorem 2,3.3: In the nonparametric model for death and tumor development with the
discrete rates

As=Pr{E1=t50(ts) =11E1 2]

Bs=Pr[E1=t58(ts) =01 E1 2 tg]

¢s=Pr[D=ts1D21]
in which E is a random variable representing the time to first event (tumor onset or death),
D is a random variable representing the time to death and &(t) is an indicator of tumor

presence or absence, the maximum likelihood estimators for Ag, Bs, and ¢ are given by

Ry '’ (2.3.5)

-f - +
-~ - ds(Cs_1+ cs_])

Bg= ——= ,
Rg cs1 (2.3.6)

(1_;':) ) [cs Rg 1+ (c;+ c;) (Cs + ds)] (‘3;-1 + c;'_l)

(c;+ ¢t Rycy (2.3.7)
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I [<iRiar+ i )i+

~ Ay m
or AS=H(1 -M) = - "
= (e;+ ) '
cs+cs HRi I'[ci
il =l (2.3.8)

provided they are in the parameter space (0,1). In order to apply these general formulas to

the first and last interval, the following constants must be defined:
0

1, JIci=1,and Rgy1=0.
o i=1

- +
Cot+cCo _

Proof:
The log-likelihood based on the nonparametric model with discrete death rates ¢g and s

and discrete tumor incidence rate Ag is shown in expression (2.2.6).

s s sl sl
Define Ag= [T(1-¢,) - TT(1 - A~ BY and B =0, TT(1- 0 - B, TT(1 - A~ By.
k=l k=1 k=1 k=1

Then the partial derivative with respect to the i-th overall death rate, ¢; for i=1,...,S can be

expressed as follows:

. » i 1
.\ i-1 s i-1 . s . s-1
<i [T(A-¢p diJT(1-0p <s [T -0 -dg & JT(1-0p
8L k=1 =1 S k=1 k=1
= - + = + Z +
8¢i Aj ! s=i+l (1-9p Ag (1 '¢i)Bs

This partial likelihood is evaluated at the vector of maximum likelihood estimators (MLE's)
defined in (2.3.5), (2.3.6), and (2.3.7):

o= {[tserih (BB (pr-nts) -
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When the values of the MLE's for 0 are substituted in the partial derivative 6Lg / 8¢;, we

obtain zero. Similarly, the partial derivative of the log-likelihood Lg with respect to the i-th

death rate without tumor, f3;, can be expressed as:

i-1 i-1

ci T1(1-Ag-BY df [T -2~ By
dL < k=1 d; k=1

T

S s-1

cs [T(A-Ae-BY  ds BgTI(-Ae-BY
S e - = =

. (cs+ds) . . k=1

s=it1 | (1-2i-B)) (1-2i-Bj) Aq (1-2;-B;) B

When this partial derivative is evaluated at the estimated value of 6, we obtain zero. Last of

all, the partial derivative of the log-likelihood with respect to A; can be expressed as:

|
_ i TT (1-A-BY
oL <; k=1

= + +
8  (1-X-By) Aj

S s-1
S Coy o osTIA-A-BY 45 BT -2y By
-(cs+ ds) . k=1 k=1

+
s=it1 | (1 -Ki- Bl) (1 ')\'i‘ ﬂl) As (1 ‘A'i‘ Bi)Bs

and when this partial derivative is evaluated at the maximum likelihood estimator for 6, a

value of zero is obtained.
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A necessary condition for a continuous function f(x) with continous first and
second partial derivatives to have an extreme point (maximum or minimum) at x0 is that
each first partial derivative of f(x) evaluated at x0 vanish (p.30, Gue and Thomas, 1968).
This necessary condition is satisfied by the fact that values of zero were obtained when
each of the partial derivatives were evaluated at the proposed MLE's for ¢;, Bi, and A;. In
order for the likelihood to have a strict maximum at this set of values, it is also necessary
and sufficient to show that the matrix of second partial derivatives, or Hessian, is negative

definite (has eigenvalues strictly less than 0) when evaluated at the MLE's for 6;.

In the case of the log-likelihood given (2.2.6), the Hessian is a symmetric
(3*S)x(3*S) matrix with diagonal elements consisting of the second partials 82Lg/(30;)2,
82Ls/(8B1)2, and 82Lg/(8S;)? for each of the S time periods. It can be shown that each of

these diagonal elements from the matrix of second partials is negative, as follows:

2 2
i-1 i-1
\ <i| TT(1-0p) | TIC1- 0p)
§Llg k=t . ke 1
2 2 2
(o6 A Bi
S 2 s-1 2
<s|TT -0y -dg o |TT (1-0p
S k=1 k=1
+ +
2 2
=+ (1-0) A/ (1-¢) B’
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. i . Y

. < | TT -2 By) A7 [ TT (- A~ By)
O Lg = -Ci . k=1 . -d; . k=1
2 2 2 2 2
BB)  -aq-Bp) A B; Bi
2 2
S s-1
ol < [TTA-A-B|  dsBg |TT(C-Ae-By)
S - c;+d- k=l k=l
v _Zl 2" 2 2 2.2
S A-A-B) (1-X;-By) A (1-A;-B;) By
2
i-1
, <{ | TT (@ -Ap-By)
S Ly < k=1
and > = 5+ 5 +
(Br) a-x-8p A;
2 2] @
S s-1
+ -
< | TI(-Ae-By)| -dsBg |TTA-2A-By)
i -(c;+d;) . k=1 . k=1
- 2 2 2
s=HIE (1-4,-B)) (1-2i-B) As2 (1-A-Bp) Bs2 -

Since the observed counts of sacrificed and dead animals with or without tumors
are always non-negative and all squared terms must be non-negative, it is clear that each of
the second partials must be less than or equal to 0. In the case of the death rate due to
tumor, B, or the tumor incidence rate, A;, the second partials are strictly negative if any
animal is sacrificed or dies naturally in any of the time periods from the i-th time period
until the end of the study. In the case of the overall death rate, ¢;, at least one animal must
die naturally or be sacrificed with the tumor present in one of the time periods from the i-th

time period until the end of the study. The conditions for strictly negative second partials ‘
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for Bj and A; are self-enforcing since the time periods are formed based on the observed
times of natural death or planned sacrifices. The tumor incidence rate is typically an
increasing function of time, and so it would be expected that at least one animal would be
sacrificed or die with the tumor in one of the last time periods, which would satisfy the

requirement for a strictly negative second partial for ¢;.

Unfortunately, it is not possible to determine whether the Hessian is negative
definite within each time interval as it was for the case of fatal tumors. In this general case,
the first partial derivatives from a given time period depend not only on the parameters from
that time period, but also on parameters from all other time intervals. Although it is
possible to show that the (3x3) matrix of second partials corresponding to a single time
period is negative definite, the general form for the eigenvalues of multiple-interval study
designs did not appear to be tractable. Numeric evaluations of the Hessian matrix under a
variety of study conditions within simulation studies have supported the premise that the

Hessian is indeed negative definite.

Several important features of the MLE's given by Theorem 2.3.3 should be
emphasized. First of all, note that the maximum likelihood estimator of the overall death
rate ¢ is simply the familiar Kaplan-Meier estimator formed as the ratio of the number of
deaths to the total number of animals at risk. Since ¢; is an overall rather than a cause-
specific probability of death, its value should not depend on the tumor site of interest in

any specific animal experiment.

The MLE's for Bs and (1-Ag) are also intuitively meaningful. If one recognizes the
fact that the ratio ps = 5™ / (ci” + cs*) provides an unbiased estimate of the probability of not
having the tumor among animals which remain alive, then Rg*ps.1 is an unbiased estimate

of the number of tumor-free animals at risk. It then becomes evident that the MLE for 35 =
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ds” / (Rs*ps-1) is simply the number of natural deaths of tumor-free animals divided by the
best estimate of the number of tumor-free animals at risk. Similarly, the probability of
remaining tumor-free can be expressed as the number of animals which died or were
sacrificed without tumors plus an estimate of the number of live animals which remain
tumor-free, all divided by an estimate of the number of tumor-free animals at risk, as

A
follows: (1-Ag) = (Rs41*ps + €5~ +ds”) / (Rs*ps-1).

Several cautionary statements must also be made regarding the MLE's given by
(2.3.5) through (2.3.8). There is no guarantee that the proposed MLE's will exis; for all
possible outcomes of a long-term animal carcinogenicity experiment. For example, if all of
the animals sacrificed at a given time are discovered to have tumors (cg- = 0), then the
estimate ps of the probability of remaining tumor-free among live animals will be 0, and
will result in undefined estimates for Bs and As. In addition, if no animals die or are
sacrificed with tumors in the last interval, then there is no information regarding ¢s and as a
result there is no unique maximum likelihood estimator for this parameter. This claim can
be easily verified by examination of the likelihood, since ¢ appears only in the contributions
of Pr{SWT] and Pr{DWT]. In fact, this claim can be extended to include all study
outcomes in which there are no deaths or sacrifices of tumor-bearing animals in the last k

intervals, in which case there exists no unique set of maximum likelihood estimators for

¢S-k+1’---’¢S‘

The stipulation that there must be at least one animal falling into each of the four
categories (death with tumor, death without tumor, sacrifice with tumor, sacrifice without
tumor) is sufficient to guarantee the existence of the proposed maximum likelihood
estimators. However, this stipulation is more severe than the necessary conditions for the

maximum likelihood estimators to exist. The necessary and sufficient conditions for the

N ANA
critical point 0 = (A, B, ¢) to maximize the likelihood given by (2.2.6) are derived under
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the assumption that the likelihood is a continuous function with continous first and second
partial derivatives. In cases where the first or second partial derivatives are discontinous
due to values of zero for ¢;’, ¢it, d;-, or d;t, classical optimization theory does not apply

and the existence of a maximum likelihood estimator is not assured.

2.4 Analytic Solutions for the Constrained MLE's in the Nonparametric Model

As discussed in the previous section, the existence of a vector of maximum
likelihood estimators /9\ = a., /IS, 3) is not guaranteed for all possible outcomes of a long-
term animal experiment. Results of simulation studies indicate that MLE's do exist for
virtually all realistic data generated from a long-term experiment, so the concern regarding
existence of MLE's is of little practical importance. However, a close examination of the
form for the MLE of (1-A) reveals that this quantity could be estimated to be greater than
one. In equivalent terms, it is possible using the MLE proposed by (2.3.7) for the estimate

of A to be negative!

Malani and Van Ryzin (1986) propose analytic solutions for a different set of

~ probability functions in a nonparametric model of tumor incidence and death, and then
express the transition rate A; as a function of this set of parameters. In so doing, they
recognize that the resulting estimate of tumor incidence could be negative for some
intervals, especially if the number of natural deaths or sacrifices within the interval is small
(Malani and Van Ryzin, 1988). Using these types of estimators to estimate the cumulative
probability of remaining tumor-free through the i-th time interval, denoted A(t;), can result
in unexpected increases in /R(ti) over time for a function which should always be non-
increasing. Whereas preliminary simulation studies based on realistic death rates and tumor
incidence rates have suggested that the lack of existence of MLE's is of little practical
concern, they have suggested that the unconstrained estimator of tumor incidence given by

(2.3.7) often yields negative estimates. The resolution of this problem is of utmost
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importance in the estimation of tumor incidence rates, as they will form the basis for any

decisions made regarding safe exposure levels.

Further examination of the MLE's for ¢ and 3 reveals that these estimators will
never be negative for any study outcome, as the counts of events are always greater than or
equal to zero. The estimator of A can yield negative values as described above, but the
estimate of (1-A) will always be positive; thus the estimate of A cannot be greater than one.
In addition, the estimator for ¢ is always strictly less than one since it is assumed that at
least one animal will be sacrificed at the end of each time interval. It is possible for the
estimate of B to be greater than one, but it can be shown that this will occur only in
situations when the estimate of (1-A) is also greater than one. The data outcome in which
this latter event will occur is:

[Ris1 € + (c; +¢) (¢ +dD] (cf; +¢5p) > (6 +SD Ric,;

which can be simplified to the condition that:

Ris1[cicty-cteiy] > +eD (e, (cF +df)-cfy (c +d)) (2.4.1)

A
It can also be shown that if B is greater than one in any time interval, then the following

must be true:

-+ - -+ .+
dici.y > cip(cij+cy +d; +Ry,g)

Rearrangement of the terms in (2.4.1) yields the inequality:

-, - +
-+ - A Rit1CiCia+ci) - +
dicia1 > ciq(cj +dj +Rjy)- - Ci Ci-1

i -¢)

A A
It follows that if B; > 1, then it must also be true that A; < 0. The contra-positive must also

PaS /\
be true: that is, if A; 2 0, then B; < 1. Therefore, if the unconstrained estimate of A; is
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greater than or equal to zero, then the estimate of ; will also fall into the correct parameter

space.

It seems clear that the next direction to pursue is to attempt to determine maximum
likelihood estimators under the constraint that all tumor incidence rates are non-negative.
The method developed by Kuhn and Tucker can be used to address this maximization
| problem. This procedure addresses the problem of maximizing a continuous function f(8)
of the 3*S variables in the vector of parameters 6 = (Ay,...,AS, B1,....8S, 01,...,0S)
subject to a set of "m" inequality constraints of the form gj (8) <b; fori=1,...,m. The
inequalities are first transformed to equalities by adding a non-negative variable u;2 to each

inequality, as follows:
gi(@) +u2=b; or g(B)+u2-b=0

Then an equality constraint can be created as g;*(8, up) = g; (8) + u;2 - b; =0, and the
method of constrained equality maximization can be applied. The Lagrange function is
formed as:

m -
F(8,a,u) = f(8) + ), g; (8,u)

i=1
The Lagrange multipliers are typically denoted by the symbol "A"; in this prescntation they
will be denoted by "a" to avoid confusion with the model parameters which are to be
constrained. The solutions to the constrained maximization problem are obtained by

solving the equations:

SFOaw _ 3O $ 5
- %8 ®

for j=1,...,(3*S)

M
j
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) M = gi*(e,ui) fori=1,...,m
da;

(3) _S_F_(Qﬂ'_)_ = 20504 fori=1,...,m
duy;

The Kuhn-Tucker conditions for a maximum of f(0) at the vector 89 subject to m inequality
constraints are obtained by satisfying the preceding three equations and the original
inequality constraints. They can be summarized by the following four necessary

conditions:

5 eo 0 o)
@ XO.eu) _, forj=1,...,(3*S)
89j
[+
(i) o;gi@® -b;)=0 fori=1,...,m
(iii) oj £ 0 for i=1,...,m
[+]
Giv) g;@®)<0 fori=1,...,m

The first equation is simply that the first partials vanish at the proposed critical point. The
second condition is obtained by solving the previous equations (2) and (3) simultaneously,
the third condition insures that a maximum is obtained rather than a minimum, and the last
condition is simply the original inequality constraints. It can be shown that the solution x®
is the absolute maximum rather than a local maximum if the function f(9) is strictly concave
and the constraints gj () are convex, since it follows that the Lagrange function F(8,0,,u)
is strictly concave, and thus its derivatives vanish at only one point. Under these
circumstances, the conditions (i) - (iv) given above are sufficient as well as necessary for

an absolute maximum of f(0) at 6° (Gue and Thomas, 1968, p.51).
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In the maximization problem presently under consideration, the function to be
maximized is the log-likelihood f(8)=In L(A,B.9), the original constraints stated in terms
of the above construction are g;j (8) = -A; <0 and b; =0, and the transformed equality
constraints are g;*(6) = -A; + u; 2 = 0 for i=2,...,S (no constraint is necessary for A; since
it cannot be negative). The Kuhn-Tucker condition (ii) actually implies a duality of
requirements, since the individual cases that a; = 0 and g; (69) - b; = 0 must be considered
separately. The situation in which ¢ = 0 reflects an inactive constraint, while the second
condition results in the active constraint that A; = 0. In effect, the imposition of an active
constraint on A forces the maximum likelihood estimator of A; to remain on the houndary
of the parameter space. In a long-term animal experiment with S time intervals, the total
number of cases which must be considered is 25-1. For example, the number of cases
which must be considered for a long-term animal study with one interim sacrifice and a
terminal sacrifice is two: the case in which the unconstrained solutions given by (2.3.5) -
(2.3.8) are within the parameter space [0,1], and the case in which the constraint that A3 >
0 is employed. Similarly, four cases must be considered for an animal experiment with
three sacrifice intervals: the unconstrained case, the case in which the constraint on A is
active (forcing 552 = 0), the case in which the constraint on A3 is active (forcing 1\3 =0),

N A
and the last case in which both constraints are active (forcing both Az =0 and A3 = 0).

It is quite clear that as the number of time intervals encompassed by the design of a
long-term animal study increases, the possible number of cases which must be considered
in order to determine maximum likelihood estimators increases exponentially. For each
individual case under consideration, a separate Lagrange function must be formed and the
partial derivative equations solved simultaneously. This difficulty was addressed by first
focusing attention on the derivation of results for a study design consisting of two

intervals, and next addressing the three-interval design, in the hopes of determining a
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general pattern for any given number of study intervals based on the active constraints to be

employed.

In the derivation of the MLE's for the general unconstrained framework described
in Theorem 2.3.3, the estimators of A, ¢, and P were all determined for the last interval,
and then the next to last interval, and so on as previously described. The substitution of
these values into the remaining partial derivative equations allowed a great degree of
simplification of the system of equations at each step, and the solutions for the parameters
at each step depended only on parameters from earlier sacrifice intervals. In the evaluation
of the systems of partial derivative equations which arise when active constraints are
employed, the ability to eliminate the three equations corresponding to a single sacrifice
interval is precluded. Consequently, the determination of a set of solutions to the partial
derivative equations becomes much more complex. In addition, the simple intuitive forms
for the maximum likelihood estimators are not always available as they were for the general

unconstrained situation.

The closed-form solutions for the maximum likelihood estimators in a two-interval
animal study design are presented in Table 2.4.1. Note that the MLE's for B1 and ¢, are
equivalent in the unconstrained and constrained frameworks. Not surprisingly, the most
significant difference between the unconstrained solutions and the constrained solutions is
that the MLE of A3 in the constrained framework is zero. The implicit assumption made by
forcing the MLE for A3 to be zero is that all animals which either die naturally or are
sacrificed with tumors during the course of the study must develop these tumors during the
first interval of the study. The recognition of this implicit assumption makes the forms for
[/3\2 and (1-&1) very intuitive. We are no longer required to estimate the probability of
remaining tumor-free among live animals as p; = ¢j- / (¢i"+ ¢;*) and multiply this quantty

by the total number of animals at risk to obtain the best estimate of the number of tumor-
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free animals at risk, since it now known that the exact number of tumor-free animals at the
beginning of the second interval is (c2- + d27). Simple substitution of (cj-+d;") for Ri*pj.;

leads directly to the constrained estimates of B and A;.

In constrast to the expected change in the estimator for A3, the difference in the new
form for ¢, the overall probability of death during the second interval, is quite unexpected.
Unfortunately, recognition of the implicit assumption regarding concentration of tumor
incidence in the first interval does not appear to make the form for ¢ any more meaningful.
If no animals were sacrificed at the end of the first interval, then the estimate of ¢ under

the constraint that A2 2 0 would be the same as the unconstrained MLE. However, we

have assumed that at least one animal is sacrificed at the end of each interval.

The MLE for the Lagrangian multiplier o is also shown in Table 2.4.1 for both the
unconstrained and constrained situations. Differentiation of the 2-interval Lagrangian
function F(8,0i2,u3) in which 0 = (A1,A2,81,82,01,92) with respect to A3 yields the

following solution for the Lagrangian multiplier in terms of the remaining parameters:

S - & VY B
‘1-7»2-52) (1-¢1)(1-M)-(l-ll-ﬂl)(l-lz-ﬁz)

Substitution of the constrained MLE's in the above formula produces the result shown in
Table 2.4.1 for Case II. This expression is negative for those cases in which the observed
data follows the relationship:

c1* (e +d2) > ¢y (et +dp*) |
This condition is equivalent to that given by expression (2.4.1) under which the
unconstrained estimate of A3 is negative Thus, if the observed data yields a negative

unconstrained estimate of A, then the constrained MLE for o will be negative, satisfying
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the Kuhn-Tucker condition (iii). On the other hand, if the observed data yields a non-
negative unconstrained estimate, no constraints are necessary. In this case, it can be

verified that substitution of the unconstrained MLE's in the above formula for o results in

an estimate of zero.

The maximum likelihood estimators for ¢, B, and A in the three-interval design are
presented in Tables 2.4.2, 2.4.3, and 2.4.4 for the case of no active constraints (Case I),
the case in which /2\.3 = () (Case II), and the case in which both active constraints are
imposed, so that fz =0 and 'i3 = 0 (Case 1V), respectively. The case in which /7:2 =0
(Case III) has special characteristics which merit individual attention, and the MLE's
arising from this case will be presented separately. It is apparent from examination of
Tables 2.4.2 - 2.4.4 that the estimators of Bj and ¢; are equivalent under Cases I, II, and

IV, just as they were equivalent in the first interval of the two-interval study design. The

estimators for B and ¢; for Case II are also the same as the unconstrained estimators,

while the estimator of B3 is equivalent under Cases I and IV. In general, it appears that the
estimator for B; under a given set of constraints is equivalent to the unconstrained estimate
when there is no active constraint imposed on A;. Similarly, the general form for the MLE -
of ¢ in the constrained cases II and IV appears to be equivalent to the unconstrained form

when Aj is not actively constrained.

The MLE's for the Lagrangian multipliers for Case I, II, and IV are provided in
Tables 2.4.2, 2.4.3, and 2.4.4, respectively. Differentiation of the 3-interval Lagrangian
function F(0,a,u) in which 8 = (A1,A2,A3,B1,82,83,91,92,03), & = (a2,03), and u =
(u2,u3) with respect to A3 yields the following general solution for the Lagrangian

multiplier in terms of the remaining parameters:
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< ey (121 - Bu)(1 -2 - o)
(1 mn-3) (1-0(1-(1-0)-(1-2a- Bt -2 Pllt -2 Ba) (242

Similarly, differention of the Lagrangian function F(0,c,u) with respect to A3 yields the

following general form for the MLE of op:

&3 = {cy+ey+ds) ot (1 ll'al)+°3+(1 -A1- Bl)(l 7»3-53)+d3+’l§3(1-’7:1-51)
(1 -A2- Bz) A2 53 (2.4.3)

in which A; and B; are as defined in Section 2.3.

Under Case I (/?:3=O), it can be verified from expression (2.4.1) that the
unconstrained estimate of o3 is negative if and only if the unconstrained estimate of A3 is
also negative. Comparison of the forms of the MLE's for & and o3 under Case IV with
the corresponding expressions given by (2.4.1) when /7\\.2 and/l\3 are zero also leads to the
conclusion that the MLE's for a2 and a3 are both negative if and only if the unconstrained
estimates of A7 and A3 are both negative. In any of the constrained cases, if either or both
of the unconstrained estimates of A3 and A3 are negative, then the corresponding
constrained MLE's for a2 and a3 will also be negative, satisfying requirement (iii) of the
Kuhn-Tucker conditions. When both of the unconstrained estimates of A2 and A3 are non-
negative, substitution of the unconstrained MLE's given in Table 2.4.2 into the above

formula produces MLE's of zero for both a3 and a3.

The derivation of the constrained maximum likelihood estimators for Cases II and
IV through the use of the Kuhn-Tucker conditions is relatively straightforward, and the
resulting estimators are intuitively reasonable, especially for the f's and A's. In fact, the
form of the estimators for the f's and A's becomes simpler in the constrained cases because

the exact number of live tumor-free animals at risk is actually known rather than estimated.
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Derivation of the MLE's under the constraint that Ay = 0 (Case III) becomes
awkward. The partial derivative equations are solved one by one, and at each step the
solution for one of the eight unconstrained parameters is obtained in terms of the remaining
parameters. Regardless of the order in which parameter solutions are obtained, or which
equations are used to solve for any given parameter, the last partial derivative equation
reduces to a cubic equation in terms of the last remaining parameter. A cubic equation has
three roots, and the general form of these three roots is known. However, it is possible
that only one of the three roots is real, while the other two are complex conjugates of one
another (Dobbs and Hanks, 1980). By graphing the value of the partial derivative as a
funtion of the last remaining parameter, chosen arbitrarily to be B, over the parameter
space (0,1) for various data outcomes which were representative of a Case III situation, it
was determined that there were two vertical asymptotes, one positively infinite and the
other negatively infinite. The only real root resides at a value of B2 which falls between the
values of the asymptotes (see Figure 2.4.1). The formula for this root was obtained using
Mathematica, a computer language which allows the manipulation of symbolic parameters.
The general form of a cubic equation in 87 can be written as:

ad*By + b2*By +c*Pa +d =0

and the solution for B, corresponding to the root of the partial derivative equation is:

| 24

932 33.
L4
27a3 6a2 2a

£+m-1+v
2723 6a2 2a

b _ 1
32 2
;L2+_§L

3_-&3;12%
923a+{ * ]
a

2723 6a2 2a

3
/|

ﬁ + L
9a2 3a

-

i +[;b3_+m-1]2
2723 6a2 2a
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33_+_lx:___d_]+,\/[ﬁ+_c_
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2723 6a2 22 922 3a

27a3 6a2 2a

When the data values from any outcome representative of a Case III constraint
situation are substituted in the above formula, the result is a function of complex numbers
whose final solution is real; i.e., the coefficient "b" of the complex number (a + b*i) is
zero. The coefficients in the partial derivative equation which are substituted in the above
formula are:

a= -c1-(c2” +dz” +n3) (n2 +n3)

b= cr(e2)2+crt (€2)2 +(c2)3 +crcyeat +ert oy et +2 (e)2 gt +
c2-(cah)2+4cr ey dy +2c1t ey dy- +2(c)2dy + 21 cpt dp +
citcatdy +3cp-ctdy +dy (M2 + 3¢y (d2)2 + ¢t (dp )2 +
¢ (d2)2 + cp* (d2)2 + ¢ co” do* + do* (c2)2 + dg* cp” oot +
2c1dy-dat +cydydypt +cotdydat+2c1mcp n3+ctern3y +
2(c’)2n3+cy-dyt n3+2cy cot n3+4cydyn3+citdyng+

2cy-dp n3 +cot dy- n3 + ¢17 da* n3 + ¢1” (n3)2 + c3” (n3)2

c=  dy{2crcr+2citer+2(c)2+cpcat+citeat+3co oot +
(M2 +3cydy +2c1tdy +2¢ydy +2catdy +cp-dot +

c2-dat +cotdyt +2 ¢y n3 + ¢t n3 + 2 ¢2” n3 + ¢yt n3}
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d=  (d2)%(c1-+c1t +co +cpY)

The maximum likelihood solutions for the remaining parameters as functions of B,
are shown in Table 2.4.5. Note that the MLE's for §; and ¢; have the same form as in the
unconstrained (Case I) and other constrained cases, and are simple functions of the data
outcomes which do not depend on B;. The maximum likelihood estimator for ¢ is also
equivalent to the unconstrained MLE. In fact, the estimator for the overall death rate during
the last interval, ¢s, will always be (ds- + ds*) / ng for a design consisting of any number
of intervals provided there is no active constraint on As. This result can be easily proven
by solving the system of likelihood equations SL(0)/8¢s=0, 8L(6)/5Ps=0, and
8L(8)/6As=0 simultaneously for ¢s, Bs, and As. The MLE's for the Lagrangian
multipliers can be obtained by substituting the MLE's provided in Table 2.4.5 into the

general form of the multipliers a2 and a3 given by expressions (2.4.3) and (2.4.2),

respectively.

Clearly, the maximum likelihood estimator for B3, as written above, does not allow
intuitive interpretation of its form. In addition, substitution of the value of the estimator of
B2 in the solutions for the remaining parameters precludes their interpretation with respect
to individual data outcomes. The inability to derive a simple analytic formula for ﬁz asa
solution to the cubic equation is an indication of even more complex systems of equations
to be solved in a four-interval sacrifice design. From examination of the partial derivative
equations in a four-interval study design, it can be determined that under the active
constraints A2 2 0 or A3 2 0 it is first necessary to find the roots of a cubic equation, and

then determine the roots of a quartic (4-th order) equation given the solution for the correct

root of the cubic equation. The general forms for the roots of a fourth-order equation have
also been determined, although the solutions may be complex numbers. However, it is

likely that the structure of a five-interval study will lead to a system of equations requiring
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determination of the roots of fifth order equation, for which no general form is known
(Dobbs and Hanks, 1980). The absence of general forms for higher order polynomial
equations does not necessarily imply that solutions do not exist, yet given our experience
with a three-interval study design, it is not likely that the structure of the higher order

equations will lend itself towards determination of solutions.

Despite the difficulties encountered in determining the form for the last remaining
estimator in a three-interval design under the constraint that A3 2 0 and the disadvantages
accompanying the resulting solution for this parameter, it still must be acknowledged that
the solution is a closed-form analytic expression. Any analytic solution is to be preferred
over an approximation of the maximum likelihood estimator which uses iterative numeric

techniques requiring extensive computer facilities and computation time.

From a practical standpoint, it is unlikely that regulatory agencies involved in the
evaluation of chemical compounds for carcinogenic risk would incorporate more than two
interim sacrifices and a terminal sacrifice in their standard design of long-term animal
carcinogenicity experiments. This hesitancy on the part of regulatory agencies to adopt
designs including interim sacrifices is based almost entirely on the prohibitive costs of
including the extra animals required by interim sacrifices. It is therefore of interest to
regulatory agencies to determine whether adequate estimates of the tumor incidence rate and
death rates may be provided by studies which can be performed within practical cost
limitations. The ability of a three interval study design to provide adequate estimates of the
tumor incidence rate and death rates is evaluated via simulation studies described in Chapter

VL
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Table 2.4.1

Constrained MLE Solutions for Two Time Intervals

Case I (unconstrained)

A
Case I1 (Ap =0)

—~

gl_dll__

“np+1ny

6; _d2 (e +c1*)
np ¢y’

(1 ] ;G) =My cp +(cy” +¢1*) (ey +dr)

(ng +mg)(cy” +¢1*)

(1 - ag) = Loz +e2) ey #ey)

°
o _dp+dit
1= n; + 0y
gy =92+ d2"

)

~~

”~

a2 =

By =1
n+n

(1 £)= (cy"+dy" +cy +dy)

(ny +my)
A= 0
= _dp+dpt
01 = n +np

d2* (cy- +d2) (cl‘“ + ¢yt + dot)
+dy” (c2+ +dyt) (cl' +Cy + dy’)

- (Cz' + d2') (C2+ + d2+) (n2 +cp + C1+)

c1* ey +dg’) + ¢y (cp* + da*)
(c1* +co* +daY)
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Table 2.4.2

Case I (/}\.2 #0,A320)

Unconstrained MLE Solutions for Three Time Intervals

A— dl’
Bi=fr+a,%n;

E; - dy !C]' + Cl+)

(ng +n3)cy

6\3 _dy (e +c5*)
n3 "

(1 - ;:) _(ng+n3)cy” +(c)" +¢1¥) (1 +dv)
1 (n +ny +n3)(cy +c1*)

) _[n3 ey + ey +ept) ey +d2)] (g +1)
(1 )»2) (ng + n3)(cy” +c*) ey

[1-25) e )lez ez

; __d; +4d*
1= a0, +n; + 13

_dy +dp*
¢2_ n2+n3

~ _dy +d3*
¢3 - n3

02=0; 03=0




Table 2.4.3
7~ A
Case [I (A2#0,A3=0)

Constrained MLE Solutions for Three Time Intervals

A— dl'
Bl_'l‘ll+112'i-113

6; _d2 (e +¢1*)
(n2 +n3)cy”

-

e
C3'+d3'

2 )L (ng +m3)cy +(cp” +e1¥) (e +dy)
(1 M) (ny +np +n3)(cy™ +¢17)

(1 } }:;) - (C2' +d" +cq +d3') (c" +¢1Y)
(n2 +n3) ¢

- di"+d*
q>l‘nl-i-n2+n3

o _dy +dp*
¢2 = ny +nj3

d3* (c3- +d3) (cp* + c3+ + d3¥)
- +d3” (C3+ + d3+) ((‘/2' +C3™ + d3')
¢3= Nt ¥ - +
(C3 +d3 )(03 +d3 )(n3 +Cy" +Cp )

~

oy =0

3= -Co* (c3~ +d3’) + ¢y (c3* + d3*)
(co* + c3* + d3*)
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Table 2.4.4

A ~
Case IV(A2=0,A3=0)

Constrained MLE Solutons for Three Time Intervals .

- _ dl'
B1=5 1+ 0y + 13

-~

B2 dy

= Cy + dy + c3 + d3-

—

S
c3" +d3°

(1 -X]) _ Cl-+dl-+02-+d2-+ C3-+d3-
n;+ nat+ nj

o1 = di+d*
1=+, + 03

[ da* (cy™ +dg” +c3™ +d37) (cy++ cp* + do* + c3+ +d3Y) )
+dy" (co* +do* +c3* +d3¥) (e + ¢y +d” + ¢ +d3)
¢y +d2  +c37 +d3)(cy* + do* + 3t +d3*) (ng + n3 + ¢ + ¢ ¥)

%=1

[ d3*(c3- +d37) (co* + c3* + d3*) (co- + dp” + c3- + d3) (crt+ cot + dp* + c3*+ + d3Y)
e L *dy (c3*+d3") (co- + c3- +d37) (co+ + dg* + 3+ +d3¥) (c1- + c2- + dp” + c3- + dy))
. -+c3 +d3” t4+cyt+dyt)cp- v +dy +cy+d3) +
-+ di) (eat + day [ (62 o3 +d3Nca* + ot + ezt +dgfer + e+ dp + 3+ 3 }
‘(c;; +43)(esv+ 5 )[(02+ +c3t+d3*) (e +da +c3 +d3) (c1t+ et + dat + c3t + d3T)

[ -(c3-+d37) (cat + c3t +d3t) (c- + do +c3- +d37) (c1H+ et + dat + 3t + d3t)
=~ _ [+{c3t+d3*) (co- +c3- +dy) (co* + dp* + c3* +d3*) (c1- + ¢ + dy” + c3- + d3))

ay =
2 [(ca* +c3* +d3*) (c- + dg™ + c3- + d3”) (cy++ co* + dg™ + c3* + d3*)) -

a3 = -c1*(co +dy” + c3- +d3) +¢p(cot +do* +c3+ +d3*)
(cy*+ cot + dat + ¢yt +d3?)




(1-21)=

[

(n3 + ¢y~ +d2” + o) 6; . dz'] [dz‘ -(cy-+dp) [;;] (l - q;)

Table 2.4.5

/N N\
Case Il (A2 =0,A320)
Constrained MLE Solutions for Three Time Intervals

B1 = grral
1= +ny+n3

N
(B2 as given in text on pages 64-66)

"_d-(l-f)
e

-

Bz[

dz"(L- 13;) [(ns +cy" +d2) @ - dz'] -
(n3 +cy-+dy) P2 -(n3 + dz‘)] [(ns +cp +dy +¢c*) B2 - dz']

oy a8
B B

oy = U +dit_
¢1"n1+n2+n3

n3(17’\;é\1)(1[;;,)\
(1 - ¢1)[d2' -(cy +d2) Bz]

(1-0)=

gy =it
n3

-

+B1
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2.5 Analytic Solutions for the MLE's in the Alternate Framework
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Recall that the maximum likelihood estimators which are presented in Section 2.3

and 2.4 have been derived under the framework described in Section 2.1, in which the

indicator &(t;) is defined to equal one if the tumor is present at time tj and zero if the tumor

is absent at time t;. An analogous collection of MLE's can be developed under the

alternative framework, in which 8*(t;) is defined to equal one if the first event is tumor and

zero if the first event is death without tumor, and the simultanous occurrence of the two

possibilities is not explicitly prohibited. The parameters to be estimated in the

nonparametric model of tumor incidence and death will be denoted by B*, A*, and ¢* in

order to avoid confusion with the parameters in the original framework.

possible events within each time interval follows the same pattern as the original

The derivation of the separate contribution of each animal based on the four

framework, and the components representing the probability of the four possible events

are.

s-1 s
Pr[SWOTS] = g l'[l (1-75) 1'[1 (-2 (1-Bj)
J= J=
s-1 s s-1

Pr[Dw0T31=1'{(1-nj)Bs' _I-[l(l')»j*)rll(l'ﬁj*)
= J= =

s-1

S S
Pr[SWT; ] = mg I'Il(l-nj) {Hl(l"i‘j*) -1'[1(1-7»,-*) a 'Bj*)}
F F =

S s-1 S s-1
PrDWT;] =IIl (1-m) {q:s',l‘ll(l -9j) -Bs'_l'llu A II1 (1-Bj)
J= U J= =

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)




75

The expressions involving the probability of sacrifice or non-sacrifice can again be factored
out of the likelihood and incorporated with the constant of proportionality as they were in
the original framework, since they do not involve the parameters for which the likelihood
is to be maximized. The log-likelihood reflecting the separate expressions for the four

possible events becomes:

=In LA*,p*0*) =

S sl
K+ D { |ciln n(l l)(l B, ]+[ds Bsna x)n(l B)

s=1 Fl Fl

+|esn{ IT(1-6) -TIL-2) (1-B;)
=1

Fl

51 * * S v sl *

+|dsInf o T -¢p) -BTIA-A)TIA-B)
Fl Fl Fl

(2.5.5)

in which A* = A*A2%, As")' 4 B = (B1"B2" s Bs™)' and 0 = (017,027 05"’
and K is an additive constant which does not involve any of the parameters in A*, *, or
0"
Theorem 2.5.1: In the nonparametric model for death and tumor development with the
discrete rates

As* =Pr[E) =t5, 8"(ts) = 1 | E] 2 tg]

Bs* =Pr[Ey =t5, 8"(ts) =01 E1 2 tg]

=Pr[D=tg1D2tg]
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in which E; is a random variable representing the time to first event (tumor onset or death),
D is a random variable representing the time to death and 6*(t) is an indicator of whether the
first event E; is tumor onset or death without tumor, the maximum likelihood estimators for

As*, Bs*, and ¢s* are given by

g* _ dg + ds+
* Ry ] (2.5.6)
B: _ ds.(‘:s-"' °s+) ,
Rg1Cs + (cs. + Cs+) (cs-"' ds.) (2.5.7)
and (1—'}:*) _ [Rs+l cs + (cs. + °s+) (cs- + ds-)l (‘cs-l- + cs-l+)
s/ = »
(cs' + °s+) Rgcsn (2.5.8)
S
IT [Ri+l ei +fei + o) (ei + di-)]
or Ag=—
» S s-1
(Cs°+ N ITRi [Tei
i=l =l (2.5.9)

provided they are in the parameter space (0,1). In order to apply these general formulas to

the first and last intervals, the following definitions must be applied:

0
- 4 +
07% =y, IIg=1, Rg=0
Co i=1
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Proof:

The log-likelihood based on the nonparametric model with discrete death rates ¢* and Bs*
and discrete tumor incidence rate As" is shown in expression (2.5.5). The partial
derivatives with respect to each of these parameters at an arbitrary interval i can be shown
to vanish when evaluated at the matrix of maximum likelihood estimators defined in
(2.5.6), (2.5.7), and (2.5.8). Using methods identical to those used in the proof of
Theorem 2.3.3, the diagonal elements of the Hessian matrix can be shown to be negative,

yet the general forms for the eigenvalues of the Hessian matrix appear to be intractable.

A comparison of the MLE's in (2.5.6) and (2.5.8) for ¢s and A respectively with
those under the original definition of &(t;) shown in equations (2.3.5) and (2.3.7) reveals
that the maximum likelihood estimators for ¢ and A are identical under the two
frameworks. This did not come as a surprise since it was expected that only the
interpretation and form of the parameter representing the rate of death without tumor, [,
would change in the alternate framework. A close examination of the forms of the MLE's
for B under the original framework, exhibited in (2.3.6), and the alternate framework,
shown above in (2.5.7), determined that the MLE for B in the original framework could be -

written as a function of parameters from the alternative framework, as follows:
Bo=Ps (115
Bs=PBs \1-Ag

dfci+cd . [Rencstlesredlei+ o] lesav et
Rs+lc;+(°;+ c;)('c;.+ d;) , (‘C;"' C;.) RgCs

d§(°;-1+ C;l)

Rscs
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Since the MLE's for A are equivalent under the two frameworks, the relationship can also .

be expressed as N
>

Bs = BSA

(1-24)

This relationship holds regardless of whether a constraint is imposed on any of the A's, and

thus the maximum likelihood estimators for * in the constrained cases of a two interval

design or a three interval design can be determined from Tables 2.4.1 and Tables 2.4.3 -
2.4.5 respectively, simply be using the above equivalence formula. The MLE's for ¢* and

A* remain equal to those in the original framework in the unconstrained case and each of

the constrained cases.

2.6 Derivation of Other Functions of I

The choice of the parameters ¢, B, and A for the speciﬁcaﬁon of the likelihood

function is advantageous when the goal of a long-term animal study is the estimation and ‘
comparison of carcinogenic risk among dose groups, as it allows direct estimation of the
tumor incidence rates. In addition, constraints on the parameter space are obvious and

readily applied to the estimation problem.

Other formulations for the transition rates in a multistate model of death and tumor
incidence have been suggested by McKnight and Crowley (1984), Malani and Van Ryzin
(1986), and Gomez and Julia (1988). Although the parameterization chosen by Malani and
Van Ryzin spans the same parameter space as (A,B,9), it is necessary to obtain the
maximum likelihood estimator of the tumor incidence rate as a non-linear function of the
their parameters based on the invariance principle of MLE's. In the case of the
parameterization used by McKnight and Crowley, the estimator for tumor incidence must

be obtained by a complex reverse integration of prevalence estimates. As a result, the set of
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constraints on their parameters which are equivalent to the constraints A; = 0 for i=1,...,S

are not obvious, and may be difficult to implement.

An additional advantage of the proposed parameterization is that it does not require
the use of potential random variables, as discussed in Section 2.1. Although the models
used by Dewanji and Kalbfleisch (1986) and Malani and Van Ryzin (1986) utilize this
approach, it is clear from the work of Prentice et al (1978) that the resulting formulae will
be equivalent. Thus, it is useful to compare the estimators of the transition rates derived by
these authors with the estimators derived in Sections 2.3 - 2.4. The three-state model of
tumor incidence and death used by Dewanji and Kalbfleisch (1986) and Malani ax;d Van
Ryzin (1986) is based on the random variable T, which represents the time until the
development of the tumor of interest, and the random variable D, representing the time until

death. The transition rates between the states in this stochastic model are:

AT (1) = the tumor incidence rate
=Pr[T=4iD2t, T2t;]

ADINT(t;) = the rate of death in absence of tumor
=Pr[D=tID2¢, T>t]

ADT(t;) = the rate of death in presence of tumor

=Pr[D=¢ID2t, T<t]

These transition rates are the discrete counterparts to the continuous transition rates
described by McKnight and Crowley (1984). Also defined by McKnight and Crowley is

the tumor lethality at time t;:

£(t;) = ADT(g;) / ADINT(g;) .
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Although estimation of the functions given above is the goal in analyzing the data
from a long-term animal experiment, the likelihood can be expressed in terms of the
following identifiable event-specific hazard rates:

ADNT(t;) = the rate of death without tumor
=Pr[D=t;,;T>t |ID2¢]
ADT(t) = the rate of death with tumor
=Pr[D=t, T<tjID2t;] and
AP = the overall death rate
=Pr[D=tiD2¢]
= ADNT(t;) + APT()
Malani and Van Ryzin also define the conditional probabilities shown below :
pA(t) = the tumor prevalence function
=Pr[T<tjID2¢]
pP(t) = the Hoel-Walburg prevalence function
=Pr[T<t1D=¢]
= APT(;) / AP()
and then define the four probabilites Pr[SWOT], Pr[SWT], Pr{DWOT], and Pr{DWT] as

functions of the parameters AD(t;), pA(ti), and pP(t;).

An examination of these definitions reveals that the overall rate of death AD(t;), as
defined by Malani and Van Ryzin, is equivalent to ¢j. The rate of death without tumor

ADNT(t;) can be expressed as a function of (A, B, ¢) as follows:

ADNT(t) =Pr[D=t;, T>tjiD2t]
=PrD=1t, T>t, D2t]/Pr[D 2]
=PrD=t,T>t, D2t T24]/Pr{D 2]
=Pr[D=t;,T>41D2t;, T2t PriD2t;, T2t; 1/ Pr(D 2 ;]
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= Pr[E} = t;, 8(t))=0 | E; 2 tj] Pr{E; 2 tj] / Pr[D 2 t;]
i1
Bi TT(A-A;-By
=l

F

il

[1C-¢)

Fl
The average rate of death with tumor can be calculated by subtracting the rate of death

without tumor ADNT(t;) from the overall death rate AD(t;) to yield:

APT(t)  =AP() - ADNT(r))

i-1 i-1
o; TI(1-6) - B; TI(-2;-B)
it j=1
- i-1
-9
j=1

The rate of death in the presence of a tumor is simply equal to ¥;, the average risk of

death given that a tumor is present. Inverting the relationship given by (2.2.7), the form

for ADMT(t;) can be expressed in terms of the parameters (A,B,0) as:
i-1 i-1

o; TI(1-9) - B; TT(1-A;-By

DIT Fl =1
A==
ii1] i1 i-1
2 TTA-A-BINMTIA -1
el b
FH k=t k=j (2.6.1)

In the case of an incidental tumor, the risk of death is independent of the presence

or absence of a tumor, and thus Pr[D = ID 2tj]=Pr{D=t{D 2, T<t] =
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Pr[D=¢;ID2t;, T > ], or ¢; =7v; = APINT(t;). The rate of death in the absence of tumors
is thus equivalent ot the overall death rate under the incidental tumor assumption, which

was demonstrated in Section 2.3. to be:
ADINT(t)) = B; / (1 - &y).

The lethality of the tumor of interest at time t; can be expressed as a function of (A,B,9) in
the following manner:
[(tj) =ADIT(;) / ADINT(y)
=% (1-A)/Bi
in which the expression given by (2.6.1) is substituted for v;. In the case of a rapidly fatal
tumor, the probability of death in the presence of tumors ¥; can be expected to equal one,
and the resulting tumor lethality is £(t;) = (1 - Aj) / B;. In the case of an incidental tumor

analysis, ¢j =¥ = Bi/ (1 - A;), so the lethality in this situation is equal to one.

The derivation of the tumor prevalence function is similar to the derivation of the

~ probability of sacrifice with tumor, since Pr{SWTj] includes a component for the
probability of surviving to time t; given a tumor onset before or at time t;. Recognition of
this similarity allows the tumor prevalence function to be written in terms of (A,(3,0) as:

[1(-0) -T[A-2;-B)

p =

Ia-¢

Fl

Finally, the Hoel-Walburg prevalence function can be written as a function of

APT(t;) and AD(t;), as shown below:
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pP(t) =APT() /AD()

i-1 i-1
0 TI(1-0) —B; [T (1-;-B)
_ Fl j=1
- i-1
o T1(1-¢)
=l

Substitution of the preceding forms for pA(t;), pP(t;), and AP(t)) into the
components Pr{SWOT;], Pr([DWOT;], Pr{SWT;] and Pr{DWT;] defined by Malani and
Van Ryzin (1986) yields definitions for the four probabilities identical to (2.2.2) - (2.2.5);
thus the likelihood constructed by Malani and Van Ryzin is egivalent to that presented in
Section 2.2. The definition of the tumor incidence rate as a function of the probabilities

AD(t)), pA(ti), and pP(t;), is stated in Theorem 1 of Malani and Van Ryzin (1986):

1- ;LT(ti) - [1 - PA(ti)Hl . xD(ti)] +[1 ; pD(ti)] xD(ti)
[1 - PA(ti-l)]

It can éasily be shown that this equals (1 - A;) as defined by (2.1.5). In addition, it can be
demonstrated that the MLE for A; proposed by Malani and Van Ryzin is equivalent to the
unconstrained MLE given in (2.3.7). The MLE derived by these authors, in terms of their
notation, is/J\LT(u) =t (u)/R(u), in which t (u) is an estimate of the number of animals
getting tumors in interval u and R(u) is an estimate of the number of live tumor-free animals
at the beginning of the u-th interval. The expressions for t (u) and R(u) written in terms of
our notation are:

R,Cyu1
R(u) = —u-ut

- +
Cu-1 +Cy.1
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cu-(lRu‘(du.+du+)) -d.
u

t(u)=R() - "
Cy +Cy

A
Simple algebraic manipulation of the above forms and substitution in AT(t;) yields the

equation given in expression (2.3.7).

The relationships presented in this section allow the comparison of parameters and
estimators from a variety of possible parameterizations for a multistate model of tumor
incidence and death. In particular, they allow determination of the relationship between
parameters in a multistate model which incorporates the random variablés E), the time to
the first event, and D, the time to death, with a multistate model based on the potential
random variable time to tumor T. The availability of these relationships can also prove

useful in the development of variance estimators.

2.7 Extension of Results to Multiple Treatment Groups

The maximum likelihood estimators developed in this Chapter are presented for a
group of animals receiving a single treatment. In practice, however, the comparison of
tumor incidence rates among treatment groups is of primary importance. The parameters of _
interest and their corresponding estimators can be extended to multiple treatment groups by
incorporating an index for dose. For example, the discrete tumor incidence rate, Ag, is
replaced by A.s, the tumor incidence rate for time interval s and dose group z:

Azs=Pr{E1 =t5, 6(t5)=1 |E12t5, Z =12] .

The covariate Z may be taken to be an indicator of dose group or any other suitable group
of covariables. The death rate without tumor and the overall death rate are similarly defined
for treatment group z as P,s and ¢,s. The maximum likelihood estimation of these
parameters is based on the observed number of animals dying naturally with and without

tumors (dzs* and dzs”) and those animals sacrificed with and without tumors (czs* and c;57)
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within the group of animals receiving treatment z. The comparison of tumor incidence rates

across treatment groups will be addressed in Chapter V.



CHAPTER III: ASYMPTOTIC PROPERTIES OF THE MLE'S

1 Optimal Pr ies of th '

There are several reasons why maximum likelihood estimators (MLE's) are widely
used in estimation problems. First, if there exists an unbiased estimator whose variance
attains the Cramér-Rao lower bound, then under certain regularity conditions, the MLE
coincides with this unbiased estimator. Secondly, the MLE often has high efﬁcieﬁcy in the
sense described by Fisher (Silvey, 1975). It can also be shown directly from the
Factorization theorem that the MLE is a function of the minimal sufficient statistic, since
maximizing the likelihood is equivalent to maximizing the factor of the density function

which involves the sufficient statistic. A further useful property of MLE's is their

invariance under parameter transformation (Cox and Hinkley, 1974).

However, the main justification for the method of maximum likelihood is based on
its optimal asymptotic properties in terms consistency and efficiency. Under certain
regularity conditions, it can be shown that when the true value 6, of the parameter 6 =
(A.B,9) resides in the interior of the parameter space ©, then the MLE ais a consistent
estimator of 0, and the asymptotic distribution of Vn (8 - 0p) is N(0,Zg), in which Zg is
the inverse of the Fisher's information matrix, Iy (Rao, 1973). This asymptotic normality
of Vn (6 - Bp) is equivalent to convergence in law to the distribution of a multivariate

normal random variable with mean 0 and variance Ig-1.
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The regularity conditions necessary for consistency of the MLE's are milder than
those required for asymptotic normality. The original proof of the consistency of
maximum likelihood estimators, due to Wald (1949), requires that:

(i) The parameter space © is finite dimensional, closed and compact, and the true
parameter value 6, is interior to ©.
(ii) The probability distributions defined by any two different values of 0 are
distinct.
When the second derivative of the log-likelihood function with respect to 0 exists in a

neighborhood around the true parameter value, then an estimator which satisfies the

likelihood equations 8L(0) / 80; for all i is consistent and unique. The MLE of 6 derived in
Chapter II falls into a special category of maximum likelihood estimators in that the cell
probabilities of the multinomial distribution described in Section 2.2 can be written as
continuous functions of 0. In this special case, the conditions (i) and (ii) are satisfied and

the MLE of 0 is known to be consistent (Theorem 4.4.1A, Bickel and Doksum, 1977).

The additional regularity conditions typically required to demonstrate asymptotic
normality are (Cox and Hinkley, 1974):
(iif) The first three partial derivatives of the log-likelihood L(0) exist almost surely
in the neighborhood around the true parameter value 6,.
(iv) The information matrix is positive definite in the neighborhood of the true
parameter value.
However, estimation of parameters from a multinomial distribution again has special
advantages. The asymptotic normality of /9\ can be deduced assuming only continuity of the

first partial derivatives or total differentiability of the cell probabilities as functions of 6, as

demonstrated by Rao (Note 3, p.363, 1973).
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The parameters A;, Bi, and ¢; represent probabilites, and thus their true values must
lie in the range [0,1]. However, it is possible to assume without ambiguity that the true
values of A;, Bi, and ¢; do not reside on the endpoints of the closed interval. The premise
that the true values of the parameter vector 0 = (A,,0) belong to an interior point of the
parameter space may at first apear to conflict with the development of the constrained
parameter estimates given in Section 2.4. In fact, simulation studies which assume true
values for 0 strictly within the parameter space provide evidence that negative tumor
incidence estimates occur quite often under realistic conditions for a long-term animal
study. However, it should be recognized that the possiblity of obtaining negative
unconstrained estimates of tumor incidence is directly related to the small sample sizes
typically used in long-term animal studies. If we assume that the number of intervals is
fixed, then as the total sample size n tends to infinity, the number of observations within
each interval increases. The consistency of the ML estimate/(; under large samples not only
implies that 8 will be unbiased, but that individual ML estimates of 8 will tend to cluster
more closely around the true value 6,. It can therefore be assumed that the ML estimate of
the parameter vector 8 will reside within the parameter space for large samples when 0, is

interior to ©.

timation A totic Vari f the Unconstrain E'

The asymptotic normality of the unconstrained maximum likelihood estimators will
be exploited in order to derive asymptotic estimates of the variance of the parameters/ii, ﬁi,
and& for the i-th time interval. As claimed in Section 3.1, the asymptotic distribution of
Vn (6- 0o) is N(0,Xg), where Zg is the inverse of the Fisher's information matrix.
Equivalently, it can be stated that the asymptotic distribution of 6 is N(89,nXg). Under the
regularity conditions described above, the i-j element of the Fisher's Information matrix can

be written as:

-
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2
Io i) = E{—-—'s L‘e’]
30; 6

Malani and Van Ryzin (1986) base their development of ML estimators for tumor
incidence and death on the parameter vector { = (pP(ts), s=1,...,S, pA(ts),s=1,...,S,
AD(ts), s=1,...,5) as described in Section 2.6. The information matrix corresponding to
this parametrization contains zeros for all of the off-diagonal elements, and thus the
variance-covariance matrix Xy can be determined to be the matrix with the reciprocals of the
terms E¢ [-82L({) / (8?2 ] on the diagonal. Since the parameters of interest are nonlinear
functions of the parameter vector {, the asymptotic variance must be determined as a

transformation of Zy using a Taylor series expansion of the ML estimate about the true

value.

The parameterization utilized in the present development of MLE's has many
advantages, as discussed in Section 2.6. One tradeoff, however, is that the information
matrix cannot be described as a diagonal matrix, and no analytic solution is available for its
inverse. However, the asymptotic variance-covariance matrix can be approximated
| numerically by first evaluating the elements of the observed information matrix Ig at the
data values, and then inverting this matrix using numeric methods. The observed
information matrix Ig is minus the Hessian matrix with elements 82L2(6)/(86i)(89j),
evaluated at the maximum likelihood estimates. There is evidence that this approximation
to the true variance may be preferable to that obtained using the inverse of Fisher's
Information matrix (Efron and Hinkley, 1978), which requires taking the expected values
of the elements of the Hessian matrix. The diagonal elements of the Hessian have already
been presented in Section 2.3. The off-diagonal elements are shown in Appendix A. Itis
customary to refer to Gj; / Vn as the standard error of the estimator /O\i, where 62 is the i-th

diagonal element of the asymptotic variance matrix Zg. For a given set of observed data
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values from a long-term animal study, the standard errors of the unconstrained maximum
likelihood estimates are thus calculated as the square roots of the corresponding diagonal
elements of the numerically inverted observed information matrix divided by the square

root of the sample size.

Al f Vari imation for nconstrained MLE'

The calculation of approximate standard errors depends on the numerical
approximation of the asymptotic variance-covariance matrix. Another possible way in
which asymptotic variances can be calculated is to use the relationships between the
probability framework employed in this research and that used by Malani and Van Ryzin
(1986), as described in Section 2.6. It was demonstrated in Section 2.6 that the tumor
incidence parameter A; is exactly the same as the parameter AT(t;) employed by these
authors, and the corresponding maximum likelihood estimators are also equivalent. It is
therefore possible to take advantage of the expressions for the asymptotic variance and

covariance of the tumor incidence rates derived by Malani and Van Ryzin.

Malani and Van Ryzin express the discrete tumor incidence rate AT(t;) as a non-
linear function of §; = (pP(t;), pA(t), AP(ty)), as described in Section 3.2. Thus the Delta

method must be applied to these parameters to obtain the aymptotic variance:

T 2 T 2
T T N ~
" " o[1-A ~D S[1-A ~A
varlh (491 = varf1 - & @91 =| ——5—21 | varfp (191 +[ 22 | var(p e9)

dp (ty 8p 1ty

T 2 5 T 2

- ~ - ~A

+ ———-—-———8[1 A (9] var[A (t)}+ 31 -4 @9 var{p (ts.p]

51D(ts) S ()
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Similarly, the Delta method can be applied to obtain an expression for the covariance of the

tumor incidence rates:

8[1-A (ts)]HS[l -A (ts')]}var[ﬁA(ts')] for s'=s+1, i=1,...,S
~AT AT SPA(ts) SPA(tS)
covlA (ts)A (ts)] = herwi
otherwise

After substituting the expressions for the partial derivatives given by Malani and Van Ryzin
(1986), the forms for the asymptotic variance and covariance of the tumor incidence rates

become:
T

varfh (t9] = 1

n afty [1- p itg.p]

D
z{x (t9%p t9*[1-p (t9) +

D
p X9 1-p eI 1A (9] .
S
Aty

D D 2
A @9*[1-A (t91*p eg-p el +

T 2 s
[1-4 (9] *p Ytg.p*(1-p Ntg PI*(1-A (tg ]
S
A ()

pA®) [1 - A (i)
n [1 - pAQ.D] o) A3

AT AT
covlA (t).A (tisD)] =

i-1
in which a(t) = [T 11- APl 11 -A%)] and A5(ty) is Pris=t] =m; .
=1
A A
By setting var(A) = var{AT(ts)] and substituting the forms for pA(ts), pP(ts), and AP(ts) in
terms of 0 = (A,B,0) given in Section 2.6, analytic forms for the asymptotic variance and

covariance of the tumor incidence rates can be obtained. Minor discrepancies in the

A
formula for var{AT(ts)] and that given in Appendix B of Malani and Van Ryzin (1988) are

due to errors discovered in their formulae.
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An analytic form for the asymptotic variance of the overall death rate 6\1 can be
obtained directly from the results of Malani and Van Ryzin (1986), since the parameter
AD(ts) is equivalent to ¢g and the information matrix It is a diagonal matrix. The

A
asymptotic variance of ¢ is thus:

D D
A () [1-A"(t9)]

~ ~D
var[¢g] =var[A (t5)] =

n a(ts)
or in terms of the parameter 0 = (A,3,9):
var[q;] - s (1 - ds)
n [T{1-m) - o))
Fl

Note that the forms for the asymptotic variances and covariances derived by Malani
and Van Ryzin depend on the sacrifice probabilities 7;, which are stipulated by the design
of the long-term animal study or computed as maximum likelihood estimators which do not
depend on the parameters pA(ts), pP(ts), and AP(ts). The reason these known or estimated
probabilities appear in the asymptotic expressions shown above is that the tumor incidence

| rate Ag, when written as a function of the parameters pA(ts), pP(ts), and AD(t5), has an
implicit dependence on the sacrifice probabilities. It is evident from the form of var[/?\»(ts)]
that as the proportion of animals sacrificed at time tg is increased, the asymptotic variability
of the estimate of the tumor incidence rate decreases. This relationship is logically
consistent, since the estimation of the tumor incidence rates is made possible by the

incorporation of interim sacrifices into the study design.

3.4 Estimation of the Vari f the C ined MLE'
The asymptotic results presented in the Section 3.2 are applicable to the

unconstrained MLE's under large samples, but are ndt appropriate for determining
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approximate standard errors for the constrained MLE's derived in Section 2.4. However,
analogous asymptotic properties can be attributed to the constrained MLE's with slight

modification of the regularity conditions stated in Section 3.2.

Under mild regularity conditions given by Silvey (1975), the resticted ML estimate

N
0 can be shown to be consistent for 6. However, the dertvation of an asymptotic

distribution for the constrained estimator is more complex than for the unconstrained case.
It is more convenient at this point to write the set of restricted likelihood equations in matrix
form as:

DgL(B®) +a'G(6)=0

g'®) =0

in which Dg L(6) represents the vector of partials 3L(6)/ 36;, g*(0) is the vector of
equality constraints, G(6) is the matrix of partial derivatives 3g*(6)/ 80;, and c is the
vector of Lagrangian multipliers defined in Section 2.4. Application of the Taylor Series

expansion to linearize about the true parameter 8y, and slight manipulation of the resulting

equations yields:

N 12
1p2e) G®O) || (6-¢)| |LD%®

G'(0) 0 la 0

Now the Law of Large numbers is applied to -n-1 D2 L(6) to obtain the information
matrix, and the Central Limit Theorem can be applied to n-1/2 Dg L(8) to show that it is
approximately distributed as N(0,Ig). Substitution of these results in the above matrix

equation yields:

[ Ip G(e)} (0. [z]
G® 0 Lg
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in which Z is distributed as N(0,Ig). When the matrix Ig has full rank then the parameter

vector »
n (9 - 90)

-LA
na

is approximately normally distributed with zero mean and variance matrix equal to:
-1

Po O 1 for I.e ¢® _| Po Qe
0 -Ry G@®) 0 Q¢ Ry

The reader is referred to Silvey (1975) for a more rigorous development of the above

results.

An analytic form for the inverse of the expanded information matrix given above is
not available, and so numerical methods can again be used to estimate the asymptotic
standard errors of the constrained ML estimates. As described for the estimation of the
variance of the unconstrained ML estimators, the information matrix Ig and matrix of partial
derivatives of the constraints Gg are evaluated at the observed counts of dead and sacrificed
animals with and without tumors at each interval, and the resulting matrix is inverted
numerically. Again, the estimated standard errors are obtained as the square roots of the

corresponding diagonal elements of the asymptotic variance-covariance matrix.

While the use of numerical methods to obtain solutions to the maximum likelihood
equations can represent a substantial burden on computer resources, the use of numerical
methods to obtain asymptotic standard errors is not a problem in this respect. The
difference between these two numerical applications is that the latter does not require

iterative calculations, while the former procedure does.

-



CHAPTER IV: ESTIMATION OF MODEL PARAMETERS USING POOLING
ALGORITHMS

4.1 Motivation for Use of Pooling Algorithms

The closed-form expressions for the maximum likelihood estimators of the tumor
incidence rate and death rates developed in Chapter II represent a clear improvement over
the methods which have typically been applied to such multistate models of tumor incidence
and death. The methods suggested by Tumbull and Mitchell (1978), Mitchell and Tumnbull
(1979), Dewanji and Kalbfleisch (1986), and Portier and Dinse (1987) all require iterative
algorithms in order to arrive at approximate numeric values for the MLE's; thus the
application of such methods is often time-consuming. The availability of closed-form
solutions provides a dramatic reduction in computer time necessary to determine the

maximum likelihood estimators for any given set of data.

The additional availability of closed-form expressions for the MLE's of the tumor -~
incidence rate and death rate in cases in which constraints must be applied to the parameter
set allows an even broader applicability of results than those suggested by Malani and Van
Ryzin (1986), since they provide only closed-form expressions for the MLE's in the

specific case in which no constraints need be applied.

Despite the obvious advantages of the method which was presented in Chapter II
for the estimation of tumor incidence rates and death rates in a long-term animal study,
closed-form expressions for the MLE's are available only for a study design consisting of

three intervals or less. This limitation on the present methodology led to the search for
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alternative methods of estimating the tumor incidence rate and death rates which would
compare favorably to the constrained maximum likelihood estimators and also yield

estimators which were in the parameter space [0,1].

One possible option is to pool data from adjacent intervals when the unconstrained
MLE's given by (2.3.5) - (2.3.7) fail to lie in the parameter space. After two adjacent
intervals of data have been pooled, the unconstrained MLE's corresponding to a study
design with one less interval than the original number are applied, and the estimates are
again checked to determine whether they fall into the parameter space. If not, the process

of pooling adjacent intervals can be continued until valid estimates are obtained.

The parameters A, B, and ¢ represent probabilities, and must therefore lie in the
range [0,1]. The estimation of negative tumor incidence rates and rates of death without
tumor greater than one has been found to occur quite often in simulation studies which
assume true values of the parameter which lie strictly within the parameter space. The
frequency with which invalid estimates of these probabilities are obtained is a reflection of
the fact that long-term animal studies typically include only a small number of animals
(e.g., 50 animals per dose/sex/species group in NTP studies). As this small number of
animals is further divided into intervals of time, and four events within each interval are
tabulated, the probability of obtaining counts of zero in one or more of the cells increases.
Once it is recognized that the existence of estimates outside the acceptable range is a
reflection of inadequate data within intervals, pooling data from adjacent intervals becomes

a natural response towards obtaining valid estimates.

Other examples of pooling algorithms can be found in the literature. Hoel and
Walburg (1972) employ a pooling strategy in developing estimators of disease incidence

for the special case in which the disease is considered to be nonlethal. The quantities S;,
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i=1,...,k are formed on the basis of the observed data for each of the k time intervals, and
if Sj4+1 < S; for some interval j, then the observed data for interval j and j+1 are pooled,
Sj+1 is recomputed, and S; is set equal to Sj+1. This process continues until S; < ... < S,
and then the resulting estimators of the cumulative tumor incidence rates are R = S; for
i=1,....k. Peto et al. (1980) describe a method for subdividing the duration of a long-term
animal study into intervals by forcing the prevalence of an incidental tumor to be increasing
over the time intervals. The data from all adjacent intervals for which the prevalence
estimates are non-increasing are pooled together, and new prevalence estimates are
computed. This process, designated as subdivision into "ad hoc runs", is continued until

the prevalence estimates are strictly increasing over time intervals.

Additional support for the method of pooling is derived from the theory of isotonic
regression. (Barlow et al., 1972) The pool-adjacent-violators algorithm discussed by
Barlow et al. refers to a method of approximating the greatest convex minorant (GCM) of a
cumulative sum diagram (CSD) in the graphical interpretation of regression analysis under
order constraints, or isotonic regression. The GCM is of practical interest because the
isotonic regression is given by the slope of GCM for a particular CSD. The procedure -
dictates that the graphical points for any of the pairs of adjacent violators be pooled together
and a new slope computed. However, no rule is prescribed for selecting the order in which

pairs of adjacent violators should be pooled.

Although the general concept of pooling intervals of data together is readily
understandable, the actual algorithms for pooling data increase in complexity as the number
of time intervals increases. A decision must be made for each interval which yields
unconstrained parameter estimates outside the acceptable range whether this interval should
be pooled with the preceding interval or the following interval, or whether other intervals of

data should be pooled. Factors which influence this decision are the existence of other



intervals for which the unconstrained estimates are invalid and the extent to which the

parameter estimates differ between intervals. The algorithms for pooling are divided into
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two sections: those algorithms specific for dealing with pooling three intervals of data, and

those algorithms for pooling a general number of intervals of data.

4

The possible pooling algorithms in a long-term animal study with three time
intervals are limited, yet the elucidation of algorithms for this limited case illustrates the

types of pooling algorithms which can arise in general. In addition, the definition of

Pooling Algorithms for Three In

i

n

pooling algorithms for a three-interval design allows for the comparison of the estimators

so derived with both the unconstrained and the constrained MLE's presented in Chapter II.

The pooling of two or more adjacent intervals will be performed when the
unconstrained maximum likelihood estimate of the cumulative tumor survival rate, ;\\s, is
determined to be greater than the cumulative survival rate Ks.l for the previous interval.
This condition is equivalent to that of a negative unconstrained estimate of the tumor
incidence rate As. For a three-interval design, there are six possible rankings among the

estimated cumulative tumor survival rates, as follows:

(1)
)
3
C))
&)
(6)

A2 A2 A3

A2A3> A\

A3>A12A

”~ ~ ~

A>A12A

~~ ”~ ”~

A2 A3> A\

”~ ”~

Aj<Ar<A

The first possible ranking is reflective of unconstrained estimates which fall into the valid

parameter space, and thus the unconstrained estimators are the MLE's and no pooling is
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required. The second and third rankings are very similar in that both represent cases in

which the unconstrained estimate of A3 is negative. The fourth and fifth ranking both
represent cases in which the unconstrained estimate of A is negative. The last case

reflects a situation in which the unconstrained estimates of both A2 and A3 are negative.

Three separate pooling algorithms were developed for estimating A, B, and ¢ from
long-term animal studies with three intervals. The first method, which will be denoted as
"early pooling", combines the first two intervals of data together for rankings (2) through
(5) above. The two intervals of data are combined by defining the following new observed
counts for the four possible events within each interval:

Clp =c1" +C2" dip-=dy" +dz2-

cipt=c1t +cot dipt=di* +do*
and then defining the counts for the second pooled interval, originally the third interval, to
be:

C2p =C3" cpt =c3t dop-=d3" dp* =ds*
The new data outcomes are substituted into the analytic solutions for the unconstrained
MLE's given in Table 2.4.1, and the estimate of the cumulative tumor survival rate Aijp for
the i-th interval of pooled data is computed. If the new unconstrained estimates result in
Xl p< sz then all three intervals of data are combined together, so that a single estimate of

A, B, and ¢ are produced for this set of data.

The second method of pooling, denoted "late pooling", is similar to the preceding
method except that in this method the last two intervals of data are pooled together. The
data outcomes falling into each of the four categories remain unchanged for the first
interval, and for the second pooled interval we define:

Cop” =C2 +C3 dzp =dz" +d3"

copt =cat +c3* dzp* = do* +d3*
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As in the method of early pooling, the unconstrained estimates given in Table 2.4.1 are
computed based on the two interval data. By substituting the above data counts into the
formula in Table 2.4.1, it can shown that the estimates of A1, A3, and A3 are equivalent to

A\
those exhibited for Case II in Table 2.4.3. Again, if le < A2p, then all three intervals of

data are pooled together.

The last algorithm for pooling data from a three-interval study design has more
intuitive appeal, since it takes into account the actual interval at which a violation of the
constraint A 2 0 occurs. In the constrained maximum likelihood solutions presented in
Section 2.4, it was noted that imposition of an active constraint Ag 2 0 in effect led to a
parameter estimate which was forced to the boundary of the parameter space, i.e., the MLE
for Ag equals zero. When this constraint is enforced, the cumulative tumor survival rates

from this interval and the previous interval are forced to be equal, since

s ~

Xs=]'[(1 -ij) = (1 —Ks) Xs-l = Ag when’is =0
j=1
This last algorithm, denoted as "intuitive pooling”, pools the first two intervals of data
when the unconstrained MLE of A3 is negative, pools the second and third intervals of data
when the unconstrained MLE of A3 is negative, and pools all three intervals of data together

when both the unconstrained MLE's of A7 and A3 are negative.

The intuitive method of pooling the data derives credence from the fact that the
pooled estimates of the tumor incidence rates A1, A, and A3 are equivalent to those of the
Case II constrained MLE's when the last two intervals of data are pooled and the pooled
estimates of A1, A2, and A3 are equivalent to the those of the Case IV constrained MLE's
when all three intervals of data are pooled. In other words, when the unconstrained

estimate of A3 is negative, the estimators of tumor incidence for all three intervals as based
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on the pooled data are identical to the constrained MLE's. Similarly, when the
unconstrained estimates of A7 and A3 are both negative, the pooled estimates are identical to
the constrained MLE's for this situation. This is a desirable characteristic for estimators
derived from pooled data, since our primary interest is in the c§tMaﬁon of the tumor
incidence rates, and the constrained MLE's are known to have some optimal properties as

discussed in Section 3.4.

It should be recognized that the intuitive pooling scheme discussed above reflects
only one possible choice of an algorithm which could be described as "intuitive”. For
example, another possible choice would be to pool the data from the i-th interval v;'ith that
from the (i+1)-th interval whenever the unconstrained estimate of A, is negative. The latter
method was deemed a less appropriate choice for three reasons: (1) it does not prescribe a
rule for pooling data from the last interval whcn/7\L3 is negative, as there is no fourth time
interval, (2) it does not allow pooling of data from the first two intervals, since/il will
never be negative, and (3) it does not ensure that the order of the estimated cumulative
tumor survival functions will be corrected between interval i-1 and interval i. The intuitive
pooling method discussed earlier is applicable to all intervals for which the unconstrained
estimated of A; could be negative, and ensures that the invalid ordering between A; and A;.;
which inspired the pooling of data will be corrected. The pooling methods described by
Hoel and Walburg (1972), Peto et al (1980), and Barlow et al (1972) are all intuitive
pooling algorithms which pool "down", i.e., if /ii <0, then intervals i and i-1 are pooled

together.

If the unconstrained estimates of the cumulative tumor survival rate follow rankings
(2) or (4), there is no possibility that the new unconstrained estimates based on intuitive
pooling as described above will be outside of the parameter space [0,1]. If the
unconstrained MLE's of the parameters based on three intervals yield rankings (3) or (5)
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for Ay, A2, and A3, then it may be necessary to pool all the data together into a single
interval if the unconstrained estimates based on the intuitive pooling do not follow the

correct ordering.

The six possible rankings of the cumulative tumor survival rates and the application
of the three pooling algorithms are illustrated in Figure 4.1.1. Note that all three pooling
algorithms combine the data which yield ranking (6) into a single interval. Also note that
the intuitive pooling algorithm sometimes calls for the same intervals to be pooled as the
early pooling algorithm, and sometimes calls for the same intervals to be pooled as the late
pooling algorithm. The small sample operating characteristics of the three pooling
algorithms described in this section will be evaluated through the use of Monte Carlo

Simulation studies presented in Chapter VL.
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- may require additional pooling

Figure 4.1.1
Pooling Algorithms for Three-Interval Study Designs
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4 ling Algori for Gen Design

As the number of time intervals is increased in the analysis of long-term animal
studies, the number of possible poolings of data from adjacent intervals increases. The
number of possible poolings for a study design with S time intervals is 25-1, which is equal
to the number of constraint cases which must be considered. Since it may not be practical
to evaluate all possible poolings for a given study design, general algorithms are developed
here for the pooling of data from study designs with more than three intervals.

The intuitive pooling algorithm described in Section 4.2 for the estimation of
(A,B,9) from three interval studies can be easily extended to studies with more than three
intervals. Just as in the three interval intuitive pooling algorithm, data from the s-th time
interval are combined with the data from the previous interval whenever the unconstrained

estimate of A is negative. If the unconstrained estimate of A from this combined data is

still negative, then the data from these two intervals is combined with that of time interval
s-2. The evaluation of the signs of the unconstrained tumor incidence rates begins with the
first time interval and continues chronologically through the time intervals until a negative
unconstrained estimate of A is encountered. After pooling the appropriate intervals and
recomputing pooled estimates of A, 3, and ¢, the next evaluation of the signs of the tumor
incidence rates again begins with the first interval. This pooling process continues until the
cumulative tumor survival probabilities follow the correct ordering. The algorithm
developed here is similar to that proposed by Hoel and Walburg (1972), since the
evaluation of the ordering of the estimates begins at the first interval, and only a single
pooling is performed at each step. In contrast, the algorithm for subdivision of the duration
of a long-term animal study into "ad hoc runs", as described by Peto et al. (1980), pools all

adjacent violators simultaneously before recomputing pooled prevalence estimates.
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The second pooling algorithm for study designs with more than three time intervals
is a method designated as "sequential pooling”. In the pooling algorithms specific for three
interval studies, it was possible to develop separate algorithms for early pooling and late
pooling because there were only two possible ways to group data from two adjacent
intervals together. In studies consisting of a larger number of intervals, this approach
becomes impractical. Instead, the sequential pooling algorithm first evaluates the original
unconstrained estimates of tumor incidence from the S-interval study design. If these
estimates are all non-negative, no pooling is required. If any estimates are negative, then
all possible poolings which result in (S-1) intervals are evaluated. Among those poolings
for which the unconstrained estimates of A are all non-negativé, if any, the one pooling
scheme is chosen which is judged to be the "best". Ideally, the "best" pooling scheme is
the one resulting in estimates of tumor incidence which are closest to the true values. Since
the true values of the tumor incidence rate are unknown, an ad hoc measure of the "best"
pooling scheme must be constructed. One possible criterion is that the chosen pooling
scheme should represent the least overall difference between the unconstrained estimates
and the new estimates obtained by pooling. This criterion can be evaluated by comparing
~ the quantity:

S ~ ~2
205 Qe - 2s)
=1
in which ’l\.p. is the estimate of the tumor incidence rate derived from the pooled data.
The pooling scheme which minimizes this weighted sum of squared differences, which will

be designated the Mean Squared Pooling Difference (MSPD), is then selected.

If none of the previous data poolings produce the correct ordering among the
estimated Ag's, then all possible poolings which yield (S-2) time intervals are evaluated.
Again, the pooling scheme which minimizes the MSPD for a study design consisting of

S-2 intervals is chosen from those which yield the correct ordering of the estimated Ag's.
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The sequential pooling algorithm continues to pool data from adjacent intervals until a
pooling scheme is determined which (1) provides non-negative unconstrained estimates of
the tumor incidence rate for every interval and (2) minimizes the MSPD among all pooled
designs with the same number of intervals. The worst possible case is that all S intervals

must be pooled together in order to obtain estimates of A which are in the range [0,1].

An example of the sequential pooling algorithm is given in Figure 4.3.1 for a six-
interval study design which requires some level of pooling. In this example, the earliest
time interval is denoted by a "1", the second interval is denoted by a "2", and so 6n. The
pooling of adjacent intervals is indicated by enclosing the digits which represent these
intervals in parentheses. The sequential pooling algorithm continues to the next level of
pooling only if the current level fails to provide any pooling scheme with all its estimates of
A in the valid range. It is evident from this example that a pooled study design consisting of
S* intervals may be the result of a single pooling of several intervals of data, or of multiple

poolings each consisting of a fewer number of intervals.

The pooling methods discussed in this Chapter are a natural response to the need to
obtain valid estimates of the tumor incidence rates when the observed data from a long-term
animal study are sparse. Using the algorithms described in this section, pooled estimates
of 6 = (A,P,0) are assured of being within the valid parameter space. There are, however,
some disadvantages to the pooled estimates. Since the development of the estimators is
almost purely heuristic, forms for the variance of these estimators are not available. An
empirical method such as bootstrapping must be used to estimate standard errors of the
estimators derived from pooled data. The constrained maximum likelihood estimators force
the estimate of the cumulative tumor surivival function 'Rs to be equal to that of the previous
interval when/l\.s is negative, and allow the overall death rate and death rate without tumor

to vary between intervals s-1 and s. The estimators from the intuitive pooling algorithm not
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only force Ks to be equal to Xs.l when/;‘.s is negative, but also force?s to be equal to$s.1
and/[\is to be equal to/[is-l. In this respect, the pooled estimators are unable to make the best
use of the observed data from a long-term animal study. Yet the primary interest in the
analysis of carcinogenicity data is the estimation and comparison of the tumor incidence
rates, and the pooling algorithms often provide estimates of the tumor incidence rate which
are equivalent to the constrained maximum likelihood estimators. While analytic
expressions for the constrained maximum likelihood estimators are only available for a
study design with three intervals or less, the pooled estimators can be easily calculated for a

long-term animal study which has been subdivided into any number of time intervals.
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Figure 4.3.1
Example of the MSPD Pooling Method for & Six-Interval Study

Evealuate estimates of tumor __D If all estimates are positive,
incidence from original data no pooling is required

é if any estimate of tumor incidence

is negative
Evaluate all poolings which ] ]
resultin 5 intervals of data Choose pooling which
minimizes the MSPD
(12)3456 123(45)6 —'D for a S-interval design
1(23)456 1234(56) among those which force
12(34)56 correct ordering of rates

é if none of the above poolings yield all
positive estimates of tumor incidence

Evaluate all poolings which
resultin 4 intervals of data Choose pooling which

minimizes the MSPD
(12@H56  12GHSOL I | for a d-inwrval design
(12)3(45)6 (123)456 among those which force
(12)34(56) 1(234)56 correct ordering of rates
1(23)(45)6 12(345)6
1(23)4(56) 123(456) -

(If necessary, continue sequentally by evaluating all poolings
which result in 3 intervals of data, all poolings which results in

2 intervals of data, and all data pooled into a single interval,

until a pooling choice is determined which maximizes the likelihood
for a design with the specified number of intervals among those
poolings which ensure the correct ordering of tumor incidence rates)




CHAPTER V: TESTING HYPOTHESES

5.1 Comparison of Tumor Incidence Rat

McKnight and Crowley (1984) argued that the comparison of the carcinogenic risk
from varying doses of a treatment should be based on the tumor incidence rates, since they
are unbiased measures of corresponding increases in the production of tumors. The null
hypothesis of no carcinogenic effect at time ts can thus be stated in terms of the tumor
incidence rates as Hy: Ags = A1s = ... = AKs . If the times of tumor onset are observable,
then the tumor onset test described in Section 1.3.2 directly addresses this hypothesis and
is an unbiased test of tumor incidence. In contrast, tests based on the crude proportions of
animals with tumors within each treatment group, such as the Cochran-Armitage Linear
Trend Test and Fisher's Exact Test, can be biased by differences in mortality across
treatment groups (Gart, 1979). Tests based on the death rate from tumors (fatal tumor
analyses) or with tumors (incidental tumor analyses) coincide with a test of the equality of
tumor incidence rates only under certain restrictive conditions of treatment lethality and

tumor lethality, as described by McKnight and Crowley (1984) and Bailer (1988).

Tests statistics for the comparison of tumor incidence rates will be derived using
two different methods. The first test exploits the asymptotic normality of the maximum
likelihood estimator of Ag in the construction of a normal approximation test statistic. The
second relies on specific applications of a Pearson chi-square test to a multinomial
distribution as described in pages 391-398 of Rao (1973). Both of the derived tests are

directed at testing the hypothesis of equal tumor incidence rates for two treatment groups;
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the more general hypothesis of equal tumor incidence rates among K treatment groups can

be addressed by pairwise comparisons.

The normal approximation test is motivated by a desire to simultaneously compare
the differences between tumor incidence rates between two treatments over all time
intervals. The difference between estimated tumor incidence rates for two treatments
during the s-th time interval, /izs -/7:1 s, is asymptotically distributed as a normal random
variable with mean 0 and variance 02552 + G152 under the null hypothesis of equal tumor
incidence rates, with G52 = var[/izs]. This result is obtained by first noting that the
expanded parameter vcctor6=(61,62) representing the maximum likelihood estimators for
both dose groups has a block diagonal covariance matrix, reflecting the independence of the

treatment groups, as shown below:

) ~ A 21 0
asymptotic Var(el ,92) =
02y

Rao (1973, p.387) stated that if Ty, is a statistic for estimating 6, such that the asymptotic
distribution of Vn (Th, - 0) is normal with mean 0 and variance matrix X= {cijz} ,and gisa
continuous function of Ty, which is totally differentiable, then the asymptotic distribution of

Vn [g(Ty )- g(8)] is normal with mean zero and variance:

Var(g('l',)):Z Z 02 3 3¢
J J

7 50, 56,
Since the maximum likelihood estimator of @ is such a statistic, the result stated above can
be proven by designating the function g(61,/éz) =/7tzs - 5:15. The results for each interval
can be combined by summing the observed differences in maximum likelihood estimates

over the S time intervals to obtain;




111

AT AT Sr~ =« S ~ S ~
Ay-Ay= Z[Ms- 7~1s:|= 2 Ax— 2 ki
s=1 s=1 s=1
Note that A,T is the cumulative tumor incidence rate defined as the sum of the tumor

incidence rates over all intervals, and should be distinguished from the cumulative tumor

survival function Az defined in Chapter II as the product of (1-Ag) over all time intervals.

The variance of the estimated difference between the cumulative tumor incidence rates for

two treatments is:
2 2
T
NN OT1, O12
var[A -A"]=—+—
2 1 N1 N2

Rao's result can be applied to the estimate of A;T to obtain the asymptotic variance of this

estimator, which has the resulting form:

~ ) ~ ~
0'-21- z = var (A: ) = 2 O+ 2% z Ozss' in which 0,59 = cov [lzs,}.zs']

s=1 s#§'

. . A . : .
A consistent estimator, 6,2 for 6,2 is obtained by replacing the unknown

parameters with their corresponding maximum likelihood estimates. A normal

N ~
approximation test can now be constructed based on the statistic A2T - A1T and its

asymptotic variance, as displayed below:

T LT

Ay- Ay
~2 2
om, om
N N (5.1.1)

12

N
i
"

Under the null hypothesis, this statistic converges in distribution to a normal random
variable with mean 0 and variance 1. Approximate significance probabilities can thus be

determined by comparing Zt to the standard normal distribution.
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McKnight and Crowley (1984) also proposed a statistic for testing the hypothesis
Hy: A5 = Ags, and claimed that this statistic is asymptotically normal under the null
hypothesis. However, they did not present the variance component of this asymptotic
distribution. The form of their statistic is similar to the statistic ZT shown above in that
both sum the differences between consistent estimates of the tumor incidence rate for each
of two treatments over all time intervals. The test statistic derived by Malani and Van Ryzin
(1988) has the same form as Zr, but different estimates of the variance of the MLE for A, T
are used. These authors used a first-order Taylor Series approximation to the variance of
the individual tumor incidence estimates /7\\5 Under this approximation the covariance
between estimates of the tumor incidence rates for two different time intervals is zero unless
the time intervals are adjacent. Since the Hessian matrix is evaluated numerically and
inverted to obtain the observed information matrix in the testing procedure described above,
the estimates of covariances between any two time intervals must be included in the total

variance.

A second test statistic for the comparison of tumor incidence rates is derived using
Rao's results for specific applications of the chi-square distribution to a multinomial
distribution in which the "k" cell probabilities can be written in terms of an unknown
parameter 6 = (01 ,...,8q). In the special case in which an efficient estimator for 6 exists
and the first partial derivatives of the cell probabilities with respect to 6; are continuous for
i=1,...,q, Rao presents a statistic for testing whether the parameter 8 belongs to a subset of
admissable values specified by the locus

0i =gi (t1,....%r), i=1,...,q; r<q (5.1.2)

in which the functions gj are continuous and 1y,...,T; are the new parameters. Under the

null hypothesis specified by (5.1.2), the asymptotic distribution of the statistic
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k
E1; - En; 2
2= Y [Ei-Eail®

Eoi (5.1.3)

i=1
is x2(q-r), in which Ej; is the i-th cell probability of the multinomial distribution evaluated
at the efficient estimator for 0, and Ep; is the same cell probability evaluated at an efficient

estimator for T under the restrictions of (5.1.2).

The maximum likelihood estimator of 8 = (A,B,0) is an efficient estimator in the
sense that the asymptotic variance of this estimator is equivalent to the Cramér-Rao lower
bound, as described in Section 3.2. In addition, the cell probabilities Pr[[SWOT],
Pr{SWT], Pr{DWOT], and Pr[DWT] in the multinomial model derived in Section 2.2 are
functions of the parameter 8. However, in order for Rao's results as stated above to
provide a test of equality of tumor incidence rates, it is necessary to derive a maximum
likelihood estimator for the restricted parameter 1, i.e., for 6 under the restriction that A5 =
A2s for all time intervals. Unfortunately, an analytic solution for the MLE of 6 under this
set of restrictions does not appear to be tractable. Malani and Van Ryzin also noted that
they were unable to determine an analytic solution for their set of parameters in this
situation. A number of different iterative procedures can be used to obtain the MLE of 8
under the null hypothesis. Evaluation of the cell probabilities Pr{SWOT], Pr[SWT],
Pr{DWOT], and Pr{DWT] at the unrestricted MLE's for 8 given in Theorem 2.3.3 yield the
values of Ej in expression (5.1.3), and the corresponding restricted MLE's for 0 obtained
from an iterative computer algorithm can be substituted in the cell probabilities to yield the
values of Ez. The test statistic given by (5.1.3) can then be computed and compared with

the %2 distribution.

By making two additional assumptions, Malani and Van Ryzin are able to derive an
analytic solution for the MLE of their set of parameters. These assumptions are that: (1) the

rate of death given that tumor is absent is equal for the two treatment groups, and (2) the
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probability of sacrifice at the end of each time interval is the same for the two treatment
groups. The second assumption is claimed to be of little concern, since the long-term
anﬁnal study can be designed to fulfill this requirement. The ﬁrst assumption, however,
limits the applicability of this test in comparison to the former test based on Zt as given in
expression (5.1.1). Malani and Van Ryzin argued that the rates of death given that tumor is
absent should be approximately equal if all treatment doses are at or below the MTD.

These authors also emphasize that these assumptions are less restrictive than those required
by the score test proposed by Dewanji and Kalbfleisch (1986), for which it is necessary to
make the additional assumption that the rate of death given tumor is present is eqﬁal for the

two treatment groups.

When the two assumptions discussed above are satisfied, the multinomial

likelihood can be reduced to a simpler form. This reduction allows the derivation of an .

analytic solution for the maximum likelihood estimator under the null hypothesis that the
tumor incidence rates for the two treatments are equal. The statistic proposed by Malani
and Van Ryzin is a direct application of Rao's result as stated in (5.1.3). In terms of the

notation used in this research, the chi-square statistic is:

s
3 [Naers™ digh- Ny eas' da) . .. ..
2 =l Na(cys +dyg ) - Ny(cos +dys)
Xt = + z S S 1\~2s s

ES: [Nl Np(Cps +ds +Cos + d2$+)] =1| NiNa(ers™+ dis'+ o5+ dze)
s=1
(5.1.3)
in which Nj is the total number of animals in treatment group 1 and Nj is the total number
of animals in treatment group 2. This test-statistic converges in distribution to a chi-square

random variable with S degrees of freedom as (N + N») --> oo, provided that the number ‘
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of intervals (S) is fixed and the proportion of animals in each treatment group,

N2/(N1+N>), is fixed.

Malani and Van Ryzin claim that selection of doses at or below the MTD should
yield death rates for tumor-free animals that are equal over treatment groups, since the MTD
is defined to be the highest dose that can be given that does not cause a significant decrease
in survival from effects other than carcinogenicity. However, it has been shown that even
differences in tumor-free survival that are not statistically significant can have an
appreciable impact on the estimated tumor incidence rates (Bailer and Portier, 1988). In
addition, accurate determination of the MTD from subchronic toxicity studies has
historically been difficult. Consequently, treatment toxicity has often resulted in a higher
death rate for tumor-free animals in upper dose groups than for control-group animals,
challenging the validity of the latter test. For this reason, the test based on the statistic

given by (5.1.1) is to be preferred over that based on the statistic given by (5.1.3).

5.2 Tests for Nonlethality of Tumors

A statistical procedure for testing the hypothesis of tumor nonlethality can also be
developed as a direct application of the results given by Rao. Recall that the lethality of a
tumor type is defined as fts) = AD'T(ts) ADINT(to). A test for nonlethality of tumor is thus
equivalent to testing whether the tumor lethality is one, or ADT(tg) = ADINT(t). Based on
the relationships for tumor lethality derived in Section 2.6, the hypothesis for tumor
nonlethality can be shown to be equivalent to the hypothesis of Ho: ¢s = s / (1-As). This
is not surprising, since the latter relationship is exactly the form for ¢s derived in Section
2.2 under the condition of incidental tumors. The hypothesis of nonlethal tumors can also
be stated in terms of the cell probabilities of the multinomial distribution described in

Section 2.2, in that Hy: ¢s = Bs/ (1-As) is equivalent to the hypothesis:
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Pt{DWT] Pr{SWT
Ho: (PDWTJ + PHDWOT)) B (PrISWT{ + Pr(SWOT
1)

Regardless of which of the above ways the hypothesis of tumor nonlethality is
expressed, the maximum likelihood estimators for © under this null hypothesis are simply
the MLE's for 0 in the restricted case of an incidental tumor type, which were presented in
Theorem 2.3.1. Evaluation of the cell probabilities Pr{[SWOT], Pr{SWT], Pr[DWOT], and
Pr[DWT] at the restricted maximum likelihood estimates for 0 yields the values of E3 in
expression (5.1.3), and evaluation of these cell probabilities at the general MLE for 6 given
by Theorem 2.3.3 provides the values of Ej. Substitution of the values of Ej and E3 in the
chi-square statistic given by (5.1.3) results in the following statistic for testing the null

hypothesis of tumor nonlethality:

XNL2= i ng [(cs-ds+) - (°s+ ds.)l

=1 (cg+dg") (s +dg ) (dg+d") (co+cg')

(5.2.1)

It can be shown that N1, converges in distribution to a chi-square random variable with S

degrees of freedom as N -->ee such that the number of time intervals is fixed.

The result given by (5.3.1) can immediately be recognized as the sum of the S

individual chi-square statistics resulting from the S contingency tables of the form below:

T with tumor with Total
Natural death dg* ds (ds” +ds*)
Sacrifice cst Cs” (cs™+cgh)

Total (CS+ + ds+) (Cs' + ds’) (Cs++ds++cs'+ds-)
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Lagakos and Mosteller (1981) give heuristic arguments supporting the combination of chi-
square statistics computed from contingency tables like the one above as a test of tumor
nonlethality, although they present no formal derivation of a test statistic. Malani and Van
Ryzin derive a test statistic for the evaluation of tumor lethality based on the same result due
to Rao. It can be demonstrated that their test statistic is equivalent to that given by

expression (5.2.1).



CHAPTER VI: NUMERICAL EVALUATION OF RESULTS

6.1 Application of Results to a Long-Term Animal Study

To illustrate the methodology developed in the previous chapters, the estimators
obtained by unconstrained and constrained maximum likelihood methods and pooling
algorithms are applied to survival/sacrifice data generated by a long-term animal study. An
experiment conducted at the National Center for Toxicological Research (NCTR) to study
sex and strain differences in mice with respect to the incidence of liver tumors induced by
benzidine dihydrochloride provided the data analyzed originally by Kodell and Nelson
(1980) and more recently by Portier and Dinse (1987) and Malani and Van Ryzin (1988).
In the NCTR experiment, male and female mice from each of two strains (F1 and F2) were ‘
administered one of six doses of benzidine ranging from O ppm to 400 ppm. The animals
received the chemical treatment in their drinking water from the time they were weaned until
they died or were sacrificed. The analyses presented in this section are limited to the F2-
strain mice from the NCTR data. =

Kodell and Nelson (1980) calculated parameter estimates for the NCTR data based
on a parametric stochastic model of illness and death using maximum likelihood methods.
However, they were unable to obtain analytic solutions to the likelihood equations, and
were forced to rely on a computerized maximum likelihood estimation routine. They
discovered that their model was not applicable to data from the control (0 ppm) and 30 ppm
dose groups due to an insufficient number of liver tumors among the mice in these groups.
Consequently, data were reported only for animals recieving benzidine doses of 60 ppm,
120 ppm, 200 ppm, and 400 ppm. ’
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Interim sacrifices were performed at various times throughout the study, but tended
to cluster tightly around three points in time. Accordingly, sacrifices perfomed at 278 to
281 days are considered to have occurred at 40* weeks, sacrifices performed at 420 to 422
days are considered to have occurred at 60* weeks, and terminal sacrifices perfomed at
559-561 days are considered to have occurred at 80+ weeks. The above grouping includes
all recorded sacrifice times for both male and female F2 strain mice. The small dispersion
in sacrifice times was likely the result of a practical constraint on the personnel needed to
sacrifice the animals and perform histopathologic examinations, and grouping the sacrifice
times in the manner described should not introduce bias into the results. The original data
published by Kodell and Nelson (1980) are in terms of months (days/30); it should
therefore be noted that 40* weeks corresponds to 9.37 months, 60* weeks is 14.07
months, and 80+ weeks is equivalent to 18.70 months.

In addition to the number of sacrificed animals with and without liver tumors at
each sacrifice time, the reported data included the time of death and liver tumor status for
animals that died naturally during the course of the experiment. For some animals, it was
possible to attribute the death as due to a cause other than liver tumors, i.e., to a competing
risk. For example, Kodell and Nelson note that reticulum cell sarcomas and lymphomas
were two prominent competing causes of death in the NCTR experiment. Clearly, all
deaths in absence of liver tumors fall into the category of deaths due to competing risks. In
addition, competing risks were determined to be the cause of death for some mice that died
with liver tumors. In the present analysis, no distinction is made between animals with
liver tumors that died of a competing risk and those whose deaths were directly attributed to

the presence of the tumors.
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The actual times of death for animals dying naturally were condensed into three
intervals by simply counting the number of deaths with and without liver tumors occurring
before 40+ weeks, 60+ weeks, and 80* weeks for the first, second and third intervals,
respectively. Similarly, the number of sacrificed animals with and without liver tumors
were totalled for the three approximate sacrifice times. The resulting raw counts for fitting
the discrete multinomial likelihood are presented in Table 6.1.1 for F2 strain female mice
and Table 6.1.2 for F2 strain male mice. A similar representation of the raw counts for F2
female mice is provided in Table 4 of Malani and Van Ryzin (1988). It should be noted,
however, that the 16 sacrifices without tumor at 60 weeks in the 120 ppm group reported
by Malani and Van Ryzin is a typographical error, and should be replaced by a count of 26.
In addition, an erroneous value of 3 deaths without tumor at 80 weeks in the 60 ppm dose
group is reported by Malani and Van Ryzin. The correct value of 4 deaths can be verified
from the original data published by Kodell and Nelson. The parameter estimates calculated
by Malani and Van Ryzin reflect the correct data value for the first case, but the incorrect
data value for the latter situation. However, this error results in only minor discrepancies
between the estimators derived in this research with those presented by Malani and Van

Ryzin.

The unconstrained maximum likelihood estimates of the tumor incidence rate A,
death rate without tumor 3, and overall death rate ¢ are presented in Table 6.1.3 for F2
strain female mice. The accompanying asymptotic standard errors were computed
numerically using the observed information matrix as described in Section 3.2. In general,
the tumor incidence rate appears to be an increasing function of both time and dose.
Exceptions to this standard pattern are seen in the 200 ppm and 400 ppm dose groups, for
which the tumor incidence increases from the first interval to the second, but then decreases
during the third interval. In fact, it is evident from Table 6.1.3 that the unconstrained

estimate of tumor incidence during the third interval for the 400 ppm dose group is
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negative. In addition, the estimate of the rate of death without tumor for the same interval
and dose group is greater than one. With the exception of the latter estimate, the estimates

for the rate of death without tumor are consistently lower than the overall death rate.

The asymptotic standard errors presented in Table 6.1.3 were computed by
inverting the Hessian matrix from Appendix A at the data values for F2-strain female mice
to obtain the observed information matrix. In the 400 ppm dose group, the Hessian matrix
evaluated at the observed data for the third interval is semi-definite, and negative diagonal
entries in the inverted matrix precluded the estimation of standard errors for A and.¢ in this
time interval. The lack of a negative definite Hessian matrix implies that the proposed
estimators may not maximize the likelihood for this particular set of observed data, as
discussed in Section 2.3. The large estimated standard error for the last interval in the 200
ppm dose group should also be noted. The instability of this estimate is a consequence of
the fact that only three animals were sacrificed during the third interval and none of these
animals were found to be tumor-free, yielding an observed count of zero for c3-.
Insufficiency of the data for a given interval is thus reflected in large standard errors for the

parameter estimates, and this is felt to be a desirable feature of the model.

The unconstrained maximum likelihood estimates of the tumor incidence rate and
death rates for F2 strain male mice are displayed in Table 6.1.4. Although some decreases
in tumor incidence rates are observed for female mice in the upper dose groups, the
estimated tumor incidence rates for male mice are strictly increasing functions of both dose
level and time interval. A comparison of the parameter estimates presented in Tables 6.1.3
and 6.1.4 reveals that the estimates of the tumor incidence rate are consistently lower for
male mice than for female mice, with the exception of the single negative estimate for
female mice in the 400 ppm dose group. This finding is consistent with the results of

Kodell and Nelson, who note that the estimated mean time to tumor for females is less than
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that for males, indicating higher tumor incidence rates. A similar, although weaker,
relationship is observed among the death rates, for which the F2 male mice typically have

lower estimates than the female mice.

Using the relationships derived in Section 2.7, it is possible to calculate estimates of
the rate of death given that tumor is present, AD'T(t), and the rate of death given that tumor
is absent, ADINT(t), as functions of the estimated values of ¢, B, and A. These estimates
are presented in Table 6.1.5, along with the corresponding estimate of tumor lethality
computed as the ratio of /iD'T(ts) to/iDlNT(ts). The conditional death rates displayed in
Table 6.1.5 are identical to those published by Malani and Van Ryzin. It is interesting to
note that the rate of death given that tumor is absent is often greater than the rate of death
given that tumor is present, resulting in a tumor lethality estimate which is less than one.
The instability of these estimates is primarily due to the small number of liver tumors
observed during the first 40 weeks of exposure to benzidine dihydrochloride. Table 6.1.6
contains the maximum likelihood estimates of the conditional death rates ADT(t5) and
ADPINT(1o) and the tumor lethality rate £ts) for F2 strain male mice. A comparison with
- those rates resulting from the method of Malani and Ryzin is not possible in this case, as

these authors present estimates for female F2 mice only.

: A
A comparison of the estimated cumulative tumor survival function Ag defined by:
”~ s ”~
Ag = TTA-2)
i=1
as based on the tumor incidence rates presented in Table 6.1.3 and on those estimated by

Malani and Van Ryzin (1988) is provided in Table 6.1.7 for F2 female mice. Malani and

Van Ryzin present estimates of a different function AT(s), calculated as the sum of the

individual tumor incidence rates through the s-th interval. However, the corresponding
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estimate of Ag can be easily calculated as the difference between the estimates of AT(s) and
AT(s-1). In addition, parametric estimates of the tumor survival function are calculated

based on the MLE's of parameters from a Weibull model of tumor incidence as presented
by Kodell and Nelson (1980). This estimate of the cumulative tumor survival rate for the

time interval ending at ts is computed by the relationship:

~ L ¢
t
Ag =exp -f BltYldt =cxp[-(b—sl) ]
0

where B1 and y; refer to the parameters in the Weibull model of tumor incidence described
by Kodell and Nelson, and ¢ and by are the transformed parameters for which MLE's are
presented, with the following relationships:
1
Yl + 1 ‘Yl + l)
b, = and c¢;=7,+1
By

For convenience, the methodology developed in the present research is denoted by

"Williams" in Table 6.1.7 and later tables involving comparisons with estimators suggested

by other researchers.

From Table 6.1.7, it is clear that the estimates of the cumulative tumor survival
function Ag calculated using the MLE's derived in Chapter II are identical to those
calculated using the estimators suggested by Malani and Van Ryzin, with the exception of
the single estimate for the 60 ppm dose group which reflects the incorrect data value
discussed previously. The estimates of Ag based on the MLE's presented by Kodell and
Nelson are similar in magnitude to those of the methodology developed here, and the
differences between these estimates can be attributed to the use of a parametric model rather
than a nonparametric model. Note that the cumulative tumbr survival function estimates for

the 400 ppm dose group increase from the second to the third interval for the two
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nonparametric methods, while a consistent decrease is seen over all three intervals in the ‘
same dose group for the Weibull model used by Kodell and Nelson. The increase

observed in the nonparametric models is due to the negative estimate of tumor incidence

shown in Table 6.1.3, and reflects the sparseness of the observed data in the last time

interval, especially for sacrificed animals.

The cumulative tumor survival function estimates for F2 strain male mice are
exhibited in Table 6.1.8 along with those computed using the semi-parametric framework
proposed by Portier and Dinse (1987) and the estimates derived from the MLE's presented
by Kodell and Nelson (1980). The semi-parametric model employed by Portier and Dinse
specifies a Weibull model for the distribution of tumor incidence rates; thus the estimates
of Ag can be computed in a manner similar to that of the Kodell and Nelson estimates
described above. The Weibull hazard for tumor incidence proposed by Portier and Dinse

has the form: .

¢ \7!
AD=ny t—)

max;

in which tyax is the maximum observed time of death or sacrifice. The estimates of the

cumulative tumor survival function can thus be calculated as: -

: N v-1 t Y
Ag=cxp|- o o dt]| =exp -l»l(tm;)
0

Examination of the estimated cumulative tumor survival functions for the three

different methods presented in Table 6.1.8 reveals very close agreement between those

based on the parametric model of Kodell and Nelson and those based on the semi-

parametric model proposed by Portier and Dinse. This agreement is not surprising, since

Portier and Dinse note that the shape and scale parameters of the Weibull hazard for tumor ‘
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incidence estimated by Kodell and Nelson are very similar to theirs when transformed to
the same time scale. The estimates based on the nonparametric model are also close to
those of the parametric and semi-parametric analyses, although the estimates of Ag are
generally lower than those for the two Weibull models during the second interval, and |
higher for the last interval. All three methods exhibit a decrease in tumor survival rates
over both time intervals and dose levels, so that the lowest estimated probability of not
developing liver tumors is experienced from 60+ to 80+ weeks by animals receiving 400
ppm of benzidine.

In the previous discussion of the estimated tumor survival functions presented in
Table 6.1.7 for female F2 mice, it was noted that the increase observed during the third
interval for mice receiving 400 ppm of benzidine reflects a negative estimate of tumor
incidence for this interval for the two nonparametric models. This is a legitimate cause for
concern regarding these models, since the dicrete rate of tumor incidence is a probability,
and should only take on values between 0 and 1. The parametric model assumed by Kodell
and Nelson forces the cumulative tumor survival rate to be a decreasing function of time
~ due to the use of a Weibull hazard, yet this choice of a parametric model may not always be

appropriate.

While Malani and Van Ryzin make no suggestions for improving their invalid
estimate of tumor incidence in this situation, the analytic expressions for the constrained
MLE's derived in Chapter II can be applied to the observed data to yield asymptotically
unbiased estimates of the tumor incidence rates which are contained in the valid parameter
space. The constrained MLE's of A, B, and ¢ for F2-strain females in the 400 ppm dose
group are shown in Table 6.1.9, along with their estimated standard errors computed as
described in Section 3.4. For the sake of comparison and validation, constrained MLE's

computed numerically using an iterative gradient search algorithm which maximizes a
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function subject to boundary constraints are also presented in Table 6.1.9. The analytic

and numeric solutions for the constrained maximum likelihood estimators are essentially
identical, with the exception of differences of 0.001 in the estimates of B and A in the last
interval. These differences are due to the necessity of setting upper and lower boundaries
for the parameters which are in the interior of the parameter space in the iterative computer

algorithm.

A comparison of the constrained MLE's presented in Table 6.1.9 with the
unconstrained MLE's shown in Table 6.1.3 reveals that the estimates of B and ¢ remain
unchanged during the first two intervals, and the constrained estimate of the overall death
rate during the last interval is almost identical to the unconstrained estimate. The estimate
of tumor incidence in the last interval is zero, reflecting the imposition of an active
constraint on A3, and the corresponding estimate of B3 is forced to the upper boundary of

the parameter space. The estimated tumor incidence rate during the second interval falls

between the unconstrained estimates of A3 and A3, but is closer to the unconstrained
estimate of A2. The estimates of the cumulative tumor survival function based on the
constrained MLE's are 0.652 for 0 to 40+ weeks, 0.134 for 40+ to 60+ weeks, and 0.134
for 60* to 80+ weeks.

Another method of obtaining estimates of the tumor incidence rate which are in the
range [0,1] is through the use of pooling algorithms, as described in Chapter IV. The
estimates of the tumor incidence rates and death rates resulting from the intuitive pooling,
early pooling, and late pooling algorithms are provided in Table 6.1.10 for female F2 mice
receiving 400 ppm of benzidine. The unconstrained estimates of tumor incidence within all
remaining dose groups for female mice and all dose levels for male mice are positive, and

thus no pooling is required. It is evident from Table 6.1.10 that the late pooling algorithm

and the intuitive pooling algorithm yield identical parameter estimates, since both of these ‘
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algorithms pool the second and third intervals of data together. An examination of the
estimates of tumor incidence resulting from these two pooling algorithms reveals that they
are identical to the constrained maximum likelihood estimates presented in Table 6.1.9.
This is to be expected, since it was noted in Section 4.2 that the analytic expressions for the
estimators obtained by intuitive or late pooling and maximum likelihood methods are
equivalent in this situation. The estimates of ¢1 and Bl for the late pooling and intuitive
pooling methods are also equivalent to the corresponding constrained maximum likelihood
estimates of the death rates for the first interval. For the second and third intervals, the late
and intuitive pooled estimates of ¢ and P are between the values of the constrained MLE's
for these two intervals. The early pooling algorithm does not appear to provide reliable

estimates of the tumor incidence and death rate for this particular set of data.

The maximum likelihood estimates presented in Tables 6.1.9 can be used to
compute statistics for testing the hypothesis of equal tumor incidence for female F2 mice
from the NCTR animal study, as described in Section 5.1. Ideally, a test of the
carcinogenicity of benzidine would involve a comparison of the tumor incidence rates for
each of the treated groups with those the the control (0 ppm) group. Since control group -
data is not available, comparisons of the tumor incidence rate will be performed among the
active treatment groups. The normal approximation test statistics ZT are calculated by
subtracting an estimate of the cumulative tumor incidence rate for the lower treatment group
from that of the higher treatment group and dividing by an estimate of the variance under
the null hypothesis. Positive values for Zt are thus an indication of overall increases in
tumor incidence rates with corresponding increases in dose. The results displayed in Table
6.1.11 show that the cumulative tumor incidence rate for the 60 ppm treatment group is
significantly different than each of the higher-level treatment groups, with an estimate that
is less than half the value of the estimates for mice receiving 120 ppm, 200 ppm, and 400

ppm. The comparison between the 120 ppm and 400 ppm dose groups also yields a test



statistic which is highly significant, but in this case the value of Zt is negative, indicating

an overall decrease in tumor incidence rates.

The normal approximation test statistics presented in Table 6.1.11 for female mice
are qualitatively the same for comparisons among the 60 ppm, 120 ppm, and 200 ppm dose
groups as those presented by Malani and Van Ryzin. Although the form of their statistic is
equivalent to the normal approximation test statistic derived in Chapter V, they compute
estimates of the asymptotic standard errors using a first-order Taylor series approximation
to the Fisher information matrix rather than using the observed information matrix. Thus
the actual values of the statistics differ. Malani and Van Ryzin found no significant
difference between the tumor incidence rates for the 400 ppm dose group and any of the
lower dose groups due to their large estimated standard error for the negative MLE of A
during the third time interval, while comparisons based on the constrained MLE's revealed
significant differences between the 400 ppm dose group and each of the 60 ppm and 120
ppm dose groups. Kodell and Nelson did not provide any test statistics for the comparison
of tumor incidence rates, but did note that a dose-response relationship with respect to time

to tumor was demonstrated by their estimates.

A second type of test statistic for the comparison of tumor incidence rates among
treatment groups is applicable under the assumptions that (1) the same sacrifice scheme is
employed for each treatment group and (2) the rate of death in the absence of tumor is equal
among treatment groups. The chi-square statistics generated by this testing procedure, as
described in Section 5.1, are given in Table 6.1.12, along with their associated
probabilities in comparison with the %2 distribution with 3 degrees of freedom. Although
the same sacrifice schemes were not used for all four treatment groups, and the rate of
death in the absence of tumors appears to increase steadily with increasing dose levels (see

Table 6.1.5), the chi-square statistics give qualitatively the same results as the normal
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approximation test regarding statistical significance of observed differences. However, one
disadvantage of the chi-square test statistic in comparison with the normal approximation
test is that it indicates only the magnitude of the difference in treatments with respect to
tumor incidence rates, and not the direction. The results obtained from this chi-square

testing procedure are consistent with the analogous values reported by Malani and Van

Ryzin.

The normal approximation test statistics for comparison of tumor incidence rates
among male mice are shown in Table 6.1.13. The results indicate significant differences
between estimates of the cumulative tumor incidence rate for all pairwise comparisons at
individual significance levels of @=0.05. Application of a Bonferoni correction to ensure
an overall significance level of a=0.05 dictates that the significance level for each
individual test be 0.008, in which case the comparison between male mice receiving 120
ppm and 200 ppm of benzidine is no longer significant. In constrast to the estimates of the
cumulative tumor incidence rate for female mice, the estimates for male mice show a steady
increase with increasing levels of dose. This finding agrees with that of Portier and Dinse,
who noted a significant linear trend in dose for this data. The test statistics presented in
Table 6.1.13 test for an overall difference in tumor incidence rates between two treatment
groups only, yet the consistent trend in dose provides additional support for the rejection of
the broader null hypothesis of no carcinogenic effect of benzidine dihydrochloride in male

F2-strain mice.

The corresponding chi-square statistics for the comparison of tumor incidence rates
among male mice are given in Table 6.1.14. The qualitative agreement between the normal
approximation tests and chi-square tests for differences in tumor incidence rates observed
for female F2 mice is not repeated for male mice. Examination of the death rates given

absence of tumor for male mice (Table 6.1.5) indicates that the second assumption
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female mice. The same sacrifice scheme was employed for male mice as for female mice; ,

necessary for the application of this test is not violated to the same degree as it was for

however, the probabilites of sacrifice at each time interval vary over dose groups, violatin g
the first assumption discussed previously. Since this test is not appropriate for comparison
of tumor incidence rates when the two stated assumptions are not met, the concurrence
between the normal approximation test and the chi-square test for female mice was likely
coincidental, and the normal approximation test should clearly serve as the basis of our

statistical decisions under the circumstances of the NCTR animal study.

The final analysis to be presented for the NCTR long-term animal carcinogenicity -
experiment is the evaluation of tumor lethality for each of the treatment groups among male
and female F2 mice. The statistic for testing the null hypothesis of tumor nonlethality was .
described in Section 5.2, and is a summation of chi-square test statistics over the intervals ‘
of the animal study. The chi-square statistics XNy 2 are compared with the %2 distribution -
with 3 degrees of freedom, corresponding to the three intervals in the study. These results
presented in Table 6.1.15 for both female anad male mice indicate that the data are
consistent with the null hypothesis of tumor nonlethality for all but female mice in the 200

ppm dose group, for which there is a marginally significant estimate of tumor lethality.
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Table 6.1.1

Observed Data for F2-strain Female Mice .
from the NCTR Benzidine Dihydrochloride Experiment

deaths sacrifi .
with without with without
umors tumors tumors tumors

Dose (in ppm) Time interval in weekst d d+ c ct Total

60 0-40* 2 0 70 0 72
40+ - 60* 1 0 38 10 49

60+ - 80+ 4 7 20 15 45

120 0-40* 7 0 44 2 53
40+ - 60* 4 6 26 15 51

60t - 80+ 2 16 1 20 39

200 0-40* 2 1 43 4 50
40% - 60* 1 17 12 23 - 53

60+ - 80+ 2 11 0 3 16

400 0-40* 3 0 14 8 25
40% - 60* 4 17 1 13 35

60t - 80+ 1 9 0 1 11

* - original data published by Kodell and Nelson (1980)

t - 40+ weeks = 281 days or 9.37 months (days/30)
60+ weeks = 422 days or 14.07 months
80* weeks = 561 days of 18.70 months
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Table 6.1.2

Observed Data for F2-strain Male Mice .
from the NCTR Benzidine Dihydrochloride Experiment

_sacrifices .
with without with without

{umors  fumors tumors tymors

Dose (in ppm) Time interval in weeks?t d d+ ¢ ct Total
60 0-40t 8 0 68 0 76
©40%* - 60t 3 0 41 3 47
60+ - 80+ 3 3 34 4 44
120 0 -40* 3 0 46 0 49
40+ - 60* 1 1 39 8 49
60+ - 80+ 2 3 27 12 44
200 0 - 40+ 8 0 47 0 55 .
40%* - 60t 4 1 31 6 42
60+ - 80+ 3 1 10 7 21
400 0 - 40+ 3 0 23 1 27
40+ - 60* 3 2 17 4 26
60t - 80t 0 6 6 6 18

* - original data published by Kodell and Nelson (1980)

T . 40+ weeks = 281 days or 9.37 months (days/30)
60+ weeks = 422 days or 14.07 months
80+ weeks = 561 days of 18.70 months




Table 6.1.3

Unconstrained Maximum Likelihood Estimates
of the Tumor Incidence Rates and Death Rates
For F2-strain Female Mice
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/N A N /N A ~

Dose (in ppm) Time interval in weekst A se(A) B se®) o se(d)
60 0 - 40+ 0.000 0.008 0.012 0.001 0.012 0.007
40* - 60+ 0.206 0.009 0.011 0.001 0.011 0.007

60+ - 80+ 0.341 0.008 0.110 0.004 0.239 0.005

120 0-40* 0.041 0.007 0.049 0.002 0.049 0.007
40t - 60+ 0.364 0.006 0.046 0.002 0.111 0.003

60+ - 80+ 0.879 0.006 0.081 0.005 0.462 0.007

200 0 - 40+ 0.091 0.004 0.017 0.001 0.025 0.001
40+ - 60* 0.707 0.015 0.015 0.001 0.261 0.005

60+ - 80+ 0.635 0.169 0.365 0.024 0.812 0.048

400 0-40* 0.348 0.015 0.042 0.003 0.042 0.014
40t - 60+ 0.802 0.008 0.137 0.008 0.457 0.009

60+ - 80+ -0.273 -----* 1.273 0.151 0909 ----- *

- 40* weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80+ weeks = 561 days of 18.70 months

* - Estimates of the asymptotic standard errors could not be obtained
due to a semi-definite observed information matrix
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Unconstrained Maximum Likelihood Estimates
of the Tumor Incidence Rates and Death Rates
For F2-strain Male Mice
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N VS /N /N A\ A

Dose (inppm) Time interval in weekst A se(A) B seB) o se(d)
60 0 -40* 0.000 0.008 0.048 0.001 0.048 0.007
40+ - 60+ 0.066 0.009 0.033 0.001 0.033 0.007

60+ - 80+ 0.098 0.005 0.073 0.003 0.136 0.004

120 0 - 40t 0.000 0.010 0.021 0.001 0.021 0.008
40t - 60t 0.177 0.010 0.011 0.001 0.022 0.001

60+ - 80+ 0.206 0.008 0.055 0.003 0.114 0.004

200 0 - 40+ 0.000 0.010 0.068 0.002 0.068 0.009
40t - 60t 0.165 0.009 0.063 0.003 0.079 0.003

60+ - 80+ 0.261 0.013 0.171 0.008 0.190 0.008

400 0 - 40* 0.040 0.014 0.042 0.003 0.042 0.014
40* - 60t 0.180 0.012 0.071 0.005 0.114 0.006

60+ - 80+ 0.588 0.033 0.000 0.039 0.333 0.025

- 40+ weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80* weeks = 561 days of 18.70 months




Table 6.1.5

Maximum Likelihood Estimates of Conditional Death Rates

Given the Presence or Absence of Liver Tumors

For F2-strain Female Mice

A A A

Dose (in ppm) Time interval in weekst  ADIT(ty) ADINT(¢) Ats)
60 0 - 40t 0.000 0.012 0.000
40t - 60t 0.000 0.013 0.000
60+ - 80+ 0.318 0.167 1.909
120 0 - 40t 0.000 0.051 0.000
40t - 60t 0.170 0.073 2.328
60+ - 80+ 0.444 0.667 0.667
200 0-40* 0.092 0.018 4.973
40+ - 60t 0.337 0.054 6.221
60+ - 80+ 0.786 1.000 0.786
400 0-40* 0.000 0.065 0.000
40% - 60t 0.423 0.691 0.611
60+ - 80+ 0.900 1.000 0.900
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t - 40+ weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80+ weeks = 561 days of 18.70 months
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Table 6.1.6

Maximum Likelihood Estimates of Conditional Death Rates
Given the Presence or Absence of Liver Tumors
For F2-strain Male Mice

N A

Dose (inppm)  Timeinterval in weekst ~ ADT(t)  ADNTG) i)
60 0- 40+ 0.000 0.048 0.000
40+ - 60+ 0.000 0.035 0.000
60+ - 80+ 0.429 0.081 5.286
120 0 - 40+ 0.000 0.021 0.000
40+ - 60+ 0.061 0.013 4.640
60+ - 80+ 0.200 0.069 2.900
200 0- 40+ 0.000 0.068 0.000
40+ - 60+ 0.096 0.076 1.264
60+ - 80+ 0.125 0.231 0.542
400 0- 40+ 0.000 0.044 0.000
40+ - 60+ 0.212 0.087 2.444

60+ - 80+ 0.500 0.000 oo

T - 40+ weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80* weeks = 561 days of 18.70 months




Table 6.1.7

Estimates of the Cumulative Tumor Survival Function

For F2-strain Female Mice
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Estimate of Ag

Kodell &

Malani &
Dose (in ppm) Time interval in weeks? =~ Williams Van Ryzin Nelson

60 0-40* 1.000 1.000 0.987
40+ - 60+ 0.794 0.794 0.864

60* - 80* 0.523 0.513* 0.444

120 0-40* 0.959 0.959 0.956
40+ - 60+ 0.609 0.609 0.558

60+ - 80+ 0.074 0.074 0.031

200 0-40* 0.909 0.909 0.910
40+ - 60+ 0.266 0.266 0.309

60+ - 80+ 0.097 0.097 0.007

400 0-40* 0.652 0.652 0.686
40+ - 60* 0.129 0.128 0.115

60+ - 80+ 0.164 0.164 0.001

* - This estimate is calculated based on d13- = 3 rather than dj3- = 4. Recalculation of XS

based on the correct value yields 7\3 = (0.523 for the 60 ppm dose group.

t - 40* weeks = 281 days or 9.37 months (days/30)

60+ weeks = 422 days or 14.07 months
80+ weeks = 561 days of 18.70 months
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Table 6.1.8

Estimates of the Cumulative Tumor Survival Function
For F2-strain Male Mice

Estimate of Ag .
Portier & Kodell &
Dose (in ppm) Time interval in weekst ~ Williams Dinse Nelson

60 0 - 40* 1.000 0.994 0.997
40* - 60+ 0.934 0.954 0.965

60* - 80+ 0.843 0.823 0.819

120 0 - 40+ 1.000 0.976 0.985
40+ - 60+ 0.823 0.869 0.889

60* - 80+ 0.653 0.621 0.613

200 0- 40+ 1.000 0.984 0.985
40% - 60t 0.835 0.871 0.860

60* - 80+ 0.617 0.536 0.463

400 0-40* 0.960 0.965 0.966
40* - 60+ 0.787 0.764 0.759

60* - 80* 0.324 0.329 0.303

T- 40+ weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80* weeks = 561 days of 18.70 months




Table 6.1.9

Constrained Maximum Likelihood Estimates
of the Tumor Incidence Rates and Death Rates
For F2-strain Female Mice Receiving 400 ppm of Benzidine

N A Pl "~ A

Method Time interval in weekst A se(A) B se@) ()
Analytic 0-40* 0.348 0.014 0.042 0.003 0.042
Solutions 40% - 60* 0.795 0.000 0.137 0.005 0.457
60+ - 80+ 0.000 0.000 1.000 0.119 0.908
Numeric 0-40* 0.348 0.014 0.042 0.003 0.042
Solutions 40* - 60* 0.795 0.000 0.137 0.005 0.457
60+ - 80+ 0.001 0.000 0.999 0.119 0.908
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0.014
0.009
0.014

t - 40+ weeks = 281 days or 9.37 months (days/30)
60+ weeks = 422 days or 14.07 months
80+ weeks = 561 days of 18.70 months
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Table 6.1.10

Estimates of the Tumor Incidence Rates and ‘Death Rates
Derived From Pooled Data
For F2-strain Female Mice Receiving 400 ppm of Benzidine

) AN ) A
Method Time interval in weeks’ A B )
Early 0 - 60+ 0.626 0.099 0.338
Pooling 60+ - 80+ 0.781 0.218 0.909
Late 0 - 40+ 0.348 0.042 0.042
Pooling 40+ - 80+ 0.795 0.171 0.674
Intuitive 0 - 40* 0.348 0.042 0.042 o
Pooling 40+ - 80+ 0.795 0.171 0.674

T . 40* weeks = 281 days or 9.37 months (days/30)
60* weeks = 422 days or 14.07 months
80* weeks = 561 days of 18.70 months
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Table 6.1.11
Normal Approximation Tests for Comparison of Treatment Groups

with Respect to Tumor Incidence Rates
For F2-strain Female Mice

Comparison with Treatment Group Receiving: .

Dose N ~ 120 ppm 200 ppm 400 ppm .
(inppm) N ZAg var(ZAg) Zt (p-value) Zr (p-value) Zt (p-value)

60 167 0.547 0.029 43.85(<0.001) 5.43 (<0.001) 30.91 (< 0.001)
120 143 1.284 0.016 092 (0.359) -7.99 (< 0.001)
200 119 1434 3.157 -1.78 (0.075)

400 71 1.143 0.014
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Table 6.1.12
Chi-Square Tests for Comparison of Treatment Groups

with Respect to Tumor Incidence Rates
For F2-strain Female Mice

Comparison with Treatment Group Receiving;

Dose 120 ppm 200 ppm 400 ppm__.
(inppm) N X712 (p-value) X712 (p-value) X172 (p-value)
60 167 27.41 (<0.001) 38.90 (<0.001) 54.82 (<0.001)
120 143 5.14 (0.162) 14.39 (< 0.001)
200 119 5.92 (0.116)

400 71




143

Table 6.1.13

Normal Approximation Tests for Comparison of Treatment Groups
with Respect to Tumor Incidence Rates

For F2-strain Male Mice

mparison with Tr nt Group Receiving: .

Dose A ~ 120 ppm 200 ppm 400 ppm .

(inppm) N ZAs var(ZAs) Zr (p-value) Zt (p-value) Z1 (p-value)

60 167 0.164 0.022 12.24(<0.001) 1291 (<0.001) 17.41 (< 0.001)

120 142 0.383 0.027 2.00 (0.046) 11.25(<0.001)

200 118 0.426 0.033 9.80 (< 0.001)
400 71 0.808 0.088
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Table 6.1.14

Chi-Square Tests for Comparison of Treatment Groups
with Respect to Tumor Incidence Rates
For F2-strain Male Mice

Comparison with Treatment Group Receiving: .

Dose 120 ppm 200 ppm 400 ppm .
(inppm) N X172 (p-value) X712 (p-value) x12  (p-value)
60 167 10.81 (0.013) 8.75 (0.033) 23.80 (<0.001)
120 143 6.69 (0.082) 6.47 (0.091)
200 119 : 6.22 (0.101)

400 71




Table 6.1.15

Evaluation of Tumor Lethality
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Dose Female Mice Male Mice
(in ppm) ANL2 p-value N2 p-value
60 1.71 0.635 6.25 0.100
120 2.69 0.443 3.08 0.380
200 7.76 0.051 0.40 0.939
400 2.69 0.443 5.63 0.131
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The analysis of the Kodell and Nelson data presented in the previous section
demonstrated that the current methodology agrees closely with other methods proposed for
the estimation and comparison of tumor incidence rates. Yet this agreement cannot be
interpreted as implying that any of these methods produce optimal estimates in the sense of
being unbiased and having minimum variance. The unconstrained and constrained MLE's
are known to have some optimal asymptotic properties; under certain regularity conditions
discussed in Chapter III, they are asymptotically consistent and efficient. However, long-
term animal studies are rarely conducted with what could be regarded as large samples, and
the operating characteristics remain to be determined for the MLE's and estimates derived

from pooling methods in small samples.

In Chapter II, it was noted that certain data outcomes could hypothetically result in

negative unconstrained estimates of tumor incidence. Constrained estimators of the entire
set of parameters were therefore derived under the restriction of non-negative tumor
incidence rates. The availability of these constrained MLE's proved useful in the analysis
of the Kodell and Nelson data. However, the issue of whether the existence of constrained
estimators is of practical benefit or only theoretical interest cannot be judged on the basis of
a single study, since it is unclear how often it would be necessary to employ the

constrained estimators in analyzing many different types of long-term animal studies.

In an attempt to evaluate the operating characteristics and applicability of the
estimators proposed in this research, a series of Monte Carlo simulation studies were
designed and implemented. Data for these simulation studies were generated under the
conditions which were felt a priori to have the greatest impact on the accuracy and

variability of the estimators of the tumor incidence rate. These conditions were: (1) the .
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background death rates without tumor, (2) the shape of the tumor survival curve, (3) the

cumulative tumor survival rate, and (4) the lethality of the tumor.

Death rates without turnbr were chosen to represent low and high background
mortality rates. Levels for the low background death rates were obtained by computing
age-specific estimates of survival rates at the designated sacrifice times based on a Weibull
hazard for death proposed for historical control animals in the National Toxicology
Program's carcinogenicity experiments (Portier, Hedges and Hoel, 1986). These low
levels were felt to be typical of those exhibited by male and female rats and mice in the
control group of a long-term animal study. The high levels of background death rates
without tumor were computed by doubling the low background rates. The high
background rates are intended to reflect the mortality rates of animals in upper dose groups,

or perhaps a high spontaneous death rate for a particular species.

Data were simulated for three possible shapes of the tumor survival curve: (1)
concave, (2) linear, and (3) convex. A concave curve is one which curves upward, and
reflects a tumor type which has a very high incidence early in the duration of a long-term
animal study, which then tapers off quickly so that the tumor incidence is close to zero by
the end of the study. This type of curve is exhibited for the incidence of thyroid tumors in
male mice. A linear survival curve reflects a tumor type resulting in a decrease in the
proportion of tumor-free animals which is directly proportional to time. The incidence of
lung tumors in male rates typically produces a linear survival curve. A convex tumor
survival curve reflects a tumor type with an incidence which is very low early in the
lifespan of the animal but begins to increase rapidly in the later part of the animal's lifespan.
An example of this pattern is given by pituatary tumors in female rats. This latter level for

* the shape of the tumor survival curve is probably most typical of the tumor types which
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have been studied in the past, yet the inclusion all three levels broadens the applicability of

the simulation studies.

Three levels of the cumulative tumor survival rate were also designated for the
purposes of the simulation studies, since it was expected that the ability to calculate accurate
estimates of the tumor incidence rates would depend to some extent on the total proportion
of animals which develop tumors over the course of the carcinogenicity experiment. The
cumulative tumor survival rate levels of 20%, 50%, and 80% reflect respective probabilities
of 0.2, 0.5, and 0.8 of remaining tumor-free through the end of the long-term animal
study. The three levels for the shape of the cumulative tumor survival curve and three
levels of cumulative tumor survival together determine nine possible combinations under
which true values of the tumor incidence rates are calculated for the purposes of the

simulation studies.

The last factor taken into consideration in the simulation studies was the lethality of
the tumor, which is reflected by the value of y;. Recall that g is defined to be the average
rate of death during the s-th interval given the previous onset of a tumor. In the case of an
incidental tumor type, it was shown in Chapter II that the relationship between this rate of
death, the death rate without tumor, and the tumor incidence rate can be expressed as ys =
Bs/ (1-Ag). The rate of death given previous tumor onset in the case of fatal tumors is yg =
1. Thus, these two levels for y; are used to generate data under incidental and fatal tumor
scenarios. An intermediate level of tumor lethality was also designated by setting the true
value of s at some level between the values applicable to the incidental and fatal tumor
situations. Given the true background mortality rates as defined by the first factor, the true
tumor incidence rates as defined by the combination of the factors (2) and (3), and the true

rates of death given tumor onset as defined by the tumor lethality levels, the true value of







