ABSTRACT
ROY, TUHIN. Guided Wave Inversion for Arterial Stiffness Estimation. (Under the direction of
Dr. Murthy N. Guddati).

Arterial stiffness relates to early onset of multiple cardiovascular diseases. There has been
significant research in the past towards estimating the arterial stiffness through models such as
Pulse Wave Velocity. More recently, the Acoustic Radiation Force based Shear Wave
Elastography (SWE) has become a promising tool to characterize arterial stiffness. In SWE, the
artery is excited with an acoustic radiation push and wave propagation along the arterial wall is
measured through ultrasound transducer. The resulting SWE data is processed to estimate the
arterial stiffness, using various models ranging from immersed plate idealizations that is highly
approximate to finite element modeling of fully three-dimensional immersed fluid-filled tube,
which is computationally expensive. Irrespective of the employed idealizations, most of the effort
is directed towards estimating elastic modulus with limited work on characterizing viscoelasticity.
In light of these two observations, this dissertation provides (1) an efficient yet accurate model of
wave propagation in arteries, (2) an inversion framework to compute arterial stiffness including
viscoelasticity. To achieve these objectives, we proceed with the following steps.

First, we build on a recent work to develop an efficient wave guide model based on semi-
analytical finite element method to simulate the wave dispersion. The model considers complex
3D wave propagation, viscoelasticity as well as the interaction between the interstitial and
surrounding fluid and the arterial wall. Through carefully combining analytical expansion with
locking-free finite element discretization, we illustrate that the dispersion curves are accurately
captured in a matter of a few milliseconds on a desktop computer, facilitating practical inversion
for arterial stiffness.

In the inversion framework, we first develop a deterministic algorithm to estimate wall
modulus by matching multiple modes; unlike the previous efforts that focus on matching a single
mode, this is driven by recent observation that the experimentally observed dispersion curve
matches with two theoretical dispersion curves in two different frequency ranges. The resulting
inversion method is shown to be effective through validation with phantom SWE experiments on
rubber tubes. This effort also includes preliminary investigation of inverting for wall thickness,
driven by the observation that in vivo thickness measurements may not be accurate. It is observed

that deterministic, simultaneous inversion of thickness and modulus is not as effective as inverting



for modulus alone, leading us to explore methods to take advantage of the information on thickness
obtained from B mode images.

Towards incorporating the prior information of the thickness in the inverse model, at this
time, we developed a Mixed-mode Frequentist approach, which is shown to work reasonably well
with phantom experimental data. A Bayesian framework remains to be developed so that the prior
information on thickness can be incorporated.

Towards the viscoelastic inversion, realizing that wave dispersion is not sensitive to the
viscous terms, we propose a full wave simulation framework which gives the tube responses in
space-time for an applied acoustic radiation force. Similar to dispersion analysis, full-wave
simulation is built on SAFE approach. It is however different from dispersion analysis as domain
of analysis is shifted from frequency-wavenumber to wavenumber-time domain. Notwithstanding
this difference, the full wave simulation is also extremely efficient, taking less than 15 seconds
with 7 parallel cores on a standard desktop machine for linear viscoelastic damping.

Finally, the above full-wave simulation framework is utilized to estimate the viscoelastic
modulus. Given that the excitation force is not known accurately, we propose to use a correlation
based objective function. Numerical examples with noise-laden synthetic data illustrate the
effectiveness of the proposed approach with full viscoelastic inversion of Voigt-type materials.

Further refinement of the probabilistic framework and additional ex vivo validation of
viscoelastic inversion, combined with in vivo illustrations, are expected to lead to a practical and

accurate methodology to estimate arterial stiffness that would be amenable to routine clinical use.
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CHAPTER 1: INTRODUCTION

Arterial stiffness is an early indicator (Cheng et al 2002, Laurent et al 2000, Kingwell and
Gatzka 2002, Sutton-Tyrrell et al 2005, Dolan et al 2006) for many cardio-vascular diseases such
as high risk stroke (Laurent et a/ 2000), type II diabetes (COCKCROFT et al 2005), myocardial
infarction (Hirai et al 1989), hypertension (Glasser et al 1997, Bussy et al 2000, Paini et al 2006),
end stage renal disease (Guerin et al 2001), atherosclerosis development (Oliver and Webb 2003,
Vlachopoulos et al 2010), and aneurysm (Boutouyrie et a/ 1992). Among several techniques to
measure arterial stiffness, the gold standard technique is the use of arterial pulse wave (CARO and
CG 1962, Asmar et al 1995, Van Bortel ef al 2012). However, this method experiences several
limitations such as inaccurate distance measurement (Mookerjee et a/ 2010), requirement of long
distance for time measurement due to low resolution (Bernal et al/ 2011), the unrealistic
assumptions on boundary conditions such as isolated in vacuum and inviscid fluid (Couade et al
2010), and the linearity assumption of the Euler fluid dynamic equation (Korteweg 1878) in spite
of strong nonlinear behavior of pulse wave propagation. To account for the variation of arterial
stiffness at different sites, local instantaneous quantitative measurement techniques such as
Acoustic Radiation Force (ARF) based imaging has become a popular noninvasive technique to
characterize tissue locally. In ARF, ultrasound wave is propagated through the tissue material and
the tissue response is analyzed spatially and temporally for tissue characterization locally. There
are several ARF methods based on the excitation types (details can be found in (Doherty et al
2013)).

Among the imaging techniques, the Shear Wave Elastography (SWE) has become a
promising tool since the shear modulus has a wider range than bulk modulus for soft tissues. The
SWE technique has been applied in many biomedical examinations of various organs such as
kidney (Amador et al 2011), prostate (Mitri et al 2011), liver (Chen et a/ 2009), cornea (Bernal et
al 2011, Tanter et al 2009, Nguyen et al 2012), bladder wall (Nenadic et al 2013), myocardium
wall (Kanai 2005, Nenadic et al 2011, Urban et al 2013, Pislaru ef al 2014, Couade et al 2011),
Achilles tendon (Brum et al 2014, Yeh et al 2016, Helfenstein-Didier ef al 2016), and arterial wall
(Zhang et al 2005, Bernal et al 2011, Couade et al 2010). In case of bulk organs, the propagating
shear wave does not get affected since the boundaries and interfaces are far from the region of
interest. However, in case of organs with confined geometry such as artery, the shear wave

becomes guided and dispersive (wave velocity changes at different frequencies). Although the



dispersive nature of wave makes the problem complicated, the different wave mode sensitivities
help us to characterize the organs better (Gennisson et a/ 2010, Shcherbakova et al 2014).

To reduce the geometric complexities in the wave dispersion analysis for the arteries, an
immersed plate model was studied (Couade et al 2010, Bernal et al 2011, Nguyen et al 2011,
Widman et al 2015, Jang et al 2015, Widman et al 2016, Maksuti et al 2016, Li et al 2017a). Later,
annuli waveguide (Li ef al 2017c), hollow tube waveguide (Zhang et al 2005, Flamini ef al 2015),
fluid-filled tube (Flamini et a/ 2015, Lin et al 2015), and immersed fluid-filled 3D finite element
model (Dutta et al 2015) are utilized. Recently, an efficient Semi-Analytical Finite Element
(SAFE) based immersed and fluid-filled cylindrical waveguide model is utilized in (Astaneh et al
2017). Results in (Astaneh ef al 2017) showed that the forward model can efficiently find the wave
dispersions in the cylindrical waveguide model and this wave dispersion can effectively be
employed to characterize the arterial wall stiffness. The schematic of the cylindrical waveguide

model is presented in Figure 1.1.

e
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Figure 1.1 Schematic of the considered waveguide model in (Astaneh et al 2017)

While the approach mentioned in (Astaneh et al 2017) is efficient, further reduction in
computational effort is possible by employing less expensive lower order finite elements. This is
addressed in the CHAPTER 2: . To alleviate the volumetric locking of the linear finite elements in
the limit of incompressibility, we consider the selective reduced integration scheme. Along with
the cylindrical waveguide, we applied this proposed framework for other waveguide model
including waveguides with generic cross-sections. The motivation behind considering the generic
cross-section is the artery with plaque formed in which we do not have the axis-symmetric cross-
section. A schematic is presented here and the formulation details along with the numerical

example are available in the CHAPTER 2: .
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Figure 1.2 Schematic of a waveguide model with non-axis-symmetric cross-section (motivated by

the artery with plaque)

In the next step, our goal is to estimate the arterial stiffness with the proposed forward
model. Since our objective is towards the early detection of the cardiovascular diseases, we
consider axisymmetric cylindrical waveguide model which mimics the human carotid artery
(without advanced disease). In most of the earlier models, the primary goal was to back-calculate
the artery material modulus (elastic) for characterizing the artery stiffness (Couade et a/ 2010,
Bernal et al 2011, Nguyen ef al 2011, Widman et al 2015, 2016, Maksuti et al 2016, Li et al
2017a). However, it has been found that the thickness also significantly contributes towards the
artery stiffness (Dutta et al 2015) and because of the small length scale associated with it, the
thickness measurement using the imaging technique (such as B-mode imaging) is also not well
reliable. In the works of (Dutta ef al 2015), geometries such as thickness, diameter and material
modulus are simultaneously inverted, however, the considered group velocity based approach
could not ensure the accuracy. The characteristics of artery waveguide which exhibits dispersive
wave propagation, can be obtained with better accuracy in phase velocity based approach than that
of the group velocity based approach (Maksuti et al 2016).

Motivated by this, we attempt to back-calculate both wall thickness and elastic shear
modulus with the phase velocity based dispersion curve approach in the CHAPTER 3: . As
suggested in the paper (Astaneh et al 2017), the multi-modal inversion framework in which we
match the measured dispersion curve with the multiple simulated modes is explored. Specifically,
we match with the two modes in two different frequency ranges (full details are in CHAPTER 3:
). In addition, we improve the quality of the measured dispersion curve through applying
windowing on the spatial-temporal data. We have shown that the improvements in the measured

dispersion curve and the consideration of the multi-modal setting led to significant improvements



in the inversion results. Figure 1.3 shows the overall outline. For the validation of our proposed
approach, we consider rubber tube phantom experiments data which was conducted by Dr.

Matthew W. Urban’s research group at Mayo Clinic.
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Figure 1.3 (a) Data Acquisition, (b) Data processing, (c) Frequency-wavenumber plot, (d)
Measured dispersion curve, (e) Matching of measured and simulated dispersion curves to back-

calculate material and geometric properties, (f) Forward model.

As mentioned earlier, the B-mode images are not reliable for thickness due to small scale,
however, these images can be considered as the prior information to our inversion model. This
further improves the inversion results. Motivated by this, we initiate probabilistic inversion
analysis where along with the utilization of the parameter prior information, we incorporate the
measurement uncertainty to the analysis. CHAPTER 4: elucidates the considered probabilistic
inversion models.

Besides the wall thickness and elastic modulus, the viscoelasticity strongly influences the
artery stiffness. As mentioned in (Nguyen et al 2011), the phase velocity dispersion curves are not
influenced by the viscoelasticity. The same is also observed in our analysis. In addition, we looked
at the approaches to obtain the attenuation curve such as AMUSE method (Nenadic ef al 2017)
and Two-point Frequency shift method (Kijanka and Urban 2020). Since the given wall motion
data is truncated at some time and in space, we observed artifacts in the Fourier space in both

approaches. Therefore, we attempt to compare the wall motion data with the simulated data in



space-time domain. So, we need the simulated response in space-time which we solve in the
CHAPTER 5: .

Obtaining the tube wall response in 3D space and time is computationally challenging with
the 3D finite elements. Fortunately, in our problem, we have invariant geometry and material
properties along the axial and azimuthal directions. This allows us to utilize the Semi-Analytical
Finite Element (SAFE) framework resulting in computationally efficient model. In addition, due
to the thin walled structure, we proceed with a few initial modes in the modal analysis leading to
further improvement in the computation time. We term this simulated response as the full wave
response since we incorporate both propagating and evanescent wave modes in the simulation.
Figure 1.4 shows the top wall excitation in axial direction and time due to an applied acoustic
radiation push (with focus number of 0.75). The simulation details along with the numerical
examples are presented in the CHAPTER 5: . To give the preview of the computational
efficiencies, the simulation takes less than 15 seconds with 7 parallel cores on a standard desktop

machine for the Voigt viscoelastic model.
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Figure 1.4 Full wave data (top wall response) in axial direction and time.

Finally, we back-calculate the viscoelastic modulus of the arterial (tube) wall through
employing the full wave simulation framework along with other approaches. At this point, we
verify our proposed approaches with the synthetic data that mimics the tube experiment. The
details of these considered approaches are discussed in the CHAPTER 6: , which indicates that
reasonable back-calculation of viscoelastic storage and loss moduli may be possible, leading to

more informative biomarker than simple elastic modulus.



CHAPTER 2: SHEAR WAVE DISPERSION ANALYSIS OF INCOMPRESSIBLE
WAVEGUIDES!

ABSTRACT

A suite of methodologies is presented to compute shear wave dispersion in incompressible
waveguides encountered in biomedical imaging; plate, tube, and general prismatic waveguides, all
immersed in incompressible fluid, are considered in this effort. The developed approaches are
based on Semi-Analytical Finite Element Methods in the frequency domain, with a specific focus
on the complexities associated with the incompressibility of the solid media as well as the
simplification facilitated by the incompressibility of the surrounding fluid. The proposed
techniques utilize the traditional idea of selective reduced integration for the solid medium and the
more recent idea of Perfectly Matched Discrete Layers for the surrounding fluid. Also utilized is
the recently developed Complex-length Finite Element Method for plate-like structures. Several
numerical examples are presented to illustrate the practicality and effectiveness of the developed
techniques in computing shear wave dispersion in a variety of waveguides.

INTRODUCTION

Plate and pipe like structures can often be characterized through guided wave inversion
(Mitra and Gopalakrishnan 2016, Kundu 2003, Rose 2011, Su et al 2006, Vaziri Astaneh and
Guddati 2016, Foti et al 2014, Rose 2014, Willberg et al 2015). Guided wave inversion is the
process of back-calculating the unknown material and geometric parameters from the observed
dispersion of waves propagating along with the plate or pipe walls. An important recent application
of guided wave inversion is in biomedical imaging where the objective is to characterize the nearly
incompressible soft tissue (Sarvazyan et al 2011, 2013, Bernal et al 2011, Bercoff et al 2004,
Nguyen et al 2011); (Astaneh et al 2017), often surrounded by softer (fluid-like) tissue. Accurate
computation of wave dispersion is critical to any guided wave inversion approach, and existing
approaches need some modifications to treat incompressible solids, where the only waves that
exist are shear waves. The focus of the chapter is to extend some traditional and some recent
techniques to efficiently compute the dispersion curves for plate and tube-like structures in vacuum

or immersed in an incompressible fluid.

! This chapter has been published in J. Acoust. Soc. Am. (2021) 149 972-82



Several analytical formulations (Thomson 1950, Haskell 1953, Knopoff L. 1964, Randall
1967, Lowe 1995, Berliner and Solecki 1996, Sato and Ogiso 2013) are developed for elastic and
acousto-elastic waveguides (elastic waveguides immersed in acoustic fluid) but are limited to
relatively simple geometries. Computational modeling is often necessary when the geometry is
more complicated. Specifically, methods based on finite element discretization can model the
waveguides with arbitrary geometry, boundary conditions, and material properties. This approach
is first proposed in geotechnical earthquake engineering and geophysics, for both isotropic and
anisotropic elasticity, as the Thin Layer Method (Kausel and Peek 1982, Tassoulas and Kausel
1983, Kausel 1986). The method is later employed in ultrasonic applications, where it is often
referred to as the Semi-Analytical Finite Element (SAFE) method (see e.g. (Datta et al 1988, Gavri¢
1995, Gry 1996, Han et al 2001, Hayashi et a/ 2003, Taweel et al/ 2000)). The underlying idea of
the thin layer / SAFE method is to utilize analytical formulation in the direction of wave
propagation and finite element discretization in the orthogonal direction(s), hence the name Semi-
Analytical Finite Element method.

In (Vaziri Astaneh and Guddati 2017b), an efficient SAFE approach is proposed to model
the acousto-elastic waveguides mainly for the immersed laminated plates, fluid-filled pipes, and
composite waveguides with general cross-sections (similar approaches were developed in less-
widely published literature; see (Ghibril 1992, Kokossalakis 2006)). Although this method works
well for the compressible waveguides with linear and higher-order finite elements, it fails in the
case of the incompressible waveguides with low-order finite elements due to volumetric locking
(see e.g. (Hughes 2012)). On the other hand, the incompressibility of the surrounding fluid
simplifies the governing equations, leading to more efficient computation of dispersion curves. In
this chapter, to perform such computation, we adapt (a) the traditional idea of selective-reduced
integration to the SAFE formulation to treat the problem of volumetric locking, (b) the more recent
idea of Perfectly Matched Discrete Layers (PMDL) for incompressible fluids, and (c) another idea
of Complex-Length Finite Element Method (CFEM) for plate-like structures (Note that complex-
valued element lengths in CFEM are fundamentally different from complex-stretching view point
of perfectly matched layers, (see, e.g. (Chew and Weedon 1994), and (Kausel and de Oliveira
Barbosa 2012)). Essentially, we propose a suite of techniques that can be utilized to estimate the

wave dispersion in waveguides made of soft tissue either in vacuum or immersed in fluid; all these



methods are easily implemented through minor modifications of existing SAFE codes (e.g. (Vaziri

Astaneh and Guddati 2017a)).
PROBLEM STATEMENTS

We consider nearly incompressible waveguides (e.g. soft tissues) immersed in an
incompressible inviscid fluid. The governing differential equation for the solid domain

(Elastodynamic equation) is,

L 6- po’u=0

(1)
where, u is the displacement vector, ¢ is the stress tensor written in vector form, o is the

density, and o is the angular frequency. L _is the symmetric gradient operator representing the

strain-displacement relation, expressed more precisely in later sections. For the fluid domain, in

the limit of incompressibility, the acoustic wave equation becomes the Laplace equation,
Vip=0, (2)

where p is the fluid pressure. The conditions at the fluid-solid interface I",¢ are the stress

continuity,
o-n,—pn,=0,o0onT (3)
and the continuity of displacement (thus acceleration) in the normal direction:

—-@’u-n, —La—p:O, onTl,,, (4)

Pr On

where n, and n, are the unit vectors for solid and fluid domain respectively (opposite
vectors), and p, is the fluid density. In this chapter, we solve the above governing equations for

plates, cylindrical tubes, and general prismatic waveguides. We highlight the important details in
the following subsections.
Plate immersed in fluid

Figure 2.1 represents the geometry of the infinite plate in a vacuum. We consider time-

harmonic plane-strain deformation in the y-z plane, i.e. # = u(z, y,w), which has two components



u= {uz,uy}T. The symmetric gradient operator is defined as L, =[0/0z,0,0/ 0y;0,0/0y,0/ 0z]" .

The strain is thus € = {ezz,EW,VZy}T =L_u . The stress vector 0 = {O'ZZ,O'yy,Gzy}T is related to €

through the constitutive relation,

S
S

o=De, D= (5)

A
oo o
5

5
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For isotropic materials, the elements of the constitutive matrix D can be written in terms

of the pressure and shear wave velocities ¢ and density p:

pressure Csh ear

_ _ 2

Dll - D22 - Iocpressure
_ 2

D33 - pcshear

D12 = p(c;ressure - 2c§hear)
Dy =D,;=0

(6)

Given the plane- strain deformation, the fluid pressure is also two-dimensional, i.e.

p = p(z,y,) . The Laplacian operator is also written in 2D, i.e. V*(-)=08°(-)/ 0y’ +0°())/ z>.

_—

Elastic Layers :

Figure 2.1 Geometry of a layered plate

Cylindrical tube immersed in fluid

Figure 2.2 shows the geometry of the immersed pipe in the fluid. In the solid domain, the

. . . . . . T
primary variable is the displacement u = u(r, 6, z, ) , with three components, i.e. u = {u,_,u,,u_}
. . _ _ T .

The strain is e=Lu={c,,€y.€_,6 .6 ,6,} . The stress is

o={o 0,.,0,.,0,, =De, where the elements of the constitutive matrix D are given

mr?

(oyyryel

zz

by (for the isotropic elastic material),



_ _ o2
Dll - D22 - D33 - locpressure
_ _ )
D,, = Ds5 = Dgg = pC,,
Dy, =D, =Dy =Dy, = Dy,

— _ 2 "2
- D32 - p(cpressure 2cshear)

(7)

The 6x3 gradient operators, L_ and L_ are given by,

L_()=L#"'0(-xr)/or+L,r"'0()/ 06
+L.0()/oz—L,r™,
L.()=L.0()/or+L,r'0()/ 06
+L_0()/oz+ L, (8)
L(,1)=L(53)=L.(6,2)=1,
L,(2,2)=L,(4,3)=L,(6,1) =1,
L.(3,3)=L.(42)=L.(51)=1,
L,(2,1)=-L,(6,2)=1

We similarly follow cylindrical coordinate representation in the fluid domain, i.e.

p=p(r,0,z,0) and V() =r"'0(ro(:)/ Or)/ or+r0°(-)/ 00° + (") 0z°.

Figure 2.2 Geometry of the immersed tube

Prismatic waveguide immersed in fluid

Figure 2.3 shows the geometry of the general prismatic waveguide immersed in a fluid.

The primary variable in the solid domain is the displacement u = u(x, y, z, ®) , with three Cartesian

. T . T
components, i.e. # = {ux,uy,uz} . The strainis e =L _u= {exx,eyy,ezz,eyz,exz,exy} , where,
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L,()=L,8()/ox+L,a()/ dy+L.a()/ oz,
L(L)=L,(53)=L(62)=1,
L,(2,2)=L,(43)=L,61)=1,
L(3,3)=L(42)=L(5])=1.

(9)

o

xz?

o O'X},}T = De, where the elements in the constitutive

zz 2

o

yz2

The stress is o ={0,,0,,,

matrix D for isotropic elastic material are,

_ _ 2
Dll D22 - D33 - pcpressure’

D44 DSS = D66 = pcszhear’
D, D21 = D13 = D31 = D23

12

(10)

— _ 2 "2
- D32 - p(cpressure 2cshear )

We similarly use 3D Cartesian coordinates for the fluid domain, i.e. p = p(x, y,z,®) and

V2()=3*()/ x> +8°()/ &> +8°()/ oz

Figure 2.3 Geometry of the immersed prismatic waveguide

SAFE FORMULATION
Semi-Analytical Finite Element (SAFE) formulation considers the analytical solution in
one or more directions, while finite element discretization is utilized in the remaining directions.
In the problems presented in the previous section, the wave propagation is along the axial direction,
therefore, the solution is considered to be in terms of complex exponentials in that direction, while
the cross-section is discretized using finite element shape functions or analytical functions or a

combination. The details for each of the three problems are presented in the following subsections.

11



Plate

ik,z

In the case of a plate, the displacement takes the form, u(z,y,»)=u(y,w)e™", where k,

is the wavenumber along the wave propagation direction (z). We apply finite element
discretization in the y-direction for the solid domain. The semi-infinite fluid domain is discretized
with the PMDL (see Section 0 for a summary). Assembling the solid and fluid domain with the

appropriate interface conditions, we obtain the following Eigenvalue problem,

: i+

where ¢ and ¢@. are discretized displacement vectors in solid and fluid domain

K 0

N K, -o'M® -«C,,
0 «Kj

2T F
-0°Cg, kK,

respectively. Note that manipulation that is standard in the SAFE method is used to simplify the
original quadratic eigenvalue problem into an effectively linear eigenvalue problem in Equation

(11) (see e.g. (Vaziri Astaneh and Guddati 2017b)). Specifically, the degrees of freedom
corresponding to the solid domain are transformed as, @, = {Qf,ikzqg 1", where the subscripts
represent the direction of the displacement components. x =|| K} ||, / | KI ||, is the scale factor

which is used for normalization and thus to improve the conditioning of the system. The solid

domain contribution matrices, Ki,Kg ,M? the fluid domain contribution matrices K? ,KOF , and
the fluid-structure interaction matrix Cg,, are derived from the governing Equations (1) - (4). The

reader is referred to, e.g. (Vaziri Astaneh and Guddati 2017b), for further details. Some of the

contribution matrices from the solid domain that are relevant to the current work are,

s Si 0 2 Y2 T
KS = s | S? = Iy] N'D_N.dy  (12)

Where Ny is the shape function matrix and D_ is the constitutive matrix,

D, 0
D_= . (13)
0 D,
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S, 1s the block of the stiffness matrix representing the resistance in f direction due to

displacement in ¢ direction. For the remaining terms including the K®', the reader is referred to
(Vaziri Astaneh and Guddati 2017b). To obtain the dispersion curves, Equation (11) is solved for

k. at different frequencies @, and are plotted against each other. Equivalently, they can be plotted
as phase velocity ¢, = w/k, as a function of frequency @.

Cylindrical tube

In the case of a cylindrical tube shown in Figure 2.2, in addition to the analytical treatment
in the axial direction, we consider analytical expansion along the € direction as well, through
Fourier = series  expansion. The  resulting  displacement  takes the  form,

u(r,0,z,0) = u(r,0)e"’ ™"

, where m is the circumferential Fourier number. Similar to the plate
geometry, we use finite element discretization in the radial direction for the solid and interior fluid.
PMDL is utilized for the outside fluid (note that, while the derivation of PMDL for straight
boundaries is presented in the published literature, it is valid for the Laplace equation in cylindrical
geometries (Guddati, 2020). Assembling the final discretized system results in an Eigenvalue

problem similar to Equation (11). Here, the degrees of freedom corresponding to the solid medium
are written as @ = {ik.@. ,ik_@,,@ }" . Like in the plate problem, the solution of the Eigenvalue

problem results in the dispersion curves. The details can be found in (Vaziri Astaneh and Guddati
2017b).
Similar to the plate geometry, some of the contribution matrices relevant to the current

work are,

S, 0 -S,
K;=0 S}, -S|, (14)
0o 0 §°

where, S is the block of the stiffness matrix representing the resistance in f direction

due to displacement in « direction, S> =K® , and

zz
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S'=K’ —(KS) ~KS +(K) ~in (ng +(K§Z)T)
K} = ["B{D,_Ngrdr, K}, = [ "N, Nyrar,
K: = ["N{D_Ngrdr, K =["Ny'D_ Ngrdr,

where N and B are the shape function matrix and the gradient of the shape function

matrix respectively. 7 and 7, are the inner and outer radii respectively. The constitutive matrices

are,

0 0 D, 0 0 0
D=0 0 0| D,={0 0 D,
D, 0 0 0 D, O s
D, 0 0 0 00
D=0 D, 0| Dm{o 00
0 0 D, D, 00

General prismatic waveguide
For a waveguide with a general cross-section in the x-y plane as shown in Figure 2.3, waves
propagate along the z-direction. Thus, using the harmonic form in the z-direction, the displacement

ik, z

vector is written as u(x, y,z,®) = u(x, y,w)e"" . Applying finite-element discretization in the x-y

plane for the interior fluid and solid domains, PMDL for the outside infinite fluid domain,
assembling the solid and fluid domain contribution matrices, and incorporating the interface

conditions, we get an Eigenvalue problem similar to Equation (11). Similar to the plate and
cylinder cases, the solid domain degrees of freedom are manipulated as, ¢ = {ikz¢sf,,ik2¢§§ P

The contribution matrices from the solid domain relevant to the current work are,

S, 0 -S_
Ki=| 0 S -S_|, (16)
0 0 S?
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where, §* = J.QNgDZZN sdQ and S, is the block of the stiffness matrix representing the

resistance in £ direction due to displacement in ¢ direction. Ny is the shape function matrix.

The constitutive matrix relevant to the incompressibility constraint is,

>

11

o O

0
Dy,
0

(17)

o o
)

()
[

The remaining contribution matrices are defined in (Vaziri Astaneh and Guddati 2017b).

DISCRETIZATION IN THE LIMIT OF INCOMPRESSIBILITY

In the limit of incompressibility, the stiffness associated with the volumetric deformation
becomes very large compared to that associated with shear deformation. Linear finite elements
with regular integration are known to volumetrically lock the solution, i.e. result in an overly stiff
solution that is not convergent to the right solution. To address this problem, selective reduced
integration has been successfully used in the context of regular finite element discretization (see,
e.g. (Hughes 2012)). We adapt the technique to the dispersion analysis of waveguides using the
SAFE method. In this regard, care must be exercised to split the operator that contains the
volumetric constraint and under-integrate only that portion. In Section 0, we go through the
exercise and provide the details associated with evaluating the contribution matrices discussed in
the previous section. In addition, for the plate geometry, the recently-developed CFEM can
effectively be employed as it does not get locked in the limit of incompressibility; this method is
summarized in Section 0. The exterior incompressible fluid is discretized with PMDL, which is
summarized in Section 0. Finally, in Section 0, we propose to modify the normalization factor in
Equation (11) to better condition the numerical system.
Solid discretization: linear finite elements with selective reduced integration

In the limit of incompressibility, the pressure wave velocity in the solid domain approaches
infinity while the shear wave velocity remains finite. Therefore, reduced integration is performed
for the contribution matrices associated with the pressure wave velocity. In contrast, full
integration is utilized for the part associated with the shear wave velocity. The resulting selective

reduced integration is presented below for the three waveguide problems. Naturally, only the solid
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domain is considered because the incompressibility of the fluid domain is automatically
incorporated through the use of the Laplace equation, which does not have any locking issues.

Plate
Given that the shape function matrix N is linear, only the integrand in S’ is quadratic
(see Equation (12)); the rest of the integrands are linear. Thus, reducing the integration from the

2-point Gauss quadrature to the 1-point rule would only alter S*. To apply selective reduced

integration, the integral is divided into two parts:
by oy
S? = J.y] NgD(le)Nde + J.yl Nng)Nsdy ' (18)

where,

DQ:[D“ 0}, Dg§>={0 0}. (19)
0 0 0 D,

Full integration is performed (with 2 Gauss points) for the integral in Equation (18) with

D", and reduced integration is utilized (with 1 Gauss point) for the first integral with D', which

zz
is associated with the pressure wave velocity.

Cylindrical waveguide

For the cylindrical tube, the contribution matrices K ,K5 K’ ,K® contain quadratic

integrands and are affected by reducing the quadrature from 2-point scheme to 1-point scheme. To
apply the selective reduced integration for these integrals, like the plate waveguide, each matrix is

separated into shear and pressure wave contributions:

K} = ["B{DUNrdr+ [ BIDN,rdr,
K. = j:z NI 'D{)N rdr + J':z NI 'DNrdr,

: . (20)
K? = ["N{DUNrdr+ [ *N{D'Nrdr,

s _ [ NT.~In(D "N T -1 (2)
K’ = L N 'DON rdr + j N 'DPN, rdr,

Where, the constitutive matrices are,
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0 0 D,] 0 0 0] 00 0 0 00
D(ri)— 0 0 0| D(elz): 0 0 D,|, Dilz)|:0 0 0 ]’ DS’): 00 0)
00 0 00 0| 0 0 D, D, 00 1)
0 0 0 0 0 0 Dy 0 0
D=0 0 0/, D¥=(0 0 0|, D®= 0 D, 0, D’ =0
| Dss 0 0] 10 Dy 0 0 00

Reduced integration is used for the integrals associated with pressure wave velocity (with
superscript 1), while full integration is utilized for those associated with shear wave velocity (with
superscript 2).

Prismatic waveguide

Similar to the plate and tube waveguides, for general prismatic waveguides, first the solid

domain contribution matrix that has quadratic and higher-order polynomials inside the integral is

identified and decomposed into two parts corresponding to the pressure and shear wave velocities:

§* = N{DUNdQ+[ NIDINdQ, (22)
where,
D, 0 0 0 0 0
D=0 0 0, D=0 D, 0 | (23)
0 00 0 0 D,

Reduced integration (1x1 Gauss quadrature) is used for the first integral while full
integration (2x2 Gauss quadrature) is utilized for the second integral.
Alternative discretization for plate: Complex Length Finite Element Method (CFEM)

CFEM utilizes linear finite elements with midpoint integration and bends the finite element
mesh into the complex plane in a special way, to achieve high accuracy at the edges of the mesh
(Guddati et al 2016). Specifically, CFEM is derived by linking midpoint integrated linear finite
elements with Padé approximants, which has the appealing property of exponential convergence,
i.e. the error in the solution on the mesh boundaries exponentially converge to zero with an
increasing number of CFEM elements (this is in contrast with algebraic convergence of regular
polynomial based finite elements). CFEM is inherently a one-dimensional method designed for

PDE with constant coefficients, and thus applicable to the plate problem, where each homogeneous
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layer is discretized in the y-direction using CFEM mesh. Figure 2.4 shows the example of CFEM
mesh for a 3-layer plate. The details of CFEM can be found in (Guddati et al 2016) and application
to generally layered waveguides can be found in (Vaziri Astaneh and Guddati 2016). Due to its
link to spectral FEM (see (Guddati et al 2016)), unlike regular FEM, CFEM does not suffer issues
with volumetric locking and can thus be utilized for incompressible plates without any

modification. This is evident from Numerical Examples section.

{
i r~x+Imaginary
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Elastic Layers

e L-»Z
Figure 2.4 CFEM Discretization

Exterior fluid discretization: Perfectly Matched Discrete Layers (PMDL)

Perfectly Matched Discrete Layers (PMDL) is essentially a simple yet highly effective
discretization of the well-known Perfectly Matched Layers (PML) to model unbounded domains
to mitigate reflections from artificial truncation in wave propagation problems. It is shown in
(Guddati and Lim 2006, Guddati et a/ 2008) that if PML is discretized using linear finite elements
with midpoint integration, the discretization error that pollutes the effectiveness of PML is

completely eliminated. The only error thus is the truncation error, which can be derived as,

. 2
RoTI" k,=2ilL,
k,+2i/L,

= j:l

) (24)

where n, is the number of PMDL elements, ky is the wavenumber in the direction
perpendicular to the computational boundary, L;is 7™ PMDL element length, n, is the number
of PMDL layers, and i = J=1.PMDL was originally developed for propagating waves where &,

is real and L; is chosen to be imaginary or complex. In the present setting, however, since the

waves are propagating in the z-direction, given that the Laplace equation is applicable for the

(incompressible) fluid, the waves are completely evanescent in the y-direction. Given this
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observation, we adapt the techniques in (Guddati et a/ 2008) and chose L;to be real, and

geometrically graded (see (Savadatti and Guddati 2010a)). Specifically, the lengths are chosen as

L = La’ "' where @ is the geometric ratio. A typical value of & =2.5 and L, to be the interior

element size, with 9 elements are adopted here, which are shown to result in satisfactory results
with engineering accuracy (Savadatti and Guddati 2010a). Further details on PMDL can be found
in (Kausel 2018, Guddati and Lim 2006, Guddati et a/ 2008).

The idea of combining PML with SAFE formulations appears to be first developed in
(Barbosa et al 2012), where the focus was on layered elastic systems resting on half-space. In
(Vaziri Astaneh and Guddati 2017b), we had utilized PMDL for compressible fluids, and focus on
application to incompressible fluids in the current work. Since PMDL is based on one-dimensional
mesh extension, it is immediately applicable to the plate problem where the mesh extension is
performed above and below the solid plate, in positive and negative y directions respectively.
While PMDL is not applicable for wave propagation problems in cylindrical coordinate systems,
it is applicable for Laplace and elastostatic equations (Guddati 2020). Fortunately, since the
Laplace equation governs the exterior incompressible fluid, the same 1D mesh extension strategy
is valid and utilized for the case of a cylindrical tube. Finally, for the general prismatic waveguides,
the solid domain can be surrounded by a fluid domain to create a rectangular or a polygonal
computational boundary and tensor-product PMDL discretizations can be utilized, where the
PMDL consists of a product of edge and corner PMDLs (see Guddati and Lim, 2006; Savadatti
and Guddati, 2010b). An example of such mesh is shown in Figure 2.7/ and Figure 2.13). A more
elaborate discussion can be found in (Vaziri Astaneh and Guddati 2017b).

Interior fluid discretization

The fluid inside the cylindrical tube is discretized with linear finite elements, while the
fluid inside the general prismatic waveguides is discretized with bilinear isoparametric finite
elements. There is no complexity associated with incompressibility; in fact, fluid incompressibility
leads to the Laplace equation, which is simpler to discretize than the acoustic wave equation for a
compressible fluid.

Normalization in the limit of incompressibility

The contribution matrices from the solid and fluid domain have different orders of

magnitudes, leading to ill-conditioning of the resulting coupled Eigenvalue problem. To resolve

this issue, the normalization factor is utilized in the final Eigenvalue problem, as shown in the
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Equation (11). In (Vaziri Astaneh and Guddati 2017b), this factor was calculated using the infinity
norm of the contribution matrices from the solid and fluid domain. However, the infinity norm
associated with the solid domain approaches infinity in the limit of incompressibility. To address
this issue, we have updated this factor by incorporating the Poisson's ratio:
1K |l
Kk=(1-2v)—2= (25)
1K 1L,
In the limit of incompressibility, the norm of the solid stiffness approaches infinity, while

the factor (1—-2v) approaches zero, but the normalization factor, which is the product, remains

bounded. We have confirmed the effectiveness of the above normalization factor through

numerical experiments.

NUMERICAL EXAMPLES
Plate in vacuum

In this section, the proposed approach is verified for the plate model. The model parameters

are shear wave velocity ¢, =10m/s, pressure wave velocity ¢, =1,540m/s, density p =1,100

kg/m?, and plate thickness / = 5mm. The reference solution is obtained using high-order (9-noded)
finite elements, which is confirmed to be very accurate; Through convergence analysis, we observe
the relative L error of below 1.e-5 with 10 elements. The L error is defined here as the L, norm
of the difference between the results with two consecutive mesh refinements. We note here that an
analytical reference solution could be obtained using the methodology presented in e.g. (Kumar
and Naskar 2017), but is not considered here given that it is peripheral to the current effort.
Figure 2.5 presents the results from 75-element linear finite element mesh with full
integration, which are clearly different from the reference solution; this difference is attributed to
the volumetric locking. When the integration is modified to selective reduced integration, the
results closely match the reference solution (see Figure 2.5). Similarly, when CFEM is utilized
with just nine elements, the results closely match the reference solution, also shown in Figure 2.5.
For a quantitative convergence analysis, the relative error in the dispersion relation is plotted in
Figure 2.6 as a function of number of degrees of freedom for all three discretization approaches.
The figure illustrates (a) the exponential convergence of CFEM, (b) acceptable algebraic
convergence of linear finite elements with selective reduced integration, and (c) poor convergence

of linear elements with full integration. Here, the error in dispersion relation is the L, norm of the
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difference from the reference dispersion curve. Naturally, for the plate problems, CFEM is
advocated, and when not applicable, e.g. for nonhomogeneous material properties, linear finite

elements with selective reduced integration is advocated.
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Figure 2.5. Dispersion curves for the plate in vacuum: (top) linear finite elements with full

integration; (bottom) linear finite elements with selective reduced integration and CFEM
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Figure 2.6. Convergence study for computing dispersion curves of the plate in a vacuum

Plate immersed in fluid

The plate considered in the previous section is now surrounded by an incompressible fluid
with a density of 1,060 kg/m’. The fluid is simulated with a geometrically graded mesh of nine
PMDL elements, starting with an element length of 1.e-4 m and a gradation factor of 2.5. Figure

2.7 shows the dispersion curves using the same meshes used in the previous section for the solid
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domain. This clearly illustrates the effectiveness of CFEM and linear elements with selective

reduced integration.
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Figure 2.7. Dispersion curves for the immersed plate: linear finite elements with (top) full

integration and (bottom) selective reduced integration & CFEM

Cylindrical tube in vacuum

Similar to the plate model, we obtain the reference solution using 10 high-order, 9-noded

finite elements. The model parameters are inner radius # =3 mm, wall thickness # =1 mm, the

1

shear wave velocity ¢, =10 m/s, and the material density p =1,100 kg/m>. Figure 2.8 compares

the reference solution with the results from 75 linear finite elements with full integration, which
indicates a large error. Once selective reduced integration is used, the results from linear finite

elements match well with the reference solution, also as shown in Figure 2.8.
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Figure 2.8. Dispersion curves for cylindrical tube: (top) linear finite elements with full

integration; (bottom) linear finite elements with selective reduced integration

Cylindrical tube immersed in fluid

The cylindrical tube considered above, is now filled with and immersed in an
incompressible fluid with a density of 1,060 kg/m>. The interior fluid region is discretized with 10
elements, with the same order and length employed to discretize the solid layer. To model the
(infinite) surrounding fluid, a geometrically graded mesh of nine PMDL elements is used, with the
first element length of 1.e-4 m and a gradation factor of 2.5. The results from linear finite elements
are compared with the reference solution in Figure 2.9, which shows a good correlation with the
reference solution. In the case of linear finite elements, selective reduced integration is performed

only for the solid domain, and regular (full) integration is used for the interior fluid domain.
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Figure 2.9. Dispersion curves for fluid-filled pipe immersed in a fluid (top) with linear FE (Full
Integration) (bottom) with linear FE (Selective Reduced Integration)

Prismatic waveguide immersed in fluid

Before performing verification for general prismatic waveguides, we verify our proposed
approach with the axisymmetric cylindrical waveguide, but with 2D finite element discretization
of the cross-section. The reason to choose this geometry is the availability of the reference solution
from the previous section. 2D meshes of the cross-section with 4- and 8-node isoparametric
elements are created using ANSYS (Ansys® Academic Research Mechanical, Release 16.1) and
are shown in Figure 2./0 (for tube in a vacuum) and Figure 2.7/ (for the immersed tube). The
material and geometric properties are chosen to be the same as the previous example. For PMDL
around the fluid region, we consider four elements with the first element length of 1.e-2 m and the
gradation factor of 16. The material properties of the surrounding fluid are the same as the inside
fluid. First, the results for the tube in vacuum are presented in Figure 2.72, followed by the results
for the immersed tube in Figure 2./2. In both Q4 and Q8, we utilize selective reduced integration
for the solid domain, full integration for the interior fluid, and the midpoint integration for the
PMDL elements surrounding the truncated fluid domain. Figure 2./2 indicates a good correlation
between the results, especially for the lower modes. Some differences are observed for higher

modes, which can be reduced by mesh refinement.
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Finally, we consider a prismatic waveguide with an eccentric annular cross-section with
the centers of the inside and outside circles offset by 0.5e-3 m, as shown in Figure 2.73. All other
geometric and material properties are the same as those in the axisymmetric model. The dispersion
curves from the 4- and 8-noded finite element discretizations are shown in Figure 2. /4. Similar to
the axisymmetric tube, good agreement is observed for lower modes, while the differences in

higher modes are expected to be reduced through mesh refinement.

(a) Q4 mesh (b) Q8 mesh

Figure 2.10. 2D discretization of the cylindrical tube

Figure 2.11 Axis-symmetric fluid-filled 2D geometry immersed in a fluid
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CONCLUSIONS

Using Semi-Analytical Finite Element (SAFE) methodology, we developed a suite of
practical techniques for computing dispersion curves for incompressible elastic waveguides either
in vacuum or immersed in an incompressible fluid. Specifically, three different geometries are
considered: plate, cylindrical tube, and general prismatic waveguide. We propose the Complex-
Length Finite Element Method (CFEM) for layered plates, and linear finite elements with selective
reduced integration for plates with material properties that are not piecewise constant. For
cylindrical waveguides, we utilize linear finite elements with selective reduced integration
combined with Perfectly Matched Discrete Layers (PMDL) for the exterior fluid. For prismatic
waveguides with general cross-section, 4- or 8-node finite element mesh with selective reduced
integration works well; the interior fluid is discretized with regular finite elements and the outer
fluid is discretized with PMDL. Numerical examples illustrate the effectiveness of the proposed
approaches. All the methods can be implemented easily through minor modifications in the

existing SAFE codes (see, e.g. (Vaziri Astaneh and Guddati 2017a)).
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CHAPTER 3: MULTIMODAL GUIDED WAVE INVERSION FOR ARTERIAL
STIFFNESS: METHODOLOGY AND VALIDATION IN PHANTOMS?

ABSTRACT

Arterial stiffness is an important biomarker for many cardiovascular diseases. Shear wave
elastography is a recent technique aimed at estimating local arterial stiffness using guided wave
inversion (GWI), i.e. matching the computed and measured wave dispersion. This chapter
develops and validates a new GWI approach by synthesizing various recent observations and
algorithms: (a) refinements to signal processing to obtain more accurate experimental dispersion
curves; (b) an efficient forward model to compute theoretical dispersion curves for immersed,
incompressible cylindrical waveguides; (c) an optimization framework based on the recent
observation that the measured dispersion curve is multimodal, i.e. it matches for not one but two
different wave modes in two different frequency ranges. The resulting inversion approach is
validated using extensive experimental data from rubber tube phantoms, not only for modulus
estimation but also to simultaneously estimate modulus and wall thickness. The observations
indicate that the modulus estimates are best performed with the information on wall thickness. The
approach, which takes less than half a minute to run, is shown to be accurate, with the modulus

estimated with less than 4% error for 70% of the experiments.

INTRODUCTION

Arterial stiffness is a well-known biomarker of early cardiovascular diseases (Palombo and
Kozakova 2016, Chirinos et al 2019, Sun 2015). The pulse wave velocity (PWYV) is a widely used
biomarker for arterial stiffness (Laurent et a/ 2006, Chirinos et al 2019, McGarry et al 2016, Segers
et al 2020). The PWYV is currently measured by evaluating the time delay between the pressure
waveforms measured using tonometry at the carotid and femoral arteries and using an estimated
travel distance (Kullo and Malik 2007). However, given the approximate and average nature of
the resulting PWYV estimation, there is a concerted effort to estimate localized arterial stiffness,
e.g. that of the carotid artery. This has been done using measurements of vessel distension with
high frame rate ultrasound imaging (Luo et al 2009, Vappou et al 2010, Luo et al 2012,

Parameswaran ef al 2019, Marais et al 2019).

2 This chapter has been published in Phys. Med. Biol. (2021) 66 115020
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Shear wave elastography (SWE) of the arterial stiffness using acoustic radiation force
(ARF) has shown to be a promising tool to estimate the stiffness of carotid artery (Couade et al
2010, Bernal et a/ 2011, Pruijssen et al 2020). The main idea of arterial SWE is to use ARF
excitation to generate waves propagating within the arterial walls, and use the characteristics of
the propagating waves to estimate the arterial stiffness.

The main approach to estimate arterial stiffness from the measured response is through
inversion, i.e. iteratively changing the properties of a model to minimize the difference between
simulated and measured dispersion curves that represent the variation of phase velocity as a
function of frequency. These curves reflect how the time-domain waveform distorts as it
propagates along the artery. The measured dispersion curve is obtained from processing the wall
motion data acquired using high frame rate ultrasound imaging. The simulated dispersion curve is
obtained through a forward model, i.e. analytical or computational model that can predict the wave
dispersion given the arterial material and geometric properties.

Various forward models have been developed to compute wave dispersion in arteries. Early
models were focused on the simplification of geometric complexities leading to analytical
solutions, with later models focused on both analytical and computational techniques. Some of the
existing analytical models include, plate (Couade ef a/ 2010, Bernal et al 2011, Nguyen et al 2011,
Widman et al 2015, Jang et al 2015, Widman et al 2016, Maksuti et al 2016, Li et al 2017a),
hollow tube (Zhang et a/ 2005, Flamini et al 2015), and fluid-filled tube (Flamini et a/ 2015, Lin
et al 2015). A more detailed three-dimensional finite element model is utilized in (Dutta et al
2015). In (Astaneh et al 2017) and (Roy and Guddati 2021), a waveguide model based on semi-
analytical finite element (SAFE) methods was developed to capture the fully three-dimensional
wave propagation in a fluid-filled immersed tube, but with a significantly reduced computational
cost without sacrificing accuracy. Through a validation exercise in (Astaneh ef a/ 2017), we found
that the experimental dispersion curve matches not with a single simulated curve, but multiple
curves depending on the frequency range. The goal of this chapter is to build on this observation
and develop and validate inversion approaches to estimate the arterial modulus.

Most of the existing work focused on estimating the shear modulus to characterize the
arterial stiffness (Couade et al 2010, Bernal ef a/ 2011, Nguyen et al 2011, Widman et al 2015,
2016, Maksuti et al 2016, Li et al 2017a). However, it is known that thickness also significantly

contributes towards artery stiffness estimation (Maksuti et al 2017, Astaneh et al 2017, Dutta et al
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2015) . Because it is small, the thickness, which is often measured using ultrasound B-mode
images, may not always be accurate. Thus, if possible, it would be desirable to estimate the
thickness in addition to modulus, from the wave dispersion properties. Exploring this possibility
is a secondary goal of the current study.

The outline of the chapter is as follows. After summarizing the basic idea of shear wave
elastography for arteries, we describe the data acquisition and processing to obtain the
experimental dispersion curve, which includes a summary of recent signal processing refinements.
We then focus on the forward model to compute the simulated dispersion curves. In the following
section, we discuss the necessary details related to inversion, i.e. parametrization, objective
function, and optimization algorithms. The validation study is then presented followed by

concluding remarks.

SHEAR WAVE ELASTOGRAPHY OF ARTERIES

Given that arterial wall modulus is much higher than the surrounding tissue, a high-
frequency pulse from the acoustic radiation force generates waves that are guided along the arterial
wall. The dispersion characteristics of the guided waves are used to estimate the arterial modulus
and thus the stiffness (Couade et al 2010, Bernal ef a/ 2011). The schematic of the methodology
for phantom experiments is shown in Figure 3.1. The procedure involves two major steps:

(1) Data Acquisition and Signal Processing: The shear waves are generated inside the tube
and the resulting wave propagation response is measured on the top surface along the axis of the
tube as shown in Figure 3.1(a). The recorded spatiotemporal response (Figure 3.1(b)) is
transformed into the frequency-wavenumber (f-k) domain through a two-dimensional Fast Fourier

Transformation (2D FFT), as shown in Figure 3.1(c). The peaks in the f~k data are identified and

plotted as a dispersion curve, i.e. plot of phase velocity (cp =27f/ k)VS. f (Figure 3.1(d)).

(2) Inversion through Optimization: The last major step is to back-calculate the properties
of the tube through matching the measured dispersion curve with the simulated dispersion curve
by iteratively changing the properties of the tube (Figure 3.1(e)). The simulated dispersion curves
are calculated using an analytical or computational forward model (Figure 3.1(f)). The back-
calculation (inversion) is performed through optimization, i.e. minimizing the difference between

the measured and simulated dispersion curves.
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Figure 3.1. (a) Data Acquisition, (b) Data processing, (c) Frequency-wavenumber plot, (d)
Measured dispersion curve, (e) Matching of measured and simulated dispersion curves to back-

calculate material and geometric properties, (f) Forward model.

DATA ACQUISITION AND SIGNAL PROCESSING

Experimental set-up

Shear wave elastography experiments using Acoustic Radiation Force (ARF) were
performed® on ten artery mimicking urethane rubber tubes (VytaFlex 10, Smooth-On, Inc.,
Macungie, PA). The tubes were made in a custom-made mold that could accommodate 3 tubes for
a given batch of the rubber. To obtain 10 tubes, four different batches were made as two tubes
were damaged in removal from the mold. The tubes are filled with and submerged in water, to
simulate blood and surrounding tissue respectively. The inner radius of the tubes is 3 mm and the
wall thickness is 1 mm. The schematic of the ARF experimental setup is shown in Figure 3.2. In
these experiments a Verasonics V1 system (Verasonics, Inc., Kirkland, WA) was used equipped
with a linear array transducer (L7-4, Philips Healthcare, Andover, MA). The 128 element

transducer has elements with 0.283 mm width, 0.025 mm kerf, 7 mm height, and an elevation

3 All the experiments were conducted by the research group of Dr. Matthew W. Urban and Mayo Clinic, and the
data were provided to NCSU for further processing and algorithm development.
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focus near 25 mm. An ARF push is applied at the x = 10 mm location in Figure 3.2(a), and the
vertical motion of the wall is measured at the top of the tube along the axis, from x = 10-40 mm.
A 400 ps toneburst at 4.09 MHz was used. The push beam used 64 elements of an ultrasound
transducer and was focused at 20 mm (F-number = 1, where F-number is the ratio of the focal
depth to the aperture width). Plane wave imaging with 5 MHz pulses was used at a pulse repetition
period of 80 us for a pulse repetition frequency of 12.5 kHz. The particle velocity of the wall was
estimated from the acquired in-phase/quadrature (IQ) data using an autocorrelation method (Kasai
et al 1985). To average the inhomogeneity associated with fabrication, a total of 6 configurations
are tested (by performing 60° rotations around the axis). The response is obtained for 10 separate
ARF excitations for each of the 6 configurations, leading to 60 data sets for each tube.

To facilitate the validation of the proposed inversion procedure, the material for each tube
was tested mechanically, with of Hyper-Frequency Viscoelastic Spectroscopy (Hadj Henni et al
2011) (Rheospectris C500+, Rheolution, Inc., Montreal, Quebec, Canada), resulting in the storage,
Gs(w), and loss, Gi(w), moduli for each of the tubes. The moduli were measured from 10-2000 Hz
in 10 Hz increments. For each batch of rubber, three cylindrical samples for testing were created
when making the tubes. The mean of 3 or 4 acquisitions for each sample were calculated for
validation. These results are shown in Figure 3.3, which will be utilized later in the validation
section.

. x Transducer y
[ [

r4

<—40mm

10mm

(a) (b)

Figure 3.2 Schematic of experimental setup for measuring wall motion. (a) shows the
longitudinal view of the tube and ARF transducer, while (b) shows the cross-section of the tube

and the six angles used for ARF excitation and acquisition.
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Figure 3.3 Material properties from Rheospectris experiments.

Data processing

Data processing is performed on the wall motion data first in the spatial-temporal domain.
The standard approach is to isolate the right propagating wave as shown in Figure 3.4. In the
proposed approach, we consider only the dominating part of the right propagating region as shown
in Figure 3.5. Specifically, we added a few windowing boundaries to obtain the dispersion curves
that are important for inversion. The first windowing boundary, which we call the lower-cut, sets
the lower limit on the phase velocity. The second boundary is called the upper cut, as it sets the
upper limit on the phase velocity. These lower and upper cuts partially remove the high frequency
noise, especially farther from the load at early times, as well as addresses the low signal-to-noise
ratio at later times. Finally, the signal is truncated after a maximum time (T-max) to avoid any
reflections from the edges of the tube. We consider the resulting trapezoidal region after applying
a gradual Gaussian windowing outside these boundaries. The smooth change in the signal
amplitude to zero eliminates the spurious Gibbs ringing in the f~k domain. To this end, a Gaussian

smoothing function of the following form is used.

W=e (26)

In the above, the parameter o controls the smoothing rate. The parameters x,

X

and 7,

are the maximum values of x and ¢ in the data, and are utilized essentially as normalization
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constants. The values of X and ¢ are determined based on the slopes of the upper and lower cuts
and are given by,
X = X

fzst+xshiﬁ, t :T, (27)

where s is the slope of the cuts. The x,,, is the shift value along the x direction as shown

in Figure 3.4. The resulting filter is shown in Figure 3.5(a).

The data processing parameters that describe the windowing are chosen based on the
observed phase velocity ranges from the phantom experiments. We observe the phase velocity
ranges between 4 to 10 m/s, therefore we choose the lower-cut slope as 3 m/s and upper-cut slope
as 15 m/s. Both lower and upper cuts are originated from the starting point in the space-time
domain. For the truncation time (T-max), we examine the time when the response is sufficiently
attenuated, and well before any boundary reflections are observed. We also confirmed that
perturbation of the signal-processing parameters has minimal effect on the dispersion curves
(results are not presented for brevity). The remaining steps for either the standard or modified
approach are the following: (a) applying the 2D FFT to transfer the space-time data into the
wavenumber-frequency domain and (b) picking the peak values to obtain the phase-velocity
dispersion with phase-velocity ¢, =27 f /k plotted against frequency f .

x(m) x(m)
0 0.005 001 0.015 0.02 0025 0.03 0035 004 0 0.005 001 0015 0.02 0025 003 0035 0.04
0

t(s)

Figure 3.4. Standard approach for data processing: (a) is the actual measured data in space-

time, which is curtailed on the left to focus on the right-propagating waves (b).
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Figure 3.5 Proposed approach for data processing: In addition to the standard approach in the
previous figure, additional windowing is applied to ensure that the dispersion curves are best
captured within the range of expected phase velocity. The upper cut sets the upper limit to the

phase velocity, the lower cut sets a lower limit, while curtailing in time ensures that the

reflections from the boundary does not pollute the dispersion curves.

Figure 3.6 illustrates the effect of data processing on the dispersion curve, where the
experimental dispersion curves are compared with the expected dispersion curves from the model
that will be described below, using the material parameters from Rheospectris measurements
(shown in Figure 3.3). Figure 3.6 compares experimental dispersion curves from both regular and
modified data processing approaches. Clearly, the data processing modifications bring the
experimental dispersion curves much closer to the expected dispersion curves. This improvement
in the dispersion curves leads to significant change in the inverted parameters, as discussed in the
Validation section.

While other, non-Fourier, methods may be more effective in separating multiple modes
with higher fidelity (Tran et al 2014, Kijanka et al 2018, Kijanka and Urban 2021a, 2021b), we
emphasize that the current objective is to obtain the most dominant mode in a particular frequency
range. The proposed approach is sufficient to this end and alternative methods are not considered
at this time; they may be explored in the future, e.g. if the inversion is performed to match multiple

modes at the same frequency.
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Figure 3.6. Comparison between simulated and measured dispersion curves with standard
processing (a) and refined processing (b). In the two highlighted frequency ranges, the
processing refinements result in a better match between measured and simulated dispersion

curves.

ESTIMATION OF MODULUS AND THICKNESS

Forward model

To obtain the simulated dispersion curves, the rubber tube is modeled as a cylindrical prism
made up of an incompressible elastic material, submerged in an inviscid and incompressible fluid.
The idealization of incompressibility is adopted for both the arterial wall and the surrounding fluid
because the pressure wave velocity is two orders of magnitude larger than the shear wave velocity;
explicit inclusion of compressibility does not change the results much and can lead to unnecessary
numerical complications. Further, the tube is assumed to be infinite in length because the
experimental data is truncated before any reflections from the tube ends are recorded. Such an
assumption facilitates the use of a Semi-Analytical Finite Element (SAFE) formulation, where the
discretization is performed in the radial direction, while the analytical expansion is utilized in the
axial and azimuthal directions (the reader is referred to (Rose 2014) for detailed explanation and
(Nelson et al 1971, Kausel and Peek 1982, Datta et al 1988) for some early work on this topic).
The schematic of the geometry is shown in Figure 3.7 (a), and the summary of the formulation is

presented in the remainder of the section.
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(a)
Figure 3.7. Geometry of the immersed tube (a), and finite element discretization in the radial

direction (b). Fourier expansion is used in the axial (x3) and azimuthal (x;) directions.

The tube deformation is governed by the elastodynamic equation,

2

du .
—L7;6+psd—=0, inQ,, (28)

t2

where, Q is the solid domain, ¢ is the stress, u is the displacement, and pg is the

density of the solid. The operator L is a differential operator representing the symmetric gradient;

the details can be found in (Astaneh et al 2017).
Given the incompressible and inviscid nature, the Laplace equation governs the response

of the fluid
Vip=0 inQ, (29)

where €. is the fluid domain that encompasses the interior and exterior fluid, p is the
fluid pressure, and p,. is the fluid density.

The interface conditions at the solid-fluid interface I" ¢ that couples the solid surfaces with

both inside and outside fluid regions are,

o-n,—pn,=0,onl, (30)
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d’u op
—n ——=0,onI .. 31
Tdr? Y o, = 31

Here, n, and n, are the unit vectors in the solid and fluid domain respectively, which are

in opposite directions. By following the formulation in (Astaneh et al 2017), noting that the
geometry and material properties are invariant in the horizontal and azimuthal directions, we
consider the SAFE formulation in which the radial direction is discretized with finite elements
while analytical expansion is employed for the remaining directions. Specifically, we write the
solution in terms of wave modes that are harmonic in time, axial direction, z, and azimuthal
direction, €. Linear finite element discretization is utilized in the radial direction as shown in
Figure 3.7 (b). Putting these ideas together, given the symmetry of the load and thus the response

about the r-z plane, the solid displacement and fluid pressures can be written as,

u,(r,0,z,t) = Ny (Nu, (n, k., w)e "™ cos(nd)
u,(r,0,z,6) =Ny (ru,(n,k_,w)e" " sin(nd) (32)
u_(r,0,z,t) =N (Nu_(n,k.,w)e”"™ cos(nb)

p(r,0,2,6) =N ,.(r) p(n,k.,w)e "™ cos(nf) (33)

where N and N, are the finite element shape functions along the radial direction for the

solid and fluid domain respectively, n is the index of the azimuthal harmonic, k_ is the

wavenumber along the axial direction, w=2xf is the temporal frequency, and i=+/-1.

Substituting (32) and (33) in governing equations (28) and (29), and interface conditions (30) and

(31), results in an eigenvalue problem,

. K, 0 s Ky -o’™M° —«Cg [|[d] [0 a4
z F 2T F o
0 xK; o Cyg. kK, & 0

where k is the normalization factor to improve the conditioning of the system. The solid-

domain contribution matrices, K3,K;,M?’, the fluid-domain contribution matrices, K} ,K} , and

the fluid-structure interaction matrix, Cg,. are defined in (Astaneh e al 2017); they depend on the

geometry (inner radius and thickness) and the material properties (densities and shear modulus).
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The quadratic eigenvalue problem is solved for each frequency , to result in the wavenumber

k_, resulting in the dispersion relationship. The dispersion curves can either be plotted in k. — @
space, or a plot of phase velocity (¢, = w/k_ ) vs. cyclic frequency ( f = @/27). Consistent with

the convention followed in experimental data processing (Figure 3.5), we follow the latter
approach.

The intricacies of the forward modeling include (a) treating incompressibility related linear
finite element locking through selective reduced integration (Hughes 2012), (b) simulating the
unbounded exterior with perfectly matched discrete layers (Savadatti and Guddati 2010a), and (c)
normalization to improve the conditioning in the limit of incompressibility (Roy and Guddati
2021). Further details can be found in (Roy and Guddati 2021), where the results from the forward
model are compared with the reference solution obtained through convergence analysis (the
reference solution is obtained using discretization with highly accurate 5-noded finite elements
(Astaneh et al 2017).

Before moving on to inversion, we emphasize that the forward model captures fully three-
dimensional wave propagation in the artery. The simulation is simplified mainly due to the
simplicity of the tube geometry, allowing the use of SAFE formulation to reduce the computational
effort significantly, thus enabling us to use the existing in-house code (Vaziri Astaneh and Guddati
2017a) with the minor modifications for the incompressible waveguides and then the off-the-shelf
iterative optimization algorithms to estimate the material properties, which is described in the next
section.

Inversion through Optimization

Our main goal is to estimate the shear modulus of the artery given the radius and wall
thickness. Looking ahead to in vivo application of methodology, we observe that the wall
thickness, which is obtained from B-mode images, may not be accurately measured (because the
thickness is just a few pixels wide). Given this, we add to our objective the case of simultaneous
estimation of shear modulus and wall thickness for known radius of the tube. It is expected from
wave physics that the phase velocity will be influenced by both the shear modulus and thickness,
making this a plausible goal (we also confirmed that thickness is an influential parameter through
sensitivity analysis presented later). Further, at this stage, we assume that the time/frequency

dependence of viscoelasticity of the wall is known, and only the scalar measure of the shear
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modulus is not known. Specifically, we express viscoelastic (complex-valued) shear modulus

G(w) as,
G(w)=G,(0)+iG(0) =G, xG (w), (35)

where G, and G, are the (real-valued) storage and loss moduli, respectively. Complex-

valued F(w) captures the frequency-dependence of G(w), while G, captures the overall

magnitude. Without loss of generality, we assume G, = |G(a) =207)|, because @ =207 is the first

frequency point in Rheospectris data (note that this is arbitrary). In our inversion framework, we

assume that G, is the unknown to be determined, while F(w) is assumed to be known (obtained

from the Rheospectris measurements). Inverting for frequency dependency is indeed of interest,

but beyond the scope of the current study. Thus, the parameters for our inversion is the wall

thickness ( /2 ) and the single shear modulus parameter ( G,).

The thickness and modulus are estimated by minimizing the difference between the
experimentally measured dispersion curves and theoretical dispersion curves computed from the
model. Note that there exists a single measured dispersion curve, which is obtained from a single
peak in the f-k plot for each frequency (obtaining multiple peaks is not practical due to the low
signal-to-noise ratio, especially for in vivo data). As highlighted in (Astaneh et a/ 2017), this
measured dispersion curve does not coincide with a single mode of the simulated dispersion curve,
but matches with different modes for different frequency ranges. Specifically, as discussed in
(Astaneh et al 2017) and highlighted in Figure 3.6, the measured dispersion curve matches with
flexural mode 2, F(2,1), for 300-500 Hz, while it matches with flexural mode 1, F(1,1), for 900-
1200 Hz frequency range. Here, we follow the work of Gazis (Gazis 1959a, 1959b) for the mode
numbers notation. In addition, we confirmed this match by comparing with the theoretical
dispersion curves of other wave modes that lie in the vicinity (see Figure 3.8; note that modes with
significant evanescence are filtered at low frequencies). As seen in the figure, the L(0,1) mode
asymptotically merges with the F(1,1) in the higher frequency range; it is possible that this mode
may contribute significantly to the measured dispersion curve for some geometries, material
properties and frequency ranges. However, our focus is on frequencies below 1000 Hz, and given
that the measured dispersion curve more closely matches with F(2,1) and F(1,1) in this range, we
chose to invert by matching with F(2,1) and F(1,1).
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Figure 3.8 Comparison of the theoretical and measured dispersion curves for the viscoelastic

tube

In the inversion analysis, we consider the 900-1000 Hz frequency band for the mode 1 due
to the fact that we will not have necessary data beyond 1000 Hz for the in vivo case. Given this
observation, we define the objective function as the relative least-squares difference between the

dispersion curves:

/> & )
Y (ath.0-c"()) + D (¢ (fp)-c"(f))
objective — = 7 5 ﬁZf} ) g =[h:Go] (36)
Y (ath.0) + X (a(0)
fi=h fi=/fs

where, ¢ and ¢, are the simulated phase velocities corresponding to the modes 1 and 2,

respectively, and ¢” is the phase velocity from the measured data. Consistent with the discussion
above, f1 = 300 Hz, f> = 500 Hz, f3= 900 Hz, and f; = 1000 Hz. These frequency ranges may change
depending on the geometry and may need to be revisited for in vivo experiments. Note that in the

objective function, we consider the phase velocity dispersion instead of the k(w) dispersion. The

reason is that the phase velocity is fairly constant in the considered frequency range unlike the

k(w) dispersion case; matching k(@) curves will give higher weights to higher-frequency data
which is undesirable.

The inverse problem thus involves estimating the parameters G, and 4, given the
measured dispersion curve, radius of the tube, and the viscoelastic time-dependency F(w). This

can be performed, e.g. by formulating in a robust PDE constrained optimization framework with
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explicit formulation of gradient and Hessian, potential with adjoint operators. Such an approach is
beneficial for a large parameter space and expensive forward models. However, given that we are
inverting for just two parameters and have an extremely efficient forward model, we resort to the
black-box optimization algorithms implemented in MATLAB, some of them based on finite-
difference gradients.
Inversion Models

To minimize the objective function in Equation (36), we consider both local and global
optimization approaches. While the local optimization gives a minimizer, global optimization
removes the possibilities of obtaining a spurious local minimizer. In the local optimization
framework, we consider (a) interior point method with the BFGS Hessian (Waltz et al 2006), (b)
Nelder-Mead algorithm (Lagarias et a/ 1998), (c¢) Non-linear Optimization Mesh Adaptive Direct
Search (NOMADS) algorithm (Currie and Wilson 2012). The global optimization algorithms that
we consider include (d) Particle-Swarm (Kennedy and Eberhart 1995). Note that except the
Nelder-Mead algorithm, all other considered models are constrained optimization and in these
cases, we impose box constraints, limiting each parameter to be within £30% of the mean value.
For all the above-mentioned inversion models, we employ the MATLAB optimization toolbox
except for the NOMADS algorithm for which we use the available function in (Anon n.d.).

RESULTS AND DISCUSSION

Parameter sensitivity

Before embarking on the actual inversion process, we perform formal sensitivity analysis
to ensure that the modulus and thickness are identifiable and influential. We perform the local
sensitivity analysis by forming the Fisher matrix (Smith 2014). The Fisher matrix is computed
using the finite difference method with a step size of 10~ . The parameters are scaled with respect
to their mean values to avoid any potential numerical issues. The rank of the resulting Fisher matrix
is 2 and the condition number approximately 187, indicating that both thickness h and modulus
parameter Go are identifiable parameters. The global sensitivity study is performed using the

Saltelli Sobol analysis (Saltelli et al 2007) with 4500 randomly generated points within a +45%
rectangular range in the parameter space around the mean value of each parameter /,G,. The

resulting first-order Sobol indices are [0.66, 0.27] and the total Sobol indices are [0.63, 0.50],

indicating sensitivity to both parameters, with higher sensitivity to thickness.
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Validation

We perform validation of the proposed inversion procedure using the experimental data in
two different ways: (a) estimate the modulus with known (directly measured) thickness, and (b)
simultaneous inversion of the thickness and modulus. The results are compared with the actual
values to assess the effectiveness of the proposed technique. The results from one-parameter
(modulus) inversion are shown in Figure 3.9(a), which indicates that the proposed inversion
approach results in high accuracy, irrespective of the optimization technique used (the error is less
than 4% for 70% of the cases). The computational cost is presented in Figure 3.9(b), which
indicates that all the optimization algorithms converge fairly quickly. Because the interior point
method with the BFGS Hessian is consistently more efficient, this method is advocated for
inverting for the tube modulus. The number of function evaluations for the BFGS method is
between 10 and 15. This, combined with the efficiency of the forward model, results in a highly
efficient and practical inversion of the modulus, with a runtime of around 20 seconds, for the BFGS
method, on a standard desktop computer (Intel® Core(TM) 17-6700 CPU, 3.40GHz with 32.0 GB
RAM and 64-bit OS), as shown in Figure 3.9(b). Here, we highlight that the inversion analysis is
carried out for all 60 measurements for each tube simultaneously, i.e. we minimize the total error
by combining the difference between each of the 60 measured dispersion curves with a single

theoretical dispersion curve. Thus, the result would be a single estimate of the modulus parameter.
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Figure 3.9. (a) Error in the inverted shear-modulus parameter, Gy, (b) CPU time for modulus

inversion

The results from two-parameter inversion for modulus and thickness are shown in Figure
3.10. As expected, the results are not as accurate as those from single-parameter inversion. For

only 40% of the cases, both parameters have an error of less than 10%. Based on this, at this time,
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we advocate the use of single-parameter inversion by relying on the measured thickness, which
may have some error for in vivo cases. The computational cost for two-parameter inversion is
shown in Figure 3.11. Again, as expected, the convergence is not as fast as the single-parameter
inversion, but the number of function evaluations is still fairly small. The interior-point method
with the BFGS Hessian required 40-50 iterations with a total computational cost of around a

minute on the same standard desktop computer.
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Figure 3.10. Error in the inverted shear-modulus parameter, Gy (a) and thicknesses, h (b).
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Figure 3.11. CPU time for combined inversion for modulus and thickness.

As we observe for tube 2, both inversion analyses (modulus as well as modulus-thickness

inversion), the percent difference is quite high compared to the other tubes. This can be justified
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by looking at the measured dispersion curves for this tube as shown in Figure 3.12 (a). Recall that
we apply the acoustic radiation force individually at six angular positions and repeat the acquisition
ten times for each of the six angular positions. In the case of tube 2, we notice good correlation
within each set of ten acquisitions, but low correlation across the six angular cases. This indicates
the tube may not be homogeneous due to imperfect fabrication. On the other hand, tube 5, which
has yielded lower error in the inversion analysis, has tight correlation across all acquisitions and
angular cases as presented in Figure 3.12 (b). With respect to the significantly high error for tube
2 with the Nelder-Mead algorithm (inversion for both modulus and thickness), the solution seemed
to have converged to a local minima far from the solution as the underlying optimization
framework does not allow any constraints. This is a reason, in addition to computational cost, that
we propose to use BFGS approach as the method of choice.
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Figure 3.12 Measured dispersion curves for Tube-2 (a) and Tube-5 (b)

Effect of data processing

Earlier in the chapter, we illustrated that data processing details are critical to obtaining
accurate dispersion curves. However, dispersion curves are only of intermediate interest, with the
final objective being the modulus estimation. The natural question then is, what if the inversion is
performed without the data processing refinements? We performed this exercise and observed that
standard data processing resulted in an average modulus error of 22.4% compared to a significantly

reduced error of 5% when the data processing refinements are employed.
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Effect of multimodal inversion

Another important question that may arise is: how important is it to match with different
simulated curves for the two frequency ranges (multi-modal inversion)? What if the inversion is
performed by matching with a single, fundamental dispersion curve for both frequency ranges
(single-mode inversion)? For example, when applied to tube 1, it turns out that single-mode
inversion (with the first mode, n = 7) results in higher errors in the estimated modulus (10.6%)
compared to that from multi-modal inversion (0.6%), confirming the benefit of multimodal
inversion.

The proposed study is only a step towards estimation of arterial stiffness using ARF
excitation. The issues that require attention before applying it to in vivo data from human arteries
include: (a) automatic determination of signal processing parameters (they are currently
determined manually); (b) estimating the frequency dependence directly from ARF measurements
instead of using the information from Rheospectris measurements; (c) validation studies for
differing thicknesses (we validated the model with single thickness of 1 mm as dictated by the
mold and it would be useful to validate for other thicknesses); (d) optimizing the experimental
setup including the number of acquisitions (the number of acquisitions and orientations are chosen
arbitrarily in this chapter, erring on the conservative side), (e) validation using ex vivo data, e.g.
using porcine aortas; and (f) examining the effect of surrounding tissues as well as physiological
motion. Further research is underway in several of these directions and will be reported in the

future.

CONCLUSIONS

This chapter presents a new shear wave elastography (SWE) approach to estimate the
arterial stiffness from acoustic radiation force measurements. The methodology is built on various
refinements in different steps of SWE: (a) signal processing refinements through simple
windowing informed by physical understanding, (b) efficient forward model for incompressible
viscoelastic tubes, and (c¢) inversion by matching the measured dispersion curve with not one, but
two separate dispersion curves (multimodal inversion). Through validation studies using extensive
ARF experimental data, we observed that the proposed inversion approach results in high accuracy
in estimating the shear modulus (less than 4% in 70% of the cases). We also observed that not
using signal processing improvements or multimodal inversion degrades the accuracy of the

modulus estimates. Finally, owing to the computational efficiency of the underlying forward
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model, the inversion procedure is highly efficient, taking less than 20 seconds on a regular
computer.

In addition to inverting for just shear modulus, we also explored the possibility of
simultaneous inversion of both shear modulus and wall thickness. The resulting accuracy is not as
good as the accuracy of inverting for just shear modulus. Given this, at this time, we suggest
measuring the wall thickness and then estimating the modulus from the proposed inversion
framework. For in vivo settings, the thickness measured from ultrasound images may not be
accurate, but will be close to the actual value, with some level of known error variance based on
the transducer. Thus, the measured thickness can be used as prior information in a simultaneous
inversion for shear modulus and thickness. On the other hand, the radius, which is not as small as
the thickness, can reliably be measured through ultrasound. Moreover, the dispersion curves are
not as sensitive to radius perturbations as to thickness perturbations (Astaneh et al 2017). To
address imperfect thickness measurements, fortunately, probabilistic inversion is feasible due to
the efficiency of the forward model; this is the subject of ongoing research. In the current work,
we fix the time/frequency dependency of the modulus and estimated the overall magnitude of the
modulus. In reality, the complex viscoelastic modulus (both the amplitude and time dependency)
needs to be estimated, which is also the subject of ongoing research. Finally, our study assumes
isotropic elasticity, which is valid for phantom experiments. For real arteries, further beneficial
enhancements would include: tissue anisotropy (Li ef al/ 2017b, Shcherbakova et a/ 2017) and non-
prismatic geometry (Karageorgos et al/ 2020, Wang and Lee 2020); these are subjects of future

research.
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CHAPTER 4: PROBABILISTIC GUIDED WAVE INVERSION FOR ARTERIAL WALL
THICKNESS AND ELASTIC MODULUS

ABSTRACT

Arterial stiffness is one of the important biomarkers for early detection of the
cardiovascular diseases. Among various non-invasive approaches, shear wave elastography
estimates the local arterial stiffness through guided wave inversion (GWI), specifically by
matching the measured wave dispersion with the simulated dispersion. The GWI results will be
more insightful if we incorporate the measurement uncertainty to the inversion analysis. Motivated
by this, in this chapter, we provide a preliminary framework for probabilistic guided wave
inversion that considers the measurement uncertainty in the analysis. In this work, we present a
frequentist framework which is the building block for the Bayesian inference. Besides the elastic
modulus parameter, the arterial wall thickness is considered an unknown inversion parameter.
Owing to the small length of the wall thickness, the B-mode images for wall thickness is not
reliable. This forces us to invert thickness parameter, however, in future, we will consider the B-
mode images as the prior information to our model in the Bayesian setting. In this chapter, the
resulting model is validated with a rubber tube phantom experiments that mimic healthy human

carotid artery.
INTRODUCTION

Arterial stiffness is a well-known indicator for the early onset of multiple cardiovascular
diseases (Cheng et a/ 2002, Laurent et al 2000, Kingwell and Gatzka 2002, Sutton-Tyrrell et al
2005, Dolan et al 2006). Among the non-invasive techniques to estimate artery stiffness, the Pulse
Wave Velocity (PWV) method is widely used due to its simpler setup. However, as noted in
(Couade et al 2010), the PWV suffers several limitations. More recent imaging techniques based
on Acoustic Radiation Force (ARF) addresses some of the limitations in the PWV approach. The
underlying idea in the ARF based techniques is to excite the tissue locally and record the tissue
response spatially and temporally (Doherty ez al 2013). Among the ARF based methods, the Shear
Wave Elastography (SWE) is a promising tool due to its consideration of the shear wave
propagation. In the case of soft tissue, the shear wave speed is in the range for the standard
ultrasound transducer to detect reliably.

The SWE has been employed in several biomedical examinations of various organs which

can be grouped into two — (1) bulk organs such as kidney (Amador et al 2011), liver (Chen et al
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2009), and (2) boundary sensitive organs such as arterial wall (Zhang et al 2005, Bernal et al 2011,
Couade et al 2010), cornea (Bernal ef al 2011, Tanter et al 2009, Nguyen et al 2012), Achilles
tendon (Brum et a/ 2014, Yeh et al 2016, Helfenstein-Didier et al 2016). While the bulk organs
possess simpler non-dispersive wave propagation, the complexity of dispersive wave behavior in
boundary sensitive organs gives rise to better characterizing of the tissue.

To address the complexity associated with the arterial waveguide model, in the earlier
researches, we observe an immersed plate model (Couade ef a/ 2010, Bernal et a/ 2011, Nguyen
et al 2011, Widman et al 2015, Jang et al 2015, Widman et al 2016, Maksuti et al 2016, Li et al
2017a), annuli waveguide (Li et al 2017c¢), hollow tube waveguide (Zhang et al 2005, Flamini et
al 2015), fluid-filled tube (Flamini et al 2015, Lin et al 2015), immersed fluid-filled 3D finite
element model (Dutta et al 2015), immersed fluid-filled SAFE model (Astaneh et al 2017). The
very recent time model, (Roy et al 2021), simplifies the model proposed by (Astaneh et al 2017)
with linear finite elements.

Besides proposing a better representative waveguide model in (Roy et al 2021), we
developed an inversion framework in the deterministic setting to estimate both arterial elastic
modulus and wall thickness. In that work, we observed that the combined inversion of thickness
and modulus parameter resulted in significantly less accuracy compared to inverting just for the
modulus. This indicates that utilizing thickness prior information will improve the inversion
analysis. Fortunately, the B-mode images can be employed to get the prior information for the
thickness. Here note that, the B-mode image data is not fully reliable due to the small scale (a few
pixels wide) of the wall thickness.

Utilization of the parameter prior information is better suited in the probabilistic setting.
Motivated by this, the objective of this chapter is to develop a preliminary framework for
probabilistic inversion. To do this, we start from the inversion model proposed by (Roy et a/ 2021)
and extend it to the probabilistic setting. Although our final goal is to incorporate the thickness
prior information which traditionally fits in the Bayesian setting, in this work, we present a
Frequentist approach which is a building block towards the Bayesian setting. We validate our
proposed approaches with a rubber tube phantom experiment data.

The overall approach involves three primary steps — (1) processing the ARF data to obtain
the dispersion in the measured data, (2) simulating the waveguide dispersion through a

computationally efficient forward model, and (3) probabilistic inversion to incorporate
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measurement uncertainty while we minimize the difference between the measured and simulated

wave dispersions.

DATA ACQUISITION AND MEASURED DISPERSION CURVE
SWE experiments were executed* on ten human carotid artery mimicking urethane rubber
tubes (VytaFlex 10, Smooth-On, Inc., Macungie, PA). A customized mold was employed to obtain
three tubes from a given batch of rubber. Four different batches were made, resulting in a total of
twelve tubes. Finally, 10 of the 12 tubes are analyzed as two of them were damaged while
removing from the mold. To simulate blood and the surrounding tissue, the tubes are filled with
and immersed in water respectively. The inner radius of the tubes is 3 mm, and the wall thickness
is 1 mm. Figure 4.1 shows the schematic of the experimental setup.
. x Transducer v
l [
z z 4
<~40mm

10mm
(a) (b)
Figure 4.1 Schematic of the experimental setup for measuring wall motion. (a) shows the
longitudinal view of the tube and ARF transducer, while (b) shows the cross-section of the tube

and the six angles used for ARF excitation and acquisition.

ARF excitation as well as wall velocity measurements are performed using a Verasonics
V1 system (Verasonics, Inc., Kirkland, WA) equipped with a 128-element linear array transducer
(L7-4, Philips Healthcare, Andover, MA). As shown in Figure 4.1, an ARF push is applied at x =
10 mm location, and the radial motion of the wall is measured at the top of the tube along the axial
direction from x = 10 mm to 40 mm. The details of these experiments can be found in (Roy et a/
2021). Each tube is rotated by 60 degrees around the axis to the measurements are repeated. 10
separate ARF excitations are applied for each of the 6 angular configurations leading to a total of

60 data sets for each tube.

4 All the experiments were conducted by the research group of Dr. Matthew W. Urban and Mayo Clinic, and the
data were provided to NCSU for further processing and algorithm development.
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For the validation, each tube material was tested mechanically with the hyper-frequency
viscoelastic spectroscopy (Rheospectris C500+, Rheolution, Inc., Montreal, Quebec, Canada)
resulting in storage and loss moduli for each tube. Here also the readers are referred to (Roy et al
2021) for further details of the Rheospectris measurements. Figure 4.2 shows the frequency-

dependent storage and loss (shear) moduli for each of the 10 tubes.
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Figure 4.2 Material properties from Rheospectris experiments.

Once we have the velocity data in the spatiotemporal (x—¢) domain, we apply windowing

to isolate the main propagating part (see Figure 4.3) to improve measured dispersion curves as
detailed in (Roy et a/ 2021). In the next step, we apply the 2D Fast Fourier Transform to obtain

wavenumber-frequency (k —w) representation of the wall velocity. The k —@ data is processed
through peak-picking to obtain the dispersion curve, i.e. phase-velocity (cp = w/ k) as a function

of frequency; we refer to this as the measured dispersion curve (Figure 4.4).

51



x(m) X (m)
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0 0.005 0.01 0.015 002 0025 0.03 0.035 004
0 0.025

0.015 0.015

0.01 0.01

0.005 0.005

6 - = — 0.01 6
<103

(a) (b)

<10°%

Figure 4.3 The original velocity data in the spatial-temporal domain is shown in (a). The

processed data after applying the windowing boundaries is shown in (b).
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Figure 4.4 Measured phase-velocity dispersion curve

FORWARD MODEL AND SIMULATED DISPERSION CURVES

The rubber tube is simulated as an axisymmetric cylindrical waveguide made of
incompressible viscoelastic material. The surrounding fluid is simulated as incompressible,
inviscid fluid. The incompressibility assumption for both solid and surrounding fluid media is valid
as the pressure wave velocities in solid and fluid are two orders of magnitude higher than the shear
wave velocity in the solid. We assume infinite length for the tube since the measured data is
truncated and does not contain any reflections from the tube end. In addition, we assume invariant
material properties in the axial and azimuthal directions. All these assumptions lead us to utilize
the semi-analytical finite element (SAFE) framework with harmonic solutions in the
circumferential and axial direction and finite element discretization only in the radial direction.

This makes the forward model extremely efficient compared to, e.g. the 3D finite element model.
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The schematic of the waveguide geometry is presented in Figure 4.5, and the framework is
described briefly in the remaining part of this section. For the details of the forward model, the

readers are referred to (Roy and Guddati 2021).

4
f

~. "C:'U;br

(a)

Figure 4.5 Geometry of the immersed tube (a), and finite element discretization in the radial

direction (b). Fourier expansion is used in the axial (x3) and azimuthal (x2) directions.
The deformation in the solid medium is governed by the Elastodynamic equation,

d’u :
—LT;G‘FPSW:O, in QS' (37)
where, Q is the solid domain, ¢ is the stress, u is the displacement, and pg is the

density of the solid. The operator L is a differential operator representing the symmetric gradient;

the details can be found in (Roy and Guddati 2021).
The pressure in the fluid medium is governed by the acoustic wave equation which leads

to the Laplace equation in the limit of incompressibility,
Vp=0 inQ,, (38)

where €. is the fluid domain that encompasses the interior and exterior fluid, p is the
fluid pressure, and p,. is the fluid density.

The interface conditions at the solid-fluid interface I', are,
o-n—pn,.=0,onl,, (39)
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‘n,———=0,0onT, (40)

where, n, and n, are the unit vectors in the solid and fluid domain respectively, which

are in opposite directions. In the SAFE framework, we consider the wave modes which are

harmonic in time (¢), circumferential (€), and axial (z) directions. 1D piece-wise linear finite

element discretization is utilized in the radial direction. Considering the symmetry of applied load
(thus symmetric response about the r-z plane), we write the displacements in the solid domain and

the pressure in the fluid domain as,

u,(7,0,z,t) =N (Nu, (n,k.,w)e" "™ cos(nd)
u,(r,0,z,t)= N (r)u,(n,k.,w)e" " sin(nd) (41)
u_(r,0,z,t) =N (Nu_(n, k., w)e""™* cos(nd)

p(r,0,z,t) =N, (r) p(n, k., w)e " cos(nd) (42)

where N and N, are the finite element shape functions along the radial direction for the
solid and fluid domain respectively, n is the index of the azimuthal harmonic, k, is the

wavenumber along the axial direction, w=2xf is the temporal frequency, and i=+/-1.

Substituting (41) and (42) in the governing equations (37) to (40), results in an Eigenvalue

2 K, 0 s Ki-o’M® —«Cg |)[&| [0 3)
0 xkKf —o’CE kK’ ¢ 1o
2 SF 0 F

where K is the normalization factor to improve the conditioning of the system. The

problem,

expression for k¥ can be found in (Roy and Guddati 2021). The solid-domain contribution
matrices, K5,K>,M?*, the fluid-domain contribution matrices, K} ,K} , and the fluid-structure
interaction matrix, Cg. are defined in (Vaziri Astaneh and Guddati 2017b). These contribution

matrices depend on the geometry (inner radius and thickness) and the material properties (densities

and shear modulus). The quadratic eigenvalue problem (43) is solved for each frequency @, to

result in the wavenumber £ _, resulting in the dispersion relationship. Consistent with the measured
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dispersion curves (see Figure 4.4), the simulated dispersion curves are plotted as phase velocity (
c,= o/k. ) as a function of cyclic frequency (f = a)/ 2r).

The special features of the forward model include (a) applying linear regular finite element
with the selective reduced integration scheme to address the volumetric locking in the limit of
incompressibility (Hughes 2012), (b) simulating the unbounded exterior fluid with perfectly
matched discrete layers (Savadatti and Guddati 2010a). Note that the forward model still captures
the full 3D wave propagation; the computational efficiency is facilitated by geometric features
without sacrificing any accuracy (further details can be found in (Roy and Guddati 2021)).

PROBABILISTIC INVERSION

Our goal is to estimate not only the artery stiffness, also the associated uncertainty given
the uncertainty in the measurement. Therefore the probabilistic inversion is best suited to address
this goal. In the deterministic analysis (Roy ef al 2021), we observed two parameters namely wall
shear-modulus and thickness which are influential with the phase-velocity dispersions. The
motivation behind including the wall thickness as parameter is because it is hard to measure
reliably in vivo from the B-mode images due to the small length scale (a few pixels wide). The

modulus is parametrized using a Spring-pot (viscoelastic) model, where the parameters are the

fractional power («) and modulus factor (G,):

G =G, (iv)” (44)

The above parametrization is motivated by the Rheospectris measurements in Figure 4.2,
where the model fits the experimental data very well. Of the two material parameters, the fractional

power is assumed to be known, leading to two parameter inversion, i.e. (1) the modulus factor
(G,) and (2) wall thickness (#).

Further, since both are positive quantities, we parametrize using log functions. This leads
us to the log-normal distribution of the original parameters, g =[G,,/]. In addition to the

uncertainty that propagates from the parameter uncertainty, the measured dispersion curve is
assumed to have Gaussian noise. Thus, the probabilistic model for the dispersion relation takes the

form,

(cp)_ = c/ (w,q)+€, Where e ~N(u =0, o), i= l,..,n, (45)
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Where € is independent and identically distributed (iid) across various frequencies. ¢, and
¢, are simulated and measured phase-velocity dispersions respectively. n, is the number of

(discrete) frequencies, and i is the frequency index.

In addition, we have data sets across several acquisitions and angular configurations. These
data sets are independent to each other. In addition, in our experimental data, we observe higher
variability across different angular configurations compared to variability across different
frequencies within each data set. This violates the identically distributed assumption, leading us to
proposed two different approaches to estimate the parameter uncertainty.

In the first approach, we first obtain the deterministic inversion results and then fit a kernel
density using the parameter points obtained from the deterministic analysis. Here, we do not
assume any distribution for the variability across different angular configurations. However, note
that there is an unknown bandwidth parameter in the kernel density function. In this work, we
employ the MATLAB ksdensity function with the default settings which consider the optimal
bandwidth parameter for Gaussian distribution. With respect to the deterministic inversion
analysis, we apply only the Interior point method with the BFGS Hessian model (Waltz et a/ 2006).
We employ the MATLAB optimization fmincon function for this. With respect to the constraints
in the optimization, we apply +30% of the parameters' mean value as the simple bounds. To
compute the gradient, the forward finite difference scheme is considered. The objective function

used for deterministic inversion is,

/2 fa

S (& ") + Y ()" ()
error fo By f4 ) ’
D)+ 2 (")
Jfi=h fi=f

where, ¢; and c; are the simulated phase velocities corresponding to the modes 1 and 2,

respectively, and ¢” is the phase velocity from the measured data. As mentioned in (Roy ef al
2021), f1 = 300 Hz, f> = 500 Hz, f3= 900 Hz, and f; = 1000 Hz. These frequency windows are
specific to phantom experiments; we may need to revisit them for in vivo experiments, as they may

change depending on the geometry and material properties.
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As an alternative, we apply a Frequentist Mixed Effect model (Demidenko 2013) where
we consider two different Gaussian distributions, one to represent the noise across different
frequencies within a given acquisition, and another to represent the variation across different

acquisitions and angular configurations:

c,, =c(®,q)+e, € ~N©O,0); i=l.,n,j=1..,n )
q,=pB+b,b ~N(©O,¥);

Where, S is the fixed effect and b is the random effect of the inversion parameter ¢q .

Here, we employ the MATLAB nlmefit function to fit the mixed effect model. In the RESULTS
AND DISCUSSIONS section, we present the results from both Mixed Effect and the kernel
density approaches.

RESULTS AND DISCUSSIONS

One parameter case

In the single parameter case, we consider ¢ =[G, ] as the parameter. In addition, in the
Mixed Effect model, we consider number of groups, n, =60 ,corresponding to 10 acquisitions for

each of the 6 angular positions The results are shown in Figure 4.6 for the tube-1 and tube-7 data
sets; both fixed and random effects are considered in Figure 4.6. In addition, the 95% confidence
interval is also computed, and the corresponding results are presented in Figure 4.7 along with the
measured data points. The reason we picked these two tubes is that we have observed typical
patterns in the tube-1 whereas the tube-7 supports our assumption of homogeneity better than all
other tubes. The compact dispersion curves for the tube-7 across different groups is visible in
Figure 4.7. In both cases, the Kernel density approach resulted in bimodal results with peak
probabilities at two different modulus values. After closer examination of the experimental
specimens, we noted that there exists a mild crease associated with the mold, affecting the
estimated modulus for some of the angles; we postulate this to be the reason for the bimodal
distribution and do not expect similar feature when the approach is extended to future in vivo
experiments. The mixed effect model is necessarily Gaussian, owing to the underlying assumption.
While necessarily deficient in capturing the bimodal distribution, it is consistent with the Kernel
density results, and it is expected that mixed effect model would be more consistent with Kernel

density approach when extended to in vivo settings.
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Figure 4.6 One parameter case: result for the tube-1 (left) and tube-7 (right) data sets.
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Figure 4.7 95% confidence intervals considering the parameter distribution in

Figure 4.6 for the tube-1 (left) and tube-7 (vight) data sets.

Two parameter cases

In the two parameter cases, we have the parameters to be thickness and modulus,
g =[h,G,]. The number of groups again is 60 (10 acquisitions for 6 angles). The results are shown

in Figure 4.8 and Figure 4.9 for the tube-1 and tube-7 data sets respectively. Here also, both fixed
and random effects are considered in Figure 4.8 and Figure 4.9. Note that with the thickness being
an additional unknown, the uncertainty in the modulus parameter increases significantly. At this
point, we have applied the Frequentist framework for both parameters. The Bayesian framework
would be explored in the future, which would allow incorporating prior information on thickness
from B mode images. We believe that incorporation of prior information on thickness, and the
expected reduction in uncertainty is necessary to have a clinically meaningful modulus

information.
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Figure 4.9 Two parameter cases result for the tube-7 data set.

CONCLUSIONS AND NEXT STEP

In this chapter, we present a preliminary probabilistic framework for the arterial modulus
inversion. The proposed models are the extension of our earlier work on the deterministic
inversion. At this time, we suggest utilizing the Mixed Effect model in the Frequentist framework
for the probabilistic inversion for modulus alone. Although the Frequentist approach is
computationally efficient, it suffers from its inability to easily incorporate prior probabilities,
which is available for thickness (in vivo setting, the thickness is not known precisely, but good
prior distribution can be obtained from B-mode images). To incorporate this prior distribution, a

Bayesian mixed effect framework would be explored in the future.
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CHAPTER 5: FULL WAVE SIMULATION OF ARTERIAL RESPONSE UNDER
ACOUSTIC RADIATION FORCE

ABSTRACT

In biomedical imaging, the responses of an incompressible hollow cylindrical waveguide
can be utilized to characterize the material properties of tube-shaped organs such as carotid artery.
To do so in a computationally efficient manner, this chapter provides a methodology which
synthesizes a few existing approaches such as modal analysis with recent techniques such as Semi-
Analytical Finite Element method. The resulting model returns the full wave (tube) responses in
3D space and time for the given excitation, geometric and material properties. The proposed
approach can consider any viscoelastic model, but for illustration purposes, two representative
viscoelastic models for arterial waveguide are considered, namely Voigt model (linear viscoelastic
damping) and Spring-pot model. To verify the full wave model, convergence analysis is performed
which shows a few wave modes are sufficient to capture the dynamics of the problem with
engineering accuracy.

INTRODUCTION

Guided wave inversion is often used to characterize the tube-like structures (Rose 2014).
It is the process where the material and geometric properties of the tube can be back-calculated
either from the wave dispersion in the wavenumber-frequency domain or from the wall motion in
space-time domain. An important recent application of guided wave inversion is in the biomedical
imaging where the goal is to characterize the nearly incompressible soft tissue surrounded by softer
fluid-like tissue (Astaneh et al 2017). With the motivation of increasing the practicality of guided
wave inversion with space-time data, we develop a methodology to compute the tube wall motion
in space-time for the given excitation, geometry, and material properties. This can certainly be
addressed through the 3D finite element formulation, but would be computationally very
expensive. Instead, we attain computational efficiency through utilizing some traditional and some
recent techniques for tube like structures immersed in an incompressible fluid. Our work is
particularly focused on modeling wave propagation from acoustic radiation force (ARF) excitation
on human carotid artery, but the methodology is general and useful to similar settings in other
applications.

Several analytical formulations (Thomson 1950, Haskell 1953, Knopoff L. 1964, Randall
1967, Lowe 1995, Berliner and Solecki 1996, Sato and Ogiso 2013) are available for elastic and
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acoustoelastic waveguides (elastic waveguides immersed in acoustic fluid) but they are limited to
simple geometries. Computational simulation is often necessary when the geometry, boundary
conditions or the material properties are more complicated. Among the variants of the finite
element methods, we consider the Semi-Analytical Finite Element (SAFE) method (see e.g. (Datta
et al 1988, Gavri¢ 1995, Gry 1996, Han et al 2001, Hayashi et al 2003, Taweel et al 2000, Kausel
1986)). The idea of SAFE method is to utilize analytical formulation in a few direction(s) while
the finite element discretization in the remaining direction(s), hence the name Semi-Analytical
Finite Element method. SAFE method can be utilized effectively to model wave propagation in
carotid artery, where the material properties along the axial and azimuthal directions can be
assumed to be homogeneous. Essentially, we employ Fourier expansion in axial and azimuthal
directions, and finite element discretization is used only in the radial direction. This makes the
waveguide model extremely efficient compared to traditional 3D finite element models.

For finite element discretization in the radial discretization, we adapt (1) the classical idea
of linear elements with selective reduced integration for the incompressible solid medium, (2)
regular linear elements for the inner incompressible fluid, (3) Perfectly Matched Discrete Layers
(PMDL) for incompressible outer fluid.

The discrete dynamical systems resulting from SAFE discretization is solved using modal
superposition where a few modes are shown to be sufficient to capture the dynamics of the system.
For simpler Voigt model, we can solve the resulting single-degree-of-freedom (SDOF) problem
using convolution with impulse response function (Green’s function in the time domain), resulting
in an extremely efficient simulation methodology. For more complicated fractional viscoelastic
models, we solve the problem using the frequency response function formalism, which tends to be
more expensive, but still practical.

In the remainder of the chapter, we first present the governing differential equations,
interface and boundary conditions that represent the physics of the problem. Next, the proposed
methodology is described. In the following section, numerical examples are presented to examine
the convergence of the methodology, leading to recommended discretization parameters for the
carotid artery problem. Finally, we close the chapter with some concluding remarks on the

proposed methodology and future work.
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PROBLEM STATEMENT
The carotid artery is made of biological tissue with pressure wave velocity is two orders of
magnitude larger than the shear wave velocity, and the contrast is even higher for the surrounding
tissue and blood, where the shear wave velocity is much smaller. Given this, the artery can be
approximated as an incompressible cylindrical waveguide filled with and immersed in
incompressible inviscid fluids. The schematic of the model is shown in Figure.5.1. The governing
differential equation for the solid medium is the Elastodynamic equation, written here in the

frequency domain:

2

Tot,inQ, (48)

t2

LTG6+pa

where the primary variable in the solid domain (€)g) is the displacement vector,
u=u(r,0,z,t) with 3 components, i.e. u={u_,u,,u_} . o =A*tr(e)l +2G *e€ is the stress tensor,
where, eis the strain tensor (written in vector form), and € =L u = {c,,,¢,),¢€..,¢,.,€._,¢,,} . The

symbol * denotes the convolution operator. In the limit of incompressibility, the Lamé parameter,
A approaches infinity, but the shear modulus operator G is finite. This time dependent shear
modulus depends on the choice of the viscoelastic model. For the Voigt model, the modulus can

be written in the operator form as,

G(t)=G, (1+ ﬂ%} , (49)

where G, is the elastic modulus and f is the Rayleigh damping coefficient. For fractional

model such as spring-pot model, this can be formally written as,

G(t) = GO[ - ) , (50)

ot”

where « is the fractional order and G, is modulus factor. The 6x3 gradient operators,

L_ and L_, are,
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L, =Lri+Lgli+lLo +Lz£,
or rof r 0z (51)
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The operators L, ,L,,L_,and L, are given in (Roy and Guddati 2021). The acoustic

radiation force vector is f =f(7,0,z,t). The density of the solid medium is p.

'8

Figure.5.1 Geometry of the immersed tube
For the fluid domain, in the limit of incompressibility, the acoustic wave equation becomes
the Laplace equation,

Vip=0inQ,, (52)
where the primary variable in the fluid domain ()}, ) is the pressure, p = p(r,0,z,®). The

Laplace operator in cylindrical coordinate systems is,

V() =r"'0(ro(-)/ or)/ or+r70* ()] 00* +3*(?)/ 0z* . The conditions at the solid-fluid interfaces
I’y are the stress continuity:

ocn—-pn.=0,onTly,, (53)

and the continuity of the normal displacement, equivalently acceleration:

2
a—l;-ns—iﬁ—pzo, onT.. (54)
ot Pr On,
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n_and n, =-ng are the unit vectors for solid and fluid domains respectively. o, is the

fluid density.
Given the tube geometry, applied loading, and material properties of the tube and inside
and outside fluids, our objective is to compute the tube wall velocity in the spatiotemporal domain.

The proposed steps are detailed in the following section.

METHODOLOGY

We solve the above problem in 4 steps: (1) initial decoupling and discretization of the
differential equation using the Semi-Analytical Finite Element (SAFE) method and Perfectly
Matched Discrete Layers (PMDL), (2) further decoupling into single-degree-of-freedom systems
through modal analysis, (3) finding the temporal response for each mode, and (4) computing the
final response in space-time by superimposing all the modal responses. The details of each steps
are presented in the following subsections.
SAFE and PMDL framework

Owing to the invariant geometry and material properties along the axial and azimuthal
direction of the tube, we utilize Fourier expansion in these two directions and employ finite
element discretization in the radial direction. This leads us to the utilization of the Semi-Analytical
Finite Element (SAFE) method (Kausel and Peek 1982, Tassoulas and Kausel 1983, Kausel 1986).
For the surrounding unbounded fluid, we consider Perfectly Matched Discrete Layers (PMDL,
(Guddati and Lim 2006, Guddati et al 2008).

Facilitated by the Fourier expansions in the axial and azimuthal directions, the resulting

discretized displacement takes the form,

u, () cos(m0)
u(r,0,z,0) = Ny (r)| u,(t)sin(m@) |e ™ . (55)
u_ (f) cos(mb)

In the fluid medium, the discretized pressure variable becomes,

p(r,0,2,6) =N, (r)p(t)cos(m)e ", (56)
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where m is the circumferential Fourier number, & is the wavenumber along the axial

direction (z). N and N, are the finite element shape functions in the solid and fluid domain,

respectively. For the solid medium, the discretized form of the Elastodynamic equation (48) is,
[ B"DBrdrd0—[ N (DL,N)d0 = | NJ'trdrd0 ,(57)

where D is constitutive matrix, i.e. 6 = De. The matrix B is,

B=L, ON; +I~‘e&+&L0 +L_N (—ik,,) (58)
or r r
—sin(mé) 0 0
Where the matrix, L,=L,m 0 cos(m6) 0 . Equation (58) is
0 0 —sin(mé)
rewritten as,
B=B, +B,+ik,B,_, (59)
ONy N; N
where B, =L, — 5 , B,=L,—%+—5L,, and B, =-L_N;. Therefore, the first term
r r r

(stiffness matrix) in equation (57) becomes,

K= ((B,+B,)+i, ,B.)D((B, +B,)+ik, B, )rdrdd
= [.(B,+B,)'D(B,+B,)rdrd6
+ik,, ([ (B, +B,) DB_rdrdo - BID(B, + Bg)rdrdé’) (60)
+k2, ([ BIDB.rdrdo)

=A+ik, B+k. C
The interface term, i.e. second term in Equation (57) can be rewritten as,
[ NS (DLN)#d6=[ N/N,n.rndo.  (61)

The discretized form of Equation (54) (Laplace equation) after incorporating the interface

condition is,
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2

)
[ B:"Brdrd6—| N cos(m6)p,N; 7 nd0=0 (62

. oN, N, !
where B, =[cos(m#),sin(m0),cos(mb)] o m —ik, N, | .
A r

Since J.H cos(mf)sin(m@)d@ =0, the off-diagonal terms in the first term of the equation

(62) are zero. Therefore, the stiffness matrix from the first term of equation (62) is,

] ) _
J(aNFj (GNFjrdr 0 0
-\ or or
2 1 T
0 m’ [ NN, rdr 0 (63)
r
0 0 —k, [ NLN  rdr

Modal Analysis

We start with the system of evolution equations resulting from the above SAFE framework,

2

(K+Ma

o

ju(r, k,m,t)=f(r,k,m,t), (64)

where K and M are the stiffness and mass matrices respectively. m is the circumferential
Fourier number and k& is the wavenumber of the axial direction z as described in the previous

section. Given the applied excitation f(r,k,m,t), our objective is to compute the displacement
u(r,k,m,t). Among the existing approaches to solve the above dynamical system, we choose the

modal analysis we hypothesize, and later confirm that a few modes are sufficient to simulate this
thin wall problem. The modes are computed from the associated Eigenvalue problem:

2

[K+Ma

or

jq)(r, k,m)=0, (65)

where @ is the matrix containing mode shapes. The resulting deformation u can be

computed through superimposing all the modal responses:
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u(r,k,m,t)=®I = ﬁ: v, (Od(r,k,m), (66)

i=1
where N is the total number of the normal modes. Substituting Equation (66) into the

Equation (64), and utilizing orthogonality property of the modes, we obtain the governing equation
for the i modal participation factor y;:
2

0y, T
kv. +m, L=g'f, (67)
171 i (31‘2 é

where, k., =@'Kg, and m, = ¢" Mg are the modal stiffness and mass respectively.

Temporal response
In the case of Voigt model, we can directly apply convolution of impulse response
(Green’s) function with the modal force, to result in the time history for each modal participation

factor. The impulse response function for the SDOF displacement and velocity are,

IRF, (t) = sin(w,t)e™,

ma,

(68)

IRF,(¢) = (cos(w,t) + w, sin(w,t))e™,

ma,

Where, o, is the natural frequency obtained after solving the Eigenvalue problem in

Equation (65). @, is the damped natural frequency,
W, = 1-&E . (69)
Responses due to an arbitrary applied force is,

u(t) = jo £.(0)IRF.(t - 7)dx,

, (70)
W(t) = jo f.(0)IRF.(t - 7)dr,

where f, is the modal force.

In contrast with the Voigt model, for the general viscoelastic model such as Spring-pot

model, due to the absence of analytic impulse response function, we utilize the frequency response
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function (FRF) framework to obtain the responses. Essentially, the force is Fourier transformed
into frequency domain and multiplied by the FRF (inverse of the dynamic stiffness) to obtain
response as a function of frequency. Inverse Fourier transform is the utilized to obtain the time-
domain response.
Final space-time response

The wavenumber-time (k-t) representation of the wall response is first obtained by

superposition of the temporal response of all the modes:

u(r,k,t)= i i v, ()@, T, ) (3, [cos(m@), sin(m@), cos(m@)]T (71)

m=0 i=]

We then apply the Inverse Fourier transform in the axial direction to obtain the final space-
time response.
CONVERENCE STUDY AND RECOMMENDATIONS
To mimic ARF excitation that is sharp in the axial direction and somewhat spread out in
the azimuthal direction ((Doherty et al 2013)), we consider the excitation force to vary in (Z,6)

as Gaussian,
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Figure.5.2 Applied excitation force (pressure) in the axial direction (Z) is shown in (left-top), the
corresponding Fourier transformed data is presented in (left-bottom), the excitation force in
circumferential (6) direction pressure is shown in (right-top) and the corresponding Fourier

coefficients are presented in (vight-bottom).
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Figure.5.3 Acoustic Radiation Force history

Which is plotted in Figure.5.2. Again, consistent with the ARF excitation, the temporal
variation is assumed to be rectangular, as shown in Figure.5.3 The variation of the force within
the wall in the radial direction is assumed to be uniform. To mimic the human carotid artery, we
consider cylindrical tube with a wall thickness of 1 mm, an inner radius of 3 mm. The density is
assumed to be 1000 kg/m> for both solid and fluid media. The two viscoelastic models are
considered for the wall material: (a) Voigt model with elastic modulus of 300 kPa and the damping
ratio of 0.125 and (b) spring-pot model with the modulus factor at 600 Hz of 300 kPa and the
fractional order, «, of 0.15. The frequency dependent shear moduli are presented in Figure.5.4.
With respect to the discretization, we employ 20 linear finite elements for both solid and inside
fluid and 8 PMDL divisions for outside fluid along the radial direction. As will be shown later,
this discretization is shown to result in engineering accuracy of 1% based on convergence analysis

presented below. The full wave results are presented in Figure.5.5.
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Figure.5.4 Input shear moduli corresponding to the Voigt model (left) and the spring-pot model
(right).
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Figure.5.5 Full wave results from the Voigt model (left) and the spring-pot model (right)

Circumferential mode convergence
In Figure.5.6, the full wave results with increasing number of circumferential modes are
presented. The corresponding normalized error is presented in Figure.5.7. Here the normalized

error is computed as,

Em:||v(m:0:12)—v(m=0:i)||2

l. , (72)
Iv(m=0:12)]

where the i” error E" 1s the relative difference between the reference velocity
v(m =0:12), obtained using 12 circumferential modes, and the velocity v(m =0:i) by considering

the circumferential modes up to i, . As shown in Figure.5.7, with the first 10 circumferential
modes, we achieve the normalized error around 1.e-4, which represents more than sufficient
accuracy for all practical purposes. For an engineering accuracy of 1%, the first six modes, i.e. till

n=5 appear to be sufficient.
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Figure.5.6 Full-wave results with increasing circumferential modes
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Figure.5.7 The circumferential mode convergence: (a) on linear scale; (b) on semi-log scale.

Solid domain mesh convergence
The convergence of the response due to the mesh sizes in the solid medium is presented in
this section. The normalized error is,
pe _Id=28)-v(d=0)],

4= ) 73
I =29)l; 7

where d is the number of radial divisions in the solid domain, where the velocity for
d =28 is considered as the reference solution. The number of radial divisions for the interior and

exterior fluid domains are chosen as 20 and 8 respectively. Figure.5.8 shows the velocity with
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varying mesh sizes of the solid medium. The convergence result is presented in Figure5.9, which

indicates that 20 radial divisions are sufficient for an engineering accuracy of 1%.
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Figure.5.8 Full-wave results with varying discretization of solid medium
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Inner fluid mesh convergence
The mesh convergence study is also performed for the interior fluid domain by examining
the relative error,
/_lvd=27)-wd =i,

E, , (74)
[v(d =27) ],
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where d is the number of radial divisions in the interior fluid domain, where the velocity
for d =27 is considered as the reference solution. 20 elements are utilized for the wall and 8
elements are used for the exterior fluid domain. Figure.5.10 shows the velocity with varying mesh
sizes. The convergence result is presented in Figure.5.11, indicating that 20 divisions are sufficient

for the interior fluid domain, to achieve an engineering accuracy of 1%.
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Figure.5.10 Full-wave results with varying discretization of inside fluid domain
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Outer fluid (PMDL) mesh convergence

In this section, the mesh convergence is performed only for the outside fluid domain
(PMDL). Although the geometric progression ratio affects PMDL accuracy, we considered a lower
progression ratio of 1.5, and considered only the effects of number of elements. The normalized

error is defined as,

e V@ =15)-vd=0]|,

, 75
T a=19)l, 7

Where d is the number of PMDL elements, with the velocity at d =15 is considered as
the reference solution. The number of radial divisions in both solid and inside fluid mediums is
chosen as 20. Figure.5.12 shows the velocity with varying mesh sizes of the solid medium. The
convergence result is presented in Figure.5.13, indicating that eight PMDL elements are sufficient

to achieve the engineering accuracy of 1%.
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Normal mode convergence

In this section, we study the convergence of the normal modes considered. With respect to
the reference solution, we consider all the normal modes. The number of total normal modes
depend on the number of total degrees of freedom considered. The normalized error is computed
using equation (76). The convergence result is presented in Figure.5.14. As observed, with first 23

modes are sufficient to satisfy the engineering accuracy of 1%.

g _IMd=62)-v(d=0],

l, (76)
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Figure.5.14 The normal mode convergence results - (a) on linear Y-axis, (b) on logarithm Y-

axis.
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Recommended Discretization Parameters

To summarize, based on the above convergence analyses, for an engineering accuracy of
1%, it appears sufficient to use circumferential modes 0-5, 20 elements in the solid domain, 20
elements in the fluid domain and 8 PMDL eclements, with 23 normal modes to obtain the

spatiotemporal representation of the wall motion.

CONCLUSIONS

In this chapter, we present a computationally efficient framework to compute the wall
motion of an axisymmetric tube immersed in fluid given the applied acoustic radiation push. We
utilize Semi-Analytical Finite Element framework due to its invariant geometry and material
properties along the axial and azimuthal directions. In addition, given the thin-wall structure, we
consider only a few initial mode contributions which allows us to employ modal analysis. For
Voigt viscoelastic material model, we apply the impulse response function in time domain that
further improves the computation time. For general viscoelastic models, we utilize the frequency-
response-function approach to compute the response history for each mode. In the case of Voigt
model, a single simulation takes less than 15 seconds with 7 parallel cores on standard desktop
computer, and for the spring-pot fractional model, it takes less than 15 minutes. The computational
cost can be reduced further by employing techniques such Padé approximation, which are subjects

of future investigations.
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CHAPTER 6: FULL WAVE INVERSION FOR ARTERIAL VISCOELASTICITY
ABSTRACT

Arterial viscoelasticity is an influential parameter towards estimation of arterial stiffness,
a key biomarker for many cardiovascular diseases. In shear wave elastography (SWE) based
guided wave model, phase-velocity dispersion is utilized to estimate elastic modulus. However,
the phase velocity is not influenced by the viscoelasticity for this waveguide model and cannot be
used to estimate viscoelasticity. In addition, existing rheological-based and model free approaches
which work well for bulk organs, fail for boundary sensitive organs such as artery. To address this
gap, this chapter provides a new framework to back-calculate the arterial viscoelasticity. The
underlying idea is to match the SWE motion data with simulated full-wave data in space-time
domain. Although this proposed framework estimates both elastic modulus (storage modulus) and
viscosity (loss modulus), we recommend utilizing it only for estimating viscosity, given that the
phase-velocity based approach works quite well for the elastic modulus. In this work, synthetic
data is employed to verify the effectiveness of the proposed approach. We will validate the model

in the future with well controlled phantom experiment and ex-vivo porcine aorta data.

INTRODUCTION

Arterial stiffness is one of the important biomarkers for many cardiovascular diseases
(Cheng et al 2002, Laurent et a/ 2000, Kingwell and Gatzka 2002, Sutton-Tyrrell et al 2005, Dolan
et al 2006). To estimate the arterial stiffness non-invasively, the standard technique is to consider
the Pulse Wave Velocity (CARO and CG 1962, Asmar et al 1995, Van Bortel et al 2012).
However, as mentioned in (Couade ef al 2010), the Pulse Wave Velocity approach suffers many
limitations, including the global nature of the measurement. In contrast, the local arterial stiffness
measurements can be performed using Acoustic Radiation Force (ARF) based imaging. In ARF
setting, ultrasound wave is propagated through the tissue material and the tissue response is
analyzed spatially and temporally for characterizing the tissue locally. There are several ARF
methods (Doherty et al 2013), among which Shear Wave Elastography (SWE) has become a
promising tool. In the case of organs with confined geometry such as artery, the shear wave
becomes guided and dispersive (phase velocity changes with frequency). While the dispersive
nature of wave makes the problem complicated, the different wave mode sensitivities help us to

characterize the organs better (Gennisson ef a/ 2010, Shcherbakova et al 2014).
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In the SWE setting, there are many waveguide models such as an immersed plate model
(Couade et al 2010, Bernal et al 2011, Nguyen et al 2011, Widman et al 2015, Jang et al 2015,
Widman et al 2016, Maksuti ef al 2016, Li et al 2017a), annuli waveguide (Li ef a/ 2017¢), hollow
tube waveguide (Zhang et al 2005, Flamini et al 2015), fluid-filled tube (Flamini et a/ 2015, Lin
et al 2015), immersed fluid-filled 3D finite element model (Dutta et a/ 2015), immersed fluid-
filled SAFE model (Astaneh et al 2017) (Roy et al 2021). These models can be used to estimate
modulus from wave propagation measurements. The immersed plate model in (Nguyen ef a/ 2011)
assessed the effect of both elasticity and viscoelasticity on the phase velocity dispersions and the
authors concluded that the phase velocity dispersions are not influenced by the viscosity. However,
wall viscosity is often considered an important biomarker in addition to stiffness. For the bulk
organs (where the shear wave propagation is not effected by the organ boundaries), there are
several approaches based on Rheological model and model free approaches as elucidated in
(Nenadic et al 2018). Two such models are Attenuation Measuring Ultrasound Shearwave
Elastography, AMUSE, (Nenadic et al 2017) and the Two-point Frequency Shift method (Kijanka
and Urban 2020). While these approaches work well for the bulk organs, they are not effective in
the case of arteries due to geometric confinement drastically altering both wave speed and
attenuation.

In this chapter, we propose and evaluate three approaches to estimate viscoelastic shear
moduli: Approach 1 considers the phase velocity dispersion in the wavenumber-frequency domain;
Approach 2 utilizes at the decay rate of the wavenumber-time domain; Approach 3 tries to match
the simulated and observed motion directly in space-time domain. Based on critical analyses of
the three approaches, we suggest a hybrid method combining approaches 1 and 3 to estimate the
viscoelastic shear-modulus, which includes both storage and loss moduli. We verify our proposed
approaches by applying to noise-laden synthetic data, leading to the conclusion that the final hybrid
approach is effective in estimating the arterial viscoelasticity.

PRELIMINARIES
Problem Statement

Given the arterial wall velocity measurements, our objective is to estimate the arterial

stiffness and viscosity, essentially the viscoelastic shear modulus. For this, we model the carotid

artery as an axisymmetric incompressible tube. The blood in the artery as well as the surrounding
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tissue is considered as inviscid fluids given that the shear wave speeds in these domains are

negligible compared to the arterial wall. The schematic of the problem is shown in Figure 6.1.

oo
£

Figure 6.1 Geometry of the immersed axis-symmetric tube which mimics health human carotid

artery.

The motion of the solid domain (€2, ) can be represented by the Elastodynamic equation,

2

Uetplt_tinQ,. (77)

ot’
The incompressible fluid domain (Q, ) is governed by the Laplace equation:

Vip=0inQ,. (78)

The arterial wall motion is coupled to the interior and exterior fluid responses through

interface conditions at the solid-fluid domain interface (I'y.) representing the continuity of

velocity and traction:

on—pn,=0,only, (79)
2

a—l;-ns —La—pzo, onl. . (80)

ot Pr On,

For the solid medium, the primary variable is the displacement vector, u = u(r,0,z,t) with
3 components namely # = {u_,u,,u_}" . The stress tensor is o = A *tr(e)I + 2G * €, where, €is the
strain tensor (written in vector form) as € =L u = {€.,,€,,,¢..,€,.,€.,€,} . The symbol, * is the

convolution operator. In the limit of incompressibility, the Lamé operator A approaches infinity,
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while the shear modulus operator G is finite. For Voigt model, the shear modulus can be formally

written in an operator form:

0
Gt)=G,|1+p—|. 81
o= 1+52) o
For the spring-pot model, the shear modulus in operator form is,

60{
ot

G(t)=G, (82)

The acoustic radiation force f=f(r,0,z,¢). The density of the solid medium is p. The
6x3 gradient operators, L., and L_ can be found in (Roy and Guddati 2021). For the fluid
medium, the primary variable is the pressure p = p(r,6,z,®). The Laplace operator in cylindrical
coordinate system is given by V() =r"'0(r0(:)/or)/or+r20°()/06° +0°(")/éz*. In the
interface conditions, n, and n, are the unit vectors for solid and fluid domain respectively

(opposite vectors), and o is the fluid density.

SAFE and PMDL framework

Due to the invariant geometry and material properties along the axial and circumferential
direction we utilize the Semi-Analytical Finite Element (SAFE) framework (Kausel 1986).
Specifically the harmonic expansion is used in temporal, axial and circumferential directions,
while we apply the finite element discretization along the radial direction. Therefore, for each

wavemodes, the solutions take the form,

ll,.(i", 99 z, t) = NS (]")ul (m’ k’ —iot+ik,, z

nm >

w)e
u,(r,0,z,t) =Ny (r)u,(m,k,, ,)e """ sin(m@) (83)

u_(r,0,z,t) = No(ru_(m,k,, ,w)e " cos(md)

nm?>

cos(m@)

p(r,0,z,6) =N, () p(m,k,, ,@)e """ cos(m@) (84)

where N, and N, are the finite element shape functions along the radial direction for the
solid and fluid domain respectively, m is the index of the azimuthal harmonic, » is the index of

the normal modes due to the radial discretization, k,, is the wavenumber along the axial direction,
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ow=2rf is the temporal frequency, and i=-1. Substituting Equations (83) and (84) in

governing equations (77) to (80), we get the discretized system:

k2 K2 +ik, K +K* -0, *M® —xC,, u, ) [F, )
~w, 2CT r (k2 K™ +K"™) 1o’

P
where x is the normalization factor to improve the conditioning of the system (Roy and

nm

Guddati 2021). The solid-domain contribution matrices, K**,K*',K*°,M*, the fluid-domain

contribution matrices, K”?, K", and the fluid-structure interaction matrix, Cg, are defined in

(Vaziri Astaneh and Guddati 2017b). These contribution matrices depend on the geometry (inner

radius and thickness) and the material properties (densities and shear modulus). The F,  is Fourier

transform of the applied forcing f(7,0,z,t). Similarly, U, and P, are the Fourier transforms of

nm

primary variables u and p respectively.

The radial discretization, Ng and N, includes linear finite elements for the solid and
interior fluid domains, and Perfectly Matched Discrete Layers (PMDL) for the surrounding fluid
(Guddati, 2020). To address the volumetric locking, we utilize selective reduced integration
scheme. We analyze the above discretized system in two ways which are discussed in the following
subsections.

Dispersion relation through k(w) analysis

To get the dispersion relation, we perform modal analysis of the above dynamical system

(equation (85)) for given angular frequency, @ . Specifically, we solve a the following quadratic

Eigenvalue problem for the unknown £, :

K52 K" K — o®M°® —xC N 0
k> 0 +ik, 0 + for K FSF ¢F""’ = (86)
0 xK™ 0 0 -w’Cl, kK™ |||g",, 0

Where ¢° and ¢” are the mode shapes corresponding to the displacements and pressure

in solid and fluid domains, respectively. In (Vaziri Astaneh and Guddati 2017b), this quadratic
Eigenvalue problem is transformed to a linear Eigenvalue problem by rearranging the degrees of

freedom. Once we obtain the Eigenvalues, we look at the lowest real wavenumbers, k,,, and
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compute the phase velocities as ¢,,, = ®/k,, . Then we plot the phase velocities as a function of

cyclic frequency (Hz).
Full-wave simulation through ®(k) analysis
To get the full wave simulation from the equation (85), we perform a modal analysis where

we consider an Eigenvalue problem for known wavenumber k and unknown frequency @, :

KK + ik KS' +K*° ~xC [me o)) [an] _ o
2 Fa FO _a)nm T ~ (= (87)
0 K(k K “+K ) Cy 0 @, 0

Where ;SE and ;ﬁ are the mode shapes for the solid and fluid domain primary variables
respectively. Next, we consider each of the above Eigen solutions as the uncoupled Single Degree
of Freedom (SDOF) system and compute modal participation factors through utilizing the impulse
response (Green’s) function and the modal orthogonality. Lastly, we superimpose all the mode

contributions with the participation factor,

U0 =1 k)= 3 S0, 0(85) o () (=1,) (89

m=0 n=1

where M is total numbers of circumferential modes considered. The total number of
normal modes N depend on the number of degrees of freedom present in the discretized system.

The v, is the modal participation factor. Here we are interested only in the top wall radial
displacement U, at the outer radius 7, in the solid domain. Lastly, we apply inverse Fourier

transformation on the above radial displacement (equation (88)) in the wavenumber direction to
get the full-wave response in x —¢ domain. For the details of the above steps, the reader is referred
to the Full-wave Simulation chapter.

With respect to the forcing function, we consider Gaussian functions with mean of zero
and standard deviation of 2.e-4 and 0.25 in axial (x) and circumferential (&) directions
respectively as shown in Figure 6.2. In the radial direction, we consider uniform distribution
through the thickness. In time, we apply square pulse as shown in Figure 6.2. This forcing function
approximately represents the acoustic radiation force from a standard ultrasound transducer. With

this applied force, tube wall thickness of 1 mm, inner radius of 3 mm, density of 1000 kg/m?, and
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Voigt viscoelastic model with elastic modulus of 250 kPa and damping ratio of 0.15, we get the
following full wave data as shown in Figure 6.3. Note that in the actual SWE experiments, the
tissue responses are recorded at the later time after applying the acoustic radiation push.

Considering this fact, we shift the starting time by 0.78 ms.
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Figure 6.2 A representative applied excitation force in time (left), in axial (middle), and in

circumferential (vight) directions.

Synthetic data
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Figure 6.3 Generated full wave data with the considered excitation force, geometric and

material properties.

INVERSION FRAMEWORK
Approach 1
The idea in this approach is to minimize the difference between the measured and simulated
phase velocity dispersion. As mentioned in (Roy et a/ 2021), the multimodal framework in which
we specifically match the measured phase velocity with the simulated phase velocity

corresponding to the two circumferential modes. The objective function in the inversion analysis

takes the form,
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S (& ")) + Y ()" ()

objective = = fr 2 f[;‘,% By ’ q = [GO’g] (89)
2 (D) + 2 (")
fi=h fi=fs

where, ¢; and ¢, are the simulated phase velocities corresponding to the modes 1 and 2,

respectively, and ¢” is the phase velocity from the measured data. Based on the experimental
observations in (Roy et al 2021), mode matching happens for, f; = 400 Hz, f> = 600 Hz, f3= 800
Hz, and f4 = 1200 Hz. These specific frequency windows may change with the given data as they
depend on the geometric and material properties of the tube.

To compute the measured dispersion, we first transform the spatiotemporal (x—t) data to
the Fourier space (k—®) by applying 2D Fast Fourier transformation. We then pick the peak
values in the Fourier space and plot the phase velocity, ¢, = @/ k as a function of cyclic frequency

(Hz). For the simulated dispersion, the steps are mentioned in section (Dispersion relation through
k(w) analysis).

With respect to inversion, the gradient-based optimization works well in this context. We
employ the interior point algorithm with the BFGS Hessian approximation (MATLAB fmincon
function), with box constraints at +30% of the mean value. Given the small parameter space,
gradients are computed using the finite difference technique. More details on this approach can be
found in (Roy et al 2021).

Approach 2

The idea here is to look at the decay rate of the wavenumber-time (k—¢) domain response;

this is based on the hypothesis that response for a given k at the top of the artery can be
approximated as a single-degree-of-freedom system. The steps are thus, (1) transforming the entire
x—t (including both left and right propagating parts) data to the k£ —¢ domain data through Fast
Fourier Transform along the axial direction x, (2) for each of the wavenumbers ranging from 500
to 800 (1/m), compare it with a damped Single Degree of Freedom (SDOF) system to estimate the
decay rate. These steps are highlighted in Figure 6.4. The final result is plotted as the estimated
decay rate as a function of wavenumber (see e.g. Figure 6.5).

With respect to the second step of estimating the decay rate, we consider the gradient-based

optimization to minimize the difference between the considered k& —¢ domain data and the damped
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SDOF responses. For this minimization, MATLAB’s unconstrained optimization function,

fminunc, is employed.
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Figure 6.4 The full measured data (top-left), the corresponding k-t domain data (top-right), and

the finally matching the k-t domain data with the damped SDOF system at specific k ranges
(bottom).
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Figure 6.5 The estimated decay rate is expressed as a function of wavenumber.

Approach 3

In this approach, we directly utilize the full-wave simulation framework to estimate the
viscoelasticity, my maximizing the correlation between measured and simulated wall velocity in
x —t domain. In addition, to focus more on higher frequency content and to correct for any bias-
type of noise, we subtract both measured and simulated (spatiotemporal) data by its mean. Thus,

the objective function is given by,

s 1 & vl.’"—v/'f vl.s—v;
Vo,V )= , 90
POV N_lg( v J( . J (90)

Where N is the total number of data points in the x—¢ domain. The v" and V' are the

measured and simulated motions. The mean and standard deviation of the measured velocity are,

(91)

(92)
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SENSITIVITY STUDY
In this section, we examine the sensitivity of the two parameters namely the elastic modulus
G, and the damping ratio & for all three approaches mentioned in the previous section. Note that
we perform sensitivity analysis through perturbing one parameter at a time. Figure 6.6 shows the
sensitivity of the parameters for the Approach 1. As clearly observed in Figure 6.6, the only
influential parameter is the elastic modulus, G,. Therefore, this approach is well suited for the

estimation of the elastic modulus (see (Roy et al 2021) for details), but not the attenuation.

Effect of G, on dispersion curve Effect of £ on dispersion curve
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Figure 6.6 Effect of the elastic modulus keeping the damping ratio at 0.15 (left) and effect of the
damping ratio keeping the elastic modulus at 250 kPa (right) on the phase velocity dispersion
(approach-1).

Sensitivity study results for Approach 2 are presented in Figure 6.7. We find here that the
influential parameter is the damping ratio & but not the modulus. Therefore, this approach can be

considered to estimate viscoelasticity, if there is an alternative way to obtain the modulus.
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Effect of G on k-t domain decay rate Effect of £ on k-t domain decay rate
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Figure 6.7 Effect of elastic modulus maintaining the damping ratio at 0.15 (left) and effect of
damping ratio maintaining the elastic modulus at 250 kPa (right), on the k-t domain decay rate
(Approach 2).

For Approach 3, both parameters are sensitive as shown in Figure 6.8 and Figure 6.9, which
show, respectively, the effect of modulus and damping ratio. In Figure 6.8, the slope of the pulse
in space-time domain changes, while in Figure 6.9, the decay rate along the direction of

propagation is altered.

£=0.15kPa
Ga=200kP8 Ga=110kP8 Ga=120kP8

0.08 0.06 0.08
0.04 0.04 0.04
0.02 0.02 0.02
]
0 ] 0
X -0.02 -0.02 - -0.02
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time(sec) %1073 Time(sec) %107 Time(sec) %1073

G,=230kPa G,=240kPa G,=250kPa

Time(sec) %1073 Time(sec) %107 Time(sec) %1073
G,=260kPa G,=270kPa G,=280kPa

0.04 0.04 0.04
0.02
= 0.02 0.02 0.02
Eo015
0.01 [ o 0
0.005 f ¥
g -0.02 -0.02 iy -0.02
0
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time(sec) %107 Time(sec) «107 Time(sec) %10

Figure 6.8 Effect of modulus keeping the damping ratio at 0.15.
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Figure 6.9 Effect of damping ratio keeping the modulus parameter of 250 kPa.

PROPOSED APPROACH

Given the modulus parameter is the only influential parameter in Approach 1, we
recommend it for the modulus inversion. In fact we have observed satisfactory results for the
modulus estimation with the Approach 1 not only with synthetic data, but also with real
experimental data (Roy et al 2021). As for Approach 2, only the damping ratio is the influential
parameter; thus, this approach can be considered sequentially after the approach-1 to invert
damping ratio. However, if we note from Figure 6.7 that the inverted decay rate (0.18-0.20) is
higher than the actual damping ratio of 0.15. The reason behind this inaccuracy is the fact that we
have assumed the k£ —¢ domain response at each wavenumber as the SDOF system response.
However, we know this response is a superposition of several modes, and single-degree-of-
freedom approximation translates to the incorrect estimation of viscoelasticity.

In Approach 3, both parameters are influential and thus this approach can be used by itself
to invert for both elastic modulus and damping ratio. This is our proposed approach. In the future,
given the confidence gained through validation of approach 1 (Roy et a/ 2021), a two-step process
can be examined: (1) evaluate the elastic modulus from the phase velocity dispersion (approach-
1), then (2) estimate complete viscoelastic parameters from the correlation between the measured
velocity and the full wave data in the x —¢ domain (Approach 3). In this work, however, we will

limit to verification of Approach 3 using synthetic data, for two different models of viscoelasticity.
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Verification of Approach 3 Using Synthetic Data
To examine the effectiveness of Approach 3, we first generate synthetic data from the full-
wave simulation (see section Full-wave simulation through w(k) analysis), polluted with bias and

both additive noise and multiplicative noise:

vsynthetic = vfull—wave (1 + 6multiplicative) + 6aalditive + b : (93)

We consider two different levels of noise. For the medium noise level, the bias value, b is

0.01 and the noise distributions are taken as Gaussian: €

multiplicative

~N(x=0,06°=0.07*) and

eadditi ve

~N(u=0,0” =0.001%). For higher level of noise, the bias value b is chosen as 0.02, and

~N(u=0,0"=0.10%) and €

the noise distributions are ¢ e ~ N(=0,07 =0.003%).

multiplicative
Representative synthetic data for these two cases are shown in Figure 6.10, using a modulus of

250 kPa and damping ratio is 0.15.
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Figure 6.10 Synthetic data with noise added - medium noise level (left) and higher noise level
(right)

We apply Approach 3 to the two polluted synthetic data sets from a Voigt viscoelastic
model. Specifically, we examine the correlation coefficient in equation (90) between synthetic,
polluted data and the predicted data from full-wave simulations for several elastic modulus and
the damping ratio values. Figure 6.11 shows the variation of the correlation coefficient over the
parameter space. As observed, for both polluted data sets, we get the maximum correlation which
is at the expected location. In addition, we observe from the figure that the objective function is

well behaving and convex near the optimal point. Encouraged by this, we utilize gradient
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optimization (interior point algorithm with BFGS Hessian), for various sets of synthetic data with
different combination of parameter values. In all these experiments, as shown in
Table 1, we converge to a point near the expected values, indicating the effectiveness of

the proposed approach.
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Figure 6.11 Correlation coefficients variation for Voigt viscoelastic model for synthetic data

with medium noise (left) and high noise (right).

Table 1 Gradient optimization results for Voigt model.

Cases Expected parameters Optimal Results Correlation
Medium noise level Higher noise level coefficients

G,(kPa) S G,(kPa) S G,(kPa) & Medium Higher

noise noise

1 250 0.15 250.34 0.15 250.75 0.152 0.9852 0.9060

2 220 0.12 219.93 0.118 220.16 0.116 0.9891 0.9249

3 220 0.17 220.1 0.17 219.74 0.169 0.9859 0.9026

4 270 0.17 270.18 0.169 269.72 0.17 0.9828 0.8824

5 270 0.12 270.32 0.119 269.71 0.115 0.9874 0.9194

We repeat the above process for the spring-pot viscoelastic model. An example objective
function (correlation coefficient) variation is shown in Figure 6.12, which again indicates a well-
behaving and locally convex objective function. Although the gradient-based optimization should
work for this well-behaving convex objective function, we first created a database of the simulated
responses with 61 fractional order, & from 0.12 to 0.18 and 21 modulus parameter, 4 from 290
to 310 and then performed the inversion analysis in a brute force manner at the considered
parameter points. The corresponding results are shown in Table 2, which indicated the

effectiveness of the proposed approach for more complicated spring-pot viscoelastic model.
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Figure 6.12 Correlation coefficients variation for spring-pot viscoelastic model for synthetic

data with medium noise (left) and high noise (right).

Table 2 Brute force optimization results for spring-pot model. Here the parameters are

A=Gy(2rx600)* and a.

Optimal Results
Expected parameters Correlation coefficients
Case No. Medium noise level | Higher noise level
A a A a A a Medium noise | Higher noise
1 300 0.150 300 0.149 301 0.152 0.9800 0.8705
2 294 0.134 294 0.133 294 0.132 0.9817 0.8786
3 294 0.165 294 0.165 293 0.161 0.9787 0.8579
4 305 0.165 305 0.165 305 0.167 0.9783 0.8571
5 305 0.134 305 0.134 306 0.132 0.9817 0.8749
SUMMARY

In this chapter, we examined three approaches to back-calculate the viscoelastic parameters
and concluded that a full-waveform correlation based inversion approach works well to estimate
the arterial wall viscoelasticity from wall velocity measurements. The examined approaches
perform the analysis in three different domains: Approach 1 attempts to match the dispersion

curves effectively in wavenumber-frequency domain; Approach 2 matches the decay rate in
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wavenumber-time domain; Approach 3 maximizes the correlation of measured and simulated
space-time responses. Through sensitivity analyses, we observed that Approach 1 would work well
for estimating the elastic modulus but is not sensitive for the damping parameter. On the other
hand, Approach 2 is sensitive to the viscous parameter, but not to the elastic modulus. While
sequential application of these two approaches could lead to viscoelastic inversion, Approach 2
overestimates the damping ratio, leading us to Approach 3, where both elastic modulus and
viscosity parameter are shown to be influential parameters. In fact, the effectiveness of Approach
3 is illustrated with the help of noise laden synthetic data. In the future, we intend to explore
improvements of computational cost by combining these approaches, e.g. using estimated modulus
from Approach 1, and estimated viscous parameter from Approach 2 as starting points for
estimating both the parameters using Approach 3. Experimental validation of the proposed

approach is also a subject of future research.
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CHAPTER 7: CONCLUSION
SUMMARY

Motivated with the goal of estimating the arterial stiffness in this dissertation, we approach
towards our objective sequentially — (1) estimating wall thickness and elastic modulus in the
frequency-wavenumber domain through the phase velocity dispersions, then (2) estimating the
viscoelastic modulus in the space-time domain through the full wave simulation. To achieve these
two, we first develop the mathematical model that captures the governing physics. Next, we
develop an inversion algorithm to estimate the modulus (and thickness) and validate using
phantom experiments. Noting that inversion for both modulus and thickness is not as reliable as
inverting for modulus alone, it would be beneficial to inform the inversion with prior thickness
information from B-mode images. To eventually facilitate this, and quantify the uncertainty in the
inverted parameters, we develop a mixed-mode Frequentist inversion of modulus (and thickness).
Towards the second goal of viscoelastic inversion, we take a two-step approach of (a) developing
a fast simulation approach to compute full wave response of the arterial wall, and (b) a
spatiotemporal correlation-based inversion approach that can perform inversion of both storage

and loss moduli; the approach is verified with the help of noise-laden synthetic data.

RECOMMENDATIONS FOR FUTURE WORK
While the work presented in this dissertation takes us closer to more reliable arterial
stiffness estimation, several additional steps remain to be done:

e Development of a Bayesian inversion framework that can effectively take the prior
information on thickness from B mode images.

e Expansion of the above approach to full viscoelastic inversion by combining with the
current contribution on viscoelastic inversion. The objective would be to utilize the wall
data and B-mode images to obtain probabilistic representation of thickness and various
viscoelastic parameters.

e Validation of viscoelastic inversion using well-controlled phantom experiments and
potentially ex vivo porcine aortas.

e [n vivo application, including correlation of the estimated parameters with age, gender,

and disease, which could help delineate the most influential biomarkers.
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