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A large class of emerging actuation devices and ma-

terials exhibit strong hysteresis characteristics dur-

ing their routine operation. For example, when

piezoceramic actuators are operated under the in-


uence of substantial electric �elds, it is known that

the resulting input-output behavior is mildly hys-

teretic. Likewise, when shape memory alloys are

resistively heated to induce phase transformations,

the input-output response at the structural level is

also known to be strongly hysteretic. This note

discusses mathematical issues that arise in identi-

fying a class of hysteresis operators that have been

employed for modeling shape memory alloy actua-

tion. Speci�cally, the identi�ability of a class of dis-

tributed hysteresis operators that arise in the con-

trol in
uence operator of a class of second order evo-

lution equations is investigated. In this paper we in-

troduce distributed, hysteretic control in
uence op-

erators derived from smoothed Preisach operators

[V, M] and generalized hysteresis operators derived

from results of Krasnoselskii and Pokrovskii. For

these classes, the identi�cation problem in which we

seek to characterize the hysteretic control in
uence

operator can be expressed as an output least square

minimization over probability measures de�ned on

a compact subset of a closed half-plane. Consistent

and convergent approximation methods for identi�-

cation of the measure characterizing the hysteresis

are readily obtained from our formulations. .

Research in active, or smart materials, for vibration

attenuation, shape control and micro-mechanical ac-

tuation is proceeding at a rapid pace. As actuation

devices based on the electro-mechanical behavior of

piezoceramics and the shape memory alloys have be-

come more widespread, it is now well-appreciated

that this class of actuation devices exhibits signi�-

cant nonlinear hysteretic response.

Shape memory alloys are a class of metal com-

pounds which possess the capability to sustain and

recover relatively large strains ( 10%) without un-

dergoing plastic deformation. These unique mate-

rial characteristics are due in large part to the ma-

terials' ability to undergo internal crystalline trans-

formations in the presence of external applied stress

and/or changes in temperature. These transforma-

tions from the parent phase, , at stress free,

high temperature conditions to several variants of

the low temperature phase, are also a

function of the history of the material. While these

materials are very much in the category of emerg-

ing technologies, several of them are currently com-

mercially available and have been used in engineer-

ing applications. Among the most popular are the

nickel-titanium alloy known as Nitinol and copper

zinc aluminum alloys. NiTi can be used in high

performance devices with recoverable strain in the
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family of hysteresis

curves

6% range while CuZnAl performs well in very high

cyclic load situations with recoverable strains of ap-

proximately 2%.

The phenomenological responses in SMA are rea-

sonably well understood. If one takes a stress-free

SMA at high temperature in the austenite or par-

ent phase and cools it, a gradual transformation to

the low temperature or martensite phase is achieved.

Several variants of the martensite including multiple

twins are obtained in this cooling process.

The thermally induced phase transitions are the ba-

sis of an explanation of the strain recovery features

of SMA. If the SMA is in the martensite phase and a

unidirectional stress is applied, at a temperature

dependent critical stress

crit

=

crit

( ) detwin-

ning of the martensite variants begins and eventu-

ally results in a single variant of detwinned marten-

site aligned with the axis of the stress loading. A

similar state is achieved under the loading if one

starts with an SMA in the austenite phase. Dur-

ing these phase transformations the internal stress

in the SMA changes only slightly and a signi�cant

apparently plastic strain is achieved. If is sig-

ni�cantly low during the stress induced martensite

phase transformation, a large residual strain re-

mains after unloading. This strain can be recov-

ered by heating the SMA; this is termed the \shape

memory e�ect" or SME. This recovery can be free

(no work is done), fully restrained (the SMA is re-

strained from recovery of its original dimension and

geometry thereby producing large internal stresses),

or controlled (the SMA is constrained so partial re-

covery of the residual strain is achieved but some

stress is present to prevent full recovery).

It is this SME feature of SMA that can be exploited

to develop distributed force actuators to be used

as controllers in composite materials. In a typi-

cal example one employs SMA �bers reinforcing a

non-SMA composite structure, e.g., SMA �bers in

an elastic matrix. The SMA �bers or \wires" are

stress loaded and deformed at low temperatures in

the martensitic phase. They are then unloaded to

generate some martensitic residual strain. Once em-

bedded in the elastic matrix they can be heated (us-

ing an electrical or thermal input) to achieve resid-

ual strain recovery. In Nitinol embedded composite

structures one can produce up to 10 psi in con-

strained recovery.

To help motivate the discussion of hysteresis model-

ing that follows in the next section, we consider the

results of experiments measuring the structural re-

sponse of a beam that undergoes deformation under

the stress induced in resistively heated shape mem-

ory alloy wires. The experimental setup is rather

simple. A thin aluminum beam, 1/32 inch in thick-

ness, is catilevered at one end as depicted in Figure

1. A \two-way" shape memory alloywire is attached

to the rigid base supporting the cantilevered beam,

and to an o�set attached to the tip of the free end of

the beam. A thermocouple is attached in the cen-

ter of the length of the shape memory alloy wire,

and a strain gauge is attached on the surface of the

beam, also at its midpoint. It is clear that with this

simple experiment, the temperature (input) to the

shape memory alloy wire and the output strain at

the surface of the beam can be collected to char-

acterize a temperature-to-strain plant model. Fig-

ure 2 depicts the results of a series of experiments

wherein the current that resistively heats the wire

is varied. In Figure 2a, the current in the wire is

held constant at 3 amps until a target temperature

is achieved, then the current is turned o�. As is ap-

parent from the experiment, the major ascent loops

and descent loops are strongly hysteretic. In Figure

2b, the same protocol in another experimental run is

followed, except that the current during activation is

2.5 amps. Not only is hysteresis evident, by compar-

ing the response strain-versus-temperature curves to

those depicted in Figure 2a, the

is dependent on the input current.

It has been understood for quite some time that

there are two fundamental approaches to mathe-

matically characterizing the input-output behavior

of complex dynamical systems. In one approach, in-

vestigators model a given system as a collection, or

even continuum, of components for which ideal mod-

els can be derived from the principles of physics. In

the second method, the overall qualitative behavior

of the system as a whole is observed, and some \best

representative" is selected from a class of models

that exhibit desired, empirically observed, proper-

ties. With respect to modeling hysteresis in active

materials, for example, di�erent researchers (includ-

ing Liang and Rogers [LR], Brinson [Br], Barret [Ba]

and Lagoudas [BL]) have formulated constitutive

models for shape memory alloys . The body of re-

search in [LR, Br, Ba] and [BL], regarded as a whole,

falls within the �rst category described above. On

the other hand, Hughes and Wen [HW] have utilized

the Preisach model in a system theoretic sense to

represent a static, hysteretic transducer that can be

used to derive compensators for controlling shape

memory alloy wires. The approach in this paper

is also an example of the second, or system theo-
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2 The generalized smoothed

Preisach-Krasnoselskii-Pokrovskii control

output operator

3 Second order evolution equations

s R s s ; s ; s < s

r

r x r x s ; s s ; s

r ; r

s s ; s

u t

� I ;

u; � k u; � C ; T I C ; T

s

u C ; T

u C ; T

u C ; T

u t C ; T

u ; � t

�; r u t s u

�; r u t s u

u S ; T S

j ; T

�

k u ; � t

u ; t

t t ; t

u ; t

k : : : j:

u C ; T

u C ; T ; � I t ; T

s k u; � t

R

� I

u t

s ; s f ; I

I � M

u C ; T

P u; f

P u; f t k u; f s t d� s :

B

B u; f P u; f g k u; f s t d� s g

g V � M

B u; f L ; T ; V :

V V

V

retic, approach to modeling the response of dynam-

ical systems and is motivated strongly by the work

of Hughes and Wen. In this paper we address several

mathematical issues that arise in modeling and iden-

ti�cation of a class of nonlinear, hysteretic control

in
uence operators in second order evolution oper-

ators. Our formulation leads to consistent and cov-

ergent approximation schemes for the identi�cation

problem; we are currently using the resulting com-

putational methods for numerical predictions with

experimental results for a class of shape memory al-

loy actuated structures.

Let = = ( ) be the

Preisach half plane [V, KP] of threshold parameters

used to parameterize the PKP kernels as follows.

De�ne a �xed monotone continuous ridge function

to be used as a smoothed relay operator and de�ne

its translates

( ) = ( ) = ( )

�

where

�

is the closure of . The functions

de�ne the envelope of admissible paths (see Figure

3) for the smooth PKP kernels which depend of the

parameters = ( ), a monotone input function

( ) (or piecewise monotone input) and an initial

state 1 1 . The generalized PKP kernels

are de�ned by a mapping

( ) ( ) : [0 ] [0 ]

parameterized by

�

. The de�nition can best be

given by proceeding in three steps:

1. De�ne the action of the kernel on monotone

input functions [0 ]

2. De�ne the action of the kernel on piecewise

monotone input functions [0 ]

3. Extend by density arguments the de�nition in

(ii) for arbitrary [0 ].

For any monotone function ( ) [0 ], de�ne

the monotone output operator

[ ( )]( ) =

max ( ( ) ) if

max ( ( ) ) if .

Next suppose we are given the continuous piecewise

monotone input function [0 ] where

is the set of continuous piecewise linear splines with

knots in [0 ]. The de�nition in this case is de-

�ned recursively on each subinterval. First, we set

and de�ne

[ ( )]( ) =

[ ( )]( )

[ ]

( )( )

= 1

Obviously, for any continuous piecewise linear dis-

cretization of the input, this equation su�ces for

computational purposes. A typical output is de-

picted in Figure 4. The extension of this de�nition

to arbitrary [0 ] now follows standard den-

sity arguments [V, KP]. With this de�nition of the

hysteretic control in
uence operator in place we can

prove for each [0 ] and [0 ], the

maping [ ( )]( ) is continuous from

�

to

. This result plays an essential role in establish-

ing well-posedness of the identi�cation proceedure

and the convergence of approximation schemes.

We should note that the argument de�nes the

initial state of the delayed relay operator, and a�ects

the output of the delayed relay operator only if the

input ( ) happens to have an initial value in the

open interval ( ). Let (

�

) the Borel

measurable functions mapping

�

, let

the class of �nite signed Borel measures on

�

, and

let [0 ]. The generalized Preisach operator

( ) is de�ned via

[ ( )]( ) [ ( ( ))]( ) ( )

If the control in
uence operator is de�ned via

( ) ( ) [ ( ( ))]( ) ( )

where and , then

( ) ((0 ) )

Here is the congugate dual of a Hilbert space .

Based on the above de�nitions, we present our gov-

erning equations in a weak form that incorporates

the hysteretic control in
uence operator. Let and
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be real Hilbert spaces that form a Gelfand triple

[W]. That is,

Each of the embeddings and

are dense and continuous. The pivot space is

identi�ed with its dual space by the Riesz-map.

Following [BIW, BSW], we de�ne two parameter de-

pendent operators ( ) and ( ) that represent

the damping and sti�ness operators, respectively.

The parameters are assumed to lie in a compact

metric space . In operator form, the equations

governing the dynamics of the system of interest to

us have the form ([BI])

�( ) + ( ) _ ( ) + ( ) ( ) = [ ( )]( ) (3.1)

in .

Under standard assumptions on the operators

, we can prove (see [BIW, BSW]) that for

[0 ] and (

�

) and each ( ) ,

there is a unique solution ( ) such that

((0 ) ) ((0 ) )

_ ((0 ) ) ((0 ) )

� ((0 ) )

and moreover, we actually have

([0 ] )

_ ([0 ] )

Equation (3.1) constitutes the equations governing

the input/output behavior of the dynamical system.

For purposes of identifying the \parameters" ( )

that characterize the system, we must choose a rea-

sonable measurement, or observation, error func-

tional. For example, the quadratic measure of out-

put error ([BK])

( ) =

1

2

( )( ) ~

+

1

2

_ ( )( )

~

_

is a commonly used error criterion. Here ~

~

_ de-

note the experimentally observed data. More gen-

erally, we may assume has the form

( ) ( ( )( ) _ ( )( )) ( )

(3.2)

We are interested in minimizing this cost functional

(3.2), subject to the dynamics (3.1), over and

, where is a suitable class of measures.

To specify precisely this class of measures, we turn

to results from the theory of probability measures.

Let be a compact subset of

�

and let ( )

be the space of probability measures on taken

with the Prohorov metric of convergence in distri-

bution. As discussed in [BF, B, EK], the Prohorov

metric is de�ned for ( ) by

( ) 0 ( ) ( ) +

closed,

where denotes the usual neighborhood set for

. Then it is well known that ( ) 0 as

(i.e., convergence in metric) is equivalent

to ( ) ( ) for all Borel sets with

( ) = 0. Moreover, if we view ( ) as a subset

of the dual space ( ) where ( ) is the usual

space of continuous functions on , convergence

in the metric is equivalent to weak convergence:

i.e.,

if and only if

for ( ).

Finally we also have that = ( ) with this

metric is a compact metric space. Under suitable

assumptions, the cost function of (3.2) is weak

lower semicontinous in ( ) on . These re-

sults can be used to guarantee existence of solutions

to the identi�cation problem (see [BKW1] for de-

tails).

The formulation just outlined also lends itself read-

ily to the development of computational methods

and algorithms for the identi�cation or \parameter"

estimation problem involving (3.1), (3.2). Again we

use results from probability theory (for a summary,

see Theorem 3.3 in [BF]). De�ne for = 1 2

the sets

^

0 = 1

where is a set of rational pairs = ( )

in such that is dense in and is

the Dirac measure with atom at . Then we have

that

^

is dense in ( ) in the metric.

This de�nes a sequence

^

of �nite dimensional

approximating sets for ( ). In the usual manner
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(see [BK, BSW] for compete details) one can also

de�ne �nite dimensional approximating parameter

sets (in the case that is in�nite dimensional

as, for example, in the case of spatially varying co-

e�cients in concrete realizations of (3.1)) and ap-

proximating state spaces . This results

in a computationally tractable approximating min-

imization problem for (3.2) over (3.1) restricted to

(i.e., Galerkin approximate systems), and

^

. One can then prove that the resulting solu-

tions ( ) converge in an appropriate

sense to a solution of the original problem of mini-

mizing (3.2) over subject to the system (3.1).

Details can be found in [BKW2]. Our initial compu-

tational e�orts based on these ideas, also reported

in [BKW2], are most promising.

Experimental Setup

This research was supported in part by the U.S.

Air Force O�ce of Scienti�c Research under grants

AFOSR F49620-95-1-0236 and F49620-93-1-280 and

in part by the U.S. Army Research O�ce under

grant DAAL03-92-012.

[BF] H.T. Banks and B.G. Fitzpatrick, Estimation

of growth rate distributions in size-structured pop-

ulation models, (1991) 215-

235.

[BI] H.T. Banks and K. Ito, A uni�ed frame-

work for approximation in inverse problems for dis-

tributed parameter systems,

, (1988), 73-90.

[BIW] H.T. Banks, K. Ito, and Y. Wang, Well-

posedness for damped second order systems with

unbounded input operators,

, CRSC-

TR93-10; ,

(1995), 587-606.

[BK] H.T. Banks and K. Kunisch,

,

Birkhauser, Boston, 1989.

[BKW1] H.T. Banks, A.J. Kurdila, and G. Webb,

Identi�cation of hysteretic inference operators in

smart actuators, Part I: Formulation, Technical Re-

port CRSC-TR96-14, N.C. State University, April,

5



r(x)

x

+1

-1 s1 s2

s1 + a

s2 + a

r(x-s
 2

)

r(x-s    1)

s1 s2

S

M

1

Figure 3:

Figure 4:

2427

1

Two Shifted Ridge Functions, Smoothed Re-

lay

Hysteretic Kernel Function Output, Piece-

wise Monotone Input

Mathematical Problems in Engineering

Smart Material Structures: Modeling, Estimation

and Control

Convergence of Probability

Measures

Markov Pro-

cesses: Characterization and Convergence

SPIE

Systems

with Hysteresis

Active Ma-

terials and Smart Structures

Journal of Intelligent Material

Systems and Structures

Mathematical Models of Hys-

teresis

Partial Di�erential Equations

Di�erential Models of Hysteresis

1996; , sub-

mitted.

[BKW2] H.T. Banks, A.J. Kurdila, and G. Webb,

Identi�cation of hysteretic inference operators in

smart actuators, Part II: Convergent approxima-

tions, to appear.

[BSW] H.T. Banks, R.C. Smith, and Y. Wang,

, Masson/J. Wiley, Paris/Chichester,

1996.

[Ba] D. Barret, Thermomechanical constitutive

laws for shape memory alloys, preprint, 1994.

[B] P. Billingsley,

, Wiley, New York, 1968.

[BL] J. Boyd and D. Lagoudas, Thermodynamical

models for constitutive laws of shape memory alloys,

preprint, 1995.

[Br] C. Brinson, Constitutive laws for control of

shape memory alloys, preprint, 1995.

[EK] S.N. Either and T.G. Kurtz,

, Wiley,

New York, 1986.

[HW] D. Hughes and J.T. Wen, Preisach modeling

of piezoceramic hysteresis; independent stress e�ect,

, 2442:328-336, August 1994.

[KP] M. Krasnoselskii and A. Pokrovskii,

, Nauka, Moscow, 1983.

[LBKW] D.C. Lagoudas, Z. Bo, A.J. Kurdila, and

G.Webb, Identi�cation for a class of nonlinear mod-

els for SMA embedded elastomeric rods,

, G.L. Anderson and

D.C. Lagoudas, editors, (1995), 93-106.

[LR] C. Liang and C.A. Rogers, One-dimensional

thermomechanical constitutive relations of shape

memory materials,

, (1990), 1-20.

[M] I.D. Mayergoyz,

, Springer-Verlag, Inc., 1991.

[W] J. Wloka, ,

Cambridge University Press, 1987.

[V] A. Visintin, ,

Springer-Verlag, Inc., 1994.

6


