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1. INTRODUCTION- Several years ago, H. Makabe and the author
proposed a preventive maintenance policy and discussed it together with
its ramifications [3~5]. Though many preventive maintenance policies
are known at the present time, we discussed a series of policies which
are named Policy I, II, III and so on, especially Policy III. The
policy of type III was proposed in order to improve the policy of type
II due to R. Barlow and L. Hunter [1]. We found the optimal policy of
type 111 under the assumption of a Weibull-type failure distribution
in the sense of maximizing the limiting efficiency [3]. It was general-
ized to the sense of minimizing the maintenance cost rate [4]. In com~-
parison with the optimal policy of type II, the optimal policy of type
III has a higher efficiency and lower cost rate. Furthermore, it was
found numerically that the optimal policy of type III is rather robust
(5].

However, in the previous paper [3], the existence and the unique-
ness of the optimal policy of type III (in the sense of limiting effi-
ciency) are shown only under a Weibull assumption. We shall generalize
the discussion here to the case of a strictly increasing failure rate
which is a sufficiently wide class for preventive maintenance problems

(Sections 4-5).

1 The work described in this report was done under Grant AFOSR-68-1415
with the United States Air Force Office of Scientific Research.

2 This work was done while the author was at the Department of Statistics,
University of North Carolina at Chapel Hill.



H. Makabe and the author treated the optimality of Policy III from
a viewpoint of practical uses [4]. But, in spite of the assumption of a
Weibull distribution for failures of a system, the argument in the proof
of Theorem 5.1 seems to be incorrect. Thus the author withdraws the
theorem and discusses here the optimality of it under weaker conditions

(Sections 6-7).

2. SEVERAL TYPEs OF PREVENTIVE MAINTENANCE POLICIES., 1In this
section, we shall explain various types of preventive maintenance pol-
icies and their main properties before proceeding to our discussion in
the following sections. But, unfortunately, there seems to be no fixed
system for naming preventive maintenance (or replacement) policies.
Thus, we shall use here terminologies used in the previous papers.

Preventive maintenance policies of type I, II and III were proposed
to be suitable to a simple system (e.g., light bulbs), a complex system
(e.g., a computer) and a more complex system (e.g., many machines of
same type in a room), respectively. But the third policy may be also
used more effectively in the second case ra Policy II. These are des-
cribed as follows.

Note: Hereafter, the word "perform preventive maintenance' means
"perform an overhaul" or 'replace by a new system'". Regardless, we shall
have as good a syStém as new (in the sense of its failure rate) imme-
diately after a preventive maintenance is performed. And we shall re-

schedule preventive maintenance under the policy.



[Policy I] (age replacement). Perform preventive maintenance after
t

0 hours of continuing operation time without failure (0 < tO < ),

If the system fails before tO hours have elapsed, perform maintenance

at the time of failure. Preventive maintenance at the time is rescheduled.
[Policy II] (periodic replacement with minimal repair at time).
Perform preventive maintenance after t* hours operating as a total
regardless of the intervening failures (0 < t* < »). We assume that
after each failure only minimal repairs are made, and that the failure
rate of the system is not disturbed after performing minimal repair.
[Policy IIL1]. Perform preventive maintenance at k-th failure; but
for first (k-1) times of failures, perform minimal repairs on these
occassions. We assume also that the failure rate of the system is not

disturbed after performing minimal repair.

Policy I was proposed and discussed by Ph. Morse {6] and R. Barlow
and L. Hunter [1]. A general discussion of it is seen in R. Barlow and
F. Proschan [2]. As noted above, this policy is suitable for simple
systems in which no minimal repair is effective. In this case, it will
be sufficient that we discuss the replacement cost per unit time. Usu-
ally, it is considered in an infinite time span.

On the other hand, for a complex system, it is too expensive to re-
place the system by a new system at any failure occassion. Naturally,
we have to repair the system and use it. In this case, it is desired
that the amount of aown time is limited or that the maintenance cost is
low. R. Barlow and L. Hunter [1] proposed the maintenance policy of
type II and discussed on it to be optimum in the sense of the limiting

efficiency which is the expected fraction of operating time in an



infinite time span. They also noted that the optimization is equivalent
to the optimization in the sense of expected maintenance cost in an in-
finite time span. However, it will be more natural to consider both
concepts simultaneously. Thus, H. Makabe and the author [3] introduced

the concept of the maintenance cost rate and defined it as follows.

C., = [cost for unit down time] x [expected fraction of down time]
+ [expected cost of all repairs and replacements during an unit

time],

which is a generalized form of the limiting efficiency and the expected
maintenance cost per unit time. They proposed Policy IIL and discussed
it in the sense of the limiting efficiency [3, 5] and the maintenance
cost rate [4, 5]. They also discussed Policy II based on the maintenance
cost rate.

Policy III improved Policy II in the following points:

1) At the time the total operating time reaches t*, the
system is operating generally, so we may continue the use
of it without any loss until the next failure occurs.

In other words, Policy II wastes a (small) amount of time
and/or costs.

2) In the case that there are slight differences between systems
of the same kind in their failure rates, Policy III is more
robust than Policy II. This fact will be intuitively seen
from the observation that the duration of usage of a system
is long or short according to its failure rate. This was
i{llustrated numerically in [5] under the assumption that the
failure distributions of systems were Weibull-type with a

common shape parameter.



3) In many practical cases, an inspection of the system under

Policy III is easier and less expensive than under Policy II.

In order to improve Policy II with respect to point 1), we may in-
troduce Policy II' as follows:

[Policy II']. Perform preventive maintenance at the first failure
after t* operating hours as a total regardless of the intervening

failures.

H. Makabe and the author also considered in [4] other maintenance
policies in order to discuss the effectiveness of Policy III. These are
as follows:

[Policy IV]. Perform preventive maintenance when the total oper-
ating time t* without down time, or when the k-th failure occurs.
This is a combined policy of type II and III. Of course, this is a gen-
eralization of both policies.

[Policy V]. Let {ai} be a preassigned sequence of non-negative
numbers (possibly infinite), and Y_i be the total operating time re-
gardless the down time at intervening failures until the 1i-th failure.

Perform preventive maintenance if Yi > a. and perform a minimal repair

i

if Y1. < a1..

[Policy V']. In Policy V, reverse the inequality.
Yy

[Policy IV']. 1In Policy V, put a; = t* for 1 <k, and a; = 0

for 1 > k, where t* is same as Policy IV.



In this paper, we shall first concentrate upon the following:
[Policy III']. 1In Policy V, put a; =~ for 1 < Kk, a, = £

and a; =« for 1 > k, where & is a non-negative real number.

3. NOTATIONS AND PRELIMINARY LEMMAS, For convenience we shall
establish here some notation and preliminary lemmas. The first lemma is
evident and elementary, but since it will play an important role in our

arguments we state it here.

LEmva 1, Let A, B, C, D be positive numbers.

. A _C A A+C C
(1) If grp> them FEDD
(ii) If %-= %-, then %-= %%%% = %- for every real ).

Let the failure distribution function of a system be F(x). Assume
that F(o) = O and it is differentiable everywhere on the positive half

line. Put for all X > O

F'(x) = f(x)
F(x) =1 - F(x)
q(x) = ;ﬁﬁl . (failure rate)
- F(x)
X
ax) = | ale)e.
0

G(t)

I: y fly)dy.



It is well known that
(3.1) F(x) = e'Q(x)

If q(x) is a monotone non-decreasing function, then the failure
distribution is called "increasing failure rate' and denoted IFR. We
shall say strictly IFR when the monotonity is strict. Quite similarly,
we can define DFR (decreasing failure rate) and strictly DFR. However,
if the failure distribution is DFR, we must not perform any preventive
maintenance. Thus we shall talk about IFR only.

Furthermore, we shall use the following notations.

Tm: mean down time for a minimal repair

TS: mean down time for a preventive maintenance
CO: mean cost per unit down time

Cm: mean cost for a minimal repair

CS: mean cost for a preventive maintenance.

LWAZ- Let
(3.2) h(t) = Q) j: (y-t)F(y)dy-

1f f(x) is strictly IFR, then h(t) is monotone (strictly) decreasing

function and

(3.3) h(o) =m
(3.4) Tim h(t) = 1/q(«) ,
t—>oo

where m is the expected failure time, i.e., M = f: tdF(t).



PROOF . Clearly h(t) is a differentiable function. We have

Q(t)eQ(t) I

e o]

(y-t)f(y)dy - eQ(t) Jt f(y)dy

(3.5) h'(t)
t

= q(t)h(t) - 1
and

h(o) = Jwy f(y)dy = m,
0

which is (3.3). From this, we can say that h(+0) < 1/q(+0). Because,
if it does not hold, since q(t) > q(+0) > 1/m, we have Q(t) > t/m

and
(3.6) F(t) = e'Q(t) < e't/"‘ for all t > 0.

Integrate both sides of (3.6) from zero to infinity. Then we have that
m < m, which is a contradiction. Thus, the.relation h(+0) < 1/q(+o)

is true, and h(t)‘ decreases at a neighborhood of origin by (3.5). If
there exists a t (= to, say) such that q(to)h(to) =1, then, since
we have h'(to) =0 by (3.5), it is true that h(t) is decreasing for

0 <tc< to. Froﬁ the assumption of IFR, é%'{1/q(t)} <0 for all t.

Thus we have that

1
ity * <) > qrEFy

for arbitrary small e > 0. Hence, from (3.5) and the monotonity of

1/q(t), we can conclude that h(t) increases for t > tO’ i.e., h(to)

= 1/q(to) is minimum of h(t). But, on the other hand, we have



jt (y-t)F (y)dy | )y
lim h(t) = 1lim - = 1im L
t > o t > F(t) SO

. 1 _ ]
lim ey ° o=y

t > o

which is (3.4) and implies that ]imt*mh(t) < h(to). This is a contra-
diction. Thus, we can say that tO does not exist. So we have

h'(t) <0 for all t > 0, which completes the proof.

LEMWA 3. If u,(x) and u (x) are both positive functions for all
1 2
X >0 and u,(x)/u,(x) is a (strictly) monotone increasing (decreasing)
1 2

function, then w](x)/wz(x) is a (strictly) monotone increasing (de-
creasing) function, where

X

wi(x) = j u (t)ds(t) , 1=1,2
0

and dS(t) is a positive measure.

PROOF., Since for any t < x <'s

u](t) u1(x) u](s)
U, (8) U (x) Cup(s)

we have

and for any Yy > X

up(x) (¥ y
ey [X up()ds(s) < JX up(s)ds(s).
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Hence

Y
(X) JX U-I(S)dS(S)

<

w](x) Uy
Wo(x) © Up(X)

9

Jy u,(s)dS(s)
x 2

and, using Lemma 1, we have

Y
wy(x) + j up (s)ds(s)

Wy () « waly)
(3.7) WZ(X) < " Jy ()5 (s) = wz(y)
wo(x) + | u,(s s
2 « 2

for Yy > X. Equation (3.7) means that w](x)/wz(y) increases strictly
monotonically. Consider the reciprocal of the function u](x)/uz(x);

then the assertion about "decreasing" will hold. If the above argument
includes the sign of equality at all inequalities, it refers to the same

relation but not "strictly".

LEeMA U, Define wi(k,g) (i =1,2) as follows:

T £
(3.8) nt,e) = ey [ et e g
o
o1 (f k-1 ”
3.9 wylksg) = WJO @@ -0feldt.

If the failure distribution is IFR, then

o wqlksg) T
(3.10) ]lm'm =

£E~>0
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and

wy(k,g) T

(3.11) lim = m for k=1,2, ...,
£ > o Walksg) E(X 41

where E(Xk+]) is the expected time between the k-th failure and

(k+1)-th failure.

PROOF. We have by L'Hospital's rule

s T e Uq(e) T,
im W Zkagj - m © N F ’
£>072 £ 0 1q(e)1* Tq(e) J (y-£)f(y)dy

£

which is (3.10). On the other hand, we have

(3.12) lim w](k,E) = T%L%YT Ja>Zk-1 e-Z dz = T
g > o "o "
and
tin walki€) = T | ! ()L (-0 tyayle
(3.13) - ki![{o(t)}k-[t(y-t)f(y)dy]‘;’+-k‘—!J @(t)F F(t)dt
o

= ﬁ%-[:){a(t)}k e Uthge,

using (v) of Lemma 5 and the fact that Q(o) = 0. Let Xk be the time

between (k-1)-th failure and k-th failure of the system. Put

Yk = 25=] Xi' Yk means the k-th failure time excluding the down time at
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the intervening failures. Thus, we have
Ey,) = | t .0t
k o 3

(3.14) - [ ggtz} o-Q(t) ]”

0

J _Qiﬁll_. q(t) . tdt
] Jw_{guuie-o(t)
o k!
= E(Ykﬂ) _J _Qi_t_)}_ -Q( t)dt
0

By definition and (3.12),

- k
(3.15) E(Xpep) = E(Yyq) - E(Y) = [ QD Uty
0

Equations (3.12), (3.13) and (3.15) imply (3.11). We used, in (3.14),
(iii) of Lemma 5

The existence of the integral E(Yk), the vanishing of
Q(t)} e—Q(t) as t > «, and several similar relations are nearly ob-
vious under the assumption of IFR. But, for convenience, we shall sum up

these results in the following.

LEMMA 5, 1f the failure distribution is IFR, then
(i) m < »; in general, moments of all orders are finite;
@) Q)X F(t) >0, as tow, forall k;
it)  (QUE)IK tF(t) > 0, as t o>, for all k;
vy Q)1 6(t) » 0, as tow, forall k;
@ ek J: (y-t)F(y)dy + 0, as t >, forall k;
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(vi) E(X]) > E(Xy) > veee > E(X) > o

(vii) E(Yk) <« for all k.

PrROOF, (i) See page 27 of [2].

(ii) Since Q(t) > » as t > », we have
) k = _ . k -Z _
Tim {Q(t)} F(t) = lim Z'e = 0 for all k.
) L > o
(iii) Since Z = Q(t) is a monotone increasing convex function,

there exist non-negative numbers o and ZO such that
Q-](Z) < al for all Z > ZO'
Then we have

lim  t{Q(t)3* F(t) lim Q" \(z)zke?

t > Z > >
< otin ¥ el = 0.
L~
(iv) For |G(t)| <G(o) = m< » by (i), the integration by

‘parts implies that

(3.16) 6(t) = tF(t) +J Fly)dy.
t

Since

(3.17)

o w© k w
(e)¥ Jt Fly)dy < jt Q) Fyay = | kel &2

-1
Q-](t) q(Q ' (2))
1 ® k_-Z :
Sq—(-{:')—JQ-] Z°e "dZ ~ 0 as t > o,

(iii) and (3.17) with (3.16) imply (iv).

(v) This is obvious from (iii) and (iv).



14

(vi) Let A(x) be a set such as
A(x) = {w: x < Yk_](m) < X + dx}

for arbitrary fixed K. Under the condition that w € A(x), Xk(m) is
a random variable with failure rate q(x) and Xk+](m) is another ran-

dom variable with failure rate larger than q(x). Then we have

(X, (0) [A(K)) > E(Kyq () [ACX)),

which implies that E(Xk) > E(Xk+]).

(vii) From (vi), we have

E(Y,) < kE(X]) = km < «.

i)

4. Existence anp Untqueness oF THE OpTIMAL Poicy oF Tyee I, 1n

the previous paper [3], we considered the function

(k-])Tm + TS

(4.1) f(k) =

nes1=

© L (k)
1P Jo () (e)at + (D)7, + T,

in order to find the optimal policy of type III, where

QT gt Q; (£
4.2) Wy - 7‘k_—]5!—eq‘( Do) - e it

and P, (i =1, ..., M) is an a priori probability of appearance of a
system belonging to i-th category in which every system has the failure

density function fi(x). 1f f(k) of (4.1) is a convex function, the
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optimal policy of type III is to perform preventive maintenance at each

ko—th failure, where k0-1 is a largest integer such that

- T
(4.3) 1-_—U(l<-)-—[k+——5—]>'|,
U(k+1) m

where

and Yéi) is the total operating time until the k-th failure of a system
belonging to i-th category occurs. Under the assumption of a Weibull-type
failure distribution with a common shape parameter, we can easily prove
the convexity of f(x). Thus, both existence and uniqueness of the op-
timal policy of type III are known in this case. But any further dis-
cussion on them without the Weibull assumption has not yet been done.

In this section we shall treat the problem under the assumption of
IFR. In order to avoid the non-essential discussion, we shall confine
ourselves to the case M = 1. It is easy to expand the discussion to
the case M > 1.

First, we have to find the joint distribution of (Yi-1’ Yi) for
i=2,3, ... . Denoting the joint probability density h(yi-1’ yi),

we have

(4.4)

h(yi_]s yi)dyi_]dY1

Priy: ; < Y. 5 <¥y; ¢ "% dy: 715 y; <VY; <ys # dy,, Y: ;< Vil
i-1 i-1 i-1 i-1 i i i i i-1 i
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= Pr{yi_] < Yi-] <Y + dyi_]}

. Pr{yi < Y_i <y; dyi’ Yi1 < Yi‘yi-] < Y1._.I <yiqt dyi-]}
= Priviy < Yiop < Yiap Y Wy

CPriysy < Yilygoy < Yo <Yy T ALy

R Pr.{y1 < Y] < y1 + dyi‘-y]'_" < Yi"] < ‘yi-] + dyi-]’ ,Y.i_-l < Y1}

@y, 1 atyiop) fly;)
- e Al - 1

aly; 2
Goyr— 94op) - FOydygdyy

0of course, if we integrate (4.4), we have marginal density as follows:

. Y
(4.5) Y(1)(yi) = J 1 h(yi,], yi)dyi—l
0
Q(Yi) 21-2
- |, Tty
{Q(yi)}(i'”
G ¢ fly)s
and
(4.6) Y(i-])(yi_]) = h(yi_], yi)dyi

Yi-1

{Q(yi_l)}(i'z) -
= (1_2)! q(yi-])F(yi-])

aly;_ -2
o f5):
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We can easily see that (4.2), (4.5) and (4.6) have a common form as was
desired.

Now, we shall assume here that {ai} is a sequence of descending
order, i.e., a] 2 a2 > se+, In this case, the probability that a pre-

ventive maintenance is performed at the i-th failure under Policy V is

given by
4.7 p(1) = J fly)dy, for 1=1;
a
1
. 3i-1 (= dj (= ,
(4.8) P(i) = J J + J [ h(yi_1,yi)dyidyi_], for i > 1.
3 Yiar 70 7Y

These hold because the event that a preventive maintenance is performed
at i-th failure will occur in the following two ways:

@ 3y <Yy sa g

(B) Y.i_-l ; a. and a. < Y--
Hence, we have the expected total operating time E(Y) and the expected

number of failures E(K) as follows:

«© © a'_'l © a; o
(4.9) E(Y) = J yf(y)dy + ) J ! J + J ! J ]yh(t,y)dydt
2, i=2 a; t o ‘a;
o {Q(ai)}i'1 aj ey !
= 121 ——KT:TST——'G(ai) + Ja ] —1?:TST——-q(t)G(t)dt s
i+
where

a(t) = J:yf(y)dy;



(4.13) E(K)

]
x
.
-
X
]
—|i
>
-— ]
—
|
o
iaal
S”
+
S—
vy
—
x
+
—
~
*
-~
=
[ {ad
—)
——
— =
1
—
el
—~
[y
S
-
——
(2
N
[«
+

(o]
Inserting these into (4.11), we get the limiting efficiency of Policy
III'. Since maximizing the limiting efficiency is equivalent to minimizing
its reciprocal, it is sufficient to minimize the following function for

our purpose.

(k-1)T_ + Tg + wy(k,e)
(4.14) v(k,g) = E(Y, ) + w,(K,E) ’

where wl(k,g) and w2(k,g) are given by (3.8) and (3.9), respectively.

Now, our first assertion is the following.

THEOREM 1, 1f the failure distribution of a system is strictly IFR,
then there exists an optimal policy of type III. The optimal policy is
determined uniquely except in the case in which the succeeding two values

of k give the same limiting efficiency.

REMARK l- The realization of the above exceptional case will be
seldom expected, because it will occur when and only when (4.21) below
holds. Essentially, the theorem asserts the uniqueness of the optimal

policy of type IIL.

PROOF OF THE THEOREM. w](k,g) and wz(k,g) are obtained in

Lemma 3 by setting



(4.15) u](x)

Jsx(y-X)f(y)dy;
X

[ =
n
—_—
>
~—
n

(4.16) as(x) = 7qyr Q) g(x)ax.
If we define u](x) and uz(x) as above, we can easily see that h(x)
in Lemma 2 is equal to TmUZ(X)/u](X)' Hence, when f(x) is IFR, the
function w](k,g)/wz(k,g) increases strictly monotonically. This is a
direct conclusion by Lemma 2 and Lemma 3.

In order to simplify the notation, we shall define an operation @

as follows. Let

then we denote

We can not multiply a factor the numerator and denominator of x(t)
and/or vy(t) and keep the definition meaningful.
We shall denote

wq(k,g)
Z(k,e) = W

Now we may write
(4.17) v(k,e) = v(k,0) @ Z(k,z)
and

(4.18) v(k+1, o) = v(k,0) ® Z(k,=).
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Now, if
T, + (k-1)T T
k k+1
we have

V(ka 0) > V(k+]s 0)
by (4.18) because the LHS of (4.19) equals V(k,O) and the RHS equals
Z(k,»). Similarly if

(DT + T Ty
(Y, ) EX )

(4.20)

we have
v(k, o) < v(k+1, o).

When the equality

(k-])Tm + T ) T

holds, we have
v(k, o) = v(k+1, o),

and, furthermore, since E(Xk+1) > E(Xk+2)’ we have

KTy + T _ Tn T
E(Vy 1) EX yp)  E(Xpyp)

Thus, if (4.21) holds for a value of k, the inequality (4.20) holds for

the next value of k.
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We can show that (4.20) holds for a finite value of k except when
]1mt+m q(t) = gq(») < «. If it holds for ko, it is obvious that (4.20)
holds for k > ko by the monotonity of {E(Xk)}. Thus, if (4.20) holds

firstly for ko, we have

v(1,0) > v(2,0) > ==+ > v(k,0) < v(k *1, 0) < -+

which means ko corresponds to the optimal policy of type III and k0
is finite.
If (4.20) does not hold for every finite K, then (4.25) holds for

every k, that is the relation:

T

(4.22) v(1,0) > for all k
EZXk+]5

is true. (4.22) may hold for only a case that

(4.23) Tim q(t) = q(») < =.

t oo

Otherwise, E(Xk) +0 as k » . If (4.22) holds, the optimal policy
of type III is not to perform preventive maintenance at any failure.
This corresponds to the case k0 = o, Including such a case, the asser-

tion of the theorem is verified.

REMARK 2. The case in which (4.23) holds is essentially identical
to the case of an exponential failure distribution for sufficiently large
t. In such a case, it is well known that any preventive maintenance has

no effect. So, the above conclusion that ko = o is very natural.
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5. OPTIMAL PoLicy IN THE SENSE OF MAINTENANCE CoST RATE. In Section
4, we discussed the existence and uniqueness of Policy III in the sense
of its limiting efficiency. As was noted in Section 2, the concept of
the limiting efficiency are generalized to the concept of the maintenance
cost rate. Thus, we have a natural question whether the assertion in
Section 4 is true or not in the generalized case. This is answered

affirmatively by the following.

THEOREM 2. If the failure distribution of a system is strictly IFR,
then there exists an optimal policy of type III in the sense of mainte-
nance cost rate. The optimal policy is determined uniquely except in the
case when the succeeding two values of k give the same maintenance cost

rate.

PROOF: We shall consider the following amount

Cm
(5.1) C(k) = C, + T " c_(k)
_ (C, + C/TRE(Y,) * C T /T, - C
E(Yk) + (k-])Tm + TS
C CT -CT
= (c + _mJa(k) $ S Sy
{ 0 Tm Tm
where
E(Yk) 1

(5.2) a(k) = E(Yk) F (k_])Tm + Ts = 1+ v(k,oi
and

1
(5.3) b(k) = —
E(Y ) + (k-1)T + T
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Hence we have
(5.4)

((k-1)T. + TIE(X,, ) - E(Y,)T
ra(k) = a(k+1) - a(k) ( ) m * S ( k+]) ( k) m

{E(Yk) + Ik-l)Tm + TS}{E(Yk+;) + kTm T}

and

_ T+ E(X )
the denominator of (5.4) °

(5.5) ab(k) = b(k+1) - b(k)

Now, we want to maximize C(k) in order to find a k which min-
imizes the maintenance cost rate Cw(k). By Theorem 1, there exists a

k (say k0 < ®) which maximizes a(k). Since b(k) 4is a monotone de-

creasing function of K, we can easily see that if Cst > CsTm’ then

(5.6) C(k) < C(ko) for every k > ko.

This is true even if the equality V(ko, 0) = V(ko+1, 0) holds. (This
is the exceptional case of Theorem 1.)

On the other hand, the numerator of (5.4) can be rewritten as
follows.
(5.7

()T + TOEX ) = BT = TEXq) - ToLEY ) - KE(y T

m

Since
(5.8)
[E(Yk+]) - kE(Xk+])] - [E(Yk) = (k'])E(Xk)]

[E(Yk+]) = E(Yk)] - E(Xk+]) + (k'])[E(Xk) - E(Xk+])]

(k'])[E(Xk) = E(Xk+])] > 0,

(5.7) is a monotone decreasing function of k. Furthermore, the denom-

inator of (5.4) is a positive and monotone increasing function of k.
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These facts mean that a(k) is a convex and monotone increasing function

of k for k < ko.

Let k* be the k such that AC(k*-1) > 0 and 4C(k) <0 for all

k* < k < ko. The existence of k* is clear for AC(ko) < 0 except the

case that AC(k) < 0 for all k 2 1. 1In the last case, let k* = 1.
When k* > 1, we can see that AC(k) > 0 for k < k* - 1 as follows.

From the fact that
AC(k*) = C]Aa(k*) + C2Ab(k*) <0
and

AC(k*-1) = C]Aa(k*-]) + C2Ab(k*—1) >0,

we have
(5.9)
C1[TSE(Xk*+]) - Tm{E(Yk*+]) - k*E(Xk*+])}] < C2[Tm + E(Xk*+])]

CoLTE(Xw) - TLE(YVa) - (k*-1)E(X )31 > CoIT, + E(X)] -
using (5.4), (5.5) and (5.7), where

C CT.-¢CT
- _m _ _ms __sm
C-l = CO + T and C2 T Py
m
(5.9) with (5.8) implies that
CHLE(Muyq) = E(Kd 1> €1(Tg = (kDT HIEXyayy) - EXy)]
which is equivalent to the inequality

(5.10) (:]TS - C, - C](k*—'I)Tm >0

by (vi) of Lemma 5. Since C1Tm > 0, (5.10) implies that
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(5.11) c.T.-¢C,-¢C

1's 1kTm > 0 for every k < k* - 1.

2

Now
(5.12)

sC(kk-2) = Cqaalke=1) + Cyab(ke-1)

+ C][Aa(k*-Z) - palk*-1)] + Cz[Ab(k*-Z) - ab(k*-1)]

= C]Aa(k*-]) + C2Ab(k*-])

+ b(k*)b(k*-])b(k*-Z){C][E(Yk*)

+ (ke=1)T_+ TS][TSE(Xk*_l) - T LE(Yq)

- (e )] - CEy)

+ (k*-2)T + Ts][TSE(Xk*) - T LE(Y)s)

- e DEOG] # CIEWyg) + (4-2)Ty + LTy + ()]
- CIE( ) + (s 1)T, + TLIIT, + EO )1}
= AC(k*-1) + b(k*)b(k*-])b(k*-2)[E(Yk*) + (k*—])Tm + TS]
x [T - C, - C,T (k*-1)JE(Xe_y) - E(Xa)]

+ b(k*-2) + [E(Xpu_q + Xu) + 21,0 - aC(k*-1)

By our assumption and (5.10), we can easily see that (5.12) is positive,
which means AC(k*-2) > 0. Replacing k* in (5.12) by k*-1 and using
(5.11) and the above result, we find that AC(k*-3) > 0. Repeating the
argument, we can say that AC(k) > 0 for k < k*-1. Thus k* gives the

optimal policy of type III in the sense of the maintenance cost rate.
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If aC(k*) = 0 for some integer Kk*, then C{k*) = C(k*+1).
Except in such a case, k* is unique as was shown in above. Thus the

proof of the theorem completes in the case C2 > 0.

For the case C2 =0 (di.e., CmTS=CSTm), the assertion of the

theorem is identical with the one of Theorem 1, already proved.

Iif C2 < 0, (5.6) does not hold. Moreover, C(k) is a convex
function of k for K < ko because a(k) and Czb(k) are both convex
function in this interval. Hence, there does not exist the optimal k
in [1, ko). Let R be a Kk such that a(ﬁ-]) > C(ko) > a(ﬁ) for
k > ko. Clearly, Q exists, since a(k) is a monotone decreasing func-
tion for k > ko. since a(k) dominates C(k) and monotonically de-
creases for Kk > kO’ there exists a k which maximize C(k) in
[ko, ﬁ-]]. In order to prove the uniqueness, we shall denote by k*

the first value of k which maximize C(k). This means that AC(k*) < O

and AC(k*-1) > 0. We have

AC(k*+1)

AC(k*) + [aC(k*+1) - aC(k*)]

AC(k*) + b(k*)b(k*+1)b(k*+2){C][E(Yk*) + (k*-1)Tm + Ts]

X

[TECtneg) = TalECyas) - (K4+1)E a4 )]

CoLE(Ypuyp) + (KX + T

X

[TE 0 ni) = TlE(Kasy) - g )]]

CoLE(Yiw) + (k*-T)T + T ]

X

[T+ Eayp) 3+ ColE Vi)
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P ()T, + 1D T+ B ]
= aC(k*)
¢ b(kR)b(kH)b(kH2)LE(Y, ) + (ke1)T + T,]
L0y (T + kAT ) = CIIE(Kuyp) = E(ay))]

+ b(k*+2)[Cqoa(k*) + Coab(k*)]

A similar argument proves AC(k) < 0 for all k 2 k*+1. Thus we have

proved the theorem for C2 < 0.

When k0 = o, these arguments above are trivially true.

6. OpTIMAL PoLicy oF Type 111, since the class of all policies of
type III' includes the class of all policies of type III, the limiting
efficiency of the optimal policy of type III' is equal to or higher than
the one of the optimal policy of type III. In this section, we shall
show that the former is strictly higher than the latter, and we shall
discuss how to find the optimal policy of type III'.

Now, if (4.20) holds, from Lemma 3 and Lemma 4 we can say that there

exists &g such that
(6.1) v(k,0) = Z(k,go);

hence
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Z(k,g) < v(k,0) for 0 < ¢ < g

and
Z(k,g) > v(k,0) for £ > gg.
These inequalities imply that
(6.2) v(k,g) < v(k,0) for 0 < ¢ < g
and

v(k,gz) > v(k,0) for & > &;.
Thus we have the following.
LEMMA 6. The optimal policy of type III' has strictly higher
limiting efficiency than the optimal limiting efficiency of Policy III.

PROOF. Even for ko, which gives the optimal policy of type III,

the inequality (6.2) holds. This means that the assertion of the lemma

is true.

Next, we shall show the following.

Leva 7. For any Kk, 1let
v(k, (k) = min v(k, £) .
Then é(k) is unique.

PROOF, It is clear that there exists %(k), because V(k,£) is

bounded and continuous. For any positive number e, assume that there
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exist £, and £, such that
0 <) <& <&
and
v(k, 0) - ¢ = v(k, £1) = v(k, £3),

where §&; was defined in (6.1). From the continuity of v(k,g), if we
choose ¢ small enough, we can get such £; and £,. Without loss of

génerality, we can assume that the equality
(6.3) v(k,0) - e = v(k,£)
does not hold for £ < &; and & > &,. Let
E -
wi(k, g) = J u;(x)ds(x), (i =1,2),
€1

where ui(x) and dS(x) are given by (4.15) and (4.16). An analogous

argument to the proof of Lemma 3 shows that

24k, £) W?(k,a)
s & =
wE(k,gS

is a monotone increasing and continuous function. Hence, since
v(k,gp) = vik,gy) @ Z*(k,g5) = vlk,&1) s
we have
Z*(k,g2) = v(k,gy) .
Thus, for any ¢£ € (EI,EZ), from the fact that

Z*(k,e) < v(k,£1)s
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we have

V(kﬁg) = V(ksgl) ® Z*(ksg) < V(ksgl) = v(k,gz)

This means that Q(k) € (gl,gz) and (6.3) does not hold for any

g e (£1,82).
Now, let us fix € > O arbitrary. We examine whether the following
equation (6.4) holds or not for 1i=0, gg1)=o, ei= €, and some gng),
i+
g1,
. L L
(6.4) V(k,gg.l)) - 31_ = V(k,€g1 ])) = V(k,gg.l 2)).

i+
If it holds, since we can conclude that Q(k) € (€§1 R

e$)

using
the above argument, proceed with Procedure A in below. If it does not,

proceed with Procedure B. Continuing procedure A or B for i=1, 2,

we can get %(k) uniquely.

[Procedure A]. Add 1 to 1. Put FELIRE (i.e., e's for new
and old i are same.) Then examine (6.4) for new 1.
[Procedure B]. Add 1 to 1i. Put €1=€i-]/2 and E§1)=£$1_]).

Then examine (6.4) for new 1.

Thus, the lemma has been proved.

A
LEMvA 8, For any positive integer K, £(k) is the root of the

following equation.

(6.5) v(k,g) = Tme'Q(g)/ r(y-é)f(y)dy -
3

PROOF. since v(k,£) is a monotone increasing function for

£ > gy and é(k) is a unique minimum point of v(k,£), there exist
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to

one and only one point such as é% v(k,”) = 0. This is A(k). Differ-

entiating V(k,Z), we have

. y
g [T+ T k)
de E(Y, ) + wz(k,£7 j

(6.6)

wy (K, e) EECY, )+ wo(kye) b = (ke ) (k=TT + T+ Wy (k)3
.2
{E(Yk) + w2(k,;,)}

Since the denominator of the RHS of (6.6) is positive, equating the num-

erator to zero we get

wy(k,e)
(6.7) W;TETEY = v(k,&)

The LHS of (6.7) is equal to

which follows from (3.8) and (3.9) and completes the proof of the lemma.
Summarizing Lemma 6-8, we may assert the following.

THEOREM 3. The optimal policy of type IIL' for a system whose
failure distribution is strictly IFR is given by é = mink Q(k), where
é(k) is the unique root of (6.5). The limiting efficiency for the op-
timal policy of type III' is h(g)/{Tm + h(é)} and this is higher than
the limiting efficeincy for the optimal policy of type III, where h(t)

was defined in Lemma 2.
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REMARK 3, This theorem asserts that Policy III is not optimal in

the class of Policy V and suggests that Theorem 5.1 of [4] must be false.
(An argument in the proof of the latter (p.39, £.11 in [4]) was incorrect.)
However, because a tedious computation may be needed for finding 2, if
the limiting efficiency for the optimal policy of type II1' is near to

the one for the optimal policy of type III, Policy III may be used from

a practical view point. The author hopes to calculate these limiting

efficiencies numerically in the near future.

REMARK L}, We shall illustrate the features of several functions
v(k,e), Z(k,g), Z*(k,£) and Tmu](t)/uz(t) in Fig. 1. The author con-
jectures that such a situation as illustrated in Fig. 2 does not occur.
But, unfortunately, the proof has not been discovered. If we prove the

A
fact, we may find ¢ more easily.

REMARK 5: We can rewrite w](k,g) as follows:

T (&
wy(k,g) = ;1%5-J e 0] ekt q(t)at
0

T Qg)
- ?T%%'JO el 2% ¢z
Tk, Q)

- r(k) 2

where y(k,g) denotes an incomplete T function. Thus, we have

{(k=-1T+ T Ir(k) + Tyv{k, (e))
v(k,g) = ~
E(Y (k) + @e)¥ J (y-€)f(y)dy + v(k+1, Q(£))
£




v(k+1,0)

v(k,0)
T
m
. u](a)
/)
N m Uz [

/ v(j,e)
v(Jj,0) v(k.£)
v(k,0)

h .
m Al GA >
0 £(j) e(k) £

Fig. 2
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ExaMPLE 1. 1f the failure distribution of a system is Weibull with

a shape parameter B and a scale parameter o, we have

Iw (y-e)F(y)dy = o '/® {r(%—+ 1) - Y(%‘+ 1, Qle)) - ce” Q5
£

and

Then we have

PL-1T + Tk + Tov(koac®)]

v(k,g) =

B
ke D)+ (eI D) - v (14 Foe®) - s e al/F vl o)

7. OpTIMAL PoLIcy OF TypE N, As was shown in the previous section,
Policy III could not become the optimal policy in the class of all policies
of type II1'. This is also true in the class of Policy IV' which includes
all the policies of type III. We shall show the fact here.

The limiting efficiency for Policy IV' will be obtained by putting
a; = £ for i=1, ..., k-1 and a; = 0 for i =2k in (4.9) and (4.10)

and then inserting E(Y) and E(K) for (4.9). We shall denote the

amount corresponding to V(k,&) of (4.14) as 'V(k,g), which is given by

-0 k i1 & k-
T+ () jele) Ll [ ka(t)e Ut %dt - DT

V(k,E) = ! 0

k . g t k-1
D 6 Y O J tf(t) o o
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= A%Eii% sa
= BlK,£) ° y.

Since it is clear that this is a differentiable function of £, we dif-

ferentiate it as follows.

(7.2)

k i-2
d 5 - 1 . 4 } -Q(¢)
az V(ksg) YRR {1221 —Qé—é)—y——i_z e q(e)

k-1

i-1
. -Q
(e Q) Qe+ kq(e)e ) WiEey,

1=

.i

k i-2
x TmB(k,g) - {.22 i-2)1 Q(E)G(E) -
1:

ne-x
el
!
—
vy
-
—_—
Al
S

i=]

k-2 i
- ____1_? Tm{.i Qe () q(a)} - B(k,)

k'2 (gg ]}. oo
- {.2 il 1 J (y-a)f(y)dy} - A(k,¢)
3

R(K, ) j (y-£)F(y)dy
|3
B(k,E)

fy(g) - V(k,e)}

where
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T f(e)

J;ky-&)f(y)dy

and
k-2 i
R(k,e) = ¥ ‘('Q‘(%')—
i=0 )
Here, we can easily show the following.
LEmva 9,
Tmf(+0)
(i) 1im y(g) = —— 2 0.
g » +0 m
L. . _ . .FII _ 2
(ii) Tim vy(g) = Tm 1im 6 = Tm{q(w)} .
E > g »
(iii) 1f f(x) is strictly IFR, then Y(E) is a monotone in-

creasing function.

PrOOF (i) is evident. We shall prove (ii) and (iii). The first

of these is obvious using L'Hopital's rule. Furthermore, v(g) may be

rewritten as

qu(a)e'Q(g) Ta(e)

y(g) = —3 = Thig)
J (y-£)f(y)dy
g

where h(g) was given by (3.2) in Lemma 2, which showed that h{(g) is a
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monotone decreasing function if f(x) 1is strictly IFR and that

14in »mh(g) = 1/q(»). Thus the assertions of the lemma are true.

£

Now, we can see that V(k,0) = v(1,0) and V(k,») = v(k,0),

because the former case corresponds to Policy III for k=1, where

V(k,») = Tim V(k,g). Thus V(k,») is finite for each k by Theorem

g—>00
1 and V(k,£) converges to V(k,») smoothly. Because, in the following

expression of (7.2),

(7.3)

oo

_ TRUGEF(E) = R(Ku) | (y-e)F(y)dy - Tlkse)
dVék,g) - £
g 9

2 k-2
r(ko0)6(e) + | HBE— - aweee

the terms R(k,g)f(&), R(k,ﬁ)f:(y—&)f(y)dy, and R(k,£)G(g) will tend

to zero as £ tends to infinity by Lemma 5; while VKk,E) and the

second term of the denominator will tent to constants, respectively. So

ve have Tlim__ Q—V—%ﬁl = 0. Of course, for any fixed k V(k,&)

becomes its minimum value at £(k) such that (&) = V(k,2(k)) if
Tmf(+0) < T_. This fact will be shown as follows. If

v(+0) = Tmf(+0)/m < Ts/m = v(1,0) = V(k,0), then V(k,£) decreases in
a neighbourhood of the origin. In order to have gy}%éél-= 0, the rela-

tion v(&) = V(k,£) must hold. Hence V(k,£) will decrease in the in-

terval (0,£(k)), where ﬁ(k) is the first root of the equation

(7.4) y(g) = V(k,g).

A . . . . .
Further, at g(k), since Y(E) is an increasing function,

v(B(k) + €) > V(E(K) + ¢),
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for sufficiently small ¢ > 0. This means that V(k,g) 1is an increasing
A A A
function at ¢&(k) + ¢ and that £(k) is a minimal point. Even if c(k)
— A
is another root of the equation (7.4), V(k,£) will increase at e(k) + €.

A
A
Thus, £(k) can not be a maximal point. This fact implies the non-

A
A A
existence of ¢(k) (i.e., uniqueness of ¢&(k)) and hence the following.

THEOREM U4, 1t Tmf(+0) < TS’ then the optimal policy of type IV'
for a system whose failure distribution is strictly IFR is given by
2 = mink S(k), where é(k) is the unique root of the equation
y(g) = V(k,g). The limiting efficiency of the optimal policy of type v’
is y(é)/(l + y(g)). Iif Tmf(+0) > TS’ then the optimal policy of type

IV' is to replace the system by new one at each failure.

REMARK B: we shall illustrate the features of vy(£) and Vik,t)

for several Kk in Fig. 3. Broken lines indicate the case Tmf(o) > TS'
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