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CHAPT#R I
1. The expectation of a random variable x, which takes the values
X)5 Xpyeee,X, With probabilities Pys Ppseesy B, 18 defined as E(x) =

PXy* PoXpteeot p X . When x is a continuous variate in the range (a,b), then
b .

E(x) =j xplx)x,

a
vhere p(x) is the frequency density. It is easy to see that

(1) E(cx) = cE(x)
(11) EB(x +y) = E(x) + E(y)
(111) E(clyl oY, toauat cnyn)= clE(yl) + c2E(y2) Foaee + an(yn).

If E(x) = m, then V(x) is defined as E(x-m)e. Hence V(x) = E(xe) - m2, or

E(x%) = V(x) + {B(x)} 2

2. ILet B(x) = m, E(y) = m,
V(x) = 0‘32_, Viy) = '?2

then the correlation between x and ¥y is defined by the equation
B {0 o) (- mp)j= P I1L T = Covlxy, xp)
This gives us
B(x,x 2) - mm, = j'.n:rl Q’e = Cov (x;, x,)
When X, and X, are not correlated, /) = 0, and in this case
E(xlxe) mm, = E(x )E(x )
3. Let us now calculate
2
V(clxl *ogX, ..+ cnxn), given that V(xl) = c’l, ceey V(xn) =
and correla,tlon betwoen x; and x fl 5

Let E(xl) =y oeesy E(xn) =m , then
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, 2
v( C X O Xt . +cnxn) =E {_(°1x1+°2x2+‘ .. +cnxn) - (clml+c2p2+. . .cnmn)}

=°§E(xl'm1)2+°§E (xe-m2)2+. . +°§E (xn'mn)2

+2c102E(xl-m1) (xa-m2)+. .o
2 2.2 _2 : ~ e
=0, (p *¢, o“e +...+2c102;f312 5”1 Tptenn
n
= I c,c s Ta-
1,31 1°) P13 91 Yy

In partiaulaer if Xy5 Xy «0:5 X, Ere independent variates then

2 2 2
Q‘2+.-.+Cn C_}‘n.

| 2 2.2
V(clxl+c2x2+. ..+cnxn) =y Jyte,

If further Xqs Xps eevs Xy have the same veriance 0‘2, then
' 2 2 2
V(clxl+c2x2+. . .+cnxn) = (cl+c2+. L) O
k., Again let us calculate the covariance of

¥ = 01X #0,X h b0 X,

end y' = c]'_xlﬂ:' Xt 0K

272 ' "mmn

then proceeding as before

1}

Cov(y,y') = Cov {clx +C, X+ . o HC X,

1 v 1 }
1¥C5%0 n¥nr  C1X1FCAXote .. HO X )

' 2 t 2 { . e~
©)8y Og*..-topen Gp+lejepscyety) P12 T3 Tt

n
L cie! p,, O, O
1,300 13 13 91 9

In particular, if X1y Xy5 erey X, oYE independent, then

Cov( CyXy¥C Xt te

\] ] 1
. Xyr  O1XpFCIX e utolX )

= o ol 8 - v 8
= C1%) Uty Uptesoteop U_n
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and if further the variances of the x's are equal, then the covariance is

(cl i+c202+...+c c')c;‘2
5. Dependence, independence and orthogonality of linear functions.
- In order to deal effectively with problems of linear estima-
tion and tests of linear hypotheses, we shall find it convenient to intro-
duce the notions of dependence and independence, and orthogonality of
linear functions énd vectors,
Consider the linear functions

Y1 = 2yl+3y2+y3
Y2 = yl-d-yg-f-y3
Y. =

5 = byy 57,4375

Given Yi =5, Yé = 7, what i8 the value of Y3? The clever student will
notice that 23 = Yl+22é 8o that its value must be 19, without going into
the question of the actual values of Y11 Jps yz. If, however, given

Ii = 5, Yé =7, I went you to find the value of
LI
Y hyl+5y2+hy3

then 1t is obvious that the value of Y' camnot be calculated simply by
knowing the values of Yl and Y 09 but depends on the actual values of

TR LY, yB. We, therefore, say that Y3 is depogdant on Yl and Yz, but
Y' is not dependent on Y. and Y

1
In general, if

Y = ey elyz*"'*anlyn‘

Y +e..H8

2 = 81o¥1F 85075 n29n

«o s s e L]

Yk = alkyl+a2ky2+...+ahkyh

~then: Y = f&yl+ oVt st lgyn will be said to be dependent on
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YI’YQ’ ceey Yk if we cen find constants, bl’ 'b2, ceey bk such that

Y = b)Y #b ¥yt b Yy (identically)

The null function
oyl+oy2+. . +O¥,

1s always dependent on Yl’ Y, YRRy Y since we may take bl, b2, cony bk
to be zero.
The linear functions

Yl, Y ’bo-, Yr

may be said to be independent 1if none dopends on the rest. The necessary
and sufficiont condition for this is that it is impossidle to find bl, b2,
vees B (not all zero) such that

by Y, 4D Y +eu#b ¥ = 0 (identically)

Consider the two linear functions

I

Y= clyl+02y2+. . .+cny n
t o L 4 V 1 !
X = C1¥yteo¥otesete v,

of independent random variatos Yys Fps sees Tp with a common variance O’E..
Then

Cov(Y,Y') = (cl 13005 e et c') o'
- If the covarianco is to vanish,

! =
cqy l+c2c2+...+c cn =0

In this case Y and Y' are said to be orthosonal to each other.

6. Dependonce end indopendence of vectors.
' Any n-plet of numbers, e.g. :
(a'l’ , too,a) Or(»( [,oob’ Z)
is called a vector and is usua.lly denoted by a Greek symbol, Thus we may
write



oL = (a.l, 82, ...’A an), A= (11’ ja’ teey ln)
The addition of vectors is defincd by
o+ A= (a.l-i- Ay 8ot Loyeen, an-f- ln)
- )h = (" 11’ - 1(2,.,0, - ln)
% - A= (5‘1' jl’ 8y Lps eres o= 4p)

Multiplication by a number ¢ is defined by

ce = (c 19 COpy waey can)
The relation o = A would moan,

=/

2, soay a": j

8 = £&’ 8. n° “n

2
Thus if
oy = (aggs Bpp5 oves 8y)

oty = (8‘12’ 8gps sees a.na)

see e sew coe

Qk = (a:lk, aoek, seny a.nk)
then the rolation
bla l+'b2 of2+. . +bm-;xm = A
would mean that

bi8 D8y ote et ay, =

bla21+b2a22+. . ‘+bma2m = ja

ete.,
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Voectors arc very closely connoctod with lincar functions and linocar
oquations. Thas, if thoro is a linear function

a.lyl+a2y2+. oty
then we say that its coofficient voctor is o .

Coofficient Voctor . Linocar Function

@ = (ag, ay.e.,0y) Yy = 8y ieTpt e oy

A = (by, byyeeesd ) Y, = byyy byt oon by
Null vector 0 = (0, 0, ..., O) Full function O = Oy +0y,+...+0y

&- = = v 1

tE Sum = ¥, +Y, (al+bl)yl~)@,2+b2)y2+...

+(a.n+'bn)yn

C.ce _ .

ch = ca.ly1+ca2y2+. . 'manyn

Thus if oporations of addition or multiplication with numbers arc

_ porformed on linoar functions, the coofficiont vectors also undergo the

same oporastion.

Coofficient Voctor : Linocar Function
b1 Y,
%2 2
Xp Y

Oy Xy ¥CpBln*e..tcy &y

- .t s v i

clYl+c.2Y2+. .e +ck Yk

In dofining the dependence and independenco of voctors » we keoep to this
correspondence. Thus, if -
Coofficiont Vector Lincar Function

%y = (81358550 050p) b Rl DA RS EASEIR LN
oy = (a1ps80ps0eespp) Tp = 897y 48T te o ¥8 T,
oty = (alk’a‘ak""’ank) A Y, = TR LRI SLOPPEL I

and | |
A= (:[1: /.2"'“: ‘!k) Y = Ilyl"‘ 2y2+...+ !kyk
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then A is said to be dependenf on Os Olpgeeey Oy provided we can find

constants bl, ba,. ey bk such that

kzbl'a1+Ab2a2+

..., +b 0'

k.

You would notice that in this case the linear function Y with coefficient

vector A is also dependent on the linear functions Yl’ Ye, ceey Yk with

coefficient vectors oy, '012, vevy Oy

The vectors
none depends on the rest,

is that it is impossible to find bl,'b

+b, &, +

by Oy + b, Gy

The set of all vectors dependent;

on Qyy Ny eevs Ny is called
vector space generated by o 17

A gy wees Xye
If the generating set is in-

dgpendent it may be called the

basis of the vector space.

a 1’ 02, L N ] , ur
The necessary and sufficient condition for this

may be said to be independent if

ps e B (not all zeros), such that

cer FD X, F 0 (null vector)

The set of all linear functions
dependent on Yl, Y2, cooy Yk consti-
tutes the linear set generated by
Yl’ Yei L , Yk.

If the generating set is independent
it may be called the basis of the

lincer set.

I will now give you some of the well known rosults relating to voctor spaces
and linear sets, the proofs for most of which are pretiy obvious.

1. The vector space generated by
a set of vectors Ofgs Aoy eeeyly
romeins unchanged if
(a) &, is roplaced by ¢, &
where ¢, £0
(v) O, is replaced by & + OtJ
where (1 # J)
Combining (2) end (b) we mey ro-

i

'pla.ce e 1 by

21 Onl+. oo, O
if o, #£ 0

"(c) If the null vector happens
to appear in the generating sect
it 1s dropped.

+.'.+c

i kYx

1. the lincar set generated by a sot

of lineg.r functions Yl, Y2, veey Y
romains unchanged if
(a) Y, is roplaced by c,Y,
where o, #0 ’
(b) Y, is replaced by Y, + YJ
where (i # J)
Combining (&) and (b) we may roplaco
Yi by '
¥y * C¥p * eee oy
if o, #£ 0.
(¢) If the null function happens
to be in the set, it is dropped.
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2. For any voctor spacc V thore
oxists a number r such that 1t is
possible to choosc r indopondont
voctors in V, but not moro. Any
r indopendont vectors form a
badls of V. This numbor is
callod the rank of the voctor

gpaco.

3. If we consider vectors with
n coordinates, then there cannot
exist more than n independent
vectors. Hence every vector
space must have rank < n, Tho
vector space consisting of all
vectors with n coordinates has

- the rank n.

INSTITUTE OF STATISTICS
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2. Por any linear sot thoro cxists a
numbor r, such that it ie possible to
choose r independont lincar functions
in tho sot, but not moro, The lincer
set can be encrated by any r linecar
functions bolonging to the set. r is
said to be the number of dogreos of
freedom carried by the functions of
the sét.
3., If wo consider linear functions of
n veriates Iys Tps coes Jpo there can-
not exist more than n independent ‘
linear functions, Hence the degroces
of freedom carried by any linear set
The linear set of all linear
functions of Yys Jpr »o0s Iy has n
degrees of freedom.

% n,

The notion of the rank of a vector space, or the degrees of freedom
belonging to a linear set is also comnected with the rank of a matrix,

Thus, if
the rank of the vector space
generated by

xy = (a1 815005 8p)

O = (ayps 8ppseees 8p5)

L LN ] LN 1 L 2 LA ]

ok = (alk, aek’ soey ank) :

the number of degrees of freedom car-
ried by the linear sot generated by

=¥ togm¥p t e togn

Yé = a12y1 + a22y2 + iee + anzyé

LR ] s e e - LN LR

T = 8Ty FOndp toeee Y E,T

is r, then r is also the rank of the matrik,

291 %3 By

a a

12

22 L] &a

n2

3 * 80 LN LR +o00

S P2k

. e a‘

nk

i.e. r is the order of the largest non-vanishing partial determinant.
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We may summarize this as follows:

Number of degrees of freedom carried by a set of linear functions
= Rank of the vector space of the coefficient vectors.

= Rank of the matrix of the coefficients.

7. Orthogonality of Vectora,
Consider n independent random variates Yy ye, ooy Ip with a common
variance ()‘ then we have seen that if

Yl = cl 1 + °2‘V2 see -lcnyn

Ay

1 ]
Y2 = clyl 2y2+ ees HC y
_then

Cov (Yl Y)a(cc +0202+...+cc')0“

Here the coefficient vectors are
7= (cys Cos soes °n)
| 7= (cg, Cls eeey ) |
We define the scalar product of » end Y’ as
= t
(27'7'2) 0101 * Cptlp * e oty
For ( 7.7 )= €] * Cp * «eo + c Ve somotimes use the notation 7

‘Note that the sum of the two vectors is a vector, dut their scaelar product
is a pure number, We can now write:

cov(Y,, ) = ( 7. 77) o®
V) = (X705 yR ol

Ir Yl and Y, are uncorrelated, i. e. when

¢ +0C3 + «eu + ol = ( 7.7) =0
we have already called Y, and Y, orthogonal In this case we also call

Y/ end )7 orthogonal. Thus the condition for the orthogonality of two
vecors is that the sum of the products of the corresponding coefficients
vanishes. |
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The following theorem about orthogonal vectors and orthogonal linear

functions may be stated:

1, If the vector 4 is orthogonaif

each of the vectors Oys G

coey Oty then 4 1is orthogonal

to all vectors dependent on Oy
Qpy eee Oy i,e, to all vectors

of the vecotr space V generated

by O‘l’, oy seey Oipe In this

case we gay that ﬁ is orthogonal

to V.

2.

r (consisting of voctors with n

coordinates) then all vectors .

orthogonal to V constitute a vector'

‘\-—-/m—\\\
@e V! of rank (n-r), ) Thus

e Pt e e

"Renk V + Rank V! = n
V! 18 said to be the complete
Likewise,
V is also the complete orthogonal

Given a vector space V of rank

orthogonal space to V.

space to V?,

1. If the linear function Y is ortho-
gonal to (uncorrelated with)

Yl, Y preres Ym, then it is orthogonal
to (uncorrelated with) all linear
functions depending on Yl, Yoeee P2 S
i. e. to the functions of the linear

set gonerated by LT Y, pyeees Yoo

2, Givon a set of linear functions
wit}@ dogrees of freedom, all linear
functions orthogonal to the linear
functions of the set, form a linear

- got with degroes of froedom

(considering linecar functions with

n variates.)

The randcm variates Yys Yps eves ¥, Way themsolves bo regardcd as con-

stituting the vector

"( = (Yl) 3’2, arey Yn)

and the linecar function Y = ey + Co¥pt ese + 0 on B2 be written as
(7. 7 ) vhere y = (eqs 02, esss © )« Yith this notetion
v(r. 7 ) = (r7) g% = 9" 0,2

Cov {(77), (77) = (y7') O°°
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Consider now a system of homogonoous linear oquations to be solved. We

shall first take a simple exgmple.

| Equations Coofficient vectors

| Oyy + by, +8y; - 16y, - 125,=0| 0|0 | (0, 4 8, -16, -12) = o

3¥y 2y - 5y - 1Ty - 35 =0 (-3 |53 | (32 <5, (1T, 3= X,
by, + 2y, - 8y3 - 20y, - 255 =0 -4 |-3 | (4, 2, -8, -20, -2) = Ay
- Wy - Ty + 1y +8y5 =0 1-1}-1 | (1,-3, -T, 13, 8) = &,
Oy = J-2y5+ by, +3y55 =0 010 (0, -1, -2 4 3)
3%y + 0%y - Wy = ), +3Wy =0:-3 -3 | (3, 0,9, -9, 3)
kyy + 0y, - 12y - 125, + byg = 0 -k 1-3 | (4, 0, -12, -12, b)
T+, - Yym Ty - ¥5=0 E#l -1 | (1, o, -1, 1, -1)
oy, - ¥, - oys + by, +395=0 L0 10| (0, -1, -2, 4 3)
-3y + 0y, + 3y + 37, + V=0 11 |1 (-1, 0, 3 3, -1)
03y + Oy, + Oy; + Oy + 035 = O of1y¢ (0,0, 0,0 0, 0)
Oy) + 0y, +2y; + by - 255 = 0 ?'o o} (0,0, 2, k4 -2)

0y - T+ Oy, + 8y4’+ J5 =0 0 (o, -1, o, 8, 1)= g%l
-y) + Oy, + 055 - 3y, + 255 = O 1 (-1, 0, 0, -3, 2)= eé
Oy, + Oy, + 0:9-3 + 0y, + Oy5 =0 0 (¢, o, 0, o0, 0)
Oy; + Oy, - V5 - 27, * Vs = 0 0 (Q, 0, -1, -2, 1) = @5

Hence

yl = "3yh + QY5

Vo = 8y, + 75

#

) I3 -th + s

the general solution of the equation is

(-3 +om, 84/ +m, -2/ +m, £, m)
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‘or the vector space gonorated by
7y = (-3, 8, -2, 1, 0)
7,=(21, 1,0, 1)

Right hand side of the picturc shows us how to obtain tho basis of a vector
space V, and to dotermine the rank. Tho voctors ultimately left arec inde-
pendent. Tho connection botween the rank of vector spaces and matrices

also becomc obvious,

The left hand side tecaches us how td solve a system of lincar homogencous
equations, and obtain the baeis of the vector space campletely orthogonal
to V. The relation ' '

Rank V + Rank V' = n

is also oxomplified.

This may be expressed by saying that the rank of the vector space of solutions
and the rank of the voctor space of coefficient vectors, add up to n. :

9. Non-homogeneous Equations

Next lot us consider non-homogoneous equetions. Suppose we consider
tho seme equations, but the right hand sides are now 0, -3, -4, -1, Then
the result is ultimatoly obtained as

yp =3, * 5 -1
Vo =8y + 3

y5 = ayh"' ys

The general solution 1s now given by

(«.34+em+1, 8{+m -24+m}, mor jh"’m?’e "’73'

where

73 = ("1: 0, 0, O, O)

For the general non-homogeneous linear equations,




Pago j21.3

‘//i‘ a’llyl + 5'2132 + aes + a.nlyn - aol
V// a. y. + a 2y2 +* eee + aheyn = a02

L N ¢0 e [N ] et e -

Gy tBomlp t e T YN = B

/2 ’z':‘(,"‘.; 1IN
all aal . anl | all : a'21 see anl 5.01
A= a Q.22 ves an2 and A = .8'12 | a22 N ana aoe
84m  Zom *** Zmm Bqp Oy eee B B

then Rank A = Rank A.

If, however, the system is to be solvable, whenever a null vector
appears on the right hand side, a zeoro m;;ear on the left hand side,
othkerwise there will be Wﬁ{my. (Make clear by conmsidering the
example when the right hand side numbers are O, -3, -3, -1.) Hence the
necesgary and sufficient condition for the solvability of the system is
that

| Rank A = Rorik
or the rank of the vector space of the coefficients vector of the homogeneous
portion does not increase by the adjunction of a new coordinate corresponding

to the non-homogenocous portion, to each vector.

10, Projections.

The length of the vector . ot = (a.l, 8py vees ‘an) is dofinecd to be

-

T

NZ v
Then the square of the length = ( a.a ) = 2. If wo confine the coordinates
to real numbers only, then it is seen that the length cannot vanish unless the
voctor is null. Since the vanishing of the length is the condition of sclf-
orthogonality, we may say that a vector camnot be self-orthogonal unless it
is null,

A voctor with unit length is uswelly called a unit vector. A vector can
always be converted into a unit vector by suitable multiplication with a
constant, eo. g., if
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ol = (a,l, 8py seey a,n)
thon ¢ & = (ca,, cay, «ooy can) is a unit vector if we take

1

cC =

J(_ai + ag+...+ aﬁ)

T shall now give you a fow thoorems on the orthogonality of vectors, and

 their connection with independence.,
with real cor_lsta.nts as coefficients.

(1) Ir Oyy Ggseesy O BFC
mutually orthogonal non-null vectors,
they form an independent set.
Cor. Theore cammot exist more than
n mutually orthogonal vectors (with
n coordinates).
(2) , If O(l, 02’0' .y Q-m and- ﬁl"
,32,..., A proxe two sets of indep-
ondent vectors such that any o i is
orthogonal to any A 5 thon the sot
X gpeeesy Xpy Aysebpyss is an
independent set.

Proof of (1). If possible let

+C. &

G ¥ TG %2

lo:

o o C O‘:

i

It must be remombered that we are dealing

(1) If Yy, Y,y.ee, Y avo mutually
orthogonal non-null linear functions,
they form an indopendent set.

Cor. There cannot exist more than n
mutually or'bhogonal linear functions
with n variates. ' '
(2) If Yy, Y,peee, Yy and Yy, Y7y
cesy 1f m?® 2Y° two sets of indepen-
dont lincar functions such that any
Yi is orthogonal to any Y}, then the

Set Yl, Yz’not, Ym Yl’ Y ’ soey Ym'

1s an independent set.

+ 00 * C =0
* n %n

e ai»(clotl+02 Gyt eee + O an) =

n
=0

0 (1 =1, 2, «ooy, 1)

which shows that there cammot exist a relation Cy X3y + s « 2+...+cn & = 0

in which the ¢'s are not all zero.
Proof of (2). If possible let

10y X Gy AgF s Oy ap+dy Ay +d, Bt v By =0
or putting
A+ u=20
But Au =0
2 2

Co (N + p)2

= N+ 0 o=
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This tmptfes = A\ = O, =0 or c1 = czz cae = cms & d,1=¢,2=,,,=dm' = 0

Honce tho result,

(3) If o is a non-null vector and
y is any vector, then wo con uniquely |
express y in the fornm

v=A1 v

where /32 is orthogonal to o , and

/3113 dopendent on o,1,e, /313 cow,

The vectors B, and /92 are sald

to be the components of y along and
orthogonal to o . f«)l may de said
to be the projection of y on o .

(4) 1r /91, PBoseees A, oTe any

syste;n of mutually orthogonal non-

null vectors, then any vector y can

be uniquely exprossed in the form
rv= B+ fin

where (4 depends on B1s Foreses

V-4 n &8 8., i8 orthogonal to thgm.

v

(3) 1t Y , 18 a non-null linear func-
tion and Y is any linecar functiodn,
wo can always oxpress Y uniquely
in the form |
Y=Y +Y,

1 2

where Y, 1s orthogonal to Y and Y,

'1s dependent on Y . (Thus Y is

uniquely decomposed into two parts,
one dependent on Yo and perfectly
correlated with it, and onc ortho-
gonal to Yo and therefore complete-
ly uncorrelated with it),

(&) 1f Yy, Ypyeee, Y, are any
system of mutually orthogonal non-
null linear functions, then any
lincar function Y can be uniquely
expressed in the form

T=Y+ Ym+1
where Y' dopends on Yl, Y2 PRRTYS
and Ym +1 is orthogonal to then.

Prbof of (3). Suppose y = /51 + ’62 where A4 17 ,62 satisfy the abovo

properties then, /91 =¢cx o+ Thus
Yy =c& + /.92
B (007)3000.2 or cs-g-gt—:-g—)-
. (o« y) (o- %)

Conversely if /:71 and ﬁa are as above, they satisfy the required

properties., Hence the rosult.

Proof of (4), Suppose y = 4+ SBrsye VHOTE /9 end 4 .. satisfy the

above properties, then
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ﬁ .=clﬂl+°2/92+"' +°mﬁm

er=o ooty Pt g

. . )
o ﬁiy) = 01/5?' or ¢, = L A 27 s 1=21,2, ooy, m
‘ | A
(4. y) . .
RN /9127 ﬂ1+(/,’227)/52+"'+<ﬂm27) ,
ﬁl fl’l ) /gm
(A7) ( A

ﬂm#1=7'

' )
- /6

ﬂ l.‘o

A A &

Conversely if ﬂ and ﬂm-&-l are as above, they satisfy tho required

‘properties. Hence the result.

(5) Given a vector space V of rank
r, we can always choos¢e r mutually

orthogonal vectors s ﬂe, cory

(5) Given a linecar set of functions
with r degrecs of freoedom, we can
always choosc r mutually orthogonal

ﬂr forning a basis of V. linear functions Y;, Y5,..s, Y!

1’ 2 r
Ir 0/1, Oy ey Oy is a basis vhich gencratec the set.
of V, then this choice can always be If Y, Yy eeey ¥, are inde-

pendent linear functions gencrating
the set, then the cholce can always

nade in such a way that ,,9 N deponds
only on the first i vectors of the
be medo in such a way that Yi de-
pends only on Yl, YQ’ esey Yi'

We can alweys find n nutually

basis Ayy Py seey Ay
Cor., Wo can always find n nutually Cor.

orthogonal vectors (with n-coordinates). orthogonal linear functions with n

variates.

Proof of (5). Let a basis of V bo @y gy eeey o,. Now we cen
express o, in the form
o = Ay + Ay |
whero /61 depends on &, and /‘92 is orthogonal to ozl(cf Thooren 3). Since
/51 =c&, so A, dopomds on &, and &.,. Also /32 131 orthogomal to /3.
Wo replace o, by ,51 and of, by /92. Now wo can oxpross :

Ws = ¢y 31+ /0 */’5
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vhere - /Ql, ,42, /33 are mutua}.ly orthogonal. ﬂ 3 depends on O1s Gny Oye

We replace a3 by /5’ 3°

Continuing this process we get r mutually orthogonal vectors /31 ,
/92, ees A lying inV and formi§g a ba.sisA of V. Clearly £, depends

On dl’ Gl’e, vsey OLi.

(6) Given a vector space V of rank
r, and any vector 7, then we ca.n
uniquely oxpress y in the form

7= &+ /f
vhere « lies inV, and 4 is
orthogonal to V.,

The vectors o and '/é' are
called the components of y lying in
and orthogonal to V. o may be
called the projection of y on V,
Cloarly /3 is the projection of y
on V', the space completely ortho-
gonal to V.

Cor.

P ol 4P

(6) Given a linear set with r 4.f.,
then any linecar function Y can be
Uniquely expressed in the form

Y= Yl + Y2 whore Yl belongs to the
set, and Y2 is orthogonal to the

functions of the sotb.
Yl and Y2 nay be called the
compononts of Y lying in and ortho-

gonal to the set.

-

Cor.
v(¥) = v(¥) + V(¥,)

Proof of (6). From Theorem 5, we canfind a basis A,, Z,,..., /gr
of V such that 4 12 /Zor sees /r aro orthogonal. The result follows from

Theorem 4.

(7) Let V, be a sub-space of the
vector space V. Let & be the pro-
Jection of y on V, and &, the pro-
Joction of oL on Vl. Then o q is

also the proJection of 7 on Vl'

Proof of (7).

(7) Let the linear set Ll be a sub-
get of tho linear set L, and let Y
be the component of the linear func-
tion Y lying in I and let Yl be the
component of Yo lying in Ll, then

Y1 is the component of Y lying in Ll

7= &«+/5 where /3 is orthogonal to V, and thus to Vy
ac..-_- ot /3 ,6_.& vhere /51 is orthogonal to Vl
R AR (I, +/3’ l) where /5‘ +/1 1s orthogonal to V,.

Hence oy must be the proJection of 7 on Vl'
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CHAPTER II

1. Consider n independent random variates or observables

' Tys Tps vees Iy {1.1)

with a common variance o 2, whose expectations are linear functions with
known coefficients of m unknown parameters Pys» Pps seey Ppe Thus

B(yy) = apypy + 8oy + on +aymy A
¥
' !
B(yp) = aypy * eppy + .00 +oymy Y (1.2)
i .
L ] 7 e e *s e s e * e Z
Blyp) = agpy + a0, + o0 +apmy J
" A linear function
Y=oy + 0¥, + eee + O ¥, (1.3)
of Jys ¥ps ++0s ¥, Will be called an unbiased lincar es'tiimate of “the
function il . . ' ) ' (1.t
H= £ypy + BBy * oo + ARy 1.k)
of the parameters, if
' B(Y) = II : ‘

independently of the parameters. Now
E(Y) = clE(yl) + °2E(y2) I an(yn)
= ooy +opy) *+ .o +opan)py

+ (cla‘le + 0ol +oaee + cnan2)p2
+ LR N ] LR I ] L I LI 2
+(cgayy v ogay 4o+ cnam)p (1.5)

Thus a necessary and sufficient condition for Y to be an unbiased linear
estimate of I is

G189y * Gy * .es tCpE = Xl

Ola.le+028.22+..- +Cnan2 )
RN e *ve ee s (116)

C18ym * Cofppy * eer t OB = A

]
X,
S
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A linear function H of the parameters, is said to be estimable if there
exists a linear function Y of the variates » Walch is an unbiased linear osti-
mate of Il. In this case there must exist C1s Cpy o+ C Satisfying (1.6).
Hence we get: | ‘ |

. _ ~
Theorem (1). The parametric func@ion O= fp, + ,(721)2 e+ g0
is estimable if and only if the matrices

v

/ ’ , ¢
/P et fm /%1 %1 v 8 A2
2 | %
/ Bp G v Gpp ; 12 %22 *r 2 2 g;‘(1.7)
A= ce e e ese cee }andz-—" “ see co s se s e ‘
im Byttt O ’/ . \alm o eee B n/
Y ! . A

have the same rank.
Corollery. - If the rank of A is m, then every parametric function is

estimable.
Proof: Renk A 2 Renk A, but Rank K cannot exceed m since it has m rows.

Hence Rank A = Rank A.
- The column vectors in the equation of expectation may be denoted by

oy = (a’ll’a'el""’a‘ml)’ o6 o= (a12’8'22""’8“m2)"“’ K = (alm’a‘a’m""’a'nm)

and we may. dénote the observables by the vector

0= (T T e ¥
which may be called the observation vector. The 6qua.tion of expectation can
then be simply written as | ‘

E(v) =2y oy Py op *+ oo By oy (1.8)

The lineé.r function Y can then be written
Y=(y- &7) wvhere ¥ = (cl,.ce, seey cn) is the coefficient vector

CE(Y) = ¥ Yo ) =p(y o) + o0 0ea) + oo+ p (o) (1.9)

~ which is the result (1.5) in a compact form.

‘2. When [l = ’€lpl + £ oPp + aee + £ P 18 estimable, there will exist in
general an infinity of solutions for (1.6), so that an infinity of unbiased
linear cstimatos of [I is possible. Out of these we have to pick out the
one whose variénce is the least. This may be called tho best unbiased
lincar estimate. Bofore proceeding to this, we shall cstablish the notions
of error and estimation spaces. ‘
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A linear funoction Y = ¢y + Co¥p + ees + oV, may be said to

belong to 'error! if E(Y) =0
independently of the paramoters. '
Honce for Y to belong to error

(7’_'@(‘)"0; »(7‘0(2)80,..., (7-0(m)'*0 (201)

Thus the coefficient vector ¥ of Y 1lies in the vector space vVt com-
pletely orthogonal to the vector space V generated by the vectors
12 Ok ps +ees x e Wemay cell V' the error space. The spece

V 1is called the 'estimation' space for a reason which will presently

appear,
Theorem (2). If ] = ,?1 py + /(’2 Py + een + "7m p, 18 any estis

mable parametric function, then there exists a unique linear function

Y, whose coefficient vector 7, = ( 10 # ***3 Cpg ) lies in the
estimation space and for which
E (YO) = II
This function Y~ 1is the best estimate of II
Since I is estimable » there exists a linear function
Y=(cly1+cey2+0'- +cnyn)=(7'7)
such that E (Y) =IF . Now let Y o= (0305 Cops +ov s Cno )
and T = ( cTsels «on s ch) be the components of y along and
orthogonal to V, Then y = 75+ 7T '
= _ f 3 ¢
T= oy + ey, + oo Cn¥n)= (01071 *opg¥a*e o 4o T ) Hof Fyted ypte.cf 7))
o II=E(Y) =E (Yo ) since E (Y' ) = 0 as it belongs to error.
This shows that there exists a linesr function Yo whose expec-

tation is II , and whose coefficient vector lies in the estima.tion
space. If possible let there exist another such function Yé , with

).

coefficient vector 7l = (c;to 2 €l s eee ot

Then the expectation of the linear function
- f ' - ot - ;
(o0 = ofo ) 7y * opg = oy ) Wp + wee # (o, = ) 3y

with coefficient vector 7, - 7(‘)‘ is zero. Hence 7 _ - 73 belonge
%o error and is orthogonal to V. But it lies in V. This is impossible
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- 1 = = * = L . -
unless 75" 7o 0 or 75 7, i, e. Yb Yb This proves the uniquencss
of Yo. i :
Also, V(Y) = ¢2¥% = 7B(y 2 + 9'®) = W(xv) + V(")

. V(YB) < V(Y)

the equality holding whon and only when y' = 0, 1. e. whon Y coincides with Yo'

This completes our prodof.
Corollery. Between the estimable parametric functions, and their bost

estimates therec is a (1, 1) correspondence such %hat if Yl’ Yé""’Yk are

. the best cstimates of_Hl, HQ’ ooy s thon Y = bin + b2Y2 + eee + kak

y 4 + o= ]
is the bost estimate of I b1£5 + b2H2 + . +.bkmk‘
Proof: Clearly, E(Y) = II, and since the coofficiont vectors of

Yl""’ Y} lie in the estimation spaces, the same is true for the coefficient

vector of Y.

3. The previous theorem may be put in a slightly different form:
Ile=(o<l'Y?)’ Yez(me‘\"}), es ey Ym=(°(mo\?)

and | = ,Plpl + foPp e+ ‘[mpm is an estimable parametric function,

there exists one and only one linear function of the form.

Y o=q¥, +a ¥, + ...+ (3.1)

for which E(Yo) =11 . This linear function is the best estimate of .
To actually dotermine the best estimate we have to find the q's. Now

B(Y)) = qlE(O<l-\7) + qQE(ore-)?) + e+ qu(ocm-y) =

Honce using (1.9) we have

ql( 0(1“1) + 9.2(0(2'0(1) + e + qm( qm'“l) = 11
G (& g o) + gy orpop) + eee + o rorp) = 5

e (3.2)
Glotyog) + (o o) +oe vl o) = £y

Solving (3.2) for the q's and substituting in (3.1), wo got the best estinmate.
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We shall now prove the following fundamental theorem: '
Theorem: If II= P 1P + ,;/Qpe + ..+ fmpm is an estimable parametric func-
tion, then its best estimate is obtained by substituting for the p's in Il y
any solution of the normsl equations

Y

pl( i‘zl' yl) +p2( fx'l'(,\'g) + .. +Pm( dl'am) = (0(1‘)?) 1

(ot praty) + Bl prixp) *+ oo + (X i) = (g ) = X

: : : : L (3.3)

pplorpron) + o (o x,) + oo v (A pory) = (ot 37 "y

Let B, B,, ..., B, be any solution of (3.3). Substitute these in (3.3),
multiply by 9, 9ps -++, 9, and add. Using (3.2) we get

- -, A. ’
Ao+ Ay v+ BB = g (o )+l 2~)7) + ...
+ qm(a(m.s?) = best estimate.

Corollary: It should be noted that the lefthend side in (3.3) is
simply the expectation of the right hand side. Since any estimating function ‘
is of the form (3.1), it follows that any estimable peremetric function must
be a linear combination of the paranietric functions occuring on the left side

of (3.3).

4. Markoff's Theorem
If II= jlpl + fepe + ...+ jmpm lg estimable, then its best estimate
is obtained by substituting for the p's those values which minimize the sum

of squares of the deviations of the observations from expectation, i,e, the
sum of squares,

2 2
sz = (yl‘anpl'alepa““‘almp )"+ (yz'aelpl'aezpe'“'."azmpm) Foees

* (¥p-81Py -8, 5P~ - -2 p)
;&g ) ( _ e |
2-3p; T TMa V1811 Pr oo e Ay By) -84 (Vpm8y Py -8y - By D ) -
nt (=81 Py -8 5P, ""anmpm)

Hence equating the partial differential coefficilents with respect to
pl, pe, cesy p to zero we get
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(o(i'dl)Pl + (qi'“a)PQ + o0 * (d i'o(m)Pm= (di‘\?)

. : i=1,2, ..., n
which are ldentical with the normal equation (3.3) already deduced. Hence
the thoorem. ‘ '

5. Variance of the Best Estimate ‘
We have soen that the best esgtimate depends on the linear function
v Yi = ( i"?) in all cases. We therefore start with writing down the

variances ahd covariances of these.

_Cov{(oci.»?), (o(J-?)}= (o(i-o(J) °

Bost ostimate of = = §,p, + f,py + ... + f b is

Y = ql("‘l"?) r (o ym) +o. +qm(o<'m-7)

where the q's satisfy (3.2).

v(Y,) = [Q?_( oqy-gq) + -or * qz( o AKy) + 2000 atp) + etc,]cre =

ol fa{aleyon) * plo okt g lot o)}

tap gl xpecy) * gl paxghtieet q (o pray))
Fow e e e . ’ v e e e |
o qm{ql( K ) * Bl rotphtes et qm(. o(m-a(n)}]
= ( ,qul + fo8 * oo + P _a) o vhore the a's satisfy (3.2).

Suppose a solution of the normal equations (3.3) is
’ Py = Cp ¥y + 0¥, + on + 0¥

Py = Cpp¥y + Cpp¥p + wvn + Cpp ¥

esp 2 esece aesese

x ‘ pm--clel +_(;ﬂ21{2 + oo +CmYn
) then a solution of (3.2) would be
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Q =Cpy £y +Cp Fp+ oo + 0 Ay

3
Q= Cpy f 1 +Cpp H g+ v + 0y

4 =Cpy £ *Cpp fo* o + O d p

A o, )
Then Y(Yo) = o2 (ii 74014
We can therefore express V(Yb) in these forns

2 2 : |
V(Y,) = o Tqaguy = o (y £+ 9 Fo+ vy )=
. |
=0T fy 040, (5.2)

To obtain the coefficients C 13 Fisher has suggested the following procefiure:
(Cy4s Cpys -»s C mi) is a solution of the auxiliary cquations obtained from
the normel equations by putting the right-hand side zero except in the i-th
equation where it is put 1. )

6. Exanple
Let Yys Tos <o2 Ip be the values of the dependent variate corresponding
to the dependent veriate Xys Xpp covs Xpo If we want to find the li‘near
regression we may take
yi=a+b(xi -X) + 51'
whore x = (X, + 2y, + oo+ x )/n, end ¢, is a randon veriate with meen zero.

Then the equations of expectation are

E(yl) = a.+ b(xl -X)
E(ya) = a + b(x2 - -JE)
E(yn) = a + b(xn - X)

Then the estimation space is gonerated by
als (l, l, seey l), q2=(xl“x-, Ia-.x‘,..-, xn"-x.)
. ’ . -2
(‘xlO(l) = n, O(l'agsoy (0(20'2) =Z(xi-x) ]

Yl = ( o(l"?) = n_y‘) Y2 = (‘9(2’?) = zyi(xi.-i)
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The normal equations are

, : 1 ' 1 _
(ofjronla Hlotropdb =¥ ora=2v, 12 "n» Cp=0
1, 1
(o 1 Xo)a + (Xpxo)b =Y b = sty C 0, C,, = —
1X2 2%/ = %o S, 02 2 2L 2 a0
Hoence
£y, (x,-X)
i aé‘;, \=M1i2
: 2(x, ~X)
2 2
Loyt T A e
n *? . =2
(%, -x)
i
0/2; ﬁﬁeksum of squarepdpq52§§3§§ to a single degree of frceden
Tho quantity |
)2 2 2
g2 . (clyl T oyt et Oy, i Y ' (y-2)
2 2 2 2 2 2 2
€] + 05 * uu + o €] *Cp t s +Op ¥

is called the sun of squares, corresponding to the single degree of freedon

carried by the linear function
Y=oy +o0, *+ een +oy = (7 -7)

Now 5 o
E(Ya) = V(Y) +-{E(Y)} = (ci + cg ool + cﬁ) 0-2 + {E(Y}}

J i 2
B(s?) = Cr_z . (E(Y) - 0_2 + 50
2 2 2 n
Cl + 02 + ... +¢C

where §§ is obtained fron S2 by substituting for thé observations their

expectations. Hence Sg is an eossontially positive quantity.
If Y belongs to crror, we say that the degree of freedon carried by it

belongs to crror. In that casc

E(Sa) = o2

Thus the expectation of the 8.s. corresponding to any linear function

which caries a d.f. belonging to orror is always cr2

Let o¢ be the projection of fhe observation vector ¥, on the
coefficient vocotr 7 of ¥. We shall show that s.s. corresponding to Y, is the
squarc of the length of & , 1. e. o 2
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N = o+ (3 where = ¢y, and 3 is orthogonal to y.
e (v = (ye) = oy

.o‘ c = (Y;‘n)

Ve o= LILQL s ¥
¥

. 2 .

v e O = x_'g
Y

8. The sum of squares corresponding to a set of k degrees of

freedom
~Consider a linear set of functions with k d.f. We can always
find k mutually orthogonal linear functions, Y.

1°?
to the set. If Si, ciey, Si are the corresponding s.s. then the s,

cesy Yk belonging

S. corresponding to the k d.f. carried by the functions of the set

2 2

+Sz+ooa+sk

is defined as 2 -
. ST =3

10 |

It will in general be possible to choose Y, ..., ¥ 1n an
infinity of ways, For our definition to be unambiguous, we must
show that it is independent of any particular choice.

Let ¥y, =+, 7y D6 the coeff. vectors of Y;, ..., Y., and let
~ be the projection of m on the vector space Z generated by Yis o

Yy Let X = C1¥7 + Co¥g + eee + Cpip
then Civy is also the projection of 1M on Yo We thus have
. 2 2 2 2 Ql 2
&=a1+0no +qk > 8 =.Xl+o-o +O\k=sl+o¢o +Dk=s

Hence the s.s. defined before 1s the square of the projection of n

on the vector space Z and is theorefore unique, | ‘
Cor. 1. E(SZ) = k02 + Si _

where Si is the quantity obtained froﬁ Sg, by replacing the obser=

vations by their expectations. In particular if the k d.f. belong

to error, E(S°) = ko“. '

s® = Sz/k is defined as the mean square for the k d.f. in

question., '

E(sz) = o° 4+ Sz/k = o® + si
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Corollary 2. It is clear that if there are two linear sets carrying kl
and_k2 d.f., such that the functions of the first set are orthogonal to the
functions of the second set, and if Si and Sg are the s.8. corresponding to
those kl and k2 d.f. then the s.s. corresponding to the kl + ke degrees of
freedom carried by the two sets taken together is given by 82 = Si + Sg.

In general, if k d.f. are partitioned into mutually orthogonal sets of
kl, kny veey kk d.f., the sum of squares Se, belonging to theék déf' can aéso
be partitionsd into the corresponding orthogonal components Sl, Se, veay Sk'

The sum of squares corresponding to n degrees of freedom carried by all

the linear functions of the observations is v 2 = yi + yg + us * yi.

We have seen that there is a (1.1) corre;pondence botweem estimable
paremetric functions and their best estimates, such that if k of the para-
metric functions are independent then k of the best estimates are independent.
Thus if k d.f. are cafried by a linear set of paramectric functions, then
their best estimates will carry k d.f, These k d.f, ere spoken of as either
belonging to the parametric functions or the estimates, but the corresponding

B.8, is always calculated from the best estimatos.

9. Analytical formula for the sum of squares belonging to any number of
a.f.

Lot Yl’ Y2, ceey Yk be k lincar functions given by

Ty = Cpa¥y + Cp¥p + een Cnlyn
Yp = Cyo¥y *+ COpglp + eve + Oy

ot e see eee (901)
Y = Oy + C¥p + eee + Cpp ¥y

not necessarily orthogonal to one anothor. To find the s.s. corrosponding to
these, we have to find the square of the projection of ¥, on the vector
space gencrated by AT, 7é, cees Yy Let this projoction bo

o, = tlyl + t272 + o4 tkyk

then »7 = tlyl + t272 + .. + tkyk + /3 whero eis orthogonal to 7197050 ¢y
‘Hence the t's are determined by '

b (7y07)) F 8 (r7n) +ees + H (g m) = (roy )
6 (757 7y) + b (7 7) +eee + 4 () = (90 )

e » (9.2)
b (ne7y) + 50 7) + e F 5 (ren) = e )

o -
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The required sum of squares is

8 = (¢ Foael + %

11 * B 1)
=t (' m) + (70 m) + il + t (7 ) (9.3)

vhere t,, t,, ..., t, satisfy (9.2). |

"It should be noticed that even if Yl, Yoy veey Yk are not independent
the formula (9.3) for the sum of squares is valid.

Cor. 1. To find the s.s. due to all the estimates, wo have to take the
linear function (o(l n), (\'}{a'n), (o{m- n). The equations (9.2) now
become the normal equations, Hence the s.s. dus to all estimating functions,
(or all estimable paremetric fﬁnctions) is

,SOE

Cor. 2. Lot n, be the rank of the estimation space, then the rank of the
error space is n,=n - n,. Thus~nb-d.f.‘belong to the estigates and n, to
the error. These two sets aro mutually orthogonal end if Se is the s.s. due
to error, then

2 2 2 2 2
S, +8, =1n"= y12 F¥y teee v¥

= 31(57\1"”) + ﬁ2(f){2'n) + oees * ﬁm(am'ﬂ)

2 2 =~ = =
or Se = N - pl(dl'n) - pa(de n) T ees T pm(qm‘n)
(s 2) =n 02
[+ (]

Hence © 2 is estimated by

2
S
Sg:-ﬁg-
c

The Markoff set up would give for Se2 the minimum value of

- 2
0y - agyPy - oD, - ver " OypPp)

which as we have seen is

~ ~ “ 2
z(yi = a’ilpl - a'iapg ~ essa - &impm)
2 -~ A P
=N -2p(oyem) - 2p(ep M) - e = 2p (o M)
= 7'12 - ﬁl(le'n) - ﬁe(o(e'n) “ ees = 5m<“m'").

on uging the normsl oquations.,
Hence Se2 is also given by the sum of the squares of the deviations of the
observations from their graduated velues.
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10. The generalized t-test
So far we had not assumed anything about the nature of the

. universe of the y's cxcept that their expectations were given by
(1.4), and that they, had a common variance 02. In what follows it
will be assumed that the yis are normally distributed variates,
Suppose we want to test whether the estimable parametric function

Il = i&pl + Izpz F oees +‘?mpm , (10.1)

is significantly different from an assigned value ‘'a',

- Let YO be the best estimate of II. Then the coefficient vector
Yo = (Cygs oves Cmo) of Y  vector is in the estimation space, If
n, is the rank of the estimation space, we choose another n.-1
vectors Yis *v0s Yp o1 of the estimation space, and mutually or-

o .

thogonal to one another, and orthogonal to Yoo Dot ¥y, vee, ¥ 4
o

be the corresponding linear functions., Also if n, is the rank of

the error space (no+ne=n), we can choose Yi, coey Yﬁe mutually ore-
thogonal unit vectors in the error space and let Yi, oo, Yﬁe be

Yi, .
‘ .e Yr'l will be independently and normally distributed. The mean of

e
Yo is 'a' under the hypothesis, and 1ts variance is yioz = 02. The

m?ans of Y1, eu., Yno-l are unknown. Let them be M, ..., Mno-l’

whereas Y{, «ss, ¥Y! are crror functions and have thcrefore zero

the co?respondlng linear functions. Then YO, Yi, ceey Yho-l’

e : ,
means. Since the coeff. vectors of Yy, e.o, ¥ P4

no—l’ Yﬂ

i’ 00.,
are of unit length, their variances are 02, Hence the joint dis=

tribution of the Y's is given by

2 2
-(y, - a) /20O

const v e dy
o
n -1
S v 2, 2
- 2 (Y = Wy)%/e0")
1=
X e le, de, L AL 2 dYno"l
n
RPN -
- 2 (¥}%/20%)
xe =1 aY{, YL, ..., d¥} (10.2)
»* &
. ‘ We can at first integrate out for Yis eeey ¥ _y+ Next we note
o

that each of Yi/c is a2 normal variate with mean zeroc and unit
variance. Hence
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,xg = 2° v1%/6% = 5%/6° (10.3)
. i1 e
J-o
_obeys the X% aistribution with n, d.f. Hence the joint distri-
bution of Y and‘x is '

-(Y_ = a) /20 2 (ng - 2)/2 -12/2

const x e

2
° dy _ax (10.4)

The estimate of 02 is

s = Sg/h

15 (&

Hence an estinmate of the variance of Yo is

22 2 2 2
seY = s (c10 + Coy * oees + cno)
Let us take
_ - '2 2 g
b= (Y a)/ (s ,I * Coy + oees + Ol ) : (10.5)

\
Best estimate of il - Value of li under the hypothesis

Sq. rocot of the estimate of the variance of the best estimate

then from (10.4), it can be proved in thc usual manner that t ob-
eys Student's t-distribution with ne d.f. For let

(¥, - a)/aO =R sin ¢, %= Rcos ¢
then the joint distribution of R and ¢ is

2 n n =1
-R°/2 R®cos © ¢ ag ar
Integrating out for R, we get

const x e

/n -l\
: ne—l P&
const X C_cos g a¥, where C_ = —f
© © /163
J~’1\§"
Now" y /
Y - a ¥ = a)/o (Y = 8)/c
t = - 2 — = ° -2 = 2 9 = 15"1: tang
(] / \ v =
2 2 sc/c X /yﬁ;

{
SC\’/clo + see + Cno

Hence the sampling distribution of t is
n_+1
e

cat/ (1 + t°/n )"

wheres .
+1
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This is the well lmown t-distridution with n, d.f. Find the 5 ofo and
the 1 ofo values for this distribution with n 09 &.f. If the hypothesis is true,
then the 5 ofo value will be exceedsd by the obsorved t given by (10.5), only
in 5 ofo cases. When the observed t oxceeds this value, we nmay, therefore,
think the observed value to be too large to have occurred by chance, and reject
‘ the hypothesis. We say in this case that t is significant on the 5 o/o 1evel._
In so doing we shall, however, be rejecting a true hypothesis in 5 o/o cases.
This is expresscd by saying that we shall commit a nistake of the first kind
in 5 ofo cases. If we do not want to carmit a mistake of the first kind in so
neny cases, we nay work at tho 1 o/o level, and reject the hypothesis only
vhore the observed t exceods the 1 o/o value of t. In this case we shall be
on safer ground so far as the unwarranted rejection of a true hypothesis is
» concernod, and shall cormit a nistake of the first kind in only 1 o/o cases.
But therc is another side of the picture. When the hypothesis is not true, the
observed value of t will exceed the 5 ofo value of t in mony more cases, then
it will oexceed the 1 o/b value. Honce, working on the 5 o/o level, we shall be
rejecting the hypothesis. when false, in many nmore cases than when working on
the 1 ofo level. Wo shall, therefore » be cormitting an error of the second
kind (non-rejection of a falso hypothesis) in a lesser nurbor of cases. Thus ,
in substituting the 1 o/o lovel, what is gained in the first kind of error is
lost 6n tho sccond kind. This is made clear by the following considerations.
If the hypothesis to be tested is not true, and ag a nmatter of fact

wE fyRy t foBp t e+ ARy
then E(Y ) = a', a.nd the Joinﬁ déstribution of Y and x will be

-(Y -at) /2 2 :
Ce | (xe) ay_ax?
whero

c = l » l L] l

. i n /

‘J21! 00 "[21( G'O .(__9_)
Putt :
utting o - s Yo'a
o= , =Rsein @, L =R cos ¢
(o] o] .

we now get for tho distribution of R and ¢

-————(R-QRQSin¢+A)n -l
_3_3-1; e Recos ¢de¢
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. _We have to integrate out for R which varies from 0 to c¢» . Now

v 1 2

7 =5t +x)"
1l n 2

I S——— & dx
n(X) Nen = (n+l) g ©

vhere In is tho function introduced by Fisher in the British Association
Tebles Vol. I and defined by |

; I (x) = { 2" e, 1(x) = J 1 (x)ax
: Vox 0o x

(The function th (x) =~on In(x) is tebulated in the British Association
Tables Vol, I) o
Now integrating out for R we got as the distribution of ¢

f"‘.’(ne + 1) —-% A 2c082¢ n -

1
©
t ‘ —-ﬁ-e_—-'é——-—- e cos ¢In(-.Asin gy ag
_ 5 ,-..Qe
-2 1)

Finally since t = "[;é ton ¢ the distribution of t comes out ag

A2
‘v 1% .
!.(ne-bl) G—E-—-—-—Ene = I '_ At \ at -
(nG-E)IQ’J__, » ne n \/_2“ / N n
2 n,Hg) \ Vt%n, ) (1) =
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Remembering that "
- : n, n +13, n o+ 2
/MT(n_ 4 1) =2 r(~—~§-) F (=g
we can write this distribution as |
flng, t) #n,, t, b) dt
where. fné + 1 ,
f(n , ) dt—rk 2 ) L
c? = fne\ n, + 1
"'neﬁ rié—-; 1 + ﬁ 2
. ne ,
is the distribution of i on the null hypgthasis on n, d.fs and
n +2 -1 Eﬁﬁ.g
/ 2% 2 n +t ¢
7 [Pe’t e At
t = T g
fn,, t, 8) =2 "\—s } © n( t2en /.
e
1
{ —
Now _ I, (0) = =TS
© S n_+2\
2 2 pl-o”]
\ 2/

So that when A = 0, #(n_, t, 4) = 1, and the distribution of t
reduces to the Familiar distribution on the null hypothesis with
n, d.f. | ' . ’
If we want to test our hypothesis on the g o/o level, then
we shall not reject the hypothesis if the observed t lies between
-ty end +t, wvhere t, is the table value of % (null hypothesis) at
the cxo/o level with n, d,f. Hence when the hypothesis is wrong
the chance of our not rcjecting it is given by

+ty

P, = | fing, t) Flng, b, ) at

-to(
which is therefore the magnitude of the second kind of crror.
When o decreases ty increases, and hence P, increases. The
guantity 1 - P2 is the power of the test namely the probability
with which the test enables us to reject a wrong hypothesis, Of
course the power depends on both n  and 4, and for a fixed o« can
be. shown to be a monotonic increasing function of both.
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11. _Examplo.(i).
Let Xys Xpp sery X be a random szanple of n observations from a normal
population with meen m and variance ¢~ . We want to test the hypothesis nm = a.
Now

E(xl) =n
E(xa) = nn
E(xn) = m

The estimation space is generated by the single vector <« = (1, 1, ..., 1),
hence the rank of the estimation space is 1, and n-1l d.f. belong to error.
The normal equations are

(q-a)m.z (a'?) where 5: (xi, xg, very xn)

or mm =(xl Xy F e ¥ xn)

Thus m is estimated by X = (x, + X, + .,. + X_). The graduated value of each

_ 1 2 n
observation is x., Hence
| 'sea = 5(x, - 72
and the estimate of 2 is
i(x, - :-t)2
's'2= 1 = nean sg. due to error
o 5 n-1 2. *

8ince V(x) = - its estimate is -%—. Thug to test our hypothesis we have to |

takeo _
X = &

8 An
and working on the & ofo level we roject tho hyposhosis if tho observed t
exceocds in absolute value the o ofo valuo with d4.f., n-1 found from the tables.

t =

Ex., (11), Let Xyqs Fyps eves xlnl and Xy, Xpoy eer) xane, be two

randon samplos of sizes n and n, fron normal population with variance O 2

and means 'ml and . It is roquired to test the hypothesis ny = D,
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E(xlnl) = o,

E(xy) = )
B(xy,) = By
E(xgng) = n,

The estimation space is gonerated by the vectors
dl = (l, 1’ .l., l’ 0’ 0, ..., 0)’ de '= (O’O’..',O, 1,1,.'1’1)
So that the estimation space has rank 2, and,nl + Dy - 2 d4.f. belong to error.

The observation vector is

)‘:-g (xll) xla, sesy xlnl, XEl, X22, cvey xmg)
The nornmal equations are

\ (g o )y + (o )y = (oty5)
(0(2'5’(1) n'l + (9(2'0(2)132 = (0(2’§)
o e S | Hp = X%
vhere X, , X, are the means of the two sarples,
2
=2 . 0H =2
S = :%1 (g = %)% + By (g - %)
and an estinate of 0‘2 is
2
e " @ +m, -2

The best estimate of m, - m, is 3":1 - X, and

v, - %) = 6*2(%;1- * -3;)

Henco the t-statistic which we have to use 1is

S'Q‘l‘— + -].'.—
B M
‘ Working on the o o/o level, wo rojJect the hypothesis if the observed value of
' t, oxceeds the o« ofo value of t with d.f. n, +n, - 2.
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Ex. (iii). In the example considered in paragraph 6, lot it be required
. to test if the regression coefficient b can be considored to have a particular
p velue B, Here '
n 2
2 _ - =1
S, -151 {yi-y-b(xi -Vx):

Hence an estimate of (ra is given by
n . 2
z yi-y-b(xi-x)

o - T ne-2
Honce the t-statigtic roquired is

(b-B)/n

2
! -
/ L (xj. x)

v i= l

e

ct
]

]
e

and we have to test for ius significa.nce on d.f. n-2,

12. Tho gonerallzed z-test,
. To tost whether k indeliendent estinable parsmetric functions can be
simultencously rogarded as significantly zero, i.c. to test the null hypothesis, '

= AuPyt AP *oees ¥ APy = O

My = f1aP) + FfpgPp * eee + § 5B, = 0 (12.1)

L LI ) een ass s v e

Mo = Suby * Ao ¥ oeee t Fudy = O

Lot Yl, ps eres ch be the best estinates of fys Ty eeey M. Then their

coefficient vectors Ty Vgreees Yy nust lic in the estinmation space and be in-
dopondent. In the vector space of rank k gencroted by Y1s Yoy +ees 7 WO may
choose k nmutually orthogonal vectors of unit length Y10? 7og? *et2 Yo and let
Y
Tys Tps <ees Wy, the expectations of Y,, Y,, ..., Y are ‘zero, then also the
expectations of YlO’ YQO 2 sesy Yko are zero and conversely.

Also Sk » the s.s. due to Yl, YE’ eeny Yk is the same as the s,s. due to

Yoor Yogs ++es Yoe Thus

10? Y20’ cevy Yko be the corresponding lincer functions. It is clear that if

TUT TR TemTEE TR o R e R v
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Lot %412 Yiapr *- s 7no be n -k rutually orthogonal vectors of unit
length in the estimation space, 8o that they are at tho seme time orthogonal

%o and let Y, Y IWYARERY: Yn be the corresponding linear

7107 720* **2 Txo? k+1? "k 5
f‘mctions. Ilet their mems be b‘k"‘l, Mk+2, sevy M . Fimlly, let 7i’ 7é, ¢ viey

n
e}

71'1 be as before mutually orthogonal vecotrs of unit length in the error spacs,
=}

and let YS, Y!, ..., Ylf1 be the corresponding linear functions,

1’ "2
e
The Joint distridbution of YlO’ Yao, cesy Yk@’ Yn ’ Y]'_, YI'1 can be
written ° ¢
k 2 2
) ¥ Yio/z a
i=1
conat x e leo...dYko
N
- £ (v,-M)%/ o2
i=k+l
3] d Yk+l"’ dYn
Q
n
- 1'%/ 0"
T Coay.ay

©

We can at first integrate out for Y, +1° Yk+2’ «.sy Y . DNext we note

k n
: o
that ¥, /g~ and Yj/ ¢ are normal veriates with zero mean and unit variance.
O -
Hence if we put
2
2
k Y S
112 = 5 _o_ 'k (12.2)
i=l O o
5 n, Y32 Sz
’;(2 = I -5 = = (12.3)
J=1 & F :
thoen Xle and 7(22 obey the xe distribution with k and ne' d.f. respectively.

HenceAtheir Joint distribution is

k-2 n,-2

1, 2.2
2) T _Xea) z 5(% 42,7)

2

. 2 .
constX('Xl d'f(]_ a _X.2
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2 Sy
Let 8, =~ = mean square due to hypothesis
S, = g~ = mean squarc due to error
(<) .
Let us take
SZ s2
F = —% , 2= % log F = % log -% (12.4)
s s _
e

e : ,
Putting %i = R sin 9o, %o = R cos ®, we got the joint distri-

bution of R and 8 as

n k-1 -3R° | o n -1
const ¥ R e sin 8 cos e dR de

whence integrating out for R, we have as the distribution of

n =1
const yx sinf 1o cos ¢ o as
Now '
2 2
Sy Sk/k ‘X.l/k n, o
F:—-§-=2 = =5 =1—{-—-tan9
5. 8o / Dy Xo / D

which gives as the distribution of F

k-2
const r? ar ‘ (12.5)
* ‘ — n _+k .
(14%—_5‘%
. ol

5
This as we know is the F distribution with k, n_ d.f.

It ' 82
1 1 k
z =3 log F = 5 log 5
S
e
then oz 2y

F=e"", dF = 2¢ ~ dz

whence the distribution of 2z 1is

kz 4
const o dz — (12.8)
/- k 22\ e
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s
Observe carefully the structure of F = o The expectation of

® : )

the denominaﬁor 32 is o indepéndently of any hypothesis, On the
2

/]
Lol

other hand E(sZ) = ¢® if the hypothesis is true, but exceeds o
if the hypothesis is wrong. In fact, if B(Y; ) = My, (i=1,2,.,k),

then for the hypothesis to be true it is necessary and sufficient

that M10 = Méo = eee = Mko = O, When the hypothesis is wrong,

2 . M?o + Mgo +‘... + Mﬁo 2 2 (12.7)
k
If we work at the & o/o level, we shall reject the hypo-
thesis if the. observed F or z given by (12,4) exceeds the corres-
ponding o o/o value on d.fs k, n_. This will happen in ~ ofo

E(sﬁ) =g

cases when the hypothesis is true., So that we shall be commiting
an error of the first kind in & o/o cases, We can obtain a
; better control over this by diminishing x. This will however
increase the o o/c value of F or z, and when the hypothesis is
‘ wrong, will lead to its recjection in fewer cases. Thus a re-
duction of the first kind of 2rror will involve an increase of
the second kind of error., The usual conventional levels are
5 ofo and 1 o/6, With given it is elcar that rejection of a
wrong hypothesis will be in a larger and larger percentage_bf
cases, as A? increases, so that 22 may be taken as a meaPure of
the departure of the actual state of affairs from the hypothesis.

13. Ex. i. To distinguish between group means, Let there be k

samples
' Sample Sample means
oMy Xpp e X, Xy
2 Xy Epp e *n, %o
I R ILITIL VI
'1" ' of sizes n;, n,, ..., n, , supposed to have come from normal

popﬁlations with a common variance. We wish to test whether the
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means of these populations can be regarded as identicai.
Suppcse the means of the k populations to be My, Mo, eeey Wy,

and the common variance'ﬁo be 02. Then we have
E(xlj) = m o+ 0my + e +0m §=1,2, ..., 0n
E(ij) = 0my + Mg+ eev +0m  j=1,2, ..., 0y

LA ] LI L3 N} L [ I I 3

E(xkj) = 0my + Omy + ees + m ]

"

=
-

0
-

00.0’ nk

The number of variates is now

Ny + Ng + eue + 1y =N

The estimation space is generated by the column vectors
X1s Rgs eee, o) Where for o, the first Ny + Ng + eee + 0 4
coordinates are zero, the next n, unity and the rest zero.
clearly,cxl, »se, Xy are orthogonal and hence independent, The
rank of the estimation space is k, and N-k d.f. belong to error.
The observation vector is \

= (X115 eers Finy? %o1s ccve Fon b oeeed Xy eees anl,)

2 ¢

(2 -oq)my = {ag§), (pordmg = (@pF), vee, Eoogdm, = (o)
or- - - =

M = MEy, Bpllp = TpXo, «vey, MMy, = DX, (13.1)

Thus'ml, My, «ee, W are estimated by Ei, Eé, vooy Ek. The S.S.
due to the estimates is
2 -2 -2 =2
Sy = MX] 4 DoXJ + eeu + DLA- (13.2)

and the s.s., due to error is

Sg = 3 x?j - (nlE§ + n2§§ + oees +Ank§§)

g ~ 2 Tk ~ .2
= 531 (xlj - %) + jfl (ij - %)% 4 e+ jfl (xkj - %)
Now we want to test the hypothesis (13.3)

m o= omy = ... om | (13.4)

Any linear function of the m's shall be called a contrast between
the m's if the sum of the coefficients is zerc., Thus

clml + 02m2 + see + ckmk
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is a contrast if E c.= 0, Evidently then our hypothesis is that
411 the ¢ohtrasta vanish and we have to find the s.s. due to the
k-1 d.f. carried by the contrasts.,

The contrast (13.3) is estimated by

clxl + c2x2 + e + C x
and 1t is readily seen that this is orthogonal'to X, representing
the general mean, v
= nlii + n2§é + ees + nkik ) Z Xy
N N

The s.s., duc to X is

| o NE? (13.5)
Subtracting it from (13.2), the s.s. due to the estimates, we get
Se.S. due to all the contrasts, Hence the s.s. due to the con-
trasts 1is ‘

2 -z -2 =2 _ 2
Spa1 = nyXq + noX 2 e+ myx, - Nx

_ = _ =2 = _ =2 = _ =2
= nl(xl x)° + n2(x2 )T 4+ eee + nk(xk x)

Hence the mean square due to the contrasts between the group
means is

2 (x
2 Sp-1 3 J
k-1 = =
k-1 k -1

and the mean: square due to error is

~ 2
2 52 ) ijj(xij "Ry
°  Nx N -k
To test the hypothesis we usc the F-statistic
s2 1
F= —
S

3]

and working on the o o/o level, reject the hypothesis if the

observed value of F exceeds the oto/o value of F on d.f. k-1, N-k,
The result may be presented in form of an analysis of
variance table,
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Due to . dof, sum of squares . mean square
_§ N .
| i ? . |
Hypothesis ' k-l Si—l = 2 nj(i'j -9t sﬁ_l = Si_l/k-l
(between groups) ; j .
I ‘
Error Tk 8% - 3 (xg, - %) s = s%/x-x
(within groups) g o 1,5 J J °
] .
Total- I N-1 2 (x5 = %) | .
' ! t i
2
oo kel
= T2
e

In the usual presentation of the analysis of variance the degreé
of freodom due to the grand mean is always omitted, in the guise
of the ¢orrcction for the mean, Adding the s.s,, n§2 correspond=-
ing to this degree of freedom we get the total sum of squares as

R: x?j end the number of degrees of freedom as N,
i,]
14, Bx. (ii). Two way classification
- Suppose there are mn individual readings subject to two way

classification, viz.,

Xll X12 LI N 2 Xln Xl'
o1 *gg cee Xopn %o
Xl *m2 *** Ton *n
X, X, X, X

The reading xij belonging to the i~th row and the j~th column

belongs to the i-th A-class, and the j-th B-class., The variates

X, . are supposed to be normal with common varianco 02, and the

ij

mean of xij is supposed to be Py + 4 the portion Py being sup~

j’
posed contributed by the i-th A-class, and the portion qj by the

j-th Be~class.
It is required to test the hypothesis

Py = Pg = eer = Py
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indopendently of any hypothesis regarding the %, 9, seey q,

(1.c., we wish to test whether the'A-plass means can bve regarded
as identical). Now
E(xij) = p; + qj, (14.2)
The estimation space 1s generated by the vectors
‘*1'0(2' coay Kys “i’ o(é, creyAp
wvhere the coordinates of:xi are

(0, 0
0, 0

] LI )

o O

,.nl,
L B B B A

1,1, ..., 1

® @5 6 e 008000

0, 0 0)
the unities being only in the i-th row of the above scheme,

Similarly the coordinates ofc(3 are

3 .o',

(0’ O, .l., 1, .CO,O
0, O, '.., 1’ ‘..,0

0, 0, eevy, 1, vuu, 0)
the unities being only in the j-th column of the above scheme,
Clearly,
Xy tHg t oeee +o(m~o(]'_ ~od et} = 0
end it is readily seen that this is the only connecting relation
between them, Since if '

Ciy + Cp% + ess + Co& + cfxi + céqé + ses + cﬂuﬂ =0
we get

ci + Cj = O,‘ i = l’ 2’ sy m; j = 1, 2, oo-,.n

from which it follows

Cl = 02 = see = Gm = “Ci = -Cé = eee = -c!

n
Thus exactly m+n-1 of the vectors Nys Koy eeey s

adf, qé, e, qﬁ are independent, so that the estimation space has

rank m+n-l, Consequently the number of d.f. belonging to error

is mn-m-n+l = (m=1) (n-1).
Setting

' -p1+p2+...+pma'ql+q2+---+qn

= , =

m n

(14.3)

P
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the normal equations can be written as

Ppra=X, P4 =X,
Pp+ =X, D+ qy=X
2 2 2T te (14.4)
. .9 0@ L AN 4 ﬁ‘
Pp* =X, P+ q =X
Thus any contrast betwcen the p's, viz,,
, m
CiPy + CoPy + weu + C. D, i§1 ¢y =0 (14.5)
is estimated by - - _
CiXy + CoXg + ees + C X (14.6)

and since there are (m-1) independent contrasts, there are (m=-1)
such linear functions. .
The s.s., due to the m linear functions

Xy, s Koy aee, X, (14.7)

which estimate - - -
. pl+q’ p2+ q, se 0y pm+q

is clearly : :

R 2 2

n(X], + X5+ aes + X))

It is 2lso readily seen that the functions (14.6) are all
~orthogonal to the grand mean

- 1 1 ,—- -
X =i=2 ;= & (%), + X5 + oee +

o~

Xy.)

i

for which the sum of squares is rmEe.

Hence the m d.f. carried by the linear functions (14,7) can
be split up into two orthogonal'sets, viz,, the m~1 d.f. carried
by the functions (14.6) which estimate the contrasts between the

p's, and the onc d.f. carriocd by the grand mean %. Thus Si—l’

the s.s. due to the contrasts between the p's, is glven by
2 -2 | =2 -2 -2
mel = D(XT .+ X5 + o0 + X ) - unx

i

Likewise the s.s, due to the n-1l independent contrasts between

the q's is
m

N a5

®.;-0°

J=1
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To find the s.,s. due to error two ways are open to us.
Method I. The graduated value of X1y is the best estimate of

pi + Qe 'This from the normal equation is seen to be

X + X . - X

1. .J
Hence the s.s. due to error is
2 _ .= -z -2
S, = 2 (xij X3, =X 5+ X)

- 1,3
Method II. It is casy to see that the lineer functions esti-
mating contrasts between q's are orthogonal to X, as well as to
linear functions estimating contrasts between the p's. Hence the
total s.s. due to the cstimates is

NI (X ~D°+mz (X, - )2 4+ ¥ =n I X2 +m 3 X2, - mxe
- a 1- 'y 'J s i' - 'J
1 J i J
Hence the s.s. due to ecrror is
Si = 3 x?.'- n 3 E?. - w3 X%, + mnxo
1,5 7 1 i
- = 2
= e s = X, = .+
To test our hypothesis we have therefore to pﬁt
2
- 2 Sm—l
s = = mean sq. due to hypothesis
m-1
m=1 :
2 5
87 = = mean sq. due %o error

" (m=1) (n-1)

s? 62

F = m;l or 1z = % log m;l
S = s

e e

Then working on the & o/o level, we reject the hypothesis, 1if the
observed F (or z) exceeds the oo/o value of F (or z), on d.f.
m-1, (m-l)(n-l).

The results may be presented in the form of an analysis of
variance table,
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Due to . a.f. . S.Se ; me an équare
Hypothesis: ; :
(Contrasts: - P2 - 2  _ 42 1
between | m=-1 i Speg = 1 ? (xi x) Smel = Sm-l/(m 1),
the p's) | ; ; :
Contrasts ; i b
between g‘ n-1 | Si-l =m 2 (x .-532 Si-l = Si_l/(n-l)
the q's ; j J
Error ' (m=1) (n-1) Sg = I (xij-ii--i'j+§32§s§ = Sg/(m;l)(n-l)
; L, |
f o
Total 5 m~-1 2 (xi.-E)z [
; A j ;
: 1,] i

2 e
F=s,.y/5g

To complete the mn degrees of freedom, we have to add the
degree of freedom for the grand mean, to which corresponds a sum

— [}
of squarcs mx, The completed s,s. is then 32 x;j.
i,d |
‘ 15. Conditional error

The calculation of the s.s. duc to the hypothesis is in some
casés simplified by using the concept of conditional error. Sup-
- pose we want to test the hypothesis

Oy = #1310y + fpypp + oeo + fapy = 0
Mg = fypPy + lpgPy + eev + fop, =0

. LI * 0 ‘e e I N L

. ‘ M = £yPy + Doy oo + oo + Y yp =0

Then any linear function Y of the observations may be said to be-

, long to error conditionally if E(Y) = 0, in virtue of the hypo-

thesis. Linear functions belonging to error alsolbelong to error
-conditionally, but other linear functions, namely those whose ex-

pectations are of the form blnl + b2H2 + eee + bknk conditional-

1y belong to error. In the equations of expectation, if we make

achange of parameters, and substitute from the hypothesis, then

we can reduce the number of parameters to m=k, If we now calcu-
»‘?’ late the s.s. due to error, then this will exceed the S.s8. due to
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ordinary error, the difference being exactly equal to the s.s,.
" due to the hypothesis.
. " 8.8. due to hypothesis =
8.8, due to conditional error - s.s. due to error

S.s. due to parameters - s.s. due to conditional parameters
] We may illustrate by using the cxample in para. 13, The

hypothegis to be tested is
T S Mg = eee =y
which is equivalent to the vanishing of the (k=1) independent
contrasts., We can therefore reduce the number of parameters to
one only, by putting
ml:mgz.-...-.-mk:m
i The equations of expectation now become

E(xlj)

1}

m j:—.l, 2, LICILI nl

E(ng) =m j:—'l, 2, LI I n2

s 0 . ] L 3R I

l | E(xkj) =m J=1,2, «.., n
. The estimate of m is X, and so the conditional error is
2 .2 =2
Sé = Z Xij Nx

Hence from (15.3), the s.s. due to the hypothesis is

~2

2 -2 -2 -2
+ eee + nkxk - MNx

Spay = MFq + NpXg
which is the result we otherwise derived,
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CHAPTER III

1. Up to this time we have been considering a case when the
Ce :
observations Yis Yos sees Ty have a given variance 02. fthen

howeveér we design an experiment, we have some choice, and by
Using what has been called "local control" we may succeed in
reducing 02, and improving the efficiency of our experiment.
This will be first illustrated by a simple example:

Suppose it is required to test whether two drugs, A
and B, are of equal value in producing sleep, or whether one of
them can be regarded significantly better. Ve could conduct
the experiment in one of two ways.

Method I. VWe choose 2n individuals at random from
the universe of individuals for which we want our results to be
true, and to n of these administer the drug A, and to the other
n administer the drug B, and note the number of hours of sleep
produced.

Suppose the values are as follows:. .

Drug A xl Xq e Xn

Drug B o x'l x'z ees x'n |
If the mean effect, of the drug A is m, and the mean effect of
the drug B is m', then we have to test the hypothesis m = m',
Here » ' ‘
Ry =m+ €4 , X'y = m' + ¢, , 1= 1, 2, eeu,

Where e,, ety are random variables with mean zero and variance,

say 02. Hence
E(xi) =m, E(x';)=mn', V(x;) = V(x',) = 02, i =1,00s,nN

To test our hypothesis, we have to use the t-statistlc

- _ =

se¢,27£
where ’ 2 o 5
2 Z(Xi - 50 + Z(x'i = X')
] =
° - 2n - 2
and reject the hypothesis on the & ¥, level if the observed value

t exceeds the x 7. value of t with d.f..2n - 2.
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Method II. We pick out n individuals at random, and
. to _each administer both drugs A and B, (with a suitable interval
to eliminate any carry over effect%), and note the results,
We now have the following scheme:

Individuals

1 .2 eve n
Drug A el Yo vee Y
Drug B AR V'g e T

The variability in the responses to the two drugs may
be supposed to be compounded of two parts; the individual res-
ponse, and the variability due to the other residual factors.
Thus v v |

Yy =m+ p; +#6,, ¥y =m +p+ 86, (1=1,2, ..,n)

where Py is the personal response of the i-th individuals, and
8., 5'1 are random variagbles with mean zero and varlance say 012.

‘ We may write
Zi =¥y =¥y = (m=m) + (&, - 8',)

and E(Zi) = E(yi - y'i) =nm =~ m'; V(Zi) =' V(Yi = yfi) = 2012‘

To test our hypothesis, we now have to use the t-

statistic

t = Z_ _3-J
sg. /rm S¢ lew
where 9 2

- ' A - - v - -f
2 2 2) _yy-yi-¥y-TY
e

n -1 ne-1
and re ject the hypotheéis on the ~ %, level if the observed value
of t exceeds the & 9,value of t with n - 1 d.f,

| Now let us compare the two methods., If the hypothesis
is true, then of course both tests would lead to the rejection
of the true hypothesis in o ¢, cases, so that there is nothing to
choose between them. What happens when the hypothesis is wrong?
The expectation of the numerator is in both cases the same,
’ viz., m - m', The expectation of the square of the denominator
‘ is in the first case 202/h whereas, in the second case it is
Zoi/h. If we denote the variance in personal fesponse by V(p),
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_ 2
= V(p) + Gl .

2

we have c2

If V(p) is at appreciable, then ¢ exceeds c?. Thus

t in the second method will in the long run deviate from zero
more, than in the first method., On the other hand the deviation
of t from zero will be considersd significant only if t exceeds
the ¢ 9,value on n - 1 d,f,, whereas, in the Tirst method, it
is considered significant if t exceeds the « % value on 2n - 2
d.f. For example, if n = 10, then the 19%and 5% values of t are
as follows

d.fe | 570 1°/0
|

9 i 2.262 ~ 3.250

18 | 2,001 2.878

H

The o 7, value on n - 1 d,f, is always larger than
the corresponding value on 2n -~ 2 d.f., though thc¢ difference
tends to decrease as n increases. Hence, the larger deviation
of t from zero in the second method is compensated by its being
required to exceed a larger « 7 value, for significance. The
physical reason for this is that in the second method our esti-
mate of error is relatively uncertain, being based only on
n-1 d.f. as against 2n - 2 d4d.f. in the first method, and
for the same margin of safety as regards the first kind of error,
the deviation of t from zero should be relatively larger in
order to be considered significant.

It is therefore clear that if the variance of the per=-
sonal response is appreciable enough to compensate for the loss
of n=1 d.f. in the estimation of error, the second method
will give a better result., The elimination of personal response
in the second method is an example of local control, It is a
general principle in the design of experiments, that if by
instituting suitable local control we can eliminate significant
causes of variation, then we shall usually gain in precision. |
We must, however, be careful not to leave too few degrees of
freedom for the estimation of error by over elaborating the
experiment., '

As another example, suppose‘there arc m treatments in
an agricultural experiment, and we want to test whether all
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the treatments are equally efficacious so far as the yield is
concerned, or whether they are significantly diffcrent. Let mn
plots of land be availablec for the oxperiment., In this case we
could again use two methods. _
First Method., 1In this case cach treatment is applied
to n randomly selected plots from all the plots avallable. Ve
can apply the. method of para: i3 « Taking all the yields from
the same treatment as forming ohe group, we have simply to test
for the equality of the group means: If the yields for the i-th
treatment are 7 ' :
Xi1s Xjos evey Xy

then the analysis~of variance is

due to - d.f, sum of squares ! moan square

z 2 e oLm2 2 2 _
Treatment bom - 1 8,4 = ?(xi X) ;Sm-l = Sm_l/(m 1)
i - =2 L 2 .2 :
Error Lmno-mo S _izj(xij xi) T8y = S /m{n - 1)
: K )
— : >
Total T mm - 1 b (Xi’ - X))~
; . s 3 J
i i,J
2<
P o= Sm-1
-2
Se

The expectation 02 of the mean square in the denominator of F
includes, besides other residual factors, the variance due to
the different fertility of the different plots.

Second Method., In this case the land is divided
into n compact blocks, each consisting of m plots. Within any
block each of the m treatments is applied to one plot chosen at
random. This is known as the randomized block design. Let yij
be the yield of the i-th treatment, for the j-th block. To
distinguish between the treatment means, we can apply the method

of para,. i+ and exhibit the analysis of variance as
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due to ! d.f. sum of squares ! mean square
4 ; I '
, Lol 2 wnz(F, -2 P 12 =512
Treatments’ m-1 ; S$Pl_n§(yi. Y) | s)2y=812,/(m-1)
Blocks g n-1 é 512 =mZ (¥ _—)2 j 512 =512 /{n=1)
Error ' (me1) (n-1), 8:%= B (x; ~X, ~X 407 52%=81%/(n-1) (n-1)
- . ; i,] B e e
Total P omnel 3 (x..-§)2
i : AR i 1
i,
3'2
F = '—mT‘-l » dofc, m"l mrl"l
s, . ! i
e

_ To compare the two methods we observe that in the se=-
cond method we have eliminated from the error differencesiof
fertility between blocks. This may be exhibited by writing

Xg3 = t, o+ €130 Y13 b, + bj + 5ij

where t, is the effect of 1-th treatment, and bj the mean effect

of the j-th block. We shall denote by T, the mean effect of all
the treatments. Thus

T= () + 65+ 000+ tm)/m

o° 2 . E(séz) = V{5)

- \
= E(s;) = V(e); o

But since V() = V(b) + V(&), where V(b) denotes the

component of the variance due to the differences between the
locks, 02 = 0'2. Thus, if vlots within the same block tend to
be relatively more alike in their response to treatments, than
plots in different blocks, then 02 will appreciably exceed 0'2.

Now the ratio of the expectation of the numerator and denominator

of F o 5
ni(ty - %) - n3(t; - )
—> and 1 + 5
{m - L)o (m - 1)o?

in the two methods, when the hypothesis of equality of the treat-

ment effects is false. Thus, F in the sccond method will deviate

1l +
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AN

morc from unity than in the first method. On the other hand, for
‘ significance on the o %,level, F in the second method must exceed

the « %,value of F on d.f. m=~ 1, {m =~ 1)(n ~ 1), This value

will be somewhat larger than the «value of F on d.f, m - 1,

mn - m, which has to be exceeded by the observed F in the first

method. For example, note 17, and 5% values of F shown below for

the case m = 5,

d.f. ! 5% 1%

4,20 | 2,87 4,43
4,25 2,76 4.18

Hence, as in the previous example it is clear that if the vari-
ance between blocks is appreciable enough to compensate for the
loss of n -1 d.f, in the estimation of error, the second
method will give a better result. As a matter of fact, the ran-
domized block design has been found to be of great value and is
now in almost universal use.

_ 2. The randomized block de51gn discussed above is efficient
‘ only when the number of treatments is not very large, for the
variability in response of plots within the same block, always
‘ “goes to swell the error, When the block size is large, the de=
sign tends to become inefficient. To overcome this, "incomplete
block designs" have been introduced. I shall first discuss the
general ﬁhebry of analysis of incomplote block designs before
coming to concrete 'incomplete block designs!'.
L Let us consider N observations on heterogeneous mate=
F rial to which u treatments (whose expected effects are given by
: the parameters tl; ty, «.¢, t,) have to be applied in order to

test their relative efficacy. It would be advantageoﬁs to di-
vide the material into b relatively homogeneous parts, before
applying the treatments, Thus in a field experiment we would
divide the whole land on which the experiment is to be made into
b compact blocks, Each block is then divided into a number of
plots to which treatmonts are applied, and the yield (or whsat-
| .ever other effect we are interested in) is observed. In a bio-
’ 1dgical experiment the animals on whom the experiment is to be
performed may be divided into b relatively homogeneous groups.
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Each such group corresponds to a block, and the animals within a
group to a plot.

Vie have thus in the general case u treatments and b
blocks. Let the number of plots in the j-th block be ky, and let
the number of replications of the i-th treatment be Ty Clearly

Py g+ cee T = Ky o+ Ko+ oeos + Ky o= N (2.1)
In the usual experiments, the number of plots within e block is
kept constant, so that k; = k5 = ... = k,, but due to accidenteal

circumstances such as a missing plot, these numbers may become
unequal. Hence it is advisable so far as the general theory is
concerned to keeéep open the possibility of theilr being different,
Suppose the i-th treatmerit has been applied to nij plots in the
J=th block. Then nij is either 1 or 0, according as the j-th
treatment has or has not been applied to some plot in the j-th
block. (The same treatment is never applied to more than one
plot, in the same block). The numbers ny ; can be represented in
the matrix form

Total
M1 Big o+ My r
Noy Hog  eee Toy - Tg
s e te 0 e s s 00 L) (2.2)
D1 Pug et By Tu

If nij = 1, then the yileld of the i-th treatment in the
J=th block may be denoted by yij' We then have
E(yij) =ty + bj
the part %, being due to the i-th treatment, and the part bj to

the j-th block. .
The plots being assumed to come in a certain order, the
equations of expectation can now be written in full as

B(ygj) = 0ty + eo 4 by + o0+ 08, + 0by + 0 + by + .. + O (2.3)

‘Let 1 be the observation vector whose coordinates are the yields
of the N plots; and let 7, ;2, cers TurB12 %20 ""/ob’ be the
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column vectors, corresponding to the parameters t,, t see, t

1l» "2 u?

by, Yg, ess, by. It is readily seen that

where T; is the total yield of the 1-th treatment, and Bj is the

total yield of the j-th block. 8ince any best estimate of a
linear function of the parameters, must be compounded of (n.Ti)

and (ﬂ‘ﬁj), (1=1,2, eee,u), (3 =1,2, ..., b) we at once
get the following result:

V;Theorem 1. Corresponding to any estimable function I, of the

treatment and block effects t,, ty, .o, t,s Pys Pgy vee,y Dy

there exists a unique lincar function Y, A
Y= )Ty + QT + oo + QT + aBy + aiBy + .0y + Q!B (2.5)

of the yield and block totals for which E(Y) = [I. This linecar

function Y is the best estimate of Il

S We are however usually more interested in those parametric
functions which do not contain the block effects. Let us find

out the general form of the best estimates of functions of the

treatment effects only. Now

E(Ti) = nil(ti + bl) + niz(ti + bz) + ees *'nib(ti + bb)

rity + (nilbl + nyoby + el 4+ nibbb) - {3.1)
E(Bj) = nlj(tl + bj) + nzj(tz + bj) + ees + nuj(tu + bj)
=vkjbj + (nljtl + nzjt2 + oeee + nujtu) (3.2)

Hence the coefficient of bj in

E(Y) = E(q_lTl + q2T2 + .ve + T + qui + qéBz + ees + q%Bb)
is given by

' .
quj *Qnyg+ Qhpg 4 oees QN (3.3)
Honce if E(Y) is to be free from block effects, we must have
= - ot
q& = kj (nqul * Doyl Foeen + nujgu) (3.4).
Substituting in Y we find that it must be of the form

Qly + Aly + eee + Q6 (&9,
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where Qi o - nilB _vnisz ) ) nibB
i kl k2 : kb

Conversely it 1is easy to verify that,E(Qi) docs not contain any

block effects. The quantities Qi are called the adjusted yield
because Qi is obtained by deducting from Ti,.the average yield of

the blocks in which the i~-th trecatment occurs,
We can now state the following theorem:
Theorem 2, Corresponding to any estimable parametric function

Jity + Aot + oee + Pty
of the treatment effects only, there exists a unique linear
function of the adjusted yields, viz:

Qg * G+ e Gy
such that : '
(. 3 - i} 4 4
E(dy & + Qg + oo + q Q) = Fity + foby + cov + Jot0
This linear fuhction 249 is the best estimate of the parametric
function Zj/t.

4. Let us now find E(Qi), V(Qi) and Cov(Qi, Qi,).

n n n
" E(ay) = B(T) - 1—;—-‘{—1-}3(51) - E—?E(Bg) - - I%—I-D-E(Bb)

Substituting from (3.1) and (3.2), we get

E(Qq) = Cyqty + Ciobp + wov + Oy by (4.1)
where / ‘ \
_ /N N n, n, n,,n \
E(G ') = - { il7itl + iz7i2 b oues + ib i'ui (4.2)
ii \" kl kz b ;‘
.2 2 2
n ng ny.. \ :

When as 1s usually the case in fleld experiment designs,
the block size is constant and equal to k, we have the simple

relations Aii'
Cigr == % L# 1 (4.4)
c _ 1
13 = ry(1 - P . (4.5)

where A,,, 1s the number of blocks in which the treatments i and
1! occur together.



Page 57

Again V(Ti) = ricz, Cov(Ti, Ti') =0
V(Bj) = kjcz, Cov(Bj, Bj') =0 (4.6)
_ _ S '
Cov(T,, Bj) = 0 40
Hence n n. n.
V(Q‘i) == V(Ti - }?Jj.j-];.Bl - 12"21'.'?‘132 - o.'. - k-]:}le)

2 .
. ni lni . ’ \
V(T,) + z——gV(Bj) - 23/ gdcov(Ty, B,))

. &
q 3 _ VT o
‘ 2 2
N. . N, . \
= 02<ri + 5 ~§i - 23 —%i }
N T B R
2
| = 0440 (4.7)
COV(Qi, Qi') =
n. I, ' n. n nn. n
51 12 ib il i12 i'b
=Cov(T, = #==B., = X8R _ =, - 2B T . - B, - Boe .= =B )
1Tk 1T K e k, b’ "i' Tk 1T kg 2 kb

N, . Ny . n,.n,,.
i : i iju -
== 12 —EEJCOV(Ti, Bj') - ? -E§Cov(Ti,, Bj) + 3 -l§-JV(Bj)

k5

J
n, .n,,.
= - o3 _iﬁ_ill
J J
- o |
= Cii’o _ ‘ (4.8)
Corollary. n, . '
) = : -
Cov(Bj, Gi) = Cov(Bj, Ti) kj V(Bj)
- g M3 2
= nij° T k.o
J
=0 . (4.9)

v This shows that any block total is orthogonal to any
. adjusted yield. \

5. The constituents of the matrix ((C;;,)) oceur both in E(Q,)

and V(Qi).’ This matrix plays a very important part in our theory.

(1) The matrix is symmetricel, i.e., C4,;y = G4,y

(ii) Each row and column adds up to zero.
(1ii) It follows from {ii) that the determinant of the matrix
vanishes. '
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(iv) We shall see later that the rank of the metrix is equal
to the number of independent estimable linear functions
of the treatment effects. A
Since any estimate of a linear function of treatment effects
is of the form
| Q&G + B o+ G
it follows that any estimable linear function of the treatment -
effects must be of the form

L = q;B(4) + B(4y) + ooo + qE(Q)
= Gy (Cyqty + Cygby + eee + €y t))

+ q2(021tl + Cooty + eue + Czutu)

+ L IR J LR I 4 L LK 4 oo e

+ qu(Cuty + Cpty + eon + € E)
Hence the sum of the coefficients of ty, t5, «es, t, in L, must

vanish in consequence of (ii).

A linear function of the treatment effects, in which the sum
of .the :éoefficients vanishes, may be called a treatment contrast.
Thus we get:

If any linear function of the treatment effects is estimable
it must be a contrast. In particular the sum of treatment
effects o

tl + tz + cee + tu
is non-estimable, ,

To answer the question whether every treatment contrast is
estimable, we have to bring in the concept of connectedness.

A treatment and block may be said to be associated if the
treatment is contained in the block. Two treatments, two blocks,
or a block and a treatment are said to be connected 1f 1t is
possible to pass from one to the other by means of a chain con-
sisting alternately of blocks and treatments such that any two
members of the chain are associated, Thus in a design if io and

in are connccted treatments wo must have a chain

io’ jl, il, jg, eese jn_l, in"l, jn, in ) (5-1)

i

such that the block j is associated to the treatments i ,, o

fOI’ p= 1’ 2, seo, Ne



INSTITYTE OF STATISTICS
Page 59

A desigrn is said to be a connected design if every block and
treatment of the design is connected to every other., Likewise, a
portion of the design mayAbe said to be a connected portion if
every block and treatment in the portion 1s connected to every
other, Any general design must break up into a number of connect-
ed parts, such that avblock or treatment belonging to one part,
is unconnected with a block or a treatment belonging to the other
part.

6, Lot us first study the properties of connected designs. All
the usual designs for varietal trials, viz,, randomized blocks,
balanced incomplete blocks, lattices (including rectangular lat-
tices) and the more general class of designs known as partially
balanced incomplete block designs, are connected designs in the
sense defined.above.

We shall first show that for a connected design any treat-
ment contrast is estimable, l

Since a general treatment contrast

Aty + Loty + eon + 48, B =0

can be written in the form ’

Frty = 8) + Jolby = 6) + wow + f (b 1 = t)
it is sufficient for us to show that tio - tin is estimable, -
where io and in arc any two treatments. Since the design is con-

nected there exists a chain (5,1), showing that ip-l and ip both

occur in the block j . Hence t, - t, 1is estimated by the
p-1  7p

difference of the yields of the plots in this block to which ip-l

and ip have been applied. Since

ti "ti =(ti 'ti)"'oo"“(ti

-t ) + o0 + (L, - t, )
o n o} 1l p-1 i + 1

P n=1 n

it is cleaf that ti - ti " i1s estimable,
. o) n

The linear function E(g), E(wy), ..., E(g) of the treat-

ment effects are not.independent since their sum vanishes., But
at least u - 1 of them are independent since every treatment
contrast being estimable is of the form
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QE(4) + RE() + cov + g BE(G)
and there are u - 1 independent treatment contrasts. This shows
that in the case of a connected design the rank of the matrix
({€444)) is u - 1. It also follows that of the linear function

Ry, Qg, eee, G, of the yields, just u - 1 eare independent. Of

course the relation
Q17+Q2+000+Qu=0
is easy to verify.
Since the linear function Q; 1s orthogonal to Bj’ and since

Bj and Bj' (j # j') are orthogonal to each other, it is clear .

'that in the case of a connected design, the estimation space is
at least of the rank b+ u - 1, as it contains the vectors

corresponding to &, Qos ooy @y, By, By, «ee, Bye On the other

hand, the identity
B1+B2+...+Bb=Tl+T2+ 000+Tu

shows that the vectors 315 Bz, ceey Bps Tys Tgy e, T, 8enera-

ting the estimation space cannot be all independent, as we must
have .

By * B+ vee +@y =T+ T+ e + T,
Accordingly the rank of the estimation'space is exactly b + u « 1,
Thus b + u -1 d.f. belong to the estimates, and N ~-b = u + 1
degrees of freedom belong to error. | '

7. Let us now turn to the problem of é¢stimation of any contrast
between treatment effects. For this purpose we can enunciate the
following thebrem.

Theorem, The best estimate of the contrast

- 7 ' ; ’
L — (ltl + j%tz + [ 2R 3} + yhtu (701)
is obtained by substituting in L, any set of values of t obtaine
" ed by solving the fellowing system of normal equations:

Clltl + clgtz + e o e + clutu = Ql
021t1-+ c22t2 + eee F Czutu = Q2

.'.‘ LI N ¢ s 0 L BN 2 * e

Cultl + cu2t2 + ees + Cuutu Qu
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Pgoof: If 296 is the best estimate of L, we have
qlE(Ql) + ng(Qg) + oees + quE(Qu) = l&tl + i%tz el + j;tu

which glves rise to the following equations for determining the

q‘s. - {7
€109 * Op19 + eev + €y = /3
C1a% + Cppl + «oo + Cypq, =4y
)
Cruty + Coyde + v + COpuqy = Ay
Now if %l’ EZ’ seey ?ﬁ is any particular solution of (7.2), then

substituting these values in (7.2), multiplying these equations
by @, dp, +++, @, respectively, adding and using (7.3), we find
that

£18, + fotg + oo + [;tu

%%+qﬁ2+“.+%%

= best estimate
Corollary 1. Only u-l of the equations (7.2) arc indcpendent.
Since the general solution of the homogencous cquations corres-

ponding to (7.2) is
(8, 9, vu., 6)

So the general solution of (7.2) is

Val S Lo
By = Pp + 8, ty =ty + 0, sei, b = + 9 (7.4) |
Thus (as is to be expected), the difference betwsen any two

t's and in general the contrast
,{’ltl + fgtz + oeee + 4'9utu’ =0

is uniquely determined. In order to render the solutién of the
normal equations unique, we may if we like take the¢ equations
(7.2) together with some arbitrery restraint

Cyby + Cobg + wen # Gt = 0 (7.5)
whore Cp + Gy + «0u + C, # 0. The unique solution thus obtained
is bound to satisfy the normal equations, and on substitution in
Zt will give 1ts best cstimate. The reason why in the restrain-
ing condition (7.5) we must not take 3C = 0 is that in this case
(Cy, 02,'..., C,), will depend on the vectors (€47, Cigs ++5 G50,
end so the imposition of this condition will not lead to aAunique

solution of the normal cquations.
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Corollary 2, Let us find the variance of the best estimate of
2¢t. We have scen that the best estimate will be 3qq, where the
Q's are given by (7.3). Now ‘ '
Vgl + G + eoe + Q) = 2 Cov(Qy, &)
A ,1 :

02 Z q.49.,C

1,40 i*irvriie
{9 (€18 + C1p% + «vv + Cpq)
+ qz('czlql + Copls + vvs + Cguqu)

y 2
+ qu(culq_l + Cugqg + eee + Cuuqulfo

= (@) + afy + vun + g )00 (7.6)

On comparing (7.2) and (7.3) it appears that if the normal equa-

tions lead to ] : \
Cll("'l + 012Q2 + eee + CluQu

t

1
by = 0o &G + Opplip + oo + Cp Q)
(7.7)
then q;, 4y, «+., G, may be obtained from t,, t,, «.., &, in

(7.7), on replacing Q's by f's. Thus
4 = H104y + LGy + oee + 1,0y,

Substituting in (7.6) we scc that the variance of the best esti-

mate 1s o .
R ALY (7.2)
p 4

‘Thus the variance of the best cstimate of Zft, involves only the

coefficients in the algebraic sclution of the normal equations.

In particular the variance of the estimate of ti - ti‘ is

(C.. - C. +Cy .00 ' (7.9)

ii 331 = ©

v

8. Continuing our study of the connected design, let us now

irg

- turn to the problem of partitioning the total sum of squares into

its varicusg constituents, and to the estimation of the error 02.
The s.s. due to all the observations is '

2 2
S1° = 3 Y . (8.1)
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If G is tho grand total of all the cbservations, then G estimates

?1#1 + r2t2 + se0 + rutu + klbl + kgbg + ses + kbbb

The s.s, due to

is then 2

G°/N
which is known as the ‘correction for the mean'. Subtracting it
from S'z, we get the quantity

o 2
s® = g1® . gﬁ
which in the language of the analysis of variance is called the
total sum of squares. It corresponds to the N-1 d.f. belonging
to the contrasts between the observations. 32 is the sum of
squares of the deviations of the individual observations from the
gencral mean, and we can write 82 = devzy.
The total sum of squares can be partitioned into threce or-
thogonal componcnts.,
(1) The s.s. due to the contrasts between the ‘block totals,
which carry b-1l d.f,.
(1i) The s.s. belonging to the adjusted yiclds, which carry
u-1 d.f. '
(ii1) The s.s. due to error, carrying Neb-u+l d.f.
(i) The block totals By, By,

cee, Bb arc orthogonal to one an-
other, the s.s. due to B, being B?/kj. Now

B, + B2 + eee + Bb = G

1
Hence from the sum of squarecs
b
5 Bk,
j=1 4

due to the b degrees of frcedom belonging to'the_Bj's, we have to
subtract the s.s. due to G, in ordcr to obtain the s.s. due to
the b-1 d.f. carried by the contrasts between the block totals,
This s.s. is therefore

p? B2 B® 2
s 2y B2 e
b kl k2 kb' i

In the language of thc analysis of variance, the above is
called the s.s. duc to the blocks (ignoring treatments).

We can write 862 in the form
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sgz = 2 kj(E% - HE |
o J J
Thus Sg is the sum of squares of ‘the deviations of the
block averages from the general average, weighted by the number
of plots in the bleck., For the designs in current usc, the block
size is constant and we get
7 =g 2B - ¢

j :
(i1) Let us next find the s.s. due to the adjusted yilelds, @ »
Qpy eee, @,y 1ee., the s.s. due to the estimates of the treatment
contrasts,

’Let Yy be the vector corresponding to Qi' Then

2 2
4] (Yi’Yig) = COV(Qi, Q’i') =0 ci,i'

or . (Yi.Yi‘) = Ci,i', i,i' = l, 2’ ey lu
If 6 is the projection of the observation vecter on the vector

space generated by the y's them m = 81 + 50, where
60,= dlYl + d272 + eee * quu

and &' is orthogonal to vy, Y5, s+, Y, Hence

(Mevg) = (B ovy) = dq(ygery) + dolygeyy) + oo + 4 gy

OI’ Cildl + Ci2d2 + [ N 2N ) + Cludu (%i, J- = 1 2’ 00.’ u

Thus dl’ Aoy ees, d, satisfy the normal equations, and we

may take them to be %l,»ﬁé, cee, %u' Hence

60 = lel + %2Y2 + eae + gﬁYu
Consequently the s.s. due to the adjusted yields is
Si = (%171 +'%272 + oeee + %ﬁyu)z

= § t ‘tl(vl Yy) + t oYy r3) + eoe + gu(Y@ Yif?
=,§ (0,08 + Cpbp + vuv + 0 8)

H

tlQl + tzQz + eee + tuQu



¢

due to error is o 2

_ Page 65
(1i1) Finally,'the 8.8, due to error 1s obtained by subtracting
from the total sum of squares, the s.s. corresponding to the b-1l
d.f. carried by the block contrasts, and the s.s. corresponding
to the u~1 d.f. carried by the adjusted yields; Thus the s.s,

2 .2
S5 = 8% - 5p° - 8%

The estimate of the per lot variance 02, based on the
N-b-u+l d.f. belonging to error is
, 32
e
N=beu+l
The general scheme of the analysis of variance for any con=

S =

nected design can thercfore be given as

Due to o dof ’ SeSe ., mean square
[ _ . i
Treatments i é 5 'o o '
Eliminating @ u -1 Sy = 2 t,Q - sy = 8¢/ (u-1)
Blocks i ; i i
; !
? a B e
Blocks | i 2 -zk +a-2 i
i ) b ik N :
ignoring i b-1 o i !
treatments | i = (dev®B)/k when the |
! . block size is constant | _
! | i
Error | Nebeu+l | Si (by subtraction) §s§‘= Sg/(N-b-u+l)
-+ ‘
Total PN -1 ! devgy

To-test for the hypothesis that the trsatments are signifi-
cantly differentiated, we have to use the Festatistic
with u-l, N~b~-u+l dof,

Suppose this rcsult comes out significant, We can then pro=-
coed to test whether two treatments i and i' are significantly

i

differcnt, Now the estimatc of by = By, 18 8, - %i" where
v(E, - % c ) o°
(b5 = B30) = (Gg3 = Cyq0 = Cpuy + Cqugn)0

Hence the required difference is tosted by using the t-statistle

b= (by = 850/(s,/Ciy = Cy5r = Cqag + Cqagr )
with Neb=u+l d.f. '
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9. BEx. (i) Balanced Incomplete Block Designs

In a balanced incompletc block design, there are u treat-
ments, arranged in b blcecks, such that each block has k plots,
and cach treatment is rcpliceted r times, Further, oach pair
of treatments must occur together in exactly M blocks, It is
casy to see that
R ),(U.-l):r(k-l)
Also, Fisher has proved the imequality

b2u or k#£r

The actual designs arc listed in Pisher and Yates tables when
r = 10, ' v

Let us consider the problem of analysis of these cdesigns,.

bk = ur

Now we have

Cyy = v(1 - 1/k), Cy, = -3k, (1#11).

Hence the normal equations are

e Ety e by = oee 4 (LD, = v =R =, (121, 2, u)
k1 k2 °*° k' Vi o kKu =~ ¢ F oLy Dy e,

Taking thesc together with the restriction

we get o . .
(r-l'z"“fé‘)ti:c?,ir (i= l’ 2, ses, u)
- Now
p =22 r(k-l) + A _ Au-1l) +A _ ul
k k k k k
b ok k1Y
Y T ux uxr ~Er
where 1
) 1ok
_ud_ ou(k-1) _
Eemr "kwD =71 <!
u

is defined as the efficiency factor for a reason which will pre-
sently appecare _ '
The contrast betweon the i-th and i'-th treatment is esti-

mated by .5 1L Qs - Q,
i it 7 E r
V(E, - £, = 0%(C,y = Grry - Gpyy b Gy. ) = 2O
17 ) = 11 7 Y10 T P T G = 5E

In ordinary randomized block design, the corresponding var-
. o
s . . &
iance, for the same number of replications would be 20°/r. Hence
if there is no reduction in the per plot variance due to the
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reduction of the block size, the variance of t - ?i, is increas-
¢d in the ration 1/E or the information (whicn is defined as the
reciprocal of the variance) is: decreased in the ratio E, Hence,
E is called the officiency factor. Of course this thecretical
loss of efficiency will in general be more than offsct by the
reduction in the error variance per plot. Tho analysis cf

variance is

Duc to . . d.f. . SeSe . mean square
Treatments _ : o 2 i 2 2
Eliminating | u -1 P8y = aev®Q/rE ;8% = 8%/{u-1)

i { t : t t
blocks i .
4
Blocks - ! | ‘
ignoring | b -1 ; ng = desz/k
treatments | ;
; Neb=uil i 52 w o
Error j where j o s, = S_/(N~b~u+l)
; = bk = ur | (by subtraction)
Totel ., Nae1 deviy

{ence to test whether the treatments are significantly
differentiated we have to use the F-statistic

P = 2/8

with u-1, N-b-u+l d.f. :
To test for the significence of the differecnce botween any
two treatments, we have tec use the t-statistic

(Qi - c—ti-ig)/se‘/ erk

with Ne-b-u+l d.f.

10, The Lattice Design

' Consider a kxk two=dimensional square., The k2 cells corres-
pond to u (—k ) treatments Vie can form k blocks by taking sets
of k treatments occuring in thc same row. Similarly k blocks may
be obtained by taking sets of treatments in the same column, For
example from the 5x5 square
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11112 13 ¢ 14 . 15
16117 18 ' 19 20 |

21 . 22 25 24 ' 25

we get the two sets of blocks

Sct I , Set II
(1, 2, 3, 4, 5) (1, 6, 11, 16, 21)
(6, 7, 8, 9, 10) (2, 7,12, 17, 22)
(11, 12, 13, 14, 15) (3, 8, 13, 18, 23)
(16, 17, 18, 19, 20) (4, 9, 14, 19, 24)
(21, 22, 23, 24, 25) (s, 10, 15, 20, 25)

Each sct of blocks gives one complote replication, The two re-
plications are orthogonal in the sense that the treatments in any
block of one replication are distributed cne each among the
blocks of the second replication., We can get another orthogonal
replication by taking a 5x5 Latin square, and taking those varie-
ties which correspond to the letters of the Latin square, Thus,
if we take the Latin square (L;), shown below

C EiD B . 4
A:CiB EI!D
E/B aiD'¢
B Dic A.E
D' A E C.B

v * v L]

then the blocks of the thifd replication are given by
Set III
(6, 6, 13, 19, 22)
(4, 8, 12, 18, 25)
(i1, 7, 15, 18, 24)
(3, 10, 14, 17, 21)
(2, 9, 11, 20, 23)
If there exists a Latin square orthogonal to (Lz), then another .
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replication may be taken corresponding to this Latin square., It
is known that when k is a prime or a power of a prime, there al-
ways exists a set of k-1 mutually orthogonal Latin squares. The
practically useful values of k are k=9, so that only in the case
k=6, there does not oxist a Latin square orthogonal to a given
one., tVihen k=6, we éan go up to three replications only. Of
course, we may stop at any number of replications, but in case k
is a prime or a prime power, and we go on to the maximum possible
number of orthogonal replications, viz., k+l, then every pair
will occur once, and we get a 'balanced lattice', which is iden-
tical with the balanced incomplete design with parameters.

u = k2 b= k(k + l) r=k+1, k=k, -2=1

A lattice design with m orthogonal replications may be called an
-m=ple lattice, OFf course, we may extend the number of blocks by
repeating the whole design, say n times, so that we get m re-
plications, but in general it will be preferable to add new or-
thogonal replications, instead of duplicating or triplicating the
old ones. But in the case k=6, nct morc than three orthogonal
replications arec available, and if it is desired to have more re=-
plications, we may duplicate or triplicate each replication get-
ting 6 or 9 replications in all.

These remarks may be illustrated by taking the case k=5, 1In
this case the complete set of orthogonal Latin squares, consists
of four squares. Thus, three other squares orthogonal to (L )
and mutually orthogonal to one another are

(L) (Lg) (L)
E Bi'Agb'jc‘E.Bgnéc-;AﬁE'E‘DiAE‘EEC‘B
Aic B;"ED?Ai’cg‘BgEED AleciB|E]D
Dja|E|G BECiE:D B | A BgDicfA E
c[E'DfB A?DEAEEQC B E BEAiD'C
B{D| CEA{E_g?EEB{A D | ¢ CiEiD;B A

and the correspending sets of blocks are
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Set IV Set V. Set VI
(3, 6, 12, 20, 24) 6, 15, 17, 23) (2, 6, 14, 18, 25)

2
v

(
(2, 8,15, 19, 21) (1, 8, 14, 20, 22) (5, 8, 11, 17, 24)
(5, 7,14, 16, 23) (3, 7, 11, 19, 25) (4, 7, 13, 20, 21)
(4, 10, 11, 18, 22) (2, 10, 13, 16, 24) (1, 10, 12, 19, 23)
(1, 9, 13, 17, 25) (5, 9, 12, 18, 21) (3, 9, 15, 16, 22)

If we take all thc six replications possible, we shall get a
balanccd lattice, but we can stop at any stage, Thus, by taking
only the first four scts, we would get four replications (quadru-
ple lattice with 25 treatments),

Let us now consider the analysis for a lattice design with
Kk° treatments, laid out in mk blocks, consisting of m orthogonal
replications, We then have

u = kz,

Also, A;4v = 1, 1f the treatments 1 and i' correspond to the same

b = km, r =m,

row, same column, or to the same letter of one of the Latin

squarcs. Otherwise, %;., = 0. Then

Cis = m(l = 1/k), Cgy, = A g1 /k

Denote by Sr(ti), Sc(ti), Sj
the effects of the treatments, in the same row, in the same co-

(t,), respectively the sum of
i’

lumn, corresponding to the same letter of the Jj-th Latin square.
Similar meanings are given to S (Ql) Sc(Qi)’ Sj(Qi),,with refe-
rence to the adjusted yields., Thus with example (k=5) considered

before :

Splty) = 6+ to+ b, 4+ b, + bg o, 8,(Q)) = Q+ Gt Qz + 9 + Qg
So(by) = By¥ Bgh b1y¥ bygh By, S.(Q) = Gt Qor G “%et %1
S1061) = Byb bor bk Bygk b, 81(Q) = GF Qb Qg Gugt Gy

It should be noted thatjsr(tl) could also be denotoed by

+ t

11

i}

fSr(tB), Sr(ts)’ Sr(t4)’ or Sr(ts); and similarly for the other

symbols., Now the i-th normal equation is

1., m 1 N 4 | _
m(l - E)+ ¢ty = 7 S.(b5)+ 8 (t)+ Sl(ti)+ oo + 8 o(ty) = @

or

1 | _
mby = S,(ty) + S (b + Sy () + cov + 8 (E) = Q
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Also, let us impose the restriction,
tli"" t2+ .oo.f tuzio
Surmming up over the row containing the i-th treatment, we
get - - ,
mS,(ty) = S (t;) = 8 (Q;)

- S,(t;) = 8,.(Q;)/ (wm-1)
Similarly
So(tg) = 8,(Q;)/(m-1)
Also, if we sum up over the treatments, which correspond to
the same letter as the i-th treatment in the j-th Latin square,

we have - -
S5(t5) = 5,(0;)/(m-1)
Hence finally we get

s 1 1
LER Y

Al + mn{m=-1)k Sr(gi) + Sc(gﬁ) + Sl(Qi) toeee Sm-2(Q )

From this we get 1 ]
- Ci1 = * Tm1y
For i # i' we get

Ciiv = mmDE ©F ©

‘according as the trcatments i and i' occur in a common block or -
do not occur in a common block, We may thus write

A
C =
, 1i¢ m(m=1) Kk ,
Now ~ -~ 2
V(8; = t44) = (Cgy = €334 = Cyug + Cyryi)o0

Hence if 1 and i' occur together in thc same block

o~ ~ _ 21 1 - 1
V(ti ti') = 20 m*t k{m-1) m(m=1)k

_ 20 S
T oom (1 k)

-If 1 and 1! do not ceccur together in the same block

4 + _ 21 1
V(ti ti’) = 20 ﬁ + m
- 202 1 m

4 m -t (m=1)k '
Notice that in theAsecond case the varlance will be slightly
larger. Tcsts of significance can easily be carried out by
applying the general formula,
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N.B. If cach of m orthogonal replications in an m-ple lat-
tice on k= troatments is laid out n times, then we have

u=k2, b=mk, r=m

Also, Aj30 is n if the i-th and i'-th treatment correspond to the
same row, column, or the same letter of onc of the Latin squares;
otherwise it is 0., Thus in effect C;; and Cii' arc multiplied by
n, so that the new normal equations can be obtained from the old
on replacing Q; by Q/n for 1 =1, 2, ..., u. Honce our csti-
mates are given by

= =Yt mTeT FiSp(4) + So(G) + 81(Q) + eu Speg (@)

~ Also we now have

Cis = B+ mrmTr s Cpyv = mriryp oF ©
i1 " nim " k(m-IJ:° “ii' T mm(m-1)k
2
& A . 20 1y when i and 1' occur
Vs =ty = L+ ), togother in n blocks
_ 20° (1 + m_ wheh i and i! do not oc-
T mn M- ? cur together in n blocks

11. The Partallly Balanced Incomplete Block Designs

The Partially Bsalanced Designs are a general class of de-
signs, which include as a special case, both the Balanced Incom-
plete Block designs and the lattice designs, Here, as in the
case of lattice designs, two treatments arec not always compared

with the same accuracy.

The conditions for a partially balanced Jesign are:

(1) Every treatment is rcplicated r times, and each block
contains k plots,

(i1) With rcspect to any given treatment, the rest fall in-
to m groups of n, ng,'..., n, oach, such that any treatment of
the i-th group occurs with the given treatment Ai times, thec num-
bers Ai and n, being indcpendent of thc treatment with which wo
start. The trecatments of the i-th group may be called i-associ~
ates of the given treatment.

(1ii) If o is i-associate of (3, then (3 is an i-associate of
o, and the number of treatments which arc at the same time j-ase-
sociates of «, and k-associates of 3, is p?k and is independent

of o and R.
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If v be the total number of treatments, and b the number of
blocks, then the following conditions are satisfied by the para-
meters occuring in the design. '

bk ]
u-1-= nl + n2 + ee. + nm !
i

r(k-- 1) = Ny 1 + 05 g+ eew + 0

i i i ‘
Pyp + Pjg * eee + Py =1y = 1 § (11.1)
1 g 1 .

_ J
ipjk = 03Pik

i

The parsmeters u, b, r, k, A1s Ags eovs Aps By Do,y see, D

are called parameters of the first kind, and the p%k's are called
parameters of the second kind.

It shall now be shown that if a design satisfies the condi-
tions of a partially balanced incomplote block design, then the
analysis can be carried through by solving sets of m+l linear
oquations. For the practicelly useful designs, m would be 2 or
at most 3 (when m=1, we get a balanced incompletc block design).

Lot us denote by Si(t) the sum of the effects of the i-asso-
ciates of the treatment t, with a similar convention for Qi(t)'
Then our normal equations arc v '
r(k=1)t = 235, (t) = 28,(t) - ... - A S (£) = kg (11.2)

Summing up over i-associates we pget

i 1 2
Alipilsl(t) + Py

kQ(t) = r(k-1)8, () 155(8) + ovn + ppy8 (8]

1 2
i2.31(’(:) + Pizsz(t) + eee + DO

(tY

12 m

p
el

1
Am pln Sp(t) + me Splt) + ouv 4 plmsm(tﬂ

- Aynyt (11.3)

Now impose the restriction

t+t2+00-+t = 0

1 u
which may be written as

t + Sl(t) + Sz(t) + ees + Sm(t) =0
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Thon (11.3) can bc written as
1l 1
{Amg = A Piy = AgPip = eee - AP ;mg 1 ()

2 2 -
#ARy = APIy T AgPip T ees - AnPin{Se(®)

cer oooi ease $ o0 oe s

+{r(k"l) + Hni - Alpil - Agp-;z = ees ~ %ﬂpimgsi(t)
j 1 1 ol ' ..L \ ‘ .y,
ARy = A Pyp = AgPyp 7 e 15 (t) (11.4)

Let us set y ;
1 i : Y P
ai,( = Ei /\ini - llpil - Agpig -~ eses = "‘ mp£1n§ R i % 4

854 = T ‘r(k=1) + X.n -
Then we have

81187 (8) + 29585(8) + wou + 2y, 8, (1) = G
85151 () + a558,(8) + vov + 25 8 (8) = G

L R J ® e LN ] . s & RN (11'6)

l'll 1(t) + m2 2(t) + ews +ammsm(t) = Qm

N i)

'Solving thesc we can express S1(t), S5(t), «.., S (t) as

It

Sp(8) = A Q (b)) + AgpG(t) + “.+.%ﬂwxw
S,(t) = A0 (8) + Ay (%) + cov + A Q (8)
ané finally :
r(k-1)t = kQ + zAlAll tdghyp o ApA G
+ e e e o0 s e e L] (1108)
?{‘)\].Anﬂ.»+ 32Am2 toeee ¥ )mﬁmm%gm
Thus our main task in solving the normal equations is to
evaluate the constituents of ((aii))’ and then solve (11.6).
It appears from (11.8) that if the treatment i' 1s the j-th

assoeciate of the treatment i, then

(11.7)

il

cii = k/r(k-1)
o 2g° 1 "
V(ti - t U""‘T")k lA‘]l gljz = eee ™ ,Lm Jnl‘

Tests of significance cen be carried out in the usual way.
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12, Two way climination of heterogeneity,
In this cese the blocks are classified into two ways, S0

thrt each experimental unit is a part of one block of cither Sys=
tem. Thus, in the casc of a ficld cxporiment the design is laid
out in the form of a squarc or a rectangle, with 'rows' and 'co-
lumns', Ve shell use the names 'rows' and 'columns' even in the
general case. Let there be k rows and k! columns, Then there

.are besides the treatment offects

t1, Bo, eeny by
the k paramcters corresponding tc the row effects, viz,, '
by, Doy eee, b,
and the k' pararcters corresponding to the column effccts
B T PIRTE

There arc now kk' plots, Let the yicld in the plot Jyj', i.e.,
the plot occuring :in the j-thﬂrow and j'-th cclumn, be dendted'by
yjj" If the i-th treatment occurs in this plot, then the equa-
tions of expcetation arc

Byyged = by + by o+ oy
Let Gl’ svey By Gi, --.,(gﬁq-fl, voe, fu be the coeffici-

ents of by, ees, Py, B, ees, By, t1, ees, t when the equations

Y

of expcctation are writton out in full, If m is the vector of
the cbserved yields, clearly

(T}'BJ) = Bj; Tl-@’ ) = B31: (n‘fi) =T
where D, 1s thc total yield of the j-th row, BB' is the total
yiocld of the j'-th column, and Ti is the total yield of the i-th
trecatment., Honce from the gencral theory we get tho following

i

theorems

Theorem: Corresponding to any estimablce perametric function
II of the row, column and treatment cffects, there exists a unique
linear function ¥  of the row, colum and treatment totals, such

This lincar function YO is the best estimate of Il

Ex. Before procceding to the gensral theory let us apply
the above to a Latin square design., Such a design is formed by
taking a kxk Latin square, and assigning k trcatments corres-
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ponding to the letters. Of course, there must be proper randomi=-
zation,
Here k'=k, as there are k rows and k columns, Also, u=k,

Let . ; ‘
{ By, D |C |A|E
S(b) =Dy + by + euu + by A g C |B | E D
S(b') = b} + bL + ... + by L C | L |D f B § A
S(E) = by + By 4+ ees 4 by Di4& |E!C B
E{B|A|D;cC i
Now : )
E(Ty) = kty + S(b) + S(br)
Also if

G21T1+.'.+Tk=Bl+.‘.+Bk=Bi+...+Blé (1201)

is the grand total, then
E(®) = k{5(t) + S(b) + S(b')}

. Rl Gyl _ ¢ S(t)
. e Egk (Ti - l‘z‘)} = ,iti -

If we ﬁultiply these equations by i&, 2%, ...;_1%, where

i = o
s, 1=1,2, ...,k

e S g

2f{ =0, and add, we at once see that
[ i ! P - i £ )
Thus the treatment contrast,}ltl + eus + jktk is ¢stimated by
v U ? 7

In particular ty - t;, 1s estimated by

)

Simllar estimates can be obtained for row contrasts in terms

=

gy -y,
of row totals, and the column contrasts in teorms of column totals.

We have hitherto accounted for 3(k-1) degrees of frecdom,
viz,.,, those belonging to the contrasts between the T's, the con-
trasts between the B's, and thc contrasts between the Btts., Due
to the relation (12.1), there is only cne other indepondent 1li-
near function of the T, B and Dt's, viz., G. Ience the estima-
tion space is of rank 3k-2 and k2—5k+2 = (k=1) (k=2) degrees of
freedom belonging to error, '

Clearly Tl, «es, T, arc orthogonal. The s.s, belonging to
the treatment contrasts is therefore
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1,2 2 2 G 1 2
E(T1+T2+ ooo"‘Tk"lT"’ =EdeVT
with similar cxpressions for the s.s. due to row contrastsé and
the column contrasts. The s.s., due to G is of course Gg/k R

which is the correction for the mesn, The S¢S, due to error is

thersfaore S2 = 3 e _ 62 - deva - devgB - dosz'
o = @ Vjj1 w2 )3 TE 7
= dovey = deva - devoB - devB !
= J & & &
Hence we have the following analysis of variance
Due to . d.f. . SeS. R Mean square
Treatment f 2 2 i 2 .2
Contrasts @ ¥ =1 | Sy = dev T/k | st = St/(k-l)
Row 2 2_ . f 2 .2 -
Contrasts k-1 Sp = v B/k 5p = sb/(k_l)
- Coluwmn ’ 2 _ 2, ’ 2 _ .2
Contrasts k-1 Spr = dev B'/k - 8pr T Sb'/(k-l)
- Ty - . - 2 ;
Error . K"-3k+2 = S_ (by subtraction) ! sg = Se/(k-l)(k-B)
Total | kol doviy

an estimate of the per:plot error variance 02 is given by

2 2,,.2
Sg = Se/(k ~-3k+2)

To test whether the treatments are significantly differentiated,
we use the Festatistic . 32/52
. B i
with k-1, (k-1)(k-2) degrees of frecdom.

To test for the significance cof the difference between the
i-th and i'=th treatments wec use the t-étatistic

t= (T - Ty,)/ (s, V2K)

with (k-1) (k-2) degrces of freedom,

13, DNormal equations for two way elimination in the general case,

: k kt
E(Ti),z riti + 3 n, .b, + Z n!., bt

where nij = 1 or 0 according as the i-th trecatment doecs or does
not occur in the j-th row. Likewisc n{j, = 1 or 0 according as
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the i-th trcatment does or does not occur in the it-th column,

Now S o o u
E(Bj) = kvbj.+ bi + bé + ves F bﬁ,+ ifl nijti
u
E(Bj,) = kbé, + Dy + by + el 4+ b+ iil.nij,ti
The adjusted yield Qi'is now defined to be
k kt r.G
G =Ty - jfl Ny 3B - E j,fl niiBYr + g

A 1littleo calculation shows that E(Qi) is given by

) = -1 -1
E(Qg) = rit, - Z3(q 8 + eoe 200 (AL B+ vee + 2{utu)

1
| + EET(rltl + eee + rutu)
where Agqr is the number of rows in which the i-th andg i'-th

treatments come together, and Ajl;r is the number of columns in

A

which the i-th and i'-th trcatments come together, and Ai3 =

o
w‘!. = I, .
| 7 i o . E(Qi) = Ciltl + oo + Ciutu
where
: r.r, Xs s 24
i i ii? ii? . .
Cigr = (G % - %), 141
_ 11 Ty
Cig =71 = F - v+ 537

These arc the coefficicnts which take the place of the coef-
ficients in the theory of one way climination,

By calculating the expectation of an arbitrary linear func-
‘tion ¥ of Ty, ees, Ty, By, eee, By, B{, ov., B,, wo can show
that in order that Y may be an estimate of pure functions of

treatment effects. Y must be of the form

Qg + Rl + eee + 94,
Also, a little calculation shows that

2
Cov(Qy, Qp4) = Cyq40
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The idea of connectedness will now be slightly generalized.
In finding whether two treatments are connected, we have to allow
connection both through rows and through columns, If any two
treatments are connected, then the design may be said to be a
connected design., For such a design any treatment contrast is
estimable, and the estimate is obtained by substituting in the
contrast solution of the normal equations

CirBy + Cypbp + oo + Gy b, = Q4

The s.s. due to the u-1l d.f. belonging to the adjusted
yvields can be proved to be
tlQl + t2Q2 + eee + tuQu
It is readily scen that the row and colunn contrests are or-
thogonal to the ('s. Ilience we get the following scheme for the

analysis of variance

Due to . d.f % S.Se . mean saquare
Treatments ; o ~ : o o
elininating | u-1 L 8¢ =2, si = 8g/(u-1)
rows & cols, ' ; i ’
Row cont, : o i
(ignoring =  k =1 . dev®B/k i
trecatments) : ’
Col. cont, L o 2
(ignoring . kt - 1 - dev“B'/k! :
treatments) : i
- 2
- _f 2 ; S_
Error L kk'eu~k-k'+2 Se (b7 § si = 2
’ subtraction) . kk1-u=k~k'+2
Total o k' - 1 ; devgy

14, Youden's Squares,

Sometimes in a design the position within the block is im=-
portant. The classical example is due to Youden, in his studies
on the tobacco mosaic virus, He found that the response to treat-
ments also depends on the position of the leaf on the plant, If
the number of leaves is sufficient so that every treatment can be
appliéd to one leaf, then we get an ordinary Latin square, in
which the trees are colﬁmns and the leaves belonging to the same
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position constitute the rows, But if the nwmber of treatments is
larger than the number of leaf positions available, then we must
have incomplete columns, Youden used a designh in which the co-
lumns constituted a balanced incomplete block design, whereas the
rows were complete. These designs are known as Youden's squares.

For exanple, consider the following, in which thcre are ele-
ven treatments but rows are incomplete, each containing only five

treatments,
3 4 5 -6 7 8 9 10 11 1 2
9 10 11 1 2 3 4 5 6 7 8
5 6 7 8 9 10 11 1 e 3 4
4 5 6 7 8 9 10 11 1 2 3
1 2 3 4 5 6 7 8 g 10 11

Of course, here the design is given in a schematic form and
we must randomize rows and columns, Also, the actual physical
treatments have to be assigned numbers 1 to 11 in a random order,
It will be seen that every treatment is replicated 5 times, and
any pair of treatments occur in the same column (i.e., on the
same tree) twice.

In the general case, if there are u treatments, we have b
columns, each with k treatments, so that each treatment is repli=-
cated r times, and each pair of treatments occurs in the same
column A times. Since the rows are completc, each contains u
treatments,

Thus we must have b = u, and consequently r = k. Hence

H
the balanced incomplete block design formed by the colunms is a
symmetrical balanced incomplete block design. It can be shown
that every symmetrical balanced incomplete design can be conver-
ted into a Youden's square, i.e., the blocks can be so arranged
that in a particular position within the block, each treatment
just occurs once,

Let us now consider the problem of analysis. Here

k =%k, k'=u, ry =T, :{ii' =D, }':{i' =A
Hence r.p! - -1
C = i1 _ “4i1 - Aii')
e © kk! k! u
- (EE - . =)
- ‘ku u k

== d/k since r = k
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H

_ . 1 1 i
11 =@ -5t g

1

r{(l - %ﬂ

These coefficients are the same as in the case of an ordi-
nary balanced incomplete block design, and we find as before that
ti - t;, is estimated by

%i - %&, = (Qi - Q{)/rE{ where E = u)/rk

" and that V(%i -_%i') = 202/rE

The only difference is in the estimation of 02. The number

of d.f. belonging to error is
ur = 2u = r 4+ 2
The s.s. due to error is

2 1l
devzy - Z‘%Q _ dev™B - QOV.B'
u k

Thus there is a loss of r-l d.f. in the ecstimation of error.,

this error is offset by the reduction in 02 {the per unit vari-
ance). If this reduction is large enough, i.e., the positions
within the block are sufficiently differentiated, then we shall
gain by using a Youden's square in place of an ordinary balanced
incomplete block design,

156, Miszing variates

Consider the problem of linear estimation with variates
Yys eoes Tpi X34 sev, X, with a common variance 02, and expecta=~
tions given by
E(yy) = 891P) + 89Pp + eve + 89D
E(yy) = 891P) + 8poPg + eee + 85 D
® o .o ¢ e 0 s s e ®e e (lsol)A
E(yn) ='8,.9P1 * 0Py + ee. 8pmPm

LY R "o e [ ) ¢ e (lsil)B

+
l_J
‘;’d
;'S!

Let ﬁj = (alj, azj, sy anj, O, O, seey, O)

(0, 0, au, 0, D1y, Dysy aee, by )

4
Cte
1
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Yy = (alj’ B39 *v*s Bhys blj’ bgj: vee, bkj) =yt
n= (y]_: Jos evey Tns 0, 0, evs, 0) o
¥ = (0,0, 'v":. 0, X190 X5y ooy Xk)

F= (15 Tgs eees Yns %1s Xgy eees x) =M+
The normal equations are
(Ypev1)Py + (vyevg)Pg + eoe + (yyev)p, = (¥7.7)

(¥gery)py + (Yg-'rg)pg + ees + (vgev)py = (v5e7)
e s L2 N de e L LN LK ] (15.2)

(YY) Py + (Ypo¥e)Pg + eee + (yper)py = (v07)

Now suppose that the variates x are missing, Ve make the

~analysis as is they were present, and minimize the sum of squares

due to error, which is
2 52 ” Lt V
Se = 3) - (Yloj)pl -~ (Yzc})Pz ® ses = (Ym-f)Pm

Wthere P1s ees, P, are solutions of the normal equations
2

asy dp, | dp (15,3)
T, = By b fggs e - (Ym-,‘f)a'f; = PpP41 T eee = PpPip
Differentisating (15.2) we get

dp
(YloYl)a‘-" + 00 + (YlO“(m)-, .‘7 il’ (i = 1, 2, sesy m) (1504‘)

Multiplying the equation (15.4) by Py, eeey Py and adding, we
find on using (15,2), that

"

Py - dnm"
(Yl"f)-d—f; + ese + (Yln'l‘,)'a‘i; = Plbil + aee + pmhim

Hence ng
1 e b b
2T, 7 *L T PaPpy " PePip 7 eee 7 PpPin
Thus to minimize S§ we must putb
Xy = PyPyq + Pgbyo + e + p b, (1=1,2, 40s, k) (15.5)
The normal e¢quations (15.2) can be written as
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g(al-txl)ﬂf\iil-ﬁl)} Py + eoe + .:.(q’l-c(m)+((31-;3m)"§ P, = (fxl-n)+((31.§)

t

Kageay )+ (e Py + wvn 4 J(agen )+ (Bpep ) py = oy m)+ (g )
see BREX ' ¢o o cao(lE'OG)
U0 a) )+ (Be 6l By + oee + [lauen )+ (B By = oM+ (0,0 8)

But from (15.5), if X1y e+, X, arc the values of x which mini-

mize Sg,'then

(51..5) = pl(pl.l’_‘l) + pz((Bloﬁz) + eee + pm((5lt(3m)

(Bpo®) = py(BpeBy) + Polpoefe) + ooe + P (Boey,)
* e [ K 2 .f. e [ BN (1507)

(B F) = Pr{ByeBy) + Pol(Bye@a) + oor + 2, (6,20,

Hence A
(o »aq) Py + (@qeag) Py + eov + lxqeq )P, = (ay o)
(pray) Py + (Ayeqg) Py + eee + @oei)P, = (a,°M)
[ X X J LK N ] [ X I ) L I IR 3 [ 2N ] (15.8)

This shows that if those values of x are taken which mini-
mize Sz, then the solutions of the normal equations would be the
same as 1f we had formed them by neglecting the missing variatos.

Hence we get Fisher's principle: If the variates ﬁl, Kpy oo
+, Xy BTG missing, we can proceed as if they are present, pro-
viding that we put for them values which would minimize the sum
of squares. The procedure would not change the estimates at all,

16. Lot us now consider what would be the effect on tests of
significance. VWe can write
' k
2 _ T 2 : 2
Se = 381 (73 = 8gqPy=eeemag,Py)” + 13y (x5 = Dyypy=ene=by )
where py, e.e, P, are solutions of (15.2). But if values of xy
minimizing S be taken, then (15.5) shows that

2 - o
Se = 2 (¥ = 843Py = 840Pp = ee. = 85, D)

which is the actual sum of squares due to error when the variates
are missing., Hence

The sum of squares due to error in the case of missing vari-
ates can be obtained by proceeding as if the variates were pre=
sent, and taking those values of them which minimize this sum of
squares. |
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If now we had to test any hypothesis, then the
(s.s. duc to hypothesis) = (s.s. due to conditional error)

- | - (s.s. due to error)
But our previous reasoning 1s valid for conditional error. Hence
the actual s.s, due to conditional error can be obtained by pro-
ceeding as if the missing variates were present and minimizing
the s.s. due tc conditional error. Of course, the values of X1
Xy see, X which minimize the s.s. due to conditional error will
not be the same as those which minimized the s.s, due to error,
Hence, to get the s.s. due to hypothesis we have the following
rulesz _ -

(actual s.s. due to hypothesis) = Mini(s.s. due to hypothesis) +

’ (s.;. due to error)} -
Min{(s.s. duc to error)

the s.s. on the right hand side being calculated as if the vari-

ates are present. '

17. Missing Plot in a Randomized Block Experiment.

Suppose in a randomized block experiment one plot is missing,

Let the missing plot ocecur in the j-th block, and suppose that
the i-th treatment had been administered to it, If we write down
the sum of squares due to error as if there had becn no missing

plot, then TE + + T2 BZ + + B®
2 _ z‘yz _ 1 m _ 1 n o

n m

€

B 7o

(17.1)

where thore are m treatments and n blocks

2
dse . ) 2Ti ) 2Bi N 26
dyij - yij n m mn

Now the Ty, Bj,band G as given above also contain Ty Hence 1f

2
-‘.L

we denote by T§, B3, G! the actual yield total, the¢ actual block
total and actual grand total, then we may write
T By
; L S, S T R Al
3ij(l "ETEYE TR Y mn
| ‘mT) + nB} - G :
0.0 yi. = . J = X (1_702)
J (m~1) (n-1)

To obtain the actual s.s, due to errcr, we have to put this
value of Ty in (17.1).
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Again the conditional crror is obtained by adding the s.s.

due to error and the s.s. due to treatments. Thus tho conditional

error is W S~ S~ 2

By, + B + oo + B '
sif=zy® 22 - n (17.3)

as1® 2B,
Ty T E
1J
Wle then have to put a - l) _ ?i
yij m T om
B!
_i_ =3

or yig = m-1

(17.4)

in (17.2),
sum of squares due to treatments and to error.

to. get the actual conditional error, i.e., the actual
If we have already
carried out the analysis of variance, (17.2)
for ¥; 3+ we would have over estimated the s.s. due to treatments,
by an amount which is equal to the difference of the values of

by using the value

(17.3), when putting in it ¥yy as given by (17.2) and iy s gi-
ven by (17.4). This is called the bias in the s.s. duc to treat-
ments., Now 5
' 2 2 (B.;- + yi-) : ,
S!'" = y,., - J + other terms not containing y
e ij n
Cmel 2 2B1! |
= m yig m ij
Hence bias is given by ‘
2Bt |
- - A\ 2
e - 6% - —la- ) = L8 im1) ) - 28y} = B 6)

-

Thus we get the following rule. Estimate the mlssing value by
the formula
Vg5 = (ulf + nBY - G1)/ [(m~1) (n-1){
Carry out the anslysis of variance, with this value,
the s.s. due to the treatments by subtracting the amount

but correct

m ¢ -
m=11Yij = @1
but remember that only (m-1) (n-1) - 1
If i1 and 12 are two treatments for which the blocks are

Bt .2
_l.g
J

d.f. belong to error,

complete,
1

then t, - t

is estimated by

(Til - Tig)/h

ig
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and the variance of this comparison is clearly

202/h
It is of interest to compare this with the variance of a
contrast between the i-th treatment for which a plot is missing
and any other treatment say the io-th. In this case the ostimate
will be

(T; = Ty Y/n
N Q

which may be written as
' (mT' + nB' - G 3
L + T4
n ( (m-l)(n-l) i i

Scme algebraical calculation shows that the variance of
this estimate 1s |
PO < 3
n ( (n=-1) (n=1) ;

Hence the contrast between these two trbatments is measurcd by

somewhat vreater inaccuracy.



