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CHAPTER 3

Notes on the statist;pal analysis of the results,
3,1 Introduction,

With regard to the statistical analfsis for a design, the procedure adopted
in this book is to present the computationé, with worked numerical examples for
the designs likely to be most frequently used. To supply a complete mathematical

justification ofrthe analysis for éach type of experiment, although in many
respects desirsble, would have unduly increased the amount of materiai. The same
general technique governs the analysid of all designs, differences arising only
in the adaptation of the technique to the particular structure of a design, In
the.present chapter this tedhniquee--the method of least squares---is described
and aﬁplied to one of the simplest designs. With perseverance the method may be
used to verify the computing instructions for other designs in this book, It
‘should be pointed out that the computing methods that are easiest in practice
are not necessarilyvthdse that flow from a straightforward application of the
theory, so that at first sight some of the instructions may appear different from
those given bj theory.,

Some account will also be given of certain statistical techniques, such as
the technique for missing values and the analysis of covariance, that are particularly
useful in handling the results of experiments, though they are perhaps too

specialized to be iﬁcluded as pért of a general introductory course in statistics,

The gener: ot of 8

The mathematic el, The illustrative data come from an experiment
conducted in 1935 by the Rothamsted Experimental Station (3.,1)s The dbject of

the experiment was to measure the effectiveness of four soil fumigants in keeping
- down the mumbers of eelworms in the soil, The fumigantes were chlorodinitrobenzene

(CN), carbon disulphide jelly (CS) and two proprietary preparations "Cymag" (M) and
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"Seekay" (CK), Each fumigant was tested both in a single and a double dose; These
camprise eight distinct treatments. Thg control (no fumigant)~was the ninth
treatment, Normally the replication would have consisted of nine plots, but in this
case four control plots were placed in each Yreplicate", which actually contained
twelve plots, The purpose was to supply a fairly accurate standard against which
to measure the performance of the fumigants,

The axperiment was laid out in four separate blocks of twelve ploﬁé eachy -

8o that there were four replications for each dose of edch fumigent and 16
replications of the control, Within a block the ﬁwel&e "treatments! were allotted
to individual plots at random, The éxperiment is of the familiar type known in
‘agriculture as randomized blocks (see chapterAIV), The fumigants were ploughed

in during Spring, after which a crop of oats was sown, After harvest, a sample

of 400 gréms of soil was taken ffom each plot and ihe number of eelworm cysts -
counted for each sampie. The data are those labelled "second count!" in table 3.1,

Ina fofmal analysis of the results the first step is to set up an equation
for every observation., This equation expresses the observation as the sum of four
- components (i) a general average about which the observations are presumed to be
fluctuating, (ii) a component representing the effect of the treatment applied,
(iii) a component representing certain envirommental effects which the design of
the experiment enables us to isolate, and (iv) a residual component, representing
all other sources that influence the observation, and génerally referred to as the
Yexperimental error',

Ccmpohent (i11) camnot be fully appreciated without some knowledge of the
technique employed in the construction of designs. This technique coﬁsists in
arranging the conduct of the experiment so that, in the subsequent anélysis of the
results, differénces among certain groﬁps of observations can be measured, What is
more important, the effects of sﬁchrdifferences can be eliminated from the estimates

of the treatment effects, If this elimination were not feasible, these differences
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would contribute to the'"experimental error" (camponent iv) with the consequence
that less accurate estimates of the treatment effects wbuld be obtéined. In the
present example, as will be seen, these differences are differences among the
groups of 12 observations that constitute a bidck,b With each design that we
deseribe, the environmental componeéts that are eliminated in this way are pointed
out, | |

We proceed to write down tﬁe mathematical model as applied to the example,
Instead of numbering the oﬁservations from 1 to 48, it is convenient to usé a
suffix i to denote the treatment applied, J to denote the block in which the
observation lies, and k to denote the order within the block, For the plots that
receive fumigénts, the suffixes i and J are sufficient to define each plot uniquely,
The suffix kvis needed to distinguish between differént control plots within the
same block, In this notation the equation for an& observation may be written

| Yijk =[_4 + -ti & ﬂj + eijk’ (3.1)

Where M represents the general mean, Ii the effect of the treatment, p.‘i that of

the block and ®3 jk the experimental error,

2a22 Assunptions made in the model, There is already implicit in the model one

assumption that may not be true in the data obtained from experiments, This
assumption is that the treatment effect and the block effect are additive, If

we take the difference bétween two observations in the same block, say yljkl and
yéjkz: we have, as a deduction from the model,

yljkl - ijkz St -E—Z M eljkl - 'eu?.jkz (342)
The block effects have disappeared from the right hand side, That is, the model

implies that the difference between the true effects of two treatments is the same

in all blocks, On a block with a high eelworm infestation a successful fumigant
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1s presumed to reduce the eelworm numbers by the same amount as on a block with a
low eelworm infestation, This is unlikely to be so, except as a first approximation, '
Little systematic study of the accuracy oﬁ this approximation in practice has been
made, From general experience it appears that the approximation works well in a
large number of experimentss nevertheless, cases are not infrequent where the
approximation is poor,

In addition, several assmnptic;ns are made about the residual effects ©1jke
These are taken to be indep‘éndent from observation to observation, and to be
distributed with zero mean and the same variance 9_3 o Further, for tests of
significance and the esﬁimation of confidence limits, the 844k are assumed to
follow‘ the normal or Gaussian frequency distributipn. In practice, these
assumptions are only approximately fulfilled, The consequences of errors in the
assumptions will be indicated later (secction 3,9).

Apart from changes in detail, the typé of model and assumptions presented for
this example apply to all experimental arrangements included in this book, except
for two types of design for which a more complex model is required, These are the
split=plot designs (chapter VII), where two or more different error verionces are
péétulated, and incomplete block designs (chapter IX) where additional

assunptions are made sbout the nature of the envirommental effe"cts Ej'

3,23 Egtimation of the treatment effeets, When the assmptiorié in the previous

section are valld, there is a well-known result in statistical theory that the

best estimates of the unknowns Vol T 4 and /@ 3 are obtained by the mgthod of

Jleest sguares, This method chooses estimates p, Ei and P.i respectively, which

minimize the sum of squares of the residuals
S {7y = m= ty = b)) | -~ (343)
ijk R S : : *

taken over all observations,
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. In order to find these minimizing values we differentiate the sum of squares
with respect to each unknown in turn, and set the derivative equal to zero.
Consider a specific unknown, c.g2. h If any squarec contsins Ei’ its derivative
is

-Z(yijk -m=ty - _bj).

If the square does not contain 31 the derivative is zero., Henee if the derivative
of the sum of squares in (3,3) is set equal to zero, the resulting equation may
be written
Z(yijk - - ti - bJ) = 0,
+ + =
or | S (m*t, bj) PR AP - (344)
where the sum is over all observations whose equations contain t;, or more generally
over all observations whose equations contein the parameter to be estimated,
. Equations (3,4) are called the equations of estimation, or the pormal equations,
As we have seen, the equation of estimation for any parameter is constructed by

equating the total of the observed values to the total of the expected values

Y1jk
(m + ty ¢ bj) over all observations whose equations contain the parameter,
We now write down some normal equations for the example, Since m occurs in

all 48 obsorvations, its normal equation is
48m + 4ty * ty ..ot tg) ¥ 16tg * 12(by * by *eut ) = G, (3.5)

where _1'3 denotes the control treatment and G the grand total of all 48 observations,

At this point a simplification may be introduced, In the model the quantities ‘?_1

are neceded only to indicate by how much an individual treatment differs from the
average of all treatments in the experiment, Accordingly the model is not changed
in any e'ssential feature if we assume that the mean of all the h is zero, It may
.' also be shown that any convenient linear function of the _13; may be

essumed to be zero, The same remarks apply to the block values El o From the

form of equation (3,5) it appears that convenient assumptions of Vthis kind are
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By * by teaist tg * 4ty = 0, (346)

by * by +tby*b, = 0, (3.7)

With these assumptions eqﬁation (3¢5) reduces to 48m = G, so that m becomes the
mean value of all observations in the experiment.
By sunming over the observations that receive a particular treatment ty we
find that its normal equation is
4m+4£i+~b1'+ by* byt b, =Ty, (1=1,2 v, 8)
and for the control, | |

L6m* 266+ 4(by *b,* byt b)) =T,

where the T!s denote observed treatment totals, From relation (3,7), these

equations reduce to

Ti T9
tialz-..m’ (i=1, 2, veey 8)5 t9='i‘é‘-mo (308)

As might be expected, the effect of any treatment is estimated by taking the
differenco betwoen the mean of the observations which receive that treatment and

the genecral mean,

Let us express these estimates in terms of the original model (3.1)e By

adding the relevant equations we find
= +* s o
Ty =AM 47;1*(/91*/9 2*/93’/&4)*2-’1&’
T, = + . + ,
9= Wp WL UL+ Lt B )T ey s
Hence, using (3,8), |
mPU T HE B B e e,
where"e'i is the average of the residual errors on plots that receive treatment i,
For the difference between a pair of treatments we deduce
ti..tug(ti'tu)*(.éi"au)o . (309)

This shows that the estimated difference equals the true difference plus an error of
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' estimate ('éi - Eu). Note that the error of estimate does not contain any of the
. envirommental (block) effscts arising from component (iii), This result exemplifies
a valuable property of least squares sclutions, namely that the estimate of the
difference between the effects of any two treatments is not influenced by the
envirommental effects, but_ only by the residual effects eijk‘ It :ls‘in this sense
that we say that environmental effects are eliminated from the estimates of the
treatment effects, | A
Estimates of the block or envirommental effects are usually of less interest,

It may be verified that the least squares estimate of Fy s

B.
P S
TR

where Bj is the observed block total,

. Tests of si icance ¢O ence t When the estimates of the

treatment effects have been obtained, the details of the subsequent study of them
vary with the type cf experiment, Usually, however, some of the following procedures
- form the basis for the final conclusionss (i) a test of significance of the null
hypothesis that ther effects‘ _Ei and T u of two treatments are identical, or more ‘
generally, of the hypothesis that some lincar combination of the U i 1s zero;
(11) the construction of confidence limits for the difference ( Ty = T ) betwueen
the effects of two treatments, or for a linear function of the treatment effects;
(_iii) a test of significance of the null hypothesis that a group of treatments
| T'l,T: 27 eesy Tp all have identical effeects, In this section the theory
goverrﬁng these procedures is presented briefly, without proof, The arithmetical
methods are described in the next section,
(1) test of sisnificance of the difference between two treatment effects,
‘ From equation (3,9) we have |
(1".1 - t)= (T;l - T’u) + ('6'1 - Eu) : (3.9)
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Since the e's are normally distributed with zero means, it follows by theory that
(ti - tu) is normally distributed about the true difference ( [, i -Tu),

Further, the variance of (ty - t,) may be shown to be

6‘2(.i.+.l)
r r
i u

where fi and 32 are the numbers of replications of Ei and EB’ respectively, Since
it is useful to be able to calculate the variance of any comparison in which we are
interested, the rules for doing this are giﬁen in section 3,5,

In order to procecd we need an estimate of the experimental error variance

0 ?, From theory, the best estimate is known to be
2 _ 2
= z(yijk =N - t’i - bj) /ne ’»
where the residual sum of squares is taken over all observations, The divisor ng,
called the mumber of degrees of freedom (d.f.) in the estimated error, is given

by the rule

n, = (Total number of observations) - (number of independent parameters
that were estimated),

The word "independent" is introduced because we nearly always include in the
original model more parameters than is strictly necessary, In the example we
found that we could assumc one linear relation (3,6) among the t's and one (3,7)

among the b's, Consequently the number of independent parsmeters is

1 (for m) + 8 (for the t's) + 3 (for the b's) = 12,
Since there are 48 observations, n, is 36,
Hence, if the null hypothesis is true, icee, Ty = T y* then (¢ - t,) is

normally distributed with mean zero and estimated variance
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The ratio

is known to follow Student's t-distribution with n,, or 36 d,f,, This is the
quantity used for a test of significance of the null hypothesis,

With a more complicated linear function of the estimated treatment effects,
say L = <wit1 tougt, teut wktk)’ where the w's are any set of numbers, the
procedure is essentially the same, The estimated variance of L is szf, where £

is a mumerical factor found by the rules given in section 3.5, For a test of the

- L
null hypothesis that the true value of L is zero, we use the ratio k.
_ _ s

which is distributed as Student's t with n, degrees of freedom,

.

(31) the construction of confidence limits,

The theory for a test of significance also leads to confidence.limits for the
wnknown true difference ( T:i - T:u). For when 1:1 andxt:u are not necessarily

equal, the quantity ’
(4 - t) = (T, -T )

S mfa—-

f 1 3
s\/ IR
Te v
| u

may be shown to follow Student's t-distribution with n, degrees of freedom., Hence

the confidence limits are given by
At
(U, =T = (5, =t * o i 1
i u) (Ul ‘o = sd(ne,c%k) ST NI
L1 Tu

whero d(ne,cxg) is the value of Student's t corresponding to n, degrecs of freedom
and the chosen confidence probability ® A similar method is used for the more

general function L,

test of the identity of oup of treatment effect

Quite frequently the first test to‘be made is that of the hypothesis that all

Xk treatments have produced identical effectss i.e, that all'Ei are equal, In other



-]l
cases we are'more interested in the hypothesis that some subgroup of the treat-
ments, say treatments 1 to p, have produced the same effects, We consider the
latter tgst, since it reduces to thé first test if P is put equal to k.
This test is provided by a general theorem that has many applications, First,
we find the least squares estimates of all tfeatment and envirommental effects in

the usual way, and compute the residual sum of squares
2. )2
51 Z(yijk‘m"ti"bj)

Next we start again and re-write the mathematical model, inserting the restriction

that 'C-l = 1: 2 = eee = p* That is, wherever any of these.ci appears in the
equation for an cbservation, we replace the 731 by a common symbol, say T ',

The least squares estimates are computed for this new set of equations, using the
same observations, Again we compute the residual sum of squares vhich may be denoted
by
2 _
53 = Z(Yijk ~n' -t - b5)2 ‘
This will always be found to be at least as large as S%. Finally, the theorem

states that if the null hypothesis is true, the quantity

2 _ &2 a2
(s7 - s2) 82

(p-1) n_

fqllows Snedecor's P-distribution with (p - 1) and n, degrees of freedom,

Although the precedure may appear rather complex, the test criterion used
is a reasonable one, S% is the sum of squares of deviations of the observations
front the values predicted for them by the original model, so that it measures how
closely the original model agrees with the data, Sg plays the same role for the
restricted model, Consequently, if Sg is much larger than S%, we are inclined to
think that the restricted model does not fit the data nearly so well as the original
.moael, and therefore to reject the null hypothesis that the restricted model

is the correct one, However, the value of (Sg - Si) alone does not provide a
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measure of the iﬁprovement in the fit with the original medel, If, for instance
this difference is 10, then, other things being equal, we should regard the
improvement in fit as greater when S% is 1 than when Si is 1,000, It is this
type of considerétion that leads to the use of the ratio (S; - Si)/Si as the
essential part of the test criterion,

While the theorem postulates two separate sets of least squares solutions,

nearly all designs are constructed so that only one set of selutions must be found
in practice, A number of designs which could have been included in this book Qere

omitted because the least squares analysis seems too cumbersome for frequent use,

3,25 The analysis of varisnce, All the procedures (t-tests, F-tests and

construction of confidenée limits) use the residual sum of squares, which will
often be ;alled the error sum of squares, This quantity could be found by
calculating for each observation yijk the value (m + ti + bj) predicted by the
least squares solution, The sum of the squares of the differences between observed
and predicted values could then be obtained, This method is slow, and the error
sum of squares is much more quickly computed by a technique known as the gnalysis
of variance,

In the original model, each observation is represented as the sum of four
components due réspectively to the general mean, the effect of the tregtment, the
envirommental effect and the residual effect, In the same way the analysis of
variance partitioné the sum of squares of the observations into four sums of squares,
one attributeble to the general mean, one to differences between the estimated |
effects of the treatments, one to the énvironmentél effects which the experiment
is capable of measuring and laétly one which'is the‘residuél or error sum of squares,
In most cases we compute the original sum of squares and the first three components,

bbtaining the error sum of squares by subtraction,
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The analysis of variance provides much more than a short-cut method of securing
the error sum of squares, The sum of squares due to treatments is the quantity
(Sg - Si) needed for the F-test of the hypothesis that no differences exist between
the effects of the treatments, By a slight exﬁension the analysis also supplies
the sum of squares required for testing the equality of the effects of a subgroup
of the treatments, The component due to envirommental effects enables us to
estimate by how much the accuracy of the experiment has been increased by eliminating
these effects from the esfimates of the treafment means,

The‘analysis of variance depends on a number of.algebraic relations which
will be illustrated for the eelworm.experiment. From seection 3,23 it will be
recalled that £he least squares normal equation for any unknown, say ti, was

E::(Yijk -m~ by - bj) = 0,
sumed over all observations which received the jth treatment. If we multiply
this equation by t; and add the equatiéns for different treatments together, we
obtain the equation |
2o 84(yyqe = m = t5 - By) = 0, (3.10)

where the sum is now over all observations, since every obser&ation is associated

with one and only one t;. Similarly we may establish the relations
Z m(Yﬁk -M - ti - bj) = o’ (3011)

where both sums extend over all observations,

4 few more relations of this type are required, If we_add'the estimates t4

over all plots in the j'P block, the sum is

(tl + t2 + t3 tovet t8) + 4t9 .
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But this is zero because of equation (3.6)Vin which a linear relation among the t's
was introduced, Hence if we multiply by bj and add over all blocks, we establish

the rélatioh

S byt, = 0, . (3413)

where the sum is again over all observations, By similar arguments we prove the

additional relations

Zmbj = Q3 thi = 0, (3014-)

These relations lead to the partition of the sum of squares of the observétions.'
Write
Vaqre =t by Y Byt (Fyg - m - ¥y - by)e
Square both sides and add over all cbservatiens, The six relations (3,10) to (3,14)

show that all six sums arising from cross-product terms on the right hand side add

. to zero, Consequently, we have the following analysis of sums of squares,

Z‘yijk =2 n? + Zti "'Z’b? +Z(yijk -m-ty - bj)z (3.15)

This equation is the basis of the analysis of variance of the resulis,

3,26 Application to the example, To obtain the left hand side of (3,15) in

practice, we simply compute the sum of the squares of all observations, For the
eelyorm data this will be found to be 5,481,198, The components due to the mean,
to treatments and to blocks are not usually calculated from (3.15) as it stands,

because it is quicker and more accurate to obtain them from totalg rather than from

the estimated éffects.

Thus for the mean, the contribution is 48m2, since therc are 48 observations.

If G is the grand total of all observations, 14,680, this contribution may be

written G/48, or (14,680)%/48, vhich amounts to 4,489,633, This term is sometimes
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" called the correction for the mean,
Written in full, the sum of squares for treatments is

4(t1 t2 eort £2) + 16t§ (3,16)

But from (3.8),

T
i :
ti = Z— - m’ (i = 1’ 2, ey 8); t9 : ‘]'% - m.

where T:1 is the observed treatment total, By substitution, (3,16) becomes

,%{(Tl - fm)? + (T, = 4m)® *eeer (Tg - 4m)? + b (T, - 16m)?,

When each parenthesis is expanded, we have

le' + Tg ese + Tg T; .
- - - ae 2
4 Y6 7 ATy * Ty eeet Tg + To) + 4o,

Now the sum of the observed treatment tot als Ti is the grand total G, or 48m,
. Consequently the last two terms above may be amalgamated to give
TJZ. + Tg Yooet T‘a?' : T2
9
+ SO - 2
4 ' 16 48’1!1 . (3o 17)

Note that the last term is the correction for the mean, already found to be

4,489,633, Expression (3,17) is an example of the more genieral expression

k 2
Yo 4.
i=1 I‘i

which gives the treatments sum of squares when the ith treatment is replicated
ri times, C being the correction for the mean,

To obtain the nmumerical value we first calculate the treatment totals as

shown belov,

Table 3,2, Ireatment totals from table 3.1,

. . Level of
epplication CN cs cM CK Totals
0 5858 5858
1 1066 928 1431 892 4317

2 1265 877 1241 1122 4505
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. The treatments sum of squares is given by

(1066)° + (1265)2 +eser (1122)2 | (5858)2
4 16

~ 4,489,633 = 157,448,

The blocks sum of squares,:E:bi, can likewise be expressed in terms of

block totals as follows,

2 4 g2 2
By + Bf + BS + B oo (43832 (3075)° + (4752)% + (2470)°

= 4,489,633

| = 289,427,
vhere the observed block totals have been inserted from table 3,1, The divisor
12 is the number of observations per block, -

The complete analysis of variance is shown in table 3,3, It is not customary
£o display the correcetion temm for’ihe mean, since this is of no particular
interest, The item labelled "total" at the foot of the table is the original
sun of squares, minusg the correction for the mean (5,481,198 - 4,489,633 = 991,565),
This may be shown to be qual to the sum of squéres of deviations of the

observations from their means i,e,

Table 3.3, Analysis.of variance of the data in table 3,1.

Source of Degrees of ~Sum of Mean
veriation freedom squares squares

(dtfi) ‘Soso) (muso)
Treatments 8 157,448 19,681
Blocks 3 289,427 96,476
Error (by subtraction) 36 544,,690 15,130
Total | 47 991,565

The column which has heen computed above is, of course, the column labelled
"’ "Sum of squares®", The two other columns remain to be explained, The "degrees of
freedom" associated with any component is the mmber of independent parameters

required to deseribe that componenf in the model, In the case of treatments, this
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always equals one less than the nuﬁber of freatments, and similarly for blocks,
For the total s,s,, the number is the number of observations (48) less one
representing the contribution of the mean.

The degrees of freédom have two principal uses, First, by subtraction they
' give the degrees of freedom for error (36), 4s mentioned in section 3.24,-this
is the divisor needed for the error s.s. in order to estimate the error veriance -

G”'z. The estimate is 544,690/36, or 15,130, which is called the grror mean

.ggyg;g and shown in the right hand column of table 3,3, Second, the degrees of
freedom for treatments are used in an F-test of the hypothesis that all k
treatments produced the same effects, In section 3,24 the value of F for testing

this hypothesis was given as

2
. (32-521) _si
(k - 1) n

The dénaminator S?_/ne is the error m.s.s In the numerator the quantity

(SS - Si) may be shown to be the treatments s,s,, while (k = 1) is the mmber
of degrees of freedom associated with treatments, Thus the mmerator is
157,448/8, or 19,681, called the treatments mean sguare, The F-ratio for this
experiment is 19,681/15,130, or 1,30, with 8 and 36 d,f..

In the same way the mean square for blocks forms the mmerator for the F-test
of the hypothesis that all block effects are identical, Althéugh this test is
rather seldom of interest, the mean square for blocks has other uses, By formulae
which will be given with the individual designs, this mean square leads to an
estimate of the error variance that woﬁld have been obtained if the experiment
had not been grouped into bldcks.

With some designs the structure of the analysis of variance is more
campiicatéq than in the example above, What happens is that the treatment and

envirommental contributions to the sum of'squares are entangled, If we calculate
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the treatments s.s.,, a different result is obtained according as we assume that
block effects gre present or absent, and vice versa for blocks, In such cases
the_usual procedure is to present the blocks s.s., as calculated when treatment
effects are ignored, and the treatmenté Ses, as calculated when block effects
are teken into account, These items are sométimes called "blocks, ignoring
treatments" and "treatments,‘eliminating blocks" respectively, If calcul;tions
are made in this way, the two terms may still be added so as to obtain the error s.s.
by subtraction; further, the treatﬁents Se8, 13 still the appropriateione for
an F-test of the treatment effects,

This presentation of the analysis of variance is necessarily very inadéquate.
For further reading, reference should be made to Fisher (3,2, 3,3) and Snedecor
(344), whose discussions involve little mathematics, For presentation of points
of theory, see Kendall's book (3.5) and papers by Fisher (3,6, 3,7) and Yates
(3.8). Unfortgnately, no siﬁgle referenée contains a really comprehensive account

of the subject,

3,3 dccuracy in computations,

3,31 _Original records, If there exist a series of rules which will guarantee
that all computations are accurately done, we do not know them, The following
notes may help in maintaining a high standard of accuracy,

The first place where errorsvmay occur is in the original records,. These
should be made in a clearly legible and permanent form, Where scale readings are
| being taken, the habit of checking each reading immediately after it has been
written down is a useful one, 4s the observations are being recofded, any that
appear anomalous should be examined and the reason sought, Gross errors are often
eliminated in this way, If on checking such an observation no error or explanation

ié found, a note to this effect should be made, Such notes are helpful in
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situations where the later analysis is done by a different person, Most

statisticians who analyze other people's experiments have encountered the

perplexing problem where an observation is so completely out of line that a gross

error is suspected, yet the original records contain no comment about the observationg

and the recorder's memory of the circumstances in which it was taken has faded, |
-Copying from the original records to a form suitable for analysis may also

introduce érrors. Since cross-checking is rather a soborific task, mistakes tend

to be overlooked even when two persons are used for the check,  Sometimes foresight

can eliminate the need for copying,

3,32 .Checks in the anglvsis of variance, The analysis of variance itself consists

of two sorts bf operations, First, a number of totals are formed, These are
nearly all self-checking, for the faect that the treatment totals and the block
totals both add to the grand tofal may be accepted as proof of their correctness,
This is not a watertight check, since compensating errors in two treatment totals
pass undetected, Also it does not ensure that treatments and blocks are correctly
identified, and cases have occurred where treatment totals were mistakenly labelled
as block totals and vice versa, But aﬁart from such rare events the éum check is as
satisfactory as any,

The second stage, the computation of the various sums of squares, is not self-
checking and must be checked by recomputation, The most accurate method is to
have two computers earry out the analysis independently, comparing results only
when both have finished the task, The practice of having one computer "check!
the results of the other,‘though more convenient, always seems to produce a certain
number of errors, This is td be expected, because when the first calculations are
nearly always correct, as they should be, it is difficult for the checker to avoid

the presupposition that they are correct, with its resulting mental laziness,
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Recomputation by the same person, though often unavoidable, is probably less
accurate than the two preceding methods, |

4n expert who wishes to do so can make thé analysis self-checking, For
inétance, the erfor sum of squares can be computed independently of the other
sums of squares, sometimes quite easily and sometimes with more difficulty, Ir
this sum of squares agrees with that found by subtraction, all the items in the
sums of.squares" column mzy be regarded as correct, apart possibly from errors
in labelling, However, with the computational methods that we present, checking
is required except iu a few cases specifically noted,

The steps in the preparation of_sﬁmmary tables (e.g, calculation of treatment
means from totals) are usually partly but not entirely selffchecking. For example,
the fact that treatment means average to the generalAméan forms a check, Care
should be taken to recompute those steps that are not self-checked,

With the more complex designs, where treatment means have to be adjusted in
order to eliminate the envirommental effects, errors have orisen because the
computing instructions were misunderstood, For instance, the adjustmenfs made were
ten times as large as they should have been, 4 person thoroughly familiar with
the. design would have known that the adjustments were ridiculously large, but
someone new to the design may have no idea what size of adjustment it is reasonable
to expect, This danger with complex designs should not be ignored, It caniﬁe
minimized by careful study of the method of analysis for any design that it is

proposed -to use,

© 3433 _Ihmber of fisures to be retained, Since the primary purpose of the analysis

of variance is to obtain an accurate value for the error mean square, the number
of figures which it is worth retaining during the calculations depends on the

size of this figure, This is not known in advance, but often a rough idea of the
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coefficient of variation (ratio of the standard error to the mean of experiment)
is available from previous experience, For the original ggg; from which the
analysis of variance is computed, a crude rule vwhich errs on the safe side is as
follows, Record the original data to 4 significant figures if the coefficient
" of variation is between 0,4 and 4 percent: to 3 if it is between 4 and.40
percent and to 2 if it exceeds 40 percent, Let us apply this rule to the eelwozm’
data, Since experimenfs on eélworms are not very common, there is not much basis
on which to predict the coefficient of variation., Suppose that we guess that it
is unlikely to be below 20 percent (it actually}turned out to be 40 percent),
Then for safety data should bec recorded to 3 significant figures, Since the
average eelworm number per plot is around 300, this means that data are recorded
to the nearest eelworm, which is as accurately as they could be rccordeds

4 more precise rule, requiring a little calculation, is that thé rounding
interval should not exceed one-quarter of the standard error per observatioﬁ.
To apply this rule to the eelworm data, starting with the same premiss that the
coefficient of variation is 20 peréent, we note that the mean per plot in the
expériment is about_BOO. Thus the predicted value of the standard error per obser-
vation is aboutréq, so that the rounding interval should not exceed 15, It will.
be quite satisfactory to round each observation to the nearest 10 eelworms, The
discrepancy from the result given by the previous rule illustrates the fact that
the first rule tends to be too conservative, |

The advisability of deliberately rounding rccords already taken should be
left to the judgement of the experimenter, With modern calculating machines it
may be morc expeditious to carry out the computations with a few unnccessary
figures than to take time to perfqrm and check the rounding, The rules are

most likely to be usocful where computing devices are poor or unavailable,



. In the analysis of variance itself, it is generally as well to carry the
full number of figures obtained from the uncorrected sum of squares: e.g, if
the original data contain one decimal place, the sum of squares and hence the .
analysis of variance will contain two decimalvplaces. This number will usually
be excessive, but no more time is likely to be wasted in writing down the
unnecessary digits than in estimating how many digits should bé retained,

In the final presentation of results, on thé other hand, superfluous digits
should be strietly avoided, They make the conclusions more difficult to grasp, !
impede rapid mental comparisons, and give some readers an erroneous impression
of the accuracy of the results, A treatment mean should be rounded to one-tenth i

of its estimated standard error: that.is, if the estimated standard error of
the treatment means is 2,56, the means could be rouﬁded to 0.256, and should

‘be rounded to Oel, i.6. to one decimal place, since this is the nearcst rounding
interval that is convenient, In some experiments (e.g. those of the split-plot

type) different treatment comparisons have different standard errors, Here the

rounding interval should be decided from those compafisons that have the smallest

error,

3,34 Identification of data, The practice should be followed of labelling

all data, from original records to summary tables, so that another person at a

D

later time can tell what the data mean, Much data, expensive to collect and
potentially valuable for some research, have had to be discarded or destroyed
because the original collector cannot be reached, and new investigators are unable
to discover what measurements were taken and under what circumstances, Sometimes

the units in which the observations or summary tables are presented cannot be
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found, or the crop on which a fiéld experiment was carried out, or the nature
of the experimental treatments, Frequently, data serve their most fruitful
purpose when some later investigator gathers from meny places all the material
bearing on some question, and it should be a habit to facilitate rather than |

hinder such research,

3e4 Subdivision of the sum of squares for'treatments.

o4l Reasons_for gsubdivision, Often an experiment is planned to provide the

answers to a mmber of different questibns, not necessarily connected with one
another, The eelworm experiment is 2 partial though not an ideal‘example.
One way in which the questions asked might be framed is as follows, (1) Is soil
fumigation effective? Herc we are interested in the average reduction in eelworm
mmbers taken over all fumigants. (ii) Are there differences in the effectivencss
of different fumigants? TFor this question, comparisons of the rcductions due to
different fumigaﬂts arc relevant, (iii) What is the relative effectiveness of
single and double doses? Since the simplest reasonable hypothesis is that the
reduction in eelworm numbers to the double dose is twice ﬁhat to the single dose,
wve miéht narrow this question by askingt is the average response to fumigation
proportional to the amount of dressing, or in other words is the aversge response
P éurVe linear? (iv) Finally, if there is some indication of curvature in the
responses, we might ask whether the amount of curvature is the same for all
fumigants,

'With'experiments of this type the F-test of the complete treatments mean 4
square is not particularly helpful because it is directed, as it were, at a
mixture of several diverse questions, By'an extension of the analysis of

veriance, we can subdivide the treatments s.,s. into a number of components that
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are more relevant to the individual questions, Moreover, an F-test can be made
on the mean square for each component, The rules for subdivision are given in
succeeding scctions, Effective use of the dovice requires long practice applied

to a _considerable number of experiments,

3,42 Subdivision into single components. The simplest case, where all treatments
have the same number r of replications, is considered first, The calculations

are best made from the treatment totals Ti- Examples of the sort of quantity
that we are mﬁerested in studying are

1+ T,

TI-TZ’

re Ty + T = (T3 * Ty).

Quantities of this type are called lig_egr_b functiong of the T's, Note that the
sum of the coefficients of the I's is. always zero, as it must be if the quantity
is to represent a comparison among the T's, These ideas may be formalised as
follows, |
Definition, Any linear function

rm Ay e An se A2
is called a comparison among the T's if

le-b ’?wz 4eost ,ewks 0

Bule 1, If z_ is any comparison among the T's, the quantity
W

2
2
W _ .
- vhere Dw" I'( 151"’ ﬂ‘%z .-.+15k)

=

is a component of the sum of squares for treatments, and represents 1 d.f,
This rule gives the divisor D, to be used so that the comparison 2, may be

included as a part of the trcatments s.s, in the analysis of variance,
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Incidentally, the rule implies that zﬁ/Dw cannot excecd the treatments s¢s., If
it is found to do so, this is a sure sign of a mistake in computation,

Definition, Two comparisons 2 and z, are said to be orthogonal if

,?ufnrﬁ gy oo "?11:")21:'0

12 "22

This "sum of products" relation is very important, By theory,. it ensures
that z; and Z, are distributed independently of each other, Its relevance to
the partition of the treatﬁents 8.5, appears in rule 2,

Rule 2, If z4 and z, are orthogonal, then zg/Dz is a component of

(Treatment 8.8.) = Z%/D .

This means that if we divide the treatments s.s. iﬁto the contribution from a
comparison 2y and the remainder, and now wish to subdivide the remainder, we
must choose comparisons that are orthogonal to Zq« Similarly, after removing
the contribution of Z5, the next comparison 23 must be ofthogona} to both zq '
and Zoy and so on, This leads to the next rﬁle. A
Bule 3, 1If the comparisons z;, z,, .., z,_; are mutually orthogonal, i.e,
every pair is orthogonal, then _ '

22 22
+ B eges K=l

(Treatment s.s,) =
D1

=
o

This algebraic identity partitions the treatmenté SeSe (whiqh has (k-1)
degrees of freedom) into (k—i) components, éach représenting a single degree of
freedom, |

Starting with a specified 2y, wo can always find z,, Zyy eee 27 S0 as to
~ construct a complete orthogonal set, In fact, it may be proved that thére is
_ considerable freedom of choice in this process, When all but the final a1
have been selecpgd, therc is only one possible choice for Ze10 but at any previous
stage many z's can be found that are orthogonal to all preceding z'sse The

experimenter must choose the z's that arc most relevant for purposcs of intorpretation
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Table 3.4 shows the'single components most frequently used for interpretative
purposes when there are three or four treatments, It is assumed that all treate
ments have the same number of replicates."The divisors D are those required for
ingerting the square of z in the analysis of variance, The reader should verify
that these divisors satisfy rule 1, and that each set of z's forms a complete
orthogonalvset. ‘

With three treatments the two sets presented are essentially the same,
though the meaning attached to each g is different, Case (i) applies in an
experiment where we have, say, zero, single and double dressings of a fumigant,
and wish to isolate the linear and qﬁadratic components of the response curve,

The response found by fitting a stfaight line to the three levels is represented

by 29, while 2z, measures the deviation from a linear response, Case.(ii) arises
when we have comparable dressings of two différent fumigants, and wish to examine
the avérage effect of fumigation (zl) and the difference between the fumigants (zz).

With four treatments, case (i) shows zero, single, double and triple
applications of the same ingrcdients here the response curve can be divided into
its linear, quadratic and cubic components, Alternatively, in case (ii), we might
be testing the wearing qualities of two types of "100% wool! suits and two types
of suits made of wool-rayon mixtures, Case (iii) is used, for instance, when we
examine the effects of two different amounts of sugar and two different amounts
of vanilla in the preparation of a cake, Experiments of this type are discussed
more fully in chapter V,

When different treatments have differing numbers of replicates, the rules
are changed slightly, If the i%h treatment has ry replicates, we have shown that

the treatments's.s. is

2 2 ' 2 2
T T T T + T e+ T
~l+—g+...+..15 .....__.(1 2. }.S)

Ty Ty Ty ( 2: ri)
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The changes to be noted ares

(i) A linear function

+ Fo et
Tl /’;2'.{'2 see &ka
is a comparison among the treatment totals Ti if
.. , .
1 /wl 2 /w2'+"'+ Py /wk = 0

(11) The divisor required for'zg is

W 1! r /2 taeeb p [Zk
(iii) Two comparisons z, and z, are orthogonal if

k] 11 /21 r’plzfzz ** rkjlk/(/.?k Os

3443 Incomplete subdivisions, The subdivision need not be complete in the sense

that 1t is composed eﬁtirely of single components, In the eelworm experiment

we suggested that the treatments s.s., with 8 components, might be divided into
the following parts: (i) a single component, representing the average response
to fuﬁigation, (ii) a single componént representing the deviation of the average
response from linearity, (1ii) a part representing differences in the response
to the different fumigants. Since there are four fumigants, this part comprizes
three components, (iv) a part representing differences in the curvature of the
responge curves for different fumigants: this also has three components, Some
ruleé for partial subdivision will be given and applied to this example, The
most general rule is as follows, .

Rule 4, 4 set g of quantities Qg are independent components of the treatments s.s.,

with n; d.f, rospoctively, if

2 2 2
11 %42 Zin,

Qi=5—+5_+'.'+ -D—-.. ’ (i= 1, 2y wsvey g)
i1 | |

i2 ini



Table 3.4 Sgggle sets of sincle components,
Three tregtments
(1) Equally spaced increments (1i) Two qualities of an
of one ingredient ingredient and a controls
Zl 22 zl ZZ
oo 1 7, (0) -2 0
‘Component  Lin, Quad, Component Effect Quality
(Divisor D) 2r¥% br ‘ Divisor (D) of g diff,
6r ' 2r
Four treatments
(1) Equally spaced increments (ii) Two comparable types of
of one ingredient ingredient, a & b, and two
qualities of each type,
Zl 22 23 Zl Zz 23
T, -3 1 -1 | 7, (a,) 1
T, :1 ! +3 T, (a,) +1 -1 0
T, +1 -1 -3 Ty (bg) -1 0 *1
T 1 +1 - -
A 3 , TA (bz) 1 0 1
Component Lin, Quad, Cubic Component g vse b Quality Quality
D 20r 4y 20r D diff, diff,
' - : within g within b
Ly 2r 2r

(iii) Different levels of each of two
different ingredients a and b,

Zq | 25 z3
Ty (ab) -1 -1 +1
T + -] -
2 (ajb) 1 1 1
T3 (albz) -1 +1 | -l
T, (azbz) +1 +1 ,+l
Component Average Average Interaction
D response response
to g to b
Lr 4y A S

r* = number of replicates, assumed the same for all treatments. The
coefficients given above are not valid if r varies from treatment
to treatment,



. where all zij are mutually orthogénal comparisons, and the Dij are the appropriate

divisors, Further, the remainder

(Treatment s,s,) = :E: Q
is an independent component of the treatments s.s, with

(k - 1) = 3 ny degrees of freedom,

This rule, which is a deduction from previous rules, is not very helpful
to the beginner, With experience it often becomes easy without carrying out
the details to see whether a set of Qi can be éxpressed in this way, Some more
specialized rules follow,

Bule 48, If Tl’ T2,-... Tp are the totals for any set of treatments, then

2 2 2 ' 2
T T +
Q = ;-]3 + £ 4o T ‘(Tl Tz soe Tp)
1 T2 o PN

is a component of the treatments s.s., with (p - 1) degrees of freedom,

This rule states that the sum of squares of deviations among any
subgroup of the treatments, with proper divisors, is a part of the treatments s.s.
Bule 4b, Sometimes the treatments (or part of them) can be'divided into a
number of groups. The mmber of treatments in a group need not be constant, and
different treatments may ha#e-different amounts of replication, Let Tij be the

total for the j'B treatment in the 1%h group and let

= + o = -
Si Til Ti2 Fosut Tipi $ Ri ril + riz Tooet ripi. (i = 1, 2, eeey g)o
Then let
' 2 2 2 2
o . A, 2 Ty %
et r 7 _*""P ;_- -; : (121, 2, eues 2)o
11 Ti2 ipy 4
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2
S : Sz S, Feeet 2
Q = ‘—]‘ teoat =B .(__1......_._..8.3.)...

g+l Rl Bp Rl +toout Rg

In this caso Qi represcents the sum of squares'of deviations among the trcatments
in the 1% group, with (py - 1) degrees of freedom, while Qg+y is the sum of
squares of deviations among the group totals with (g -~ 1) degrees of freedom,
These Q's are independent components of the treatménts SeSe

Bule 4e, This applies when all treatments have the same number r of replicates,

and every group contains R treatments, Let

o= | +...+!T

1 il

where the set of,g 's remains the same in all groups, Then

= Z(z - 7)?
r Z_!z

is e component of the treatments s.s., with (g - 1) degrees of freedom, This
rule is ﬁSeful when we wish to compare linear functions of the treatments within
each group, Note that the divisar in Q is the same as the divisor that would
Be used for a single Zqe
dpplications, In the eelworm experiment, the gverage effects of fumigatlon are
obtained from a comparison of the total for the control with the totals for the
single and double levels of fumigation., Consequently, we might regard the nine
troatments as divided into three groupss the control, the single levels, and the
double levels, By rule 4b, this gives the following partition of the treatments

Se8. (the treatment totals are found in table 3.2).

(1066)% + (928)° + (U31)° + (892)°  (4317)?

Between fumigants (51ngle level)s

(3 duf) 4 16
' = 45, 461 |
' 2 2 2
Betweon fu?igants)(double level)s (1265)° * (877)% + (1241)° ¢ (llggl_ 145921_
3 def, v : 1

= 23,641 ,
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o 2 2 2 oy, a2
Between levels: (5858)_ * (4217) + (4505) - (4,680)7 - 88,347,
(2 dufs) 16 48 |

The th;ee sums of squares édd to 157,448, in agreement with the treatmenﬁs SeSa
as given in table 3,3, |

The next step is to divide the degreés of freedom between levels intb a
component representing the average response to fumigation and one representing
the deviation from a linear response, By least squares theory, the former is
given by a comparison of the double level with the zero level, That is, we may
take

| 2y = Sy = SO = 4505 - 5858 = - 1353,

where the suffix refers to the level, The deviation from linearity is measured

by the orthogonal comparison
2, = (s2 - sl) - (s1 - so) = 5, * Sy = 25, = 4505 * 5858 - 2(4317) = 1729,

Since each § is a total over 16 plots, the divisors are 32 and 96 respectively,

Hence the contributions to the sum of squares are

2
Aveorage linear responses (1223)

2
= 57,2073 . Average curvatures 53%%21. = 31,140,

The subdivision found thus far might be presented as shown below,.

def, SeSe m, S,

Between treatments 8 157,449 19,681
Average linear response 1 57,207 - 57,207
Average curvature 1 31,140 31,140
Between single levels of fumigants 3 45,461 15,154
Between double levels 3 23,641 7,880

This is not the subdivision envisaged at the beginning of this section,.
Instead, it was proposed to divide the final 6 d.f. into three representing

differences in the responses to individual fumigents and three representing



differences in the curvatures of the individual response curves; This separation

is more difficult, Consider a comparison of (CN) and (CS). Estimétes of the

difference between these fumigants are available both at the single (1CN) and the

double (2CH) leéel. If the effects of both fumigants are proportional io the

{ amounts of dressing, the frue difference at the éouble level wiil be twice thatv
at the single levei; On this assumption, two independent estimates of the

faom - e ama {om - (208) ) /.

The second estimate is considerably more 'aécu_rate than the first, since its

1
?
f difference between (CN) and (CS), for a single dressing, are
:

variance is only 4 as latges Statistical theory shows that such estimates are
combined by weighting,each ihversely as its variance,
Hence, on the assutption of 1inea.rity, the most accurate estimate of the

) difference per unit dressing is

faam - ool + W) {teom) « (oo} . faom - Gos)} + 2 faom = os)] , g

1+,

This shows that differences in the linear responses to the four fumigants
are measured by comparisons of the quantities (1CN) # 2(2CN), ete, These quantities
are given below,

Single level plus twice double level,

(CN) (Cs) (cM) {CK) Total
3596 2682 3913 3136 . 13327

It is for quantities of this kind that rule 4c¢ is.useful, This rule shows that
the sum of squares of deviations of thevée qmntitiés , when divided by rz,?i, or
(4) _{(1)2 + (2)2} s 1.8s 20, is a component of the treatments s.s.. This gives
43,408, representing differences in linear responses to the fumigantse

We naw consider the final three components, The curvature of an individ_ual

. responge curve is measured by a comparison of the type
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{(2cw) - (ICNB - {(101\1) - (0)3 = {(ZCN) + (0) - Z(ICN)} y
where (0) represents the total mmber of eclworms over 4 plots for the control
treatment, When the diffgrence between two fumigants is taken (0) term disappears
and ‘we obtain the compérison
{(201\1) - 2(101«)} - {(a0s) - 2(1cs8 (3.19)
It is easy to verify that this is orthogonal with comparisons like (3,18),
Consequentl& differences in curvature arc compared by means of the quantities

shown below,

2(Single level) - (double level)

(cw) (cs) (cM) (CK) Total

867 979 1621 662 4129

" Rule 4¢ again applies, The divisor is 20, and the sum of squares contributes 25,693,

The final separation is given in table 3,5,

Table 3,5 Subdivision of the treatments s.s. for the eelworm data,

Source of variation ' defa SeSe MeSe
Average linear response 1 574207 57,207
Average curvature 1 31,140 31,140
Differences in linear response - 3 43,408 14,469
Differences in curvature , 3 25,693 8,564

Error 36 544,690 15,130

It is evident from F-tests that none of the mean squares is significant at the
5 percent level, and only that for the average linear response approaches near
to the 5 percent level, These results must not be taken as final conclusions
for this experiment, 4s will be seen in section 3.8, additional data were
recorded in this experiment which permit a more accurate analysis.
& more extensive discussion of this general topic, with a number of examples,

is given in Snedecor's book, (3.4) chapter 15, It is worth ropeating that the



amount and type of subdivision that should be done depends on the experiment,

~and to some extent on individuel taste. As will be seen in the next section,

any single component can be tested by means of a t-test derived from the treat-

ment means, and some workers prefer to make the test in this way.

3.5 GCalculation of standard errors for ¢omparisons among treatment means.

3,51 Rules, We first give a rule (rule 5) that is more general than we need, -
because it is sometimes useful for other purposes,

Ryle 5, The standard error of any linear function
z = lyl + fzyz *oeecet NyN
of the individual observations is
= A 2+ 24’--. 2 -
0;“7'][1 Foreer B .

The estimated standard error is obtained by substituting g for QZ; vhere g is

the square root of the error mean square in the analysis of variance; This

rule supplies the standard error of any kind of linear function, provided that

it has been expressed in terms of the ingividual obgervations., For linear functions
of the treatment means, one of two special cases of the rule is used,

Bule 5a, If all treatments have fhe same number r of replications, the standard
error of a linear function |

RO Ao oo A

of the treatment means §i is

i

g 2. 724 2
= "0..
a"z = .114- [2 +[k .
Rule 5b, If the 1th treatment has r; replications, the standard error of z is
‘Fév 2 2
0,= 0 =, 1-2-+---+£}£
: ' 1 2 Tk
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. 4s in the general casc, we subétitute 8 for0 in order to obtain the estimated
standard error, Finally, a rule that may save labor in bcomplex cases is as
follows, |

Bule 6, If the linear functions z,, Zyy ees 2, are mutually orthogonal, the

P
standard error of

zZ = ;G_zl + 1222 TR S ’?pzp

is O';r-ylleic—i"fg ¢2+'f'+,€12,0’§ ’

/

where G i is the variance of z;.

This rule enables the work to be done in two stages, Sometimes, in a large
experiment, it is relatively easy to express the function z in terms of a number
of familiar orthogonal functions, but raﬁher tedious to write g in terms of
original observations, The variances of the z; may be found by rule 5 and

. substituted. in fule 6., Note that different z, may involve the same set of

observations, provided that the zi'are nrthogonal,

3:52 Examples, These rules will now be illustrated by application to the eelworm
experiment, The treatment means are shown below, the figures in parentheses

.denqting the order in which the treatments are nmnbered.

Table 3,6 Mean numbers of eelworms per plot. "

Fumiganf,

Level (cN)y  (cs) (cM) (cK) Means
0 : '366(9 . 366
1 266(5) 232(6) 358(7) 223(8) 270
2 316(1) 219(2)  310(3) =280(4) 281

From table 3.5 the standard error per plot is < (15,130), or s = 123, with 36 d.f,
Ex, 1, Standard error of the average linear response, This is measured by the

@  average response to the double dressing; i.es
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Since the first four means are based on 4 replicates, while Yg has 16 replicatea,

we apply rule 5b, which gives

s, = (123)\/1’2- -2-*' -ilg- %4-1%. %»,Tlé. %+ (1) =k « 223
The value of Student's t is 85/43,5, or 1;95..

4s mentioned previously, the t-test of any comparison, as made above, is
identical with the F-test of the corresponding component in the analysis of
variance, The basic relationship is F = 323 that i1s, if the 5 percent values of
L for p degrecs of frecdom are rcad from the table and squared, their squares are
the 5 percent F-value for 1 and n degrees of ffeedom; and similarly for any other
signifiéance level, This result may be verified in the present instance, The
values of t° is 3,80, with 36 d,f.. From the analysis of variance in table 3.5,
the F-value for the average linear response is 57,207/15,130, or 3,78, with 1 and

36 d.f., the two values'agreeing apart from rounding errors, The reader may check

that the same agreement holds for the average curvature,

Ex. 2 Responsebto the single dressing of (CN), The response is measured by
Z=3-75-!§9.

Once again rule 5b is sppropriate,

ASZ=123 ’%*-]—%—:l%ﬁ:és.s.

Ex, 3 Difference between the linear responses to (CN) and (CS). In section 3,43
it was shown that this difference is

2= {F5- 5o+ 1 - 5,3 /5
Since all means have 4 replicates, rule 5a may be used.

= -21. . = =
5 Ty YL LAk (12,3)(VID) = 38,9,
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Bx, 4 Although the experiment is not complex enough to exhibit a profitable
application of rule 6, this example shows that the rule agrees with the other
rules, Suppose that at the double level we had compared (CN) with (CS), and

also the two chemicals with the two proprietary mixtures, The comparisons are

(FL ) (33t F)
leyl,.yz;-zz-_--—]:zz— 325—.

H

0z, = -—G-:-\/Z ; o—zz=_0_-:.
2

and it will be noted that the two functions are orthogonal,
If now we wished to compare the double dressing of (CN) with the mean of the
three other double dressings, the comparison would be
(5, * 53+ 7))

ZA=§1" 3 ‘ .

By a direct use of rule 5a, we have
(y~ ' CF' / _ + 1.1 o
9 9 "'":3:"1" *

But alternatively we may write

and apply rule 6 to give

N ATy -k
o5 T2 vk o2y = o fEG - B %

in agreement with the more direct method,

- 3453 Testine effects suggested by the data, In order that F-and i-tests be valid,

the tests to be made in an experiment should be chosen before the results have been

ingpected, The reason for this is not hard to sce, If tosts are selected after
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. inspection of the data, therc is a natural tendency to select comparisons that
appear to give large differences, Now large apparent differences may arise
either because there are large real effects, or because of a fortuitous combination
of the experimental errors. Consequently, insofar as differences are selected
just because they seem to be large, it is likely that an undue pfoportion of the
cases selected will be those where the errors have combined to make the differences
large, The extreme case'most commonly cited is that of the experimenter who always
tests, by an ordinary t-test, the difference between the highest and the ;owest
treatment meaﬁs. If the number of treatments is large, this difference will be
substantial even when the treatments produce no real differences in effect, It
may be shown that with 3 treatments the observed value of t will exceed the 5%
level in the table about 13% of the time, With 6 treatments the figure is 38%,
with 10 treatments 63% and with 20 treatments 92%, When the experimenter thiﬁks

. that he is making a t-test at the 5% level,. hé is actually testing at the 13%
level, or the 38% level,vand so on, To summarize, the selection of those differences
that look large and therefore "interesting" invalidates the ordinary tests of
significance, The effect is to obtain too many significant results, or to raise
the significance level of the test from the presumed 5% to some higher level;
usually unknown,

On the other hand, the rule that no tests must be constructed after seeing
the data seems contrary to sound scientific practice, Often the initial experiments
in a 1i1.. of research arse conducted in order to "see what happens"; the research
worker does not know in advance what comparisons he may wish to test, &nd gﬁen
where hypotheses about the nature of the results can be set up, experiments often
indicate strongly, as ié later confirmed, that these hypotheses are erroncous and

. that the method of analysis based on these hypotheses is inappropriate, Consequently,
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while the effects of sclection cannot be ignofed, they should not deter the
experimenter from the most careful examination of his data. &ny difference that
is of iﬁterest, whether anticipated or not, should be tested, If the ordinary
tests show that the diffefencg is pot significant, thén at least we know that

the difference can be accounted for without supposing any real effect, If an V
unexpected difference ig statistically significant, the possibility of a selection
effect should be borne in mind: When the point at issue is important, the best
procedure’ is to conduct a new experiment specifically designed to confimm or
disprove the indiqations from the previous results,

The reporting of such effects presents difficulties, The following is a
'suggestion. "The oxperiment also indicated an unexpected effect of ¢ese Although
this was statisticglly significant at the 5% level, it is contrary to previous
experience, and must at present be regarded with caution, Fufther work on this
point will be undertaken®", The difficulties with this kind of writing are that
we do not wish to imply that the effect is definitely established, and yet the
writing should not encourage the reader to ignore any result that is contrary

to our preconceived notions,

3.6 Subdivision of the sum of squares for error.

61 _Reasons for subdivision, The sum of squares for error dan be partitioned
into components in the same way as that for treatments, Although such subdivisions
are not so frequeutly réquired as with treatments, they have a number of uses,
Sometimes there is reason to believe that the error s.s. is not'homogeneous; that
is, the residual errors g do not all have the same variénce JR as postulated in
the mathematical model. In this case, as will be shown in section 3,63, subdivisions
of the'error may be necessary in order to obtain valid t-~tests, Occasionally a

gross error in some observation may be suspected, and it is helpful to calculate
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. the contribution of this obscrvation to the orror s.s,, In addition, a subdivision

may help in understanding the nature of the error mean square,

6 les for subdivision, These follow the same general pattern as with

treatments, though they are a trifle more complicated, It is necessary to go
back to the normal equations (3,4) from which the treatment and block effects
were estimated, These equations took the form A

2 (rije-m=ty - b;) =0 ' (3e4)
In other words, the residuals that provide the estimates of error must add to

zero over any treatment, or over any block, Consequently, if the linear function
2= Z""ijky 13k

is to be a component of the error, the coefficients ‘Vijk must sum to zero over all
observations that receive any specified treatment and alsoc over all that are in
‘ any specified block, These are the tests by which we tell vhether any proposed

2z is a part of the error,

For any z which satisfies these tests, the contribution to the error BeSe 18
22/D, where by rule 5,

D=3/ gjk .

We now examine some components of the error s.s. in the eelworm experiment,
Obviously, the difference 2 between the eelworm numbers on any two control plots
in the same block satisfics the coﬁditions. Similarly any comparison among the
four confrol observations in a block is a component of the error, It follows that
the sum of squares of deviations of these four observations from their mean
contributes 3 d.f, to the error s.s.,. The four blocks together contribute 12 dyfe

of this type of error, The sum of squares will be found to be 307,312, This component
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is ameasure of the amount of variation among observations that receive the same
~treatment and lie inAthe same block, and is the type of component that we shoul&
expect to constitute the error, Howevér;wthis type of component is encountered only
when some treatments have been replicated yizgig”the block,

Consider now the difference between two other treatments, say (10N) and

(1cs), Let

5 = (100); ~ (10s),,

where the suffix 1 denotes that the tyo observations come from block 1, This
function is not a component of the error, for while the coefficients add to zero
over every block, they do not do so over treatments (1CN) and (1CS)e But if we
take | :
71 = 2, = (10W); - (108), - (10N), + (108),,

the conditions are satisfied, This expression ghows how the differehce between two
treatments changes from one block-to another, It is a measure of the effect of
the block on the treatment difference, and is usually called interaction of
treatments with blogks.. Such interactions are the typical componenﬁs of error,

If z; is the difference between (ICNj and (1CS) in the ith block, any. )
comparison among the z; satisfies the rules réquired for a component of the error,
Hgnce the sum ofbsquares of deviations of ﬁhe 2y, when divided by 2, contributes
3 defs to the error s.s,, A4 similar result holds if we take any comparison among
the treatments and calculate it separately for each block, Since the 9 treatments
provide & independent comparisons, we see that the 24 dsfe for the interactions
of treatments with blocks may be divided into 8 sets of 3 dof.s The sum of

Squares for these 24 d.f, can of course be found by subtraction as shown below,

5 ettt o 1 a




2

defe SeSe MeSe
Error 36 544,690 15,130
Among controls 12 307,312 25,609

Treatments x blocks 24 237,378 9,891,
The F~ratio-of the two components of error is 2,59, wiﬁh 12 and 24 d,fee: In the
ordinary table this corresponds to a significance level of about 2%, It is
probably more correct to make a two-tailed test by doubling this probability,-
Eithef test indicates that the controls are more variable than the other treatments,
This is not very surprising, since in data of this type the variance may tend to
increase as the mean increases, In any event the result throws doubt on the
suitability of the original mathematical model; it would seem better to ascribe
differeﬁt error variances to the control and the fumig;nts.

The control also contributes to the treatments x blocks component of the
error, The eight camparisons‘among the nine treatments can be divided into one
between the control and all fumigants, and seven which are comparisons among the
funigants themseives. The former will contribute 3 d,f, to the treatments x
blocks interaction, the latter 21 def.,. If the control is more variable than
the fumigants, we wbuld expect the mean squaré for the 3 d.f. to be larger than
that for the 21 d,f., though it should be remembered that a mean square wiﬁh only
3 d.f. is poorly determined,- In the next section these two components will be

computed separately,

63 _Calculation g e error for a treatment comparison. 4s the eelworm
example illustrates, certain treétments mey be erratic in their effects, while
others in the same experiment show more stable results, When this occurs,
comparisons involving the erratic treatments have a higher experimental error
variance than those among the more stﬁble treatments,. Since the error m.s.

in the analysis of variance is some weighted average of these different variances,
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. its use for individual t-tests may not be valid, In such cases it is helpful
to be able to calculate a separate error for any specific treatment comparison,
The procedure will be iliustrated for the comparison between the control and the
fumigants, |
The‘first step ig to ccmputekthe corparison separately for each blocke

Totals ‘in block

Eelworm experiment 1 2 3 4 Total
Control 181, 1295 1769 980 5858
Fumigants 2560 1780 2983 1490 8822

2(Control) - (Fumigants) 1059 810 555 470 289%
Since there are four control plots and eight fumigated plots in a block, the control
total is multiplied by 2 in ‘foming the coﬁparison. The contribution to the error

Se8, is

(1059) * (810)° + (555)% *+ (470)° _ (2894)%
- 2% %

= 8,862 ,
. The diﬁsor 2, is found by the usual rule, The mean square is 2,954, with 3 defae
By subtraction, the mean square for the interaction of fumigants with blocks
(21 d.f,) is found to be 10,882, Contrary to anticipation, the component involving
the control has the smaller mean square, though the difference does not approach
significance.
As often happens when the simple model is inadequate, the best approach for
a more accurate analysis is open to question, It is possible to compute a
separate error, by the method just given, for each i-tost that is made, This
is the procedure least open to criticism, since it makes no assumption that errors
are constant from one treatment to another, Since, however, each t-test would be
'baséd on only 3 d.f.,, these tests are insensitive, éo, that this method should
not be used without good reason, In the present case it is probably justif_iable
. to postulate only two error variances, The first, appropriate‘ to the controls,
is estimated by the mean .sq;are 25,609, with 12 d.f.; the second, for the
fumigants, by the mean square 10,882, with 21 d,f, By this approach the rvariance

of the mean response to the double dressing, for example, is estimated as
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[ 10,882
-Q]lz)—-— + 32?2—92: 2’281.

gince each mean is taken over 16 plots,

Separation of the error s.s., into single components is seldam required
except in special studies or as an exercise, One method is to set up 8 |
orthogonal comparisons among the treatments, Calculate each comparison separately
in each block, and let 24 be the value obtained for the 10 comparison
(1=1, 2, ese 8) in the J*¥ block, Then find

& - = + - . = + + -
Vi) T Bgq < Zyp b Wip T %3y o 2gp = 22535 Wyg T 2y Y Zgof iy - 3%y,
Bach u'is a component of the error and the whole 24 u's are mutually orthogonal,
The squares of the w's, each with its proper divisor, give a separation of the

exror s,s. into single components,
‘ ' _ 3.7 Missing data.

3,71 Method of handling missing data in the analysis, From time to tinme

certain observationg are missing, through failure to record, or gross errors in
recording, or accidents, The omissions naturally effect the mefhod of analysis,
With each of the common designs we givé computational instructions for analysing
data that contain gaps. 'The object of this section is to indicate the
theereticél basis for these methods,

When certain obéervations are absent, the correct procedure is to write
down a mathematical model for all observations that are prosent. The least
squares normal equations are then constructed in fhe usual way. These take

exactly the seme general form as when all observations are present, i.c,

Z (yijk - - ti - bj) = 0
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over all observations whose equations contain any specified parameter that is

to be estimated, Since, however, the terms in the ‘equations corresponding to
imissing obgervations are absent, the system of equations loses some of the symmetry
that it possesses when all observations are present, and the solutions are more
difficult, The same general procedure supplies F-and t-tests of hypotheses about
the nature of the treatment effects as described in section 3,24, though again the '
details become more complicated, In the analysis.of variance, two changes may be
noted, Owing to the misging obgservations, the treatments and blocks s.s, become
entangled, so that the treatments s.s, must be computed after allowing for block
effects, as mentioned at the end of section 3,26, Secondly, if g observations

are gbsent, the total number of degrees of freedom, is reduced by g. Unless one

or more complete treatments or blocks is missing, the number of parame#ers required
to describe these effects will be the same as before, Consequently, the missing
degrees of freedom all come from the error s,s., which now representsA(ne - a)
degrees of freedom, In short, missing data may be handled by applying the standard
least squares procedure to all observations that are not missing, For future
reference, this method will be called the "qorrect least squeres procedure',

To the experimenter it may be a difficult business to carry out the

construction and solution of a set of unfamiliar normal equations, even though

he is quite competent to analyse a sct of complete data, For this reason Yates
(3.9), following a suggestion by Fisher, considered insecrting values for the
missing obscrvations se as to obtain a set of complete data, Suppose that only

& single obéervation is missing, and that a value "x" is substituted for this |
observation, - If the analysis of variance is calculated in the usual manner for

complete data, the error s.s, is found to be of the form

Ax? - 2Bx + G,



‘missing observation, whereas there are only (r-l) replications, To allow for

where 4, B and C are nmumbers that are determined by the type of design and the
values for the other observations., (A is always positive),
In order to find a numerical value for %, Yaﬁes proposed to use the value

that minimizes the error s.s.. This is x = B/A, If this value is inserted in

.place of the missing observation, and if the data are analysed as if no observations

were absent, Yates showed that several important properties holds (i) the

estimgtes of tfeatﬁent and block effects are exactly the same as those obtained

by the correct least squares procedure, (ii) the error s.s. is exactly the same

as given by the correct procedure, (iii) to obtain the correct partition of the

degrees of freedomywe subtract 1 from the total s.s. and 1 from the error s,ss.
Yates also showed that the method of insertion fails to agree with the correct

least squares procedure in two respects, The treatments s.s., as obtained in the

analysis of variance of the "complete" data, is alvays slightly larger than the -

correct treatments s,s, for an F~tcst of the treatments, Unless an apprecisble

fraction of the total observations is missing, this overestimation is unlikely

to be large; furﬁher, the exact F~test can be obtained by means of some additional

calculations, The segond defect 6f the method of insertion is that it may not

give proper t-tests, That this will happen is clear, because in the analysis of

"complete! data 1 replications are‘ascribed to the treatment that contains the

this disturbance we give special rules vhich provide t-tests that are approximately
correct,

Thus the method adopted with a missing value is first to Mestimate" this value
by means of the formula B/A which wiil be presented for the commoﬁ designs. This
estimate is used in place of the missing‘value and the rest of the analysis is
conducted as if the data were complete (except for the changes in degrees of

freedom), Special methods are available for exact F~tests and for t-tests,
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If several observations are absent, a repcated application of the formula enables
values to be substituted for each missing observation,

This method is essentially an ingenious cbmputational device whose purpose
1s to enable the easy computations that apply to complete data to be used even
when data are incomplete, Substitution of estimates for the missing data does
not in any way recover the information that is lost through loss of data, as some

experimenters have suggested,vusually facetiously; it merely attempts to reproduce

- the results obtained by an application of the least squares method to the data

that are present, The only complete solution of the ™missing data' problem is

not to have them,

8 Th alvsi covariance
3.8) _Purpose of the technigue, As indicated in section 3,2, experiments can be

planned so that certain types of envirommental effect are eliminatedvfrpm'the
estimates of the treatment effects; with the result fhat fhese estimates are made
more accurate, In the eelworm eiperiment, where the plots were grouped into blocks
of 12 plots each, any.differences from block to block in the severity of eelworm

infestation were eliminated in this way, On the other hand, differences in

infestation from plot to plot within the same block are not controlled by the design

and do contribute to the experimental errors, since treatments were assigned at
random to plots within each block, Accordingly, before the fumigants were spplied
samples were taken‘in order to estimate the natural infestation on each plot,

The analysis of covariance shows how to use these supplementary data to
raduce the experimental errors by eliminating the effects of varjations in the
initial infestation Qithin a block, The technique is potentially very useful, It
often happens that some source of variation which cannot be controllea by the design

can be measured by taking additional observations, Whenever this is so the analysis
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' ‘of covariance can be utilized, often to great advantage, One caution is that
since the additional observations are to measure gnvirommental éffects, they must

not be influenced by the treatments, The situation where such measurcments are

~ influenced by the treatments is discussed in section 3,88,

3282 Initial steps in the analvsisy The first step is to construct a new

mathematical model, If Y1k refers to the final eelworm count and %y 5 o
the initial, the relation is

TigeHt Uit Pyt V=Dt Ga)

The only change is the introduction of a new term to describe the effect of

the initial eelworm mumber, We have assumed that the effect is linear, i.e,

it is a constant multiple % of the amount by which the initial eelworm number

xijk on the plot differs from the average initial number X for the whole experiment,

As before, the unknowns are estimated by least squares, In this case we

minimize A

Z' {yijk ‘- mn - ti - bj - c(xijk - .}-C )‘} 2 (3022)
The normal equation for m is again of the form

EE;Z?ijk -m=ty - bj - c(xijk - x):} =0 (3423) -

over all observations, If the same linear restrictions as before are applied
to the t; and the by, equation (3.23) implies that m is the mean of the ¥jjye
The equation for t; is the same as (3.23) except that the sum is over those

observations that receive tj, The equation may be'rearranged as

o = - _‘- .
r.m riti Tiy ,c(Tix rix) ’ (3e24)




' where ry is the number of replications, and I denotes a treatment total, This gives

T, T
T3 Ty

The important feature of this equation is that in order to obtain t;, the observed
treatment mean of the y's (Tiy/ii) is adjusted, the adjustment depending on the
treatment mean of the x's, It is this adjustment that removes the effect of the
initial infestation, |

The equation for ¢, the adjustment factor, will not be developed in full, It

turns out that ¢ is given by the ratio of the error sum of products of y and x

to the error s.s. of x.

3.83 _Computations, 1In préctice we start with a joint analysis of the sums of
squares and products of y and x. In order to i1llustrate certain featurcs of the

. covariance technique, the treatments s.s. will be sﬁbdivided into "linear® and
Yeurvature" components, as was done for y in table 3,5, The original values for
X are given above the y values in table 3,1, The treatment totals and the
quantities needea for isolating the linear response and the curvature are reprﬁduced
in table 3.8, The analysis of thc sums of squares of x follows by the same
methods as given previously for y. To analysc the sum of products, we carry out
the same opcrations as for a sum of squares, except that at every stage a squarc

‘1s roplaced by the corresponding product, A few-examples will suffice,

Total: (269)(466) *+ (283)(280) +eest (42)(208) - {CLEOVLIAEBO) _ ,pp oo

48
Treatmentss (197Sié5858) . £402§1066) event gzzg%g;;ggz - (6166)é14,680) = 9,222
. . .

Average linear responset (2289 ",1975)(4505 = 5858)

32 = "‘13 F) 276‘

The complete analysis of covariance is shown in table 3.9,



50m

Table 3,8 Treatment totals for numbers of cysts.*

Before fumigation (x)

 After fumigation (y)

Level CN €S CM CK Total| CN €S €M CK Total
0 1975 1975 5858 5858
1 402 417 513 570 1902 | 1066 928 1431 892 4317
2 389 554 568 778 2289 1265 877 1241 1122 4505
2(2)*(1)sL 1180 1525 1649 2126 6480 | 3596 2682 3913 3136 13327
2(1)-(2):Q | 415 280 458 362 1515 867 979, 1621

662 4129

¥Numbhers of cysts per ploﬁ were the numbers found in 400 gms, of soil,
Thus the totals in the table represent 1600 gms, of soil, except for the
no-fumigant totals, which represent 6400 gms,

Table 3,9 Sums of squares and products, x = before, y = after fumigations

defe (x2) (YX) (yz) '

Replications 3 159,618 175,873 289,427
Average linear response 1 3,081  =13,276 57,207
dverage curvature 1 2,204 8,285 31,140
Differences in linear 3 22,975 -6,837 43,408
Differences in curvature 3 882 2,606 25,693
Error 36 121,408 189,278 5444690

- Total 310,168 355,929 991,565
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‘ The adjustment factor b, or regression coefficient of y on x, is given by

E
b e JX 189,278

B 121,408

1,559024.

It m&y seem surprising that the coefficient is greater than one, This is probably
explained by the great seasonal increase in the eelworm mmbers, obvious from
table 3,8,

The residual error s.s., may now be found., The original error s.s. is
544,690, with 36 d,f,s To remove the efféct of the regression on the initial

eelworm numbers, we subtract

2
Bx _ (189,278)

= 295,089,
Eyx 121,408 95,089
Bl
_. EZ - == = 544,690 - 295,089 = 249,601

Thus the residual s.s. is 249,601, with 35 d.fs, since 1 d.fs must be subtracted

for the additional parameter & . The residual m.s. s§x is 249,601/35,

or 7,131, This is less than half the original mean square of 15,130, and
| indicates that the use of covariance has approximately doubled the accuracy of the
_ experiment,
| One feature of the covariance method deserves comment at this point, In the
model the effect of X was assumed to be linear, but no assumption was made about
the gtrength of the éffect, That is left to be determined by the data, If the
eelyorm mmbers on each plot had remained unchanged throughout the season, except
for the influence of the treatments, and if the initial numbers had been accurately
measured, the residusl sg,s, would have been zero, The residual s.s, as found
‘ presumably represents a contribution due to seasonal variations in infestation
and one due to the fact that the initial numbers were not estimated accurately,

- being obtained only from small samples of soil, If the variable X had had no linear

b



effect on y, the residual m,s, would have been the same as the original mean

square, apart from sampling fluctuations,

3484 The adjusted treatment means, 4 little time is saved if the adjusted
treatment totals are found first, From equation (3,24) the adjustment to the

3th treatment total of y is
~c(Tyy = ;%) , -
where r; is the number of replicates and X the general mean of x (128,46),

Thus for the control the adjusted total is .
5858 = 1.5590 (1975 ~ 16 x 128,46) = 5858 + 125

= 5983,
and for (1CN)
1066 ~ 1,5590 (402 - 4 x 128,46) = 1066 *+ 174 = 1240,

Table 3,10 Adjusted treatment means (eelworms per 400 grams soil),

Fumigant
Level of _
dressing CN cs M CK
0 ’ 37
1 310 270 358 201
2 365 204 289 178

3285 _t-tests, These tests are slightly complicated by the fact that account

must be taken of the sampling error of the adjustment factor ¢. The difference

between two adjusted means may be written

y1 - .';'2 - C(:-Cl - ;cz).

From regression theory the variance of this quantity is given by

2
05, (= + 1 = _m 22 % - )2
1 2

EXX

where ¢~ §.x is the residual error variance and Exx the error s.s. for x,
43 an estimate of G’ .')th we use the residual error m,s,, in this case 7,131 with

35 d.f,

g
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Example: 4 it-test of the reduction to the double dressing of CS. The reduction
is (374 - 204), or 170 eelworms per sample, The estimatéd variance is

(7,131) ] e+ 1, (123,44 - 138.50)2
164 121,408

3 = (7,131)(,31437) = 2242, (3,27)

the means of the x's being found by division from table 3,8, Hence,

t:ngmL.=;mL=3ﬁO;
2242 47,35

with 35 d,f,, vhich is highly significant,

For a more complicated comparison of the adjusted means,

the estimated variance is

v 2 ﬂ 2\ ) |
Si.x {Z;ﬁi * 'E_E'-Eﬁ— e : (3028)
. i XX

(The term in ¥ vanishes because for any comparison the sum of the f's must be
zero),

One annoying feature of these tests is that the x values enter into the
variahce, so that every comparison necessitates a separate computation of the
variance, 4s a time-saving approximation, Finney (3,10) has proposed that an
average value for the contribution of the term in the x's may be used, This

amounts to using

t 643 ) = (. -
o2y " { 1+ ‘ﬁ‘ﬁ'} = (7131) { 1+ %2 { = (T131)(1,030) = 7,345

as the gffective residual error Me8e, where tix is the treatments pmean square
for x. The term in brackets repreSents the average contribution from the x's, or

in other words the contribution from sampling errors in the adjustment factor g,
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Thus, for the variance of the difference between the adjusted means of the

control and 2CS, we would use,

1, ). 1., 1
(7,345) (1_,1 + ’2) (7,345) TR

i

2295

instead of the value 2242 given by the more exact expression (3,27)s Similarly

instead of (3,28) we use |
L '/}2
7, 345) Y (-f-i
\r;, /

This approximation is usually good enough if the number of error degrees of

freedom exceeds 20, since in such cases the contribution from errors in g is small,

The more exact test may be used if n, is small,

3,86 F-tests, The fact that the same adjustment factor appears in every treatment

 mean also influences F-testss The procedure is as follows,

"Table 3,11 Fwtest with the is of covar
' 2 2 Residuals
defe (x ) _ (yx) (y ) defe SeSe MeSe
Treatments 8 29,142 =9,222 157,448 g 237,192 29,649
Error 36 121,408 189,278 544,690 35 249,601 7,131
T+E 4, 150,550 180,056 702,138 43 486,793

The figures to the left of the vertical line are from the previous analysis

~ (table 3.9) and in practice would not be recopled, Form a new line in the

analysis by addition of the items for treatments and error, From this value for
(Yz), i.e, 702,138, subtract the contribution due to a regression on %,

' 2
(180,056) |
150,550 o
The remainder, 486,793, is entered in the column headed "residuals s.s." and
carried 43 def., one being subtracted for the regression, The same process is

completed for the error line; actually, this was already done in computing the

residual error sS.See The residual s.s. for treatments is found by subtracting
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that for error from that for treatments + errors It always has the same number
of degrees of frcedom as the original treatments s.s.. The F-test of the
adjusted treétment means is given by the ratio of the residual m.s,

_ 29,649 _
7,131

L anindt 4

with & and 35 dufes

If 1t is desired to test some component of the treatments s.s., the sameb
calculation is made with the component in place of the treatments s.s, throughoute
If several components are to be tested, this becomes rather tedious; 4 useful
approximation is to construct from the original analysis of covariance in table
3,9 an analysis of (y - cx)z. This is most easily done by multiplying each
term in (%) by c?, or 2,43048, each term in (yx) by - 2¢, or -3,11805, and

adding the two products to (yz). The results are shown below,

Table 3,12 Analysis of variance of (y - ex),

dl.f, SeSe MeSe F Ft
Treatments 8 257,032 32,129 _
Average linear response 1 106,090 106,090 14,88 14,51
Average curvature 1 10,66/ 10,664 1,50  1.47
Differences in linear 3 120,566 40,189 5664 5405
Differences in curvature 3 19,711 6,570 0492 0492
Error . 35 249,592 7,131

It will be noted that this calculation gives the correct residual error m.see
However, sums of squares for components of the treatments are always larger than
those given by the more roundgbout correct procedure, Thus the F~values shown
on the right are all too large. The overestimation is seldom great, and the F-
values serve for a preliminary inspection, Those that are just beyond the
significance level may be recomputed by the correct procedure if it is thought

worthwhile, For comparison, the F' values shown above are those obtained by the
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correct procedure (iﬁ is a useful exercise to check them), With either F-or
F'~ there is a significant average linear response and significant differences
among fumigants in their linear responses, while the éurvature terms do not
approach significance, In the analysis made without covariance (table 3,5)

no component was significant,

87 The increase in_accuracy due to covariance, From table 3,9 we see that
with no covariance the error s.s., for y is 544,690, with 36 d.f., éiving an error
m,s, of 15,130, 4 comparable figure when covariance is used is the effective
residual m.s., 7,345. This is preferable to the residual m,s, itself (7,131)
because it makes allowance for the sampling error of the adjustment factor g.
Thé accuracy obtained with covariancerrelative to that without covariance is
estimated by 15,130/7,345, or 2,06, The use of covariance appears to have had
about the same effect as doubling the number of replicates,

4s in ordinary regreséions, the x variable may be transformed to another
scale if this is likely to produce a mote linear relation with y, The use of
log x, for instance, is common in biological work., Two or more different x

variables may be used, The calculations for this case are described by Snedecor

(3.4, chapter 13),

3,88 The case where the x variable is influenced by the treatments, In a

covariance analysis the treatment mean J; is adjusted by the amount -o(%y = %)

The effect of the adjuétmentkis to change each ?i to the value that it would be
expected to have if all treatments had the same mean X, It is in this way that

the technique removes the effect of variations in the X;, If, however, the
differences among the Xy aré in part produced by the treatments, the adjustment
removes part of the treatment effect and its interpreﬁation is changed, Consequently,

in the standard use of covariance it is important to be sure that treatments have
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"not affected the x values, Sometimes this is obvious, as in the eelworm experiment,
because the x values were recorded before the treatments were applied, A more
doubtful case is that of the mumber of plants per plot in a field experiment,
counted after the application of the treatments, which may or may not influence
plant mmbers, 4n F-test of the x values is helpful in such cases.

Where treatments do affect x, a covariance analysis may add some information
sbout the way in which the treatments produced their effects, In the eelworm
experiment, the yields of the oats which were grown on the plots were obtained,
Since eelworms attack oats, it would be interesting to know whether the effects
of.tﬁe treatments on the oats were simply a reflection of their effects on the
eelvorms, This is examined by a covariance analysis in whiech the oats ylelds are
the y values, and the eelworﬁ numbers after harvest are the x values, If the
P-test of the adjusted treatment means still shows significance, the conclusion

 is that not all of the treatment effect on the oats can be attributed te the

reduction in eelworm numbers, This happened in the prosent instance, because

' some treatments supplied nitrogen to the crop, and therefore acted in part as
fertilizers as vell as fumigants, 4s Bartlett (3,11) has pointed out, the
interpretation of this use,of covariance requires care, since a hidden
extrapolation may be involved,

When the x varisbles are‘influenced by treatments, the short-cut method
for t-tests by use of the effective residusl error and the approximate F-tests

by means of an analysis of (y - ex) should be évoided, since they may be

geriously in error,

9 _Effects of ors, he tions underlying the analysis variance

The assumptions made in the analysis of variance are that treatment and

envirommental effects are additive, and that the experimental errors are
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independently distributed in the normal distribution, with a common variance,
"In practice we can never be sure that these assumptions all hold, and often
there is good reason to suspect that some are false, The consequences of
failures in the assumptions, and the remedial sféps to be taken have been
summarised recently by Eisenhart (3,12), Cochran (3,13) and Bartlett (3.14).
Only a few coﬁments will be given here,

'As a rule, the failure of an éssumption will affect both the significance
levels and the sensitivity of Fe and i~tests. When the experimenter thinks that
he is testing at the 5% level, he may actuslly be testing at the 8% level, Usually,
though not invariably, the true significance probability is larger than the apparent
one;Athat is, too many significant results are obtained, Also, there is usually
a loss of sensitivity, in the sense that a more powerful test than the analysis
of variance F~test could be constructed if the correct mathematical model were
known, There is a corresponding loss of accuracy in the estimates obtained for
the treatment effects, since these, too, could be made more accurate if the
correct model were known,

While generalization is hazardous, experience suggests that in the majority
of experiments, at least in the field of biology, these disturbances are not
sufficiently great to invalidate the technique, They do imply, however, that
gignificance levels and confidence limits must be considered as approximate rather
than exact, For the same reason, the inflexible use of say the 5% significance
level to divide the effects into those that are regarded as "real" and those that
are not is hardly justifiable,

The most serious disturbances appear to arise when ihe experimental error
variance is not constant over all observations, Sometimes this happens, as
ﬁentioned previously, because certain treatments are erratic in their effects, In

such cages, the appropriate error variance for comparing one pair of treatments

\
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might be four times as large as that for another pair, and the use of thelsame
_éstimated variance for both comparisons wouid lead to t-tests that were completely
erroneous, Where this type of disturbance is suspected, the remedy is to divide
the error s.s, into components each of which is homogeneous, as indicatéd

in section 3,63, |

The same problem may arise because the experimental errors follow a
distribution that is decidedly skew, In such distributions the error variance for'
a treatment tends to be a function of the mean produced by the treatment, If the
nature of the functional relationship is known, a transformation can be found that
will place the data on a scale on which the error variance is more hearly constant,
This‘transformation is them made on the observations before starting the analysis.
The principal transformations that have been found useful are discussed by Bartlett
(3.14); they include logs, square roots, and (for data expressed in fractions)
inverse sines, B

Such transformations may also be useful in cases where treatment and
environmental effects are not additive, If, for ihstance, a treatment increases
all observations by 20%, irrespective of the initial level, a change to logs will
introduce additivity, When transformations are Qade for this purpose, it should
be realised that they will also affect the disfribution of the experimental errors.
Foftunately, it often happens thét such transformations also bring the distfibution
of errors closer to normality,

Finally, the assumption that the errors are independent from observation to
observation may be obviously untenable, It is well known that crop yields on
neighbouring plots tend to'be positively correlated, and in laboratory experiments
observations made by the same person at about the same time tend to exhibit the

seme type of correlation, These correlations might completely vitiate tests of
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significance, The remedy in this case is the proper use of randomization,
which, as it were, introduces independence in the assignment of treatments to
the experimental units or in the assigmment of the order in which observations
are made, so that the errors may effectively be regarded as independent, For
further discussion of this question, see Yates (3,15), Fisher (3.3) Bartlett
(3.16) and Welch (3.17). |
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CHAPTER 5
Factorial Experiments
5,1 Description

5,11 4 2° factorial experiment, In a factorial experiment the effects of a
mmber of different factors are investigated simultaneously., The treatments
_consist of all combinations that can be formed from the different factors, To
illustrate the simplest case, consider an experiment on sugar-beet with two
factors, These were nitrogen, none (no) versus 3 cwt, sulphate of ammonia
per acre (nl), and depth of winter ploughing (7" versus 11"), Ploughing took
place in late January, the nitrogen was applied in late April and the seed
was sown early in May, Since both factors occur at two levels or variatioms,
the experiment is described as a 2x2 factorial experiment, The four trcatment
combinations are shown below, with the mean yields of sugar per acre (cwt,)
underneath, '

Treatment combinations and yields of sugar (cwt. per acre).

1 2 . 3 4 N
(no,‘7u) (nl’ D) (no’ 11") (n,, 117)
4049 47,8 LRel 5042

The yields may be placed in the following 2x2 table,

Nitrogen
Depth g n, Mean Responge to ny
A 4-009 o 4708 4-4-.4 +609
11 4Red 50,2 4643 +7.8
Mean 416 4940 | 4543
11" minus 7" | +1,5 +2.4 |

The results might be summarized as follows, Considering the effect of nitrogen,
we might report that the application of nitrogen increased yields by 6,9 cwt,
with shallow ploughing and by 7,8 cwt, with deep ploughing, These figures are
called the gimple effects of nitrogen, They represent the type of information
that would be wanted, for instance, in giving advice to a farmer who alwsys
used shallow ploughing but was doubtful whether to apply nitrogen, For the
simple effects of depth of ploughing, we might report that 11" ploughing was
superior to 7" by 1.5 cwt, in the absence of nitrogen and by 2,4 cwt, when
nitrogen was applied, ‘

There is another way of looking at the results, It sometimes heppens that
the effects of the factors are jindependent, By this we mean that the response
to nitrogen is the same whether ploughing is shallow or deep, and that the
difference between the effects of deep and shallow ploughing is the same
whether nitrogen is present or not, 1In this event the two simple effects of
nitrogen, 6,9 cwt, and 7.8 cwt., are estimates of the same quantity and differ
only by experimental errors, On this supposition we would naturally average
. the two figures in order to estimate the response to nitrogen, The average, 7.4
cwt,, is called the main effect of nitrogen, It can be derived alternatively as
the difference between the two column means in the table, 41.6 and 49,0,



2w

Similarly the main effect of depth of ploughing (11" minus 7") is the average
of 1,5 cwt, and 2,4 cwt,, or 1,9 cwt, Note that a main effect, being an
average of the simple effects, is more precisely estimated than the latter,

In this experimént the standard error of a main effect is 1/ J2 times that of
‘a simple effect, .

Consequently, if we are sure that the factors operate independently, the
sumary that was given above in terms of simple effects may be replaced by
another that is both more concise and more accurate, This might read as followss
"The application of nitrogen increased the yield of sugar by 7.4 cwt,, while
11" ploughing increased the yield by 1,9 cwt, as compared with 7% ploughing,®
It is worth repeating that when the factors are independent the figure 7,4 cwte
is the best estimate not only of the gverage response to nitrogen, but also
of the response on plots ploughed to 7" and that on plots ploughed to 11Y,

In other words, the whole of the information in the experiment is contained in
the main effects,

The question arisest how do we know whether the factors are independent?
Frequently the answer is suggested by knowledge of the processes by which the
factors produce their effects, In the present case an agronomist might reason
that deep ploughing should enable the plant to develop a more vigorous root system,
With this the plant should be able to utilize more effectively any added nutrient
such -as nitrogen, Thus he might predict that the response to nitrogen would be
- greater with deep than with shallow ploughing, though he probably would not
expect it to be much greater, In short, he would predict that the two factors
would not be quite independent' in their effects,

In addition to the information that may be available from such reasoning,

8 factorial experiment itself provides a test of tho assumption of independence,.
For if the depth of ploughing docs affect the response to nitrogen, the
difference between 7,8 cwt, (the response to nitrogen with decp ploughing) and
6.9 cut, (the response with shallow ploughing) is an estimate of this effect,
The difference, 0,9 cwte, can be tested in the usual way by a t-test, If it
proves significant, the assumption of independence is rejected by thc data, The
difference (sometimes divided by a numerical factor) is called the interaction
between nitrogen and depth of ploughing, '

Interchanging the roles of the two factors, we may also consider whether
the superiority of deep over shallow ploughing is affected by the presence of
nitrogen, To measure the intersction in this case, we subtract 1.5 cwb.
(superiority of deep ploughing when no nitrogen is added) from 2,4 cwt,
(superiority when nitrogen is added), The difference is again 0,9 cwt, It is
easy to see that this equality always holds with a 2x2 experiment, Each
difference is equal to the sum of the observations in one diagonal of the 2x2
table, minus the corresponding sum for the other diagonal, Such interactions
are called two-factor or firstworder interactions, -,

5,12 Advantages of factorial experimentation when factors are independent, The
advantages of factorial experimentation naturally depend on the purpose of the
experiment, We suppose for the present that the purpose is to investigate the
effects of each factor over some preassigned range that is covered by the levels
of that factor which are used in the experiment, In other words the object is
to obtain a broad picture of the effects of the factors rather than to find,
say, the combination of the levels of the factors that give a maximum response,
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‘ One procedure is to conduct separate experiments each of which deals only with
a single factor, Another is to include all factors simultaneously by means of &

factorial experiment,

If all factors are independent in their effects, the factorial approach will
result in a considereble saving of the time and material devoted to the experiments.
The saving follows from two facts, First, as we have seen, when factors are
independent all the simple effects of a factor are equal to its main effeot, so
that main effects are the only quantities needed to describe fully the consequences
of variations in the factor, Secondly, in a factorial experiment, each main effect
is estimated with the same precision as if the whole experiment had been devoted
to that factor alone, Thus in the preceding example, half the plots receive
nitrogen and half do not, Consequently, the main effect of nitrogen is estimated
just as precisely as it would be in a simple experiment of the same size devoted
to nitrogen alone, The same result holds for the effect of depth of ploughing,

The two single-factor experiments would require tuice the total number of plots

in order to equal the precision obtained by the factorial experiment, If there
were 3 factors, all at two levels and all independent, the single-factor approach
would necessitate p times as much experimental material as a factorial arrangement
of equal precision, The gain from factorial arrangements in this case is very
substantial, ' '

Practical considerstions may diminish this gain, The experimenter frequently
lacks the resources to conduct a large experiment with many treatments, and must
proceed with only one or two factors at a time, . Further, it has been pointed

‘ out previously that as the number of treatment combinations is an experiment 1s

. enlarged, the standard error per unit inercases, This standard error is there-

fore likely to be higher for a large factorial experiment than for a comparable

-gingle-factor experiment, This increase in standard errors can usually be kept
small by the device known as confounding, described in chapter VI,

5,13 Fagtorial experimentation when factors are not independent, We assume that
the purpose is still to investigate each factor over the range represented by its
levels, When factors are not independent, the simple effects of a factor vary
according to the particular combination of the other factors with which these are
produced, In this case the single~factor approach is likely to provide only a
number of disconnected pieces of information that cannot easily be put together.
In order to conduct an experiment on a single factor 4, some decision must be
made sbout the levels of other factors, B, &, D, say, that are to be used inthe
experiment (e,g, whether all plots should be ploughed 7%, 9" or 11" deep in an
experiment on nitrogen), The experiment reveals the effects of A for this particular
combination of B, C and D, but no information is provided for predicting the
effects of A with any other combination of B, C and D, With a factorial approach,
on the other hand, the effects of & are examined for every combination of B, &
and D that is included in the experiment, Thus a great deal of information is

. aceumulated both about the effedts of the factors and about thelr inter-relatione
ShipS. R .
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the farmer has applied manure and in others where he has not, so that it is
well to investigate the other factors both in the presence and absence of manure,

ary comments, To summarize, the following are some instances where
factorial experimentation may be suitable: -

(1) 1In exploratory work where the object is to determine quickly the effects
of each of a number of factors over a specified range,

(2) 1In investigations of the interactions among the effects of several
factors, From their nature, interactions cannot be studied without
testing gome of the combinations formed from the different factors,
Frequently, complete information is best obtained by testing all
combinations, ‘

(3) In experiments designed to lead to recommendations that must apply over
a wide range of conditions, Subsidiary factors may be brought into
an experiment so as to test the principal factors under a variety of
conditions similar to those that will be encountered in the population
to which recormendations are to apply.

On the other hand, if considerable information has accumulated, or if the
object of the investigation is specialized, it may be more profitsble to conduct
intensive work on a single factor or on a few combinations of factors. For instence,
many investigations are directed towards finding the combination of the levels of
the factors that will produce a maximum response, An interesting discussion of
procedures for this purpose has been given by Fricdman end Savage (5.2)s They
consider the case, common in industrial experimentation, wherc the effects of any
specified treatment combination can be determined quickly. Thus the treatment
cambinations to be tested can be decided as the experiment proceeds, in the
light of knowledge gained from combinations that have already been tested, They
propose first a single-factor experiment to determine the optimum level aj of
A for fixed levels b, g and 4, say, of the other factors, This is followed by
a single-factor experiment to determine the optimum level by of B, for fixed
values aj, ¢ and d, Similarly, C is tested at a,, gl, d and D at 23, by, 2qe
After the completion of the first 'round', the wﬁole process is repeateé un%il

"“the meximum appears to have been reached, The authors show that the maximum

will usually be reached more quickly than with a complete factorial, since the
plan is designed to concentrate on combinations that are near the maximm, The

‘plan would not be feasible for agricultural field experiments, where in general

an experiment can be changed only once a year,

Experimenters somotimes find the results of factorial experiments difficult
to interpret, because thoy appear to present a bewildering varicty of treatment
comparisons, It is true that the competent summary of a large factorial expori-
ment demands an orderly procedure and often takes considerable time, If the
factors are for the most part indcpendent, the method of analysis by means of
main effects and interactions (to be illustrated later) will reduce the data
to manageable proportions. If the numerous factors interact in a puzzling
mamner, prolonged study of the results and further experimentation may be
needed before the facts are mastered, The trouble in this case is that the
phenomena are complex, not that the experimentation is faulty,
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5

5¢2 Calculation of main effects and interactions,

5221 Notation for the 2B scries, The object of section 5.2 is to explain how
main effects and interactions are calculated, and how they are represented in
the analysis of variance of the results., We begin with the 2P series, where all
factors occur at only two levels each,

For this system the notation used is similar to that of Yates (5.3).

Letters 4, By G, +es denote the factors., The letters g, b, g, .. denote gne
of the two levels at which the corresponding factor occurs; for purposes of
clarity this level will be called the second level, The first level is signified
gz absence of the corresponding letter, Thus the treatment combination bd, in a

factorial experiment, means the treatment combination which contains the first
levels of factors A and C, and the second levels of factors B and D, The treatment
combination which consists of the first level of gll factors is denoted by the '
symbol (1),

The symbol (gab) will denote the mean of all obgervations which receive the
treatment combination gh, The letters A, B and 4B, when thoy refer to numbers,
will represent respectively the main effeccts of 4 and B and the 4 by B interaction,

5,22 The 22 factorial experiment, As already shown in scction 5,11, we have
b=35(ad) - )+ () - (D},
B=3{(ab) + () - (a) - (W] .

AYates (5.3) introduces the seme multiplier % for the interaction, which he definesg

as

a8 =} {(ab) - (b) = (a) + <1)} .

These quantities and the general mean M are shown in terms of the means
for the treatment combinations in the following table,

Table 5,1 Main effects and'interactions expressed in terms
of individual treatment meanst 22 factorial,

Factorial Treatment combination
effect (1) (a) (b) (ab) : Divisor
M + + + + . L
4 - + - + 2
B - - + 2
& + - - + 2

The rows of the table express the factorial effécts in terms of the original,
means, If the equations represented by the table are solved for (gb), (b), étce

“dn terms of M, 4, otec,y 1t will be found that the columms of the table enable

us to-express the original means in terms of the factorial effects, For example,

"
(ab)=M+-%-{A+B+ABJ .
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' The only point to remember is that the factor & occurs with all terms excopt M,
From these results, simple effects may be calculated from factorial effects,

Thus
(a) - (1) = Simple effect of 4 when B is at the first level =4 ~4B,
(ab) = (b) = Simple effect of 4 when B is at the gecond level = 4 + 4B .

These reletions are useful when an experiment has been summarized in terms of the
factorial effects, and it is later desired to estimate some of the simple effects,
From the above example it may be noted that the quantity AB measures the error
that is committed in estimating the simple effocts of A if the two factors are
erronecously assumed to be independent,

The functions 4, B and 4B satisfy the conditions for an orthogonal set of
functions (section 3,42). Consequently the squares of the factorial effects, when
suitably multiplied, divide the treatments s.s. into three single components,

each with 1 d.f., In practice these components will usually be calculated from
the treatment totals [ab], [b], etc., rather than from means. If we define

factorial effect totals as illustrated below:

e - s - [

then the sum of squares for A in the analysis of variance is [A] %/Ar, where
is the number of replicates, Corresponding formulas hold for the other factorial

effects,

5.23 The 23 factorial experiment, In this case there are gight treatment
cambinations? (1), &, D, C, @b, ac, bc and abc, The simple effect of Ais

- determined for each of four combinations of the other factorss (1), b, ¢ and be,
As before, the main effect of A is defined to be the average of these four simple

effects, A
5= 3 {(ae) = (be) + (a0) = (6) + (a0) = (o) * () = W}’
Similar definitions hold for B and C, | |

The interaction of & with B is now measured separately at each of the two
levels of GC. : '

AB (C at second level) = %_{kabc) - (be) - (ac) + (c)}
4B (C at first level) =4 {(ab) = (b) = (a) * (1)}

As would be expected, the quantity AB is taken as the average of these two
effects, Thus o

=} &abe’) - (bo) = (ac) * (e) * (ab) = (&) = (@) + (1)}
There are two other first-order interactions, AC and BGC, which arc defined
similarly,

In addition, we encounter a new interaction, Separate estimates were
given above for AB at each of the two levels of G, The difference between these
two estimates measures the effect of C on the 4B interaction, This difference,
with the conventional factor %, is :
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1 {(abe) = (5e) - (a0) + (o) = (ab) * (b) + (a) = (1)}

end may be called the interaction of AB with C, If the algebra is carried out,
it will be found that the same expression measures the interaction of AC with B,
and that of BC with 4, Hence the quantity is called the ABC interaction, It
is a three-factor, or gecond-order interaction, :

Three factor interactions are more difficult to understand than two-factor
interactions, Fortunately, in practice three-factor interactions are often small
relative to main effects and two-factor interactions} and quite froquently they
can be neglected for.the purposes to which the results are to be put, Novere
theless, cases arise where they are important, It might happen, for instance,
that factor 4 does not exert any influence unless factors B and C are present
in the combination (be), In this event the interaction ABC is as large as the
main effect of 4 or the interactions 4B and 4C, The same effect may occur in
less extreme cases, where the combination be is particularly favorable to the
response to factor 4, If three-factor interactions are found to be substantial,
a careful scrutiny of the simple effects is usually helpful in interprotation,

‘ The expressions for the factorial effects in terms of the treatment means
are summarized in table 5,2,

 Teble 5,2 Main effects and interactions expressed in terms
of individual treatment means: 27 factorial.

Factorial Treatment combinations
effect | (1) (a) (b) (ab) (c) (ac) (be) (abe) Divisor
M + + + + + + + + g
4 - + - + - + - + L
B P - L ] + - - + + 4
¢ - - - - + + + + 4
AB + - - + + - - # 4
aAC +* - + - - +* - + 4
BC + + - - - - + * 4
ABC - + + - + - - ¢ I3

The rows of the table give the factorial effects in terms of tho treatment means,
while the columns give the treatment means in terms of the factorial effects,

For example .
() =M+3{A-B-C-iB-iC+BC+ 4BC)
(a) = (1) = A - 4B - AC + ABC :
(abe)= (1) = A+ B+ C+ 4BC

4s before, the factor & appears with all terms except M in the expression for a
treatment mean, The differcnce between two treatment means, of which two examples
are given above, ig easily found by noting the signs in the two columns in
quostion,

As rhe rcader may verify, the seven factorial effects are mutually orthogonal,
and each is orthogonal to M, _If r is the number of replicates, each factorial effect

has the same variance, g EZEE , or (O 2/2r, Tho contribution of any effect to

the sum of squares for treatments is[- ] 2/8r, where{l ] denotes the factorial
effect total; e.ge ‘

fAJ = - []3 + [é] - [b} + [ab} - [6} + [éc] - [bé] + [ﬁbc] .



EXPERIMENTAL DESIGNS

CHAPTER 6
Confounding

6,1 The principle of confounding,

6,11 The 23 factorial exporiment with complete confounding, This chapter deals

with designs where the si;e of block is reduced bylfhe sacrifice of accuracy on
‘certain high-order interactions. The method will be illustrated first for a 2
experiment with three factors, 4, B and C, each at two levels, Since there are

only eight treatment combinations, the replication is not particularly large
and in practice this experiment would most frequently be arranged in ordinary
randomized blocks or perhaps in an 8x8 latin square., The example is chosen
because of its simplicity, , ' '

The interaction of highest order is the ABC interaction, It will be recalled
(section 5,23) that this interaction is estimated from the comparison

(abe) + (a) + (b) + (c) ~ (ab) - (ac) = (be) - (1),

Suppose that each replicate in the experiment is divided into two blocks of

four units each, such that one block contains abe, a, b and ¢, while the other
containg ab, ac, be, and (1), With three replicates the plan (before randomization)
would be as follows,

Table 6,1 27 cxperiment in blocks of 4 units, with ABC confounded,

Replication 1 Replicatioﬁ I1 Replication III
Block 1 2 34 5 6
abe ab | abe ab abe ab
a ac a ac ' a ac
bl be b be b be
el | (1) el (1) 1 e} Q1)

There are two important properties of this plan, The total of blocks 1,
3 and 5, minus the total of blocks 2, 4 and 6, is the ABC interaction total.
Thus the ABC interaction is one of the components of the comparisons amongst
blocks, It is said to be gompletely gonfounded with blocks. Secondly, the
other six factorial effects, 4, B, C, AB, AC and BC, will all be found to be
orthogonal with the block totals., For instance, the AB interaction may be
written (apart from the divisor)

{(abe) + () - (&) - )] * {0+ () = o) - (02} o

Of the four units in any block, two carry a (+) sign in this expression and

two carry a (=) sign, Consequently, if we increase all the observations in a
selected block by any amount, say 50, the estimate of AB remains unchanged,

and similarly for the other five factorial effects, This means that these

six factorial effects are not influenced by difference amongst blocks, Various
phrases are used to describe this property: the effects may be said to be
‘unconfounded with blocks, or free from block effects, or to be composed entirely

of 'within-block' comparisons,
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‘ Thus differences amongst blocks of four units are eliminated from the

-~ experimental errors of the main effects and two-factor interactions, whereas
with randomized blocks only differences amongst blocks of gight units are
eliminated, The reduction in effective block size is attained by making ABC
the same as one of the block comparisons, There is no within-block information
available about ABC, : :

The degrees of freedom in the analysis of variance separate as follows:

Sefs
Blocks 5
A,B,C,4B,AC,BC, 6
Error 12
Total 23

All sums of squares'are calculated in the usual way, so that there -is no complexity
in the computations,

The composition of the error s,s, is perhaps worth noting, Consider the
three blocks (1, 3 and 5 in table 6,1) that contain the treatments abe, a, b
and ¢, These may be regarded as a randomized blocks experiment with 4 treatments
and 3 blocks, Consequently the interaction of treatments with blocks contains
6 components, Similarly in blocks 2, 4 and 6 the interaction of the other set .
of treatments with blocks provides é components, These two sets of 6 components

‘ constitute the error for the complete experiments, In other words, the error
term in a confounded factorial is made up of interactions between treatments and
incomplete blocks, This remains true in the more complex designs that appear
later in this chapter, even though in these cases the composition of the error
is less easy to detect, _ :

ABC does not appear explicitly in the analysis above, Actually, the
experiment, if properly randomized, provides an estimate of error and a test
of significance for 4BC, In practice it is seldom worthwhile making this
test, which is usually very insensitive, The test may, however, throw additional
light on the nature of confounding, Let us ignore all other factorial effects
and consider table 6,1 as the plan of an experiment to determine ABC: 1404 to
determine the difference between the group of treatments abe, a, b, ¢ and the
group ab, ac, be, (1), From this point of view the block becomes the
'experimental unit' and the experiment is of the ordinary randomized blocks
type, having two 'treatments! and three replicates, The total sum of squares
among the six ‘units' is, of course, the blocks s.s, in the previous analysis,
Thus the blocks s.s, may be subdivided intos

Replicates 2

4BC 1l
or for ABC

Total 5

' If confounding has been effective, the error for ABC, being composed of

: comparisons among blocks, will be larger than the error (with 12 d.f,) which
applies to the test of the experiment, Moreover, the error for ABC is estimated
from only two degrees of freedom, so that the test of ABC is a poor one, The



=3

test might be worth making with a considerable number of experiments of the
seme type, where it is desired to examine the average ABC effect over the whole

group,

6,12 The 23 factorial experiment with artial confounding, Any of the seven
factorial effects may be confounded with blocks in this way, The rest will then
free from block effects, These facts enable us to spread the confounding in an
experiment among several factorial effects, A plan to this type is shown in
table 6,2, . :

Table 6,2 23 cxperiment in blocks of 4 units, with 4BC, AC. BG,
Rartially confounded, '

Replication I Replication II Replication III
Block 1 2 3 Lo | 5 6
abe ab abe ab abeci | ab
a ac ac be be ac
bt | be b a :! b
¢ (1) (1) ¢ (1) c
ABC AC BC

The difference between the totals of blocks 1 and 2 represents the ABC
interaction, In replication II, however, the block composition has been changed
so that the difference between the block totals is the AC interaction, In
replication III the difference is the BC interaction,

With this plan, 4, B, C and AB are entirely free from block effects, ABG
is completely confounded with blocks in replicate I, but in the other two
replicates the estimate of ABC is orthogonal with blocks, Thus a 'within-block!
estimate of ABC may be obtained from replicates II and III, Similarly, a
'within-block' estimate of AC is available from replicates I and III, and one of
BC from I and II, These three effects are said to be partially confounded with
blocks since an estimate that is fres from block offects can still be made for
each effect, BHach 'within-block' estimate is derived from two out of the three
replicates in the experiment, The ratio 2/3 serves as a measure of the extent
of the confounding, Yates (6,1) calls this ratio the relative information

. on the confounded interaction, The ratio gives the amount of information available

on the partially confounded effect, relative to that available on an unconfounded
effect, o

In the analysis of variance, all factorial effects appear.

[« 7% Y
Blocks 5
A 1l
B 1
c 1
AB : 1
AC' ) 1!
BC? L
ABCY - L
Error : 11

Total | 23
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The sum of squares for blocks and for the unconfounded effects 4, B, C and 4B

are found in the usual way, The sum of sguares for AC is calculated only from
-replicates I and III, the divisor for [AG 2Abeing 16 jnstead of 24, Corresponding
rules apply to BC and ABC. In the analysis of variance, the dashes are inserted
as a reminder that these effects are partially confounded and require special
calculations, ‘

6,13 Confounding in the 2% ;gfie§, In order to use confounded designs '
intelligently, it is not necessary to understand in detail the methods by which

they are constructed, The rules for the construction of confounded 2% factorials
will be briefly described, however, since they arc farily simple and may help ‘to
explain the choice of plans presented at the end of this chapter,

. If a replicate is to be divided into two blocks, any factorial effect can
be confounded with blocks, Inmost cases we would confound the highest-order
interaction in all replicates, Suppose that each incomplete block is to be
further divided into two, so that there will be four blocks (I.. IV) in a
replicate, Having chosen one factorial effect to represent the comparison
(I+ II - III -~ IV), we may easily verify that gny other factorial effect may
be made to represent the comparison (I - II + III - IV), That is, to arrange
a 28 factorial in blocks of 282 units, we may confound any two factorial effects
that we choose, : v

The remaining block comparison, (I -« II - III + IV) represents a third
factorial effect, which is also confounded with blocks, Barnard (6,2) has shown
that this effect is uniquely determined by the two effects that were chosen, ,
It is always their 'generalized interaction!, and is found by combining all the
letters that appear in the twe chosen factorial effects, and cancelling all
letters that enter twice, Thus, if a 25 factorial is to be confounded in blocks
of 23, or 8 wnits, we might be inclined to choose ABCDE and BCDE as the first
two factorial effects to be confounded, The generalized interaction of these
two effects is ABBCCDDEE, or after cancellation is A, Consequently if these :
two effects are chosen for confounding, the main effect of A is also automatically
confounded, These results may be summarized as follows: If a replicate of a 2B
factorial is arranged in blocks of 2““2‘units, three factorial effects are
- confounded with blocks, Of these, two may be chosen at will; the third is their
generalized interaction, ' ‘

'To proceed, a plan with gight blocks in the replicate can be obtained
from one with four blocks in the replicate by dividing each block into two,
In making this division we may confound any factorial effect, except one of
the three that is already confounded, Thus, in the 25 example, where ABCDE,
BCDE and A were confounded in the division into four blocks, we might choose,
- say, ACE for the division into eight blocks, But with eight blocks in the
replicate, there are seven components of the comparisons among blocks, and each
of these must represent one factorial effect, Hence in addition to the four
factorial effects that are known to be confounded, three others are confounded,
These three are the generalized interactions of ACE with ABCDE, BGDE and 4,
or BD, ABD and CE respectively, ‘ '
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The general rule should be clear from this case, Suppose that a
replicate in a 2" factorial is to be divided into blocks of 2n-k units, so
that there will be 2K blocks in the replicate, Then we may select anv k
factorial effects to be confounded, subject only to the restriction that none
of these must be a generalized interaction of any group of the others, A4 o
further (2X-k-1) effects are automatically confounded, These are all the effdghs
which can be expressed as generalized interactions of the group of effects selucted
for confounding, " S

In the construction of designs for pra:tical use, it follows that the

effects to be confounded must nc* be selected without examinstion of the other -

effects that are automaticaelly confounded, If confounding is to be restricted

' to highworder interactions, we cannot choose ABCDE and BCDE in a 2° factorialy

since 4 would then be confounded, In order to avoid confounding any main effédts
or first-order interactions in this case, a little trial will show that the

only possible choice is two second-order interactions and one third-order ‘

interaction: for instance ABC, ADE and their generalized interaction BCDE, The

plans at the end of this chapter contain what appear to be the best choices
for general use,

When the interactions to be confounded have been selected, there remains
the problem of writing out the plan showing the treatment eombinations that
appear in each block, This may be done by the procedure used in the present
discussion, The replicate is first divided into two by confounding one effect,
then into four by confounding a second, and so on. The rules which express
each factorial effect in terms of the original treatment combinations (section
5.24) decide the composition of the blocks at each stage, For experiments with a
large number of factors, arranged in blocks of small size, Fisher (6,3) has given
an alternative method that is more expeditious (see also Finney (6.4)).. Inthis
method a group of 28~k letter combinations is construeted, such that the
generalized interaction of this group with any treatment combination gives the
members of the block that contains this treatment combination,

Fisher (6,3) hos cxamined the general problem of confounding vhur whe
object is to keep all main effects and first-order interactions coupiet 31y
clear of block effects, He has shown that experiments up to the 2/ factorial
(128 treatment combinations) may be placed in blocki of 8 units, while blocks
of 16 units can accommodate experiments up to the 215 factorial (32,763 treatment
combinations), '

The preceding discussion anpiied to a single rcplication., With more than
one replicate we may either repeat the first replicate, in which case the ‘
confounding is complete for the interactions involved, Alternatively, the éffects
that are confounded may be changed from one replicate to the next, so that some
intra~block information is available on all effects,
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6,25 eriments with fractional replication, More recently several writers,
Finney 56.115, (6,12), Plackett and Burman (6,13) and Kempthorne (6,14)

have considered the use of only part of a replication in a factorial experiment,
Not enough experience has accumulated to permit appraisal of the utility of these
designs, and only an introduction to them will be given, They are most likely
to prove useful where (i) a large mmber of factors is tested, so that even a
single replication is not feasible and (ii) all high-order interactions are
known with confidence to be negligible,

In order to see what happens when the experiment contains only part of
a replication, consider a 23 factorial in which only the four treatment :
combinations a, b, ¢ and abc are tested, This is half of a complete replicate,
It is clear that the three-factor interaction ABC cannot be estimated at all,
since this represents the difference between the four treatments that are tested
and four that have not been tested, Finney (6,12) has called Ghis comparison
the defining contrast, since it defines the two halves into which the replicate
is divided, Further, the main effect of A, as estimated from the difference
between units with a and units without a, i.e,

(abe) * (a) = (b) = (o),

is exactly the same comparison as the BC interaction, as estimated from the
difference between units that receive an even mumber of b's or c's and those that
receive an odd number, Similarly, the estimate of B is the same as that of AC,
while C is the same as 4B, Factorial effects that are represented by the

same ireatment comparison are called aliages; thus BC is an alias of 4, It has
been shown (6,12) that the alias of any effect is its generalized interactiog
with the defining contrast, For example, the interaction of A4 with 4BC is A<BC
or BC, This result makes it easy to discover the alias of any factorial effect,

If the experiment shows an apparent effect of 4, there is no way of telling
from the results whether the effect was due to 4, or to the BC interaction, or to
a mixture of the two, This type of information is too vague to be satisfactory,
If, however, it can be taken for granted that all two-facter interaciions are
negligible, the ambiguity disappears, since we would conclude thet 2 conurent
effect of 4 was in fact due to 4, With these assumptions, tiie hali“-rplicase
enables us to estimate the three main effects,

This example brings out the fact that in order to obtain definite information,
it is necessary to assume that certain interactions are non-existent, The
designs discussed by Finney and Kempthorne are adapted for situations where all
interactions among three or more factors are negligible. In those presented
by Flackett and Burman, even two-factor interactions are ignored,

We will examine the construction of a half-replicate of the 26 factorial,
since this is probably the smallest member of the 27 geries for which fractional
replication might be needed in practice., It is desired to obtain information
on both main-effects and two-factor interactions. First divide the treatment
combinations into two sets of 32 by means of the defining contrast ABCDEF, Either
set may be chosen as the half-replicate, The factorial effects are shown
in table 6,21,



Table 6,21¢ Structure of a 2° factorial (half-replicate),

Main effects B Allas

A BCDEF
B ACDEF
C ABDEF
D ABCEF
E ABCDF
F ABCDE
Two-factor interactions Alias
AB CDEF
AC _ BDEF
AD BCEF
AR - BCDF
AF BCDE
BC. : ADEF
BD ACEF
BE ACDF
Bp ACDE
cD ABEF
CE - ABDF
CF ABDE
DE , ABCPF
or ABCE
EF ABCD
Three~factor interactions Alias

(used as error).

ABC DEF
ABD ‘ CEF
4LBE _ CDF
ABF A Cos
ACD BEF
ACE BDF
LCF , - BDE
ADE - BCF
ADF BCE

AEF ' BCD
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It will be noted that, rather fortunately, every alias of a main effect or
two~factor interaction is a high~order interaction of a type that is assumed
non-existent, The alias of a three-factor interaction is another three-factor
interaction, Since all three~factor interactions are assumed negligible, these
components may be used to estimate error., Consequently, this plan, if set out
as a completely randomized design in 32 units, enables all main effects and two=-
factor interactions to be estimated and provides 10 4,f, from three-factor
interactions for the estimation of error,

Since a completely randomized design is rather inaccurate for many types
of experiment, an arrangement in blocks of 16 or 8 units may be preferable, If
the 32 units are divided into two groups of 16, one factorial effect and its
alias are confounded with groups, The best choice is one of the alias from
the set used as error, e.g.,, 4BC and DEF, The plan is easily constructed,
Suppoge that the set of 32 which contains gbcdef has been chosen as the half-
replicate, This is divided into two groups of 16 such that one group (block 1)
contains all treatment combinations carrying an gyen number of the letters a, b
or ¢, The plen and analysis are shown in table 6,22,

For a design in blocks of 8 units, we must confound with blocks another
alias pair from the comparisons that are used as error, Suppose that 4BD and
its alias CEF are selected, It will be recalled (section 6,13) that the
generalized interaction of this pair with ABC end DEF is also confounded., By
the usual rule, this interaction is the alias pair CD and 4BEF, 'It is
unfortunate that a two~factor interaction is confounded, but further trial shows
that this is unavoidable in blocks of eight units, To construct the plan,
(table 6,23) divide each block of table 6,22 into halves that contain respectively
an odd and even number of the letters ¢ and d,

In practice, the letters should be allocated to the factors so that CD
is the two~factor interaction that is concisdered least important, In the
analysis of variance, the sum of squares for blocks, main effects and the
unconfounded two-factor interactions are all computed in the usual way.

Other experiments for which plans are described in (6,12) are a half-,
replicate of a 27 factorial in blocks of 8 unitss a hglf-replicate of a 2
factorial in blocks of 16¢ a quarter-replicate of a 28 factorial in blocks
of 16 and a third-replicate of a 3% in blocks of 9,

For the case where two-factor interactions are ignored, Plackett and
Burman (6,13) give methods for constructing a large number of plans in which
all main effects can be estimated, The only restriction is that the numberof
units tested is a multiple of four., For instance, there is a plan for a 27
factorial in 8 units {one-sixteenth of a replicate). With this, all seven
main effects can be obtained, though no comparisons remain for an estimate of
error, There are further plans in 12, 16, 20, ete,, units, giving 4, 8, 12
etc, degrees of freedom for error, 411 these plans are set out for a completely
randomized design: with further confounding a reduced block size could be
employed, 4s an illustration the plan with 16 units is given below, To facilitate
study of this plan, the treatment combinations are shown both in our usual notation
and by means of + and - signs to denote the two levels of each factor,
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Table 6,22, A halfereplicate of a 26 factorial in blocks of 16 units,

Block 1 ’ Block 2

(1) ad

de ae

af af

ef bd defe
ab " be .

ac bf Blocks 1
be ed Main effects 6
abde ce Two-factor inter- 15
abdf cf actions

abef adef Error (from three- 9
acde . bdef factorial interactions)

acdf cdef —
acef abde Total 31
bede - abce

bedf abef

beef abedef
Note that the error d,f, are reduced from 10 to 9, since 1 d.f., has been

‘ assigned to blocks,

Table 6,23, 4 half-replicate of a 26 factorial in blocks of 8 units,

1 2 3 4 defs
(1) de ae ad Blocks 3
ef af - af ~ bd Main effects )
ab ac be ce Two=factor interactions 14
abef rbe bf cf Error 8
acde abde ed "~ abece
acdf abdf abed gbef Total 3%
bede acef cdef adef

bedf beef abedef bdef
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Table 6,24, 2/ factoriel in 16 units (one-eighth replicate).

Treatment combination

Unit Our + and -~ notation
notation | a b ¢ 4 e = f g
2 deg - - - * - - +
3 cfg - - + - - + +*
4 cdf - - + + - + -
5 bef - + - - + + -
6 bdefg - + - + + + +
7 bceg - + +* - + - +*
8 bede - + + + ¥ - -
9 ae 4 - - - + - -
10 adeg + - - + + - +
1 acefg + - + - + + +*
12 acdef + - + + + * -
13 abf + + - - - * -
1 abdfg + * - + - + +
15 abcg + 4 + - - - +
16 abed + + + + - - -

Every factor occurs eight times at each level, For every pair of factors,
the sign combinations ++, *~, =*, and - each occur four times, Thus the estimates
of all seven main effects are mutually orthogonal, and are calculated in the
usual way., With complete randomization, 8 d.f. are available for the estimation
of error, :

Since it is not clear how frequently all factors can be assumed to be
additive in their effects, the utility of these designs remains to be seen,
As Yates (6,5) has pointed out, one case where there is additivity occurs when
each factor represents an object to be weighed, Suppose that weighings are done
on a chemical balance, Testing the *+ level of a factor corresponds to placing
- the object in the right hand pans testing the - level corresponds to placing
the object in the left hand pan.

Thus taeble 6,2, may be interpreted as a set of instructions for performing
16 successive weighings on 7 objects, In the first weighing, all objects are
placed in the left hand pant consequently the weight that is read is the total
weight of all 7 objects, In the second weighing objects d and g are placed in
the right hand pan and the others in the left hand pan, and so on, This series
of 16 weighings enables us to estimate the weight of each object as precisely
as if all weighings had been devoted to that object alone, To make the analogy
complete, a balance with a zero error would be needed, the zero error corresponding
to the mean yield of an experiment, which can also be estimated from the 16 results.
For a discussion and references, see Mood (6,15),
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6.5 Plans

23 factorial blocks of 4 units

Replication I, ABC confounded

abe ab
a . ac
b “be
C.. 1

gf factorial blocks of 8 units

Replication I, ABCD confounded

a (1)
b ab
c ac
d 4 be
abe ad
abd bd
acd cd
bed - . abed |

28 factorial, blocks of 16 units
Replication I, ABCD, ABEF, CDEF confounded

a c ab . ae

b da cd ad
acd abe - (1) be
bed abd abed bd

ce ae ace abe
de be ade cde
abce acde bece e
abde bede bde abcde
cf af acf abf
af bf adf cdf
abef acdf bef f
abdf bedf baf abedf
aef cef abef acef
bef | def cdef adef
acdef | abcef ef beef

bedef | abdef gbedef | bdef |



< sz

Plan 6,4

Replication I, 4B, ACD, BCD confounded

Balanced gro

of gets fo

24 ctor bl

ta.

. Two-factor interactions are confounded in one replication and

three~factor interactions are confounded in three replications,

)

-abc
abd
cd

ab a - b
c be ac
4 bd | ad
abed acd bed

Replication III, AD, ABC, BCD

Three-~ and four-factor interactions are confounded in one replication,

Replication II, AC, ABD, BCD

) ac a c
abe b be ab
acd a ed ad
bd abed | abd | bed

Replication IV, BC, 4BD, ACD

(1) | be b

abe a ac
bed d | cd
C b

c

ab

bd
¢

Replication VI, CD, ABC, ABD

(1) cd c d

acd a ad ac

bed | b bd be
|_ab abed | abe bd

Balanced group of sets for 25 factorial, blocks of & units,

(1) ad a a_ |
abd b bd ab
] acd c cd ac
be abed abc be
Replication V, BD, ABC, ACD
) vd b | 4
1 abd a ad ab
bed c cd be
¢ abed abe acd
Plan 6.5
‘. ~ Replication I, ABC, ADE, BCDE confounded
{1) ab a b
be ac abe c
abd d bd ad
acd bed be abed
gbe e ce ae
ace bee ade abce
de abde abcde] bde
bede acde ! cd cde
Replication III, ACE, BCD, ABDE
(1) ac a e
ae. ce e ace
ebe b be ab
bee abe abce | be
acd d cd ad
cde ade acde | de
bd abed abd bed
| abde bede bde abede
Replication V, ABE, CDE, ABCD |
(1) ae a e
' ab be b abe
. ace c ce ac
bee abe abce | be
ade d de ad
bde abd abde ]| bd
{ ed acde acd: cde
abed -{ bede bed agbede

Replication II, ABD, BCE, ACDE

(1) ab .a b

ad bd d abd

abe c be ac

bed acd abcd| cd

abe e be ae

bde ade abde| de

ce abce| ace | bee ‘
acde! bede! cde | gbedel
Replication IV, ACD, BDE, ABCE
(1) | ad a d

ac cd c acd

abd b bd ab

bed ebe abed | be

ade e de ae

cde ace acde t ce

be abde | abe | bde

abce] bede| bee | .abede
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EXPERIMENTAL DESIGNS

4" . ‘ Chapter 7
Factorial Experiments with Main Effects Confoundeds split-plot designs,

7+1 The simple split-plot design.

Zell Description, In field experiments an extra factor is sometimes introduced

' into an experiment by dividing each plot into a number of parts, For example,
if the experiment is planned originally to test a factor A with 5 levels, the
division of each plot into halves permits the inclusion of an extra factor B
at two levels, Within each plot the two levels of B are allotted at random to
the two sub-plots, If the whole plots are in a randomized block design, the plan
(after randomization) might appear as shown below, '

Table 7.1 e 1it-plot des
Replication 1 Replication 2 Replication 3
a3':al a, &, a4 &) 8, &y a, ay 8y a,
o|| 1l || Bo][ B oy T[] [ o] 2o Ba1| Po
® & jg Pyl Byl 1 Po} | Pof| Paf| Palf P2 Pof| P1

It is worth noting the difference between this arrangement and ordinary randomized
blocks, In the latter the ten treatment combinations are assigned to the ten
sub-plots in a replication completely at random, Here we have a more orderly
assigmment in which the two treatment combinations that have any given level of A
always appear in the same whole-plot,

This type of arrangement is common in industrial experimentation, although
the connection may not at first be realized, Freguently, one series of treatments
requires rather a large bulk of experimentsl material while another series can
be compared with much smaller amounts, For instance, the comparison of different
types of furnaces for the preparation of an alloy would use much greater amounts
of alloy than the comparison of different types of moulds into which the alloy
might be poureds In an experiment in which both factors are to be tested, the
‘natural procedure is to take the material prepared in any furnace, and pour some of
it into each mould, That is, material prepared in one furnace et one time provides
a complete replication for the comparisons among moulds, just as the plot containing
any level of A provides a complete replication of the factor B, dAnother instance
is the comparison of different machines for milking dairy cows., Each machine
would necessitate rather substantial amounts of milk, whereas other comparisons,
for example, on the best method of pasteurizing or of cooling, could be conducted
with a much smaller amount of milk per treatment, The produce from any machine
could be subdivided for these subsequent tests,

‘ We may describe this design in another way that brings out more clearly

its relation to the confounded factorial designs discussed in chapter VI, If

the sub-units are regarded as the experimentel units, it is seen that the treat=
ments &5, aq eeo 64 are applied to groups or blocks of two units, Differences
among theselblocks are confounded with differences among the levels of 4; i.e., the
main effects of 4 are confounded, Accordingly, the split-plot design is sometimes
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‘ considered as one in which certain main effects are confounded, as contrasted with
the designs in chapter VI, where the confounding is restricted to interactions,

Nature of the e imental error, In the statistical analysis, account
must be taken of the fact that the observations from different sub-units in the
same unit may be correlated, In field experiments this correlation is just a
reflection of the fact that neighbouring pieces of land tend to be similar in
fertility and in other agronomic properties, In industrial experiments the same
correlation may be present, because any factor that affects the whole batch of .
alloy prepared in one furnace at one time will tend to ecreate similarity among
smaller batches poured from it,

The mathematical analysis used to examine the effects of this correlation
will be illustrated for the experiment in table 7,1, Let i refer to the replication,
J to the level of 4, and k to that of B; for sub-units in the same unit, the
and Jj suffixes will be the same, The assumption is made that a correlation
exists between the experimental errors 8y 5 and e {3y for any two sub-units in
the same unit,  Sub=units in different uni%s are aggumed to be uncorrelated,
Mathematically, we have '

= 20 =
E(ey gx°4 51 P O % Elegguesyy) = Os
We now consider the effects of this model on the most important treatment

comparisons, The main effects of 4 are calculated entirely from unit totals
or means, With two sub-units per unit, the error variance of a unit total is

® O 'eij2)2 = B(e2;) * B(of,) + 28(0318330) = 2 * g2 * 2/00_.2.
=20 %+,

The factor 2 may be regarded as representing the effect of adding over two sube
units, Consequentlg, for the main effects of 4, the appropriate error variance

per sub-unit is g <(1 + e If there ar i sub=units per unit, the corresponding
variance works out at o< {1 + (ﬁ- 1) 45 %

The main effects of B, on the other hand, are derived from the difference
between the two sub-units in a unit, For this we have

E(eijl - eij2)2 =2 0'_2(1 -/’5’).

Thug the effective variance per sub-unit applicable to the main effects of B is
g 2(1 - /0 )e This expression remains unchanged when there are ﬂ sub-units per
unit, This variance also applies to any component of the AB interaction, since
such components involve comparisons of (bl - bo) at different levels of 4,

_ For other treatment comparisons, the basic error variance may be different
from either of the two expressions given above, Consider, for instance,
(asby = a,b,), a comparison of a, with a, at the zero level of B. In any
replication the two sub-units invdolved arc in different units, and are therefore
independent, The variance of the:15 difference is therefore 2 (G 2, and the

' basic variance per sub-unit is ("<, However, the appropriate variance for all
other comparisons of this type can be derived from the two basic variances

62{1 + (/,.. l)f’} and (0 2(1-F), As will be seen, the analysis of
variance supplies unbiased estimates of these two variances, and from these,
unbiasec‘i‘estim,ates of any particular variance can be obtained,
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In practice, fp is nearly always positive, The result is that the main effects
of A (the factor applied to the units) are less precisely estimated than those of

B or than the AB interaction,

The analysis of varisnce is fairly easy, For the example in table 7,1 we
first compute the 15 plot totals, Their sum of squares of deviations is
partitioned in the usual way into 2 d,f. for replications, 4 for the main effects
of 4 and 8 for the experimental error applicable to a whole=plot, The mean square
for the latter is an unbiased estimate of & 2(1 + £ ), 41l computations are
divided by 2 to convert them to a sub-unit basis,

Next take the difference (b, - bo) on every unit, The 15 differences provide
one degree of freedom which represents the main effect of B, 4 d,f, which

" represent the 4B interactions, and the remaining 10 d,f, whose mean square gives

an unbiased estimate of the sub-plot error variance (3'2(1 - /’)e All sumsof squares
are again divided by 2, -The complete separation of degrees of freedom is shown
below, '

Table 7,2 Analysis of variance for the split-plot
experiment in teble 7.1

def,
Whole plots
Replications 2
A 4
Whole-plot error 8
Total 7
Sub=plots
B : 1
AB - 4
Sub=plot error 10
Grand total 29

The point to be noted is that the whole-plot error is computed entirely from
plot totals, and the sub=plot error entirely from the differences betieen sub=plots
in the same plot, It will be seen, that the grand total of the degrees of freedom
is 29, 4s might be expected, the corresponding sum of squares is the sum of squares
of deviations of the 30 observations from their mean, 4 computation of this quantity
provides a check on all sums of squares, In practice, particularly with more than
two sub-unit treatments, we usually find the sub--plot error by subtraction,

7,13 Comparison with randomized blocks, The experiment in table 7.1 might be

arranged in ordinary randomized blocks, with 3 blocks of 10 treatments each,
In a consideration of the relative merits of the two arrangements, the following
points are relevant,

(1) with the split-plot design, usually the B and the AB effects are
estimated more precisely than the A effects., Moreover, the mmber
- of degrees of freedom available for the experimental error m.s, is
smaller for whole-unit comparisons than for sub-unit comparisons,

(2) It can be showyn that the average experimental error over all treatment
comparisons is the same for both designs., Consequently there is no net



wlym

gain in precision resulting from the use of the split~plot design; the
increased precision on B and AB is obtained by the sacrifice of precision
on 4, For tests of significance or the construction of confidence limits
the randomized block design holds a slight advantage on the average

since it provides moredegrees of freedom for the estimate of the single
error variance than it requires, For instance, the experiment cited

has 8 d,f. for the whole-unit error and 10 d.f, for the sub-unit error,
whereas randomized blocks would provide 18 d.f,

(3) 4s we have indicated, the chief practical advantage of the split-plot

: arrangement is that it enables factors that require relatively large
amounts of material and factors that require only small amounts to be
combined in the same experiment, If the experiment is planned to
investigate the first type of factor, so that large amounts of material
are going to be used anyway, factors of the second type can often be
included at very little extra cost, and some additional information
obtained very cheaply,

To summarize, the split-plot design is advantageous if the B and AB effectis
are of greater interest than the 4 effects, or if the 4 effects cannot be tested
on small amounts of material,

Two disadvantages have been mentioned by experimenters, Sometimes the whole-
unit error is much larger than the sub-unit error, It may happen that the effects
of A, though large and exciting, are not significant, while those of B, which
are too small to be of practical interest, are statistically significant, The
experimenter tends to be uncomfortable in reporting results of this type., Socondly,
the fact that different treatment comparisons have different basic error variances
makes the analysis more complex than with randomized blocks, especially if some
unusual type of comparison is being made,

When the number of replications and the experimental conditions are suitable,
the whole units may be arranged in a latin square, 4 split-plot latin square,
which eliminates the error variation arising from two types of grouping, may be
preferable to randomized blocks, Summarizing 22 field experiments in latin squares
where the plots were split into halves, Yates (7,1) found a substantial net
increase in precision over randomized blocks, The superiority of the latin square
was so pronounced that even the whole-plot comparisons would have been lessg
precisely determined in randomized block designs, Factorial combinations
that lend themselves to the use of split-plot latin squares are the 5x2, 5x3,

5%k, 6x2, 6x3, 7x2, 7x3, 8x2,

Zalt  Randomization, The treatments applied to the units are randomized according
to the instructions for the design (e.g. randomized blocks, latin square etc,)

in which the units are arranged. The treatments applied to the gub-unitg arc
ellotted at random within each unit, A separate randomization is carried out

for each unit,

2,15 Statistical analysis, If the factor 4 (applied to the units) contains _OX_
B (

levels, and the factor applied to the sub-units) contains levels, the sube

division of degrees of freedom in the analysis of variance is’shown below,
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Table 7,3 Partition of degrees of freedom for 1it-plot de

Units arranged in randomized blocks Units arranged in a latin s@uare
(z replicates) (r =X replicates)
Upits Gafs Units | dafa
Blocks (r - 1) Rows (A~ 1)
4 (A = 1) Columns - 1)
Error (a) (&« 1)(r - 1) A (A= 1)
Total (ro(= 1) Error (a) (A= 1) (X~ 2)
| ' Total (X2 - 1)
Sub=units Sgb-unitg
& (o((/gl-)'(1 1) 3 (r><( ')'(i} )
4B - - | AB - 1)(F= 1
Error (b) Alr - D(f-1) Error (b) AlA- D (f=
Total red( /5 - 1) Total o@( - 1)

. The details of the snalysis are illustrated in section 7,17,

7,16 Standard errors, Let E, and B, be the error mean squares for error (a) and
error (b) respectively, on s sub-unIt basis, For the treatment means, also
expressed on a sub-unit basis, the following standard errors applye

Table 744 Standard errors for the split-plot desiem.

Treatment comparison _SeCs
Difference between two 4 means; e.g. {(9‘1) - (fg)} s ,\‘ZEa/rﬁ

“ P e e
Difference between two B means; e.g. {(bl) - (i_og) }( : ,\} 2E,/rA

Difference between two B means at_the same level of &;

Cee {(gﬁﬁ - (m)’} : \ 2B/r

Difference between two A means at_the same level of B;

Gete {(albl) - <agb1)} ‘ | Jz{(ﬁ- 1)}%*%} /xf

The final comparison in table 7.4 contains both the main effect of A and the

AB interaction; consequently the appropriate error is a weighted mean of By

and Ep, This error also applies to the difference between two A means which have
different level of B, In such cases the ratio of the trcatment difference to its
standard error does not follow the t-distribution, For practical purposes the
approximate rulec of section 4,14 may be used, though this method gives slightly

too few significant results. Let t,, t, be the significance levels of &t
corresponding to the degrees of freedof in B, and Ey respectively, The significance
level of 1 is taken as - - ’

y o - VEty * Tty
(f"' l)Eb+ Ea

For an application, see the next section,
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Table 7.5 Breaking Angle

‘ Tenperature
Mix  175°  185°  195° 205  215°  225°  qotsl
1 42 46 47 39 53 42 269
2 47 29 35 47 57 45 - 260
3 32 32 37 43 45 45 234,
4 26 32 35 2 39 26 182
5 28 30 31 37 41 47 214
6 2 22 22 29 35 26 158
Recipe I 7 26 23 25 27 33 35 169
g 24, 33 23 32 31 34 177
9 24, 27 28 33 34 23 169
. 10 2/, 33 27 31 30 33 178
11 33 39 33 28 33 30 196
12 28 31 27 39 35 43 203
13 29 28 31 29 37 33 187
1 2 40 29 40 40 31 204,
15 26 28 32 . 25 37 33 181
Total 437 473 462 503 530 526 2981
1 39 46 51 49 55 42 282
2 35 46 47 39 . 52 61 280
3 34 30 4 35 42 35 218
4 25 26 28 46 37 37 199
® 5 31 30 29 35 40 36 201
6 2/, 29 29 29 24, 35 170
Rettos 177 22 25 26 26 29 36 164
P 8 26 23 24 31 27 37 168
9 27 26 .32 29 32 33 178
10 21 2/, 24 27 37 30 163
11 20 27 33 31 28 33 172
12 23 28 31 34 31 29 176
13 32 35 30 27 35 30 189
14, 23 25 22 19 21 35 145
15 2 21 28 26 27 20 143
Total 403 44 476 482 517 529 2848
1 46 4, 45 L6 48 63 202
2 43 43 43 46 47 58 280
3 33 2/, 40 37 41 38 213
4 38 41 38 30 36 35 218
5 21 25 31 35 33 23 168
g 24, 33 go 30 37 35 189
Reoine 20 21 1 2/, 30 33 159
pe HI o 24 23 21 2, 21 35 148
9 2, 18 21 26 - 28 28 145
10 26 28 27 27 35 35 178
11 28 25 26 25 38 28 170
12 24 30 28 35 33 28 178
® 13 28 29 13 28 33 37 198
14 19 22 27 25 25 35 153
15 21 28 - 25 25 31 25 155

Total 419 434 476 463 51 536 2844,

- Temp, Totals 1259 1348 1414 1448 1613 1591 8673

L.
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Numerical e e, In an experiment on the preparation of chocolate cakes,
conducted at Towa State College (7.2) three reeipes for preparing the dough were
compared, Recipes I and II differed in that the chocolate was added at 400C
and 60°C respectively, while recipe III contained extra sugar, In addition,
six different baking temperatures were tested; these ranged in 10© steps from
175° to 225°, Each time that 2 mix was made by any recipe, enough dough was
prepared for six cekes, each of which was baked at a different temperature, Thus
the recipes are the 'whole-unit' treatments, while the baking temperatures are
the ¥sub—unit! treatments, There were 15 replications and it will be assumed
that these were conducted serially according to a randomized blocks schome;
that is, one replication was completed before starting the next, so that
differences among replicates represent time differcnces, (The notes suggest that
this was done, though they are not quite explicit).

‘A number of measurements werc made on the cakes, The measurcment presented
here is the breaking angle, One half of a slab of cake is held fixed while the
other half is pivoted about the middle until breakage occurs. The angle through
which the moving half has revolved is read on a circular scale, Since breakage
is gradual, the reading tends to have a subjective element, The data are shown
in table 7,5¢ '

It is customary to compute the analysis of variance on a sub=unit basis,
To avoid confusion, this should be clearly stated in the analysis of variance
table itself, The calculations may be presented in three steps,
Step 1, Analyze the whole-unit totals by the method appropriate to the design
in which they are arranged: L

2
Correction factor: iggggl— = 278,596,

Totals

(269)2 + (260)2 *+,,.+ (155)
| 6

(843)2 + (820)2 *eoot (479)2
18

2
(2081)° + (2848)2 + (2844)°
90

Error .(a), by subtractions 11,538 - 10,204 - 135 = 1,199

- 278,596 = 11,538,

Replicationss

- 2’78, 596 = 10, 2044

Recipess - 278,596 = 135,

Step 2, This concerns the sub-unit treatments, Their main effects are obtained

directly,
(1259)2 + (1348)° +,..* (1591)°
45

Temperatures? - 278,596 = 2,100

The sum of squares for interactions between sub-unit and whole-unit treate
ments is found by subtraction, First calculate the total s.s, for the two~way
table that shows both sets of treatments. ’

U37)R + (473)% +...+ (516)° * (536)2
15

Total treatmentss - 278,596 = 2,441,

Then,
Recipes x Temperaturess 2441 = 135 - 2100 = 206,
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. Step 3, Computc the total s.s, among all sﬁb-units. ,
2 2
Totals (42)% + (41)° +o..* (35)° + (25)% - 278,59 = 18,143

The sum of squares for error (b) is then found by subtréction in the following
table,

Table 7,6 Analysis of variance of breaking angles (on a sub-unit basis)
for the experiment on chocolate cakos,

Source of

yariation d.fa SaSa Mo F

Replications : 14 10,204

Recipes 2 135 6745 1,58

Error (a) 28 1,199 4248

- Temperatures 5 2,100 420,0 20,49

Linear regression 1 1,967  1,967,0 9595
Deviations 4 133 3342 1,62

Recipes x Temperatures 10 206 20,6 1,00

Error (b) 210 4,299 20,5

Total 269 18,143

The mean square for recipes, while above that for error (a), does not

‘ approach the 5% level, Temperature effects are highly significant as compared

with error (b), Since there is a fairly steady increase in the breaking angle
with increased temperature, the sum of squares has been divided into the component
due to a linear regression on temperature and that due to deviations from the
straight line, The regression coefficient amounts to an increase of 1.6 degrees
in the breaking angle for each of 10° rise in baking temperature, The mean square
for deviations is not significant, although it is higher than expected, There

is no indication of any interaction, It will be observed that the error (a)

mean square is about twice as large as that for error (v).

In table 7,7 are shown-the treatment means, with the principal standard
errors as obtained from table 7.4.

Table 7,7 Breaking anglo means 1ln degrees

. Recipe
175°  185° 1950 2050 215° 225° Means
I 29,1 31,5 30,8 '33.5 38,7 35.1 33.1

Recipe II 26,9 2944 31,7 321 345 35,3 3L6
IIT 27,9 2849 31,7 30,9 3heh  35.7 31.6

Temp. MeanS 28.0 30.0 31.4 32.2 35.9 3504 3201

Standard error of difference between



Two recipe meanss 2&%%.&1 | = .98 (28 d.f.)
Two temperature meanss 2(20,5) = .95 (210 d.f.)

Two temperature means for one recipes Jélégiif = 1,65 (210 d.f,.)
“gt;‘zo 5) + 42,8}

Two recipe means for a glven temperatures = 1,80

The 5% levels of t are 2,05 and 1,97 respectively for 28 and 210 defes -
Consequently, the 5% level for the last standard error above is

(5)(2045)(1497) * (42,8)(2,05) . ; oo

(5)(2045) + (42.8)

This value alweys lies between the two individual t-values, In practice it need
rarely be calculated,

2,18 Missing data, The formulae for inserting estimates of missing values
have been developed by Anderson (7.3)e Suppose first that the observation for
a single sub-unit is missing, and that this sub-unit receives the treaiment
combination (aib Yo let

U = total for the unit containing the missing observations,

(AiBj) = total of all sub-units which receive the treatment combination (a, bj)

(Ai) = total of all observations that receive the ith level of 4,

Then the estimate to be inserted for the missing value is

r0 + £ (4,8,) - (a)
G-D(f-D

Example: Suppose that the observation for recipe II, 195° temperature in
replication 2 is missing, (Its actual value is 47), Then

U= 280 - 47 = 2333 (4;B;) = 476 - 47 = 429; (&) = 2848 - 47 = 2801,

15(233) + 6(429) - 2801 _ 3268 _ 47
(14)(5) 70 :

y:

y=

By accident, the estimated valua is the same as the actusl value, If several
observations are missing, repeated use is made of the formula as described in
section 4,25,

In the analysis of variance 1 d.f, ig subtracted from the sum of squares for
error (b) d,f, for each missing observation, An unbiased estimate of B, is
obtained, but the treatment sums of squares and that for error (a) are biased
upwards, If only a small fraction of the values are missing, it appears that
these biases can be ignored; methods for obtaining unbiased estimates are
given by Anderson (7.3).

Standard errors, When there are missing observations the following formulae are
suggested for the differences between two means, :
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Table 7,3 Standard errors for split-plot experiments with missing data,

Ty ent _co iso SeCa
Difference between two 4 meanss d;%’ {Ea + fEb}
. 2B, fg
- 9, Py +
Difference between two B means: ol 1 :
Difference betveen two B means at the same REy, f;
level of 4As r

Difference between two 4 means at the same | 2E, 2B,
level of Bs d——*--——,(ﬂ-l)*f/z
-4 rf

If there is only one value missing in the experiment, and a mean containing
that value is being compared with another mean, the factor £ is 1/2(r -~ 1)( /49 - 1),
anid the formulaec are exact (7.3).

~ With more than one missingv observation, the value of £ depends on the locations
of the missing observations., The following approximation, developed by G. S, Watson,
is correct for o number of cases and otherwisc tends to be slightly too high,

X
f=2(r-“a§(?-k+c-ﬂ

When counting the values of k, ¢ and 4, as defined below, bec sure to ignore all

missing observations except those that occur in the two means that arc boing
compared,

nunber of missing observations,

mmber of replications which contain one or more missing
observations, ,

d = number of missing observations in the sub-unit treatment
(aibj) that is most affected,

[« 3o
ftn

For example, suppose that in the cake experiment, the values for recipe I, 175°
temperature, are missing in replications 1, 2 and 3, while those for recipe I, 185°
temperature are missing in replications 3 and 4, We are comparing the means for
the two temperatures, teken over all recipes, Then k is 5, and ¢ is 4. The
sub-unit treatment with the most missing values is recipe I, 175° temperature,
which has 3 missing, so that 4§ is 3,

The case where a complete unit is missing is discussed by Anderson (7.3)e
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Experimental Designs
Chapter 9

’ Balanced and Partially Balanced Incomplete Block Designs

9.1 Balanced designs,

As their name implies, these designs, introduced by Yates (9.1), are
arranged in blocks or groups that are smaller than a complete replication, in order
to eliminate heterogeneity to a greater extent than is possible with randomized
blocks and latin squares, In the designs described in chapters VI to VIII, this
reduction in the size of block was achieved by sacrificing all or part of the
information on certain treatment comparisons, The present designs, on the other
hand, werc developed for experiments in plant breeding and selection, where all
comparisons emong pairs of treatments are desired to be made with equal precision,
Congequently, a different method for reducing the size of block is employed,

The designs may be arranged either in randomized incomplete blocks or in
quasi-latin squares. They may be balsnced or partially balanced. The balanced

designs will be illustrated first by simple examples of the experimental plans.

Consider the following plan which compares 9 treatments in incomplete blocks
of 3 experimental units with 4 replications?

Table 9,1 Balanced design for 9 treatments in blocks of 3 units.

Replications .
I II I1I v
Blocks Blocks Blocks Blocks
(1) 123 @) 147 (7 186 (0) 1509
(2) 4 56 (55 258 (8 429 (1) 7 26
(3 78 9 (6) 3 6 9 (99 7 5 3 (1) 4 8 3

Every pair of treatments will be found to occur once, and only once, in the
same block, For instance, treatment 1 occupies the same block with treatments 2
and 3 in the first roplication, with treatments 4 and 7 in the second replication,
with treatments 6 and 8 in the third replication and with treatments 5 and 9 in the
fourth replication, When the results are analyzed by the method of least squares,
this property, to which the adjective balanced is applied, ensures that all pairsof
treatments are compared with approximately the same precision, even though the
differences among blocks may be large, This design belongs to the group known as
balanced lattices, so-called because the plans are conveniently written down by
drawing a square lattice, with the treatment numbers at the intersections of the
lines, In the balanced lattices, the number of treatments must be an exact square
while the mumber of units per block is the corresponding square root.

Bélanced designs can be constructed for other numbers of treatments and of
units per block, The plan below shows seven treatments arranged in blocks of
three unitss
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Table 9,2 Balanced design for 7 treatments in blocks of 3 units.

Blocks :
() 124 (3 346 (55 156 (7 137
(20 235 (4) 4 57 (6) 2 67

Again every pair of treatments occurs once within some block, In this case,
however, the blocks cannot be grouped in separate replications, since seven is
not divisible by three, Designs of this type are known as balanced incomplete
blocks, '

For certain numbers of treatments and units per block, both the types above
can be laid out in a kind of latin square formation so as to allow the elimination
of variation arising from two types of grouping, The appropriate rearrangement
for the first example is as follows:

Table 9,3 Balanced design for 9 treatments in 4 lattice gquares.

Replications
I 1T 111 o
Rowe  Columns Rows - Columng Rows: . Columns  Rows Colums _
(1) (2) (3) (L) (5) (6) (7) (8) (9) (10) (13) (12)
() r 2 3 @) 1 4 7 (7 1 6 8 (W1 9 5
20 4 5 6 (5 2 5 8 (8 9 2 4 () 6 2 7
(3 7 8 9 (6) 3 6 9 (9) 5 7 3 (12 8 4 3

It may be verified by inspection that every pair of treatments now occurs once

in the same row and also once in the same column, 411 comparisons between pairs

of treatments are of nearly equal precision, This design is known as a lattice square,
The second example is re-written somewhat differently:

Table 944 Balanced design for 7 treatments in an inqomplete latin square,

Rows : Columns

(1) (2 (3) @) (50 () (7
(1) 1 2 3 4 5 6 7
(2) 2 3 A 5 6 7 1
(3) L5 6 7 1 2 3

Every treatment now appears in each of the three rows, and every pair of
treatments appear together once in the same column, Since the plan above could
represent the first three rows of a 7 x 7 latin square, this type of design has
been called an incomplete latin sguare, or alternatively a Youden square, after
W. J. Youden, who developed these designs for greenhouse experiments,

942 Partially balanced designs,

Although a balanced design can be constructed with any number of treatments
and any mumber of units per block, the minimum number of replications is fixed
by these two variables, In most cases this number is too large for the usual






