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1 INTRODUCTION

The influence of soil-structure interaction (SSI) in the seismic 
response of structures is significant, especially for structures of 
nuclear power plants. These structures have important natural modes 
which involve deformations of the foundation soil and may either 
amplify or attenuate the,ground motion imparted on the structure. 
Therefore, estimating the effect of SSI needs the proper consider­
ation of both the stiffness properties of the foundation soils as 
well as its energy absorbing properties.

Energy dissipation in the foundation subsurface results from two 
sources: 1) the hysteretic energy loss due to friction between 
individual soil particles and 2) the radiation of vibrational energy 
away from the foundation. The latter source is by far more important 
when soil-structure interaction modes of vibration contribute 
significantly to the overall building seismic response. Therefore, 
its representation in the mathematical model to produce realistic 
seismic response is imperative.

SSI analysis can be conducted with the lumped parameter 
approach. The superstructure is represented by a finite element 
model and the subgrade stiffness and energy dissipation are repre­
sented by springs and dashpots, which are called SSI parameters. 
These parameters can account for soil layering, frequency dependence, 
irregular foundation geometry, embedment, and possible statistical 
variations of the soil properties (Gallagher, et al., 1986). The 
resulting soil-building model can be analyzed in the frequency domain 
to strictly account for the frequency dependency of SSI parameters. 
However, time domain solutions are usually conducted by appropriately 
selecting frequency independent values for the SSI parameters. In 
turn, a time domain analysis can be performed by direct step-by-step 
integration of the equations of motion or by a modal superposition 
technique. In this paper, we examine different modal-superposition 
methods. A procedure to assess the accuracy and applicability of 
approximate methods is presented and two simple methods are proposed 
to account for the effect of off-diagonal damping terms when using 
real frequencies and modes of vibration. These two methods are 
evaluated with the proposed procedure.
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2 MODAL SUPERPOSITION TECHNIQUES

When the soil is represented by constant parameters, the equations of 
motion of the soil-building system are:

(1) M x + C * + K x = F (t)

where M, C, and K are constant symmetric matrices. In general, these 
equations cannot be solved with the classical modal superposition 
method because the system, including damping, does not possess real 
frequencies and modes of vibration. Jennings and Bielak have applied 
the Ross Method to solve exactly these equations by calculating complex 
frequencies and modal vectors (Jennings and Bielak, 1973). Being an 
exact method of solution, complex modal superposition is only limited 
in practice by the availability of appropriate computer codes.

Structural engineers usually favor the use of real frequencies 
and modes obtained by disregarding the damping matrix. The main 
reason is the conceptual simplicity of the method that facilitates 
physical interpretations of the results. Besides, the method is 
widely and efficiently implemented in computer programs. However, 
the damping matrix will not, in general, become diagonal in the modal 
coordinates. A first approximate approach is simply to neglect the 
off-diagonal terms. Depending on the relative magnitude of these 
terms, this approach yields sometimes acceptable results, usually for 
small amounts of SSI damping. Generally, significant errors will 
occur for large amounts of SSI damping. In a particular case, the 
effects of ignoring off-diagonal terms can be assessed by comparing 
real and complex eigenvalues and transfer functions (Vaidya, et al., 
1986). Sometimes, attempting to force conservative results, 
arbitrary limits are imposed to the damping corresponding to each 
mode (i.e., to the diagonal terms). For instance, the critical modal 
damping is limited to 20 percent. However, no guarantee exists that 
this approach will always lead to conservative results. Indeed, we 
have observed with a model of an actual facility, that some high- 
frequency peaks that are present in the exact solution cannot be 
obtained by reducing modal damping.

Liu et al. have presented a method to enhance the accuracy of 
the classical modal superposition method when the off-diagonal terms 
are significant (Liu et al., 1985). Essentially, the method consists 
of considering the radiation damping, which is the major source of 
off-diagonal terms, as pseudo forces in the right-hand side of the 
equations of motion. These pseudo forces are approximated by using a 
Taylor series expansion of the velocities. The accuracy of this 
method has been verified by the authors in two example problems.

Approximate techniques are usually evaluated by comparing exact 
and approximate results for some few particular cases. Extrapolation 
of the conclusions to different cases is always questionable, and 
additional verifications for the case at hand could be necessary. In 
the next section, we propose two simple modifications to the classical 
modal superposition method. Then, we present an analytical procedure 
to assess the validity and accuracy of these and similarly modified 
methods.
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3 MODIFIED CLASSICAL MODAL SUPERPOSITION

Consider that the classical (real) modes of vibrations of a soil- 
building system have been calculated. The transformation of the 
equations of motion to modal coordinates will diagonalize the 
stiffness and mass matrices, but off-diagonal damping terms 
cI: (i • j) will generally be obtained in the transformed damping 
matrix. To approximately account for the effects of those terms, we 
will consider that they are located at the right-hand side of the 
equation, as Liu et al. did with radiation damping terms. We will, 
however, retain diagonal terms in the left-hand side independently of 
the type of damping that originated them. To uncouple the equations 
completely, the velocities to be used in the right-hand side at any 
time t will have to be predicted on the basis of previous 
calculations. The accuracy of this approach will directly depend on 
the accuracy of these predictions.

In a numerical step-by-step integration scheme, the easiest 
predicting method consists of simply using the value of the previous 
step. Mathematically, terms of the form c*j v;(t) (j • i) are 
replaced by cfj v; (t - A t) where A t is the time step and v; (t) is 
the velocity at time t. We will refer to this approach as Method 1. 
A second rule is to estimate vj (t) as = vj (t - A t) + aj (t - A t)At 
where aj denotes acceleration. We are assuming that for evaluating 
off-diagonal damping forces the accelerations remain unchanged 
during At. This approach is called Method 2.

4 EVALUATION OF APPROXIMATE METHODS

As we are dealing with linear systems, the response to any arbitrary 
excitation can always be calculated as the superposition of the re 
sponse to harmonic excitations. Therefore, approximate methods can be 
fully studied by examining their performance for harmonic excitation.

Consider that a harmonic ground acceleration with frequency X is 
imposed to the soil-building system. Any response will also be 
harmonic with the same frequency. In particular, a typical displace­
ment can be expressed as x; (t) = %; exp (i2t) where 1 - -1 and %; 
is a complex constant. The exact solution can be easily calculated 
solving the following system of complex algebraic equations.

(2) [K - Q 2M + 19c]X - F

where F contains the complex amplitudes of the excitation forces. A 
typical velocity in modal coordinates has also the form v;(t) “ V; 
exp (12 t). In order to analyze the method proposed in the previous 
section, we can write:

(3) Vj (t - At) = Vj exp [12(t -At)] - exp (-12At) v;(t)

Therefore, this method is equivalent to multiplying the off-diagonal 
damping terms C1: by the factor f - exp (-ilAt). Note that the At 
is proportional to the ratio A t/T where T is the excitation period, 
equal to 2 m / Q .

A complex variable solution in modal coordinates is obtained by 
replacing M, K and C and X and F of expression (2) by the 
corresponding transformed matrices and vectors. If the factor f is 
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introduced in the off-diagonal terms of the transformed damping 
matrix, the solution of these equations provides analytically the 
approximation of Method 1.

A typical acceleration term is given by:

(4) aj(t) = iQ v; exp(iQt) = ilv;(t)

Consequently, the approximation used in Method 2 is:

(5) vj(t) = vj(t -At) + aj (t -At)At = [1 + iAAt]vj (t -At) 

= [1 + 1QAt] exp (-1X1 At) Vj(t)

Therefore, this method is equivalent to multiplying the off-diagonal 
terms of the damping matrix in modal coordinates by the factor 
[1 + iQAt] exp (-iQAt). Because I and iQAt are the first two 
terms of the Taylor series expansion of exp(iQAt) we conclude that 
the acceleration correction balances the errors introduced by the 
factor exp(-iQAt) in Method 1. Similar factors can be developed for 
other predicting rules. For instance, if velocities at (t - 2At) 
are used, a factor of f squared will appear.

5 ILLUSTRATIVE EXAMPLE

The accuracy of the approximate Methods 1 and 2 proposed is examined 
here for the system depicted in Figure 1. We can consider that M2, 
K2, and C2 represent a structure, M1 the mat mass and K1 and C1 the 
SSI parameters. We have assumed that M1 = M2 and K1 = K2. C2 was 
calculated as 6 percent of the structure critical damping 2 VK2M2, 
and C1 as 20 percent of the SSI critical damping 2VK1(M1 + Mg)» The 
frequencies of the combined SSI system are 0.618 and 1.618 timesVK2/M2. 
This data resulted in 13.7 and 19.7 percent of critical damping for 
modes 1 and 2, and an off-diagonal value equal to 0.608 times the 
square root of the product of the diagonal values.

Figure 2 shows the amplitude of the first mode for approximate 
methods normalized by the corresponding exact results as a function 
of frequency. Figure 3 shows similar plots for the second mode. 
The ratio A t/T was given the values 0.01 and 0.05. It is observed 
that neglecting off-diagonal terms results in errors as high as 8 
percent for the first mode and 75 percent for the second mode. 
Method 1 is a significant improvement yielding maximum errors of 4 
percent for the first mode and 20 percent for the second mode, when 
At/T = 0.05. The errors are less than 1 and 4 percent, respectively, 
for At/T = 0.01. Method 2 provides practically exact results 
when A t/T = 0.01, and errors smaller than 1 percent and 6 percent 
for the first and second mode amplitudes , respectively, for At/T = 
0.05, thus exhibiting appreciable improvements over Method 1. 
Accuracy in phase angles is also required in order to appropriately 
combine harmonic components for arbitrary excitations. Figure 4 
shows phase angles of the approximate responses with respect to the 
exact ones for the displacement of mass 2. Again, method 1 is 
significantly better than neglecting off-diagonal damping terms, and 
Method 2 provides additional improvement. For this example, Method 2 
with At/T = 0.05 constitutes an excellent compromise between 
accuracy and computational effort.
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6 CONCLUSIONS

The classical modal superposition technique for the dynamic analysis 
of linear systems, based on the calculation of real frequencies and 
modal shapes, can easily be modified to accurately include the 
effects of off-diagonal damping terms in SSI systems. Forces 
resulting from these terms can be considered as part of the right­
hand side of the equations of motion in the modal coordinates 
preserving the uncoupling benefits of the approach. In numerical 
integration, these forces can be calculated by estimating the 
required velocities with some approximate rule. Two rules are 
proposed here which use only the velocity and the acceleration of the 
previous step. We also present an analytical procedure to assess the 
accuracy of proposed and similar methods. This procedure is based on 
obtaining analytically exact and approximate results for harmonic 
excitation.

The evaluation procedure has been applied to assess the 
applicability of the two proposed methods in a two-degree of freedom 
system. Excellent approximations were obtained with the second 
method. Even though this conclusion cannot be generalized without 
further examination, it seems that it will be valid over a wide range 
of cases. Depending on the magnitude of off-diagonal damping terms, 
it is conceivable that more complicated rules or smaller time 
increments could be required, or on the other hand, that even 
neglecting off-diagonal terms could be acceptable. It is clear, 
however, that with simple modifications, the classical modal super­
position technique provides very accurate results. The selection of 
the appropriate method and time step for numerical integration can be 
performed applying the evaluation procedure presented here.
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FIGURE 1: Illustrative SSI System
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FIGURE 2: Normalized Approximate Amplitudes 
for the First Mode

METHOD 2, 
At.oos

METHOD 1, 
At-o.os

A
PP

R
O

XI
M

A
TE

 A
M

PU
TU

D
E 

E
X

A
C

T
 A

M
PL

IT
U

D
E 

op
r*

 
a>

 a
 o

METHOD 1 
At - 0.01

METHOD 2, 
-^--0.01

CLASSICAL METHOD

0.9 1.3
n

JK2/M2

FIGURE 3: Normalized Approximate Amplitudes 
for the Second Mode

152



0.03

0.02-

CLASSICAL METHOD

METHOD 2,4t- 0.01 —

PH
A

SE
 A

N
G

LE
 / 

K

0.01-

-0.01

■0.02 -

0.03
0.1 0.9

METHOD 2,4t -0.05

— METHOD 1, 4=0.01

METHOD 1. —=0.os

1o.9‘ 
_____ n
IK,7

2.1

0

FIGURE 4: Phase Angle Between Approximate and 
Exact Results for X2 (Figure 1)

153


