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Figure 5-22: C-band
VCO circuit: (a) an-
notated resonator
network; and (b)
annotated active
network. The Pi at-
tenuator (with 294 Ω
resistors in the shunt
legs and a 17.4 Ω
series resistor) is
between Vout and the
50 Ω bandpass filter.

(a)

(b)
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Figure 5-23: The resistance, RP , of a parallel (or
shunt-tuned) resonator required to satisfy the
condition of oscillation for (a) |Γd| = 1.4, (b)
|Γd| = 2, and (c) |Γd| = 4 versus the magnitude
of the device reflection coefficient angle. Curve
(d) is the active device Q = Qd = |Bd/Gd| for
|Γd| = 2.

5.6.2 Design Strategy

Small-signal S parameters are generally good indicators of oscillator
operation, particularly for the frequency of oscillation [22]. However, they
do not provide sufficient information to determine if stable oscillation will
occur. The design strategy here is to use simulations and measurements
of the individual resonator and active networks to select the required
modifications, particularly the selection of Ca and Cb and the position of
the shorting bar. Measurements are needed as the characteristics are very
sensitive to coupling parasitics, principally between the sides of the lumped
elements, which cannot be captured in simulation.

5.6.3 Oscillator Start-Up Considerations

Another consideration in oscillator design is that the right conditions
must be provided for oscillation start-up, which initially begins with the
amplification of noise. Simply stated, the condition for oscillator start-up
of a shunt-tuned oscillator is that for small signals (small A) |Gd(A,ω)| >
Gr(ω). That is, for small signals, the active network must present a negative
conductance that is greater in magnitude than the positive conductance of
the resonator network. Since Bd(ω) ≈ −Br(ω), the condition for start-up of
oscillation can also be expressed in terms of the Qs of the active and resonator
networks. That is, for oscillation start-up, Qr > Qd for small signals where
the Q of the active network is Qd = |Bd/Gd| and the Q of the resonator
network is Qr = |Br/Gr|. Since Gd is negative, |Γd| > 1, however, it is not
sufficient to simply have a large value of |Γd|.

There is a specific angular range of Γd that provides the right condition
for oscillator start-up. Now 1/Γd ≈ Γr at steady-state oscillation and so
designing for a particular Γd also determines Γr. It is found that the angle
of Γd, � Γd, must be constrained so that losses in the resonator network are
accommodated. The appropriate range is selected using Figure 5-23, which
plots the required minimum parallel resistance,Rp (= 1/Gr), of the resonator
network as a function of |� Γd| for several values of |Γd|. If |� Γd| is less than
50◦, then the resonator network would need to have a higher Q, Qr, in order
to satisfy the oscillator start-up requirement. Now if a large tuning range
of the VCO is required, then a large range of � Γd must be considered. A
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reasonable range derived from Figure 5-23 is that � Γd between 30◦ and 70◦

should be supported. Thus, in the case of a shunt-tuned oscillator, the design
of the interface of the resonator and active networks is a methodical process
to provide an appropriate admittance to enable oscillator start-up over the
tuning bandwidth of the VCO.

What the above means is that if the active network is designed to present
a negative conductance and little susceptance (so that � Γd ≈ 180◦) to
the resonator network, then the equivalent parallel resistance, Rp, of the
resonator network needs to be very high to ensure start-up. A high Rp

means that the Q of the resonator network, Qr, must be high. However
such a high Qr would be difficult to achieve with a tunable resonator. To
provide for greater likelihood of oscillator start-up as well as achievable
Qr, it is better for the active network to present � Γd ≈ 50◦. The wide
tuning range requirement extends this range to something like 30◦ ≤ � Γd ≤
70◦. It is thus not reasonable to simply embed reactances in the resonator
network to compensate for parasitics in the active network and then to
expect that the required start-up conditions be achieved. It may be possible
to do this, but this approach would limit the ability to make other trade-
offs that would optimize oscillator performance. So the point is that better
oscillator performance can be achieved by going beyond the simple form of
the Kurokawa oscillation condition embodied in Equation (5.7).

With a fixed-frequency common-base Colpitts oscillator the oscillation
operating point (the intersection of Γr and 1/Γd) can be in the left-half plane
of the Smith chart as the loss of the resonator is negligible. However with a
microwave VCO the resonator loss, due to the varactors, is appreciable and
the location of the intersection of Γr and 1/Γd is important.

In summary, designing for a slightly reactive Γd is a subtle point that leads
to a VCO design of superior performance. It is not necessary to understand
this issue to follow the design procedure that follows. It is sufficient to follow
the VCO design procedure by noting that one of the requirements is that
30◦ ≤ |� Γd| ≤ 70◦, that is, the input admittance of the active network
at the resonator-active network interface should be slightly capacitive (or
slightly inductive). In matching 1/Γd to Γr, this corresponds to a slightly
inductive (or slightly capacitive) resonator network with 70◦ ≥ � Γr ≥ 30◦

(or −70◦ ≤ � Γr ≤ −30◦).

5.6.4 Initial Design

The initial design of the oscillator with Ca = 0.5 pF and with Cb = 0
resulted in the simulated resonator and active network characteristics shown
in Figure 5-24, where the locus of Γr at two bias voltages, 1 V and 3 V, are
shown. Also shown are the small-signal characteristics of the active network,
plotted as 1/Γd, and determined (in harmonic balance simulation) using a
50 Ω port. The port impedance was high enough to suppress oscillation. The
1/Γd curve intersects with each of the resonator curves at multiple places so
that multiple oscillations are possible.

The similar measured characteristics of the actual oscillator are shown in
Figure 5-25. The resonator network is shown to the left of the (x-x) line in
the oscillator schematic of Figure 5-19(a) and again in Figure 5-19(c). It is
also shown in Figure 5-22(a). Measurement of the tank circuit yielded the set
of resonator curves (Curves a–g) in Figure 5-25. Curve a is the locus of the
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Figure 5-24: Simulated
50 Ω reflection coefficient
of the resonator, Γr, and
the inverse of the small-
signal reflection coefficient
of the active network, 1/Γd,
of the C-band VCO with
Ca = 0.5 pF and without
Cb. This is a 50 Ω Smith
chart.

reflection coefficient of the resonator network when the tuning voltage is 0 V,
that is, Curve a is the locus with respect to frequency of Γr(0 V). The seven
resonator responses shown in Figure 5-25, Curves a–g, are the resonator
reflection coefficients for equally spaced tuning voltages from 0 V through
9 V. Comparing Figures 5-24 and 5-25 it is seen that there is reasonable
agreement between the simulated and measured results. The difference can
be attributed to the difficulty of performing the measurements at the correct
location, as well as coupling between the components themselves not being
captured in simulation.

The possibility of multiple oscillations is seen in Figures 5-24 and 5-25, as
there can be multiple intersections of a Γr curve (for a particular bias) and the
1/Γd curve. (Note that the 1/Γd locus will shift to the right as the level of the
oscillation signal increases.) Multiple oscillations are observed as seen in the
spectrum at the output, Vout, of the oscillator (see Figure 5-26). An oscillator
that oscillates at multiple frequencies is not desirable, of course, so the design
must be altered to avoid the multiple intersections of the Γr (at a particular
tuning voltage) and 1/Γd curves.
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Figure 5-25: Measured reflec-
tion coefficient of the res-
onator network, Γr, and the
inverse of the small-signal re-
flection coefficient of the ac-
tive device network, 1/Γd, of
the C-band VCO with Ca =
0.5 pF and without Cb. Γr,
Curve a, is the characteris-
tic of the resonator network
for a tuning voltage, Vtune, of
0 V. Curve g is for Vtune =
9 V. Vtune is equally spaced
for Curves a–g. The locus of
1/Γd moves to the right as
the signal level increases and
the intersection of 1/Γd and Γr

determines the oscillation fre-
quency and the signal level.

Figure 5-26: Multiple oscillations ob-
served prior to reflection coefficient
shaping by Ca and Cb. The spectrum
was measured using a resolution band-
width of 3 MHz and a video band-
width of 1 MHz.

5.6.5 Avoiding Multiple Oscillations Through Reflection
Coefficient Shaping

At an early stage in design (with Ca = 0.5 pF and Cb = 0) multiple
oscillations were observed in Figure 5-26. The cause of these multiple
oscillations is multiple intersections of the 1/Γd locus of the active circuit and
Γr at a particular bias voltage. This is seen in both the simulated results in
Figure 5-24 and the measured results in Figure 5-25. The next step in design
is to shape 1/Γd of the active network so that there is a unique intersection
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Figure 5-27: Simulated re-
flection coefficient of the
resonator, Γr, and the in-
verse of the small-signal re-
flection coefficient of the
active network, 1/Γd, of the
C-band VCO for various
values of the compensation
capacitors Ca and Cb.

of 1/Γd and Γr at each bias voltage. The elements used to shape 1/Γd are Ca

and Cb. At the same time that these are adjusted the design must achieve
(∂Bd/∂V |V=V0

) ≈ 0. Also, the discussion in Section 5.6.3 indicated that
the preferred angle of Γd to ensure start-up of oscillations is around 50◦.
However, for a wide tuning range of the VCO it is only possible to achieve
a specific angle of Γd at a single oscillation frequency. The trade-off is to
choose −70◦ ≤ � Γd ≤ −30◦, indicating that the active network should
be slightly capacitive, which corresponds to a slightly inductive resonator
network with 70◦ ≥ � Γr ≥ 30◦. Thus the intersection of Γr and 1/Γd should
be in the top right quadrant of the Smith chart. (An alternative design choice
which still would have resulted in a successful start-up of the oscillator is
70◦ ≥ � Γd ≥ 30◦.)

The simulated characteristics of the resonator and active networks are
shown in Figure 5-27. The loci of Γr for two tuning voltages are shown, and
the small-signal 1/Γd is shown for various values of Ca and Cb. Curve AA
(of 1/Γd) is for Ca = 0.5 pF and Cb = 0, as considered before, and will
resulted in multiple oscillations. Curve DD is for Ca = 0 and Cb = 0 and
is very close to Γr and it may be difficult for oscillation to begin. Another
way of describing this is that Qr is very close to the small-signal Qd. So even
if oscillation did start, it would reach steady state at a low signal level. The
active networks represented by Curves CC and DD do not provide sufficient
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Figure 5-28: Simulated re-
flection coefficient of the
resonator, Γr, and the in-
verse of the small-signal re-
flection coefficient of the
active network, 1/Γd, of the
C-band VCO.

negative conductance and only enable oscillation over a narrow frequency
range. The best characteristic here is Curve BB for which Ca = 0.5 pF and
Cb = 0.5 pF. This response provides a single intersection of the resonator
curve for each tuning voltage and the active network curve. Also it indicates
a fairly large magnitude of negative conductance so that the output oscillator
power will be high. That is, the magnitude of the negative conductance
reduces as the signal level increases and the large magnitude of the negative
conductance at small signals means the signal level can grow significantly
before the conductances of the resonator and active networks match.

The simulated characteristics of the resonator and active networks are
repeated in Figure 5-28 for Ca = 0.5 pF and Cb = 0.5 pF (i.e. Curve BB
in Figure 5-27). The response of the circuit now has the desired properties.
First consider the locus of the reflection coefficient of the resonator network
with 1 V across the varactor diodes (this is the Γr(1V) curve). There are
two resonances between 3 GHz and 6 GHz, but it is the resonance between
4.0 GHz and 5.3 GHz that is close to the 1/Γd locus and so (for this
varactor bias) is the only resonance that will affect oscillation. The locus
of Γr(1V) approximately follows a constant conductance curve so that
(∂Gr/∂ω|ω=ω0

) ≈ 0 as required. As the signal level across the active network
increases, the 1/Γd locus shifts to the right in the direction of constant
susceptance so that (∂Bd/∂V |V=V0

) ≈ 0 as desired. Provided that the
frequencies match, the point at which the Γr(1V) locus intersects the 1/Γd

locus determines both the oscillation frequency and the oscillation level as
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Figure 5-29: Measurement of the active
circuit with a 50 Ω test fixture at the interface
of the resonator and active networks. The
card was cut at the interface to make
the connection. A 35 ps delay due to
the length of the SMA connector must be
subtracted from measurements to reference
measurements to the circuit card edge.

the locus of 1/Γd shifts to the right.
The simulated results discussed in the previous paragraph indicate that

the oscillator will work as desired. However, there are many parasitics
and coupling effects that are not fully captured in simulation. Final design
optimization requires experimental investigation of the reflection coefficients
looking into the resonator circuit and into the active circuit.

The next step in design of the VCO is using a VNA to measure the
reflection coefficient of the active network in Figures 5-19(b) and 5-22(b)
(shown again in its measurement configuration in Figure 5-29). The large
signal locus in Figure 5-30 was measured with a 10 dBm signal applied to
the active network at the 50 Ω measurement port. This curve is an indication
of what the active network presents to the resonator under large signal
conditions and it is used as a guide since it does not capture the full loading
complexity, for example, the harmonic terminations are not correct.

Oscillation occurs when the characteristics of the active network (see the
1/Γd curve in Figure 5-30) match the characteristic of the resonator network,
Curves a–g in Figure 5-30. First, for small signals the active network should
provide

|1/Γd(A,ω)| < |Γ(ω)| (5.8)

at all desired frequencies of operation. This is the requirement for oscillation
start-up. Second, the rotation of Γr(ω) with respect to ω near the oscillation
point (i.e., ω0) should be positive (i.e., (∂Br/∂ω|ω=ω0

) > 0 as developed
in Section 5.5.2) and in the opposite direction to the 1/Γd(A,ω) locus with
respect to ω (i.e., in the same direction as the rotation of Γd(A,ω)). This
is indeed what happens and can be seen by closer examination of Curves
a–g. In addition, the locus of Γr(ω) should approximately follow a line of
constant conductance so that (∂Gr/∂ω|ω=ω0

) ≈ 0. Now, device self-limiting
stabilizes oscillation when the angles of Γd(A,ω) and Γr(ω) sum to zero. For
single-frequency oscillation this must be obtained at each tuning voltage.
Finally, the trajectory of the limiting 1/Γd(A,ω) locus (i.e as the amplitude of
oscillation, A or V , increases) should intersect the Γr(ω) locus, ideally at right
angles to minimize phase noise [11, 17]. These requirements are referred to
as a complementary relationship between the active and resonator networks.
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Figure 5-30: Measured reflection coefficient of the resonator network, Γr, and the inverse of
the large signal reflection coefficient of the active network, 1/Γd, of the C-band VCO. For the
large signal Γd measurement, the active network is driven at 10 dBm from a 50 Ω port. The Γr

curves are identical to those in Figure 5-25. The curves with end points labelled RR identify the
resonator curves.

While under small-signal conditions the loci may not coincide, the
important point is that they do when limiting occurs, as well as providing for
the start-up of oscillation. A slight counterclockwise rotation of the modified
active device 1/Γd locus as the signal level increases (as well as a general
right shift) ensures stable, single-frequency oscillation. Put another way, the
trajectory of the negative conductance as device limiting occurs must be such
that 1/Γd just intersects the Γr locus, and � Γd must complement � Γr. This
is the situation shown in Figure 5-30, where the modified device network
characteristic is achieved by adding capacitive terminations to the collector
and the emitter base terminals. Here, unlike the conventional common-base
series feedback oscillator situation (as considered in Section 5.4), the input
of the active network is now capacitive above 4.5 GHz (see Figure 5-30).
Consequently the inductance of the resonator is successfully absorbed. Thus
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Figure 5-31: Measured tuning characteristic
showing oscillation frequency and VCO
sensitivity as a function of tuning voltage.

Figure 5-32: Measured output
power and harmonics at Vout (be-
fore the bandpass filter) indicating
low-level harmonic content.

the small-signal one-port reflection coefficient of the resonator is inductive
initially. In effect the resonator is operated as a tunable shunt inductance
rather than a tunable capacitive reactance.

5.6.6 VCO Performance

The most important metrics that describe the performance of the VCO are
the phase noise, tuning bandwidth, output power, tuning gain or sensitivity,
the output harmonic content, and the DC power consumption. The VCO
characterized here, shown in Figure 5-19, includes the compensating
capacitors Ca and Cb, both 0.5 pF. Figures 5-31 and 5-32 document the
bandwidth and output powers of the VCO. As the varactor tuning voltage,
Vtune, goes from 0 V to 9 V the filter tunes from 4.5 GHz to 5.3 GHz,
producing a minimum output power of 0 dBm and varies by no more
than 2 dB over the range. The DC power consumed is 150 mW. The tuning
bandwidth is adjusted by varying the coupling (provided by the two 0.5 pF
capacitors) between the varactor stack and the microstrip line, TL1. Figure
5-32 also shows the power at the harmonics. At the final output these are
further reduced by the bandpass filter.

The measured phase noise is shown in Figure 5-33 at 4.5 GHz
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Figure 5-33: Phase noise
measured at the top and
bottom of the tuning range
as well as at 5.1 GHz,
where phase noise is op-
timum. Minimum phase
noise floor −116 dBc/Hz at
1 kHz offset, −160 dBc/Hz
at 10 MHz offset.

(corresponding to a tuning voltage of 0 V), and at 5.3 GHz (a tuning voltage
of 9 V), as well as at 5.1 GHz where the best phase noise is obtained. The
phase noise is approximately the same across the tuning range with a 1/f2

noise corner frequency, fc,−2 (the transition from an f−1 dependency to an
f−2 dependency) of 30 kHz. The phase noise at 10 kHz offset, L(10 kHz),
is better than −85 dBc/Hz, while L(1 MHz) is better than −130 dBc/Hz.
The best measured phase noise, L(1 MHz), near band center (5.1 GHz) is
−135 dBc/Hz.

The performance of a VCO should be quoted as the worst performance
over the tuning bandwidth. For a tuning bandwidth of 770 MHz and
center frequency of 4.92 GHz, the maximum phase noise of this VCO is
−128 dBc/Hz. This improves to a maximum phase noise of −130 dBc/Hz
for a bandwidth of 500 MHz centered at 5.05 GHz.

5.6.7 Summary

The VCO design here used a standard one-port reflection oscillator design
approach with a technique that introduced compensation capacitors to
manage the otherwise frequency-dependent susceptance of the active
network. These compensation elements also resulted in the reflection
coefficient of the augmented active device having the characteristics
necessary to ensure stable oscillation and oscillator start-up.

5.7 Negative Transconductance Differential Oscillator

In RFICs it is common to use an oscillator with a tank circuit across a pair
of matched transistors in a differential configuration. Such an oscillator is
shown in Figure 5-34(a). So while this circuit is in a differential configuration,
it is analyzed and designed as a reflection oscillator at RF.

The cross-connected differential common source pair creates a negative
resistance while the fixed inductors (the Ls) and the voltage-tunable
capacitors, the Cs, form the variable LC tank circuit. The tunable capacitors
are typically implemented using semiconductor varactor diodes whose
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Figure 5-34: Negative-gm differential FET VCO: (a) schematic; and (b) small-signal model used
in analyzing the oscillator; (c) small-signal model with Cgd incorporated in the tank circuit; (d)
negative resistance network of the VCO; and (e) small-signal model used in deriving the input
impedance of a negative resistance network. This is a modified form of a Colpitts oscillator.
The L-C-Cgd resonant circuit operates below resonance and presents an effective inductance (a
positive reactance) but with an admittance derivative with respect to frequency that is less than
that of an actual inductor. This is essential for stability. The effective inductor, L3 in Figure 5-7(b),
connects the output of each of the transistors to its respective input. For each transistor Cgs is
C1, and Cds is C2, in 5-7(b)
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Figure 5-35: Reduced model of the differential FET VCO of Figure 5-34:(a) small-signal model
with negative resistance FET network replaced by the equivalent resistance and capacitance; and
(b) simplest parallel small-signal model combining the tank and the negative resistance network
model.

capacitance can be adjusted by the tuning voltage Vtune. The bias transistor,
the bottom FET, sets the current in the differential transistors and this
current directly impacts the power consumption of the oscillator and the
phase noise. The circuit is symmetrical so that the node between the two
variable capacitors, the Vtune terminal, looks like an RF short as does the
common source node of the differential pair, the node labeled X. This is
key to developing the small-signal model shown in Figure 5-34(b), where
the dominant parasitic capacitances of the transistors, the drain-source
capacitance (Cds), the gate-source capacitance (Cgs), and the gate-drain
capacitance (Cgd) are seen. Cgd becomes part of the tank circuit. This leads to
the simpler small-signal model shown in Figure 5-34(c). Removing the tank
circuit leads to the small-signal active device models shown in Figure 5-34(d
and e) which present a negative resistance to the tank circuit and load.

The input admittance of the negative resistance network (Figure 5-34(e))
can now be determined. Analysis begins by summing currents at the A and
B nodes, respectively:

i+ = (ωCgs)v+ + (ωCds)v+ + gmv− (5.9)

i− = (ωCgs)v− + (ωCds)v− + gmv+. (5.10)

The differential input admittance is then

Yin =
i+ − i−
v+ − v−

= −gm + ω(Cgs + Cds). (5.11)

Thus the negative resistance network is modeled as a negative resistance
of value Rin = (−1/gm) in parallel with a capacitance Cin = (Cgs + Cds).
The dependence of Rin on gm gives this oscillator its name “negative
transconductance oscillator” or “negative-gm oscillator.” The gate-drain
capacitance Cgd is in parallel with the tank capacitance C and so a new
equivalent capacitance Cp = C + Cgd can be defined. Loss in the resonator
circuit is modeled by a resistor Rp in parallel with Cp. The small-signal
model of the oscillator is now as shown in Figure 5-35(a). This further
reduces to the model shown in Figure 5-35(b). Oscillations will initiate if
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|1/Rin| = |gm| > 1/Rp. Also the oscillation frequency, f0, is the frequency
at which the shunt reactance is zero, that is,

f0 =
1

2π

1
√

L(Cp + Cin)
=

1

2π

1
√

L(C + Cgd + Cgs + Cds)
. (5.12)

As oscillation builds up, |gm| reduces to the value of 1/Rp and stable
oscillation is obtained. The negative-gm oscillator has the ideal characteristic
if the negative conductance is the only element dependent on amplitude.
Unfortunately the values of Cgd, Cgs, and Cds also vary as the amplitude
of the signal increases. This complicates design at microwave frequencies as
these variations could lead to multiple simultaneous oscillations.

EXAMPLE 5.2 Oscillator Analysis

Determine the frequency of oscillation of a Colpitts common emitter BJT oscillator.

Solution:

Figure 5-36 shows two different implementations of a common emitter Colpitts BJT
oscillator. The form in Figure 5-36(a) is the most direct implementation, with a clearly
defined insertion of the Colpitts network in the collector-to-base feedback path. In Figure
5-36(a), the resistors R1 and R2 provide base biasing, and LC is an RF choke. The oscillation
frequency of this oscillator can be derived from the small-signal model of the oscillator. Since
R1 and R2 will be relatively large resistances, and since LC is an RF choke (it will look like
an RF open circuit), the small-signal model of the oscillator is as shown below.

In this small-signal model, rπ is the base input resistance and ro is the output resistance—
both of these will be relatively large. The transconductance of the transistor is gm. The
network equations are obtained by summing the currents leaving the base node, with Y1,
Y2, and Y3 being the admittances of C1, C2, and L3 respectively:

Y2VB +GπVB + Y3(VB − VOUT) = 0, (5.13)

Y1VOUT + gmVB + Y3(VOUT − VB) +GoVOUT = 0, (5.14)

and Gπ = 1/rπ , Go = 1/ro. In matrix form
[

(Y2 + Y3 +Gπ −Y3)
(gm − Y3) (Y1 + Y3 +Go)

] [

VB

VOUT

]

= 0. (5.15)

This can be simplified by noting that rπ and ro will have admittances smaller than Y1, Y2,
and Y3. Thus Equation (5.15) becomes

[

(Y2 + Y3) −Y3)
(−Y3) (Y1 + Y3)

] [

VB

VOUT

]

= 0. (5.16)

Equation (5.16) has a solution only if the determinant of the matrix is zero. That is,

(Y2 + Y3)(Y1 + Y3)− Y3Y3 = Y1Y2 + Y2Y3 + Y1Y3 + Y 2
3 − Y 2

3

= Y1Y2 + Y2Y3 + Y1Y3 = 0. (5.17)
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Now Y1 = ωC1, etc., where ω = 2πf is the radian oscillation frequency. Thus Equation
(5.17) becomes

−ω2C1C2 +
C1

L3

+
C2

L3

= −ω2C1C2 +
C1 + C2

L3

= 0. (5.18)

Rearranging, the frequency of oscillation is

f =
1

2π

√

1

L3

(C1 + C2)

C1C2

. (5.19)

The same result is obtained for the alternative form of the Colpitts oscillator shown in Figure
5-36(b).

5.8 Advanced Discussion of Oscillator Noise

This section presents a discussion of oscillator noise, and particularly the
rapid increase of phase noise close to the carrier. Noise can be partitioned
into amplitude and phase noise components. The nonlinear saturation of
an oscillator suppresses amplitude noise so only phase noise is of concern.
While usually associated with oscillators, phase noise is also added to a
signal by an amplifier.

There is not a consensus as to the origins of close-to-carrier phase noise.
This section begins with observations of oscillator noise in the frequency
domain and in the time domain. Then three theories of excess oscillator
noise, Leeson’s theory, the linear time-invariant model, and the chaotic map
model, are presented.

Not having a complete model of the physical origin of phase noise means
that a simulator cannot reliably predict the phase noise of an oscillator. Also
designing an oscillator with good phase noise performance currently relies
heavily on experience and projections based on what has been achieved by a
designer previously.

5.8.1 Observations of Oscillator Noise in the Frequency
Domain

The most puzzling noise observed with oscillators is the noise observed at a
small frequency offset from the carrier (i.e., the average oscillation signal).
To develop an appreciation for the breadth of observations, the signals
produced by several different oscillators will be considered. First, Figure 5-37

Figure 5-36: Common emitter BJT
Colpitts oscillators: (a) configura-
tion with a feedback network be-
tween the collector and base of
the transistor; and (b) alternative
configuration. (a) (b)
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Figure 5-37: Measured phase noise of low-frequency oscillators: (a) instrument noise floor;
(b) HP 5087A frequency distribution amplifier at 5 MHz (used to drive the external reference
input of several test instruments using a single high-quality oscillator); (c) TADD-1 frequency
distribution amplifier at 10 MHz; (d) TADD-1 frequency distribution amplifier at 5 MHz; (e)
Spectracom 8140T frequency distribution amplifier at 10 MHz. Five phase noise regions are
identified as f−5, f−4, f−3, f−1, and white noise. The spurious signals are related to injected
harmonics of the 60 Hz power mains. Used with permission of John Ackermann [23].

is a plot of the phase noise observed at the output of several oscillators and
amplifiers operating at 5 MHz and 10 MHz. Curve (a) is the noise floor of the
noise measurement instrument and spurious tones are observed at multiples
of 60 Hz, the power mains frequency. Curves (b), (c), (d), and (e) show phase
noise varying in straight-line segments. Being a log-log plot, these curves
show phase noise varying as f−5, f−4, f−3, f−1, and f0. None of the phase
noise plots here show a region with an f−2 dependence, although this is
observed with other oscillators.

Another oscillator to consider is the VCO circuit shown in Figure 5-
38 [24]. This is a 50 MHz VCO with a semiconductor varactor being the
variable element with a zero-bias capacitance of 100 pF. The capacitance
of the varactor is controlled by the voltage, Vb. With Vb = 0 V, the phase
noise shown in Figure 5-39 was observed. The distinct phase noise regions
have frequency dependencies of f0, f−1, f−2, and f−3. The phase noise
of this oscillator is plotted again in Figure 5-40 for three different varactor
bias voltages. The phase noise characteristics of the oscillator change even
though the underlying physical sources of noise do not change (of course).
Curve (a), with Vb = 6 V, and Curve (b), with Vb = 0 V, have an f−1

region around 20 kHz (see Figure 5-39 for more details), but the f−1 region
is not observed in Curve (c) where Vb = 18 V. One interpretation is that the
crossover frequencies have shifted. So what is particularly interesting here is
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Figure 5-38: Varactor-tuned
VCO schematic, from [24].

Figure 5-39: Measured
phase noise of a 50 MHz
BJT varactor-based VCO
with the varactor biased at
0 V [25, 26]. Three phase
noise regions are identified
as f−3 (having a slope of
−9 dB/octave), f−2 (having
a slope of −6 dB/octave),
and f−1 (having a slope of
−3 dB/octave).

Figure 5-40: Measured phase noise of a
50 MHz BJT varactor-based VCO at three
varactor bias voltages: (a) 6 V; (b) 0 V; and (c)
18 V [25]. The varactor breakdown voltage is
30 V Curve (b) was also plotted in Figure 5-39.

that the same physical source of noise can be manifested quite differently at
the output of an oscillator when the circuit bias is changed.

The third phase noise example is for a 2.4 GHz power oscillator that has
the output spectrum shown in Figure 5-41 with regions having dependencies
of f−3 and f−0, but nothing in between. (The slight increase in noise power
spectral density at 40 kHz offset is due to dynamics of the oscillator’s
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Figure 5-41: Phase noise of a 2.4 GHz
power oscillator with an output power
of 34.5 dBm [27, p. 323]. Two phase
noise regions are identified as f−3

(having a slope of −9 dB/octave) and
white noise (with an f0 dependency).

Figure 5-42: Long-term stability of a
10 GHz oscillator measured over a
24 hour interval after being on for
3 weeks. Used with permission of
John Ackermann [23].

feedback loop.) Finally, the 5 GHz oscillator considered in Section 5.6 has
f−3 and f−2 phase noise regions (see Figure 5-33).

So the whole range of phase noise dependencies on frequency offset are
observed, but the universal observation is that the dependency of the noise
power spectral density is to a non-positive integer power of frequency (i.e.,
f−n, n = 0, 1, . . .).

5.8.2 Observations of Oscillator Noise in the Time Domain

An important time-domain characterization of noise is referred to as random
walk noise. An example of this is the variation of the oscillation frequency
over a long period of time. The long-term stability of a 10 GHz oscillator is
shown in Figure 5-42. This noise cannot be characterized in the frequency
domain and instead is described by its Allan variance, σ2

y(τ), or Allan

deviation, σy(τ) =
√

σ2
y(τ), defined as follows.

If the frequency measured at time t is f(t) and the nominal oscillation
frequency is fn, then the fractional frequency at time t is defined as

y(t) =
f(t)− fn

fn
. (5.20)

Then the average fractional frequency over an observation time interval τ is
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defined as

ȳ(t, τ) =
1

τ

∫ τ

0

y(t+ tv)dtv. (5.21)

This leads to the definition of the Allan variance as

σ2
y(τ) =

1
2 �ȳn+1 − ȳn� , (5.22)

where τ is the observation period and ȳn is the nth fractional frequency
average over the time interval τ . Note that there is no dead-time between
the nth and (n+ 1)th measurement time intervals.

The random walk shown in Figure 5-42 is an important clue to unraveling
flicker noise. Figure 5-42 shows long-term memory and here it is shown that
there is memory over several hours. Even on smaller time scales, random
walk is apparent and there is a self-similar property—the hallmark of chaotic
behavior. Could this random walk effect and 1/f noise arise from the same
physical process? Most likely, but there is no accepted theory.

5.8.3 Excess Oscillator Noise: The Leeson Effect and Flicker
Noise

As seen in Figures 5-37 to 5-41, oscillators have noise that increases as the
offset ∆f , from the mean oscillation frequency decreases. This noise has
separable regions where noise varies as ∆fn, where n is an integer ranging
from 0 to −5. There are transition regions between these discrete states, but
there is not a region where n is a fractional number. Not all of the discrete
states are observed because, presumably, either the crossover frequencies
have changed order, or the frequency offset, ∆f , was not low enough.

In 1966 Leeson [28] examined the effect of feedback on noise in oscillators
(see Figure 5-1). The phase noise mechanism treated by this analysis is now
called the Leeson effect. Leeson showed that white phase noise and white
flicker noise (white here meaning independent of frequency) of the amplifier
in the feedback loop translate to noise on the oscillation signal with power
law dependencies of f−2, called white frequency noise, and f−3, called
flicker frequency noise, respectively. These were the dominant “nonwhite”
forms of noise observed in his time. However, his analysis did not predict
the level of the noise accurately and sometimes was off by an order of
magnitude.

The Leeson effect is briefly summarized here. First, it was observed
that nearly every physical system has fluctuations that vary as 1/f at low
frequencies. This includes electrical devices such as the amplifier in an
oscillator feedback loop. This leads to equal amplitude phase and amplitude
noise superimposed on the oscillation. Since noise is small, the amplitude
fluctuations are suppressed by the saturation of the active device so that the
only noise observed in good designs is phase noise. Leeson determined that
the oscillator phase noise has a region with ∆f−3 dependence that is due
to low-frequency f−1 noise (i.e. around DC), a ∆f−2 region due to white
noise in the bandwidth of the oscillator’s tank circuit, and also a white
noise region outside the bandwidth of the tank circuit. The basis for the
development of Leeson’s oscillator phase noise model is shown in Figure
5-43. Mathematically [28],
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Figure 5-43: Derivation of oscillator noise spectra: (a) the noise
spectra of an electronic material with noise increasing as the
frequency reduces; and (b) the noise spectra close to the
oscillation frequency of an oscillator.

L(∆f) = L(∆ω) =
2FkT

P0

[

1 +

(

f0
2Q∆f

)2
]

, (5.23)

where Q is the loaded Q factor of the oscillator’s tank circuit and F is an
empirical factor. L has the units of radians2/Hz, or in decibels,

L|dB(∆f) = 10 log

{

2FkT

P0

[

1 +

(

f0
2Q∆f

)2
]}

, (5.24)

which has the units of dB/Hz or more usually expressed as ”decibels below
the carrier” of power P0, or dBc/Hz. This is the power at a specified offset
such as the phase noise of a 5.05 GHz oscillator at an offset of 1 MHz and
with an output power of 0 dBm being −130 dBc/Hz [19].

The derivation of the oscillator noise characteristics from first principles,
which led to Equations (5.23) and (5.24), predicts noise levels that are much
lower than those observed in practice [29, 30]. As well, the prediction
inherent in Equation (5.23) is that by increasing the Q of the tank circuit the
noise level will be reduced. However, this is not always obtained in practice.
A further complication is that Equation (5.23) provides no mechanism for
the generation of 1/(∆f) and 1/(∆f)3 noise in the oscillator phase noise
spectrum. An adhoc modification of Equation (5.23) accounts for this:

L(∆f) =
2FkT

P0

[

1 +

(

f0
2Q∆f

)2
]

(

1 +
fc,−3

|∆f |

)

. (5.25)

Given the inadequacy of this model it is just as well to use

L(∆f) =

−5
∑

i=0

bif
n
i (5.26)

where the bi coefficients are extracted from measurements.
The Leeson effect can be stated as oscillator phase noise being up-

converted white noise around DC.

5.8.4 Excess Oscillator Noise: Linear Time-Variant Model

The Leeson effect model described in the previous subsection uses a
linear time-invariant model of the oscillator and does not consider down-
conversion of noise from frequencies near harmonics. The linear time-variant
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model, also called the Hajimiri and Lee model, incorporates these higher-
order conversion mechanisms [31].

Noise injected into an oscillator has a different impact depending on
whether it is injected at the peak of the oscillating signal or at the zero-
crossings. The noise injected at the peaks of the oscillating signal are
quenched by the saturating effect of the active device in the oscillator.
However, noise at or near the zero-crossings of the waveform introduces
jitter and phase noise. This effect on phase noise can be described by an
impulse sensitivity function [31]. Consider an impulse injected at phase
x = ω0t, then the time-domain impulse response is

hφ(t, τ) =
Γ(ω0t)

qmax
u(t− τ), (5.27)

where Γ( ) is the impulse sensitivity function, qmax is the maximum charge
displacement on the capacitor forming the tank circuit, t is the observation
time, and τ is the time of the excitation. The excess phase of the oscillator
(the additional phase induced onto the phase of the carrier) is

φ(t) =
1

qmax

∫ t

−∞
Γ(ω0t)i(τ)dτ, (5.28)

where i(τ) is the noise current injected in the oscillator.
Γ( ) can be derived approximately for some oscillators such as the CMOS

LC oscillator in [32], where it was shown that the impulse sensitivity
function can be expressed as a Fourier series with a fundamental component
corresponding to the frequency of oscillation. The excess phase at the zero-
crossings of the oscillator is

φ(t) =
1

qmax

[

c0

∫ t

−∞
i(τ)dτ +

∞
∑

m=1

cm

∫ t

−∞
i(τ) cos(nω0τ)dτ

]

, (5.29)

where cm are coefficients of the Fourier series. The first term with the c0
coefficient indicates noise that is up-converted from baseband, while the
term in the summation is the contribution to the oscillator phase noise
due to down-conversion of noise near the harmonic frequencies. With the
assumption that the noise at the harmonics is white noise with mean-square
current ī2n, then the noise spectral density is [32, 33]

L(∆ω) = 10 log

(

ī2n
∆f

∑∞
m=0 c

2
m

4q2max∆ω2

)

. (5.30)

Here ∆f = 1 Hz for noise in a 1 Hz bandwidth and ∆ω is the radian offset
frequency. Thus white noise at the harmonics is down-converted to f−2 noise
at the oscillation frequency, and f−1 noise at baseband is up-converted to f−3

noise at the oscillation frequency.
The time-variant model provides a richer description of phase noise on an

oscillating signal than does the Leeson model, but it does not describe f−1,
or f−n, n > 3, noise that is observed with oscillators.

Thus the Hajimiri and Lee model relates to down-conversion of white
noise at harmonics of the oscillation frequency to the near carrier noise
which is in addition to Leeson’s model of up-converted near-DC white noise.
The Hajimiri and Lee, and Leeson models of phase noise led to designers
developing microwave oscillators with significantly lower phase design yet
there remains appreciable near-carrier phase noise.
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5.8.5 Excess Oscillator Noise: Chaotic Maps and Flicker
Noise

While not firmly established, it is possible that flicker noise originates
from nonlinear dynamics and chaos [25, 26, 34–41]. In this model flicker
noise derives from a nonlinear process with delayed feedback. The
mathematical foundation is well established [42], describing a phenomenon
called intermittency [43] that occurs when a physical process transitions
between stable periodic states and chaotic states. Inherent to some forms of
intermittency is long-term memory with a 1/f spectrum [44]. This has been
established for many physical and biological systems.

Logistics Map

A classic example of intermittency, and the first widely accepted, is the fol-
lowing model of population dynamics. If tn denotes discrete time and (the
real number) xn denotes the ratio of the existing population to the maximum
possible population at tn (so xn is between 0 and 1), then what is called the
logistics map provides the population ratio, x(n+1), at time tn+1. The logistics
map is [45]

Fλ(x) = λxn(1− xn), (5.31)

and so xn+1 = Fλ(x). (5.32)

Here λ is a positive number representing the combined rate of reproduction
and starvation. So environmental conditions determine λ, which is
constrained so that 0 < λ ≤ 4. Depending on λ, the logistics map (i.e.,
Equation (5.31)) will produce a stable population or a random population
depending on the value of λ, with λ = 4 producing white noise.

Thermal noise produces random fluctuations in the amplitude and phase
of a sinusoidal signal that is being processed in a nonlinear electronic
system such as an amplifier or an oscillator. Denoting the thermal amplitude
fluctuations by at,I(t) and the thermal phase fluctuations by φt,I(t), a
sinusoidal signal with mean amplitude A and an initial phase of zero is

x(t) = A[1 + at,I(t)] cos[ωt+ φt,I(t)]. (5.33)

Using the logistics map with λ = 4 (which produces white noise) to
determine at,I(t) and φt,I(t), a sinusoidal signal with thermal (white) noise
is as shown in Figure 5-44. Using at,I(t) and φt,I(t) determined from a
Gaussian distribution would yield the same qualitative result. Of course
most of this noise would be easy to remove by bandpass filtering but thermal
noise will still appear within the finite bandwidth of the signal. It is just easier
to visualize the effect of noise by plotting it on this scale.

Equation (5.31) is a simple nonlinear equation with delayed feedback that
mixes x over time. What is called the rate of mixing describes the extent
of correlation to past events and can be thought of as an exponential decay
rate. However, with the logistics map, Fλ(x) in Equation (5.31), the rate of
this mixing is not controllable.

Logarithmic Map

There are many maps that will lead to 1/(∆f) effects and one of the most
convenient to use in modeling flicker noise in electronics is called the loga-
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(a) Waveform (b) Detail

Figure 5-44: Sinusoidal signal with superimposed white noise calculated using the logistics map
rather than calculating noise as a Gaussian process.

rithmic map [46, 47]:

Fβ(x) =

{

x(1 + Y (β)x |log(x)|1+β
) if 0 ≤ x ≤ 1/2

2x− 1 if 1/2 < x ≤ 1
(5.34)

and so xn+1 = Fβ(x). (5.35)

Fβ(x) is defined on the interval 0 < x ≤ 1 and Y (β) = 2(log 2)−(1+β)

is chosen to ensure that limx→1/2− fβ(x) = 1. (Note that the map is
discontinuous at x = 1/2.) If ∆t is a fixed time interval, then x(t + ∆t) =
Fβ(x(t)).

The logarithmic map uses only a single parameter, β, that controls the
rate of mixing and thus the long-term memory property. The solution of the
logarithmic map, Equation (5.34), with β = 0.000005 is shown in Figure 5-45.

The Fourier transform of the sequence plotted in Figure 5-45 is shown in
Figure 5-46 and its autocorrelation is shown in Figure 5-47. The spectrum in
Figure 5-46 (above 1 Hz) has an f−0.5 dependence, and since the sequence
corresponds to voltage, squaring this yields a 1/f power characteristic. The
autocorrelation plot in Figure 5-47 shows the slow long-term decay in the
correlation with respect to the discrete interval, i, between the sequence
points. That is, the logarithmic map describes a process with slowly decaying
correlations. The extended correlation is a measure of the rate of mixing.
This interpretation corresponds very well to the understanding of physical
systems, and in particular to electronic systems. It can be shown [47] that the
rate of decay of correlation of this map is bounded as

R(n) ≤ B(logn)−β , (5.36)

where n is the nth time interval. Thus the map is said to describe a
logarithmic mixing rate that can be made as slow as desired by varying the
value of β. It is this long-range dependence that produces f−1 (and f−2,
f−3, etc.) noise. In an oscillator these result in phase noise with 1/(∆f),
1/(∆f)2, 1/(∆f)3, etc. characteristics. In semiconductors, for example, the
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(a) Solution (b) Detail

Figure 5-45: Solution of the logarithmic map of Equation (5.34) with (a random initial seed)
x0 = 0.477347, β = 0.000005 ,and tn+1 − tn = 1 ps.

Figure 5-46: Spectrum of the logarith-
mic map with β = 0.000005.

Figure 5-47: Correlation plot of the
logarithmic map with β = 0.000005 for
a million-point sequence.
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rate of mixing is influenced by the density of traps [48] and lattice scattering
[49] with the lower the density of traps (i.e. better quality semiconductor
material) and the lower the amount of scattering, the lower the rate of mixing
and hence the lower the level of flicker noise. The delayed feedback in
the chaotic-map model is consistent with trapping and the observation that
reducing traps improves phase noise performance.

The long-range mixing indicated by the slow decay of the correlation
function (see Figure 5-47) is key to the f−1 response. Another function that
yields a long-term correlation is the Ornstein–Uhlenbeck process [50–52]
developed to describe Brownian motion. The autocorrelation function of
this process decays exponentially and predicts f−2 noise but not f−1 noise
[52]. The Ornstein–Uhlenbeck process decays too rapidly to predict the f−1

response. This is discussed further in [52].
So the solution of Equation (5.35) (the logarithmic map), shown in Figure

5-45, has complicated dynamics with long periods of stability with rapid
transitions between stable and rapidly varying levels. The sequence of xns
depends on the starting condition (i.e., x0), but no matter how it starts, the
power spectrum of the solution has an inverse frequency dependence (i.e.,
it is exactly f−1). The logarithmic map, as with all chaotic maps, describes
a nonlinear process with delayed feedback. This matches the situation in
physical, biological, chemical, and financial systems. Since nearly every
physical process can be described as a (perhaps weak) nonlinear process
with delayed feedback, the widespread observation of 1/f fluctuations is not
surprising. So the basis of 1/f noise is the most basic of physical processes.

Intermittency (described by chaotic maps) results in random fluctuations
in the amplitude and phase of a sinusoidal signal processed by a nonlinear
electronic system such as an amplifier or oscillator. Denoting the amplitude
intermittency by aI(t) and the phase intermittency by φI(t), a sinusoidal
signal with mean amplitude A and an initial phase of zero is

x(t) = A[1 + aI(t)] cos[ωt+ φI(t)]. (5.37)

This signal is shown in Figure 5-48 with the logarithmic intermittency
fluctuations aI(t) and φI(t) as shown in Figure 5-45, calculated using
different seeds. The effect of intermittency fluctuations is greatly exaggerated
here for visualization purposes. In practice, the fluctuations at the scale
shown in Figure 5-48 could be eliminated using a bandpass filter. However,
the fluctuations are self-similar (another property of chaotic processes)
and is repeated at all scales. In a bandpass electronic system the in-band
amplitude fluctuations are suppressed by device nonlinearity, but the phase
fluctuations appear as phase noise on an oscillator.

5.8.6 Summary

Three oscillator phase noise models were presented. The Leeson model
is based on up-conversion of white noise from baseband producing noise
around the oscillator carrier with an f−2 dependency. The Hajimiri and
Lee model is based on a linear time-varying model of the oscillator with
f−1 noise at baseband resulting in oscillator phase noise with a 1/(∆f)3

dependency, and white noise at the baseband and harmonics resulting in
noise around the oscillating frequency with an 1/(∆f)2 dependency. Up-
conversion of noise has been demonstrated as a mechanism that describes
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(a) Waveform (b) Detail

Figure 5-48: Sinusoidal signal with superimposed intermittency noise. Using Equation (5.37)
with A = 0.9, aI(t) scaled to the interval [0, 0.09], aI(0) = 0.477347 (before scaling), φI(t) scaled
to the interval [0, 5] radians, and φI(0) = 0.00915926 (before scaling).

some of the observed oscillator noise. Neither the Leeson nor the linear time-
varying models describe the full set of observations of phase noise with
1/(∆f)5, . . .1/(∆f) dependencies.

The chaotic map model is physically appealing and describes the origin
of flicker noise as the time-delayed feedback of the output of a nonlinear
process. This can produce a chaotic response called intermittency that
embodies long-term memory. It has been shown through simulation that this
model predicts the 1/(∆f)3, 1/(∆f)2, 1/(∆f)1, and 1/(∆f)0 dependencies of
phase noise. It is also consistent with the random walk seen in time-domain
observations of oscillator noise. However, the chaotic map-based model has
not yet led to a compact formula for phase noise similar to Leeson’s formula.
The development of a compact phase noise model (e.g., like Leeson’s
model) will not be simple as integer calculus and transfer function-based
analyses cannot be directly used with a chaotic map. However, it is clear
that the description of phase noise is getting close to a satisfying physical
explanation.

Phase noise can also be induced by vibrations [53, 54], and spurious signals
from the environment (such as those coupled from the power mains) can also
appear as phase noise.
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5.9 Case Study: Oscillator Phase Noise Analysis

In this section the oscillator shown in Figure 5-38 is modeled and simulated
in the time-domain [25, 26, 36]. The circuit includes three nonlinear devices,
two identical BJTs and one varactor, which must be modeled. The process
of developing a device model involves fitting the coefficients of a physically
based model to measured characteristics. The development of models of the
noise sources also requires fitting some noise parameters to measurements.

Device Modeling

The physical model used with each of the BJTs is shown in Figure 5-49 along
with thermal, shot, and flicker noise sources. The Gummel-Poon BJT model
was used with parameters provided by the manufacturer. The thermal noise
sources, it,rb, it,rc, and it,re, are associated with the parasitic resistors at the
collector, base, and emitter, respectively. The thermal noise current source
models are

it,rc =

√

2kT

Rc
ξc, it,rb =

√

2kT

Rbb
ξb, and it,re =

√

2kT

Re
ξe, (5.38)

where ξc, ξb, and ξe are sequences of white noise generated by the logistic
map of Equation (5.31) with λ = 4. The ξcs have values between 0 and 1. In
this case the model is based on physical mechanisms and fitting of the noise
model to measurements is not required.

Based on the development in [55] and [56], when the transistor is in the
forward active region, minority carriers diffuse and drift across the base
into the base-collector region. Since there is an electric field, the charges
undergo acceleration when they enter the collector-base depletion region
and are swept to the collector. This is a random process and is the source
of shot noise in the collector. Recombination effects in the base-emitter
region and carrier injection from the base into the emitter are also random
processes contributing to shot noise in the base and emitter, respectively.
Thus there are three shot noise current sources, is,ce, is,be, and is,bc, which are
proportional to the instantaneous collector-emitter, base-emitter, and base-
collector currents, respectively. They are modeled as follows:

is,ce =
√

e|ice|ξce, is,be =
√

e|ibe|ξbe, and is,bc =
√

e|ibc|ξbc, (5.39)

where ξce, ξbe, and ξbc are white noise sequences between 0 and 1 and
generated by the logistics map with λ = 4, and e is the elementary charge.

Figure 5-49: The Gummel-Poon BJT model,
along with noise sources.
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Figure 5-50: The p-n junction diode
model with noise source.

Although there is more than one known source of flicker noise in a BJT [57],
it has been shown that the dominant source of flicker noise can be modeled
as a single noise current between the base and emitter terminals. It is a
function of the instantaneous base-emitter recombination current [58] and
so the flicker noise source is

if,be = kf
√

|ibe|αξf . (5.40)

Here ξf is between 0 and 1 and is a sequence generated by the logarithmic
map in Equation (5.34) and α controls the dependence of the flicker
noise component on the non-ideal base current; here α is set to 2. The
logarithmic map sequence, ξf , is parameterized by β, which was fit to noise
measurements yielding β = 0.000005. The other parameter, kf , sets the
amplitude of the flicker noise and fitting to noise data yielded kf = 0.001.
The same flicker noise parameters were used with both BJTs. All of the noise
sources were uncorrelated and this was achieved by randomly choosing
initial seeds of each sequence, the ξs.

The diode model is shown in Figure 5-50. The noisy model of the diode
includes a thermal current source for the parasitic resistance, a shot noise
current source, and a flicker noise current source that is dependent on the
current flowing through the diode [56]. The diode’s thermal, shot, and flicker
noise current sources are

it,rs =

√

2kT

R
ξt, is,d =

√
eidξs, and if,d = kfd

√

iαd ξf , (5.41)

respectively. Here the parameter kfd is the scaling coefficient for the diode
flicker noise and α controls the dependence of the flicker noise component
on the current in the diode. As with the BJT,α = 2 in the simulations reported
here. The parameter β controls the slope of the autocorrelation characteristic.
As before, the random variables ξt and ξs, describing the thermal and shot
noise processes, were generated using the logistic map, and ξf , describing
the flicker noise process, was generated using the logarithmic map. The
amplitude of the flicker noise source was fit to measurements and the same
β = 0.00005 parameter was used as was determined for the BJT model.

The noise model of the oscillator is completed by modeling the thermal
noise current of each resistor as in Equation (5.38).

Oscillator Simulation

The VCO circuit of Figure 5-38 was simulated in the time domain using the
transient simulator described in [25] and [26]. In the circuit model there are a
total of three flicker noise parameters fit to measurements, kf for the BJTs, kfd
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Figure 5-51: Phase noise comparison
between data and experiment with bias
voltage at 0 V.

Figure 5-52: Phase noise comparison
between data and experiment with bias
voltage at 6 V.

Figure 5-53: Phase noise comparison
between data and experiment with bias
voltage at 12 V.

for the diode, and the same value of β was used for the BJTs and the diode.
Thus there are three noise parameters to be set in the VCO circuit. These were
unchanged in simulations of the VCO with different varactor bias voltages.
These are the only noise parameters that are not fixed by the device currents
and parasitic resistance values. The phase noise output following simulation
was Fourier analyzed yielding the phase noise results shown in Figures 5-51
to 5-53. These measured results were also presented in Figures 5-39 and 5-
40, where the phase noise slopes were identified as f0, f−1, f−2, and f−3. So
the simulated phase noise results in Figures 5-51 to 5-53 correctly calculate
the various phase noise slopes and crossover frequencies for diverse varactor
tuning conditions.
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5.10 Summary

This chapter focused on the design of two categories of microwave
oscillators: fixed-frequency oscillators and VCOs. All microwave oscillators
can be considered to be an amplifier with a feedback network with the
amplifier establishing the amplitude of oscillation and the feedback network
setting the frequency of oscillation. As well, nearly all microwave oscillators
can be considered as reflection oscillators in which the active device, with
appropriate feedback, presents a negative resistance, or equivalently, a
negative conductance to a linear frequency-selective circuit. Whether design
based on negative conductance or negative resistance is used depends on
which, resistance or conductance, reduces in magnitude as the signal level
increases. Since transistors are essentially voltage-controlled current sources,
and the current tends to saturate at high output levels, the natural view is
to consider transistor-based oscillators as having a negative conductance
that reduces in magnitude as the signal level increases. With negative-
conductance reflection oscillators part or all of the feedback network appears
as a linear two-terminal, that is one-port, circuit in parallel with the negative
conductance from the active device. This two-terminal circuit is often called
the resonator or tank circuit.

The chapter presented two case studies of oscillator design. This enabled
design decisions to be illustrated that could not be presented in an
algorithmic way. While the design case studies considered common-base
Colpitts designs, the principles apply to other types of oscillators. Still
the Colpitts common-base/common-drain oscillator core has proved to
yield microwave VCOs with stellar performance. RFICs necessarily use
differential circuits, but even then they are conveniently designed as
negative conductance oscillators. Treating the design problem as that of
interconnected one-port circuits considerably simplifies making design
trade-offs, and so makes it easier to achieve an optimal VCO.

VCO design is the most complicated of microwave designs with significant
trade-offs of low phase noise, stability, broad tuning range, rapid turn-on
transient, high output power, and high efficiency. Several decades ago fixed-
frequency oscillators were most common. With these the feedback network
incorporates a high-Q resonant element that results in the phase noise on the
oscillating signal being insignificant in nearly all microwave applications.
The high-Q resonator of the fixed-frequency oscillators largely assures single
frequency of operation, and the desired constant amplitude output is assured
by ensuring the active device enters saturation. With a VCO, stability is not
as easy to achieve. Stability here refers to the oscillator producing a sinewave
of a single frequency and constant amplitude.

With VCOs the resonator is nearly always of relatively low Q, as it must be
variable. Then a major concern in oscillator design is phase noise appearing
on the output signal. Managing phase noise is complicated because the
origins of phase noise are not well known and so physically based device
models, that would enable the accurate determination of phase noise in
computer-based RF circuit simulation, are not available. For noncompetitive
VCOs there are many noise sources other than the intrinsic phase noise of
an active device that dominate the phase noise of the output signal. For
example, it is known that up-conversion of low-frequency noise, and down-
conversion of harmonic noise, produce oscillator phase noise. However,
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once these sources of phase noise are minimized in design, there is a
remaining intrinsic phase noise component. It is this phase noise, intrinsic
to active devices, that is the concern of competitive VCO design. While the
origins of intrinsic phase noise in well-designed oscillators is not completely
understood, there are best practices to follow that minimize the coupling of
external noise to the oscillating signal. External noise at low frequencies will
be up-converted unless care is taken. Good design practice is to eliminate
low-frequency noise from the power supply and from the tuning voltage
source for VCOs. Some more specific guidelines:

1. Good grounding is required with decoupling capacitors between the
supply and ground.

2. Attention must be given to the signal return path for the supply and
tuning voltage source to avoid common impedance coupling. Any
noise on the tuning voltage in a VCO will result in phase noise on
the VCO output. In a microstrip circuit, only minimum metal on the
microstrip layer should be removed with floating metal connected to
the ground through multiple vias. This suppresses substrate modes,
minimizes parasitic coupling, and minimizes electro-thermal passive
intermodulation distortion.

3. The oscillator output should drive a resistive load and it is common
to use a resistive pad (i.e., attenuator) followed by a bandpass filter.
This reduces the effect of the load on the oscillation frequency. Also it
is common to isolate the tank circuit from the load as was seen in the
case studies presented in this chapter.

4. Internal oscillator paths should be as small as possible to minimize the
coupling of noise from the environment.

A VCO can be incorporated in a phase-locked loop which further
reduces phase-noise and locks the oscillator to a low-frequency highly stable
frequency reference. The oscillation frequency is then controlled by the
fractional frequency division in the phase-locked loop.
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5.12 Exercises

1. Draw the schematic of an opamp-based Hartley
oscillator circuit.

2. Consider the circuit below. This is the equiva-
lent circuit of an active device with a negative
conductance = 1/RD connected to a tank circuit
comprising capacitor CT and inductor LT , and
then a load RL. The oscillation amplitude will
adjust so that RD = RL.

(a) Write down a formula for the oscillation fre-
quency f0.

(b) What is f0 if CT = 1 pF and LT = 1 nH?

3. The circuit below is the equivalent circuit of a
reflection oscillator with a negative conductance
= 1/RD connected to a tank circuit CT = 0.1 pF
and LT = 0.5 nH. What is the oscillation fre-
quency assuming that there is sufficient nega-
tive conductance for oscillation to occur?

4. The circuit below is the equivalent circuit of a
reflection oscillator with a negative conductance
= 1/RD connected to a tank circuit with a capac-
itance CT = 1 pF and inductance LT = 1 nH.
The load consists of a capacitor CL in parallel
with a resistor RL. The oscillation amplitude
will adjust so that RD = RL.

(a) Write down a symbolic formula for the os-
cillation frequency f0.

(b) What is f0 if CL = 0.2 pF and RL = 50 Ω?

5. The circuit below is the equivalent circuit of a
reflection oscillator with a negative conductance
= 1/RD connected to a tank circuit CT = 0.1 pF
and LT = 0.5 nH. The capacitance of the load
is CL = 0.05 pF and the load resistance is 50 Ω.
What is the oscillation frequency assuming that
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there is sufficient negative conductance for os-
cillation to occur?

6. The circuit below is the equivalent circuit of a
reflection oscillator with a negative conductance
= 1/RD connected to a tank circuit with a capac-
itance CT = 1 pF and inductance LT = 1 nH.
The load consists of a capacitor CL = 0.2 pF
in parallel with a resistor RL = 50 Ω. Between
the tank circuit is a 3 dB 50 Ω attenuator (i.e.,
the system is designed for system impedance of
50 Ω). The oscillation amplitude will adjust so
that RD = RL.

(a) Ignore the load capacitor CL, what is the fre-
quency of oscillation, f0, of the oscillator?

(b) From now on consider the load capacitance.
What is the oscillation frequency without
the attenuator?

(c) At the frequency calculated in (a), what is
the admittance looking into the attenuator
from the tank circuit with the load compris-
ing CL and RL? [Hint use the resistive PI
network equivalent of the attenuator.]

(d) What is the equivalent shunt resistor and
capacitor circuit looking into the attenuator
from the oscillator? This is the effective load
seen by the active device and tank circuit.

(e) What is the oscillation frequency with the at-
tenuator and the RC load?

(f) Using your results above, discuss the effect
of the attenuator on reducing the sensitivity
of oscillation on the loading conditions.

7. The circuit below is the equivalent circuit of a
reflection oscillator with a negative conductance
= 1/RD connected to a tank circuit with a capac-
itance CT = 1 pF and inductance LT = 1 nH.
The load consists of a capacitor CL = 0.2 pF
in parallel with a resistor RL = 50 Ω. Between
the tank circuit is a 3 dB 50 Ω attenuator (ti.e.,
the system is designed for system impedance of
50 Ω) and a bandpass filter with an insertion loss
at the oscillation frequency of 2 dB. The oscilla-
tion amplitude will adjust so that RD = RL.

(a) Ignore the load capacitor CL, what is the fre-
quency of oscillation, f0, of the oscillator?

(b) From now on consider the load capacitance.
What is the oscillation frequency without
the attenuator and bandpass filter?

(c) At the frequency calculated in (a), what is
the admittance looking into the attenuator
from the tank circuit with the bandpass filter
and the load comprising CL and RL? [Hint:
Consider that the effect of the insertion loss
of the filter is an attenuation. Consider us-
ing a resistive PI network equivalent of the
attenuator plus bandpass filter.]

(d) What is the equivalent shunt resistor and ca-
pacitor circuit looking into the attenuator for
the oscillator? This is the effective load seen
by the active device and tank circuit.

(e) What is the oscillation frequency with the at-
tenuator and the RC load?

8. A reflection oscillator is shown below along with
the Γr and Γd loci plotted on a Smith chart.
Γr , the reflection coefficient looking into the res-
onator, rotates clockwise as frequency increases.
Γd, the reflection coefficient of the active device,
is amplitude dependent but is frequency inde-
pendent. The arrowed Γd curve plots the loci of
Γd as amplitude increases. [Hint: Consider Fig-
ure 5-18.]

(a) On the Γr plane show the region of the
Smith Chart identifying oscillation.

(b) On the Γd plane show the region of the
Smith Chart identifying oscillation.

(c) What is the frequency of oscillation?

9. Consider an oscillator that can be modeled as
shunt connections of a linear conductance, Gr ,
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a linear susceptance, Br, a nonlinear or device
conductance, Gd, and a nonlinear or device sus-
ceptance, Bd.

(a) Draw the circuit.
(b) Using Gr , Br , Gd, and Bd, write down the

Kurokawa oscillator condition that estab-
lishes stable single frequency oscillation.

(c) What are common design choices Gr ,
Br , Gd, and Bd made that simplify the
Kurokawa oscillator condition? Write down
the resulting simplified Kurokawa oscilla-
tion condition.

10. An oscillator has a linear conductance, Gr , a lin-
ear susceptance, Br , a nonlinear or device con-
ductance, Gd, and a nonlinear or device suscep-
tance, Bd, all in shunt. The reflection coefficient
looking into the linear network is Γr and the re-
flection coefficient looking into the device is Γd.

(a) Use a Smith chart sketch to show the loci
of the linear and nonlinear admittances (or
equivalently their reflection coefficients Γr

and Γd) for the case when loss in the lin-
ear network is low (i.e. Gr ≈ 0). Do this
when the oscillating signal is small and
when it has reached steady state. Indicate
the steady-state oscillation point. (You can
use the negative or the inverse of either Γr

or Γd as appropriate.)
(b) Use a Smith chart sketch to show the loci

of the linear and nonlinear admittances (or
equivalently their reflection coefficients for
the case when loss in the linear network
is high (i.e. Gr cannot be ignored). Do this
when the oscillating signal is small and
when it has reached steady state. (You can
use the negative of the inverse of either Γr

or Γd as appropriate.)

11. The equivalent circuit of an oscillator is shown
below with RL = 50 Ω, CT = 1 pF and induc-
tance LT = 0.1 nH.

(a) What is the oscillation frequency assuming
that there is sufficient negative conductance
for oscillation to occur?

(a) What is RD when there is oscillation?

12. A reflection oscillator is shown below along with
the Γr and Γd loci plotted on a Smith chart.
Γr , the reflection coefficient looking into the res-
onator, rotates clockwise as frequency increases.
Γd, the reflection coefficient of the active device,
is amplitude dependent but is frequency inde-

pendent. The arrowed curve plots the loci of Γd

as amplitude increases. [Hint: Consider Figure
5-18.]

(a) On the Γr plane show the region of the
Smith Chart identifying oscillation.

(b) On the Γd plane show the region of the
Smith Chart identifying oscillation.

(c) What is the frequency of oscillation?

13. The case study presented in Section 5.6 de-
scribed the design of a 5 GHz VCO. The out-
put of the oscillator was followed by a resis-
tive Pi attenuator and then a bandpass filter.
What is the attenuation (in decibels) and the sys-
tem impedance of the attenuator. [Hint: You will
need to carefully read Section 5.6.]

14. Consider a common emitter BJT Clapp oscilla-
tor.

(a) Draw the schematic of the oscillator without
the bias circuit.

(b) Redraw the oscillator circuit including the
bias circuit.

15. Consider a BJT Hartley oscillator.

(a) Draw the schematic of the oscillator circuit
in the common-base configuration. Do not
show the bias circuit.

(b) Redraw the schematic of the oscillator cir-
cuit in the common-base configuration, this
time showing the bias circuit.

16. Consider a FET Clapp oscillator.

(a) Draw the schematic of the oscillator circuit
in the common drain configuration. Do not
show the bias circuit.

(b) Redraw the schematic of the oscillator cir-
cuit, this time showing the bias circuit.

17. Consider a FET Hartley oscillator.

(a) Draw the schematic of the oscillator circuit
in the common source configuration. Do not
show the bias circuit.
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(b) Redraw the schematic of the oscillator cir-
cuit, this time showing the bias circuit.

18 Consider a common source FET Clapp oscillator.

(a) Draw the schematic of the oscillator without
biasing.

(b) Redraw the oscillator circuit including bias
current sources.

19. Derive an expression for the oscillation fre-
quency of the Colpitts BJT oscillator in the com-
mon emitter configuration shown in Figure 5-
36(b).

20. A two-port feedback oscillator is shown in Fig-
ure 5-1.

(a) Draw the schematic of a feedback Colpitts
oscillator.

(b) Considering that the amplifier in the feed-
back oscillator has a gain that is indepen-
dent of frequency, what is the oscillation fre-
quency if the components of the Colpitts
feedback network are C1 = C2 = 2 pF and L3

= 5 nH. Ignore any phase shift introduced by
the amplifier.

21. A two-port feedback oscillator is shown in Fig-
ure 5-1.

(a) Draw the schematic of a feedback Colpitts
oscillator.

(b) Considering that the amplifier in the feed-
back oscillator has a gain that is indepen-
dent of frequency, what is the oscillation fre-
quency if the components of the Colpitts
feedback network are C1 = 1 pF, C2 = 3 pF,
and L3 = 1 nH. Ignore any phase shift intro-
duced by the amplifier.

22. A two-port feedback oscillator is shown in Fig-
ure 5-1.

(a) Draw the schematic of a feedback Colpitts
oscillator.

(b) Considering that the amplifier in the feed-
back oscillator has a gain that is indepen-
dent of frequency, what is the oscillation fre-
quency if the components of the Colpitts
feedback network are C1 = 5 pF, C2 = 1 pF,
and L3 = 10 nH? Ignore any phase shift in-
troduced by the amplifier.

23. A negative-gm differential FET VCO, as shown
in Figure 5-34, has C = 0.2 pF and L = 0.2 nH.
VDD = 5 V and the circuit is biased so that for
each transistor gm = 1 mS. The output at the
collector of the transistor drives a 1 kΩ load. Ig-
nore the internal parasitics of the transistor and
you must consider the possibility that the cir-
cuit does not oscillate. What is the oscillation fre-
quency of the oscillator?

24. A negative-gm differential FET VCO, as shown
in Figure 5-34, has C = 0.2 pF and L = 0.2 nH.
VDD = 5 V and the circuit is biased so that for
each transistor gm = 1 mS. The output at the col-
lector of the transistor drives a 50 Ω differential
load that is in parallel with a 0.5 pF capacitor. Ig-
nore the internal parasitics of the transistor and
you must consider the possibility that the circuit
does not oscillate.

(a) Draw the schematic of the oscillator with the
load.

(b) Draw the equivalent tank circuit of the oscil-
lator. This will need to include the effect of
the load.

(c) What is the oscillation frequency of oscilla-
tor?

25. A negative-gm differential FET VCO, as shown
in Figure 5-34, has C = 0.2 pF and L = 0.2 nH.
VDD = 5 V and the circuit is biased so that for
each transistor gm = 1 mS. The output at the
collector of the transistor drives a 50 Ω differ-
ential load that is in parallel with a 1 pF capaci-
tor. Ignore the internal parasitics of the transistor
and you must consider the possibility that the
circuit does not oscillate. What is the oscillation
frequency of the oscillator?

26. A common emitter Colpitts oscillator, as shown
in Figure 5-36(a), has C1 = 1 pF, C2 = 2 pF, and
L3 = 2 nH. LC is a choke inductor. VCC = 5 V
and the circuit is biased so that gm = 1 mS.
Ignore the internal parasitics of the transistor.
What is the oscillation frequency of the oscilla-
tor? [Parallels Example 5.2]

27. A common emitter Colpitts oscillator, as shown
in Figure 5-36(a), has C1 = 0.1 pF, C2 = 0.2 pF,
and L3 = 0.5 nH. LC is a choke inductor. VCC =
5 V and the circuit is biased so that gm = 1 mS.
Ignore the internal parasitics of the transistor.
What is the oscillation frequency of the oscilla-
tor? [Parallels Example 5.2]

28. A digital communication system has a symbol
rate of 1 MS/s.

(a) What is the highest frequency phase noise
that will affect the bit error rate of the com-
munication system? (It could be 1 MHz,
2 MHZ, no limit, 0.5 MHz, etc.)

(b) What changes would you make to the sys-
tem (e.g., added components such as an at-
tenuator, filter, amplifier, etc.) that will re-
duce the impact of high-offset phase noise?

29. A QPSK communication system has a transmit-
ted bit rate of 100 kbit/s. Consider that the QPSK
modulation scheme is ideal.

(a) What is the symbol rate?
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(b) What would you do to the system (e.g.,
added components) to reduce the impact of
high-offset phase noise?

30. A QPSK communication system has a transmit-
ted bit rate of 1 Mbit/s. The QPSK modulation
scheme is ideal (2 bit/s/Hz. DSP processing is
such that phase noise slower than the duration
of 5 symbols has no affect on the communication
system throughput.

(a) What is the symbol rate?
(b) What is the lowest frequency phase noise

that will affect the communication system?

31. An oscillator has phase noise that reduces away
from the oscillation center frequency, fosc at the
rate of 1/∆f2 where ∆f is the frequency off-
set from fosc. If the phase noise at 100 MHz
frequency offset from the oscillation frequency
is −100 dBc/Hz, what is the phase noise at
10 MHz?

32. The phase noise of an oscillator measured at
1 MHz is −136 dBc/Hz. If the phase noise varies
as 1/(∆f), where ∆f is the offset from the center
frequency of oscillation, what is the phase noise
at 100 kHz offset?

33. A phase-locked microwave oscillator typically
utilizes a low-Q oscillator. For such an oscilla-
tor the phase noise at the frequency that affects
microwave systems has an inverse square rela-
tionship to frequency. The phase noise measured
at 100 kHz is −106 dBc/Hz, what is the phase
noise referred to 1 MHz?

34. A phase-locked microwave oscillator typically
utilizes a low-Q oscillator. For such an oscilla-
tor the phase noise at the frequency that affects
microwave systems often has an inverse square
relationship to frequency. The phase noise mea-
sured at 1 MHz is −125 dBc/Hz, what is the
phase noise at 100 kHz?

5.12.1 Exercises by Section
†challenging, ‡very challenging

§5.2 1
§5.3 2†, 3†, 4†, 5†, 6‡, 7‡, 8, 9, 10,

11
§5.5 12

§5.6 13†

§5.7 14†, 15†, 16†, 17†, 18†, 19†,
20†, 21†, 22†, 23†, 24†, 25†,
26†, 27†

§5.8 28†, 29†, 30†, 31, 32†, 33†,
34†

5.12.2 Answers to Selected Exercises

4 4.594 GHz
6(d) 49.8 Ω, 99.6 fF
7(e) 4.883 MHz

13 49.8 Ω, 2.97 dB

19

√

C1 + C2

L3C1C2

20 1.592 GHz
23 25.16 GHz

24(c) 10.27 GHz
30 100 kHz
34 −105 dBc/Hz
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180◦ equivalents, 95
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