ABSTRACT

XIAO, WEI Flexible Methods and Computation for Model Selection and Optimal Treatment
Learning. (Under the direction of Wenbin Lu and Hao H. Zhang.)

This dissertation studies the methods and computational algorithm for model selection,
and develops robust estimation method for optimal individualized treatment rules. It contains
four parts. Chapter 1 gives an overall introduction of the thesis. In Chapter 2, we develop a
penalization approach to conduct structure selection for time-varying coefficient Cox models.
Specifically, we propose a method which can simultaneously identify the structure of covariate
effects in a time-varying coefficient Cox model, i.e., covariates with null effect, constant effect and
truly time-varying effect, and estimate the corresponding regression coefficients. Our method
is able to identify the underlying true model structure with probability tending to one and
estimate the time-varying coefficients consistently. The asymptotic normalities of the resulting
estimators for both the constant coefficients and truly time-varying coefficient functions are
also established. We demonstrate the performance of our method using simulations and an
application to the primary biliary cirrhosis data.

In Chapter 3, we further study and develop the computational algorithm for model/variable
selection. We show that the least angle regression (LAR) originally proposed by Efron, Hastie,
Johnstone and Tibshirani (2004) for continuous model selection in linear regression can be
extended in a fruitful way. In particular, we propose a ConvexLLAR algorithm that works for
any convex loss function and naturally extends to group selection and data adaptive variable
selection. After simple modification it also yields new exact path algorithms for certain penalty
methods such as a convex loss function with lasso or group lasso penalty. Variable selection
in recurrent event and panel count data analysis, Ada-Boost, and Gaussian graphical model is
reconsidered from the ConvexLLAR angle.

In Chapter 4, we develop and study new methodologies to personalized medicine. Because

different patients may response quite differently to the same drug or treatment, there is increas-



ing interest in developing individualized treatment. In particular, people are eager to find the
optimal individualized treatment rule, which is a decision rule that if followed by the whole pa-
tient population would lead to the “best” outcome. In this chapter, we propose new estimators
based on robust regression with general loss functions to estimate the optimal individualized
treatment rules. The new estimators possess the following nice properties: first, they are robust
against skewed, heterogeneous, heavy-tailed errors or outliers; second, they are robust against
misspecification of the baseline function; third, under certain situations, the new estimator cou-
pled with pinball loss approximately maximizes the outcomes conditional quantile instead of
conditional mean, which leads to a different optimal individualized treatment rule from the tra-
ditional Q- and A-learning. Consistency and asymptotic normality of the proposed estimators
are established. Their empirical performance is demonstrated via extensive simulation studies

and an analysis of a AIDS data.



© Copyright 2014 by Wei Xiao

All Rights Reserved



Flexible Methods and Computation for Model Selection and Optimal Treatment Learning

by
Wei Xiao

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Statistics

Raleigh, North Carolina

2014

APPROVED BY:

Leonard A. Stefanski Arnab Maity

Wenbin Lu Hao H. Zhang
Co-chair of Advisory Committee Co-chair of Advisory Committee



DEDICATION

To my parents.

i



BIOGRAPHY

Wei Xiao was born in Chengdu, Sichuan, China in April 1986. He graduated from Shude High
school in 2004 and attended Fudan University afterwards. He received a Bachelor degree in
statistics in 2008 from Fudan University. In 2009, he was granted a full scholarship in North
Carolina State University to pursue a PhD in statistics. His doctoral dissertation research at
North Carolina State University is under the direction of Dr. Wenbin Lu and Dr. Hao Helen
Zhang. His dissertation focuses on developing flexible methods and computation for model

selection and optimal treatment learning. He will complete the Ph.D. study in May, 2014.

iii



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisors Dr. Wenbin Lu and Dr. Hao
H. Zhang for their enormous support though my graduate study. Their patience, inspiration,
encouragement, enthusiasm, and immense knowledge help me in every step of my dissertation
research. From them, I learned not only statistical knowledge but also the way to conduct a
research. I could not have finished this work without their guidance.

I would also like to extend my appreciation to my committee members, Dr. Leonard A.
Stefanski and Dr. Arnab Maity for their advices, and for the wonderful courses they have
taught me. I owe special thanks to Dr. Yichao Wu and Dr. Hua Zhou. Specifically, Chapter 3
is based on a joint work with them. Their insight and knowledge are invaluable to me, which
bring me to the world of computational statistics. I want also thank Dr. Seth Sullivant, who
agrees to serve as my graduate school representative in both my Ph.D. oral preliminary and
defense out of his busy schedule.

Thanks to Dr. Lexin Li, Dr. Jason A. Osborne, Dr. Daowen Zhang, Dr. David A. Dickey,
Dr. John F. Monahan, Dr. Brian J. Reich, Dr. Min Kang, Dr. Subhashis Ghosal, Dr. Sujit K.
Ghosh, Dr. Anastasios Tsiatis, Dr. Eric Laber, Dr. Ana-Maria Staicu and Dr. Dennis Boos
for teaching me so many useful courses and giving me advices in my research. Thanks to
all my friends at NCSU. The joy we have throughout various parties, sports and travels are
unforgettable.

I would also like to thank Quintiles and SAS Institute Inc. for offering me Graduate In-
dustrial Traineeship (GIT) opportunities. Special thanks to Dr. Russell Reeve and Dr. Alex
Chien, who are my wonderful supervisors in Quintiles and SAS, respectively. Their support and
guidence help me accomplish an excellent work. Their passion about utilizing statistics to solve
real world problem always encourages me. I would also like to thank all my former colleagues
in Quintiles and SAS. They have made the life of internship so much more colorful.

Last but not least, I would like to express my sincere and wholehearted gratitude to my

iv



parents, for their tremendous love and support. Without their encouragement, I would not be
able to achieve everything I have today. They are and always will be my source of strength and

courage.



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . e s e s viii
LIST OF FIGURES . . . . . . e s ix
Chapter 1 Introduction . . . . . . .. .. ... .. ... 1
1.1 Variable/Model selection . . . . . . ... ... L Lo 1
1.2 Computational Issues for High Dimensional Data . . . . . . . .. ... ... ... 3
1.3 Optimal Treatment Learning . . . . . . . . . ... .. ... .. ... 5

Chapter 2 Joint Structure Selection and Estimation in the Time-varying Co-

efficient Cox Model . . . . . . . . . .. ... 7

2.1 Introduction . . . . . . . . . . . e e 7
2.2 Structure Selection with Kernel Group Nonnegative Garrote . . . . . . . . . . .. 10
2.2.1 Methods . . . . . . . e 10
2.2.2 Computational Aspects . . . . . . . . ... 12
2.2.3 Tuning Procedure . . . . . . . . . ... 13

2.3 Theoretical properties . . . . . . . . ... 14
2.3.1 Asymptotic Properties of Initial Estimators . . . . . ... ... ... ... 14
2.3.2  Asymptotic Properties of KGNG Estimators . . . ... .. .. ... ... 16
2.3.3 Asymptotic Properties of KGNG2 Estimator . . .. ... ... ... ... 18

2.4 Numerical studies . . . . . . . . . . e 19
2.4.1 Simulation studies . . . . . . ..o 19
2.4.2  Analysis of primary biliary cirrhosis (PBC) data . . . . . ... ... ... 24

2.5 Discussion . . . ... L 29
2.6 Supplement . . . . ... 30
2.6.1 Proof of Lemma 2.2 . . . .. .. .. ... ... 32
2.6.2 Proof of Theorem 2.1 . . . . . . . . . . . . .. ... .. .. 33
2.6.3 Proof of Theorem 2.2 . . . . . . . . . . . . ... ... 38
2.6.4 Proof of Theorem 2.3 . . . . . . . . . . . .. 40
Chapter 3 ConvexLAR: An Extension of Least Angle Regression . .. ... .. 45
3.1 Introduction . . . . . . . . . . . e e e e 45
3.2 ConvexLLAR Algorithm and ConvexLASSO Modification . . . . . . .. ... ... 47
3.2.1 ConvexLAR Algorithm . . . ... ... ... ... ... .. .. ... 49
3.2.2 ConvexLASSO Modification . . . . . . . .. ... ... ... ... ..., 51

3.3 Generalizations . . . . . . . . ... e e 53
3.3.1 Weighted/Adaptive ConvexLAR . . . . . ... ... .. ... .. ..... 53
3.3.2 Group ConvexLAR . . . . . . . . ... L 55
3.3.3 Group ConvexLASSO Modification . . . . . ... ... ... ... ..... 59

3.4 Examples . . . ..o Lo 59
3.4.1 Recurrenteventdata . . . .. .. . ... ... ... ... ... 60
3.4.2 Panel Count Data . . . . ... ... ... ... 63

vi



3.4.3 Ada-Boost. . . . . ... 64

3.4.4 Gaussian graphical model . . . . . .. ... L oo 67

3.5 Discussion . . . . . ..o 70
3.6 Supplement . . . . .. 72
3.6.1 Proof of Theorem 3.1 . . . . . . . . . . . ... .. ... ... ... ..., 72
3.6.2 Derivation of GroupConvexLAR directions (3.8), (3.9) and (3.10) . . . . . 72
Chapter 4 Robust Regression for Optimal Individualized Treatment Rules . . 76
4.1 Introduction and Motivation. . . . . . . . . . ... L oo 76
4.2 New Optimal Treatment Estimation Framework: Robust Regression . . .. . .. 80
4.2 1 OVerview . . . . . ..o e 80
4.2.2 New Proposal: Robust Regression . . . .. .. ... ... ......... 84

4.3 Asymptotic Properties . . . . . . ... 85
4.3.1 Consistency of Robust Regression: Pinball Loss . . . . . .. ... ... .. 85
4.3.2 Consistency of Robust Regression: Other Losses . . . . .. ... ... .. 88
4.3.3 Asymptotic Normality: Pinball Loss . . . . .. ... ... ... ...... 89

4.4 Numerical Results: Simulation Studies . . . . . ... ... ... ... ....... 91
4.4.1 Simulation Study I: error terms independent with treatment . . . . . . . . 91
4.4.2 Simulation Study II: error terms interactive with treatment . . . . . . .. 95

4.5 Application to AIDS study . . . . . . ... 97
4.6 Discussion . . . . . .. Lo e e e 101
4.7 Supplement . . . ... 102
4.7.1 Proof of Asymptotic Properties of Robust Regression . . . ... ... .. 102
4.7.2 Additional Simulation Result . . . . . . ... ... ... 0. 108
References . . . . . . . . e 112

vil



Table 2.1

Table 2.2

Table 2.3

Table 2.4

Table 4.1

Table 4.2

Table 4.3

Table 4.4

Table 4.5

Table 4.6

Table 4.7

Table 4.8

LIST OF TABLES

Variable selection and estimation results for p = 10. MSE stands for mean-
squared error. Standard deviations of the Monte Carlo estimates are given in
parentheses. . . . . . . . L L
Variable selection and estimation results for p = 50. MSE stands for mean-
squared error. Standard deviations of the Monte Carlo estimates are given in
parentheses. . . . . . . . L
Structure selection results for covariates 2, 3 and 8. Here O is for null effect,
C for constant effect, and NC for time-varying effect. . . . . . .. .. ... ..
Analysis results for PBC data. TV stands for time-varying coefficients.

Summary result of Model I with constant propensity scores. LS stands for 1sA-
learning. P(0.5) and P(0.25) stand for robust regression with pinball loss and
parameter 7 = 0.5 and 0.25, respectively. Huber stands for robust regression
with Huber loss, where parameter « is tuned automatically with R function
rlm. &g 5 is multiplied by 10. . . . . . . . . . . . . . ... ..
Summary result of Model II with constant propensity scores. LS stands for IsA-
learning. P(0.5) and P(0.25) stand for robust regression with pinball loss and
parameter 7 = 0.5 and 0.25, respectively. Huber stands for robust regression
with Huber loss, where parameter « is tuned automatically with R function
rlm. dg 5 is multiplied by 10. . . . . . . . . . . .. L
Summary results with constant propensity scores when errors interacted with
treatment. Least square stands for IsA-learning. Pinball(0.5) stands for robust
regression with pinball loss and parameter 7 = 0.5. Pinball(0.25) stands for
robust regression with pinball loss and parameter 7 =0.25. . . . . . .. .. ..
Analysis results for AIDS data. Est. stands for estimate; SE stands for stan-
dard error; PV stands for p-value. All p-values which are significant at level
0.05 are highlighted. . . . . . . . . .. ... oo
Result of hypothesis test for conditional independence assumption € 1L A|X. .
Summary result of Model I with non-constant propensity scores. §g 5 is mul-
tiplied by 10. . . . . . . . Lo
Summary result of Model II with non-constant propensity scores. dg 5 is mul-
tiplied by 10. . . . . . . . Lo
Summary results with non-constant propensity scores when errors interacted
with treatment. . . . . . . . ...

viii



Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 3.1

Figure 3.2

Figure 3.3

Figure 3.4

Figure 3.5

Figure 4.1

Figure 4.2

Figure 4.3

LIST OF FIGURES

Estimated curves (gray) of the three nonzero coefficients from 100 replicates
when ¢, = 20% and p = 10. The dark lines are the true curves. The dashed
lines are the average of 100 estimates. The dotted lines are the simulation-
based pointwise 95% confidence intervals. . . . . . .. .. ... ... .....
Estimated curves (gray) of the three nonzero coefficients from 100 replicates
when ¢, = 40% and p = 10. The dark lines are the true curves. The dashed
lines are the average of 100 estimates. The dotted lines are the simulation-
based pointwise 95% confidence intervals. . . . . . . . ... ... ... ....
Estimated coefficients for covariates: edema, copper, and logprotime. Left
panel: initial estimator in KGNG; Middle panel: KGNG; Right panel: KGNG2.
Solid lines: estimated curves; Dashed lines: 95% pointwise confidence inter-
vals; Dotted lines: 95% simultaneous confidence bands. . . . . . . . . ... ..
Estimated coeflicients for covariates: age, logbili, logalb and stage. Left panel:
initial estimator in KGNG; Middle panel: KGNG; Right panel: KGNG2. Solid
lines: estimated curves; Dashed lines: 95% pointwise confidence intervals;
Dotted lines: 95% simultaneous confidence bands. . . . ... ... ... ...

Recurrent event example (CGD data). Top left: ConvexLAR; Top right: Con-
vexLLASSO; Bottom left: weighted ConvexLAR; Bottom right: weighted Con-
vexLASSO. . . . . e
ConvexLAR and ConvexLLASSO solution paths for the panel count data
(bladder) example. . . . . ...
Group LARSs solution paths for the Ada-Boost data (WDBC) example. Top
left: GroupConvexLAR-L2; Top right: GroupConvexLLAR-L1; Bottom left:
GroupConvexLAR; Bottom right: Group ConvexLASSO. . . . ... ... ..
ConvexLLAR and ConvexLASSO solution paths for the graphical model (math
score) example. . . . ..o oL L
ConvexLAR and ConvexLASSO solution paths for the graphical model ex-
ample with the simulated data. . . . . . . .. ... ... ... .........

The distribution functions of the response Y, in a randomized clinical trial
with two treatments, A and B, for male (two panels on the left) and female
(two panels on the right). The solid lines with triangle symbol, dashed line,
and dotted lines are the conditional mean, 50% quantile, and 25% quantile
functions of Y given the gender and the treatment, respectively. . . .. . ..
Various loss functions: squared error loss, pinball loss with 7 = 0.25, Huber
loss with @ = 1 and e-insensitive loss withe=1. . . . . .. .. ... .. ...
Scatterplot and box plots of response Y (CD4 count (cells/mm?®) at 20 + 5
weeks). Left Panel: Scatterplot of Y and covariate age; Middle Panel: Box
plot of YV stratified by covariate homosexuality (homosexual activity). Right
Panel: Box plot of Y stratified by covariate race. . . . . . . .. ... ... ..

ix

98



Figure 4.4 Distributions of estimated values (IPWE) of different methods based on 10-
fold cross validation. . . . . . ... ... oL oo



Chapter 1

Introduction

As technology advances, massive data sets are collected by human beings in all fields, which
leads to both promises and challenges for researchers. One important issue in analyzing big
volume of data is to find real relationships between the response variable and input covariates
in the data, while getting rid of noisy inputs. Variable/model selection as an useful tool to solve
this problem has received increasing attention in the past few decades. Another interesting topic
is personalized medicine. It is well-known that patients may have heterogeneous responses to
the same treatment or drug. Therefore it would optimize the treatment outcome to develop
individualized treatment for patients. An individualized treatment rule is a rule that assigns a
treatment, from a set of candidate treatments, to a patient according to his/her characteristics,
including genetic, physiological, demographic, environmental, and other clinical information,
and the optimal individualized treatment rule is one such rule which if assigned to the whole
population would lead to the overall “best” outcome. Our main research topic is to find an

efficient and robust way to estimate the optimal individualized treatment rule from the data.

1.1 Variable/Model selection

Traditional variable/model selection techniques, such as forward selection, backward elimina-

tion, stepwise selection and best-subset selection, are often criticized by their lack of stability,



theoretical justification and computational efficiency. In recent years, various modern vari-
able/model selection techniques have been proposed, including but not limited to nonnegative
garrote (Breiman, 1995; Yuan and Lin, 2007), LASSO (Tibshirani, 1996, 1997), SCAD (Fan
and Li, 2001, 2002), adaptive LASSO (Zou, 2006; Zhang and Lu, 2007), group Lasso (Yuan
and Lin, 2006), elastic net (Zou and Hastie, 2005) and MCP (Zhang, 2010). All these methods
can be naturally included in the framework of regularization. Most existing methods focus on
variable selection in the linear model, and less have been studied for nonparametric models or
model structure selection. For example, the identification of linear/nonlinear structure in par-
tially linear regression models or time-invariant/time-varying coefficients in regression models
with time varying coefficients.

In Chapter 2, we explore along this line and study the structure selection problem of time-
varying coefficient Cox models. The time-varying coefficient Cox model as a natural extension
of the standard Cox model is widely used to study the temporal effects of covariates. It relaxes
the proportional hazard assumption and can be fitted using either basis expansions (Zucker
and Karr, 1990; Yan and Huang, 2012) or local kernel methods (Cai and Sun, 2003; Tian et al.,
2005). In a time-varying coefficient Cox model, a critical issue is to correctly identify the mod-
el structure, i.e., covariates with null effect, constant effect and truly time-varying effect. By
distinguishing covariates with null effect and non-zero effect, we can build a parsimonious mod-
el with improved risk prediction. By distinguishing covariates with constant effect and truly
time-varying effect, we can build a more interpretable semiparametric model with improved
efficiency over a pure nonparametric model. In this chapter, we will develop a double penal-
ization approach to solve this problem, which also simultaneously estimate the corresponding
regression coefficients.

The majority of existing work conduct model structure selection for the varying coefficient
models by doing hypothesis tests, such as Cai et al. (2000), Huang et al. (2002), Fan and Huang
(2005), Kim (2007), Li and Liang (2008) and Wang et al. (2009), etc. Compared with our

penalization approach, hypothesis testing based methods are unfavorable due to the lack of



theoretical justification and computational efficiency. In addition, it is also extremely difficult
to construct a hypothesis test with high power on a large number of covariates simultaneously.

Our proposed methods, KGNG and its variant KGNG2, conduct structure selection and
coefficient estimation simultaneously by coupling the kernel-weighted partial likelihood esti-
mation (Cai and Sun, 2003; Tian et al., 2005) with the group nonnegative garrote penalty.
The performance of our methods is illustrated using simulations and an application to the
primary biliary cirrhosis (PBC) data. Important theoretical properties of the final estimators
are established, including selection consistency, estimation consistency and asymptotic nor-
malities of both the constant coefficients and truly time-varying coefficient functions. Based
on numerical studies, our method can easily handle high dimensional cases with dimension
p over 50. We have developed R code for the proposed methods and make it available at

http://www4.ncsu.edu/~wxiao.

1.2 Computational Issues for High Dimensional Data

Penalized regression is frequently used in high dimensional data analysis. In penalized regression

framework, we usually need to minimize the penalized loss function

M(6) = L(6z) + \P(6) (1.1)

with respect to 8, where L is the loss function, P is the penalty and A is the tuning parameter.
The tuning parameter A controls the magnitude of the penalty, and hence regulates the tradeoffs
between goodness of fit and model sparsity. The performance of penalization methods largely
depends on the choice of the tuning parameter, and careful selection of the tuning parameter is
necessary. We denote the minimizer of (1.1) as @(\). One important issue in high dimensional
data analysis is to develop fast and accurate algorithms to calculate 9(/\) over a large number

of different A. The result can then be plugged into tuning criteria such as C,, AIC and BIC

to find the optimal tuning parameter. Typically, there are two ways to conduct the above



computation. First, we can construct a grid points of tuning parameter A and then calculate
é(A) with one value of tuning parameter at a time, using an algorithm such as quadratic
programming (QP), the local quadratic approximation (LQA) algorithm (Fan and Li, 2001)
or the local linear approximation (LLA) algorithm (Zou and Li, 2008). To improve the tuning
result, it is essential to make the grid points of tuning parameters finer and finer, which will on
the other hand increase the computation time. This is the main criticism on this type of method.
The second way is to apply a solution path algorithm, which can calculate the minimizer é()\)
over all values of A in one shot. Here, we can apply either the approzimate path algorithm
or the exact path algorithm. One important work in this area is the Least Angle Regression
(Efron et al., 2004), which is an extremely efficient exact path algorithm for linear regression.
The Least Angle Regression (LARS) algorithm results in a piecewise solution path, and is
computationally as efficient as Ordinary Least Squares. Rosset and Zhu (2007) derived the
sufficient conditions on the loss and penalty functions, which leads to piecewise linear solution
paths. They have shown that generalized linear models (GLMs) usually do not have piecewise
linear solution paths. Park and Hastie (2006) proposed an approximate path algorithm for
GLMs based on the predictor-corrector method of convex optimization. The algorithm’s overall
accuracy is controlled by a step length parameter. Another approximate path algorithm was
proposed in Friedman (2008) for any convex loss with a separable penalty. Wu (2011) proposed
an ordinary differential equation based exact path algorithm for GLMs, and extended the
algorithm for Cox model considered in Wu (2012). In Chapter 3, we explore along this line and
propose a ConvexLLAR algorithm that works for any convex loss function and naturally extends
to group selection and data adaptive variable selection. The algorithm also leads to a new exact
path algorithm for certain penalty methods such as a convex loss function with lasso or group
lasso penalty by a simple modification. We apply the algorithm to various contexts including
recurrent event and panel count data analysis, Ada-Boost, and Gaussian graphical model. The
algorithms are implemented in Matlab and the corresponding code can be downloaded from

http://www4.ncsu.edu/~wxiao.



1.3 Optimal Treatment Learning

There is increasing interest to discover individual treatment rules to patients due to their
heterogenous responses to treatment. Here, an individualized treatment rule is a function that
assign a treatment to a patient based on his/her specific characteristics. In particular, we would
like to find an optimal individualized treatment rule, which if applied to the whole population
would lead to the “best” outcome. For complex diseases such as cancer and AIDS, the optimal
individualized treatment rule is usually a dynamic treatment process, which involves a sequence
decisions over the time. In this case, we also name it dynamic treatment regimes.

Q-learning (Watkins and Dayan, 1992; Murphy, 2005) and A-learning (Murphy, 2003; Robin-
s, 2004) are two main approaches for estimating optimal dynamic treatment regimes. Q-learning
is based on posing a regression model to estimate the conditional expectation of the outcome
at each time point, and then applying a backward recursive procedure to fit the model. A-
learning, on the other hand, only requires modeling the contrast function of the treatments
at each time point, and it is therefore more flexible and robust to a model misspecification.
Alternative methods include regret regression (Henderson et al., 2010) and direct value max-
imization (Zhao et al., 2012; Zhang et al., 2013). Specifically, Zhao et al. (2012) proposed an
outcome weighted learning approach using a surrogate loss to approximate a 0-1 loss, and the
approach is based on support vector machine framework. Zhang et al. (2013) estimates the dy-
namic treatment regime by maximizing a doubly robust augmented inverse probability weighted
estimator for mean outcome over a restricted class of regimes. The method proposed in Zhang
et al. (2013) is robust against model misspecification, but computational intractable when the
restricted class of regimes are in high dimension setting.

Variable selection is important to estimate optimal individualized treatment rule in high
dimensional data analysis. Related work includes Qian and Murphy (2011) and Lu et al. (2013).
The former one employs a flexible model estimation framework to approximate the conditional
mean and utilizes ¢; penalty to gain a sparse model. The later one transfers A-learning to a

loss-based framework and conducts variable selection with adaptive lasso penalty.



In Chapter 4, we will develop new estimators for optimal individualized treatment rules
via robust regression. Compared with standard Q- and A-learning, which both mimic a least
squares regression, our new estimators are robust against the skewed, heterogeneous, heavy-
tailed errors or outliers. Furthermore, the new estimators are robust against misspecification of
the baseline function, which is a nice property shared by A-learning. Last but not least, under
certain situations, i.e. when the error term is interacted with the treatment, the new estimator
coupled with pinball loss approximately maximizes the outcomes conditional quantile instead
of conditional mean, which leads to a different optimal individualized treatment rule from
the traditional Q- and A-learning. We demonstrate the performance of the new estimators by

simulation studies and an analysis of an AIDS data.



Chapter 2

Joint Structure Selection and

Estimation in the Time-varying

Coefticient Cox Model

2.1 Introduction

Cox proportional hazards model (Cox, 1972) has become the most popularly used semiparamet-
ric model in survival analysis due to its nice hazard interpretation and easy estimation based on
partial likelihood principle with elegant counting process-based martingale theory (Andersen
and Gill, 1982). However, one main limitation of the standard Cox model is to assume that the
hazard ratios stay constant over time, i.e. covariate effects are time-invariant, which may be
unrealistic in practical applications. Many alternatives have been proposed to relax the propor-
tional hazards assumption. Among them, the time-varying coefficient Cox model is a natural
extension of the standard Cox model by allowing temporal effects of covariates, and has been
widely studied in the literature (e.g. Zucker and Karr, 1990; Cai and Sun, 2003; Tian et al.,
2005).

An important issue in fitting a time-varying coefficient Cox model is to identify the true



model structure, i.e. to distinguish covariates with null effect, constant effect or truly time-
varying effect. There are at least two benefits. On one hand, by identifying covariates with null
effect and excluding them from the model, we can build a parsimonious model with better risk
prediction. On the other hand, by distinguishing covariates with constant effect and truly-time
varying effects, we can build a simpler and easier-interpretable semiparametric model comparing
with a pure nonparametric model with time-varying coefficients, which will be highly appre-
ciated by empirical investigators since they generally prefer a flexible but easy-interpretable
model for data analysis. See Zhang et al. (2002); Fan and Huang (2005); Ahmad et al. (2005);
Wang et al. (2009) for more demonstration of the benefits of semiparametric varying-coefficient
models comparing with nonparametric varying-coefficient models.

Model selection has been extensively studied in the past few decades. Traditional model se-
lection techniques, such as best-subset selection, coupled with C,, (Mallows, 1973), AIC (Akaike,
1973) and BIC (Schwarz, 1978), separate model selection and model estimation steps and are
generally unstable due to the their inherent discreteness (Breiman, 1995) and stochastic errors
(Fan and Li, 2001). They also lack of asymptotic selection consistency, which is a desirable
asymptotic property to possess. More importantly, they are not computational feasible for data
set with moderate to large dimensions as their computation times increase exponentially with
the dimension. To overcome these difficulties, various penalization methods have been intro-
duced, for example, nonnegative garrote (Breiman, 1995), LASSO (Tibshirani, 1996, 1997),
SCAD (Fan and Li, 2001, 2002) and adaptive LASSO (Zou, 2006; Zhang and Lu, 2007). These
methods provide competing performance for simultaneously selecting important variables and
estimating their effects. However, most existing penalization methods focus on variable selec-
tion for simple linear regression models. Less has been studied for model structure selection,
for example, the identification of linear /nonlinear structure in partially linear regression models
or time-invariant/time-varying coefficients in regression models with time-varying coefficients.
Recently, Zhang et al. (2011) proposed a novel penalization approach in the frame of smooth-

ing spline ANOVA for automatically discovering covariates with null effect, linear effect and



nonlinear effect in a partially linear model. For censored data, Yan and Huang (2012) proposed
an adaptive group LASSO (AGLASSO) method based on a penalized B-spline approach for
model structure selection in a time-varying coefficient Cox model. Specifically, time-varying
coefficients are expanded with a set of B-spline basis functions and an adaptive group lasso
penalty is used to select between time-independent and time-dependent covariate effects.

In this chapter, we propose an alternative method for automatic model structure selec-
tion and coefficient estimation in a time-varying coefficient Cox model by coupling the kernel-
weighted partial likelihood estimation (Cai and Sun, 2003; Tian et al., 2005) with the group
nonnegative garrote penalty. There are three major motivations for developing this new ap-
proach based on local kernel methods. First, in contrast with the spline method proposed in
Yan and Huang (2012), our method is able to better capture some local features of time-varying
coefficient functions, which are otherwise hard to be captured by the spline method. Second, by
using the local kernel estimation, it enables us to rigorously study the asymptotic properties of
the proposed estimators for both constant and time-varying coefficients, such as model selec-
tion consistency and asymptotic normality, and hence justify the validity of the methods from
theoretical perspectives. None of these properties have been established for existing approaches
like Yan and Huang (2012). Third, the proposed method provides an automatic and effective
way to conduct structure selection for time-varying coefficient Cox model, which can deal with
relative large dimension in contrast with all existing methods based on hypothesis testing, such
as those studied in Tian et al. (2005) and Liu et al. (2013). The remainder of the chapter is
organized as follows. Our proposed kernel group nonnegative garrote (KGNG) method and its
variant (KGNG2) are introduced in Section 2.2. Asymptotic properties of KGNG and KGNG2
estimators are presented in Section 2.3. Section 2.4 is devoted to numerical studies, including
simulations and an application to the primary biliary cirrhosis data. All the technical proofs

are relegated to the Supplement.



2.2 Structure Selection with Kernel Group Nonnegative Gar-

rote

2.2.1 Methods

Consider a random sample of n individuals. Let T; be the failure time, C; be the censoring
time, and Z; be a p-vector of covariates for subject ¢. Conditional on Z;, T; and C; are assumed
independent. Define T, = min(7;, C;) and A; = 1(T; < C;). The data consist of the triplets

(Ti, Z;,A;), i =1,...,n. The time-varying coefficient Cox model assumes the following form
T
at|Z:) = ag(t)eBo®Z:, (2.1)

where «(+|Z;) is the conditional hazard function given covariates, ap(-) is a completely un-
specified baseline hazard function, and B(t) = (Bo1(t), ..., Bop(t))" is a p-dimensional smooth
function of ¢.

Without loss of generality, we assume B (t) = (85 (t), B:(t), Bne(t))T, where B, (t) € RP1,
Bc(t) € RP2 and By (t) € IRPS correspond to covariates with null effect, constant effect and
truly time-varying effect, respectively, and p = p; + p2 + ps. Denote the corresponding index
sets of the above three classes by Ip, I and Inc, and let I = {1,...,p} = {IToUIlcUInc}-
Our method consists of two steps. In Step 1, for any fixed ¢, we obtain the initial estimator
B(t) = (Bi(), ... ,Ep(t))T € IR? using the kernel-weighted partial likelihood estimation (Cai

and Sun, 2003; Tian et al., 2005), i.e., by maximizing the local partial likelihood

1 r n T
Lin(B,t) = — Z/ Kn(s—t) |87Zi—log | Y Yi(s)eP Zi | | dNy(s), (2.2)
n - 0 -
=1 7=1
with respect to 3, where K}, (-) = K(-/h)/h with K(-) being a symmetric kernel density function

and h being the bandwidth parameter, Yj(t) = 1(Tj > t), Ny(t) = 1(T; < t,A; = 1), and 7 is a

pre-specified constant such that P(T; > 7) > 0. Next, we decompose the initial estimator 3(t)
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into the mean part m = (my,...,m,)" and the deviation part B*(t) = (Bi(t), ... ,Ez(t))T, where
m 1 fo ﬂk )du and ﬂk( ) = Bk(t) —my, for k = 1,...,p. Practically, we could choose M
grid points Ty = {t1,...,tr}, equally spaced between 0 and 7, where M is a large positive
integer. We then let my = Ef\il Ek(tz)/M and BZ(t) = Ek(tj) — my, where j = argming |ty — ¢|
and t € [0, 7]. In our numerical studies, we set M to be 100, which based on our experiment is
large enough to make good approximation of both my and E;; (t).

In Step 2, we adapt group nonnegative garrote penalties for structure selection. Denote
Al = (M1, )", A2 = (A21,..., Agp) " as two p-dimensional vectors. We obtain 3\1 and Xg

by minimizing

0

Q2n(A1,A2) = i/ [(mOM%-B*(S)O)Q)TZi
=1

n — a* T
~log Z}/}(S)e<mo)\1+,3 (8)0)\2) Z ]le(s)
j=1
p P
+ 6, Z A1+ b2 Z A2j (2.3)
j=1 J=1
subject to A\1; > 0and A\g; >0, =1,--- ,p, where 8 = (61, 62) are two-dimensional nonnegative

tuning parameters, and a o b denotes the Hadamard (element-wise) product of vectors a and b.

Then, the proposed KGNG estimator of Sy (t) is given by

~

Br(t) = Mk + AP (1), k=1,....p, t €10,7]. (2.4)

It is interesting to note that the automatic structure selection is achieved by shrinking some
components of A1 and Ay to zero. Specifically, we define To = {kel: N = O,ng = 0},
Tc ={kel: Xlk % O,ng =0} and TNC ={kel: /)\\Qk # 0} as estimated index sets for Ip, I¢
and Iy¢, respectively.

When the number of covariates is large, the inclusion of many noise variables (covariates

with null effect) at Step 1 may affect the structure selection performance. Next, we propose a
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variant of KGNG estimator. Specifically, we add a preliminary step (Step 0) before Steps 1 and
2 to exclude all noise variables prior to structure selection. To do this, we conduct a standard

group nonnegative garrote estimation by minimizing

n

QOTL(A*) __ Z/OT <B(3) o A*>T Z - log ZYj(S)€<B(S)O)‘*> Z; sz(S)
=1

j=1
P
+O°Y N (2.5)
j=1
with respect to A" = (A],..., A\;)T, where A} >0,j=1,...,p, and 6 is a nonnegative tuning
parameter. Let A= (A‘f, e ,X;‘,)T denote the resulting minimizer. We exclude the kth covariate

if X,’; = 0. Let Z, denote the remaining sub-vector of Z; by keeping all important covariates.
We then implement Steps 1 and 2 with Z; replaced by Z, for further structure selection. The

resulting estimator is denoted as KGNG2.

2.2.2 Computational Aspects

We implemented the proposed method in R, and the corresponding code can be download-
ed from the author’s web page (http://www4.ncsu.edu/sim/wxiao/). In Step 1, L1,(8,t) is
strictly concave with probability one and thus has a unique solution. The maximization can be
realized based on a regular Newton-Raphson iteration or an efficient iterative algorithm pro-
posed in Cai et al. (2000). In Step 2, after proper transformations, the minimization problem of
(2.3) is equivalent to finding the lasso solution for a Cox model with time-dependent covariates

Z;(s) under the nonnegative constraint of regression parameters, where

~ ;T\Z/OZZ

~ %

B (s)o Z;

We used R package “penalized” (Goeman, 2010) for this optimization step. The algorithm is

based on a combination of gradient ascent optimization and Newton-Raphson algorithm, which
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can also incorporate nonnegative constraints on the parameters (Goeman, 2010). Moreover, the
minimization in the preliminary Step 0 is also equivalent to finding a lasso solution for a Cox
model with time-dependent covariates B(s) o Z;. Therefore it can be computed similarly with

existing R packages.

2.2.3 Tuning Procedure

For computing KGNG, two sets of tuning parameters need to be chosen properly, i.e., the
bandwidth ~ at the maximum local partial likelihood estimation step (2.2) and (01, 62) at the
group nonnegative garrote estimation step (2.3). To choose h, we use a K-fold cross-validation
method as suggested in Tian et al. (2005). First, we randomly split the data set into K roughly
equal-sized parts. Then, for each kK =1,..., K, we delete the kth part and fit the time-varying
coefficient Cox model with the other K —1 parts. Next, we compute the prediction error PE}y(h),

which measures how well the fitted model predicts the kth part of the data. Here,

PE(R) == /O Az tog [ TP @7 | | anigs)

i€l J€l

where I}, is the index set for the kth part of the data and B(_k) (t) is the maximum local partial
likelihood estimator calculated with the kth part of the data deleted. Last, the optimal h is
obtained by minimizing the total prediction error PE(h) = Zle PEg(h).

For (61,02), we consider a set of bivariate grid values, and choose the optimal (61,602) by

minimizing the following BIC criterion
BIC = —2log(partial likelihood)/n + logn/n x df; + log(nh*)/(nh*) x dfs,

where df; and dfs are the number of nonzero components in Xl and :\2, respectively, and
h* = h/7 is the effective bandwidth when we scale 7 to 1. Note that the effective sample size

nh* is used here for the time-varying components instead of the original n to account for the
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fact that 8 (t) is estimated locally. Similar strategy is adopted in Wang and Xia (2009) and Hu
and Xia (2012).

Similarly, 6* in the preliminary Step 0 can be chosen by minimizing the BIC criterion
BIC = —2log(partial likelihood)/n + log(nh™)/(nh*) x dfs,
where dfs3 is the number of covariates with nonzero effect.

2.3 Theoretical properties

In this section, we establish the asymptotic properties of the initial estimators, and our proposed

KGNG and KGNG2 estimators.

2.3.1 Asymptotic Properties of Initial Estimators

Denote the true mean and deviation part of By(t) as mg = (mo1,...,mgp)" and By(t) =

(Bo1(t), - -+, Bo,(t))T, respectively, where
Mok = 7_1/ Bor(u)du,  Bor(t) = Bok(t) — mog,
0

fork=1,...,p. Let I(B,t) = —9*L1,(B,t) /B> = n~! S fOT V(B, s)Kp, (s—t)dN;(s), where

V(B,1)

_s@@1  (sv@n\”
- SO(3,1) SO@B,t) )

SO(B.1) =01y Vi) ZET B % r=0,1,2,
i=1
with ® denoting the outer product. Let E(8,t) = S (3,1)/50(8,t), P(t|z) = P(T > t|Z =
z), Qu(t) = E[P(t|Z2)a(t|2)], Qi(t) = E[P(t|Z)a(t|Z)Z] and Q2(t) = E[P(t|Z)a(t|2)Z%].
Define X(t) = Q2(t)—Q1(t)Q1(t)"/Qo(t). Let s (3, ) denote the limits of S (3,t), r = 0,1, 2,

as n — oo. Let NV (t,€) be an e-neighborhood of ¢, for € > 0 and ¢ € [0, 7], and B be a compact
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set of IR? that includes a neighborhood of B (t) for ¢t € [0,7]. Under the following regularity

conditions,

(A.1) The kernel function K(-) is a bounded and symmetric density with a bounded support
['Ll];

(A.2) Fort e [0,7]

< 00;

E lexp {2 ( sup [ Bo(u)| + Boy(t) +3> |Z|}
ueN (t,e)

(A.3) Qo(u) >0, Qi(u) and Q2(u) are continuous for ¢ € [0, 7];

(A.4) Assume that ag(t) is positive and continuous, P(t|z) > 0 and coefficient functions

{Boj(t)} have a continuous second derivative for ¢ € [0, 7];
(A.5) Assume that the matrix X(¢) is positive definite for ¢ € [0, 7];
(A.6) s")(8,1) is uniformly continuous with respect to (87,t)T € B x [0, 7] for t € [0, 7];
we have
Lemma 2.1. Suppose h, = O(n™") with v € [1/5,1).
(a) B(t) 5 By(t), 0 <t <T.

(b) If 1/5 < v < 1, we have, for fived t € (0,7),
1
nhn)'? (B(t) — d -1 2(s)ds § .
()2 (B(0) - 8o(0) 53 {0, 5740 [ K¥Ho)as}

where Y(t) can be consistently estimated by 1(B(t),t).

Lemma 2.2. Suppose h, = O(n™") with 1/4 < v < 1/2, we have

n'/2 (- mo) 5N (0, Syn),

15



where ¥, = fo (u)du/T? and can be consistently estimated by

T—h
S = “L(B(w), w)du/ (T — z
So= [ I B wduf (7 20

The proof of Lemma 2.1 follows Cai and Sun (2003) which is omitted. The proof of Lem-
ma 2.2 follows similar steps given in Section 5 of Tian et al. (2005) and is relegated to the

Supplement.

2.3.2 Asymptotic Properties of KGNG Estimators

Let Ag1 and Ag2 denote the true values of A1 and Ag, respectively, and partition them into three
parts: Aor = AQ ", AG T, AN and (A, AS, ", ANCT)T, according to the true index sets Io,

I and Iy¢, respectively. Then
o C O C
)‘01 =0p,, )‘01 =1p,, )‘02 =0p,, )‘02 = 0py, )‘ =1y

and )\(])\E =0or 1 for j € Iny¢c, where )\01 5 is the jth component of )\ ¢ and corresponds to the
mean part of the jth covariate with time-varying effect. If )\é\flg = 0, the jth time-varying effect
has zero mean effect; otherwise, it has nonzero mean effect. As we do not distinguish between
the above two types of time-varying effects, without loss of generality, we assume A(J)\QC =1, in

(1)

our theoretical derivations. Let Ag = (Ag;, Age)"- We further partition Ag as Ay’ representing

all the ones and )\(0) representing all the zeros, where )\él) (AS) ,)\N o A CT) = 1p,42p;
and )\(()) AG T AS AL = 02p, 1p,- In a similar manner we define A, A, A0 A, A
and X(O), which accord to the true index sets Ip, I and In¢.

Note that the KGNG estimator defined in (2.4) takes the form B(t) = A; o7 + Az 0 B (t).
To derive its asymptotic properties, we need to study the asymptotic properties of m, B*(t)
and X. In Lemmas 2.1 and 2.2, we have established the asymptotic properties of m and ,é*( t).

N ()

In the following, we derive the asymptotic properties of X, which consists of A* " and A

~(1
particular, we establish the root-n consistency of )\( ) in Theorem 2.1 and the sparsity property
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of X(O) in Theorem 2.2.

Theorem 2.1. Assume h, = O(n™") with 1/4 < v < 1/2. Under the regularity conditions

assumed in Lemmas 2.1 and 2.2, if max(01,602)/v/n is bounded, then HX(D —)\(()1)H = 0,(n"1/?).

Theorem 2.2. Assume h, = O(n™") with 1/4 < v < 1/2. Under the regularity conditions
assumed in Lemmas 2.1 and 2.2, if ||X(1) - /\E)I)H = O0p(n~'?) and hi/? min (01,02) — oo, then

30

PA 7' =0)—1.

Combining Theorems 2.1 and 2.2, we can then prove the selection consistency of the KGNG
estimator, which is summarized in part (a) of Theorem 2.3. We further establish the asymp-
totic normality of the KGNG estimators for both nonzero constant and time-varying regression
coefficients in Theorem 2.3. Recall that By(t) = (85,86, Bye(t)T € RP, where B, € IRP!,
Bc € RP? and By (t) € IRPS are subvector of B(t) corresponding to the true underline index

sets Io, Ic and Inc, respectively. In a similar manner, we write mg = (mp, mj, my)" and

Bi(t) = (85", 85", By (1))T. We further partition 8(t), B(t), m and B (t) accordingly.

Theorem 2.3. Assume h, = O(n™") with 1/4 < v < 1/2. Under the regularity conditions

assumed in Lemmas 1 and 2, if max(01,02)/+/n is bounded and hi/? min (01,02) — oo, then

(a) (Selection consistency) with probability tending to one, To = 1o, Ic = Ic and Iyc =

Inc.
(b) (Root-n consistency of ,BC) /@c is a root-n consistent estimator for B¢ .

(c) (Asymptotic normality of ,BC) if we further assume max(01,02)/y/n — 0,
(n)!/? (Ec - 50) SN {0, b},

where
.

DI /OT (D(u) + iBloﬁl(u)> ¥ (u) <D(u) + iBloEl(u)> du. (2.6)

Here D(u) is a pa xp matriz given in (2.25) in the Supplement and Bio = (Opy xp; [ Ips|0psxps ) -
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(d) (Asymptotic normality of ,BNC(t))

() (Bret) - Buc(®) 4 3 {0, 5 Ohvewe [ K2},

where {S71(t)}none is the submatriz of S™1(t) corresponding to Inc.

The proofs of Theorem 2.1, 2.2 and 2.3 are relegated to the Supplement. The asymptotic
variance-covariance matrices given in parts (c) and (d) can be consistently estimated by the usu-
al plug-in method. It is interesting to note that the limiting distribution of the KGNG estimator
for the time-varying coefficients given in part (d) is the same as that of the corresponding initial
estimator. Actually in the proof of part (d), we have shown that the difference between B ne(t)
and B nc(t) are uniformly asymptotically negligible in ¢. Thus we could construct confidence

bands of 8 ~nc(t) using the resampling technique as proposed in Tian et al. (2005).

2.3.3 Asymptotic Properties of KGNG2 Estimator

Let Z = (Z},,Z},Z})" and Z = (Z},, Z};)" as the subvector of Z with only important
covariates kept. Let B, (t) = (B5(t), Bo(D)T, a(t|Z) = o) E p(t|Z) = P(Y > 1|2 =
2), Q1) = EIPUZ)a(t|2)], Q,(t) = E[P(1Z)a(tIZ)Z] and Q,(t) = E[P(1Z)a(t12)2%),
Define X(t) = @,(t) — Q,()Q,(¢)"/Q,(t). We add “*” to distinguish the KGNG2 estimator
from the KGNG estimator. We summarize the asymptotic properties of KGNG2 estimator in
Theorem 2.4.

Theorem 2.4. Assume h, = O(n™") with 1/4 < v < 1/2. Under the regularity conditions
assumed in Lemmas 1 and 2, if (1) 0*/\/n is bounded and h20* = oo; (2) max(6,62)/v/n is

bounded and hY/* min (01,02) — oo, then

(a) (Selection consistency of preliminary Step 0) with probability tending to one, A\j =0,
for k € lp and /):}'; #0, for k € IeJInc.

(b) (Selection consistency) with probability tending to one, T*O = Ip, T*C = I¢ and T}‘VC =

Ine.
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(c) (Root-n consistency of ,B*C) ,B*C(t) is a root-n consistent estimator for B¢ .

(d) (Asymptotic normality of ,[AB*C) if we further assume max(61,02)/y/n — 0,
(n)1/2 (I/B\*C - BC) i}N {07 Zﬂ} ;

where 251 can be computed following (2.6) with some obvious changes.

(e) (Asymptotic normality of ,@jvc(t))

(nha)? (Bio(t) = Bre(t)) SN {o, = Ohvewe [ 11 K2<s>ds} ,

where {1 ()} none is the submatriz of X1 (t) corresponding to Inc.

The proof of Theorem 2.4 is similar to that of Theorem 2.3 and hence is omitted here.
Based on Theorem 2.3 and 2.4, B;C(t) is strictly more efficient than /3 ~o(t) if Ip is not empty.

. . . ¥ o
However, there is no clear order between the efficiencies of 8~ and B.

2.4 Numerical studies

2.4.1 Simulation studies

We generate failure times from the varying-coefficient Cox model (2.1). Here, covariate vector Z
is generated from a multivariate normal distribution with mean 0, variance 0.5 and correlation
coefficient 0.5V ~* for any pair (7, k). We consider both the low dimensional case and the high
dimensional case, where the dimension p = 10 and 50 respectively. There are three nonzero
coefficients in By(t), i.e., Bo2(t) = —{1 + cos(nt)}1(0 < t < 1), Bos(t) = 1.5{cos(wt/2)} and
Bos(t) = —1. So, there are two covariates with time-varying effects, one with constant effect and
all the remains with null effect. The baseline hazard function ag(t) = exp{— cos(nt/2)}. We
consider both the cases when censoring times are dependent and independent of the covariates.

They are given in the cases p = 10 and p = 50, respectively. When p = 10, the censoring times of
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ith subject is a mixture of W and a point mass at 2, where W = min(exp(Z;2 — Z;5), Unif(0,2)).
When p = 50, we generate censoring times from a mixture of Unif(0,2)) and a point mass at
2. For both cases, the mixing probability is chosen to have the desired censoring proportion,
ie. ¢y = 20% or 40%. For each scenario, we conduct 100 simulation runs with sample size
n = 200 and 400. We compare the proposed KGNG and KGNG2 with the AGLASSO of Yan
and Huang (2012). For our estimators, we use the Epanechnikov kernel K(z) = 3(1 — 2?)/4,
—1 <z < 1. The bandwidth A is chosen using 5-fold cross validation as discussed in Section
2.2.3. For KGNG2, the same bandwidth is used for Step 1 as for Step 0. We use the proposed
BIC criterion in Section 2.2.3 to tune (#1,62) and 6*.

Tables 2.1 and 2.2 summarize the mean squared errors and variable selection results for
p = 10 and 50, respectively. The selection frequency of each variable over 100 runs is reported,
where the important covariates are Z,, Z3 and Zg. The mean squared error (MSE) is calculated

as
100

S LB - 8ot} v {B(r) — Bo(en )
i=1
where {t1,...,t100} are 100 equally-spaced grid points in the time interval (0,2) and V is the
population covariance matrix of covariates.

From Tables 2.1 and 2.2, we make the following observations. First, KGNG2 shows the
best performance in terms of variable selection and MSE in almost all scenarios, especially for
large dimension case (p = 50). This is expected since KGNG2 is a two-stage approach, by first
excluding the noise variables. Second, both KGNG and KGNG2 outperform AGLASSO with
deduction in MSE as large as 60%. Third, KGNG and KGNG2 select Z5, Z3 and Zg as important
covariates nearly all the times, while the AGLASSO misses Z3 occasionally, especially when the
sample size is small.

Table 2.3 summarizes the structure selection result of the three covariates with nonzero
effect. We report the frequencies of each covariate being classified into the three categories Ip,

Ic and Iy¢. In summary, the proposed KGNG and KGNG2 outperform AGLASSO for all three

covariates, exhibiting the most significant improvement for Zs. The AGLASSO tends to falsely
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Table 2.1: Variable selection and estimation results for p = 10. MSE stands for mean-squared
error. Standard deviations of the Monte Carlo estimates are given in parentheses.

n Cp method Zl ZQ Zg Z4 Z5 Z6 Z7 Zg Zg Zl() MSE (SD)

200 20 KGNG 7 100 99 9 5 10 10 100 11 7 0.180 (0.107)
KGNG2 3 100100 4 2 5 4 100 6 1 0.172 (0.126)
AGLASSO 6 100 73 5 2 2 8 100 5 4 0.444 (0.103)

400 20 KGNG 1 100100 4 2 3 6 100 4 3 0.114 (0.053)
KGNG2 0 100100 0 1 0 1 100 4 0O 0.114 (0.054)
AGLASSO 0 100100 2 2 0 1 100 2 0 0.268 (0.055)

200 40 KGNG 10 100 98 14 10 9 11 100 14 5 0.244 (0.151)
KGNG2 7 100100 7 5 3 5 100 11 3 0.227 (0.176)
AGLASSO 7 100 82 9 4 4 6 100 6 1 0.492 (0.122)

400 40 KGNG 5100100 3 3 4 4 100 7 2 0.117 (0.080)
KGNG2 2100100 1 1 0 1 100 3 1 0.110 (0.126)
AGLASSO 1 100100 2 0 0 3 100 5 1 0.303 (0.096)

select the time-varying-effect Zy as a constant-effect covariate. For example, when p = 10,
n = 200 and ¢, = 20%, AGLASSO correctly classifies Z5 only 34 times out of 100, while both
KGNG and KGNG2 classify Z, correctly for more than 70 times.

Finally, we plot the initial estimator, KGNG and AGLASSO for three nonzero coefficients
and their pointwise 95% confidence intervals based on 100 simulations for p = 10. The plots
for ¢, = 20% and ¢, = 40% are given in Figures 2.1 and 2.2, respectively. We make the follow-
ing observations. First, the performance of both KGNG and AGLASSO improves substantially
when sample size increases. Second, KGNG has smaller biases in the estimation of time-varying
coefficients compared with AGLASSO in all the cases, while KGNG and AGLASSO give com-
parable estimates for the constant coefficient. Third, the improvement of KGNG over the initial
estimator for time-varying coefficients is not obvious, however, the improvement for the constant

coefficient is significant. This matches with our Theorem 2.3 parts (c) and (d).
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Figure 2.1: Estimated curves (gray) of the three nonzero coefficients from 100 replicates when
¢p = 20% and p = 10. The dark lines are the true curves. The dashed lines are the average of
100 estimates. The dotted lines are the simulation-based pointwise 95% confidence intervals.

22



Initial Initial Initial

-
B EJe
o]
T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 20
time time time
KGNG KGNG KGNG
— o B o
S B Vs
] @ :
! T T T T T ! T T T T T ! T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20
time time time
AGLASSO AGLASSO AGLASSO
- -
N B
™ ™ ™ :
! T T T T T ! T T T T T ! T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20
time time time
(a) n=200. Upper: Initial estimate. Middle: KGNG. Lower: AGLASSO.
Initial Initial Initial
-
B EA
o]
0.0 05 1.0 15 20 0.0 05 1.0 15 20 0.0 05 1.0 15 20
time time time
KGNG KGNG KGNG
r -
B B 2 7
i ‘ ‘ ‘ ‘ K ‘ ‘ ‘ ‘
0.0 05 1.0 15 20 0.0 05 1.0 15 20
time time time
AGLASSO AGLASSO AGLASSO
“ r -
B B 2 74
i ‘ ‘ ‘ ‘ 74 ‘ ‘ ‘ ‘
0.0 05 1.0 15 20 0.0 05 1.0 15 20
time time

(b) n=400. Upper: Initial estimate. Middle: KGNG. Lower: AGLASSO.

Figure 2.2: Estimated curves (gray) of the three nonzero coefficients from 100 replicates when
¢p = 40% and p = 10. The dark lines are the true curves. The dashed lines are the average of
100 estimates. The dotted lines are the simulation-based pointwise 95% confidence intervals.
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Table 2.2: Variable selection and estimation results for p = 50. MSE stands for mean-squared
error. Standard deviations of the Monte Carlo estimates are given in parentheses.

n Cp Method Z1 ZQ Z3 Z4 Z5 Z@ Z7 Zg Zg ZlO le - Z50 MSE (SD)

200 20 KGNG 5 100100 3 3 3 1 100 3 3 29  0.297 (0.095)
KGNG2 3 99 8 3 3 3 31003 2 24  0.291 (0.130)
AGLASSO 10100 79 4 5 3 7 100 7 2 3.3  0.425 (0.099)

400 20 KGNG 1100100 2 1 2 0100 3 2 24  0.168 (0.056)
KGNG2 0100100 2 0 1 0100 1 0 0.6  0.134 (0.053)
AGLASSO 3 100100 2 1 1 4 100 0 2 1.2 0.261 (0.053)

200 40 KGNG 2 97 92 3 5 4 21005 3 3.9  0.403 (0.147)
KGNG2 2 98 8 4 3 2 2100 5 1 2.0  0.367 (0.222)
AGLASSO 12100 91 12 11 6 1010011 9 6.2  0.494 (0.137)

400 40 KGNG 0100100 4 0 1 2 100 2 5 21  0.195 (0.058)
KGNG2 0100100 1 0 0 1100 1 0 1.3  0.181 (0.076)
AGLASSO 5 100100 4 1 2 3 100 6 2 4.3  0.292 (0.079)

2.4.2 Analysis of primary biliary cirrhosis (PBC) data

As an illustration, we apply our KGNG and KGNG2 methods to analyze the PBC data (Flem-
ing and Harrington, 1991). The data is from the Mayo Clinic trial in primary biliary cirrhosis
(PBC) of the liver conducted between 1974 and 1984. The primary biliary cirrhosis is a chronic
disease in which the bile ducts in one’s liver are slowly destroyed. In the study, 312 out of 424
patients who participate in the randomized trial are eligible for the analysis. There are 17 co-
variates: trtmt=treatment (Yes/No), age (in 10 years), gender=female/male, ascites=presence
of ascites (Yes/No), hypato=presence of hepatomegaly (Yes/No), spiders=presence of spider-
s, edema=severity of oedema (0 denotes no oedema, 0.5 denotes untreated or successfully
treated oedema and 1 denotes unsuccessfully treated oedema), logbili=logarithm of serum
bilirubin (mg/dl), chol=serum cholesterol (mg/dl), logalb=logarithm of albumin (gm/dl), cop-
per=urine copper (mg/day), alk=alkaline phosphatase (U/liter), sgot=liver enzyme (U/ml),
trig=triglicerides (mg/dl), platelet=platelets per 10~2 ml3, logprotime=logarithm of prothrom-
bin time (seconds), stage=histologic stage of disease (category: 1, 2, 3 or 4).

The model selection of this data set has been previously studied in the context of both
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Table 2.3: Structure selection results for covariates 2, 3 and 8. Here O is for null effect, C for
constant effect, and NC for time-varying effect.

p=10 p=>50
Z2 Z3 Zs Z2 Z3 Zs
n ¢, method O CNC O CNCO CNCO CNC O CNCO CNcC
200 20 KGNG 021 79 1 1 98 097 3 062 38 0 1 99 0 99 1
KGNG2 010 90 0 1 99 094 6 138 61 13 0 87 0 95 5
AGLASSO 066 3427 2 71 08 14 056 4421 0 79 0 92 8
400 20 KGNG 01 9 0 0100 097 3 0 1 99 0 0100 097 3
KGNG2 0O 1 99 0 0 100 0 91 90 0100 0 0100 097 3
AGLASSO 051 499 1 0 99 096 4 041 59 0 0100 095 5
200 40 KGNG 031 69 2 4 94 097 3 357 40 8 11 81 0 98 2
KGNG2 023 77 0 5 9 08 11 227 7113 1 8 092 8
AGLASSO 075 2518 10 72 08 16 050 50 9 9 82 091 9
400 40 KGNG 0O 0100 0O 0100 097 3 016 8 0 0100 099 1
KGNG2 0O 0100 O O 100 0O 95 5 0 5 95 0 0100 098 2
AGLASSO 035 65 0 0100 094 6 0 4 96 0 0100 094 6

Cox model with time-independent coefficients (Tibshirani, 1997; Zhang and Lu, 2007) and Cox
model with time-varying coefficients (Tian et al., 2005; Yan and Huang, 2012). To ease the
comparison, we analyzed the data of 276 patients with no missingness in covariates and took
log transformation of serum bilirubin, albumin and prothrombin time as in Yan and Huang
(2012). For our methods, we used the 10-fold cross validation to find the optimal bandwidth
in the initial estimator, which is 2000 (days). We chose 7 = 3200, which covers around 90%
of observed survival times. Table 2.4 gives the estimates of coefficients by five methods: the
maximum partial likelihood estimator (MPLE), the adaptive LASSO (ALASSO) estimator
of Zhang and Lu (2007) based on a standard Cox model, the AGLASSO, and KGNG and
KGNG2 based on a time-varying coefficient Cox model. The numbers given in parenthesis are
the estimated standard errors for important constant coefficients selected by each method. The
results for ALASSO and AGLASSO are copied directly from Yan and Huang (2012). We make
the following observations. First, ALASSO, AGLASSO, KGNG and KGNG2 all select the same

7 important covariates: age, cooper, edema, logbili, logalb, logprotime and stage. Second, KGNG
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identifies three covariates with time-varying coefficients and KGNG2 identifies two, in which
edema and logprotime are the common covariates identified by both KGNG and KGNG2. On
the other hand, AGLASSO only selects logbilli as the covariate with time-varying coefficient.
These results partly agree with the findings of Tian et al. (2005), where only 5 covariates:
age, edema, logbili, logalb and logprotime, are considered in their time-varying coefficient Cox
model, and three covariates: edema, logprotime and logbili, are identified as having time-varying
coefficients. Finally, in Figures 2.3 and 2.4, we plotted the estimated coefficients by the initial
step (maximum local partial likelihood estimator), KGNG and KGNG2 for the 7 important
covariates and their associated 95% pointwise confidence intervals and simultaneous confidence

bands.

Table 2.4: Analysis results for PBC data. TV stands for time-varying coefficients.

Covariate MPLE ALASSO AGLASSO KGNG KGNG2
trtmt -0.062 (0.211)
age 0.261 (0.113)  0.270 (0.124) 0.263 (0.126)  0.211 (0.111)  0.253 (0.113)
gender -0.256 (0.317)
ascites 0.162 (0.381)
hypato -0.100 (0.254)
spiders 0.049 (0.243)
edema 0.926 (0.378)  0.842 (0.410) 0.932 (0.443) TV TV
logbili 0.723 (0.162)  0.699 (0.115) TV 0.716 (0.096)  0.718 (0.116)
chol 0.000 (0.000)
logalb -2.270 (0.947) -2.538 (0.762) -2.440(0.789) -2.173 (0.934) -2.294 (1.183)
copper 1.604 (1.251)  2.218 (1.236)  2.089(1.261) TV 1.379 (1.419)
alk 0.000 (0.000)
sgot 0.003 (0.002)
trig -0.002 (0.001)
platelet 0.001 (0.001)
logprotime ~ 2.335 (1.321)  2.099 (1.241) 1.822 (1.249) TV TV
stage 0.381 (0.176)  0.274 (0.140) 0.278 (0.143)  0.244 (0.110)  0.218 (0.130)
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Figure 2.3: Estimated coefficients for covariates: edema, copper, and logprotime. Left panel:
initial estimator in KGNG; Middle panel: KGNG; Right panel: KGNG2. Solid lines: estimat-
ed curves; Dashed lines: 95% pointwise confidence intervals; Dotted lines: 95% simultaneous
confidence bands.
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Figure 2.4: Estimated coefficients for covariates: age, logbili, logalb and stage. Left panel: initial
estimator in KGNG; Middle panel: KGNG; Right panel: KGNG2. Solid lines: estimated curves;
Dashed lines: 95% pointwise confidence intervals; Dotted lines: 95% simultaneous confidence
bands.
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2.5 Discussion

We propose a kernel group nonnegative garrote (KGNG) estimation method and its variant
(KGNG2) for automatic structure selection and coefficient estimation in a time-varying coef-
ficient Cox model. We establish the asymptotic properties, including structure selection con-
sistency and asymptotic distributions, of our estimators for both constant and time-varying
coefficients. Numerical studies have shown the competitive performance of the proposed meth-
ods compared with existing approaches.

In this chapter, we only focus on the case with fixed dimension p, and p is smaller than the
sample size n. For p > n case, a penalty term needs to be added to (2.2) to get reasonable initial
estimates of the coefficient functions. Then Step 2 and 3 can follow similarly as proposed in this
chapter. For an ultra-high dimension case, say, p > n, a screening procedure can be utilized to
remove the noisy covariates beforehand. Then the dimension of the model can be decreased to a
value that can be handled directly. However, a screening procedure for time-varying coefficient
Cox model has not yet been developed in the literature, and it needs further investigation.

Since the proposed procedure depends on a large number of tuning parameters, it may be
useful to develop a statistical test to check the goodness-of-fit of the final estimated model. We
think that a cumulative sums of martingale residuals-based goodness-of-fit test can be derived
for the final estimated model, following the techniques of Lin, Wei and Ying (1993). A similar
goodness-of-fit test procedure was developed for the Dantzig selector in Cox’s proportional
hazards model (Antoniadis, Fryzlewicz and Letue, 2010). This is an interesting topic that needs
further investigation.

Another interesting problem, as suggested by a referee, is to extend the proposed methods to
domain selection, i.e., to develop a procedure which estimates the coefficients as exactly zero on
parts of the time domain, and as nonzero (and time-varying) on the remaining parts. One simple
solution would be to chop the coefficient functions evenly into small pieces on the study time
domain and then apply the group nonnegative garrote penalty to identify the significant pieces.

However, when there are a large number of covariates, this approach may be computationally
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challenging. The proposed KGNG/KGNG2 methods for structure selection can be regarded
as a preliminary step for domain selection since they can help to remove all the covariates
with null or constant effects and thus achieve effective dimension reduction. Then, the domain
selection can only focus on the selected covariates with truly time-varying coefficients. This is

an interesting extension that warrants our future research.

2.6 Supplement

This supplementary section contains the proofs of Lemma 2.2, and Theorem 2.1, 2.2 and 2.3.
Before we give the details of proofs, we first introduce some additional notation. With simple

matrix multiplication, we have /\(()1) = Pi g and /\[()O) = Po g, where

0p2 Xp1 Ip2 01?2 Xp3 0p2 Xp1 0p2 Xp2 0p2 Xp3

Pl = 0p3 XPp1 Ops Xp2 Ips 0p3 Xp1 0p3 X p2 0p3 Xp3 ; (2'7)
Ops Xp1 OPS Xp2 Ops Xp3 Op3 Xp1 01!)3 Xp2 Ips (p2-+2p3) X 2p
Ipl 0’p1 Xp2 01?1 Xp3 Opl Xp1 0p1 Xp2 Opl Xp3

P2 o Opl Xp1 Opl Xp2 Opl Xp3 Ipl Op1 Xp2 Opl Xp3 (2'8)
0p2 Xp1 07’2 Xp2 Opz Xp3 Op2 Xp1 Ipz Opz Xp3 (2p1-+p2) X 2p

Xoo— (DT O T\r — PY. (1) (0) _ pY. _
Let Ag ()\0 ,)\0 ) . We also have Ag; Py P31 AV + Pyo and Ago Py
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P41)\(1) + P42)\(0), where

Opl Xp2 01?1 Xp3 Opl Xp3 Ipl 0p1 Xp1 Opl Xp2
P3 = (P31 ‘P32) = IP2 0p2 Xp3 0p2 Xp3 0;02 Xp1 Opz Xp1 Opz Xp2 ; (2'9)
OP3 Xp3 Ips 0p3 Xp3 Op3 Xp1 Ops Xp1 Ops Xp2
DPX2p
Opl Xp2 Opl Xp3 Opl Xp3 Opl Xp1 Ipl Opl Xp2
P4 = (P41‘P42) = 0P2 Xp2 Opz Xp3 0p2 Xp3 OPQ Xp1 0p2 Xp1 Ipz (2‘10)
OPS Xp2 0p3 Xp3 IP3 0p3 Xp1 0p3 Xp1 0733 Xp2 px2p

Let Loy (A1, Ag; m, B*()) and Qan (A1, A2;m, ,E‘}*()) denote the partial likelihood and penal-

ized partial likelihood in equation (2.3) respectively. We then have
Lon(At, Asim, B() Z / ~log ZY )e®7 2 | | an(s);
Qan(A1, A2;m, B(+)) = — Lon(A1, A2;m, B(0)) + 01| A1]l1 + 02| Azl
where
a(s) = a(s: A0 A0 m, 5°()) = a(s, Ap Ay, () = Ay om + Ago B5(s).  (211)

Let U(A1,A2;m,B3°()) and H(A1, A2;m,3%(+)) denote the vector and matrix of the first and

second order partial derivatives of Lo, (A1, Ag; m, B(+)) with respect to A = (A{, A3)". Thus

U (A Ao, B Z/A (Z — E(a(s),s)) dNi(s),

=17
= S® (a(s),s S (a(s),s o2 .
H()‘laA% Zl/A S(O a S;,S; - (S(O) EGES;7S§> A(S) le(S)7
=10
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where

diag(m
Als) = A(sim, B*(-)) = s(m) . (2.12)

ding(8'(5) )

Rearranging the order of A, we rewrite Lo, (A1, Ae;-) as Lgn()\(l), /\(0); -). Denote the first
and second order partial derivatives of Lo, (AN, A(©);.) with respect to A1) as Uy (AM, A0);)
and Hll()\(l), A0, -). Denote the first and second order partial derivatives of Lgn()\(l), A0, )
with respect to A as Us(AM, X)) and Hayp(AM, A(©);.). In the following proofs, we use || - |1

and || - || to denote ¢; and ¢ norms, respectively.

2.6.1 Proof of Lemma 2.2

We follow similar steps to prove Lemma 2.2 as in Section 5 of Tian et al. (2005). Denote
M;(s) = Ni(s) — [y Yi(u)a(u|Z;)du for all i = 1,...,p. Thus M;(s) is a local square integrable
martingale with respect to the filtration F; = {Z;, N;(u),Yi(u),i = 1,...,n,0 < u < t}. For

hn =0(n7") with 1/4 < v < 1/2, it follows from Tian et al. (2005) that

i~ mo) = | Vi (Bls) - Bols)) ds

ffn—wz / (Z: — B (By(u), w)) dMi(u) + 0,(1).

The first inequality sign in the above equation follows directly from (9.1) of Tian et al. (2005).

Then by the martingale central limit theorem (Andersen and Gill, 1982), n'/2(m — mg) con-
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verges weakly to a normal distribution with mean 0 and variance V', where

- Z / (Zi — B (By(u), )™ 57 (u)¥i(u)a(u|Z:)du

/ [ (Zi — E (By(u),w)** Y;(u)a(u| Z;) | £~ (u)du.
=1

By the central limit theorem for Banach space (Ledoux and Talagrand, 1991), the sandwich

part

szy o(ulZ;) - fé‘:S“)(ﬁo(u),u)ZM(u)a(u\zi)

P SO(Boy(u),u)
+ (E(By Z Yi(u)a(u|Z;)
:QQ( ) QQICF)O)(Q)-{< ) + Q(C(QO)(Q;—;Q )QO( ) ( —1/2)

=% (u) + Op(n_l/Q).

From the above equation, we can show that V 5%, = fOT Y~ Yu)du/T2. Thus we finish the
proof of part (a).
For part (b), we notice that the convergence rate of m is \/n which is faster than that of

B(-). Thus the conclusion of part (b) follows immediately.

2.6.2 Proof of Theorem 2.1

Define a(s) = a(s, AV, X077, B7()), A(s) = A(s;m, B (-)) and

Ao(s) = A(s;mo, Bo(+)), (2.13)
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where a(s, AV, A m, 8*(1)) and A(s;m, B8*(-)) are defined in (2.11) and (2.12), respectively.

The second order partial derivative of an()\(l), A0, /’r\ﬁ,,B*()) with respect to AV is

02Qan (AW A0 B°()) 1) 1 (0). = 5
8)\(1)8)\(1)T = ~Hu(AH, AT m, B1())

S<2>(a(s),s) SO@(s),5) )
—Z / PiA(s SO)(a(s),s) <S<0>(6(s),8)>

(Plﬁ(s))TdNi(s)

=17
| 5 Yils)Y;(s)e") 2T % (2, — 2,)

—Z / s |19 s (PLA(s)) aniGs),

110

which is positive definite for large n and P is defined in (2.7). Thus, for any fixed A© there
exists a unique minimizer )\ of Qon (A, A0, ﬁ,,é*()) when n is large.

Consider the C-ball B,(C) = {AM : Al = )\((]1) +n~Y2u, ||lu|| < C}, C > 0, and denote
its boundary by 9B, (C). To prove HX“) — )\(()1)H = O,(n~1/2), it is sufficient to show that, for

any given € > 0, there exists a large constant C so that

pr{ sup QoA A7 B7() < Qan(A ”,A(O);m,fa*(.))}qe. (2.14)
)\(

D eaB,(C)

Then we have

Don(u) = QoA + ™2, A7, 87() — Qau( AV, A, B7()
<—UT(A, A0, m,ﬁ*m% + ;uT [—Hu(A(”*, A0, 8°())| w
mCL B, (215)

where A()* lies in between )\él) and )\él) +n Y24 and AD* B /\(()1). Here

1 o~
U LAY A0, B \FZ/PlA [Z; — E (a(s), s)] dNi(s), (2.16)
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where a(s) = a (S,Aél),A(O);m,E*(-)>. Define B; = diag (Pg (Aél)T,)\(O)T>T> and By =

.
diag <P4 (A((JI)T,)\(O)T) ), where P35 and Py are defined in (2.9) and (2.10), respectively. The

first-order Taylor expansion of (2.16) around mg and B(s) yields

. Z / PiA(s)V (a*(s),s) B1 (m — mg) dNy(s)

~%

-2 2 [PV @05 Ba (5(6) - i) ANl
i=17

where a*(s) = a <5, )\81), A0 77, B*()), mm lies between mg and m, 3 (s) lies between G (s)

and ,5*(5), and E(-,-), V(-,-) are defined in Section 2.3.1. Furthermore, we can prove (a)

sup  [|SU)(B,1) — s")(B, )| =0, (n~"/?)
tefo,r],BeB

where B is a compact set of IRP that includes a neighborhood of B(t) for ¢ € [0,7]; (b)
B(t) L Bo(t) uniformly in the sense that sup;cjo - 18(t) —Bo(®)|| = 0,(1); (c) both AL and A
are bounded. (a) can be justified using the central limit theorem for Banach space (Ledoux and
Talagrand, 1991). (b) is proved in Appendix A of Tian et al. (2005). (c) can be justified with the
following observations: When 6; = 05 = 0 and sample size n goes to infinity, approximately the
minimizer of (2.3) are Ay = 1 and Ay = 1. Thus, for all 6; > 0 and 02 > 0, ||A1||1+||A2]]1 < 2p+1

asn — oo, and AV and A% are bounded. Based on (b) and (c), we can prove that a*(s) = By (s)
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uniformly. Thus, given (a), we have

1 B
7U1(A((]1)7 A(O)v mH@ ())

vn
p 1L
—>\/HZ/P1A0(S) (Z: — E (By(s), s)] dNi(s)
i=1Y
1 & A _Q2(S) O1(s) ®2]] | N
_ H;O/HAO(S) _Qo(S) - (Qo(S)) | dN;(s)B1v/n (m — my)
A [ ®2] »
_ % Z/PlAO(S) gzgzg - (g;gg) Bav/n (,3 (s) — [36(5)> dN;(s)
=1 i _
_Rl Ry —Rg

where Qo(s), Q1(s) and Q2(s) are defined in Section 2.3.1.

Next we want to show Ry — Ry — R3 = O,(1). Using the fact that

Q2(5)/Qo(s) — (Q1(5)/Qu(5))** = Op(1),

Ap(s) = Op(1) and /n(m —mygy) = Opy(1), it is easy to verify that Ry = Op(1). Further,

similarly as Lemma 2.2 we can show

Ry ~— Z/ )~1/2 Py Ag(s)

110

(nhy) 1/22/ E (Bols), u) K
S {/ iézi ()]

B,57(5) (Z5(u) — B (Bo(s),w) 1K

n

Q2(s) (Ql(s) ©
Qo(s)

fz [ P =0) B2 ) (2 ) = B (Bofu) ) ),
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where the “ 57

sign can be proved using the strong approximation argument (Yandell, 1983).
By the martingale central limit theorem (Andersen and Gill, 1982), R3 = Op(1). Then, we only

need to prove Ry = Op(1). Since

1 s ]
=y O/ PLAy(3)[Zs — E (By(s), 5)] dMi(s) + 0,(1),

it follows from the martingale central limit theorem (Andersen and Gill, 1982) that Ry = O,(1).
Thus,

7&@”%%%?@&&—&—&:@@

Furthermore, we know

n

L HW A A0 B () = Y / PV (ls), 5) (PrA(s)) " dvi(s)
i=1

%/H% s) (P1Ao(s))" ds £ I,
0
where i(s) = a(s, A\)*, A\©:m, 3°()). From the definition of Py (2.7) and Ay(s) (2.13), we can
show that I, is positive definite and 117 = O,(1). Therefore, given max(6,62)/1/n is bounded,
if we choose a sufficient large C, the second term in (2.15) is of order C2. The first and third
terms are of order C, which are dominated by the second term. Therefore (2.14) holds and it

completes the proof.
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2.6.3 Proof of Theorem 2.2

For any A satisfy [|[A(0) — )\(()1)]\ = 0,(n~1/?), we have

Qan A Nm, B() = Q2a (MY, 0;m, B())
>~ UF (AW, AO% 7, B(-)AO + min (61, 62) [AQ|y

> [— sup ’ng()\(l),k(o)*;ﬁ,ﬁ(-))‘ + min (91,92)] A, (2.17)

where U%(A(l),)\(o)*;m,f‘i(')) is the kth component of the vector UQ(A(I),)\(O)*;’%,B(‘)) and
A Jies in between A©) and 0. Define B; = diag <P3 (/\(1)T, A(O)*T>T> and

T ~
By = diag <P4 (A(l)T,)\(O)*T> ) The first order Taylor expansion of Usy(AM A% m, 3(.))

around mg and 3;(s) yields

nh"U(A() A0, 87() & Vil Z/ E(a(s), s)] dNi(s)

Y / PyA(s) [Zi — E(a*(s), s)] dNi(s)
0

nhy, o _ —
DS 0/ PyA(s)V (@(s), 5) Bs (75 — m) dNi(s)

nhy, noy ~ = ~ % N
Y 0/ PUA(s)V (a(s), 5)Bs (B(s) - Bo(s)) dN;(s)

RS - i [Qs(s) (Qu(s) o) 5 N
n < / \/TnpzA( ) _Qo(s) <Qo(s)> | dN;(s)Bsv/n ( 0)
_1 no7 [Qa(s) [ Qu(s) ©2] ———— .
nis Vb FoAle) | Qo) (%(s)) | Bivn (B'(s) - B3(s)) dNi(s)
=Ry — R5 — Rs,
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where a(s) = a (5, A1, A0, B°()), a*(s) = a (5, A0, A0 mo, 85()),
a(s) = a (s AW A+ m 3 ()) and E(-,-), Qo(-), Q1(-), Q2(-) are defined in Section 2.3.1.

Here 7 lies in between myg and m, and B (s) lies in between Bj(s) and ,B*(s) Using the fact

that v/nh, PyA(s) = 0,(1), Q2(5)/Qo(s) — (Q1(5)/Qo(s))®* = O,(1) and Lemma 2.1 and 2.2,
it is easy to verify Rs = Op(1) and Rg = O,(1). For Ry, by the first order Taylor expansion of

A around )\(()1), we have
Z/\/nh PyA(s)[Z; — E (a*(s), s)] dNy(s)

fz / Vil PyA(s) 1Z; — B (By(s), )] dNi(s)

,10

1 Z/ Vil Py A( ,5)Bs(s)dN;(s)\/n (A(l) - Aé”)

7,10

=0,(1) — Op(1) = Op(1),

where d(s) = a(s, \V* A% mg B5())), Bs(s) = diag(m)Ps1 + diag(35(s))Par, AD* lies
in between A1) and )\((31)’ and Py, Py are defined in (2.9) and (2.10), respectively. Thus
Vh UZ( )‘ © *7~716 ( )) Op(l) From (217)7

Qan(A, X077, B()) = QoA 010, B())
> [0 + min (61,62)] IA .

If h,ll/ % min (01,02) — oo, then with probability one
QAW A7, B7(5)) — Qen(AM, 0, B (s)) > 0 for all A £ 0.

It completes the proof.
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2.6.4 Proof of Theorem 2.3

(a) From Theorm 2.1, HX“) — )\(()1)H = Op(n~'/?) where )\(()1) = 1. Thus P(X,(Cl) # 0) — 1 for

all k. This in couple with P(A"

= 0) — 1 from Theorem 2.2 proves TO = Ip, Tc = I¢ and
TNC = Iny¢ hold with probability tending to one. It completes the proof for part (a).

(b) From part (a), we know with probability tending to one, B¢ (t) = B. Thus,
. _ C N ~C __
ﬁ(ﬁc—ﬁc) :ﬁ(mco)\l —mc> :mco\/ﬁ()\l —AOCI) + /(e —me)

where mc, 3\107 m¢ are sub-vectors of m, Xl, mg with indexes in I¢. Since :\f and m¢ are
root-n consistent estimator for A§; and m¢ respectively. We have /n (BC - ,BC) = Op(1). It
completes the proof for part (b).

(c) From the proofs of part (a), and Theorem 2.1 and 2.2, it is easy to show that X(l) is a

root-n consistent maximizer of Qa, (A, 0;m, B*()) Thus

8Q2,( AV, 0;m, 37 (-))

@ A“):X“’ =0.
This is equivalent to
1 ~(1) =% 0
——=U;(A 7,0 . — =0 2.18
\/ﬁ 1( ,Urm, B ( )) + \/ﬁ ) ( )

where 0 is a vector of length (ps + 2p3) consisting with elements 61 and 5.
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The first order Taylor expansion of n~/2U (X", 0;m, E*()) around mg and 8;(-) yields

1
0" 0B fz / P E (i(s), 5)] dNi(s)
Z/P1 ,s) Bg (m — mg) dN;(s)
z / P ) Bz (B7(s) - Bi(s)) aNi(s)
2R; — Rg — Ry, (2.19)

where a(s) = a(s, A\, 0;mo, B5()), a*(s) = a(s, A, 07, B (")),

Bg = diag <P3 <<X(1))T,OT> T> and By = diag <P4 <<:\(1))T , OT) T> .

Using similar arguments for the proofs of Theorem 2.1 and 2.2, we can show

dN;(s)Bsv/n (m —my)

R8—> Z/ P1A0

Q2(s) <Q1(8)>

Qo(s) Qo(s)
/P1A0 s)dsBg | = /Tz 1 () — E (By(u), ))dM,»(u)], (2.20)
nz:l 0
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and

BH—=>" /0 P Ag(w)X(u) BrX " (u) (Zj(u) — E (By(u), w)) dM;(u), (2.21)
where
B. — 0p1xp1 0p, % (p24ps) B — Op1+p2)x(pr+p2)  Opr+p2)xps
6 = ; By = )
0(py+p3)xp1 Ipyips Op; < (p1+p2) I,

Here Bg and By are the limits of EG and §7, respectively. The first order Taylor expansion of

Ry around }\(()1) yields

1l & [T~
Fr= g3 /0 PLA(s) (Zi — B (By(s), 5)] dNi(s)

i=1
: \/1% Z/OT PLAo(3) [Zi — E (By(s), 5)] dM;(s) — Fy/mn(A" — A, (222)
i=1
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where

0 0 0
Bs(s) = | diag(mg) 0 0
0 diag (myc) diag (Byc(s))

and
F = /OT Py Ap(s)X(s)Bs(s)ds.

Here a(s) = a(s, A*, 0;mq, B5(-)) and A(D* lies in between )\(()1) and 3\(1)

Under the assumption max(61,62)//n — 0, combining (2.18), (2.19), (2.20), (2.21), (2.22),

we have
~(1) o\ _ 1 " T _
Vi (3 a) = 2 | PG 2~ BBy aMs) + 0,1, (223)
where
G(u) = P Ag(u) — % ( /0 ’ PlAg(s)E(s)ds> BsX N u) — PLAy(u)S(u) B2 (u).

Because

3 (p=50) - (5 ) 1 o
=diag (m¢) Bov/n (3\(1) - A(()l))

+ \% 2; /0 % BiS ! (u) [Z; — B (By(u), u)] dM;(u) + 0,(1), (2.24)

where By = (Ip,|0p;xps|0pzxp;) and Bio = (0pyxp, [ Ip,[0p;xp;). Combining (2.23) and (2.24),

we have

Vit (Bo—8c) = 5= 3 [ [0+ 15w )] (2~ BBy, u) M)+ ,0),
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where

D(u) = diag (m¢) ByF G (u). (2.25)

Finally by the martingale central limit theorem (Andersen and Gill, 1982), nl/2 (BC — BC)

converges weakly to a normal distribution with mean 0 and variance ©£ | where

»k = /O ' (D(u) + 71_31021(14)) > (u) (D(u) + iBlgﬁl(u)>Tdu.

(d) Because

(k)2 (Bre(t) = Bre(®)) = (1ha) /2 (Finc o Ay +ByeoXs — Buo()
=(nhn)/2 [Fine o (A = 2ANC) + Bre®o (R = M) + (Bre® - Byc(®))]
~(nhn)"/2 (Buc(®) = Buo(t)) + op(1)

4N {0, (27 ()} newe /11 K?(s)ds},

where {S71(¢)}none is the submatrix of $71(¢) corresponding to Iyc. It completes the proof

for part (d).
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Chapter 3

ConvexLAR: An Extension of Least

Angle Regression

3.1 Introduction

Regularization is a tool to avoid overfitting and obtain parsimonious and interpretable models,
especially when the number of parameters exceeds the number of observations. One powerful
regularization technique is penalization. In general, a penalty method minimizes the sum of a
loss function and a penalty term. The simplest £; penalty leads to the popular lasso regression
(Tibshirani, 1996; Donoho and Johnstone, 1994). Various other penalty methods have been
developed thereafter. Each one targets on a specific question that arises in applications. For
instance, the group penalty (Yuan and Lin, 2006; Meier et al., 2008) aims to select groups of
variables such as in factorial data analysis. The adaptive lasso (Zou, 2006) applies weighted
penalty method in a data driven fashion that improves the asymptotic properties. All these
penalty methods are formulated as an optimization problem and the solution is obtained by
either optimizing at a grid of tuning parameter values or by a path algorithm that tracks the
solution as a function of the tuning parameter.

In contrast to penalty methods, the least angle regression (LAR) proposed by Efron et al.
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(2004) is purely motivated by a geometric argument rather than optimization. Given a response

vector ¥y = (y1,¥y2, - ,yn)" € IR™ and corresponding design matrix X = (x1,...,x,)" € R"*P
with &; = (xj1, 22, ,2p)", let A be the active index set at time t. Following Efron et al.
(2004), we assume that the covariates z) = (15,24, ..., Tp;)" have mean 0 and unit length,

and that the response y has mean 0. At t = 0, 8(0) = 0, and Ay contains the predictor
that is most correlated with the response vector y. At any ¢t > 0, regression coefficients of
active predictors, namely f;(t) for j € A;, move along a direction such that their corresponding
predictor vectors /) share the same absolute correlation (angle) with the residual vector
e(t) = y — XB(t). Here the correlation is nothing but the scaled score vector of the least

squares criterion with entries

10 N~ Ty ,

LAR has gained wide popularity since its introduction. However, there seem only a few attempts
for generalizations, strikingly unparallel to the fast development of penalty methods. Specific
versions of group LAR for least squares problem are mentioned in Yuan and Lin (2006) and
Park and Hastie (2006). Wu extends LAR to the generalized linear models (Wu, 2011) and the
Cox’s proportional hazard model (Wu, 2012). In this article, we demonstrate that the powerful
geometric idea of LAR can be generalized in a fruitful way and leads to potentially many more
applications.

The remaining of the chapter is organized as follows. In Section 3.2, we derive a basic
ConvexLLAR algorithm that performs continuous variable selection for any general convex loss
functions. For least squares loss, Efron et al. (2004) show that the LAR solution path is piecewise
linear. This leads to their efficient path following algorithm with computational cost of a single
ordinary least squares estimation. For a general loss function, the piecewise linearity property is
lost. However, it can be shown that the solution path is piecewise smooth and, within each path

segment, follows a simple ordinary differential equation (ODE). ConvexL AR tracks the solution
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path by utilizing the rich numerical resource for solving ODE. Just like the original LAR for
least squares, a simple modification of ConvexLAR yields the corresponding lasso solution path.

In Section 3.3, we show that the geometric idea of LAR can be adapted to various situ-
ations. We demonstrate this by incorporating data adaptive weights and group selection into
the ConvexLAR algorithm. Comparing to their penalization analogs, these extensions avoid
repeated optimizations and are computationally attractive. Moreover, a slight modification of
ConvexLLAR yields the exact solution path for the corresponding penalization method. Con-
vexLAR and its extensions are illustrated by various numerical examples in Section 3.4. To
the best of our knowledge, no LAR algorithms have been proposed for these examples in the
current literature. Finally we conclude with a brief discussion. The algorithm is implemented

in Matlab and corresponding code can be downloaded from http://www4.ncsu.edu/~wxiao.

3.2 ConvexLAR Algorithm and ConvexLASSO Modification

In this section, we derive the ConvexLAR algorithm which forms the basis of various extensions
in the next section. The algorithm is similar to the LAR algorithms developed for GLM and Cox
model (Wu, 2011, 2012) but with much more generality and simpler derivation. We consider an
arbitrary strictly convex loss function f(83), where 3 € IR? is the vector of parameters subject
to regularization. Vf(B) = [V1f(B),..., Vpf(B)]" € IR? denotes the gradient vector of the loss
function and H(B) = d?f(8) € IRP*P the Hessian. When f is a negative log-likelihood function,
Vf(B) equals the negative of the score vector and H([3) is the observed information matrix.
We use t to index the LAR solution path, with the solution at any ¢ denoted by 3(t). The active
index set at t is denoted by A;. For notational simplicity, we will drop the subscript ¢ whenever
it is obvious from the context. For instance, 8 4(t) is the subvector of 3(t) and H 4(3(t)) is the
submatrix of the Hessian corresponding to active predictors at t.

The key idea of LAR (Efron et al., 2004) is to move the solution in a direction such that the
gradient (score) corresponding to each active predictor variable has the same absolute value.

We denote this common value by s(t), where s stands for the score. This prescribes that the
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active solution vector has to satisfy |V;f(3)| =sgn(V;f(B)) - V,;f(8) = s(t) or equivalently

Vif(B) —sgn(V;f(B))s(t) =0, jeA.

Note that, for any active predictor j, V;f(3) is non-zero and therefore has a constant sign,

denoted by sgn(V; f(8)), within a segment. In vector form, we have

Vaf(B) —sgn(Vaf(B))s(t) = 0. (3.1)

In general s() can be any smooth and monotonic function that decreases from s(0) to s(tmax) =
0 at some finite tmax > 0, where s(0) = max; |V, f(0)|. Intuitively s(¢) controls how the common
absolute score of active predictors decays with respect to solution index t. Different choices of
s(t) lead to different indexing systems yet the same solution path. By construction s(t) is larger
than the absolute value of the scores of inactive predictors which are packed at zero. Once the
absolute score |V;f(B(t))| of an inactive predictor coincides with s(t), it joins the club and
its score conforms to the ruling s(¢) thereafter. The classical LAR (Efron et al., 2004) sets
s(t) = s(0) — ¢t which implies that ty.x = s(0) = max;|V;f(0)]. The following result follows
from the implicit function theorem and provides the path following direction of the ConvexLAR
algorithm within a path segment. See the Supplement for the proof and the following subsection

for the definition of path segment operationally.

Theorem 3.1. For a strictly convex and twice differentiable loss function f(8), the LAR path
solution B(t) is continuous and differentiable at t within a path segment. In addition, the solution

vector B(t) satisfies the ordinary differential equation

d

58at) = s' () H 1 (8) sen(Vaf(B(1))) (3-2)

and Bj(t) =0 for any j & A;.
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3.2.1 ConvexLAR Algorithm

1 Initialize: s(0) = max; |[V;f(0)|, B(0) = 0, and A = argmax;|V; f(0)
2 repeat
3 Solve ODE
d
ZBat) = s'(OH 1 (B(1))sen(Vaf(B(1))
until |V; f(B(t))| = s(t) for some j ¢ A
4 Update set A+ AU{j: |V, f(B®))| =s(t),j ¢ A}
5 until s(t) =0 or HA(B(t)) is singular

Algorithm 1: ConvexLLAR.

Theorem 3.1 suggests that the exact solution path of LAR can be obtained by solving the
simple ODE system (3.2) segment by segment. The size of the ODE system within a segment
is equal to the corresponding number of active predictors |.A|. The ConvexLAR algorithm is
summarized in Algorithm 1. We initialize our solution path with 3(0) = 0 and the beginning

active set contains the predictors that change the objective function f(0) fastest. That is

Ap = {argmax;|V; f(0)|}.

We then follow the solution path by solving the ODE system (3.2) until one or more new
variables join the active set at some ¢; > 0, which is determined by the moment the active
score s(t) matches the maximum (absolute) gradient of one or more non-active predictors. The
active predictor set Ay stays the same within ¢t € [to,t1). At t1, it is updated by adding the new
predictors that newly join the club. This process continues segment by segment until all the
predictors are active. Then, in the final segment, the ConvexLAR solution path moves along a
direction such that the absolute values of the first-order partial derivatives decrease at the same
speed to zero, which happens at tyax. Under assumptions of Theorem 3.1, the solution B(¢max)

is the global minimizer of the convex loss function, just like the LAR solution ends at the full
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ordinary least squares estimate. This completes our ConvexLAR solution path algorithm.

Remark 3.1. For the specific choice of s(t) = s(0) —t,

0= 5(0) = (t1) = (x50} ) = 19,760

for any j € Ay, . This holds analogously for later transition points. At end of the m-th LAR

segment, the transition point

%—Q@MWﬂm)—Wmem

forany j € Ay, .

Remark 3.2. For least squares problem, the loss is a quadratic function f(8) = ||y — XB||3/2
with a constant Hessian matriz H(B) = XTX. Since sgn(V; f(B(t))) is constant for all j € Ay
in a neighborhood of t, HZI(,B) sen(VAf(B(t))) in (3.2) is piecewise constant. This leads to the

piecewise linear solution path of the original LAR (Efron et al., 2004).

Remark 3.3 (Non-strictly convex losses). The strict convezxity assumption on the loss f pre-
cludes applications with non-convex losses or the n < p least squares case. However from the
proof in Supplement, we observe that the only essential ingredient is the positive definiteness
of Ha(B(t)). Therefore in non-strictly convex cases, we terminate path following as soon as

H 4(B(t)) becomes singular.

Remark 3.4 (Partial regularization). So far we have assumed that the full set of parameters 3
are subject to reqularization. In many applications, only a subset of parameters are reqularized.
Assume that the loss takes the form f(B8y,8), where By € RP? is the vector of parameters
exempt from reqularization. Depending on the objective function, it may not be easy to remove
By from the objective. However we can always define the marginal minimizer of By as a function
of B

Bo(B) = argminﬁof(,@(), B). (3.3)
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Assume that f is strictly convex and thrice differentiable, then this mapping is uniquely defined
and twice differentiable by the implicit function theorem. Denote the Jacobian and Hessian
of this mapping by DBy(B) € RP**P and HBy(B) € RPP*P respectively. Then the first two

derivatives with respect to 3 required in Theorem 3.1 can be obtained by the chain rule

VIB) = Vgi(BoB)+ Vg (Bu.B) DBy
HIB) = df(B0,8) +DBo(B) -4 3 [(BoB) DBy(B) + [dg F(Bo,B) © LI HB(B).

The Ada-Boost and Gaussian graphical model examples in Section 3.4 illustrate this strategy.

3.2.2 ConvexLASSO Modification

Efron et al. (2004) showed that in the least squares case the lasso solution path can be obtained
by a slight modification of the LAR. Same extension applies to ConvexLAR. Consider the lasso

regularized problem

p
min f(8) + A _ |8l (3.4)
6 j=1

With A = s(t) = s(0) — ¢, the optimality condition for lasso solution is

V;if(B)+Asgn(B;) = 0, B;#0 (3.5)
IVif(B) < X Bj=0.

A proof similar to that for Theorem 3.1 shows that the lasso solution path moves along the
direction
d /
7Bat) = —s()Ha(B(t))sgn(Ba(t))
= (1) Ha(B(t))sgn(Vaf(B(1)))

until either (i) 3;(¢) hits zero for an active predictor j or (ii) |V, f(B(t))| hits boundary A = s(t)
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for some inactive predictor j. Both events change the active set and redefine the direction.
The second equation is based on the fact that by (3.5) a lasso regularized solution satisfies
sgn(B 4(t)) = —sgn(Vaf(B(t))). Similarly, the ConvexLAR algorithm can be modified to obtain
the lasso solution path B(\) with A = s(¢). Observe that the event defining the LAR segment,
i.e., the gradient of an inactive predictor hits A\ = s(t), is exactly same as the second type of event
for lasso path. However the first type of event, i.e., the coefficient of an active predictor hitting
zero, is not tracked in ConvexLLAR. We call the modified algorithm, which tracks both types of
events, by ConvexLASSO and the pseudocode is listed in Algorithm 2. Same argument as in
Efron et al. (2004) and Wu (2011) shows that, under the assumption that, at each transition
point, only one single event can happen, namely either one inactive predictor variable becomes
active or one currently active predictor variable becomes inactive, ConvexLASSO algorithm

yields the lasso solution path.

[uny

Initialize: s(0) = max; [V, f(0)], B8(0) = 0, and A = argmax;|V; f(0)]
repeat
3 Solve ODE

N

%@4@) = s'(t)H ;' (B(t))sgn(V.af(B(t))

until (i) 3;(t) = 0 for some j € A or (ii) |V; f(B(t))| = s(t) for some j ¢ A

4 if event (i) then

5 ‘ Update set A« A\ {j:B;(t) =0,j € A}

6 else if event (ii) then

7 ‘ Update set A AU{j:|V;f(B(1))] =s(t),j ¢ A}
8 end

9 until s(t) =0 or HA(B(t)) is singular

Algorithm 2: ConvexLASSO.
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3.3 Generalizations

In this section we first summarize a few essential features of ConvexLAR and then demonstrate

how these aspects lead to various generalizations.

L1.

L2.

L3.

L4.

L5.

The “influence” of each predictor on the loss function is measured by the magnitude of its
score (gradient). Indeed it is these gradient (score) functions that ConvexLLAR operates on.
For the ConvexLAR algorithm to be properly working, we require the influence function
to be a monotone IR? — IR?P mapping (Ortega and Rheinboldt, 2000). For instance,

convexity of a loss function guarantees that its gradient (score) function is a monotone

mapping.

Certain form of “democratic voting” is enforced among the active predictors. Both the
original LAR and ConvexLLAR force the influences of individual active predictors to be
equal. This equality constraint can be generalized when we want to favor certain predictors

over others or to impose group structure on predictors.

The influences of active predictors continuously decrease along the path so that those of
inactive predictors can catch up. The assumption in L1 that the gradient (score) function

must be a monotone mapping guarantees that all influences change continuously.

The inactive predictors keep parked at zero until their influence meets that of active ones,

at which point they join the club.

The influences of all active predictors gradually decrease at the same rate and hit zero at

the same time, which declares the end of path following.

3.3.1 Weighted/Adaptive ConvexLAR

In many applications, there exists prior information about the importance of predictors, which

can also be obtained in a data driven fashion. This motivates the development of adaptive lasso

(Zou, 2006), which enjoys favorable asymptotic properties. To incorporate such information
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into ConvexLAR, we weight the “influence” of each predictor differentially and consider the
weighted “influence” w;|V; f(3)| of each predictor, where w; > 0 are predictor specific weights.
A larger w; implies higher “influence” and vice versa. A zero weight means no regularization for
the corresponding predictor. For simplicity, we assume that all weights are positive. In this case
the function s(t) is the common value w;|V; f(8)| shared by active predictors. Setting w; = 1

reduces to the ConvexLLAR. The stationarity condition for the “democratic voting” reads

Vif(B) —w;'sgn(V;f(8))s(t) =0, j€ A,

and the ODE system becomes

B0 = o/ () H (B)ding(wy Jsem(Vaf (B(1).

where the vector w;tl collects the inverse weights wj_1 for active predictors. Segment terminates
when w;|V; f(B(t))| hits s(¢) for some inactive predictors j ¢ A. The weighted ConvexLAR is
summarized in Algorithm 3 and a similar modification can be applied to get the corresponding

adaptive ConvexLASSO.

=

Initialize s(0) = max; (w;|V;f(0)]), B(0) = 0, and A = argmax,;w;|V; f(0)]
repeat
3 Solve ODE

N

d _ . -
Balt) = s'(t)H ;' (B(1))diag(w " )sgn(Vaf(B(1)
until w;|V; f(8(t))| = s(t) for some j ¢ A
4 Update set A < AU {j: w;|V;f(B(t))| = s(t),j ¢ A}
until s(t) =0 or H4(B(t)) is singular
Algorithm 3: Weighted ConvexLAR with predictor specific weights w; > 0.

(S}
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3.3.2 Group ConvexLAR

In this section we outline a strategy for extending ConvexLAR to incorporate group structure
among predictors. Suppose predictors are divided into m groups with group size p;, i = 1,...,m.
Slightly abusing notation, we use g to represent both the g-th group and the index set of all
predictors belonging to the g-th group. In a similar manner, we use G to represent both the set
of active groups and the index set of all predictors belonging to current active groups. For an
arbitrary matrix H, Hz 7 denotes the sub-matrix of H with rows in 7 and columns in J.
Group ConvexLAR can be devised based on the following considerations. (i) We need one
way to gauge the aggregate “influence”, denoted by I,(3), of a group g. For instance, we can use
either the £5 norm or ¢; norm of the sub-vector of the gradient corresponding to a group, i.e.,
1,(8) = 196/ B2 = /S 5e, [V FBIF or 1,(8) = 96/ (Bl = ¥ye, IV (B)]- Note that

in principle any ¢, norm, p > 1, can be used. (i) For all groups in the active group set G, we

use the function s(t) to control the common value of e(p,)~'1,(8), g € G, where p, denotes the
number of predictors in group g and e(py) is the effective size of g-th group. Common choices
for e(py) are ,/py or py. (iii) To make the ODE well defined, we need to assign the proportions
of individual “influences” ¢4(j) to each predictor j in group g. We require ||cg||, = 1 to satisfy
the equation ||V4f(8)|l, = |legly(B)||p, where ¢4 is a column vector with ¢,(j), j € g, stacked

together. These conditions imply the general group LAR identity

Vif(B) = ¢cg(3)1g(B) = cq(d)e(pg)s(t), j€g:9€G. (3.6)

Now the implicit function theorem yields the group LAR updating direction (3.7) in Algorithm
4. Here cg is a column vector with ¢, for g € G stacked together and pg is a column vector with
the corresponding effective group size e(py) for each predictor j in group g stacked together.
Specific choices of the group “influence” I,(8), effective group size e(py), and individual
“Influence” ¢4(j) lead to different updating directions. We specialize to the following three

variants. The first has a close connection to the group lasso. The second and third recover two
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1 Initialize 5(0) = maxg e (py)I4(0), B(0) = 0, and G = argmax, i%p(g))

N

repeat
3 Solve ODE system defined by

4 (1) = Hy (B(1) | ¢ ()ding(pg)eg + s(t)ding(pg) eq(t) (37)

and B, = 0 for any inactive group g ¢ G until Iy-(8) = s(t)e(py+) for some g* ¢ G
4 Update set G < GU {g*}

until s(t) =0 or Hg(B(t)) is singular

Algorithm 4: A general scheme for Group ConvexLAR.

(S}

versions of group LAR algorithms in literature.

1. GroupConvexLAR: We measure the group influence by I4(8) = ||V, f(8)||2, which is
distributed to individual predictors within the group according to their effect size c4(j) =
—B;/|1B,ll2- Let e(py) = /Py and assume G = Go U G1, where Go = {go, ..., ga} denotes

the set of active groups with |8/l = 0 and G1 = {ga+1,.--,gatrb} denotes the set of

active groups with [|3,[[2 > 0.

Theorem 3.2. For a strictly convex and twice differentiable loss function f(8), the LAR

solution B(t) is continuous and differentiable at t within a segment.

(a) If Gy is an empty set, the active solution vector Bg(t) satisfies the differential equation

£86(t) = [Hg(t)+ D]™'s/(t)diag(po)eg

_ (f)) [Hy(t) + D) "'V /(8), (3.8)

where D is the block diagonal matriz with blocks

s(t) /Py ]
||/89( )2 (ng ”,39( )Hzﬁg( )ﬂg(ﬂ) , g€Gg.
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(b) If Go is not empty, the solution vector By, for g; € Gy satisfies

dBy,(t)

;; = kzvng(ﬁ)a (3'9)
and the constants k;, i = 1,...,a, and updating direction for the groups in Gi are
jointly determined by

pgls/(t)

ky
-1
A BT Py, S (t
= S(t) g ( ) 9 (3'10)
kq B C vga+1f(/6)/8/(t)
Ba, (t) :

Vurnf (B)/5'(1)

where A € IR**® has entries a;; = dg, f(8)Hg, 4,(B)Vg, f(B), 1 <i,j < a,

b pixa
B = |Hg, ¢V, f(B), -+, Hg ¢.V4[(B) € R&i=ors X0,

and
a+b . a+b
C = Hgg +Dg,g € IRZi:“‘“ PiXYizats P

Note that, when Gy is empty, (3.10) reduces to (3.8). The technical proof of Theorem 3.2
is delegated to the Supplement. Again the strict convexity assumption can be relaxed to
the positive definiteness of Hg(3(t)) along the path, which guarantees the non-singularity

of the matrix involved in (3.10).

. GroupConvexLAR-L1: We choose I,(8) = [|[Vyf(B)|1 and e(pg) = py. We further

_ _Vif(B(ty)
Ve f(Bty))

G. Note that in this case c4(j) is fixed for any j € g once group g joins the active set.

choose ¢4(j) , where t, is the time that the group g joins the active set
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Therefore %Cg (t) = 0 and the group LAR direction (3.7) reduces to

d
Ba(t) = s'(t)Hg(B) " diag(pg)cg- (3.11)
3. GroupConvexLAR-L2: With the choice I,(8) = ||V f(8)ll2, e(py) = /Pg and c4(j) =

_Vif(Bty)
||ng(/6(tg))||2

for c¢g and pg.

, the ODE updating direction is same as (3.11) with the obvious substitute

Note that, when all group sizes p, are equal to 1,

Vif(Blty) _ VifB) =B o
IVof Bt 2 IV f (Bt Il 1Byl gn(V;f(8))

and %’?)) = |V4f(B)| for all g. All three variants reduce to the ConvexLAR.

Connection with Previous Group LAR

Consider the variant GroupConvexLLAR-L2 in the special case of least squares, i.e., f(3) =
ly — XB3/2. In this case, both Hg(8) = X Xg and cg(t) are constant within a segment.
Thus, the group LAR updating direction (3.11) is constant within each segment, leading to a

piecewise linear solution path with segment-wise slope

s'(t)

8<t) [Xg'Xg]_vaf(B)

d
%Bg(t) =

This recovers a version of group LAR proposed by Yuan and Lin (2006) for group selection in
least squares. Park and Hastie (2006) argue that this version of group LAR tends to select a
large group with only few of its component correlated with the response. To avoid this problem,
they propose another version of group LAR by simply replacing the average squared correlation
(Zjeg[vjf(ﬁ)]Q/pg) with the average absolute correlation (3_;c, [V, f(8)|/pg), which is simply
GroupConvexLAR-L1 specialized to least squares.

We emphasize that, for a general convex loss f, the solution paths by GroupConvexLAR-
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L1 and GroupConvexLLAR-L2 are both piecewise smooth instead of piecewise linear and ODE

solving is necessary.

3.3.3 Group ConvexLASSO Modification

We show that a simple modification of first variant GROUPCONVEXLAR yields the solution

path of group lasso penalized problem

ngn FB)+ XD \/pgllBylla-
g

The Karush-Kuhn-Tucker (KKT) condition for the solution is

Vo (8) + A”ﬁ?ﬂg —0 . B,40 (3.12)
g
IVef(B)ll2 < A/Pg » B, =0. (3.13)

With the choice A = s(t), the stationarity condition (3.12) coincides with the group LAR identity
(3.6). This proves that the group lasso solution path moves along the direction (3.8) until either
(i) all predictors of an active group hit zero or (ii) [[V4f(8)/2 hits boundary A,/p,. Both
events change the active set and redefine the direction. The second event is already considered
in the GroupConvexLLAR algorithm. Thus a simple modification of GroupConvexLAR leads
to group lasso solution path, which is summarized in Algorithm 5. This exact path following
algorithm for group lasso penalized convex loss seems new. There is no obvious connection

between GroupConvexLLAR-L1, 1.2 and group lasso.

3.4 Examples

We illustrate ConvexLAR and its extensions on various statistical problems. To demonstrate
the efficiency of the proposed algorithm, we report the average running times of all numeric

examples on i7 Core 2.93GHz, 8G RAM over 50 independent runs.
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1 Initialize 5(0) = max, I4(0)/,/py, B(0) = 0, and A = argmax,1,(0)/,/pg
2 repeat
3 Solve ODE according to (3.9) and (3.10) until
4 (i) By(t) = 0 for some g € A or
5 (ii) I4(B) = s(t)\/pg for some g ¢ A
6 if event (i) then
7 ‘ Update set A < A\ {g: B,(t) =0,9 € A}
8 else if event (ii) then
9 ‘ Update set A < AU {g: I,(8) = s(t)\/pg, 9 ¢ A}
10 end
11 until s(t) =0 or Hg(B(t)) is singular
Algorithm 5: Group ConvexLLASSO.

3.4.1 Recurrent event data

Suppose that we have n independent subjects in a recurrent event study. For each subject
i, N;(t) denotes the number of events that occur over the interval (0,¢] and x; € R? is the
corresponding covariate vector. Assume that given x;, the counting process {NNV;(¢)} is a non-

homogeneous Poisson process with mean function
wi(t) = E{N;(t)|z;} = po(t) exp(x]B) (3.14)

for some unknown continuous baseline mean function p(¢) and unknown parameters 3 € IRP.
See Tong et al. (2009b) for a detailed introduction to recurrent event data.

As typical in survival study, each subject is subject to potential censoring. Let C; denote the
follow-up or dropout time for subject i and N;(t) = N;(min(t, C;)) be a point process for subject
i’s observed process. The observed data is summarized as {(N;(t),Cs, x;),i = 1,2,--- ,n,0 <
t < T}, where the constant 7' denotes the maximum potential follow-up time. The log-partial

likelihood function based on model (3.14) is given by

=33 [ fatp - > ¥ie(e]8) o R0 (3.15)
= i=
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Under mild regularity conditions, the log-partial likelihood ¢(3) is strictly concave in 3. Thus
in this example, our objective function is chosen to be f(8) = —¢(3). The first two derivatives

of f(B) with respect to 3 are

_ 1 Si Vi esp(@lB)z|
o = S5 e ey o

, 1 2 j=1 Yj(t) exp(ajB)a;m;
" f(B) = Z/ [ >0y Yj(t) exp(a]B)

(Z}ll Y;(t) exp(m}mwj) (Z] 1 Yj(t )exp(m}ﬂ)wj)T
(Z] 1 Y5(t )exp(az}ﬁ))

dN;(t).

Tong et al. (2009b) studied a Chronic Granulomatous Disease (CGD) data which were col-
lected from a multicenter placebo-controlled randomized trial of gamma inferon with chronic
granulotomous disease. There were 128 patients randomized to two groups, gamma interferon
group (n; = 63) and placebo group (n2 = 65). For each patient the times from the beginning of
the study to initial and any recurrent serious infections are available. Eleven covariates are con-
sidered: 1. trtmt=treatment (Yes/No), 2. inherit=pattern of inheritance (autosomal/recessive),
3. age, 4. height, 5. weight, 6. cortico=use of corticosteroids (Yes/No), 7. prophy=use of prophy-
lactic antibiotics (Yes/No), 8. gender=female, 9. hospl=hosp. (category: US/other), 10. hos-
p2=hosp. (category: Europe-Amsterdam), and 11. hosp3=hosp. (category: Europe-other). We
standardize all continuous covariates (age, height and weight) to have mean 0 and unit length.
Furthermore, we also include the six quadratic and interaction terms between three continuous
covariates. They are: 12. agexage, 13. height xheight, 14. weight xweight, 15. agexheight, 16.
agexweight, 17. height x weight.

Figure 3.1 shows the solution paths from different algorithms. Here the numbers on the
right hand side indicate which variable each path corresponds to. In all plots, the x-axis are in
the units of ||3(t)||1/ max; ||B(t)||1 and vertical lines mark the event times for easy comparison

between various solution paths. Top row of Figure 3.1 displays the ConvexLAR (top left panel)
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and ConvexLLASSO (top right panel) solution paths for the CGD data. They are qualitatively
different. For instance, in the ConvexLASSO path, B9 hits zero and then escapes active set at
Step 14. In addition we also apply the weighted CovexLAR and ConvexLLASSO algorithms with
weights set at the maximum likelihood estimator of equation (3.15). They differ significantly
from the unweighted ones. The running times are 4.84, 5.60, 5.34 and 6.37 seconds for the Con-
vexLAR, ConvexLASSO, weighted ConvexLAR and weighted ConvexLASSO solution paths,

respectively.
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Figure 3.1: Recurrent event example (CGD data). Top left: ConvexLAR; Top right: Con-
vexLASSO; Bottom left: weighted ConvexLAR; Bottom right: weighted ConvexLASSO.
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3.4.2 Panel Count Data

In the above recurrent event example, we assume that the exact time of each event, if not
censored, is observed. Unfortunately this is not the case in many studies. The model for panel
count data (Sun and Wei, 2000; Tong et al., 2009a) provides a remedy.

Let Tj1 < Tj2 < -+ < Ty, be the potential observation times on process N;(t) and H;(t) =
221 1(Tij < t) denote the observation process. Let H;(t) = H(min(t,C;)) be the actual

observation times after censoring. Then the observed data for panel count model is
{(Ni(t)dH;(t), Hy(t),Cy,@]), i=1,....,n,0<t<T}

When H; and C; are mutually independent and also independent of N; and @x;, Sun and Wei

(2000) propose to estimate regression parameters by solving the following estimation equation
- T
W(,@) = ZNie_wi’Bwi = 0,
i=1

where N; = fOT N;(t)dH;(t). ConvexLAR and its extensions can be applied directly to the

influence function

which has a positive definite derivative
° T
—DW(B) = Y Nie " Paa].
i=1

We illustrate with the bladder tumor recurrence data considered in Sun and Wei (2000).
A total of 85 bladder tumor patients were randomized into two treatment groups, i.e., placebo
group and thiotepa treatment group. Most patients visited the hospital several times to have

their recurrent tumors removed. The number of new tumors discovered at each visit was recorded
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and removed after each visit. The binary treatment (trtmt) is one of our explanatory covariates.
Furthermore, we consider two additional important baseline covariates, the number of initial
tumors (num) and the size of the largest initial tumor (size). All covariates are centered around
zero and scaled to have unit length. Figure 3.2 shows the ConvexLAR and ConvexLASSO
solution paths for this example. The two solution paths are identical in this particular example
as no active predictors return to zero along the path. The running times are 0.04 and 0.05

seconds for the ConvexLAR and ConvexLASSO solution paths, respectively.
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Figure 3.2: ConvexLAR and ConvexLASSO solution paths for the panel count data (bladder)
example.

3.4.3 Ada-Boost

Ada-Boost is considered one of the best off-the-shelf classification methods (Hastie et al., 2009).
In binary classification, we are given a training data set {(x;,v;} :i=1,--- ,n} with @; € IR?
and y; € {—1,+1}. The goal is to estimate a function f(x) whose sign will be used as the

classification rule. For simplicity we consider the linear classification, in which f(x) = fo+x"3.
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The Ada-Boost estimates parameters by solving

n
Eniﬁ Y euilboralB), (3.16)
0 =1

which is strictly convex and thus amenable to our ConvexLLAR algorithm. Denote D = {i : y; =

—1}. Define the marginal minimizer of fy as a function of 3

D icpe e_wzﬁ } .

(3.17)
Zz‘eD el

. 1
Bo(B) = al"gmlnﬂof(ﬁmﬁ) =3 10%{
Thus the first two derivatives of f(3) with respect to 3 are

V§(B) +

B0\ | o\~ 2TB _ BN, -7
aﬂ”e ; ’ DZ

(5) () [y ]

ePo Z ewj'gwi —e o Z ewI'@wi] ,
D De

_l’_

D De

850) e Z e By, 4 o Z e Py,
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The Wisconsin Diagnostic Breast Cancer (WDBC) data (Frank and Asuncion, 2010) are

collected on n = 569 patients from digitized images of a fine needle aspirate (FNA) of their
breast mass. The number of predictors is p = 10. The mean, standard error, and “worst” or
largest (mean of the three largest values) of these predictors were computed for each patient,
resulting in 30 features forming 10 groups each of size 3. The response is binary in that each
patient is diagnosed either as malignant (Y = 1) or benign (Y = —1). Each predictor variable
is standardized to have mean zero and variance one. Figure 3.3 displays the group ConvexLARs
solution paths for this example. The x-axis is log(1 + s(t)), where s(t) is the same as the X in
group ConvexLASSO. To have a clear view, only the solution paths where log(1+ s(¢)) > 3 are
plotted. GroupConvexLLAR-L2 and GroupConvexLAR-L1 appear quite different from Group-
ConvexLAR with larger max;eg |Bi(t)| across the same level of s(¢). Bottom row of Figure 3.3
displays the GroupConvexLAR and Group ConvexLLASSO solution paths, which are funda-
mentally different for the WDBC data. The third group (displayed with dotted line) is the
first active one and then stay active along the whole GroupConvexLAR solution path. In con-
trast, the same group hits zero in the event 3 of the Group ConvexLASSO solution path and
escapes the active set thereafter. The running times are 1.53, 1.58, 1.49 and 2.13 seconds for
the GroupConvexLAR-L2, GroupConvexLAR-L1, GroupConvexLAR and GroupConvexLAS-

SO solution paths, respectively.
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Figure 3.3: Group LARs solution paths for the Ada-Boost data (WDBC) example. Top left:
GroupConvexLLAR-L2; Top right: GroupConvexLAR-L1; Bottom left: GroupConvexLAR; Bot-
tom right: Group ConvexLASSO.

3.4.4 Gaussian graphical model

Our fourth example concerns the LAR for Gaussian graphical model. Assume we have i-
id observations ®1,x9, - ,x, € RP from N(0,X). Denote the sample variance covariance
matrix by > = %Z?:l x;x] and precision matrix by Q = »~!. Then the negative like-
lihood for €2 is given by —£(2) = —logdetQ + tr(2€), which is convex. Let w;; denote
the (4, j)-element of Q. w;; = 0, ¢ # j, implies the conditional independence between vari-

ables i and j. We partition the parameters into the sets Q¢ = (wi1,w22, - ,wpp)" € IRP
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and Q1 = (w12, w13, , Wp—1)p)" € RP(»=1)/2_ QOnly those in € are subject to regulariza-

p—1
tion. We may rewrite the negative loglikelihood as —¢(Qg, £21). For every fixed €2, we define
Q0(21) = argming — £(£, £21). With these notations, we have f(£21) = —£(€Q20(£21), 21).

To derive the LAR solution path, we need the first two derivatives of the objective function
F(Q0, Q1) = — log det (R, Q1) + tr(ZQ(Qg, 1)),

where € is implicitly determined by €21. We first show how to determine ¢ given €2;. Setting

partial derivative of f with respect to €2
Dqy, f(R0,21) = Dgy f(2) D) = —(vec 1) DR(Q) + (vec )" DR(Ly)
to 0 gives the stationarity condition
diag(ﬂ_l(ﬂo, Ql)) = (6'11, e ,&pp)T.

In other words, given €1, we need to choose € such that the diagonal entries of 27! match

those of 3. In practice, Newton’s iteration
Wi = Wi+ (D)0 @ Q71 [DR(N)]} ! [diag(R" — )]

can be applied to solve for €y given ;. We denote this mapping by €0(£21). The gradient
DQ(21) € RP*PP=1/2 will be of use later and is obtained through the implicit function

theorem

D) = — {[DR(Q)]" (27" © 7 [DA(Q)]} ' [DR(Q)]" (27 © Q1) [DA(R)](3.18)
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Now the first derivative of objective function f with respect to €2; is
Dgy, [(£20(£21), 1) = Dy f(0, 1) + Dy f (820, £21) DR (£21)
but the second term vanishes because D¢y f(€20,€21) = 0. Hence
Dqy, f(R0(Q1), 1) = Df(R)DQ(D) = (—vec 2! + vec )" DR(Q).

In words, given current €, calculate Q7' at optimal Qp; then the off-diagonal entries of

2(2 — Q1) form the gradient of f in terms of ;. For the Hessian,

Hf(S1) = Do, [Dg, f(20(). )]
— Dy, D) (~vec 2™ + vee )
— Do, (D) (vee ™)

= —[DQw)] (27! @ Q7H[DQ(Q) + D) DR (1)) (3.19)

Now substitute D (£21) by the expression (3.18).

We illustrate our algorithm by two examples. The first data set contains 88 students’ scores
on five math courses - mechanics, vector, algebra, analysis and statistics. See (Mardia et al.,
1979, Table 1.2.1) for more details. Figure 3.4 displays the ConvexLAR and ConvexLLASSO
solution paths. The most important three edges are analysis-algebra, statistics-algebra, and
algebra-vector by lasso regularization. The ConvexLAR and ConvexLLASSO solution paths co-
incide in this example. The running times are 0.28 and 0.37 seconds for the ConvexLAR and
ConvexLASSO solution paths, respectively.

Our second example concerns a simulated data set with p = 10 and n = 200 and illustrates
a case where ConvexLLAR and ConvexLLASSO yield different paths. The true precision matrix
Q = (w;;) has entries wi; =1, w;;—1 = 0.5, w; j+1 = 0.5, and w;; = 0 for |i — j| > 1. There are 45

non-diagonal free parameters. Figure 3.5 displays the ConvexLAR and ConvexLASSO solution
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paths. The solution paths appear different. The running times are 1.63 and 2.62 seconds for the

ConvexLLAR and ConvexLASSO solution paths, respectively.
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Figure 3.4: ConvexLAR and ConvexLASSO solution paths for the graphical model (math
score) example.

3.5 Discussion

Variable selection has become an essential tool for modern data analysis. So far penalization
method such as lasso has been the dominant regularization technique and extended to handle
increasingly more applications. In contrast, the original LAR (Efron et al., 2004) has received
much less generalizations despite its popularity. In this chapter, we show that the simple geo-
metric idea in LAR can be naturally extended to various situations such as convex loss, group
structures in predictors, and data adaptive regularizations. The classical score function plays

an essential role throughout the development. The original “least angle” idea translates to the
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Figure 3.5: ConvexLAR and ConvexLLASSO solution paths for the graphical model example
with the simulated data.

equality of contributions by the active predictors to the score function. In our understanding,
this is the fundamental idea in LAR and underpins the various extensions presented in this
article.

This chapter is meant to whet readers’ appetites not satiate them. Much is left undone.
For instance, in principle it is the estimation equation that LAR operates on. Therefore LAR
naturally applies many statistical methods without a natural loss function such as generalized
estimation equation (GEE), as hinted in the panel count data in Section 3.4. In this chapter we
focus on LAR algorithmic development and forego the theoretical treatment. There has been
intensive study of the asymptotic properties of regularized estimates by penalty methods in
recent years. Same study for ConvexLAR is worth pursuing. Especially those that might shed

light on the difference between the two regularization methods are much desired.

71



3.6 Supplement

3.6.1 Proof of Theorem 3.1

The LAR fundamental identity (3.1) for active predictors dictates the vector equation

k(Bast) =Vaf(B) —sgn(Vaf(B))s(t) = 0.

To solve for B4 in terms of ¢, we apply the implicit function theorem (Lange, 2004). This
requires calculating the differential of k£ with respect to the dependent variables 34 and the

independent variable ¢

08, (Bast) = Ha(B1)

Ok(B,t) = =5 ()sgn(V.af(8)).

Given the non-singularity of H 4(3,t), the implicit function theorem applies and shows the

continuity and differentiability of B 4(t) at ¢. Furthermore, it supplies the derivative (3.2).

3.6.2 Derivation of GroupConvexLAR directions (3.8), (3.9) and (3.10)

We use Gy to denote the set of active groups that equal to 0. Let G; = G — Gy, where G denotes
the set of all active groups. We slightly abuse notation by letting Gy, G1 and G to denote both
the sets of groups and the set of all predictors belonging to the corresponding groups. Obviously,
Go, G1 and G depend on the time index ¢.

Derivation of updating direction hinges upon the LAR identity (3.6), which we rewrite here

for convenience

Vo f(B) + /pgs(t) H,ggHz =0,, g€g. (3.20)
g

1. When Gy is empty, differentiating the vector equation (3.20) with respect to ¢ via chain
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rule gives

S0 (, BB By (1) 8,
()+\/}Tg|ﬂg||2<pg |ﬂg||§) ﬂgﬂg] VB g = O (421

where D,Bgﬁg =(0,1,,,0) € RPo*Ci21 9, Combining all |G| vector equations and rear-

ranging yields the LAR updating direction

By _ 5

-1
18, s(t)mg(tHD] Vof(B), (3.22)

d
£ B(t) = ~[H(t) + DI s (1)
where D is the block diagonal matrix with blocks

s(t) ﬁg'@;
I, — .
A ( ||ﬁgH%>’ 9€9

. When Gy not empty, we assume that Gy contains a groups, g1, ..., Js, and G; contains b

groups, ga+1, - - -  Ja+b- By rearranging the order of groups, we have 85 = (8¢,, 3¢, ), where

B¢, = (8, 9 92, ..,,6 ) and B85 = ( ga+17’89a+27“"ﬂ;a+b)' For any group g € Gy, i.e.,
18,12 # 0, the vector equation (3.21) still holds which gives

Pgs(t) _ ByBy dBg(t) _ s(t)
Hg Q(ﬁ) + ||BgH2 (ng Hﬁg’2> Dﬁgﬂg] de S/(t)vgf(ﬁ)' (3‘23)

Unfortunately it does not hold for any g € Gy due to the singularity [|3,[l2 = 0. First
we show that the updating direction of such groups is proportional to their gradient

sub-vectors. By the LAR identity (3.20) and the fact B,(t) = 0p,,

(B, (t +6t) — B,(t)]/5t .
H[ﬂgg(t +6t) — ng(t)] ot~ s ran Vol B+ )
for all 6t > 0. Taking limit ot | O yields
dg,(t
ﬂdgt( ) kgVef(B), (3.24)
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where kg are the constants to be determined.
Equating the norms of the two summand vectors in the LAR identity (3.20) shows
IV f(B)3 = pys?(t). Differentiating both sides of this identity with respect to ¢ via

chain rule gives

4,5 H,6(8) P9 — ()< 1 (3.25)

for any g € Gop. Now substituting (3.24) into the equations (3.23) and (3.25), we obtain

P.s' (1)
. .
A BT L Pg.s' (1) 5(t) (3.26)
B C ka Vo F(B)/5' (1)
4B, (t) :
Voo [(8)/5(2)

where A € IR** has entries a;j = dgif(ﬁ)Hgmgj (ﬁ)vgjf(ﬁ>v 1<i4,5<a,

a+b iXa
B = |Hg Vo f(B), -, Hg gV f(B)| € R =uPxe

a+b . a+b X
C = Hg,g, + Dg, g, € R&iariPXiizapi Vi

Next we show that the linear system is nonsingular and thus admits a unique solution,

when H4(B(t)) = Hg g(B(t)) is positive definite. Rewrite

A BT i
— E(H4+ D)E"

B C
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where

dg, f(8B)

E = - c R(a+2f:+,f+1 pi)x ot ni
dgaf(/g)

T—oto
Z?=a+l Pg;

D . 02?:1 Pg; X2 i=1 Py; c IRZ? 1 szZ?Lb Di_
Dghgl

Combining the facts (i) Hy is positive definite, (ii) D is positive semidefinite, and (iii)
IVaf(B)|13 = pgs*(t) > 0 for all g € Gy, E(H + D)E" is positive definite. Thus

p915,(t)
ky
~1
_(4 P Py (1) s(t). (3.27)
ke B C ga+1f( )/$'(t)
£Bg, (1)

Vournf (B)/5' (1)

Equation (3.27) coupled with (3.24) yields the LAR updating direction for all active

predictors.
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Chapter 4

Robust Regression for Optimal

Individualized Treatment Rules

4.1 Introduction and Motivation

Given the same drug or treatment, different patients may respond quite differently. Factors caus-
ing individual variability in drug response are multi-fold and complex. This has raised increasing
interests of individualized medicine, where customized medicine or treatment is recommended
to each individual according to his/her characteristics, including genetic, physiological, demo-
graphic, environmental, and other clinical information. The rule that applied in personalized
medicine to match each patient with a target treatment is called individualized treatment rule
(ITR), and our goal is to find the “optimal” one, which if followed by the whole patient popu-
lation would lead to the “best” outcome. For many complex diseases such as cancer and AIDS,
the optimal individualized treatment rule or regime is a dynamical treatment process, involving
a sequence of treatment decisions made at different time points throughout the disease evolving
course.

Q-learning (Watkins and Dayan, 1992; Murphy, 2005) and A-learning (Murphy, 2003; Robin-

s, 2004) are two main approaches for estimating optimal dynamic treatment regimes based on
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clinical trials or observational data. Q-learning is based on posing a regression model to estimate
the conditional expectation of the outcome at each time point, and then applying a backward
recursive procedure to fit the model. A-learning, on the other hand, only requires modeling the
contrast function of the treatments at each time point, is therefore more flexible and robust
to a model misspecification. See Schulte et al. (2012) for a complete review and comparison of
these two methods under various scenarios, in terms of the parameter estimation accuracy and
the estimation of expected outcomes.

For simplicity, we consider a single stage randomized clinical trial with two treatments.
For each patient, the observed data is (X, A,Y), where X € X = IR? denotes the baseline
covariates, A € A = {0,1} denotes the randomized treatment assigned to the patient, and Y is
the real-valued response, which is coded so that higher values indicate more favorable clinical
outcomes. An ITR g is a function mapping from X to A. In Q- and A-learning, the optimal ITR,
goP' is an individualized treatment rule that maximizes the expected outcome E[Y*(g(X))]. The
potential outcomes Y*(1) and Y*(0) are the outcomes for an arbitrary individual in population
had treatment 1 or 0 been assigned to, respectively. In actuality, at most one of the potential
outcomes can be observed for any individual. Define the Q-function Q(zx,a) = E(Y |z, a). Under

some basic assumptions (see Section 4.2 for details), we have

opt

9,7 (z) = argmax Q(z, a). (4.1)

acA

We could further define the value function V,(9) = Ex[Q(X,g(X))] which is simply the
marginal mean outcome under the ITR g, and gzpt = argmax, Viu(9)-

All existing methods for optimal treatment regime estimation, including Q-learning and
A-learning, belong to mean regression as they estimate the optimal estimator by maximizing
expected outcomes. In the case of single decision point, Q-learning is equivalent to the least-
squares regression. Least-squares estimates are optimal if the errors are i.i.d. normal random

variables. However, skewed, heavy-tailed, heteroscedastic errors or outliers of the response Y
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are frequently encountered in clinical trials. In such situations, the efficiency of the least square
estimates is impaired. One extreme example is that when the response Y takes i.i.d. Cauchy er-
rors, neither Q-learning nor A-learning can consistently estimate the optimal ITR. It is therefore
more reasonable and informative to construct the optimal decision rule based on the conditional
median or quantiles of Y given X than based on average effects. Define the 7-th conditional
quantile of Y given (X, A) as Q- (X, A) £ inf {y : Fy|x,4(y) = 7}. Then we define the val-
ue function based on the 7-th conditional quantile as V;_,(9) = Ex[Q-(X, ¢(X))], which is
an analog to the definition of V,(g). The optimal ITR which maximizes the 7-th conditional

quantile is then defined as

g (x) = argg‘ax Q- (xz,a), 7 €10,1], (4.2)

and ¢oP* = argmax, V;_4(g).

In the following, we present a simple example where a quantile-based decision rule is more
preferable than a mean-based decision rules. Figure 4.1 plots the conditional density of Y under
two treatments, A and B, given a binary covariate X which takes the value of male and female.
Under the comparison based on conditional means, A and B are exactly equivalent. However,
conditional quantiles provide us more insight. For the male group, the conditional distribution
of Y given treatment B is a log-normal and skewed to the right. Therefore, treatment B is less
favorable when either 50% or 25% conditional quantile are considered. For the female group,
the conditional distribution of Y given treatment A is a standard normal while a Cauchy
distribution given treatment B. Therefore, if we make a comparison based on 25% conditional
quantile, treatment A is more favorable.

In this chapter, we propose a general framework for optimal individualized treatment rule
estimation based on robust regression, including quantile regression and the regression based
on Huber’s loss and e-insensitive loss. The proposed methodology has the following desired

features. First, the new decision rule obtained by maximizing the conditional quantile, which
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Figure 4.1: The distribution functions of the response Y, in a randomized clinical trial with
two treatments, A and B, for male (two panels on the left) and female (two panels on the right).
The solid lines with triangle symbol, dashed line, and dotted lines are the conditional mean,
50% quantile, and 25% quantile functions of Y given the gender and the treatment, respectively.
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is suitable for skewed, heavy-tailed errors or outliers. To our best knowledge, it is the first
quantile regression method for estimating optimal individualized treatment rules. Second, the
proposed estimator requires only modeling the contrast function between two treatments, and
is therefore robust against misspecification of the baseline function. This property is shared by
A-learning. Third, empirical results from our comprehensive numerical study suggest favorable
performance of the new robust regression estimator.

The rest of the chapter is organized as follows. In Section 4.2, we first review the classical
Q- and A- learning methods. Then we propose the new procedure and method and discuss its
connection with existing methods. In Section 4.3, we study and prove the asymptotic properties
of the proposed method, including consistency and asymptotic normality. In Section 4.4, a
comprehensive numerical study is conducted to assess finite sample performance of the new
procedure. In Section 4.5, we apply the method to data from an AIDS study. Concluding
remarks are given in Section 4.6. Throughout the chapter, we use upper case letters to denote

random variables and lower case letters to denote their values.

4.2 New Optimal Treatment Estimation Framework: Robust

Regression

4.2.1 Overview

Recall that, for each patient, we observe (X, A,Y). Here X C IR? is the baseline information,
A e A={0,1} is the treatment, and Y is the real-valued response. We first review the potential
outcome framework (Neyman, 1923; Rubin, 1974, 1986). The potential outcome Y*(a) is the
outcome for an arbitrary individual has s/he received treatment a. The optimal ITR under mean
regression, which maximizes the expected outcome, is gﬁpt = argmax g E[Y*(g(X))]. Define
the propensity score 7(X) = P(A = 1|X). Following Rubin (1974) and Rubin (1986), we can

compute the expectation of the potential outcome under the following two key assumptions.

(C1) Stable Unit Treatment Value Assumption (SUTVA): a patient’s observed outcome

80



is the same as the potential outcome for the treatment that s/he actually received. Based
on Rubin (1986), the SUTVA assumption implies that the value of the potential outcome
for a subject does not depend on what treatments other subject receive. Specifically, we

can write the SUTVA assumption as

This is also referred as consistency assumption.

(C2) Strong Ignorability Assumption: the treatment assignment A for an individual is in-
dependent of the potential outcomes conditional on the covariates, i.e., AL{Y*(a)},eca|X.
For a randomized clinical trial, this assumption is satisfied automatically. For an obser-
vational study, as clinicians make decisions based only on all past available information,

this assumption essentially assumes no unmeasured confounders.
For consistent estimation of the optimal individualized treatment rule, we also need assume
(C3) Positivity Assumption: 0 < 7w(x) < 1, V& € X.

Under assumptions (C1)-(C2), one can show that ¢i*(X) = argmax,. 4 E[Y|X, A = a]. This
suggests that, in order to find gfjpt, we only need to estimate the conditional expectation of Y
given (X, A). This result serves as the foundation of Q- and A-learning framework.

Consider the general model E(Y|X, A) = ho(X) + ACy(X), where ho(X) represents the

baseline effect, and Cy(X) denotes the contrast effect as
Co(X)=EY|X,A=1)-EY|X,A=0).

Therefore, go**(X) = 1{Cy(X) > 0}. In Q-learning, a parametric model is often employed as a
working model,

EY|X, A) = h(X;~) + AC(X; 8), (4.3)
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where h(X;~) and C(X; 3) are posited parametric models for ho(X ) and Cy(X) respectively.
Commonly a linear model is assumed for simplicity and interpretability, i.e., h(X;7y) = 7" X
and C(X;8) = B8"X, where X = (1, X7)". Given the observation {(V;, X;, 4;); i = 1,...,n},

the Q-learning procedure estimates the parameters (3,-) by minimizing the squared error loss

n

Lun(B,) = + 37 [V~ h(Xi) — AC(Xi B). (1.4)
i=1

Denote the optimized point as (BQ,’A)/Q). The estimated optimal ITR based on Q-learning is
then §%(x) £ l{C(w;BQ) > 0}, which is a consistent estimator of go* (z) if both h(X;~) and

C(X;B) are correctly specified.
A-learning is a semiparametric improvement of Q-learning by modeling only the contrast
function Cp(X) rather than the full Q-function. This is reasonable based on the observation that
the optimal ITR go** only depends on Co(X). By positing C(X; 3) for the contrast function,

in A-learning, one can estimate coefficients 3 by solving the following estimating equation
n
D OAX) (A = 7( X)) [Yi — AiC(X; 8) — h(Xy)] =0, (4.5)
i=1

where A\(X;) and h(X;) are arbitrary functions, and A(X};) has the same dimension as 3. Denote
the solution to (4.5) by BA. If var(Y|X) is constant and C(X;;3) is correctly specified, the
optimal choices of A(:) and h(-) are \(X;;3) = 0/9B8C(X;; 3) and h(X;) = ho(X;) (Robins,
2004). In practice, one may pose models, say 7(X;;¢) and h(X;;7y) for m(X;) and h(X;)
respectively, and take \(X;;8) = 9/08C(X;; B). Under randomized designs, the propensity
score 7(X;) is known. Otherwise, a logistic model can be proposed. Under the assumption that
C(X;B) is correctly specified, the double robustness property of A-learning states that as long
as one of m(X;¢) and h(X;~) is correctly specified, §4(z) £ 1{0(3:;BA) > 0} is consistent

estimator of g (x).
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Recently, Lu et al. (2013) propose a variant of A-learning by a loss-based learning framework.

Rewrite

B(Y|X, 4) =hy(X) + ACo(X)

=po(X) + (A — 7m(X))Co(X),

where o(X) = ho(X) + 7(X)Co(X). Based on the expression above, Lu et al. (2013) propose

to estimate (83, ) by minimizing the following loss function

n

Lan(Boy) = 3 Vi = 0l Xis) — (A = m(X)C(Xis B (46)

=1

where p(X;~), C(X;B) are proposed models for po(X) and Cy(X) respectively. Denote the
minimizer of (4.6) as (5257’3’215)- Lu et al. (2013) show that gig(x) £ I{C(w;B?S) > 0} is
consistent estimator of gzpt(m) when the propensity score m(X) is known or can be consistently
estimated from the data, and C(X;3) is correctly specified. We refer to this method as least
square A-learning (IsA-learning).

One main advantage of the IsA-learning, compared to the classical A-learning, is its square
loss, making the procedure easy to be coupled with penalized regression to achieve variable
selection in high dimensional data. Specifically, Lu et al. (2013) propose to identify important
nonzero coefficients in B by applying an adaptive LASSO penalty to (4.6). Under some regu-
larity conditions, both the selection consistency and asymptotic normality of the estimator are
established in Lu et al. (2013). The downside of IsA-learning is that one direction of the double
robustness property of the classical A-learning is lost, i.e., when ¢(X; ) is correctly specified,
(B may still not be consistent if the propensity score (X)) is not consistently estimated. Finally,
it can be shown that IsA-learning and Q-learning are equivalent when 7(X) is constant and
both ¢(X;~) and C(X;8) take the linear form (with the space of C(X;3) included in the
space of ¢(X;+)). Similar properties hold for A-learning (Chakraborty et al., 2010; Schulte
et al., 2012).
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4.2.2 New Proposal: Robust Regression

Skewed, heavy-tailed, heteroscedastic errors or outliers of the response Y are frequently encoun-
tered in clinical trials. It is well known that ordinary least square estimation fails to produce
a reliable estimator in such situations. The immediate consequence is the efficiency loss in the
estimators produced by Q-, A-, and IsA-learning. This motivates us to adopt robust regression
techniques in optimal treatment regime estimation.

We consider the following additive model,
Y, = (PO(XZ) + (Az — W(XZ))C(XZ, Bo) +€,1=1,....,n, (47)

where ¢ (X)) is the baseline function, C(X; fy) is the contrast function, 7(X') is the propensity
score, and € is the error term which satisfies the conditional independence assumption e 1 A|X.
We point out that the error term defined in (4.7) can be very general. For example, we could
take e = ZJK:1 0j(X)e; for any K > 1 that allows the error distribution to change with X, used
to model heterogeneous errors, where o;(X) are arbitrary positive functions and e; L (A, X)
for all j =1,..., K. Throughout the chapter, we assume {(Y;, X;, Ai,€;),i =1,...,n} are i.i.d
random samples of the population.

We propose to estimate (3,) by minimizing

Lyn(B,) = 3 M¥i = 9(Xit) — (A - w(X0))C(Xi: 8], (48)
=1

wherey € I', 3 € Band M : IR7[0, 00) is a convex function with minimum achieved at 0. Denote
the minimizer of (4.8) as (E}ﬁ, AH), and the estimated ITR is then §& (z) £ 1{C(=; ,[Aiﬁ) > 0}.

In the following, we refer the robust regression with loss function M (x) as RR(M)-learning. In

84



this thesis, we consider the following three types of loss functions, i.e., the pinball loss

L =1z, ifz <0
M(z) = pr(x) = (4.9)
TT, ifx>0

where 0 < 7 < 1, the Huber loss

0.5z, if |z| < «
M(z) = Hy(z) = (4.10)

alz] —0.5a2, if 2| > «

for some a > 0, and the e-insensitive loss

M(x) = Je(z) £ max{0, |z| — €} (4.11)

for some e > 0. The pinball loss are frequently applied for quantile regression (Koenker, 2005),
and the Huber losses and the e-insensitive are robust against heavy tailed errors or outliers.
Plots of these loss functions are given in Figure 4.2 together with the squared error loss. A
dramatic difference of pinball loss, Huber loss and e-insensitive loss, compared with the square
loss, is that they penalize large deviances linearly instead of quadratically. This property makes

them more robust when dealing with responses with non-normal type of errors.

4.3 Asymptotic Properties

4.3.1 Consistency of Robust Regression: Pinball Loss

Under the conditional independence assumption € L A|X, we have

Q(X, A) =po(X) + (A = m(X))C(X; fo) + pe(X);

Qr(X, A) =¢o(X) + (A - 7(X))C(X; Bo) + F7H(X57).
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Figure 4.2: Various loss functions: squared error loss, pinball loss with 7 = 0.25, Huber loss
with o = 1 and e-insensitive loss with € = 1.

where p.(X) and F1(X;7) denote the mean and the 7-th quantile of € conditional on X re-
spectively. Therefore, in this situation, we have gi* = ¢%* = 1{C(X; 8,) > 0}. In other words,
the underlying ITR which maximize the population mean and 7-th quantile are equivalent. For
a good ITR g = 1{C(X; ,3) > 0}, it is reasonable to require B to be a consistent estimator of

Bo- This consistency result is first shown for the robust regression with pinball loss, which is

given in Theorem 4.1. We allocate all the proofs into the Supplement.

Theorem 4.1. Under reqularity conditions (A1)-(A8) in the Supplement, if the contrast func-
tion in (4.7) is correctly specified and w(x) is known, then BZT) 28, for all T € (0,1), where

Bf(T) is the solution of (4.8) when M (x) = p,(x).
Remarks:

1. Theorem 4.1 doesn’t assume the finiteness of E(Y'). Therefore it can be applied to the

cases when ¢; follows a Cauchy distribution.

2. After fitting the model, the Assumption (A2), e L A|X, can be verified by applying

conditional independence test with P(B,’?) and A given X, where f'(,@', 4) is the residual
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and can be computed as #(3,9) = Y — o(X;4) — (A — 7(X))C(X; 3). See Lawrance
(1976); Su and White (2007); Song (2009); Huang (2010); Zhang et al. (2012) for more
discussion of conditional independence hypothesis tests. In particular, we demonstrate the
usefulness of the test by applying the Kernel-based conditional independence test (KCI-
test, Zhang et al. (2012)) in Section 4.5. KCI-test doesn’t assume functional forms among

variables and thus suits our need.

When the conditional independence assumption (¢ L A|X) does not hold, Bf(T) may no
longer be a consistent estimator of 3. This is intuitively reasonable as e contains extra in-
formation with respect to A. In fact, a general result which can be derived in this case is
that, (,35(7), ‘3/5(7)) minimizes a weighed mean-square error loss function with specification error
(Angrist et al., 2006; Lee, 2013).

Instead of assuming response Y takes an additive error term e as in (4.7), we assume
the conditional quantile function Q-(X,A) = ¢o(X) + (A — 7(X))C(X; By(7)), where we
redundantly represent the baseline function and contrast function as ¢q(-) and C(-) respectively.
Notice that we use 3((7) instead of 3, to emphasize that the true 8 may vary with respect
to 7. The proposed model is Q(8,7) = ¢(X;7) + (A — 7(X))C(X; 8) with C(X; 8) correctly

specified. Define

(B(r), () = argmin E{p,[¥ = Q(B,7)] = p:[Y = Q(8, 7]} (4.12)
BeB,yer

where (3',4') is any fixed point in B x I'. Define the QR specification error as A, (X, A; 3,v) =
Q(,@, ~)—Q-(X, A). Define the quantile-specific residual as e, =2 Y —Q, (X, A) with conditional
density function fe (-|X, A). Then we have the following approximation theorem. The proof of

the theorem follows Theorem 1 of Angrist et al. (2006), and is omitted for brevity.

Theorem 4.2. Suppose that (i) the conditional density fy (y| X, A) exists a.s.; (1) E[Q(X, A)]
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and E[A2(X, A; B,7)] are finite; (iii) (B(7), (7)) uniquely solves (4.12). Then

(B(1),~(7)) = argmin Elw, (X, A; B,7)A2(X, 4; B,7)] (4.13)
77
where
1
wy (X, A B,) = /0 (1= u)fo. (WAL (X, 4; B,7)|X, A)du. (4.14)
Remarks:

1. Theorem 4.2 shows that Q (3(7),~(7)) is a weighted least square approximation to
Q-(X,A). In other word, p(X;~v(7)) + (A — 7(X))C(X;8(7)) is close to ¢o(X) +
(A — 7(X))C(X;B8y(7)). So even though it is not true that B(7) = By(7) holds ex-
actly, the difference between them is small in general . This coupled with the fact that

,@fm £>,3(7') (proved in Theorem 4.4), leads to the conclusion that approximately ITR

gf(T)(:c) (2 1{C(=; BZT)) > 0}) maximizes the 7-th conditional quantile. This observation

is justified numerically in Section 4.4.

2. When there exists v, € I" such that ¢o(X) = ¢(X;7,), then we have (1) = By(7).

4.3.2 Consistency of Robust Regression: Other Losses

Under model (4.7) and the assumption € L A| X, similar consistency results can be established

for Huber loss and the e-insensitive loss, as stated in Theorem 4.3.

Theorem 4.3. Under regularity conditions (A1)-(A8), if the contrast function in (4.7) is cor-

rectly specified and 7w(x) is known, then we have
(a) Bg(a) 2 8, for all o > 0, where BZ(Q) is the solution of (4.8) when M (z) = Hu(x);

(b) Bf(e) 28, for all € > 0, where Bf,%(e) is the solution of (4.8) when M (z) = J(x).
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4.3.3 Asymptotic Normality: Pinball Loss

Without loss of generality, in this section we assume both the ¢(X;~) and C(X;3) take the
linear form: p(X;~) = X ™y and C(X;3) = X8, where X = (1, X")". Denote B(r) = ﬁiﬂ
and 4(r) = A,(,). Denote W = ([A - x(X)]X",X")", 6(r) = (B(r)",7(1)")", O(r) =
(B(T)T,A(1)")T and J(1) £ E[fy (WTO(7)| X, A)WWT]. Under the following regularity condi-
tions, which is the same as the assumptions assumed in Angrist et al. (2006) and Lee (2013),

we have the asymptotic normality of 9(7’), which is given in Theorem 4.4.
(B1) {(Y;, X, As,€),i=1,...,n} are i.i.d random variables;

(B2) the conditional density fy(y|X = x, A = a)) exists, and is bounded and uniformly con-

tinuous in y, uniformly in @ over the support of X;
(B3) J(7) is positive definite for all 7 € (0,1), where 8(7) is uniquely defined in (4.12);
(B4) E||X||**€ for some € > 0.
Theorem 4.4. If reqularity conditions (B1)-(B4) are hold, we have
1. (Uniform Consistency) sup, [|0(t) — ()| = op(1);
2. (Asymptotic Normality) J(-)\/n(0(-) — 0(-)) converge in distribution to a zero mean

Gaussian process with covariance function X(7,7') defined as

S(r,)=E[(r - 1{Y <WT0(1)}) (7' = 1{Y < W70(1)}) WWT] . (4.15)

The proof is given in Angrist et al. (2006), and the asymptotic covariance matrix of 9(7’) can
be estimated by either a bootstrap procedure (Hahn, 1997) or a nonparametric kernel method
(Angrist et al., 2006). We adopt the parametric bootstrap approach to estimate the asymptotic
covariance matrix in Section 4.5. Under model (4.7) the result of Theorem 4.4 can be further

simplified, which is given in Theorem 4.5.
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Theorem 4.5. Under the condition of Theorem 4.4, if further we assume Y = po(X) + (A —
(X)X By +e¢, and e L A|X, then

1. sup, ||B(7) — Byl = 0p(1);

2. Vn(B(r) — By) > N(0, I (1)S11 (7, 7) (7)), where

In(r) =B fe (XT7(r) = po(X)| X ) w(X)(1 (X)) XXT]

S (r,7) :E{ [T e < X(1) - cpo(X)}rw(X)(l _ W(X))XXT} .

Furthermore, we have X11(7,7) < (12 + |1 — 27|) E [W(X)(l - W(X))XXT] .

Comparing the asymptotic normality of B (1) with B?S yields interesting insights. Assuming
that E(Y]X, A) = ¢o(X) + (A — (X)) X "B, and (By.7") = argmin g, E[Y — p(X:7) -
(A—7m(X))X"3]?, the asymptotic normality property of st can then be established, which is
summarized in Theorem 4.6. Its proof has been omitted, and readers are referred to Lu et al.

(2013).

Theorem 4.6. Under the regularity condition of A1-A4 of Lu et al. (2013),

Vi(Brs — Be) 3 N(0,U U, (4.16)
where
Un = E|mn(X)1 - W<X))XXT}
and
1 = B [{#o(X) — o(X;57") + e m(X) (1 - (X)) X X].
Remarks:

1. When the family of functions {¢(X;~),v € I'} cannot well approximate the unknown
~ A
baseline function ¢o(X), the ©;; term in the asymptotic variance of 8;¢ may explode,

which makes B?s less efficient than B(7).
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2. When ¥ = Xy + (A - 1(X)X "By + ¢, ¢ L (A, X), 7(X) = 0.5 and € ~ N(0,02),
the asymptotic variance of 3(r = 0.5) is 2r0?E(X XT)~!, which is strictly larger than

~ ~ ~A
402E(X XT)~! (the asymptotic variance of 37 g).

4.4 Numerical Results: Simulation Studies

To demonstrate finite sample performance of the proposed robust regression methods for opti-
mal treatment rule estimation, we conduct two simulation studies: the errors independent with

treatments, and the errors interactive with treatments, respectively.

4.4.1 Simulation Study I: error terms independent with treatment

We consider the following two models with p=3,

e Model I:

Vi =1+ (X — Xi2)(Xi1 + Xi3) + [Ai — n(X)]B5 X, + o(X;)ei,

where X; = (X1, X2, X;3)" are multivariate normal with mean 0, variance 1. X; =

(1, X7)7, Corr(X;;, Xir) = 0.5V "*l and By = (0,1, —1,1)".

e Model II:
Y = X + [4; — m(X3)|B0 X + o(Xi)ei,

where v§ = (0.5,4,1, —-3), and Xj, X; and B, are the same as Model .

We take linear forms for both the baseline and the contrast functions, where p(X;~) = v X
and C(X;8) = B"X. We assume the propensity scores 7(-) are known, and we study both the
constant case (7(X;) = 0.5) and the non-constant case (7(X;) = logit(X;; — Xi2)). In addition,
We consider two different o(X;) functions, i.e., the homogeneous case with ¢(X;) = 1, and the
heterogenous case with o(X;) = 0.5 + (X;1 — X;2)%. The results of Model I and II are given in

Table 4.1 and 4.2 respectively.
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Table 4.1: Summary result of Model I with constant propensity scores. LS stands for IsA-
learning. P(0.5) and P(0.25) stand for robust regression with pinball loss and parameter 7 = 0.5
and 0.25, respectively. Huber stands for robust regression with Huber loss, where parameter «
is tuned automatically with R function rlm. dg 5 is multiplied by 10.

Homogeneous Error
Normal Log-Normal Cauchy

n  method mse PCD g5 mse PCD g5 mse PCD 6p5

100 LS 1.32 (0.040) 80.7 1.06 2.36 (0.081) 75.7 1.57 584 3.75
P(0.5) 1.44(0.042) 80.1 1.13 1.73 (0.051) 78.0 1.31 2.69 (0.077) 75.2 1.63
P(0.25) 1.90 (0.057) 78.3 1.34 1.63 (0.051) 79.0 1.29 5.29 (0.168) 70.4 2.25
Huber 1.15 (0.034) 81.9 0.93 1.45 (0.044) 79.9 1.13 2.61 (0.072) 74.9 1.66

200 LS 0.68 (0.021) 85.6 0.59 1.10 (0.033) 82.0 0.91 58.7 3.70
P(0.5) 0.73 (0.021) 85.3 0.62 0.78 (0.021) 84.1 0.70 1.23 (0.037) 81.3 0.99
P(0.25) 0.92 (0.028) 84.0 0.75 0.70 (0.023) 86.0 0.59 2.48 (0.079) 75.7 1.64
Huber 0.58 (0.017) 86.8 0.50 0.66 (0.018) 85.5 0.58 1.24 (0.035) 80.8 1.03

400 LS 0.33 (0.009) 90.3 0.26 0.56 (0.016) 87.1 0.46 59.2 3.61

(0.010) (0.010)
(0.013) (0.010)
(0.008) (0.009)
(0.005) (0.008)
(0.005) (0.005)
(0.007) (0.006)
(0.004)

P(0.5) 0.35 (0.010) 90.0 0.29 0.37 (0.010) 89.0 0.34 0.56 (0.016) 87.1 0.48
90.7 0.25 1.16 (0.037) 82.9 0.86
90.2 0.27 0.58 (0.017) 86.7 0.49
90.9 0.23 59.4 3.59
93.1 0.13 0.19 (0.005) 92.1 0.17 0.29 (0.009) 90.7 0.24
92.4 0.16 0.18 (0.006) 93.6 0.12 0.59 (0.019) 87.3 0.48
93.8 0.11 0.16 (0.005) 93.1 0.14 0.29 (0.008) 90.5 0.25
Heterogenous Error
Normal Log-Normal Cauchy

n  method mse PCD dp5 mse PCD 4¢5 mse PCD g5

100 LS 3.24 (0.110) 74.7 1.70 8.98 (0.561) 68.6 2.44 56.2 4.05
P(0.5) 1.70 (0.060) 80.5 1.08 1.80 (0.064) 80.1 1.08 3.45 (0.124) 75.1 1.69
P(0.25) 2.50 (0.085) 77.4 1.42 2.51 (0.079) 76.8 1.46 9.13 (0.341) 67.2 2.66
Huber 1.70 (0.057) 80.4 1.10 1.87 (0.063) 79.2 1.16 4.27 (0.155) 72.8 1.93

200 LS 1.54 (0.050) 80.6 1.06 4.71 (0.244) 73.4 1.85 55.2 4.17
P(0.5) 0.78 (0.028) 86.7 0.53 0.90 (0.032) 85.3 0.63 1.49 (0.052) 81.9 0.95
P(0.25) 1.16 (0.039) 83.5 0.81 1.23 (0.039) 82.0 0.91 3.95 (0.150) 73.2 1.90
Huber 0.77 (0.025) 86.4 0.55 0.94 (0.032) 84.5 0.69 1.94 (0.071) 79.3 1.19

400 LS 0.80 (0.026) 86.0 0.58 2.69 (0.136) 77.8 1.34 54.7 4.26

(0.013) (0.017)
(0.019) (0.020)
(0.012) (0.017)
(0.013) (0.150)
(0.006) (0.007)
(0.009) (0.010)
(0.006) (0.007)

89.1 0.34 0.33
91.1 0.22 0.31
93.2 0.13 0.26

0.010
0.009
0.008

P(0.25) 0.43 (0.013
Huber 0.28 (0.008
800 LS 0.17 (0.005
P(0.5) 0.17 (0.005
P(0.25) 0.22 (0.007
Huber 0.14 (0.004

P(0.5) 0.39 (0.013) 90.5 0.27 0.44 (0.017) 89.6 0.32 0.71 (0.024) 86.9 0.50
P(0.25) 0.56 (0.019) 88.8 0.37 0.66 (0.020) 86.9 0.50 1.70 (0.055) 79.6 1.17
Huber 0.38 (0.012) 90.4 0.27 0.48 (0.017) 88.8 0.36 0.91 (0.029) 84.9 0.65
800 LS 0.41 (0.013) 89.9 0.29 1.35 (0.150) 83.1 0.82 56.5 4.00
P(0.5) 0.18 (0.006) 93.6 0.12 0.20 (0.007) 92.6 0.16 0.36 (0.013) 91.0 0.25
P(0.25) 0.28 (0.009) 92.2 0.18 0.31 (0.010) 90.8 0.24 0.89 (0.031) 85.8 0.60
Huber 0.19 (0.006) 93.3 0.13 0.22 (0.007) 92.1 0.18 0.47 (0.017) 89.2 0.34
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Table 4.2: Summary result of Model II with constant propensity scores. LS stands for IsA-
learning. P(0.5) and P(0.25) stand for robust regression with pinball loss and parameter 7 = 0.5
and 0.25, respectively. Huber stands for robust regression with Huber loss, where parameter «
is tuned automatically with R function rlm. dg 5 is multiplied by 10.

Homogeneous Error
Normal Log-Normal Cauchy

n  method mse PCD g5 mse PCD g5 mse PCD 6p5

100 LS 0.24 (0.006) 91.1 0.21 1.23 (0.061) 82.4 0.87 58.6 3.73
P(0.5) 0.36 (0.010) 89.0 0.32 0.39 (0.012) 88.8 0.34 0.80 (0.024) 84.2 0.69
P(0.25) 0.45 (0.012) 87.8 0.40 0.13 (0.004) 93.4 0.12 2.37 (0.083) 76.0 1.49
Huber 0.25 (0.007) 90.8 0.22 0.31 (0.010) 90.3 0.26 0.99 (0.029) 82.4 0.84

200 LS 0.11 (0.003) 93.7 0.10 0.52 (0.018) 87.3 0.45 58.7 3.69
P(0.5) 0.17 (0.005) 92.4 0.16 0.17 (0.005) 92.4 0.15 0.32 (0.009) 89.5 0.30
P(0.25) 0.20 (0.005) 91.8 0.18 0.06 (0.002) 95.6 0.05 1.03 (0.033) 82.1 0.88
Huber 0.12 (0.003) 93.6 0.11 0.13 (0.003) 93.5 0.12 0.43 (0.013) 87.9 0.40

400 LS 0.05 (0.001) 95.7 0.05 0.26 (0.008) 90.7 0.23 59.4 3.60

(0.002) (0.002)
(0.002) (0.001)
(0.001) (0.002)
(0.001) (0.004)
(0.001) (0.001)
(0.001) (0.000)
(0.001)

P(0.5) 0.09 (0.002) 94.5 0.08 0.09 (0.002) 94.5 0.08 0.15 (0.004) 92.8 0.14
96.9 0.02 0.44 (0.012) 87.9 0.39
95.4 0.06 0.21 (0.006) 91.6 0.19
93.5 0.11 59.4 3.58
96.1 0.04 0.04 (0.001) 96.2 0.04 0.07 (0.002) 95.1 0.06
95.8 0.05 0.01 (0.000) 97.9 0.01 0.20 (0.005) 91.5 0.19
96.8 0.03 0.03 (0.001) 96.8 0.03 0.10 (0.002) 94.2 0.09
Heterogenous Error
Normal Log-Normal Cauchy

n  method mse PCD dp5 mse PCD 4¢5 mse PCD g5

100 LS 1.97 (0.072) 79.8 1.13 7.75 (0.514) 70.4 2.22 56.4 4.02
P(0.5) 0.84 (0.029) 86.1 0.55 1.21 (0.045) 84.3 0.74 1.82 (0.071) 80.5 1.07
P(0.25) 1.37 (0.049) 82.1 0.90 1.56 (0.051) 80.5 1.04 6.20 (0.261) 69.8 2.25
Huber 0.84 (0.031) 85.9 0.57 1.33 (0.046) 82.8 0.85 2.69 (0.106) 77.0 1.42

200 LS 0.99 (0.035) 84.7 0.66 4.16 (0.237) 75.2 1.62 55.1 4.19
P(0.5) 0.41 (0.014) 90.2 0.28 0.58 (0.024) 89.4 0.37 0.79 (0.030) 86.7 0.52
P(0.25) 0.64 (0.021) 87.4 0.45 0.74 (0.024) 86.1 0.54 2.48 (0.096) 76.9 1.40
Huber  0.39 (0.013) 90.3 0.27 0.69 (0.027) 87.7 0.45 1.17 (0.044) 83.4 0.78

400 LS 0.51 (0.018) 89.0 0.35 2.48 (0.133) 79.3 1.20 54.7 4.25

(0.007) (0.011)
(0.009) (0.012)
(0.007) (0.012)
(0.008) (0.159)
(0.004) (0.006)
(0.005) (0.006)
(0.004) (0.006)

94.2 0.09 0.03
95.5 0.05 0.06
96.9 0.03 0.13

0.001
0.002
0.004

P(0.25) 0.10 (0.002
Huber 0.06 (0.001
800 LS 0.03 (0.001
P(0.5) 0.04 (0.001
P(0.25) 0.05 (0.001
Huber 0.03 (0.001

P(0.5) 0.20 (0.007) 93.2 0.14 0.29 (0.011) 92.6 0.17 0.32 (0.011) 91.2 0.22
P(0.25) 0.30 (0.009) 91.3 0.22 0.39 (0.012) 89.9 0.28 0.99 (0.030) 83.0 0.78
Huber 0.20 (0.007) 93.2 0.14 0.34 (0.012) 91.4 0.22 0.53 (0.016) 88.4 0.37
800 LS 0.25 (0.008) 92.2 0.17 1.25 (0.159) 84.2 0.73 56.4 4.00
P(0.5) 0.10 (0.004) 95.3 0.07 0.14 (0.006) 94.7 0.09 0.16 (0.006) 93.9 0.11
P(0.25) 0.14 (0.005) 94.0 0.10 0.18 (0.006) 92.9 0.14 0.49 (0.015) 88.0 0.39
Huber 0.09 (0.004) 95.3 0.06 0.17 (0.006) 93.9 0.11 0.26 (0.009) 91.8 0.19
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Comparison is made among four methods. They are: lIsA-learning, robust regression with
005 (RR(po.5)), robust regression with pg o5 (RR(pg.25)), and robust regression with Huber loss
(RR(H)). The error terms ¢; are taken as standard i.i.d. normal, log-normal or Cauchy distribu-
tion, and independent with both A and X. It is easy to check that the conditional independence
assumption € L A|X is satisfied, and gﬁpt = ¢ = 1{56)@ > 0}. We consider four different
sample sizes 100, 200, 400 and 800. To evaluate the performance of each method, we compare
three groups of criteria: (1) the mean squared error |3 — Bo||3 (mse), which measures the dis-
tance between estimated parameters and the true parameter 3; (2) the percentage of making
correct decisions (PCD), which are calculated based on a validation set with 10000 observation-
s. Specifically, we take the formula 100 * (1 — N 11{8"X; > 0} — 1{B] X; > 0}|/NT) with
Np = 10000; (3) the differences of V,,(g) and Vj5_4(g) between the optimal ITR and the es-
timated ITR, where 0, = V,.(gp?") — V,.(9) and 6, = Vi_4(g%") — Vi_4(9), V7 € (0,1). V. (g)
and V;_4(g) (defined in Section 4.1) are estimated from the validation set as well, and they
evaluate the overall performance of an ITR ¢, where the former one focuses on the response’s
mean and the latter one focuses on the response’s 7-th quantile. Under our setting, 6,, = do.5
when they both exists. Thus, only dq 5 is reported. For each scenario, we take 1000 replications.
All numbers in the tables are based on the sample average of all replications. We further report
the standard errors of mse to evaluate the variability of the corresponding statistics.

The simulation results under constant and non-constant propensity scores are similar. Thus,
for brevity, we only report the constant case and allocate the result of non-constant case to
the Supplement. When the propensity score is constant, IsA-learning is equivalent to both
Q- and A-learning under our setting. If we compare the performance of the methods under
homogeneous and heterogeneous errors, the first thing we find is that lsA-learning works much
worse under the heterogeneous errors, while all other methods are generally less affected by the
heterogeneity of the errors. When the baseline function is misspecified as in Model I, under the
homogeneous normal errors, RR(H) works slightly better than 1sA-learning, while RR(pg.25)

works the worst. However, the difference in general is small. For the homogeneous log-normal
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errors, again RR(H) works the best, while RR(pp5) and RR(po.25) have similar performance,
and IsA-learning works the worst. Under the homogeneous Cauchy errors, the IsA-learning is
no longer consistent, and its mse explodes. The actual numbers are too large and thus leave
as blank in Table 4.1 and 4.2. Furthermore, with the Cauchy errors, the PCD of 1sA-learning
are less than 60% under all scenarios, while other methods’ PCD can be as high as 90%. When
baseline function is correctly specified as in Model II, under homogeneous normal errors, IsA-
learning performs the best. However, in this case RR(H) also has a very close performance, and
thus makes no difference from a practical point of view to choose between these two methods.
The results of Model II under other cases draw similar conclusion as Model I. To sum up, the
overall conclusion is that, under the conditional independence assumption, the proposed robust
regression method RR(M) is more efficient than Q-, A- and lsA-learning in the circumstances
when observations have skewed, heterogeneous or heavy-tailed errors. On the other hand, when
the error terms indeed follows i.i.d. normal distribution, the loss of efficiency of RR(M) is not

significant. This is especially true when Huber loss is applied.

4.4.2 Simulation Study II: error terms interactive with treatment

We consider the following model with p=2,

Y; =1+ 0.5sin[m(X;1 — Xi2)] +0.25(1 + X1 + 2X;0)% + (A; — 7(X,)00 X + o (X, Aei,

where X; = (X;1, Xi0)T, X; = (1, X7, o(X;, A;) = 1+ Aido X3, 6] = (0.5,2,—1) and Xy, are
ii.d. Uniforml-1,1].

Similar as Section 4.1, we take linear forms for both the baseline and the contrast functions,
where p(X;7) = v'X, C(X;8) = W and W = (X,X%,X%,Xng). The error terms
¢; follows i.i.d. N(0,1) or Gamma(1,1)-1 distribution. The propensity scores (:) are known,
and we consider both the constant case m(X;) = 0.5 and the non-constant case 7(X;) =

logit(X;1 — Xj2). We report only the result of the constant case (Table 4.3), and allocate the
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non-constant case to Supplement.

Table 4.3: Summary results with constant propensity scores when errors interacted with treat-
ment. Least square stands for IsA-learning. Pinball(0.5) stands for robust regression with pinball
loss and parameter 7 = 0.5. Pinball(0.25) stands for robust regression with pinball loss and pa-
rameter 7 = 0.25.

Least Square Pinball(0.5) Pinball(0.25)

Error do n mse PCD 5M (50_5 (50,25 mse PCD 6# (50_5 (50_25 mse PCD 5# (50_5 50_25
Normal 0 100 2.86 89.1 0.04 0.04 0.72 4.72 86.0 0.07 0.07 0.74 5.96 84.7 0.08 0.08 0.75
200 1.31 92.4 0.02 0.02 0.69 2.14 90.4 0.03 0.03 0.71 2.94 88.8 0.04 0.04 0.72

400 0.64 94.7 0.01 0.01 0.68 1.06 93.2 0.02 0.02 0.69 1.41 92.2 0.02 0.02 0.70

800 0.31 96.3 0.00 0.00 0.68 0.52 95.2 0.01 0.01 0.68 0.66 94.6 0.01 0.01 0.69

5 100 13.92 78.5 0.16 0.16 1.27 10.41 78.5 0.16 0.16 1.23 15.95 76.3 0.25 0.25 1.12

200 6.67 84.5 0.09 0.09 1.20 5.65 83.4 0.10 0.10 1.15 9.31 82.5 0.18 0.18 1.04

400 3.34 89.3 0.05 0.05 1.14 3.55 87.2 0.06 0.06 1.09 6.41 86.0 0.15 0.15 1.01

800 1.58 92.7 0.02 0.02 1.10 2.61 89.5 0.05 0.05 1.05 5.01 88.1 0.14 0.14 0.99

10 100 37.94 70.3 0.27 0.27 1.73 15.76 74.3 0.21 0.21 1.61 39.89 71.0 0.38 0.38 1.20

200 18.40 76.9 0.19 0.19 1.65 8.29 79.5 0.15 0.15 1.51 27.51 76.0 0.33 0.33 1.08

400 9.11 82.3 0.12 0.12 1.60 5.40 83.7 0.10 0.10 1.40 23.61 78.8 0.30 0.30 1.03

800 4.56 87.7 0.06 0.06 1.52 4.14 86.3 0.07 0.07 1.31 21.52 80.3 0.26 0.26 1.02

Gamma 0 100 2.76 89.2 0.04 0.04 0.04 3.92 87.5 0.05 0.05 0.05 3.76 88.1 0.05 0.05 0.05
200 1.30 92.4 0.02 0.02 0.02 1.86 91.3 0.03 0.03 0.03 1.85 91.3 0.03 0.03 0.03

400 0.63 94.6 0.01 0.01 0.01 0.97 93.5 0.01 0.01 0.01 0.94 93.6 0.02 0.02 0.02

800 0.31 96.3 0.01 0.01 0.01 0.49 95.3 0.01 0.01 0.01 0.47 95.5 0.01 0.01 0.01

5 100 13.35 799 0.14 0.17 0.29 8&8.10 81.8 0.14 0.11 0.16 8.76 82.4 0.21 0.11 0.09

200 6.63 84.9 0.09 0.12 0.25 4.59 85.9 0.10 0.06 0.10 5.50 86.2 0.18 0.08 0.05

400 3.27 89.0 0.05 0.08 0.21 3.04 88.4 0.08 0.03 0.07 4.24 88.3 0.16 0.06 0.04

800 1.61 92.6 0.02 0.04 0.16 2.35 89.4 0.07 0.03 0.06 3.50 89.4 0.15 0.06 0.03

10 100 38.37 70.4 0.28 0.36 0.92 14.62 78.3 0.23 0.17 0.55 28.46 76.9 0.41 0.14 0.26

200 19.57 76.3 0.20 0.29 0.88 8.93 84.4 0.17 0.08 0.43 22.67 &80.1 0.38 0.10 0.20

400 9.33 82.9 0.11 0.22 0.83 6.77 87.8 0.13 0.04 0.38 20.85 81.2 0.35 0.08 0.19

800 4.64 87.7 0.06 0.18 0.79 6.05 89.3 0.12 0.03 0.37 20.02 81.9 0.32 0.06 0.18

We compare the performance of three methods: IsA-learning, robust regression with pg 5
(RR(po.5)) and robust regression with pg.25 (RR(po.25)). We consider four different sample sizes
100, 200, 400 and 800. For each scenario, we again simulate 1000 replications. Similar as Section
4.1, we evaluate the performance of the method based on three criteria: the mean squared error
1B—BolI3 (mse), the percentage of making correct decisions (PCD) and the value differences (3.,

9.5 and dg.25). However, when the error is dependent with A, the true parameter 3, associated

96



with each method is different, which correspond to the true contrast function of conditional
mean, conditional median and conditional 25% quantile, respectively. Thus, B, = (6}, 0,0,0)"
for IsA-learning, B, = (8{, doF.1(0.5),0,0)T for RR(po5) and By = (8, doF-(0.25),0,0)" for
RR(po.25).

We first take a quick look at the mse columns of Table 4.3. When dy = 0, the conditional
independence assumption ¢ L A|X is satisfied. Thus, 1sA-learning, RR(pp5) and RR(pg.25)
are all consistent. Their corresponding mean square errors converge to zero when sample size
goes to infinity. On the other hand, when dy # 0, only IsA-learning is consistent. The mses of
RR(po.5) and RR(pp.25) converge to positive constants due to the underlying biases. However,
in this case when sample size is small, the mse of IsA-learning can be larger than the other
two methods. This is due to the fact that IsA-learning is inefficient under the heteroscedastic
or skewed errors. Another observation we have is overall IsA-learning, RR(po5) and RR(pg.25)
perform best at the columns d,, o5 and g 25 accordingly. The reason is given in the Remark
under Theorem 4.2, which shows that gﬁﬂ (2 1{C(=; Bf(T)) > 0}) in general approximates the
unknown optimal ITR g?pt even when the conditional independence assumption € L A|X does

not hold.

4.5 Application to AIDS study

We illustrate the proposed robust regression method to data from AIDS Clinical Trials Group
Protocol 175 (ACTG175), which has been previously studied in Leon et al. (2003); Tsiatis
et al. (2008); Zhang et al. (2008); Lu et al. (2013). In the study, 2139 HIV-infected subjects
were randomized to four different treatment groups in equal proportions, and the treatmen-
t groups are zidovudine (ZDV) monotherapy, ZDV + didanosine (ddI), ZDV + zalcitabine,
and ddI monotherapy (Tsiatis et al., 2008). Following Lu et al. (2013), we choose CD4 count
(cells/mm®) at 2045 weeks post-baseline as the primary continuous outcome Y, and include five
continuous covariates and seven binary covariates as our covariates. They are: 1. age (years),

2. weight (kg), 3. karnof=Karnofsky score (scale of 0-100), 4. ¢d40=CD4 count (cells/mm®)
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at baseline, 5. ¢cd80=CD8 count (cells/mm?®) at baseline, 6. hemophilia=hemophilia (0=no,
1=yes), 7. homosexuality=homosexual activity (0=no, 1=yes), 8. drugs=history of intravenous
drug use (0=no, 1=yes), 9. race (0=white, 1=non-white), 10. gender (0=female, 1=male), 11.
str2= antiretroviral history (O=naive, 1=experienced), and 12. sympton=symptomatic status
(0=asymptomatic, 1=symptomatic). For brevity, we only compare the treatment ZDV + di-
danosine (ddI) (A = 1) and ZDV + zalcitabine (A = 0), and restrict our samples to subjects
receiving these two treatments. Thus, the propensity scores m(X;) = 0.5 in our restricted sam-

ples as the patients are assigned into one of two treatments with equal probability.
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Figure 4.3: Scatterplot and box plots of response Y (CD4 count (cells/mm?®) at 20 & 5 weeks).
Left Panel: Scatterplot of Y and covariate age; Middle Panel: Box plot of Y stratified by co-
variate homosexuality (homosexual activity). Right Panel: Box plot of Y stratified by covariate
race.

In our analysis, we assume linear models for both the baseline and the contrast functions.
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For interpretability, we keep the response Y (the CD4 count) at its original scale, which is also
consistent with the way clinicians think about the outcome in practice (Tsiatis et al., 2008). In
Figure 4.3, we plot the scatterplot of response Y against age, and also its box plots stratified by
class variable homosexuality (homosexual activity) and race. From Figure 4.3, clearly Y exhibits
a skewed and heterogeneous distribution. With some preliminary experiments (fitting full model
with IsA-learning and RR(M)), we find that only covariates age, homosexuality and race may
possibly interact with the treatment. So in our final model, only these three covariates are
included in the contrast function, while at the same time we still keep all twelve covariates in the
baseline function. The estimated coefficients associated with their corresponding standard errors
and p-values are given in Table 4.4, where standard errors are estimated with 1000 bootstrap
samples (parametric bootstrap) and p-values are calculated with normal approximation. Only

coefficients included in the contrast function are shown.

Table 4.4: Analysis results for AIDS data. Est. stands for estimate; SE stands for standard
error; PV stands for p-value. All p-values which are significant at level 0.05 are highlighted.

Least Square Pinball(0.5) Pinball(0.25) Huber
Variable Est. SE PV  Est. SE PV  Est. SE PV  Est. SE PV
intercept -42.61 33.25 0.200 -33.45 38.49 0.385 -35.77 38.72 0.356 -42.76 32.08 0.183
age 3.13 0.84 0.000 2.62 098 0.008 246 1.04 0.018 2.80 0.79 0.000
homosexuality -40.66 17.11 0.018 -33.18 17.56 0.059 -35.38 18.26 0.053 -27.33 15.49 0.078
race -25.70 16.91 0.129 -33.56 17.54 0.056 -34.21 17.94 0.057 -25.29 15.55 0.104

From Tables 4.4, we make the following observations. First, IsA-learning (equivalent to Q-
and A-learning with this model setting) and robust regression with pinball loss and Huber loss all
have estimates with the exact same signs. Second, the estimated coefficients are distinguishable
across different methods. Third, the covairiate homosexuality is significant under 1sA-learning,
but it is not significant under robust regression with either pinball losses or Huber loss, when
the significant level « is set to 0.05. Fourth, the covariate age is significant under all methods.

We could further estimate the values (V,(g)) associated with each method by the inverse
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probability of treatment weighted estimator (IPTW) (Robins, 2000), where

V.(3) = >y WA = 9(X5)}Yi /(A X;)
: > A = 9(Xa) }/p(Ail Xi)

and p(A;|X;) = 0.5. The estimates are calculated based on 10-fold CV, where we randomly
partition the whole data set into 10 approximately equal size subsamples. We apply strati-
fied random sampling to guarantee that each subsample has approximately equal numbers of
subjects receiving each treatment. Thus, the condition p(A4;|X;) = 0.5 is always satisfied. We

repeat the above process 1000 times to generate the histograms of Vu(g) (Figure 4.4).
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Figure 4.4: Distributions of estimated values (IPWE) of different methods based on 10-fold
cross validation.

From Figure 4.4, robust regression with pgs and Huber loss perform slightly better than

IsA-learning, while robust regression with pgo5 performs the worst. We conduct KCl-test to
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check the conditional independence assumption € L A|X, and the result is given in Table 4.5.
For the estimates of RR(p(0.5)) and RR(H), the conditional independence assumption holds
at the significance level of 0.05, so the estimated ITR can be thought to maximize V,,(¢g). On
the other hand, this assumption doesn’t hold for RR(p(0.25)), and its estimated ITR does-
n’t maximize V,(g), instead it approximately maximizes Vj.25_4(g). This partly explains why
RR(po.25) performs the worst in Figure 4.4. Again, as RR(p(0.5)) and RR(H) are more ro-
bust against heterogeneous, right skewed errors comparing with the least square method, they

slightly outperform IsA-learning in term of V,,(g).

Table 4.5: Result of hypothesis test for conditional independence assumption € | A|X.

Pinball(0.5) Pinball(0.25) Huber

Stat. P-Value Stat. P-Value Stat. P-Value
KClI-test 36.319 0.060 67.249 0.002 33.214 0.083

4.6 Discussion

In this chapter, we propose a new general loss based robust regression framework for estimating
the optimal individualized treatment rules. This new method has the desired property to be
robust against the skewed, heterogeneous, heavy-tailed errors and outliers. And similar as A-
learning, it produces consistent estimates of the optimal ITR even when the baseline function is
misspecified. However, the consistency of the proposed method does require the key conditional
independence assumption € L A|X, which is somewhat stronger than the condition needed
for the consistency of Q- and A-learning (E(¢| X, A) = 0). So there are situations when the
classical Q- and A-learning are more appropriate to apply. Furthermore, we also point out in
the article that when pinball loss p, is chosen and the assumption € 1 A|X doesn’t hold,
the estimated I'TR approximately maximize the conditional 7-th quantile and thus maximize

Vr—4(g). From a practice point of view, there are situations when maximizing V;_,(g) is a much
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more reasonable approach comparing with maximizing V,,(g), especially when the conditional
distribution of response Y is highly skewed to one side.

In practice, there are cases when multiple treatment groups need to be compared simul-
taneously. For brevity, we have limited our discussion to two treatment groups. However, the
proposed method can be readily extended to multiple cases by just replacing equation (4.8)

with the following more complex form,

K—1
(I(A; = k) — m(X3))Cr( X5 By) |

1 n
Lsn(B,7) = — > M |Y; — o(Xi5) -
=1 k=1

where A = {1,..., K}, K-th treatment is the baseline treatment, m(X;) = Pr(4; = k| X;) and
Ck(X; By.) denotes the contrast function comparing k-th treatment and the baseline treatment.
All Theorems can be easily extended to this multiple treatments setting as well.

When the dimension of prognostic variables is high, regularized regression is needed in order
to produce parsimonious yet interpretable individualized treatment rules. Essentially this is a
variable selection problem in the context of M-estimator, which has been previously studied
in Li et al. (2011); Wu and Liu (2009), etc. This is an interesting topic that needs further
investigation. Another interesting direction is to extend the current method to the multi-stage

setting, where sequential decisions are made along the time line.

4.7 Supplement

4.7.1 Proof of Asymptotic Properties of Robust Regression

Define AC(x; 3) = C(x;8) — C(x; By). Assume v € ', B € B and «/ is any arbitrary fix point
inI.

Regularity conditions A:
(A1) {(Y;, X, Aj,€i),i =1,...,n} are i.i.d random variables.

(A2) ¢ L Al X; Vi=1,...,n.
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(A3) E|AC(X;;8)] < o0 VB € B.
(A4) Pr{x e X : AC(z;8) # 0} > 0 for all B8 # B,.
(A5) Elp(Xi;v)| <ooVyeT.

(A6) G2(v) has unique minimizer v*, where Ga(y) is the pointwise limit of Ls,(8y,7) —

L3, (By,7’) in probability.
(AT) L3n(B,~) is strictly convex with respect to (3,7).
(A8) €|X = x has nonzero density on R for almost all € X.
Lemma 4.1. |p,(x —y) — p-(z)| < |y|, for all T € (0,1).

Proof of Lemma 4.1.

lpr(z —y) —pr(@)| = [T {(z =)y —2} + A —7) {(x —y)- — 2}

<l@ =y —zi+ (@ —y)- —z-| =yl

Lemma 4.2.

pr(z—y) = pr(x) = —7yl{z = 0} + (1 — 7)yl{z < 0} + (y — 2){z = 0}1{y > '}
+ (2 —y)H{z < 0}1{y <z},
for all 7 € (0,1).
Proof of Lemma 4.2. Denote D = p;(z —y) — pr(x).
1.Ifzx>0,y<0=D=—1y;

2. Ifx>0,y>0, || > |yl = D= —71y;
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3.x>0,y>0,z)<|y = D=—1y+(y—2);
4. fx<0,y>0= D= (1-1)y;
5. fx<0,y<0, || >yl = D=(1-n1)y;
6. Ifx<0,y<0,|z[<|yl=D=1-7)y+(z—y);
Combining the above 6 cases, Lemma 4.2 is proved. ]

Proof of Theorem 4.1. Recall that the loss function defined in (4.8) takes the form
Lsn(B,7) ZPT po(Xi) — o(Xisy) + €& — (A — 7(X4)) AC(X3; B)] -

By definition,

~R . .
(Botr): ¥pim) =areming oy Lan(8.7) = Lsn(Bo. )

=argmin g ~) [Lsn(8,7) — Lsn (B0, 7)] + [Lsn(Bo,¥) — Lsn(Bo,Y)] .
Define
S1n(B,7) =L3n(B,7) — Lsn(Bo,v) = 1/”2611@7
Son(8,7) =Lsn(Bo,7) — Lsn(Bo,¥') = 1/”Zd2z

where

di; =pr [po(Xi) — o(Xi;¥) + & — (Ai — 7(X;))AC(X4; B)] — pr [po(Xi) — o(Xisy) + €],

dai =pr [po(Xi) — p(Xis¥) + €] = pr [po(Xi) — 9(Xi37) + ] -

By Lemma 4.1, A3 and A5, E|dy;| < E|(4; — 7(X;))AC(X;;8)| < E|JAC(X;;3)] < oo and
Eldyi| < Elo(Xi;7) — ¢(Xi; )| < Elo(Xi;7)| + Elp(Xi;9)] < 0o. Then, by Law of Large
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Number, V 8 € B, v € T', we have S1,(8,7) = G1(8,7) £ E(D), and S2,(8,7) 2> G2(7), where

D =p: [po(X) — p(X;7) + € — (A = 7(X))AC(X; B)] — pr [po(X) — p(X;7v) + €.

Below we show that a) (8, v*) is the minimizer of G1(3,7) + Ga(7), b) (By, ") is the unique
minimizer. The consistency then follows from the argmax continuous mapping theorem under
Assumption (AT7).

Denote K1 = ¢o(X) — o(X;7v) + €, Ko = (A—n(X))AC(X;3). By Lemma 2,

D=-— TKQl{Kl > 0} + (1 — T)KQl{Kl < 0} + (KQ — K])l{Kl > 0}1{K2 > Kl}

+ (Kl — KQ)l{Kl < 0}1{K2 < Kl}.

Since ¢ L A|X and Pr(A|X) = n(X), applying double expectation rule with X, we have
E[-7K»1{K1 > 0}] = E[(1 — 7)K31{K; < 0}] = 0. Thus,

G1<6,’7) = E[(KQ —Kl)l{Kl > 0}1{K2 > Kl}] +E[(K1 —Kg)l{Kl < 0}1{K2 < Kl}] (417)

It is easy to check G1(8,7) > 0 and achieves minimal value 0 at point (3,,~) for all v € I'. In
addition, by A6, we know G2() has unique minimizer 4*. Combining the above two facts, a)
is proved.

Combining A4, A8 and (4.17), we could prove G1(8,7) > 0 for all 3 # 3, and v € I". So
b) holds. O

Proof of Theorem 4.2. (a) When M (z) = H,(z), the proof follows similar steps as Theorem
1. The only difference is that G1(8,y) takes a different expression now and we need to redo
the proof of 1) G1(B,7v) > 0V3 # By, v € I, and 2) G1(By,y) = 0 Vy € I'. By definition,
G1(B,v) =2 E(D), where

D = Hu [po(X) — o(X;7) + € = (A —n(X))AC(X; 8)] — Ha [po(X) — p(X57) +¢].
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Then, 2) holds immediately. Denote K1 = ¢o(X) — p(X;7v) + €, Ko = (A—n(X))AC(X;B).

We have the following four cases:
1. If K1 > a then H, (K] — K2) > a(K; — K3) — 0.5a2. Thus, D > —aKa;
2. If K1 < —a then Hy(K; — K2) > a(Ks — K1) — 0.5a2. Thus, D > aKbs;

3. If K1 € [~a,a] and K1 — K € [~a,a] then D = 1/2(K; — K3)? — 1/2K? = —K1 K5 +
12K

4. If K, € [~a,a) and K7 — K3 € [—a, a] then

Ho(K1 — Ko) > 1/2(K71 — K2)? — {1/2(a + | K2|)? — [ + |Ks) — 1/20%] }

=1/2(K; — K2)* — 1/2K3.

Thus, D > 1/2(K; — K3)? — 1/2K? — 1/2K3 = —K 1 K>.

Combining the above four equalities and inequalities,

G1(B8,7v) >E[—aK31{K; > a}] + E[aK1{K; < —a}] + E[-K1 K21{K; € [—a,a]}]

+E[1/2K31 ({K1 € [~a,a]} U{K1 — K3 € [~a,a]})]

Since € L A|X and Pr(A4|X) = w(X), applying double expectation rule with X, we have

E[—aKl{K; > a}| = E[aK31{K; < —a}] = E[-K1 K21{K; € [-a,a]}] = 0. Thus,
Gr(8:) > E[1/2K31 ({K: € [~aval} U{K) — Ks € [~a,a]})] (4.18)

Combining (4.18), A4 and A8, we can check that 1) holds. Thus, part (a) is proved.
(b) When M(z) = Je(z), similarly D = J (K; — K2) — J (K1). Notice that we have the

following three cases:

1. If K1 > e then D > —Ko;
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2. If K1 < —e then D > Ko;
3. If K; € [—¢,¢€| then D > 0;
The rest of the proof follows similar steps as part (a). O

Proof of Theorem 4.5. From Theorem 4.1, 3. = B,. Plugging this into Theorem 4.4 and

applying double expectation rules, we have
J(r) =E | f (XT%(r) = po(X)| X)) -

and

. 2 [ 7(X)1-7(X)XXT O
S(r,7) = EQ [r=1{e < XT(r) = wo(X) }] .
0 XXxT
Thus, v/7(B(1) — B) iN(O, J ()81 (1, 7) 5t (7)), where J;H(1) and 11 (7, 7) are defined
as in Theorem 5. Conditional on X, 1 {e < XTy(1) — po(X )} is a binomial random variable
- - 2
with p = Pr (e < XTy(r) - wo(X)). Then, E { [T —He< X~(r) — @O(X)}] X} — (p—

7)24p(1—p) < 72 +|1—27|. Thus, ¥13(,7) < (72 + |1 — 27) E [F(X)(l - W(X))XXT}. O
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4.7.2 Additional Simulation Result
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Table 4.6:

by 10.

Summary result of Model I with non-constant propensity scores. dg 5 is multiplied

Homogeneous Error

100

200

400

800

method

LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber

Normal

Log-Normal

Cauchy

mse

PCD

d0.5

mse

PCD 6o

mse

PCD éo.5

1.70
1.90
2.35
1.51
0.77

(0.061)
(0.069)
(0.080)
(0.053)
(0.026)
0.88 (0.028)
1.06 (0.035)
0.68 (0.022)
0.39 (0.012)
0.43 (0.013)
0.53 (0.016)
0.34 (0.010)
0.18 (0.006)
0.21 (0.007)
0.28 (0.009)
0.16 (0.005)

81.9
80.1
78.2
82.1
86.8
85.5
84.5
87.3
90.2
89.3
88.5
90.6
93.3
92.7
924
93.7

0.91
1.09
1.33
0.89
0.50
0.60
0.68
0.46
0.28
0.32
0.38
0.25
0.13
0.15
0.17
0.11

2.90
2.13
1.95
1.77
1.35

(0.114)
(0.073)
(0.076)
(0.065)
(0.045)
1.00 (0.029)
0.83 (0.027)
0.81 (0.025)
0.65 (0.020)
0.47 (0.014)
0.41 (0.013)
0.39 (0.012)
0.32 (0.010)
0.24 (0.007)
0.21 (0.007)
0.19 (0.006)

77.6 1.34
78.3 1.25
80.4 1.08
80.6 1.02
82.2 0.91
83.0 0.79
85.9 0.59
85.2 0.62
86.9 0.48
88.4 0.38
90.5 0.27
89.6 0.30
90.2 0.27
91.5 0.20
93.4 0.13
92.6 0.15

3.54 (0.128)
8.45 (0.431)
3.67 (0.127)

1.54 (0.050)
3.61 (0.143)
1.58 (0.052)

0.73 (0.022)
1.50 (0.049)
0.72 (0.022)

0.36 (0.011)
0.78 (0.026)
0.37 (0.010)

59.3 3.61
75.7 1.57
69.8 2.28
75.4 1.60
59.2 3.63
81.1 1.00
74.7 1.70
80.7 1.03
58.0 3.79
86.5 0.51
81.7 0.96
86.3 0.53
98.3 3.75
90.3 0.27
86.9 0.50
89.9 0.28

Heterogenous Error

100

200

400

800

method

LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber

Normal

Log-Normal

Cauchy

mse

PCD

50.5

mse

PCD g5

mse

PCD g5

2.84
2.01
291
1.90
1.46

(0.111)
(0.082)
(0.110)
(0.074)
(0.053)
0.92 (0.033)
1.35 (0.049)
0.86 (0.030)
0.74 (0.029)
0.45 (0.016)
0.66 (0.025)
0.43 (0.016)
0.36 (0.013)
0.21 (0.008)
0.33 (0.013)
0.20 (0.008)

78.2
80.6
76.7
80.9
83.1
86.4
83.3
86.6
87.4
90.2
88.3
90.2
90.8
93.2
91.7
93.2

1.33
1.09
1.52
1.06
0.83
0.55
0.81
0.52
0.47
0.29
0.41
0.28
0.25
0.14
0.21
0.14

9.96
2.18
3.22
2.38
4.47

(0.773)
(0.080)
(0.105)
(0.090)
(0.371)
0.98 (0.035)
1.47 (0.049)
1.02 (0.036)
2.65 (0.402)
0.44 (0.017)
0.70 (0.023)
0.48 (0.018)
1.09 (0.066)
0.24 (0.009)
0.36 (0.012)
0.25 (0.009)

72.0 2.06
79.2 1.21
74.2 1.76
78.1 1.32
76.8 1.51
85.3 0.64
81.6 0.97
84.7 0.68
81.4 1.04
89.5 0.34
86.9 0.50
89.0 0.36
85.0 0.69
92.3 0.19
90.8 0.25
92.1 0.19

4.18 (0.189)
10.62 (0.475)
5.06 (0.230)

1.69 (0.065)
4.73 (0.241)
2.11 (0.079)

0.79 (0.029)
2.12 (0.091)
1.01 (0.036)

0.39 (0.014)
1.01 (0.034)
0.49 (0.016)

95.2 4.18
74.1 1.81
65.3 2.87
71.9 2.04
56.3 4.04
81.5 0.98
71.9 2.05
79.3 1.18
56.2 4.06
87.2 0.49
79.5 1.19
85.0 0.65
56.3 4.02
90.5 0.27
84.9 0.65
89.1 0.34
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Table 4.7: Summary result of Model II with non-constant propensity scores. dg 5 is multiplied

by 10.

Homogeneous Error

100

200

400

800

method

LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber

Normal

Log-Normal

Cauchy

mse

PCD 6p.5

mse

PCD o5

mse

PCD o5

0.36
0.57
0.65
0.38
0.16
0.25

(0.011)
(0.017)
(0.020)
(0.012)
(0.004)
(0.007)
0.30 (0.008)
0.17 (0.005)
0.08 (0.002)
0.12 (0.003)
0.14 (0.004)
0.08 (0.002)
0.04 (0.001)
0.06 (0.002)
0.07 (0.002)
0.04 (0.001)

89.8 0.29
86.9 0.46
86.2 0.52
89.5 0.30
929 0.14
91.2 0.21
90.3 0.26
92.8 0.14
95.1 0.06
93.8 0.10
93.3 0.12
95.0 0.07
96.5 0.03
95.6 0.05
95.3 0.06
96.4 0.03

1.65
0.61
0.22
0.45
0.74

(0.085
(0.026
(0.008
(0.018
(0.030
0.26 (0.008
0.09 (0.003
0.19 (0.006
0.36 (0.013
0.12 (0.003
0.04 (0.001
0.09 (0.002
0.18 (0.006
0.06 (0.002
0.02 (0.001
0.04 (0.001

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

)

80.8
86.4
91.7
88.3
85.6
90.7
94.8
92.2
89.7
93.8
96.5
94.8
92.3
95.6
97.5
96.3

1.06
0.55
0.20
0.40
0.61
0.24
0.08
0.17
0.30
0.10
0.03
0.07
0.16
0.05
0.02
0.04

1.31 (0.045)
4.67 (0.312)
1.70 (0.060)

0.52 (0.017)
1.69 (0.074)
0.70 (0.022)

0.22 (0.006)
0.63 (0.021)
0.30 (0.009)

0.10 (0.003)
0.29 (0.009)
0.14 (0.004)

58.7 3.69
81.7 0.93
74.7 1.64
79.5 1.14
59.1 3.64
87.8 0.41
81.3 0.92
86.2 0.53
58.0 3.79
91.6 0.19
86.5 0.49
90.3 0.26
58.2 3.76
94.4 0.09
90.6 0.23
93.2 0.12

Heterogenous Error

100

200

400

800

method

LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber
LS
P(0.5)
P(0.25)
Huber

Normal

Log-Normal

Cauchy

mse

PCD d¢.5

mse

PCD o5

mse

PCD o5

1.45
0.94
1.46
0.89
0.84

(0.059)
(0.034)
(0.051)
(0.034)
(0.035)
0.44 (0.016)
0.69 (0.025)
0.43 (0.016)
0.44 (0.020)
0.23 (0.009)
0.33 (0.011)
0.22 (0.008)
0.23 (0.009)
0.11 (0.004)
0.17 (0.006)
0.10 (0.004)

82.9 0.85
85.6 0.61
81.5 0.96
86.1 0.57
86.6 0.53
90.0 0.29
87.0 0.49
90.3 0.28
90.3 0.28
92.9 0.16
91.0 0.23
93.1 0.15
93.0 0.15
95.0 0.07
93.7 0.12
95.1 0.07

8.53
1.29
1.78
1.46
3.85

(0.784
(0.058
(0.071
(0.067
(0.358
0.60 (0.024
0.75 (0.024
0.66 (0.025
2.34 (0.393
0.28 (0.011
0.36 (0.012
0.31 (0.012
0.90 (0.057
0.14 (0.005
0.18 (0.006
0.15 (0.006

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

72.4 2.01
83.3 0.86
78.2 1.30
81.7 0.99
77.6 1.43
89.0 0.39
85.5 0.59
87.7 0.47
82.4 0.95
92.5 0.19
90.1 0.27
91.7 0.21
86.2 0.60
94.8 0.09
93.0 0.14
94.2 0.11

2.27 (0.132)
7.88 (0.422)
3.28 (0.157)

0.87 (0.034)
3.08 (0.179)
1.32 (0.050)

0.39 (0.015)
1.25 (0.048)
0.60 (0.022)

0.18 (0.006)
0.59 (0.017)
0.29 (0.010)

54.9
78.9
68.1
75.1
55.9
86.3
75.3
82.4
55.9
90.8
82.8
88.0
56.3
93.6
87.3
91.4

4.22
1.24
2.46
1.65
4.09
0.56
1.58
0.87
4.09
0.26
0.82
0.43
4.03
0.12
0.44
0.21

110



Table 4.8: Summary results with non-constant propensity scores when errors interacted with
treatment.

Least Square Pinball(0.5) Pinball(0.25)

Error do n mse PCD 5H 50_5 50_25 mse PCD 6# 60_5 50_25 mse PCD 5# (50.5 50_25
Normal 0 100 3.90 87.8 0.06 0.06 0.73 6.33 84.5 0.09 0.09 0.76 7.98 829 0.10 0.10 0.78
200 1.78 91.7 0.03 0.03 0.70 2.83 89.5 0.04 0.04 0.72 3.68 88.2 0.05 0.05 0.72

400 0.75 94.4 0.01 0.01 0.69 1.26 92.8 0.02 0.02 0.69 1.70 91.7 0.02 0.02 0.70

800 0.38 96.0 0.01 0.01 0.68 0.63 94.8 0.01 0.01 0.68 0.84 94.1 0.01 0.01 0.69

5 100 1897 76.4 0.19 0.19 1.31 15.58 75.2 0.20 0.20 1.30 21.14 73.4 0.30 0.30 1.19

200 8.40 82.4 0.12 0.12 1.24 7.39 80.4 0.14 0.14 1.22 11.36 80.4 0.22 0.22 1.08

400 3.97 87.8 0.06 0.06 1.18 4.22 84.9 0.09 0.09 1.14 7.35 85.3 0.17 0.17 1.02

800 1.98 91.7 0.03 0.03 1.13 2.93 87.8 0.06 0.06 1.08 5.43 88.0 0.15 0.15 1.00

10 100 49.37 68.6 0.30 0.30 1.76 23.68 70.6 0.26 0.26 1.71 48.69 67.9 0.43 0.43 1.32

200 22.74 74.7 0.21 0.21 1.72 11.37 76.3 0.18 0.18 1.61 31.67 74.5 0.37 0.37 1.14

400 11.09 80.8 0.14 0.14 1.66 6.86 80.5 0.14 0.14 1.51 24.55 78.2 0.31 0.31 1.05

800 5.36 86.0 0.08 0.08 1.60 4.77 83.3 0.10 0.10 1.42 22.29 80.3 0.28 0.28 1.01

Gamma 0 100 4.33 87.3 0.06 0.06 0.06 5.97 84.8 0.09 0.09 0.09 5.61 85.9 0.08 0.08 0.08
200 1.76 91.8 0.03 0.03 0.03 2.51 89.9 0.04 0.04 0.04 2.52 90.3 0.04 0.04 0.04

400 0.79 94.2 0.01 0.01 0.01 1.18 93.0 0.02 0.02 0.02 1.18 93.1 0.02 0.02 0.02

800 0.39 959 0.01 0.01 0.01 0.61 94.9 0.01 0.01 0.01 0.58 94.9 0.01 0.01 0.01

5 100 18.45 78.1 0.17 0.20 0.34 10.89 77.8 0.20 0.17 0.24 11.60 79.1 0.27 0.17 0.15

200 8.01 83.8 0.10 0.14 0.28 5.50 83.0 0.13 0.10 0.15 6.18 85.5 0.21 0.11 0.06

400 4.00 88.0 0.06 0.09 0.23 3.45 86.9 0.09 0.05 0.09 4.53 88.2 0.18 0.08 0.04

800 1.93 91.9 0.03 0.05 0.19 2.55 88.8 0.08 0.03 0.06 3.48 89.5 0.16 0.06 0.03

10 100 49.62 71.0 0.27 0.35 0.92 20.82 74.5 0.28 0.24 0.65 33.03 75.0 0.46 0.20 0.32

200 23.14 76.0 0.19 0.32 0.94 11.48 81.0 0.20 0.15 0.55 24.14 79.3 0.42 0.13 0.22

400 11.46 81.0 0.13 0.26 0.90 8.23 85.3 0.16 0.09 0.46 20.72 82.0 0.39 0.10 0.17

800 5.50 86.4 0.08 0.20 0.83 6.68 88.1 0.13 0.05 0.40 19.38 82.9 0.36 0.07 0.16
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