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On Thermodynamic Restrictions for Some Visco-Plastic Material Modsls
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ABSTRACT

T‘e medynamic restrictions for the censtitutive velations of 2 general in-

rnal variable model are derived by cvaluall ng the Clausius-Duhem entropy
nequality with 2 modified version of Miller's concept. Thig involives the
rbitrary modulztion of only the initial Vd1LeS on the boundary of t(he
Lﬁdy The results agree with the classical restrictions obtained by Celeman
and Gurting their approach invelves the arbitrary modulacion of the body
force and the heat supply which was subject Lo criticism.

The evaluation of the derived residuzl entropy inequality is shown for a
visco~plastic material model which iz a thermodynamically eztended version
of the Robinson model. Hacessar ry and sufficient cenditions for the material
data are obtained in an explicit form. These results alsc demonstvate that
the purely mechanical Robinson model is formally consistemt with therme-
dynamics.

A few remarks are added; they concern an evolution equation which con-
tains the temperature vrate as an additional variable,

1, INTRGDUCTION

It is well known that continuum thermedynamics imposes restrictions on the
constitutive egquations chzvacterizing the material behavior. These thermo-
dynamic restrictions derive from an evaluatcion of an entropy principle to-
gether with the balance equations and the assumed constitutive relaticns.
Whereas ihe validity of the balance eguations is generally not questisned
the entropy principle or the entropy produciion ineguality has raised many
controversies which pereist at the present time [1-3]. Very often the en~-
tropy principle is taken to be the Clausius-Duhem inequality given by
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where 1 is the specific entropy, ¢ are componenits of the hezi flu ux, r is

the external heat supply, 7 is the absolute temperature, s is the density,
and V, A, n, are the volume and the surface area of the body and the ex—

ternal wnit vector on the surface. The usual cummacion convention applies
to repeaced subscripis.
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ficienrly smooth fields rhe divergence theorem and localization
vield the local Clausius-Duhem inequaliiy

or=pi+ (2], - =0,
T\ e T BT
here the comma (.); denotes partial differentiation with regpect to the
cartesian coordinate x, and the dot marks materisl time differentiation.

In 1963 Coleman and Noll [4] introduced an argument{ which allowed to draw
conclusions from this inequality. The Coleman~Noll argument considers a
large variety of admissible tChermodynemic processes, i.e., any solutions of
the balance equation with proper account for the zssumed constitutive rala=
tions. Once this process is prescribed a “digsipation postulace” is re~
quired to held: "For all admissible thermodynamic processes and for every
part of the body the entropy production must he non-negative.” The decisive
words are the quantifiers "all" and "every”. The quanicifier every” re-
guires that the local form ghould he sarisfied, and the quantifier "all®
requires an identical sztisfaction of (1.2) which makes the postulate a ve-
strictive condition on the constitutive assumptions.

The concept of Coleman and Woll, applied by many others and promoted by
Truesdeil [3], has been cviticized for different reasons [eoge 1-3, 6]. One
of them is the following. From a physical standpoint an admissible process
iz controlled by prescribing the body force and hest supply as well as ini-
tizl and boundary comditioms. In the approach of Coleman and Woll the body
ferce and the heat supply are veguirsd to he assigneable in any way but
initial and boundzvry condifions need not to be considared explicity. HWoods
[7] hag cricicized this aspects The fictitious body force and heat supply
might be supplied only by some imponderable medium permezting the body
("phlogiston axziom”), they lie bevond control at inmterior points of the
body. Green [S] did respond to the critiecism but withoui much success [8].

Ir 1867 the Coleman~Woll approach was used by Coleman and Gurtin [10] to
derive fthermodynamic restrictions for the constitutive equations of non-
linear materials with internal variables whose temporal evolution is gov-
erned by ovdinary differential equations. Later this development was the
basis for elastic-plastic material models [e.g. 11, 12].

In section 2 the eclassical vesult of Coleman and Curtin is sumnarized.
Then an aliernative approach is deescribed which accounts for the criticism
of the "phlogiston axiom”. This approach is based on an idea of Huller
[e.g. 13, 12] where body forces and heat supply are not allowed to be gz-
gignable in any way hut where the arbitrariness of initial conditions ip-
duce a sufficiently large variety of admissible thermodynamic processes.
Since Miller's results cannot be simply transfered to the present problem
his approach is extended. It is shown that both approaches give the same
general thermodynamic restrictions, The evaluation of the derived residusl
entropy inequality requires more definite assumptions about the strusture
of the internal variable model.

Such an evaluvation is done in sgection 3 for a visco-plastic material
model with internal variables involving discomtinuous evoluticn equations;
it is a thermodynamic exztension of an eavly version of the mechanical Rob-
ingson model [15]. These discontinuities reguire due considerations based on
the time-integral form of the basic equations. Within the freme of the as—
sumptions it is indicated that the time-integral entropy inequality does
not impose additional constitutive resirictions beyond those obtained when
smooth processas apply.

(1.2)



The evaluation ¢f the recidual entropy inegualicy for the general three—
dimensional state of stress is pointed out. Here the problem is to derive
necessary and sufficient conditions for the material paramsters such Chat
the entropy production is non-negative. In general chis is a formidable
problem. However, for the simplified versiom osf the Robinson model the
state space can be veducad in dimension such that explicit conditiens on
the material parameters can bhe obtained. Thege condibions apply provided
some of the material parameters are within certaia ranges relevant to ap-~
plications.

Finally, for a later version of the Robinson model it is indicated that
the presence of a temperature rate term in an evolutien equation destroys
the classical thermcdynamic potential rvelations but there is an invernal
variable transformation which restores the clagsical form,

2. DERIVATION OF THERMODYNAMIC RESTRICTIONS FOR 4 GEMERAT, INTERNAL VARIAELE
MODEL

Ag in [10] the constitutive relaztions of the genaral internal varighle
model for the stvess oy, heat flux qpy internal energy e and entropy n are
assumed to be given by
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and ordinary differential equations represent the evolution equations faor
the internal variables ay
R R - " - 2
aYAf)V(gmfl,gk,mJ? v=1,..n: (2.2

here g,, is the infinitesimal strain tensor and gr = /oy ie the tempera-
ture gradieni. IL should be noted that the analysis ie vestricted to in-
finitesimal straine and rotziions.
The local energy balance equation
pézromﬁu-—qhk~kpr (2.3
allows to eliminate the hest supply in the local entropy imequality (1.2)
which reduces to the dissipation inequality

: ; Ll (2.4)
y:ZGYTZUM%!—pw——pnF—— p =0 28
if the free energy
i - (2.5)
w Ty = w(almg;,m\{) }
is introduced. Thus (2.4} may be written as
& a 5 n &
a ay . {ﬂ Gy o o ar - 9E, Qe
o, —p gyt = T —p—pg, —p—f - —= =g, (2.6}
R gg, Jeym THTAE T g ag, F Tan T o
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here the subscript sym d

A suificiently smooth displacement and
Txm, ¢) as well as inmitial wvalues gy of the iite:mﬂl variable
admissible Lhernoayﬂ amic cess with the ass
supply obtainable from the balsnce eguations. Therefore the races (zz, T,
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gz) of the external ables are lgcally arbitrary and independent. &1

e Since
the vates are only 111 arly involved, the necessary and sufficient condi-
tione to satisfy equ. (2.6} for all processes are

F:S ] A 2N
A 1 (aup dy ) . o g
G, —p — + =0 g+ = =0 =0 (9.7
TPy B, 2, 7 %, (2.7
and the residual inegqualicy
i f’,/“p'
— fﬂ’., A {2.87
do, Y T
v
these are well known classical resulis.

In the following another approach patierned after Miller's concept [13]
is briefly described; For a more detailed analysig see [17].

A thermodynamic ocess is governed by Lhe balance of energy (2.3} and
ithe balance of linear momeWLun ahe“e the heat supply and the body force ave
prescribed guantities. : ad for
the alsuWucenents veloe a cer-
tain region D of the bod values
of the straims, stvain rz g g inter—
nal variables as well as higher order derivatives are obtainable if
raquired. Then L = 0 repregents a lin-
car P.D.E. of temperature rate

(2.9

with the follow

wheare

{2,113

. » o de
C= ﬂ(r)t =0 q/zm t=0 kp Unztz/}syr:vzﬂﬁ = O(Lrniz)ﬁ =0 P( o

f
do VA=
“mn Y

From the theGVy of partial differential equations it is known that (2.10)
admits a unigue solution y{x,) if he initial temperature vate is pre
scribed along an open “non-— i %

characteristic™

i boundary surface B, i.e., w{z*,}
= y¥ (1) = aT(7,v,60/08)e=0; here T is givan along B and (Zg'w are surface
coordinaies on B. B iz defined by the pavameter vepresentaiion z = x%, (I,
1. If the surface B dces not conkain any characie istic base curve dafined
by the chavacteriztic system of assoc1ac@d te (2.10), then B is
called non-characteristic. The con

, “2 (2.12
det E A 4 9 (2.12)
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where A%, are the values of {2.11)] on & [17]. For given constitutive fung—
tions 1 and ¢, and after explicit temporal and spatial differentiacion in
(1.2) the entropy inequelity relates the independent variables (s, T, g,
ay} as well as the first temporal and spatial derivatives collesctad in the
set

R:= {&

o o >
B B 16 8 b (2.13)

m vk
The entropy inequality is required to be satisfied identically for all ad-
missible processes also at the initial instamt ¢ = D, The quantities repre-
gsented by the set

C.:={e ¢ T,gk zzfﬂk,g, =7 a

G mn’ Lmn,/z’ Snm’ kam Tmk’ O'\j‘" Y.l }.i:() (2.14 !
can be obtained from the initial values and they may assume independently
arbitrary values locally. However, the initial temperature rate y and its
derivative y,, = (§1)i=0 a5 well as the accelaration (i dy=g are not indepen-
dent. The acceleration ie completely determined by the set ©Cg for a given
body force via the local halance of linear momzntumi thils neads not to bz
accounted for since the accelevation does mot appesr in (1.2). On rhe oiher
hand, y and y,, are related by (2.10). Thevefore, equ. {2.10) is solved for
the initial temperaiure rate vy and the result is put into the zntropy in-

1

5
equality. For ¢ = 0 the inegualicy takes the folleowia form
) ¥ 1 y g

| oh  afyer @ . o aReT  ab
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L an/eT B . e, 9 o )
5 - af‘*aT } 88_ sym Lmn,f‘.! + ag gm,f-: C 531_ ay,k v ﬁr g.’c —pr (2. 157
mn mn ¥
an  ahiar b 9,2,
3 foiss h [=]
+p(,‘“h? )/"— ;. =0, =0
da, T ga S g

4ll gquantities im (2.13) except v,, are derermined by initial conditionms in
the resgion D whereas y, can be obtainsd from the solution of the linear
P.D.E (2.10}. However, if attention is rastricred to material points cloge
to the boundary surface B, the derivatives Vim can be expressed uniquely in
terms of the initial temperature rate y¥ and its surface derivatives ay*/ak
dy*/at on B provided the surface B ‘s non=charactaristic [17]. Since this
relation is linear and since the surface values are locally srbitrary so
ave the derivatives (y,,)B. The same is true for the inirial vslues of Emn
as well as eppp, oyp and especially gmk close to B. Therefore and because
these quantities occur only linearly im the entropy inequalicvy the dissipa-
tion postulate vegquires chat cheir corvesponding coefficients in (2.15)
vanish and a residual inequality remains.

Actually, these conditiong are derived for material peints close to the
boundary B at t = 0. Since the constitutive velarions do not explicitly de-
pend on time, the choice of the initial time is irrelevant. Further, the
surface B may be chosen fairly arbitvarily excepi that it should be non~
characteristic. Thus, the conditions apply at any time zad any peint in the
body.

With the introducticon of the free energy function @ it may be shown fi=
nelly that the above conditions agree exactly with (2.7) and (2.8),

Tt should be noted thai the same vesultz are obtalned if the mathod of
Lagrange's multiplievs is used. This approach has been propesed and used by
Liu [18] and Miller [14] to account for the balance equations which repre-
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gent constvaints on the evaluziion of an entropy inequality. However, this
formal technique conceales essential aspects of the argumentation.

It is obwvisus that the evaluation of the entropy 'nequa'”ty does noi end
here: The residual entropy inequality imposes resirictions on variocus con-
stitutive functioms. 4 concrere exampls is discussed in the newxt secticn.

3. EVALUATION OF THE BRESIDUAL ENTROP INEQUALITY COF A VISCO-PLASTIC MATE-

RIAL, MODEL
The Eobinson model [15, 16] is essentially a mechanical visco—plastic mate-
rial model with internal variables which hag been extensively used at the
Huclear Research Cemnire Karlsvuhe [19). It has been developed without em-
beddwmg it in 2 thermodynamic frame. However, in general it appears to be
degirable that also a mechanical model should be interpretable as = special
case of & more embracing thermomachanical models possibly the thermodynamic
requivements may ilmpose rvestvietions even on Lhe structure of tbe purely
machanical medel, Thevefore, a thermodynamic aonsl"“enay analysis of the
RBobinson model was done; a detailed deseviption is given in ref. [2@]c of
course, such an analysis reguives a thermodynamit extension of the model,
i.e., an assumption aboui the struciure of the free energy.

The fovmal structure of zn early vevsion [15] of the mode! is as follows.

e

he zlastic respomse is governed by Hocke's law

el el o (3.1}
o = 2pett ot .1
ki B L!zl " Sam Okl
where 0 = gy - emP =~ epith i the 1 rely elastic stwain, gy is the total

e
i«
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ﬂ
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strain, sy o= alaSLl strain, and gt = A (T = Ty} 8§, is the
thermal straim. The p;astic straln ia governed by the evoluiion law

4
4t i 7 15
.o L F —\77 = 0 and “6, >@
2%1 = Vg ) {2.2)
0, Oorkﬂix,Aﬁ@

which involves the deviatoric back stress ay determined by the evolution
law

fovm-p 1,
> Lep [ *e Bl .
&, = HS[’I—N(_E> — (3.3}
: B x / \/12
h f _ a
— > and >
; %ﬁ’ 9 wzaﬂa“klaﬂ’/a
) Uy (3.4)
H =
i 3 S 0
fo=7 5 a =
N R B A A ;
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beve Yy is the deviatoric stress, Ly = 8y - ay is the effective sivess, Jo
Ind ~

= Ly Epy/2 and Iz = oy opy2 ave the second invarianits of the effective znd
i 129

thz back stlessg F o= Jok?2 =~ 1 is ?umctiong and ® = g = const, is

the drag sivess assumed to be consg e that the second term in (Joj}a
atic reﬁ@very tevim, cor i to a mﬂdiFicatﬁon by Hornberger
[u)

l.2., the st
and Sctamm [
trople harden:
Iy, By My m
al paramete:

s
W

e
B
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asgumption aof a netani drag stress implies that iso-
ng is not modeled thi ersion. The quantities A, &, R,
B with {m ~ B2 > 0 arve positive tempsraturs dependent materi-

— Sl —



Inspection shows that the evolution laws allow for discontinuities in the
rates of the plastic strain and back stress. This peculiar property re-
guives some extra considerations. The derivation of thermodynamic restric-
tions is usuelly based on the agsumpbion that processes are smooth funec—
tions of times here the local instant form of the Clausius-Duhem entropy
inequality is an adeguate starting point. However, the Bobinson model re—
quires a more general approach, i.2., a time integral formulation of the
entropy inequality and the balance eguations. In ref. [20] an analysis has
been performed for z general internal variable model wilih continuous con-—
stitutive relevions (2.1) but allowing for discontinuous evolution equa-
tions for the internal variables.

Within the frame of these assumptions it is shewn that the time~integral
entropy inequality

A Fi2 ’
2 pr [ 9% 1,
gndV - L —dV — T — dA 1 di =0
Iy L1 a by T a 1

does not impose additional constiintive restrictions beyond those obtained
when smooth processes apply, i.e., equ. (2.7) snd (2.8).

Puriher, it ig vecalled that the dissipation inequality splits into the
Lwo separate inequalities for the mechanical and the thermal dissipation,
i.e

aBa,

. il &
myf N &y

; " lral
go v 7 7
v

Iy
=
I
|
W
)
EanY
(5]
o

YM" = =D
if the evolutisn fumctions are independent of the temperature gradient as
vsually assumed.

To complete the description of the thermodynamic extension of the Robin-
son model am assumption about the free energy bas Lo be made compatible

with (2.7}1 and (3.1). The most simple assumption is

e 11 e e
_ ¢ oo o o e . \‘e@ of
wv=uw (Sk’ amn’ n = D 2 (_'p Skl ik 4 mm “nn
(3.6)
i 1 i
ey oo th ooy g e
. (BN + 2A" (4 i(])me 4 ; Mc’z a + (T
where ¢4¢ is the thermoelastic strain epes = ey = epf. The purely thermzl
4 ki ki o f k ¥

part w? need not to be specified any further., This assumption essencially
involves only one additicnal material parameter, namely M, which may be
temperature dependent. Then it may be shown that the mechanical dissipatcion
inequality (3.5}1 takes the following form

Y T Yp T YT Vg
fy\m—p (3.7}
P :\P N — NAET G‘JD — ‘ _-)" -
Yp: = Snm Thm 7 Vg = 7 M L an Eran’ Ypr = quR( ) \/12

X
Q

yp is the plastic stress nower which iz, observing (3.2}, a nonwnegative
quantity. The concributions vy and yp are due to the hardening and the
static recovery terw im equ. {3.3). In the elastic range (£, = D) one gets
Vg = vp = 0 and this yields MR = 0, Since F > 0 one obtaing

M=0 (3.8
as a necessary and sufficient condition in the zlastie TANER .
With K3 = oy, 2,2, which iz one of the simultanesus invarlants of the
tensor pair (dmp, Dmps, and with (3.2) the hardening contribution yy veads
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in the plastic region

o =0if K,=0
v, = — MHFHA 2K, o (3.2]
4 ‘\/U Sl <0 FE, >0 .

It is now cbvious that only tov Ky > 0 the negative contribution vy may
cancel out the other two positive COPtflbU*TOTS and Vi may become nega-~
tive. We introduce dimensionless invariants lg = Ialu2, Jg

Ky/x,2. These invariants are related by the Schwarz inequ
1

K| = ViV, e Ky =evi Vi, o<ts

Observing that only positive values of K@ are _of interest, the mechanical

dissipation is a function of the variables b,JQ) and § wheveas T is a pa-

rameter. The analysis shows that yy is definitely non—negative pro v*dsa {1
Hpor M) 2 0, Hypy = RI(J3)B. However, this yields only a g

bound condition for the material parameter M. For 2 given set Df v°1 28 i27

ug and with {1 -~ B, M} < 0 a lower bound yip for yy is obiained by set-

ting § = 1y thus

H

Jelu,?, and f‘fg

ality

(3.10)

\4 ~ ] - r3 o o fo &7 I .o ( ~ l ,l
. 2 T o ™ i F IR e L 7 5
Vi = Uy Uy oy =L = vy Uy, 1) = vy thy, J,y, 61 -1
and this bound is actwally attazined for a state with § = 1. Therefore, it
suffices Lo aalyce the rzduced inequality
otf 0 a L
gy L 7 - 3 LR
VLL(2 =0, V=0, 4 =1, (3.123

This result greatly simplifies
done in geometrical LELHS.17 a
temperature. With x: = V [y, y& = 3

y _ iy e e L 4 i 2
Y, = 2AK0 (y‘z — 1y A~ HeoM) x| + RMK (x )m B 7, y), =0,y =1, (3.13)

Since (1 - H,,.M) is assumed to bhe ive, the square bracket in {
may become negative. Thus, a gritical reg] ste in the (x, ¥
where y;p may become negative., If it is assumed that the exponent § iz 1

8 Te-
stvicted by B = %, in accordance with da t for the Robinson medel [1537,
then the shape of the critical region AB'E"CA approximates & trizngle (Fig.
1} and is located around the "switch value Xo = wﬂgo Along and outside the

boundary of this vegion the lower bound dlel?:LlOu iz Do:1w1ve everywhere.
The critical vegion vanishes if point € collapses inte BY and this yield
another improved sufficient upper bound for M.

An necgssary and sufficient condition for the material parameters is de-
rived by requiring that the absolute minimum value of the lower bound dis—
sipaticn is non—negative in the critical region. However, classical exire—
mal conditions camnct be simply applied gince the derivative 3yrp/dr ie dis—
contmwuoue aleng B'C. But a qualitative geometrical pieture of the function
Vip can be derived separately for the two *erioic B'BYCB’ and AR'CA. A de-
tailed analysis [20] shows that in region B'B"CBRB’ the absolute minimum is
located at D(x,, y,) where y, iz obtazined from the “Oﬂdl-_ﬂi {ay,B/ﬂy% = 0.
In the critical region AB'CA the exisience nof a relative minimum cannot be
excluded generally. However, if the ezponenis satisfy the condition(m -
B)/n < 1, a requirvement the data usually obey, a relative minimum does not
exist. Comsequently, the absolute minimum fs either at A ovr D. But at & the

UTJ

t

lower bound dissipation is necessarily positive. Therefore, the necassary
and sufficient condition for the material pavemeters is given by
2 -
; o A = (Jolé')
1y (LO, “/o} 0.
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0

Fig. 1t Distribution of the Lower Bound Dissipation yrp in the Critical
Region AB'B'CA

t should be noted that {3.14) invelwves only the temperature dependent ma-
terial paramsters.

The derivation of a strict upper bound criterion for the parameter M us-
ing {(3.14) is a difficule rask. However, another improved sufficient
bound may be obtaired from {3.14), which is given by

upper

213 N
X [ T o B Un 2—V2 s
0= M< — [ﬂ+ L an ﬂ%—(i;(l%f%ﬂ> x'ﬂ — ! }. (3.15)
h x, Zn Ah o %, Zn

Wote that the r.h. s. contains only the pavameters of the mechanical Robin-~
son model. The sufficient upper bound (3.13) encloses the two other suffi-
cient bounds mentioned above.

The results yield the following conclusion. There is a thermodynamical ly
extended version of ths Robinson model which satisfies the mechanical dig~
sipaiion inequality whatever Lhe parameters of the mechanical Robinson
model are. The extension chosen herz is not the only one but obviously the
simplest. Since the Robinson perameters per se are found not to be subject
to thermedynamic restriccions, the mechanical Robinson model is formally
consistent with the entropy inegualiiy.

For the test of the mechanical Robinson model igothermal purely mechani-
cal experiments (e.g. creep, relazation, etc.) are sufficient. However, for
the test of the thermodynamically eztended model calorie measurements ave
vequired too, and cbviosusly the extended model may fail in these tests even
if mechanicsl experiments are perfecily described,

These observations demonstrate chat a thermodynamic consistency analysis
of a purely mechznical model can only yield the assurance that the model is
the isothermal derivative of one or the other thermodynamically extended

(i.e. non-isothervmal} model which is compatibie with the entropy inequal-
iky.




The example also shows that a thermodynamic consistency analysis may be
guite complicated: For more complex models closed form solutions like
{3.14) or (3.13) are not likely to be obtained. This fact mzkes a frequeni-
ly used assumption rather atiractive: The introduction of the concept of
thermodynamic forces and the non-negative, convex dissipation potential
such that the evolution laws are expressed by a normality propertys then
the dissipation imequality is automatically satisfied [21]. However, ag
noted by Stamm [22], the Robinson model does not fit into this frame.,

4. REMARKS ON MODELING THE THERMOMECHANTCAL HISTORY DEPENCE OF ISOTROPIC
HARDENING

& later version of the Robinson modsl [16] includes isetropic hardening.
With & =3x2? the corresponding evaluation law is assumed to be

L
k=t nwt owt, nE wh o= J 5, B dt {(4.1)

where I' and © ave functiens of the absolute temperature T and the plastic
work WP. The temperature rate term models thermomechanical history depen-
dence and thus equ. (4.1} is not integrable, i.e., al'fal ¥ 30/eWF. Equ.
(4.1} represents a special case of more general evolution zquations which
involve the rates of all the external variables in a linear form. This gen-—
eral case has been trezted by Lubliner {23] to come extend and a more spe~
ciflc analysis ig preszently performed by Lhe author: some results wirh re-
spect to the Robinson model are presented here.

The evaluation of the Clausius-Duhem antropy inequality with the Coleman-
Noll avgument and with the free energy w = @(&M,QWJ“K;T) yields a residuzal
entropy inequality which is not affected by the temperature rate term in
(4.1). However, this additional term destroys thz classzical potential relz-
tion for the entropy since the following restriction applies

‘ sy ap O
n= - — ——
' T ok Bx

This also means that the Legendre-Fenchel transformation is not applicable
here. One may raise the question whether a suitable transformation

b= stk Wl)yT) = 30c)? (4.2}
exists which allows to reduce the evolution equaiion (4.1} to the form &'=
"WP; then also the classical potential relation for the entropy is re-
tained. Time differentiation of (4.2} yizlds

N

a Je dé) o og ) o
lz‘:(il‘+ —P)W'P%-(ﬁﬂ-’rgg)T. (4.3)
If a reduction is pessible then the condition
ag dg
— 0+ = =0 wa
ak T (4.4

admits a scluticn. With the new variable

T

X = J oaw®, mar = ywt,m,

;
0

where Ty is a referemce temperature and WP plays the part of a paraneLer9
equ. (h.4) veads &ﬂakA.dgmx‘ﬁO This admits a general solution of the form
k= gy = wk-y) where w(-) is an arbitrary function. Therefore, the sim-
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plest transformation is given by
T

ko= w(k——x):g(k,wp,ﬂmk—y s’ mar (4.5)
T
0
and the transformed evolution equation is given by
T \
o 0, 8 A o0 ¢ n
k“:(—gm i)W”:(I‘-J —dT)W‘ . (4.6)
ok aw? T, WP

Thus, the suitable transformation simply consisis in a temperature and work
dependent shift of the isotropic work hardening variable % and the clasgsi-
cal potential for the entropy is preserved. It is noted, however, that the
free energy then hecomes an explicit function of the plastic work, if 0 de-
pends on WP, a property which may raise objections. Finally, the above
analysis on the reduceability of a non-standard evolution aquation also
makes evident that the evolution egquations of the form {2.2) are not form-
invariant when a transformation of the internal variables is done which in-
volves the external variables.
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