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IMPEDANCE MATCHING 191

Figure 6-46: Design 1. Hybrid design combining a transmission line with a lumped element in
shunt. The design is identified by paths ‘g’ and ‘h’.

GENERATOR.’ A line drawn from O through L intersecting the scale has a
scale reading of ℓL = 0.280λ. Then the scale reading at A is similarly found as
ℓA = 0.452λ and so the line length is ℓg = ℓA−ℓL = 0.452λ−0.280λ= 0.172λ.
Another way of determining the electrical length of the line is from the
change in reflection coefficient angle. For L the reflection coefficient angle
is φL = −21.8◦ read from the innermost circular scale. This angle is just the
angle from the polar plot. Then the angle at A is read as φA = −145.7◦. The
difference is |φA−φL| = |−145.7−(−21.8◦)| = 124.9◦. The electrical length of
the line is half the change in reflection coefficient angle and so the electrical
length of the line is θg = 1

2124.9
◦ = 62.5◦. Now λ corresponds to an electrical

length of 360◦ so θg corresponds to 62.5/360λ = 0.174λ corresponding to the
previously determined length of 0.172λ which is very good agreement given
that these were derived from graphical readings.
Path ‘h’ defines a shunt inductor and a circle of constant conductance is
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followed with only the susceptance changing. The susceptance indicated by
Path ‘g’ is bg = b1− bA. To obtain bA extend the circle of constant susceptance
through A out to the unit circle. The extended circle cross the unit circle
between the susceptance labels 2.0 and 3.0. A check is that susceptance is
positive in the bottom half of the Smith chart so the signs of the labels do
not need to be adjusted. There are two scales adjacent to the unit circle,
one for normalized susceptance and one for normalized reactance. Since
the intersection is close to the infinite susceptance point at the s/c (short-
circuit) so the values that are becoming very large towards s/c are used.
Interpolation results in the reading bA = 2.48. A similar process applied to
Point 1 results in b1 = −0.598 where the negative sign has been applied to
the scale reading since the point of intersection between the arc of constant
susceptance passing through Point 1 and the unit circle is in the top half of
the Smith chart. Thus bh = b1 − bA = −0.598 − 2.48 = −3.08 and so the
normalized reactance of the shunt element is xh = −1/bh = 0.325. The un-
normalized reactance of the shunt element is Xh = xhZREF = 16.2 Ω.
The final Design 1 hybrid layout is shown in Figure 6-45(a) with Xh = 16.2 Ω,
Z0g = 50 Ω, and ℓg = 0.172λ. That is all that is needed to define the electrical
design, providing the electrical length in degrees, θg = 62.5◦ is redundant
but provided anyway. The transmission line in Figure 6-45(a) is shown as as
the top view of the strip of a microstrip line as is commonly done. A more
common way of representing this schematic is shown in Figure 6-45(b) where
the ground connections at Ports 1 and 2 have been removed and the ground
connection of the inductor shown separately.

6.9.4 Design 1 with an Open-Circuited Stub

In the previous section Design 1 was left as a hybrid design with a
transmission line and a lumped-element inductor. In this section the lumped-
element inductor is implemented as an open-circuited stub, see Figure 6-
45(d). Recall that the 50 Ω-normalized susceptance of the inductor is bh =
−3.08. If the stub is also implemented as a 50 Ω line then bh can be used
unchanged. Point C in Figure 6-47 corresponds to the normalized admittance
0 − 3.08. The unit circle is the zero conductance circle (and is also the zero
resistance circle) and the susceptance is read from the scale adjacent to the
unit circle again using as reference that susceptances in the top half of the
Smith chart need to incorporate a negative sign and the susceptance scale
is identified by the susceptance values becoming larger approaching the s/c
point. Point C also corresponds to xh = −1/bh = 3.25 and indeed this is the
value read from the normalized reactance scale.
A transmission line needs to be designed to have a normalized input
susceptance of bh = −3.08. Choosing an open circuit, o/c, termination the
point corresponding to o/c is as identified in the figure. At the o/c point
the length scale reads ℓo/c = 0.250λ. The locus rotates in the clockwise
direction up to Point C where the direct electrical reading reading is ℓC =
0.050λ. Using this directly to determine the line length ℓk = ℓC − ℓo/c =
0.050λ − 0.250λ = −0.20λ which indicates that the stub has a negative
length. Clearly an erroneous result. This apparent discrepancy comes about
because the length scale resets at the short circuit point where the length scale
abruptly goes from 0.5λ to 0λ. Thus the corrected ℓC reading needs to have
an additional 0.5λ. Thus the corrected value of ℓC = (0.5 + 0.050)λ = 0.550λ
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Figure 6-47: Design 1. Design of an open-circuit stub having normalized input susceptance bh.

and ℓk = ℓC − ℓo/c = 0.550λ− 0.250λ = 0.300λ.
Thus the final design is as shown in Figure 6-45(d) with Z0k = 50 Ω, and
ℓg = 0.300λ, Z0g = 50 Ω, and ℓg = 0.172λ.
The stub could also have been implemented as a short-circuit stub as shown
in Figure 6-45(c). Now the beginning of the line would be at the s/c point
and the line length would be 0.050λ

6.9.5 Design 2, Lumped-Element Design

Design 2 is a lumped-element design and the Smith-chart-based electrical
design is shown in Figure 6-48 resulting in the schematic shown in Figure 6-
45(e). Design proceeds by identifying where circles of constant conductance
and constant resistance passing through the Points L and 1 intersect. One
solution is shown in Figure 6-48. A circle of constant conductance passes
through L and part of a circle of constant resistance passes through 1. If
the circle had continued there would have been a second intersection with
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Figure 6-48: Design 2.

the circle through L. Both of these intersections mean that there is a shunt
element adjacent to the load and series element adjacent to the source. Recall
that in a lumped-element design that under no circumstances can the locus of
a lumped element pass through the short circuit point (if it is a susceptance)
or open-circuit point (if it is a reactance), the susceptance and reactance
infinity points respectively.
Returning to the actual design shown in Figure 6-48. The first intersection
of the two circles is Point B so that the design is specified by the Paths ‘e’
and ’f’. Design has largely been completed by identifying these paths and
the next stage is determining the circuit elements that correspond to these
paths. Path ‘e’ follows a circle of constant conductance and so indicates a
shunt susceptance and the direction of the locus indicates a capacitance. The
value of this normalized susceptance is be = bB − bL = 0.506−0.187 = 0.319.
(Remember to check the signs of the readings since the Smith chart omits
signs of the reactances and susceptances.) Path ‘f’ identifies a series inductor
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with a reactance xf = x1 − xB = 0.241 − (−1.78) = 2.02. The final design
is shown in Figure 6-45(e) with Xe = Z0/be = 50/0.319 Ω = 158 Ω and
Xf = Z0xf = 50 · 2.02 Ω = 101 Ω.

6.9.6 Design 3, Single Line Matching

Design 3 uses a single transmission line to match the source and load as
shown in the schematic of Figure 6-45(f). This design is akin to using a
quarter-wave transmission line transformer but with a Smith chart being
used the approach can now be used with complex source and load
impedances. Recall from Sections 3.5.2 and 4.5 that the locus of a terminated
transmission line is a circle on the Smith chart even if the characteristic
impedance of the transmission line, Z0i in Design 3, and the reference
impedance, ZREF, are not the same. Furthermore the center of the circle will
be on the horizontal axis. The Smith-chart-based electrical design of Design 3
is shown in Figure 6-49 where ZREF = 50 Ω. There is only one way to draw a
circle that passes through two points with the center of the circle constrained
to be on the horizontal axis. That circle is shown in Figure 6-49 with Path ‘i’
on the circle going from Points L to 1 tracing out the locus of the reflection
coefficient. This locus must be in the clockwise direction. The center of the
circle is at Point D and the center of the circle is (the reflection coefficient
normalized to ZREF) is CD = 0.240. (The radius is also given but this is not
necessary.) The angle subtended by Path ‘i’ is twice the electrical length of
the line. This angle cannot be directly measured from the scales (although
it is possible by placing a chart over the top and and aligning the center of
the polar plot with D) and here was read using a protractor. The angle is
φD = 150◦ so that the electrical length of the line is θi = 1

2150
◦ = 75◦, i.e.

ℓi = 74/360λ = 0.208λ. The only parameter not known is the characteristic
impedance,Z0i, of the line. This must be arrived at iteratively. From Equation
(4.40) (after replacing Z01, Z02 and CZ02 by Z0i, ZREF and CD, respectively)

Z0i ≈ ZREF(1 + CD)/(1− CD) (6.73)

with the approximation improving the closer Z0i is to ZREF. Substituting
ZREF = 50 Ω and CD = 0.240, the first iteration of Z0i is

1Z0i = 50

(
1 + 0.240

1− 0.240

)

Ω = 82 Ω. (6.74)

Re-plotting using a new reference impedance of ZREF = 82 Ω yields a new
center of 0.07 from which an updated iterate is 2Z0i = 94 Ω and then a new
center of 0.02 and 3Z0i = 98 Ω. Continuing to iterate results in an asymptotic
value Z0i = 100 Ω. Z0i can also be estimated from the tabulated values
in Table 4-1. Reading the line with radius of 0.5 and center of 0.24 yields
Z0i = 50 · 1.980 = 99 Ω.
The final design is as shown in Figure 6-45(f) with ℓi = 0.208λ, θi = 75◦, and
Z0i = 100 Ω.
As was seen with the quarter-wave transformer design using multiple stages
significantly increases bandwidth by matching to intermediate resistances
determined as geometric means of the source and load resistance. The
corresponding strategy here is to draw a line between the Points 1 and L and,
if there are to be two stages, choose the intermediate matching impedance
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Figure 6-49: Design 3.

at the mid-point of the line. If the source and loads are complex then the
reactive storage elements in the source and load will set a limit on maximum
achievable bandwidth.

6.9.7 Summary

This section presented three quite different designs for a matching network.
One of the particular benefits of using the Smith chart is identifying
topologies and initial design values. Design can then transfer to a microwave
circuit simulator. The Smith chart enables back-of-the-envelope design
studies. While with experience it is possible to complete many of these steps
with a computer-based Smith chart tool, even experienced designers doodle
with a printed Smith chart when exploring design options.
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6.10 Summary

This chapter presented techniques for impedance matching that achieve
maximum power transfer from a source to a load. The simplest matching
network uses a series and a shunt element, a two-element matching network,
to realize a single-frequency match. This type of impedance matching
network uses lumped elements and can be used up to a few gigahertz.
Performance is limited by the self-resonant frequency of lumped elements
and by their loss, particularly that of inductors. The shunt element can
be replaced by a shunt stub, but in most transmission line technologies,
including microstrip, the series element cannot be implemented as a stub.
Matching networks can also be realized using transmission line segments
only, principally shunt stubs and cascaded transmission lines. A tunable
double-stub matching network, which uses two stubs separated by a
transmission line, is standard equipment in microwave laboratories and
facilitates matching of a circuit under development.
The bandwidth of a matching network is set by the maximum allowable
reflection coefficient of the terminated network. Two-element matching
nearly always results in a narrow match and for typical communications
applications often achieves acceptable matching over bandwidths of only
1%–3%. The most significant determinant of the quality of the match that
can be achieved is the ratio of the source and load resistances, as well as the
reactive energy storage of the source and load. Clearly if the load and source
are resistances of the same value, the bandwidth of the matching network is
infinite, as it is no more than a wired connection.
An important concept in matching network design is a technique for
controlling bandwidth. The concept is based on matching to an intermediate
resistance Rv . Increased bandwidth is obtained if Rv is the geometric mean
of the source and load resistances. This new network consists of two two-
element matching networks. If Rv is greater or less than both the source and
load resistances, then the bandwidth of the matching network is reduced.
Matching network synthesis can also be addressed using filter design
techniques, enabling simultaneous control over the quality and bandwidth
of the match. It is always a good idea to have no more bandwidth in the
system than is needed, as this minimizes the propagation of noise.
A powerful graphical matching tool is the Smith chart on which the load
and source can be plotted. The design objective is then to determine the
path, subject to constraints, from the load back to an input, which is the
complex conjugate of the source, a task that a human is particularly adept
at performing. Alternatively the perspective could be flipped and the role of
the source and load interchanged.
Design becomes increasingly more difficult as the required bandwidth
increases. Many times it is sufficient to have small-to-moderate bandwidths
that can be tuned rather than providing one large instantaneous bandwidth.
Also many of the evolving wireless systems require multiple functionality,
which in turn requires adjustability of a matching network. In some
applications the matching network may require adjustment to match a
variable load impedance. A good example is dealing with a cell phone
antenna where the user may put his or her hand over the antenna and alter
the load seen by the RF frontend. Some types of matching network designs
are more adjustable than others. Such designs require variable components,
so matching design can be a source of competitive advantage.
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6.12 Exercises

1. Consider the design of a magnetic transformer
that will match the 3 Ω output resistance of a
power amplifier (this is the source) to a 50 Ω
load. The secondary of the transformer is on the
load side.

(a) What is the ratio of the number of primary
turns to the number of secondary turns for
ideal matching?

(b) If the transformer ratio could be imple-
mented exactly (the ideal situation), what is
the reflection coefficient normalized to 3 Ω
looking into the primary of the transformer
with the 50 Ω load?

(c) What is the ideal return loss of the loaded
transformer (looking into the primary)? Ex-
press your answer in dB.

(d) If there are 100 secondary windings, how
many primary windings are there in your
design? Note that the number of windings
must be an integer. (This practical situation
will be considered in the rest of the prob-
lem.)

(e) What is the input resistance of the trans-
former looking into the primary?

(f) What is the reflection coefficient normalized
to 3 Ω looking into the primary of the trans-
former with the 50 Ω load?

(g) What is the actual return loss (in dB) of
the loaded transformer (looking into the pri-
mary)?

(h) If the maximum available power from the
amplifier is 20 dBm, how much power (in
dBm) is reflected at the input of the trans-
former?

(i) Thus, how much power (in dBm) is deliv-
ered to the load ignoring loss in the trans-
former?

2. Consider the design of a magnetic transformer
that will match a 50 Ω output resistance to the
100 Ω load presented by an amplifier. The sec-
ondary of the transformer is on the load (ampli-
fier) side.

(a) What is the ratio of the number of primary
turns to the number of secondary turns for
ideal matching?

(b) If the transformer ratio could be imple-
mented exactly (the ideal situation), what is

the reflection coefficient normalized to 50 Ω
looking into the primary of the transformer
with the load?

(c) What is the ideal return loss of the loaded
transformer (looking into the primary)? Ex-
press your answer in dB.

(d) If there are 20 secondary windings, how
many primary windings are there in your
design? Note that the number of windings
must be an integer? (This situation will be
considered in the rest of the problem.)

(e) What is the input resistance of the trans-
former looking into the primary?

(f) What is the reflection coefficient normal-
ized to 50 Ω looking into the primary of the
loaded transformer?

(g) What is the actual return loss (in dB) of
the loaded transformer (looking into the pri-
mary)?

(h) If the maximum available power from the
source is −10 dBm, how much power (in
dBm) is reflected from the input of the trans-
former?

(i) Thus, how much power (in dBm) is deliv-
ered to the amplifier ignoring loss in the
transformer?

3. Consider the design of an L-matching network
centered at 1 GHz that will match the 2 Ω out-
put resistance of a power amplifier (this is the
source) to a 50 Ω load. [Parallels Example 6.3 but
note the DC blocking requirement below.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistances.

(h) Approximately, what is the 3 dB bandwidth
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of the matching network?

4. Consider the design of an L-matching network
centered at 100 GHz that will match a source
with a Thevenin resistance of 50 Ω to the input
of an amplifier presenting a load resistance of
100 Ω to the matching network. [Parallels Exam-
ple 6.4 but note the DC blocking requirement be-
low.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistance.

(h) Approximately, what is the 3 dB bandwidth
of the matching network?

5. Design a Pi network to match the source con-
figuration to the load configuration below. The
design frequency is 900 MHz and the desired Q
is 10. [Parallels Example 6.8]

6. Design a Pi network to match the source con-
figuration to the load configuration below. The
design frequency is 900 MHz and the desired Q
is 10. [Parallels Example 6.8]

7. Develop the electrical design of an L-matching
network to match the source to the load below.

8. Develop the electrical design of an L-matching
network to match the source to the load below.

9. Design a lowpass lumped-element matching
network to match the source and load shown
below. The design frequency is 1 GHz. You must
use a Smith Chart and clearly show your work-
ing and derivations. You must develop the final
values of the elements.

10. Consider the design of an L-matching network
centered at 100 GHz that will match a source
with a Thevenin resistance of 50 Ω to the input
of an amplifier presenting a load resistance of
200 Ω to the matching network. [Parallels Exam-
ple 6.4 but note the DC blocking requirement be-
low.]

(a) What is the Q of the matching network?
(b) The matching network must block DC cur-

rent. Draw the topology of the matching net-
work.

(c) What is the reactance of the series element in
the matching network?

(d) What is the reactance of the shunt element
in the matching network?

(e) What is the value of the series element in the
matching network?

(f) What is the value of the shunt element in the
matching network?

(g) Draw and label the final design of your
matching network including the source and
load resistance.

(h) Approximately, what is the 3 dB bandwidth
of the matching network?

11. Consider the design of the output matching net-
work of a 15 GHz small-signal amplifier. The
amplifier consists of an active two-port and in-
put and output matching networks. Port 1 is the
input of the active device and Port 2 is its output,
and its 50 Ω S parameters are S11 = 0.5� 45◦,
S12 = 0.1� 0◦, S21 = 2� 90◦, and S22 = 0.75� −
45◦.

(a) If the input of the active device is terminated
in 50 Ω, what is the impedance looking into
the output of the amplifier?

(b) Design a two-element lumped-element
matching network for maximum power
transfer from the output of the transistor
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into a 50 Ω load. Develop at least two de-
signs and compare them. (Note that the out-
put of the active device physically appears
as a resistance in parallel with a capacitance
and this can be used in contrasting your
designs.)

12. Develop a two-element matching network for
the source/load configuration shown in the fig-
ure below. The matching network must pass DC.
The center frequency of the matching network
is f = 1 GHz. There are a number of design con-
siderations that should be considered before em-
barking on network synthesis.

(a) Source (b) Load

Consider the following:

(i) The source needs to be collapsed to an
equivalent circuit with one resistance and
one reactance.

(ii) The reactive elements in the source and the
load will be accommodated using absorp-
tion or resonance. Absorption is preferred,
but not always possible.

(iii) The DC requirements necessitate a low-
pass matching network. So there must be a
series inductance and a shunt capacitor in
the matching network. Since the load resis-
tance is greater than the source resistance,
the most likely design has a shunt capac-
itor on the load side. However, this may
change when the transforming properties
of the source and load reactances are con-
sidered.

(iv) The source reactance should be handled
by a series inductor or a shunt capacitor.
The input impedance of the source must be
considered to determine which.

(v) The load reactance will be resonated out
by a shunt capacitor. Looks like absorption
will be a possibility at the load.

(a) What is the input impedance of the source?
Treat the voltage generator as a short circuit.

(b) What is the reactance of the series element
that will resonate the effective input reac-
tance of the source?

(c) What is the input admittance of the load?
(d) What is the shunt reactance required to res-

onate the load?
(e) What is the resistive matching problem?

That is, since the reactances of the load and
source have been resonated out of consid-

eration, what are the effective source and
load resistances. Derive the required match-
ing network. Keep the element values of the
matching network as reactances.

(f) Draw the complete matching network
showing source and load elements required
for resonance as well as the matching net-
work for the resistive problem. Keep the
element values as reactances.

(g) Draw the final matching network combining
all resonant and matching elements. Keep
the element values as reactances. This is the
electrical design of the matching network.

(h) Calculate the inductance and capacitance
values of the matching network.

13. Design a two-element matching network to in-
terface a source with a 25 Ω Thevenin equivalent
impedance to a load consisting of a capacitor in
parallel with a resistor so that the load admit-
tance is YL = 0.02 + 0.02 S. Use the absorption
method to handle the reactive load.

14. Design a matching network to interface a source
with a 25 Ω Thevenin equivalent impedance to
a load consisting of a capacitor in parallel with
a resistor so that the load admittance is YL =
0.01 + 0.01 S.

(a) If the complexity of the matching network
is not limited, what is the minimum Q that
could possibly be achieved in the complete
network consisting of the matching network
and the source and load impedances?

(b) Outline the procedure for designing the
matching network for maximum bandwidth
if only four elements can be used in the net-
work. You do not need to design the net-
work.

15. Design a lumped-element matching network to
match a source, with a Thevenin equivalent
impedance of 50 Ω, to a load that consists of
a 100 Ω resistor in parallel with a 5 pF capaci-
tor. Design the matching network for maximum
bandwidth at 1 GHz using no more than four
lumped elements.

(a) How many elements are there in the match-
ing network?

(b) Outline how you will design the matching
network.

(c) Design the matching network. You must
draw the final design, including the source
and load elements, and label each of the
lumped elements using reactance values.
(That is, do not calculate values of the induc-
tance and capacitances in your design.) (Do
not use a Smith chart.)
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16. The output of a transistor amplifier is mod-
eled as a current source in parallel with both a
50 Ω resistor and a 1 pF capacitor. This is to be
matched to a load consisting of a 25 Ω resistor
in series with a 0.02 nH inductor. The task is to
design a matching network that will enable DC
bias to be applied from the load to the transis-
tor output, thus the matching network must be
a lowpass type. The center frequency of the sys-
tem is 10 GHz and a bandwidth of 50 MHz is
required.

(a) What is the fractional bandwidth of the sys-
tem?

(b) What is the Q of the system?
(c) Indicate the form of the matching network

if no more than four reactive elements are
to be used; that is, sketch the matching net-
work.

(d) Complete the design of the amplifier provid-
ing numerical element values.

17. Design a Pi network to match the source config-
uration to the load configuration below. The de-
sign frequency is 900 MHz and the desired Q is
10.

18. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 2 Ω (typical of the
output impedance of a power amplifier) to a
load with an impedance of 50 Ω. The match-
ing network can have a maximum of three re-
active elements. You need only calculate reac-
tances and not the capacitor and inductor val-
ues.

19. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 20 Ω to a load with
an impedance of 125 Ω. The matching network
can have a maximum of four reactive elements.
You need only calculate reactances and not the
capacitor and inductor values.

(a) Will you use two, three, or four elements in
your matching network?

(b) With a diagram, and perhaps equations, in-
dicate the design procedure.

(c) Design the matching network. It is sufficient
to use reactance values.

20. Design a passive matching network that will
achieve maximum bandwidth matching from a
source with an impedance of 60 Ω to a load with
an impedance of 5 Ω. The matching network can

have a maximum of four reactive elements. You
need only calculate reactances and not the ca-
pacitor and inductor values.

(a) Will you use two, three, or four elements in
your matching network?

(b) With a diagram and perhaps equations, in-
dicate the design procedure.

(c) Design the matching network. It is sufficient
to use reactance values.

21. Design a T network to match a 50 Ω source to a
1000 Ω load. The desired loaded Q is 15.

22. Repeat Example 6.2 with an inductor in series
with the load. Show that the inductance can be
adjusted to obtain any positive shunt resistance
value.

23. Design a three-lumped-element matching net-
work that interfaces a source with an impedance
of 5 Ω to a load with an impedance consisting of
a resistor with an impedance of 10 Ω. The net-
work must have a Q of 6.

24. A source with a Thevenin equivalent impedance
of 75 Ω must drive a load with an impedance of
5 Ω. A matching network with maximum possi-
ble bandwidth between the source and the load
must be designed to achieve maximum power
transfer. Design the matching network for max-
imum possible bandwidth using no more than
four reactive elements.

(a) Sketch the schematic of the matching net-
work.

(b) Describe the design procedure.
(c) Complete the design of the matching net-

work. Determine the values of the elements
if the center frequency is 1 GHz.

25. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 40 Ω and the load impedance is
ZL = 50 − 20 Ω. Use a Smith chart to design
the matching network.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?
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(d) Plot ZL on the Smith chart and label the
point. (Remember to use impedance nor-
malization if required.)

(e) Plot ZG on the Smith chart and label the
point.

(f) Design a matching network using only
transmission lines. Show your work on the
Smith chart. You must express the lengths
of the lines in terms of electrical length (ei-
ther degrees or wavelengths). Characteristic
impedances of the lines are required. (You
will therefore have a design that consists of
one stub and one other length of transmis-
sion line.)

26. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 60 Ω and the load impedance is
ZL = 30 + 30 Ω. Use a Smith chart to design
a lossless matching network. It is important that
your solution can be followed, so you must in-
dicate your solution clearly on the chart.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?

(d) Plot ZL on the Smith chart and label the
point. (Remember to use impedance nor-
malization if required.)

(e) Plot ZG on the Smith chart and label the
point.

(f) Design a lossless lumped-element matching
network showing your design process on
the Smith chart. Label critical points on the
Smith chart. Draw the matching network
and show the reactance values.

27. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 30 Ω and the load impedance is
ZL = 90 − 30 Ω. Use a Smith chart to design
a lossless matching network.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?

(d) Plot ZL on the Smith chart and label the
point. (Remember to use impedance nor-
malization if required.)

(e) Plot ZG on the Smith chart and label the
point.

(f) Design a lossless matching network show-
ing your design process on the Smith chart.
Label critical points on the Smith chart.
Draw the matching network and show the
reactance values.

28. Use Smith chart techniques to design a double-
stub matching network to match a load with a
normalized admittance yL = 0.7− 5 to a source
with a normalized admittance of 1. The stubs are
short-circuited and are separated by a transmis-
sion line of length λ/8. The load is at the posi-
tion of the first stub. All transmission lines have
the system characteristic impedance. Your de-
sign should yield the lengths of the two stubs.

(a) Plot the load on a Smith chart. Clearly indi-
cate the load.

(b) Determine the admittances of each of the
stubs. Clearly show and describe your de-
sign technique so that it can be understood.
Label your efforts on a Smith chart and de-
scribe the design steps. Note that a descrip-
tion is required and not simply markings on
a Smith chart.

(c) Determine the electrical lengths of the stubs
(express your answer in terms of wave-
lengths or degrees).

29. Use a lossless transmission line and a series reac-
tive element to match a source with a Thevenin
equivalent impedance of 25 + 50 Ω to a load
of 100 Ω. (That is, use one transmission line and
one series reactance only.)

(a) Draw the matching network with the source
and load.

(b) What is the value of the series reactance in
the matching network (you can leave this in
ohms)?

(c) What is the length and characteristic
impedance of the transmission line?

30. Consider a load ZL = 100 − 150 Ω. Use the
Smith chart to design a two-stub matching net-
work that will match the load to a 50 Ω genera-
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tor. Use 50 Ω transmission lines throughout and
assume that the load is immediately next to the
first stub. The two stubs are separated by a line
with an electrical length of 45◦. Both stubs are
short-circuited.

(a) Draw the matching stub system.
(b) What is the normalized load impedance?
(c) Briefly indicate the procedure used to de-

sign the two-stub matching network. You
will need to use stylized Smith charts.

(d) Plot the load on a Smith chart.
(e) What is the admittance of the first stub (Stub

1)?
(f) What is the electrical length of Stub 1? (Note

that the stub is short circuited.)
(g) What is the admittance of the second stub

near the generator (Stub 2)?
(h) What is the electrical length of Stub 2? (Note

that the stub is short circuited.)

31. Consider a load ZL = 80 + 40 Ω. Use the Smith
chart to design a matching network consisting of
only two transmission lines that will match the
load to a generator of 40 Ω.

(a) Draw the matching network with transmis-
sion lines. If you use a stub, it should be a
short-circuited stub.

(b) Indicate your choice of characteristic
impedance for your transmission lines.
What is the normalized load impedance?
What is the normalized source impedance?

(c) Briefly outline the design procedure you
will use. You will need to use Smith chart
sketches.

(d) Plot the load and source on a Smith chart.
(e) Complete the design of the matching net-

work, providing the lengths of the transmis-
sion lines.

32. A two-port matching network is shown below
with a generator and a load. The generator
impedance is 40 Ω and the load impedance is
ZL = 20 − 50 Ω. Use a Smith chart to design
the matching network.

(a) What is the condition for maximum power
transfer from the generator? Express your
answer using impedances.

(b) What is the condition for maximum power
transfer from the generator? Express your
answer using reflection coefficients.

(c) What system reference impedance are you
going to use to solve the problem?

(d) Plot ZL on a Smith chart and label the point.
(Remember to use impedance normalization
if required.)

(e) Plot ZG on a Smith chart and label the point.
(f) Design a matching network using only

transmission lines and show your work on a
Smith chart. You must express the lengths of
the lines in terms of electrical length (either
degrees or wavelengths long). Characteristic
impedances of the lines are required. (You
will therefore have a design that consists of
one stub and one other length of transmis-
sion line.)

33. Use a Smith chart to design a microstrip network
to match a load ZL = 10 − 30 Ω to a source
ZS = 60 + 40 Ω. Use a substrate with permit-
tivity εr = 10.0 and thickness 500 µm.

(a) What is the condition for maximum power
transfer?

(b) Develop the electrical design of the match-
ing network using the Smith chart using
50 Ω lines only.

(c) Develop the full physical design of the
matching network. Draw the microstrip lay-
out and label critical dimensions. That is,
you need to find the dimensions of the mi-
crostrip circuit.

34. Use a Smith chart to develop the electrical de-
sign of a microstrip network to match a load
ZL = 25 Ω to a source ZS = 250 Ω. Use only
50 Ω transmission lines. Use one series transmis-
sion line and one open-circuited stub. You must
use an actual Smith chart and not a sketch of
one. Answer parts b, c, and j-q, on a sheet sepa-
rate from the Smith chart. Make your work easy
to follow.

(a) Draw the matching network problem label-
ing the matching network as M.

(b) What is the condition for maximum power
transfer in terms of the source impedance?

(c) What is the condition for maximum power
transfer in terms of the source reflection co-
efficient?

(d) Use a 50 Ω reference impedance and plot the
normalized source and load impedances on
a Smith chart.

(e) Draw the locus (as the line length in-
creases) of the reflection coefficient looking
into a 50 Ω line terminated in the source
impedance.

(f) Draw the locus of the reflection coefficient
looking into a 50 Ω line terminated in the
load impedance.
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(g) Draw the locus of a shunt susceptance in
parallel with the source (with the shunt sus-
ceptance varying in value).

(h) Draw the locus of a shunt susceptance in
parallel with the load.

(i) Hence identify two matching network de-
signs on the Smith chart identifying them as
Design 1 and Design 2. Make the trajectory
of the designs clearly visible including direc-
tions and label the critical lengths and sus-
ceptances on the Smith chart.

(j) Draw the topology of your Design 1 indicat-
ing the source and load ends and labeling
critical dimensions?

(k) What is the length of the series transmission
line in your Design 1?

(l) What is the normalized input admittance of
the stub in your Design 1?

(m) What is the length of the open-circuited stub
in your Design 1?

(n) Draw the topology of your Design 2 indicat-
ing the source and load ends and labeling
critical dimensions?

(o) What is the length of the series transmission
line in your Design 2?

(p) What is the normalized input admittance of
the stub in your Design 2?

(q) What is the length of the open-circuited stub
in your Design 2?

35. Repeat exercise 34 but now with ZL = 200 Ω
and ZS = 20 Ω).

36. Use a Smith chart to design a microstrip network
to match a load ZL = 100 − 100 Ω to a source
ZS = 34 − 40 Ω). Use transmission lines only

and do not use short-circuited stubs. Use a refer-
ence impedance of 40 Ω.

(a) Draw the matching network problem label-
ing impedances and the impedance looking
into the matching network from the source
as Z1.

(b) What is the condition for maximum power
transfer in terms of impedances?

(c) What is the condition for maximum power
transfer in terms of reflection coefficients?

(d) Identify, i.e. draw, at least two suitable mi-
crostrip matching networks.

(e) Develop the electrical design of the match-
ing network using the Smith chart using
40 Ω lines only. You only need do one de-
sign.

(f) Draw the microstrip layout of the match-
ing network identify critical parameters
such characteristic impedances and electri-
cal length. Ensure that you identify which is
the source side and which is the load side.
You do not need to determine the widths of
the lies or their physical lengths.

37. Repeat exercise S10.31 but now with ZL = 10−
40 Ω and ZS = 28− 28 Ω).

38. Use a Smith chart to design a two-element
lumped-element lossless matching network to
interface a source with an admittance YS =
6 − 12 mS to a load with admittance YL =
70− 50 mS.

39. Use a Smith chart to design a two-element
lumped-element lossless matching network to
interface a load ZL = 50 + 50 Ω to a source
ZS = 10 Ω.

6.12.1 Exercises by Section
†challenging

§6.3 1, 2
§6.4 3, 4
§6.5 5, 6, 7, 8, 9, 10, 11†, 12†, 13†,

14†, 15†, 16†, 17†

§6.6 18†, 19†, 20†, 21†, 22†, 23†,
24†

§6.7 25†, 26†, 27†, 28†, 29†, 30†,
31†, 32†

§6.9 33†, 34, 35, 36, 37, 38, 39

6.12.2 Answers to Selected Exercises

11 43.6 − 106 Ω
12(g) series: 219 Ω, shunt:

−225 Ω
16(b) 200

19(c) Q = 1.22467
22 C = 1/(ω2

dLP )
25(d) 1.25 − 0.5
29(b) −50 Ω

32(f) 40 Ω, 0.085 λ long line be-
fore load, 40 Ω, 0.076 λ
long shorted stub
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7.1 Introduction

This chapter presents techniques for developing broadband matching
networks. Sometimes these are akin to cascaded two-port matching
networks. The general concept that works most of the time is to gradually
step from an initial impedance to a final impedance. Design of broadband
matching networks should also be done with the understanding that many
RF systems will have multiple matching networks and so the maximum
passband transmission loss of an individual matching network needs to
be a fraction of a decibel so that when multiple networks are cascaded
the insertion loss at the overall band edges will accumulate to equal the
desired limit on loss. It is common to use a 1 dB insertion loss threshold to
define bandwidth so the individual matching networks may need to have a
bandwidth defined by a loss that is much less with insertion loss thresholds
as low as 0.1 dB often used.
Bandwidth is limited by energy storage and Section 7.2 introduces the Fano-
Bode limits which are theoretical limits of what can be achieved in matching
given reactive loads. It is not possible to exceed the Fano-Bode limits on
bandwidth. Section 7.3 introduces the constant Q circles plotted on Smith
charts to provide a visual guide for the design of broadband matching
networks. The next three sections describe three types of broadband
matching networks. The first, in Section 7.4, describes the stepped-
impedance transmission line transformer which is a generalization of the
quarter-wave transformer. Section 7.5 describes tapered transmission-line
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Figure 7-1: Fano-Bode limits for circuits with reactive loads.

Figure 7-2: Response looking
into matching network used in
defining nonintegral Fano-Bode
criteria. The bandwidth of the
passband (low Γ, is BW).

transformers which are generalizations of stepped impedance broadband
matching networks. An approach to broadband matching to reactive loads
is described in Section 7.7.

7.2 Fano-Bode Limits

A complex load having energy storage elements limits the bandwidth of the
match achieved by a matching network. Theoretical limits addressing the
bandwidth and the quality of the match were developed by Fano [1, 2] based
on earlier work by Bode [3]. These theoretical limits are known as the Fano-
Bode criteria or the Fano-Bode limits. The limits for simple loads are shown
in Figure 7-1. More general loads are treated by Fano [1]. The Fano-Bode
criteria are used to justify the broad assertion that the more reactive energy
stored in a load, the narrower the bandwidth of a match.
The Fano-Bode criteria include the term 1/ |Γ(ω)|, which is the inverse of the
magnitude of the reflection coefficient looking into the matching network, as
shown in Figure 7-1. A matching network provides matching over a radian
bandwidth BW, and outside the matching frequency band the magnitude
of the reflection coefficient approaches 1. Introducing Γavg as the average
absolute value of Γ(ω) within the passband, and with f0 = ω0/(2π) as the
center frequency of the match (see Figure 7-2), then the four Fano-Bode
criteria shown in Figure 7-1 can be written as

Parallel RC load:
BW

ω0
ln

(
1

Γavg

)

≤ π

R(ω0C)

(7.1)
Parallel RL load:
BW

ω0
ln

(
1
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)

≤ π(ω0L)

R

(7.2)

Series RL load:
BW

ω0
ln

(
1
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)

≤ πR

(ω0L)

(7.3)
Series RC load:
BW

ω0
ln

(
1

Γavg

)

≤ πR(ω0C).
(7.4)
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In terms of reactance and susceptance these can be written as

Parallel load:
BW

ω0
ln

(
1

Γavg

)

≤ πG

|B|
(7.5)

Series load:
BW

ω0
ln

(
1

Γavg

)

≤ πR

|X | ,
(7.6)

where G = 1/R is the conductance of the load, B is the load susceptance, and
X is the load reactance. BW/ω0 is the fractional bandwidth of the matching
network. Equations (7.5) and (7.6) indicate that the greater the proportion
of energy stored reactively in the load compared to the power dissipated in
the load, the smaller the fractional bandwidth (BW/ω0) for the same average
in-band reflection coefficient Γavg.
Equations (7.5) and (7.6) can be simplified one step further:

BW

ω0
ln

(
1

Γavg

)

≤ π

Q
, (7.7)

where Q is that of the load. Several general results can be drawn from
Equation (7.7) as follows:

1. If the load stores any reactive energy, so that the Q of the load is
nonzero, the in-band reflection coefficient looking into the matching
network cannot be zero across the passband.

2. The higher the Q of the load, the narrower the bandwidth of the match
for the same average in-band reflection coefficient.

3. The higher the Q of the load, the more difficult it will be to design the
matching network to achieve a specified matching bandwidth.

4. A match over all frequencies is only possible if the Q of the load is
zero; that is, if the load is resistive. In this case a resistive load could be
matched to a resistive source by using a magnetic transformer. Using
a matching network with lumped L and C components will result in a
match over a finite bandwidth. However, with more than two L and C
elements the bandwidth of the match can be increased.

5. Multielement matching networks are required to maximize the
matching network bandwidth and minimize the in-band reflection
coefficient. The matching network design becomes more difficult as the
Q of the load increases.

7.3 Constant Q Circles

One strategy for wideband matching is based on the concept of matching
to an intermediate resistance that is the geometric mean of the source and
load impedances. This concept was introduced in Section 6.6 and can be
generalized to intermediate impedances and can be represented on a Smith
chart using constant Q as shown in Figure 7-3. If the load and source
impedances, RL and RS , are resistive, then the normalizing resistance (Rv)
of the Smith chart should (although it is not necessary) be chosen as the
geometric mean of the source and load resistance (i.e., Rv =

√
RLRS). To

maintain a specific circuit Q, and hence bandwidth, the locus of impedances
in the design must stay within or touch, the corresponding constant Q circle.
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Figure 7-3: Impedance Smith chart
with constant Q circles.

Figure 7-4: Matching problem in Example 7.1. (a) Source (b) Load

EXAMPLE 7.1 Broadband Matching Using Constant Q Circles

Design a broadband matching network at 1 GHz for the situation shown in Figure 7-4.

Solution:

ZS = 100 − 94.25 Ω, YL = 0.02 + 0.01 S, and ZL = 40.0 − 20.0 Ω. Normalizing these
to 100 Ω results in zS = 1 − 0.9425, yL = 2 + 1, and zL = 0.400 − 0.200. Also the Q of
the source, QS = 0.9425 and the Q of the load is QL = 0.500. The matching design puts a
network in front of zL to present an impedance z∗S to the source. These values are plotted
in Figure 7-5. The design objective is to maintain maximum bandwidth and this is done by
staying inside the Q = 0.9425 circle, where the Q is the larger of the source and load Qs.

Design can proceed by moving back from the load toward the source, or from the source to
the load. Most commonly the perspective used is moving back from the load. Then the load
zL is transformed to z∗S . Maximum bandwidth is approximately achieved if the matching
stages do not exceed the maximum Q of the load or of the source. So the Q of the stages
cannot exceed 0.9425. An appropriate matching concept is shown in Figure 7-6. The locus is
B→C→D→E→F→G→A. The matching network is therefore of the form shown in Figure 7-
7. The rest of the design is extraction of numerical values, but the difficult part of the design
has been done.
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Figure 7-5: Impedance Smith chart indicating
the matching problem in Example 7.1 with
load and source plotted and their constant Q
circles. The normalization impedance is 100 Ω.

Figure 7-6: Outline of matching concept in
Example 7.1.

Figure 7-7: Matching net-
work M in Example
7.1.

7.4 Stepped-Impedance Transmission Line Transformer

The wideband matching techniques described in this section use multiple
quarter-wavelength-long transmission line sections with the lines having
characteristic impedances which are stepped from the source impedance to
the load impedance. They are conceptual extensions of the quarter-wave
transformer and differ by how the characteristic impedances of the sections
are chosen. The methods strictly are applicable to resistive source and load
impedances yet achieve reasonably wideband matches with moderately
reactive source and load impedances.

7.4.1 Quarter-Wave Transformer using Geometric Means

Design here uses multiple quarter-wave long transmission lines the
characteristic impedances of which are chosen as geometric means of the
source and load impedances. The procedure is described in the next example.
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(a) Microstrip layout, N = 1

(b) Microstrip layout, N = 2

(c) Microstrip layout, N = 3

(d) Transmission magnitude response

(e) Transmission phase response

Figure 7-8: Transmission line transformer designed in Example 7.2. Each section is of length
ℓ = λg/4 = 2.83 mm where λg is the midband wavelength (at 10 GHz).

EXAMPLE 7.2 Multisection Quarter-Wave Transmission Line Transformer

Design one-, two, and three-section quarter-wave transformers in microstrip to connect a
power amplifier with an output impedance of 10 Ω to a 50 Ω cable.

Solution:

The parameters are ZS = 10 Ω and ZL = 50 Ω. The characteristic impedance of a single,
N = 1, quarter-wave transformer is Z01 =

√
ZSZL = 22.36 Ω.

With a two-section, N = 2, quarter-wave transformer (using geometric means)

Z01 = 3

√

Z2
SZL = 17.10 Ω Z02 = 3

√

ZSZ2
L = 29.24 Ω.

With a three-section, N = 3, quarter-wave stepped-impedance transformer

Z01 =
√
ZSZ02 = 14.95 Ω Z02 =

√
ZSZL = 22.36 Ω Z03 =

√
Z02ZL = 33.44 Ω. (7.8)

The microstrip layouts are shown in Figure 7-8 where each section is a quarter-wavelength
long at mid band. The simulated transmission characteristics of the design realized at 10 GHz
(on alumina, εr = 10, and attenuation of 1.87 dB/m are shown in Figure 7-8(d and e).

7.4.2 Design Based on the Theory of Small Reflections

Another design method for choosing the characteristic impedances of
cascaded lines is based on the theory of small reflections [4, 5]. The reflection
coefficients at each boundary in Figure 7-9 are defined as

Γ0 =
Z01 − ZS

Z01 + ZS
Γn =

Zn+1 − Zn

Zn+1 + Zn
ΓN =

ZL − Z0N

ZL + Z0N
. (7.9)
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Figure 7-9: Stepped-impedance transmis-
sion line transformer with the nth section
having characteristic impedance Z0n and
electrical length θn. Γn is the reflection coef-
ficient, and Zn the impedance, considering
only the (n+ 1)th line.

As these are small reflections (since Z0n changes gradually) the theory of
small reflections (described in Section 2.6.5 of [6]) can be invoked and so,
using Equation ((2.201) of [6]), the total reflection coefficient seen from the
source ZS is

Γin ≈ Γ0 + e−2θ1
(
Γ1 + e−2θ2

(
Γ2 + · · · e−2θNΓN

))
. (7.10)

It is now necessary to make a design choice. It has been found that a
multisection transformer that provides a good broadband match at both the
source and load has symmetrical reflection coefficients, i.e. Γn = ΓN−n [5].
Another design choice is that the electrical lengths of the sections are the
same, i.e. θn = θ. Then Equation (7.10) becomes

Γin = Γ0 + Γ1e
−2θ1 + Γ2e

−4θ2 + · · ·ΓNe−2NθN (7.11)

= Γ0

[
1 + e−2Nθ

]
+ Γ1

[

e−2θ + e−2(N−1)θ
]

+ . . .

= e−Nθ
{

Γ0

[
eNθ + e−Nθ

]
+ Γ1

[

e(N−2)θ + e−(N−2)θ
]

+ . . .
}

= 2e−Nθ {Γ0 cos(Nθ) + Γ1 cos[(N − 2)θ] + . . . } (7.12)

using the trigonometric identity cosx = 1
2 (e

x + e−x) (and this is where
symmetry is used). The last term in Equation (7.12) is 1

2ΓN/2 if N is even
and Γ(N−1)/2 cos θ if N is odd.The design variables here are the reflection
coefficients at each line boundary (from which the characteristic impedances
of the lines can be found) and the mid-band electrical length θ0.
The general design approach is to assume a functional form for Γin(θ) and
then to derive the Γns that result in that functional form. Γin(θ) will now be
used to indicate that Γin is a function of θ and hence of frequency. Also the
mid-band electrical length θ0 is set to π/2 corresponding to the sections being
a quarter-wavelength long. This may seem arbitrary but it has been shown to
be optimum [7] (for maximum bandwidth). The final design step is to derive
the characteristic impedances of the line sections. Using Equation (7.9)

Z0N = ZL

(
1− ΓN

1 + ΓN

)

and Z0n = Z0(n+1)

(
1− Γn

1 + Γn

)

. (7.13)

7.4.3 Maximally Flat Stepped Impedance Transformer

The design objective here is to set the first N derivatives of Γin at midband
to zero. This results in a very smooth response and that is what is desired in
some situations. If the following assignment is made

|Γin(θ)| ∝ | cos(θ)|N (7.14)

then dn|Γin(θ)|/dθn = 0 at θ = π/2 = θ0 for n = 0, 1, . . . , (N − 1). An
assignment that results in this is the binomial expansion

Γin(θ) = A
(
1 + e−2θ

)N
=

N∑

n=0

(
N

n

)

e−2nθ (7.15)
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Figure 7-10:
Characteristics of
order N = 1, 2, 3 and 4
maximally flat stepped-
impedance transformers
with an impedance mis-
match δz =
max(ZL/ZS , ZS/ZL) = 2. (a) Input reflection coefficient (b) Transmission coefficient

where (since N and n are integers)

(
N

n

)

=
N !

(N − n)!n!
(7.16)

is the binomial coefficient. Equating Equations (7.11) and (7.15)

Γn = A

(
N

n

)

. (7.17)

To find A consider zero frequency. Then θ = 0 and the transformer has no
effect and Γin is just the mismatch of the source and load impedances and
Equation (7.15) becomes

Γin(0) = A2N =
ZL − ZS

ZL + ZS
so that A = 2−N

(
ZL − ZS

ZL + ZS

)

. (7.18)

Thus Γn(θ) = 2−N

(
ZL − ZS

ZL + ZS

)(
N

n

)

(7.19)

and Z0n comes from Equation (7.13) with the design accuracy determined
by the approximation of a small discontinuity at each transmission line
boundary.
The reflection Γin and transmission T characteristics of maximally flat
stepped-impedance transformers are shown in Figure 7-10 for various

orders. As with all lossless two-ports |T | =
√

1− |Γin|2. It can be seen
that the bandwidth increases with increasing order and the transmission is
remarkably flat.

EXAMPLE 7.3 Maximally Flat Multisection Transmission Line Transformer

Design a three-section maximally flat stepped-impedance transformer in microstrip to
connect a ZS = 5 Ω source to a ZL = 50 Ω load.

Solution:

The design will have three transmission lines of different characteristic impedance and each
section will be a quarter-wavelength long at mid band. Now N = 3 so from Equation (7.19)

Γn = 2−N

(

ZL − ZS

ZL + ZS

)

(

N

n

)

= 2−3

(

50− 5

50 + 5

)

(

3

n

)

=
45

8 · 55

(

3

n

)

. (7.20)

Γ3 = 0.1023
3!

0!3!
=

1

16

3 · 2 · 1
1 · 3 · 2 · 1 = 0.1023, Γ2 = 0.3068, Γ1 = 0.3068, Γ0 = 0.1023

resulting in (a sanity check is the expectation that ZL > Z03 > Z02 . . . )
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(a) Microstrip layout, δz = ZL/ZS = 10 (b) Transmission response

Figure 7-11: Maximally flat transmission line transformer designed in Example 7.3. At 10 GHz
each section is of length ℓ = λg/4 = 2.83 mm where λg is the midband wavelength.

Z03 = 50
1 − 0.1023

1 + 0.1023
Ω = 40.72 Ω, Z02 = 21.60 Ω, Z01 = 11.46 Ω, and Z′

S = 9.333 Ω

where Z′
S is ideally (the complex conjugate of) the original ZS but is actually significantly

different. This is because the design is based on the theory of small reflections and so
multiple reflections at the transmission line boundaries were not considered. As a further
investigation, and noting that each section is a quarter-wavelength long at midband, another
estimate for ZS , call this Z′′

S , is found using Equation ((2.132)) of [6],

Z2 = Z2
03/ZL = 33.16 Ω, Z1 = Z2

02/Z2 = 14.07 Ω, Z′′
S = Z2

01/Z1 = 9.334 Ω.

The microstrip layout is shown in Figure 7-11(a). Simulation of the design realized at 10 GHz
(on alumina, εr = 10, a 2.83 mm section length, and a line attenuation of 1.87 dB/m for
an overall attenuation of 0.016 dB) results in the transmission characteristics identified by
δz = ZL/ZS = 10 in Figure 7-11(b). The final design does not have the ideal maximally flat
transmission characteristics and this is due to deficiencies in the small reflection assumption.
Final design requires a small amount of optimization as the synthesized design has a
maximum in-band insertion loss of 0.4 dB (T = 0.953).

Repeating the design with ZS = 10 Ω and ZL = 50 Ω results in Γ0 = Γ3 = 0.08333,
Γ1 = Γ2 = 0.2500, Z01 = 15.23 Ω, Z02 = 25.38 Ω, Z03 = 42.31 Ω, and Z′

S = Z′′
S = 12.89 Ω.

The transmission characteristics are identified by δz = ZL/ZS = 5 in Figure 7-11(b). The
minimum in-band transmission coefficient is 0.990 for a maximum insertion loss of 0.091 dB.
Thus design accuracy improves for a lower impedance transformation ratio.

7.4.4 Stepped Impedance Transformer With Chebyshev
Response

Expressing the input reflection coefficient Γin of a stepped-impedance
transformer in terms of a Chebyshev polynomial results in a good match
in-band that rapidly transitions outside the passband. Compared to the
maximally flat transformer a much better match can be obtained for the
same number of line sections if the resulting ripples in the passband can be
tolerated. With reference to Equation (7.10), the design choice is

Γin(θ) = Γ0 + e−2θ
(
Γ1 + e−2θ

(
Γ2 + · · · e−2θΓN

))

= Ae−NθTN (cos θ/ cos θm). (7.21)
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Figure 7-12: Characteristics
of order N = 1, 2, 3 and 4
Chebyshev stepped-
impedance transformers
with impedance mismatch
δz = max(ZL/ZS , ZS/ZL) =
2 and θm = π/4. The
transmission ripple cannot
be seen for N ≥ 3. (a) Input reflection coefficient (b) Transmission coefficient

where TN is the N th order Chebyshev polynomial of the first kind (as de-
scribed in Section 1.A.10 of [6]). In Equation (7.21) θm defines the passband
of the transformer as being between θm ≤ θ ≤ (π − θm) and in the passband
|Γin(θ)| ≤ Γm and at θ = θm and θ = (π − θm) (the edges of the passband)

|Γin(θm)| = |Γin(π − θm)| = Γm = |ATN (cos θm/ cos θm)| = |ATN(1)|. (7.22)

Since |TN(1)| = 1 A = Γm (7.23)

To proceed another expression is needed for A so that Γm, N , and θm
(and thus bandwidth) can be related. This is obtained by considering the
mismatch at zero frequency, that is when θ = 0:

Γin(0) =

∣
∣
∣
∣

ZL − ZS

ZL + ZS

∣
∣
∣
∣
= ATN (sec θm). (7.24)

(where sec θm = 1/ cos θm) and so

A =

∣
∣
∣
∣

ZL − ZS

ZL + ZS

∣
∣
∣
∣

1

TN (sec θm)
. (7.25)

Substituting for A in Equation (7.21) and using Equation (7.10) results in

eNθΓin(θ) = ATN(cos θ/ cos θm) =

(
ZL − ZS

ZL + ZS

)
TN(cos θ/ cos θm)

TN(sec θm)

= 2 {Γ0 cos(Nθ) + Γ1 cos[(N − 2)θ] + . . . } . (7.26)

The expansion of TN (cos θ/ cos θm) is given in Equation ((1.198)) of [6] and
has terms in cos(mθ) and so design (which requires Γn) proceeds by equating
terms in Equation (7.26) having the same cos(mθ) for m = 1, . . . , N . This will
be illustrated in an example.
The reflection Γin and transmission T characteristics of Chebyshev stepped-
impedance transformers are shown in Figure 7-12 for orders from one to four
for θm = π/4 (this indicates a 100% bandwidth). It is seen that the maximum
inband Γin) reduces with increasing order. So with a Chebyshev response
there is a trade-off between passband ripple and bandwidth.
An expression for bandwidth of the match will now be developed. Equating
Equations (7.23) and (7.25)

TN(sec θm) =
1

Γm

∣
∣
∣
∣

ZL − ZS

ZL + ZS

∣
∣
∣
∣

(7.27)

Using the identity

TN(sec θm) = cosh
(
N cosh−1(sec θm)

)
=

1

Γm

∣
∣
∣
∣

ZL − ZS

ZL + ZS

∣
∣
∣
∣

(7.28)
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Table 7-1: Relationship of order N , fractional bandwidth, impedance ratio δz =
max(ZL/ZS , ZS/ZL), and reflection coefficient ripple Γm for a Chebyshev stepped-impedance
transformer. A transmission ripple of 0.1 dB has Γm = 0.151. (For example, a two-section (N = 2)
transformer has a 95.4% bandwidth with δz = 3.0.)

N = 1 1 1 2 2 2 3 3 3 4 4 4 5 5 5
Γm = 0.05 0.1 0.151 0.05 0.1 0.151 0.05 0.1 0.151 0.05 0.1 0.151 0.05 0.1 0.151

δz Fractional bandwidth, ∆f/f0

1.0 ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞

1.2 0.741 ∞ ∞ 1.275 ∞ ∞ 1.502 ∞ ∞ 1.622 ∞ ∞ 1.696 ∞ ∞

1.3 0.501 1.112 ∞ 1.069 1.526 ∞ 1.346 1.680 ∞ 1.500 1.759 ∞ 1.596 1.807 ∞

1.4 0.388 0.819 1.441 0.951 1.333 1.714 1.252 1.544 1.808 1.425 1.655 1.856 1.534 1.722 1.885
1.6 0.278 0.571 0.907 0.814 1.134 1.395 1.137 1.396 1.588 1.330 1.540 1.689 1.455 1.629 1.750
1.8 0.224 0.455 0.708 0.735 1.024 1.250 1.066 1.310 1.483 1.271 1.471 1.607 1.405 1.573 1.684

2.0 0.192 0.388 0.598 0.683 0.951 1.158 1.018 1.252 1.415 1.229 1.424 1.554 1.369 1.534 1.641
2.5 0.149 0.300 0.458 0.604 0.844 1.026 0.943 1.162 1.313 1.164 1.351 1.607 1.313 1.472 1.574
3.0 0.128 0.256 0.390 0.561 0.784 0.954 0.900 1.110 1.254 1.125 1.307 1.426 1.280 1.436 1.535
4.0 0.106 0.213 0.324 0.513 0.718 0.874 0.850 1.051 1.188 1.081 1.257 1.372 1.241 1.393 1.490
6.0 0.085 0.179 0.271 0.471 0.660 0.804 0.805 0.997 1.128 1.040 1.211 1.322 1.204 1.354 1.449
8.0 0.082 0.164 0.249 0.452 0.634 0.772 0.784 0.971 1.100 1.020 1.189 1.299 1.187 1.335 1.429
10 0.078 0.156 0.236 0.441 0.618 0.754 0.772 0.957 1.083 1.009 1.176 1.285 1.176 1.323 1.417

and so θm = sec−1

{

cosh

[
1

N
cosh−1

(
1

Γm

∣
∣
∣
∣

ZL − ZS

ZL + ZS

∣
∣
∣
∣

)]}

. (7.29)

The fractional bandwidth can be obtained by noting that θ and thus θm
are proportional to frequency f . That is, f = kθ. At the passband center
frequency f0, θ = π/2 and so k = 2f0/π. Thus if fm is the frequency at the
lower band edge, fm = kθm = 2f0θm/π. Then the fractional bandwidth (with
the passband defined by when |Γin| ≤ Γm) is

∆f

f0
=

2(f0 − fm)

f0
= 2− 4θm

π
. (7.30)

Thus Equations (7.29) and (7.30) relate the fractional bandwidth, the
maximum passband reflection coefficient Γm, the impedance mismatch δz =
max(ZL/ZS , ZS/ZL), and the Chebyshev order, N . Table 7-1 enables the
required transformer order to be selected for a specified bandwidth and
impedance mismatch.

EXAMPLE 7.4 Chebyshev Multisection Transmission Line Transformer

Design a 100% bandwidth three-section Chebyshev stepped-impedance transformer in
microstrip to connect a power amplifier with an output impedance of 10 Ω to a 50 Ω cable.

Solution:

The design parameters are N = 3, ZS = 10 Ω, and ZL = 50 Ω. From Equation (7.30)
the fractional bandwidth ∆f/f0 = 1 = 2 − (4θm)/π so that θm = π/4. Then, with
sec θm = 1/ cos θm = 1/ cos(π/4) =

√
2 and T3(

√
2) = 7.071 (from Equation ((1.193) of [6])),

Equation (7.25) yields

Γm = A =

(

ZL − ZS

ZL + ZS

)

1

T3(sec θm)
=

(

50− 10

50 + 10

)

1

7.071
= 0.09428. (7.31)
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(a) Microstrip layout, ℓ = λg/4 = 2.83 mm (b) Transmission response

Figure 7-13: Chebyshev transformer of Example 7.4. (λg is the midband wavelength.)

Using Equation (7.26) and the Chebyshev expansion for T3 this leads to

AT3(cos θ/ cos θm) = A
{

sec3 θm[cos(3θ) + 3 cos θ]− 3 sec θm cos θ
}

= 2 [Γ0 cos(3θ) + Γ1 cos(θ)] . (7.32)

Thus after equating like terms in cos(mθ) (noting that Γn = Γ(N−n) since symmetry is
required)

Γ0 = Γ3 = 1
2
A sec3 θm = 1

2
0.09428 ·

(√
2
)3

= 0.1333

Γ1 = Γ2 = 3
2
A
[

sec3 θm − sec θm
]

= 3
2
0.09428 ·

[

(√
2
)3

−
√
2

]

= 0.2000 (7.33)

Then the characteristic impedances of the three line sections are (using Equation (7.13))

Z01 = 13.19 Ω, Z02 = 21.78 Ω, and Z03 = 35.94 Ω (7.34)

and each section is a quarter-wavelength long at midband. The microstrip layout is shown in
Figure 7-13(a). The simulated transmission characteristics of the design realized at 10 GHz
(on alumina, εr = 10, section lengths of 2.83 mm, and an attenuation of 1.87 dB/m (for an
overall attenuation of 0.016 dB) are shown in Figure 7-13(b). The expected lossless ripple
(from T =

√
1− Γ2

m = 0.9955 = −0.039 dB) is 0.039 dB. The simulated minimum insertion
loss is 0.024 dB and the maximum in-band insertion loss is 0.057 dB for a passband ripple of
0.033 dB (line loss is known to reduce ripple).

7.4.5 Stepped Impedance Transformer Design

The multisection stepped-impedance transformers change the characteristic
impedances of the section between the source and load resistances but do
so in steps. It is possible to achieve a similar result by continuously tapering
the characteristic impedance of the transmission line taper or, equivalently,
tapering the width of microstrip line as shown in Figure 7-14.

7.4.6 Summary

The multisection impedance transformer design described in this section is
based on transmission line sections each a quarter-wavelength long at the
center frequency of the match. It is tempting to think that a better result
could be obtained by having sections of various lengths. However it has been
shown that optimum matching transformer designs are of the quarter-wave
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(b) Linear taper

(c) Exponential taper

(a) Microstrip taper (d) Klopfenstein taper

Figure 7-14: Tapered
impedance transformers
with length ℓ. The width
of the microstrip line is
approximately inversely
proportional to the char-
acteristic impedance of
the line. (Here ZL > ZS

and both ZL and ZS are
resistive.)

Chebyshev type and only minimum enhancement is possible [7].

7.5 Tapered Matching Transformers

Tapered impedance transformers match an impedance ZS to an impedance
ZL using a transmission line having a characteristic impedance Z0 that
gradually and monotonically varies from ZS to ZL along the length of the
line, see Figure 7-14. This figure references a microstrip line but the key
aspect is the gradual change in characteristic impedance that applies to any
transmission line. The central design problem is how to choose the function
Z0(z). If the length of the line, ℓ here, is not constrained then the Klopfentein
taper [8, 9] is regarded as the optimum approach for design of the taper and
will be discussed after first reviewing approaches used when the length of
the line is constrained. Note that both ZL and ZS are resistive.

7.5.1 Small Reflection Theory and Tapered Lines

In this section the theory behind the synthesis of a taper is developed
beginning with the theory of small reflections. The reflection at point z on
the line for a taper segment of length ∆z is (refer to Figure 7-14(a))

∆Γ =
(Z0(z) + ∆Z)− Z0(z)

(Z0 +∆Z) + Z0(z)
=

∆Z

2Z0(z) + ∆Z
≈ ∆Z

2Z0(z)
, (7.35)

where Z0(z) is the characteristic impedance of the taper at z and ∆Z is the
change of Z0(z) from one side of the taper segment to the other. In the limit
as ∆Z → 0, ∆Z is replaced by dZ and ∆Γ is replaced by dΓ so that Equation
(7.35) becomes (and putting in differential operator form)

dΓ =
dZ0

2Z0(z)
→ dΓ

dz
=

dΓ

dz
=

1

2Z0(z)

dZ0

dz
. (7.36)

The next step is to refer all of the small reflections, ∆Γ, to the beginning of
the taper at z = −ℓ/2. The theory of small reflections is that these small
reflections, accounting for the electrical lengths from the start of the taper to
each taper segment, can be summed, see Equation (7.10). This is the same as
saying that the small reflection from one taper segment is not affected by its
own reflection from another taper segment. Noting that the electrical length
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from the beginning of the taper to a taper segment at z is θ = β(ℓ/2 + z), the
reflection at the input of the tapered line is found as

Γin(ℓ) =

∫ z=ℓ/2

z=−ℓ/2

e−2(ℓ/2+βz)dΓ (7.37)

= 1
2e

−βℓ

∫ ℓ/2

−ℓ/2

e−2βz

Z0(z)

dZ0(z)

dz
dz, (7.38)

where Γin is shown explicitly as a function of the length of the taper. So
the design problem becomes choosing the characteristic impedance function,
Z0(z) to provide the desired input reflection coefficient Γin. This is difficult
to achieve with the form of Equation (7.38). The problem can be simplified
by noting that (and introducing Z1 as a normalizing impedance so that the
argument of ln is dimensionless)

ln (Z0(z)/Z1)

dz
=

Z1

Z0(z)

d(Z0(z)/Z1)

dz
=

Z1

Z0(z)

1

Z1

d(Z0(z)/Z1)

dz

=
1

Z0(z)

d(Z0(z)/Z1)

dz
, (7.39)

and so, making it clear that dΓ varies along the taper,

dΓ(z) = 1
2

d(Z0(z)/Z1)

dz
dz. (7.40)

Thus after assuming the form of Z0(z), the incremental reflection coefficient
dΓ is obtained using Equation (7.37). Alternatively (after integrating
Equation (7.40)) a form for Γin can be assumed and dΓ(z) determined
and then Z0(z). This will become clearer below when specific tapers are
considered.

7.5.2 Linear taper

In the linear tapered line design Z0(z) varies linearly from the source
impedance ZS to ZL:

Z0(z) = ZS + (ZL − ZS)z/ℓ. (7.41)

This is often approximated in microstrip by a linear taper of the width of the
microstrip line as shown in Figure 7-14(b). A simple expression for the input
reflection coefficient is not available and so must be found from simulation.
This is the simplest taper and the taper performs better the greater its
electrical length (i.e. at higher frequencies or longer physical length). The
performance of the linear taper is compared to other tapers later.

7.5.3 Exponential taper

The exponential taper has an exponential taper of the line’s characteristic
impedance. Setting

Z0(z) = Zxe
az with a =

1

ℓ
ln (ZL/ZS) and Zx = ZSe

−aℓ/2 (7.42)
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results in the input reflection coefficient, derived using Equation (7.38),

Γin(ℓ) =
1
2Zxe

−βℓ

∫ ℓ/2

−ℓ/2

e−2βz d ln(e
az)

dz
dz = 1

2 ln (ZL/ZS)
sin(βℓ)

βℓ
. (7.43)

So Γin has a sinc function characteristic with the variations of Γin reducing
as the taper becomes longer. The main problem with this taper comes from
the abrupt impedance discontinuity at the ZL end of the taper. This taper
will not be considered further as the Klopfenstein taper considered next has
much better performance.

7.5.4 Klopfenstein taper

The Klopfenstein taper [8, 9] results in a specified reflection coefficient
ripple (and thus transmission ripple) above a minimum passband frequency.
It is believed to achieve the minimum taper length over a passband
defined by the maximum allowable reflection coefficient mismatch, Γm,
(and so minimum transmission loss) in the passband. The linear taper
and most other tapers used in matching [10, 11] assume the form of
a taper’s characteristic impedance profile and the broadband reflection
and transmission characteristics are whatever results. In contrast the
Klopfenstein taper derives the required impedance profile for a source and
load impedance mismatch ratio (ZL/ZS) and Γm.
Klopfenstein [8] showed that the input reflection coefficient of the taper
could be expressed as the limiting form of a high-order Chebyshev
polynomial. Thus the Klopfenstein taper has the passband ripples that
occur with Chebyshev-based multi-section impedance transformers and
Chebyshev filters. The maximum magnitude of the reflection coefficient in
the passband is determined by the line length. The appropriate characteristic
impedance is computed from [8, 9]

lnZ0(z) = ln
(√

ZSZL

)

+ ln
(√

ZL/ZS

)

· (coshA)−1

×
[
A2φ (2z/ℓ, A) + U

(
z − 1

2ℓ
)
+ U

(
z + 1

2ℓ
)
− 1

]
(7.44)

where U(x) is the unit step function so that U(x) = 0 for x < 0 and U(x) = 1
for x ≥ 0.
The maximum reflection coefficient amplitude Γm = ρ0/ coshA where ρ0 =
(ZL − ZS/(ZL + ZS) is the reflection coefficient when the load and source
are directly connected. Klopfenstein found that this introduced a small error
attributed to the limitation of the small reflection assumption. He determined
that a better estimate is ρ0 = 1

2 ln(ZL/ZS). Thus

A = cosh−1 [ln(ZL/ZS)/Γm] . (7.45)

That is, Γm, the maximum reflection coefficient in the passband, and the
mismatch, ZL/ZS , determines A. Substituting Equation (7.45) in Equation
(7.44) yields

lnZ0(z) = ln
(√

ZSZL

)

+ ln
(√

ZL/ZS

)

Γm
(ZL + ZS)

(ZL − ZS)

×
[
A2φ (2z/ℓ, A) + U

(
z − 1

2ℓ
)
+ U

(
z + 1

2ℓ
)
− 1

]
(7.46)
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(a) φ(w,A) (b) φ(w,A) detail

Figure 7-15: Klopfenstein taper function φ(w,A) used in designing a taper segment. The taper
has length ℓ, z is the coordinate at the center of a taper segment, the center of the taper is at z = 0,
and φ(−w,A) = −φ(w,A), w = 2z/ℓ.

and the function φ(w,A) is computed as [12]

φ(w,A) =
∞∑

k=0

akbk (7.47)

(summation up to k = 20 is sufficient) with the recursion formulas

a0 = 1, ak =
A2

4k(k + 1)
ak−1; b0 = 1

2w, bk =
1
2w(1 − w2)k + 2kbk−1

2k + 1
. (7.48)

The results are shown in Figure 7-15.
It is interesting to derive the characteristic impedance at the center of the
taper. At the center of the taper, z = 0, φ(0, A) = 0 and Equation (7.44)
becomes

lnZ0(0) =
1
2 ln (ZSZL), that is, Z0(0) =

√

ZSZL, (7.49)

which is the geometric mean of the source and load resistances.
The Klopfenstein taper trades off line length ℓ, minimum passband
frequency fmin, and maximum passband reflection coefficient Γm. The
passband of the taper is all frequencies above fmin. This is a remarkable result
with the line length being considerably less than that of a linear taper. The
limitation is that with such a short line the reflections along the line cannot
always be considered to be small so that it is often necessary to increase the
line length slightly above the length derived from this synthesis procedure.

7.5.5 Simplified Klopfenstein taper

The simplified form of the Klopfenstein taper is obtained by noting that
the acceptable value for the maximum in-band reflection coefficient Γm will
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w Exact Simplified Error
Z0(w)/ZS Z0(w)/ZS

−1.0 1.163 1.177 1.23%
−0.8 1.326 1.344 1.32%
−0.6 1.577 1.597 1.26%
−0.4 1.944 1.964 1.04%
−0.2 2.460 2.476 0.64%
0.0 3.162 3.162 0%
0.2 4.065 4.039 0.64%
0.4 5.145 5.092 1.03%
0.6 6.214 6.262 1.25%
0.8 7.539 7.440 1.31%
1.0 8.520 8.542 1.12%

Table 7-2: Comparison of Z0 of the exact and simpli-
fied Klopfenstein tapers (using Equation (7.46) with
Equations (7.47) and (7.50) respectively) for a maxi-
mum passband transmission loss Tm = 0.1 dB and
ZL/ZS = 10 (Γm = 0.151 and A = 2.72.) Errors are
less for larger Tm and smaller ZL/ZS :
For ZL/ZS = 20, Tm = 0.1 dB, the max. error is 2.78%.
For ZL/ZS = 20, Tm = 0.2 dB, the max. error is 1.49%.
For ZL/ZS = 10, Tm = 0.1 dB, the max. error is 1.33%.
For ZL/ZS = 10, Tm = 0.2 dB, the max. error is 0.66%.
For ZL/ZS = 5, Tm = 0.1 dB, the max. error is 0.44%.
For ZL/ZS = 5, Tm = 0.2 dB, the max. error is 0.21%.

typically be small and for a maximum transmission loss of between 0.1 dB
and 1 dB (corresponding to Γm = 0.151 and Γm = 0.454 respectively) and
maximum ZL/ZS = 10. Then the maximum value of A is 2.72 and this is
when the simplified Klopfenstein taper will have the most error. So retaining
only the first three terms in Equation (7.47), φ(w,A) can be approximated as

φ(w,A) = a0b0 + a1b1 + a2b2 (7.50)

and used in Equation (7.46). A comparison of the calculated impedances for
a relatively high transmission loss of 1 dB (0.1 dB is more typical) and a large
impedance mismatch ZL/ZS = 10 is given in Table 7-2. The maximum error
of 1.33% is comparable to the characteristic impedance error of fabricated
transmission lines. So for practical purpose the simplified approach can be
used to design the Klopfenstein taper.

EXAMPLE 7.5 Design of a Klopfenstein Taper

Design a microstrip Klopfenstein taper to match a ZS = 10 Ω source to a ZL = 50 Ω load.
The maximum transmission ripple is to be 0.1 dB and the minimum passband frequency is
8 GHz. The substrate has a thickness h = 0.635 µm, and relative permittivity εr = 10.0.

Solution:

First determine the maximum reflection coefficient Γm in the passband. The minimum
transmission in the passband is T = 100.1/20 and Γm =

√
1− T 2 = 0.151. Since ZL/ZS = 5

it is seen from Table 7-2 that the simplified Klopfenstein taper can be used with a maximum
error of 1.33%. Using Equation (7.45) the required electrical length of the taper at 8 GHz is

A = cosh−1 [ln(ZL/ZS)/Γm] = cosh−1 [ln(50/5)/0.151] = 2.720.

A taper with ten segments is chosen and in the table below the normalized length
w′ = 2z/ℓ is used to distinguish the parameter from the microstrip width w. The microstrip
parameters were obtained by interpolating Table 3-3 of [6]. Z̄0 and ε̄e are the average
characteristic impedance and effective permittivity of a segment, a linear taper, extending
from the width on the previous line to that on the same line. The electrical length of
each segment is β(∆ℓ) = A/10 = 0.272 radians so that the physical length of a segment
ℓ = 0.272λ8GHz/(2π

√
εe) where λ8GHz = 3.745 cm is the free-space wavelength at 8 GHz.
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Segment w′ φ(w′, A) Z0 (Ω) u = h/w w (mm) Z̄0 (Ω) ε̄e ∆ℓ (µm)

−1.0 −0.774 11.68 8.28
1 −0.8 −0.661 12.84 7.38 12.2 8.35
2 −0.6 −0.521 14.44 6.39 14.1 8.19
3 −0.4 −0.360 16.52 5.40 16.0 8.05
4 −0.2 −0.184 19.16 4.45 17.8 7.93
5 0 0 22.36 3.62 20.8 7.75
6 0.2 0.184 26.10 2.90 24.7 7.54
7 0.4 0.360 30.26 2.33 28.7 7.35
8 0.6 0.521 34.63 1.88 32.9 7.18
9 0.8 0.661 38.93 1.54 37.3 7.03
10 1.0 0.774 42.83 1.29 41.4 6.90

As well at w = (−1.0− 1/∞) Z0 = 510.03 Ω and at w = (1.0+ 1/∞) Z0 = 49.81 Ω matching
the source and load impedances respectively and thus there is a step discontinuity at both
ends, a characteristic of the Klopfenstein taper.

7.5.6 Comparison of Transmission Line Impedance
Transformers

In this section the four main impedance transformers are compared: the
linear taper, the Klopfenstein taper, the quarter-wave transformer and the
two-section quarter-wave transformer. These transformers are lengths of
nonuniform transmission line with a characteristic impedance that varies
along the length of the line, i.e. Z0 = Z0(z) where z is the position along
the line of total length ℓ. The N -section quarter-wave transformer has step
changes in Z0(z) at nλ/4 where n = 1, 2 < . . .N but practically N = 1 or 2
is the limit usually considered as much better performance can be obtained
with the Klopfenstein taper with a legth typically between λ/4 and λ/2.
Figure 7-16 compares the performance of the tapers for ZS = 25 Ω and
ZL = 50 Ω but the results are applicable in general for ZL/ZS = 2. Figure
7-16(a) shows the Z0 profile for the transmission line transformers and
where the length of the linear taper has been chosen to provide comparable
passband responses defined as where the transmission loss is less than
0.1 dB corresponding to a maximum reflection coefficient Γm = 0.151 and a
minimum transmission factor T = 0.989. The reflection coefficient response
is shown in Figure 7-16(b). First consider the responses of the quarter-wave
transformers. Both provide an ideal match at the passband center frequency
f0 = 10 GHz and this repeats at odd multiples of f0 as a 3λ/4-long line is
electrically identical to a λ/4-long line. The linear taper, chosen here as λm/2
long where λm is the guide wavelength at f0, has a reflection coefficient
mismatch that reduces as frequency increases as then the line becomes
electrically longer.
The Klopfenstein taper for Γm = 0.151 and ZL/ZS = 2 has A = 1.1103
so that the passband of the Klopfenstein taper extends indefinitely above
an electrical length of 1.1103 radians which defines the physical length of
the line for a chosen minimum passband frequency fmin. The design choice
here is fmin = 0.532f0 so that fmin was comparable to that of the two-
section quarter-wave transformer. Then the electrical line length required
is 0.87λm/2. That is, a slightly shorter Klopfenstein taper has the same
minimum passband frequency as a two-section quarter-wave transformer.
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(a) Impedance profile (b) Reflection

(c) Transmission (d) Transmission detail

ZS = 25 Ω
ZL = 50 Ω
εeff = 6.7

Figure 7-16: Characteristics of simulated transmis-
sion line transformers. Midband wavelength λm =
11.58 mm at f0 = 10 GHz. Linear: Linear taper,
ℓ = λm/2. λ/4: λ/4 transformer, ℓ = λm/4. 2xλ/4:
two-section λ/4 transformer, ℓ = λm/2. K: Klopfen-
stein taper, ℓ = 3.88 mm = 0.335λm.

The Klopfenstein taper has the distinct advantage that the passband extends
indefinitely above fmin where as one-stage and multi-stage quarter-wave
transformers have a finite bandwidth.
The previous paragraph considered matching when ZL/ZS = 2. A similar
comparison is shown in Figure 7-17 for a much higher source and load
impedance discontinuity with ZS = 5 Ω and ZL = 50 Ω and the results are
applicable in general for ZL/ZS = 10. Figure 7-17(a) shows the Z0 profile
for the transmission line transformers and where the length of the linear
taper has been chosen to provide comparable passband responses defined as
where the transmission loss is less than 0.1 dB (corresponding to a maximum
reflection coefficient magnitude of 0.151). The reflection coefficient response
is shown in Figure 7-17(b). First consider the responses of the single- and
two-section quarter-wave transformers. Both provide an ideal match at the
passband center frequency f0 = 10GHz and repeating at odd multiples of f0.
Again the passband defined by the two-section quarter-wave transformer is
used to determine the length of the linear and Klopfenstein tapers resulting
in the linear taper being 3λm long and the Klopfenstein taper being 0.595 λm

long, slightly longer than the two-section quarter-wave transformer. The
linear taper, chosen here to be λm/2 long where λm is the guide wavelength
at f0, has a reflection coefficient mismatch that reduces as frequency increases
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(a) Impedance profile (b) Reflection

(c) Transmission (d) Transmission detail

ZS = 5 Ω
ZL = 50 Ω
εeff = 6.7

Figure 7-17: Characteristics of simulated transmis-
sion line transformers. Midband wavelength λm =
11.58 mm at f0 = 10 GHz. Linear: Linear taper,
ℓ = λm/2. λ/4: λ/4 transformer, ℓ = λm/4. 2xλ/4:
two-section λ/4 transformer, ℓ = λm/2. K: Klopfen-
stein taper, ℓ = 3.88 mm = 0.335λm.

Table 7-3: Comparison of pass-
bands of the four transmission
line impedance transformers
considered in Section 7.5.6 with
λm being the guide wavelength at
10 GHz. The lengths of the tapers
were chosen to have the same
minimum passband frequency
as the two-section quarter-wave
transformer.

ZL/ZS = 2 ℓ Passband Bandwidth
Linear taper 0.5λm >6.53 GHz
λ/4 0.25λm 7.16–11.84 GHz 50%
2× λ/4 0.5λm 5.43–14.57 GHz 91%
Klopfenstein taper 0.335λm >5.43 GHz

ZL/ZS = 10

Linear taper 3λm >7.72 GHz
λ/4 0.25λm 9.32–10.69 GHz 14%
2× λ/4 0.5λm 7.87–12.12 GHz 42%
Klopfenstein taper 0.595λm >7.87GHz
exponential taper 1.68λm >7.87GHz

as the line becomes electrically longer.
The Klopfenstein taper for Γm = 0.151 and ZL/ZS = 10 has A = 2.720 so
that the passband of the Klopfenstein taper extends indefinitely above an
electrical length of 2.720 radians and so choosing the minimum passband
frequency fmin determines the physical length of the line.
The 0.1 dB passbands of the transmission line transformers are compared in
Table 7-3. The two-section quarter-wave transformer and the Klopfenstein
transformer have comparable performance near the center frequency of the
design with the choice being made on whether it is more important to have
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good transmission properties indefinitely above fmin or to provide some
frequency selectivity by having a poorer match at the second harmonic
frequency of the center match frequency, here f0.

7.5.7 Summary

The transmission line transformers considered in this section match resistive
source and load impedances. However these impedance transformers
provide guidance for design strategies when the source and load include
reactances. When the source and load are resistances then the clear choice for
a transmission-line-based impedance transformer is the Klopfenstein tape.
With a reactive load the challenge is achieving broadband match since of
course the reactance of the load and/or load will vary with frequency and
so impose an overall bandwidth constraint. Design of the matching network
needs to take into account the frequency characteristic of the load.
Different loads will have different frequency characteristics and hence
variations in the type of matching network required. Four basic loads that are
commonly encountered in microwave engineering and to which matching is
required include the series RC model of the input of a FET transistor with
a series reactance that is inversely proportional to frequency; the series LR
model encountered in bonding to the input of a device where the inductance
comes from a bond wire and which has a series reactance that is proportional
to frequency; and a parallel RC load encountered at the output of a transistor
with a susceptance that reduces with frequency. These two-element models
of sources and loads are simple and other parasitics may need to be included.
At microwave frequencies the Q of the impedances encountered with active
devices is typically in the range of 0.5 to 3, and source/load resistance
mismatch typically ranges from 1.5 to 10. For example, high mismatches are
encountered at the output of power amplifiers.

7.6 Matching a Series RC load

The matching network design described in this section is appropriate for
a real source impedance and series RC load where the load resistance is
less than the source resistance. Also a two-section quarter-wave impedance
transformer will be considered as this has performance that is representative
of what is reasonable to achieve using transmission-line based impedance
transformers. Tapers are not considered here as their particular advantage of
an indefinite passband when matching resistive source and load impedance
disappears when the load (or source) is reactive.

Design Examples

Figure 7-18(a) presents the problem of matching to the input of a transistor
which is modeled here as a capacitor in series with a resistive load. This is
the typical model for the input of a FET.
With a two-section cascaded quarter-wave transformer an appropriate
matching network is shown in Figure 7-18(b). This topology is based on the
design concepts shown in Figures 7-18(c, d and e) where the single-frequency
reflection coefficient loci with respect to increasing line length are shown. The
overall concept is that line 3 rotates the load impedance to a resistance RX

and then RX is matched to RS using a two-section quarter-wave transformer,
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(a) Matching problem with ZS = RS = 50 Ω (b) Matching network

(c) Z03 = 50 Ω (d) Low impedance, Z03 ≪ 50 Ω (e) High impedance, Z03 ≫ 50 Ω

Figure 7-18: Matching problem of the case study of Section 7.6 using a two-section cascaded
quarter-wave impedance transformer. The arrows in (c), (d), and (e) indicate increasing line
length at 10 GHz. The Smith charts are normalized to Z03 and present three design concepts.
(The choice of high Z03 is appropriate for RL < ZS and a capacitor in the load.)

that is, lines 1 and 2.
At 10 GHz the 294 fF capacitor has a reactance of −54.13 Ω and with the
resistive part of the load the input of the transistor has a Q of 2.36. This is
plotted on the 50 Ω Smith chart in Figure 7-18(c). The design concept is that
line 3 rotates the load ZL to a purely resistive load of 10.0 Ω. Then a λ/4-long
line, line 2, rotates the reflection coefficient to an intermediate impedance,
and this is followed by line 1, another λ/4-long line which takes the input
impedance to 50 Ω. Note that the electrical lengths of the lines are given by
the angle subtended by the arcs and do not correspond to the drawn lengths
of the arcs. Here the electrical length of line 1 is 50.0◦ and that of lines 2 and
3 are 90◦.
Two alternative design concepts are shown in Figures 7-18(d and e). Figure 7-
18(d) describes a low impedance (Z03 ≪ 50 Ω) design concept. If Z03 = 20 Ω
then the electrical length of the line is 72.3◦ and the intermediate impedance
ZX = 2.41 Ω. An alternative is to use a high characteristic impedance for line
3 as outlined in Figure 7-18(e). With Z03 = 100 Ω the electrical length of line
3 is 29.4◦ and ZX = 17.54 Ω. Of these three design concepts the third design
concept with the highest Z03 is preferable on two accounts. One of these
is that the electrical length of line 3 is the smallest, and since the electrical
lengths of lines 1 and 2 are fixed (each is λ/8 long), this results in the lowest
overall electrical line length. Secondly the intermediate resistance is closest
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Z03 βℓ3 ZX Z02 Z01 0.1 dB Bandwidth
(Ω) (Ω) (Ω) (Ω) (GHz)

10 81.1◦ 0.65 1.92 18.86 9.90–10.18 (0.28)
20 72.3◦ 2.41 5.14 23.4 9.76–10.25 (0.49)
30 64.1◦ 4.86 8.70 27.9 9.69–10.39 (0.70
40 56.6◦ 7.50 9.62 31.1 9.62–10.46 ( 0.84)
50 50.0◦ 10.0 9.55 33.4 9.55-10.52 (0.97)
60 44.4◦ 12.2 17.3 35.1 9.54-10.53 (0.99)
70 39.6◦ 14.0 19.2 36.3 9.48–10.60 (1.11)
80 35.6◦ 15.4 20.7 37.3 9.48–10.60 (1.11)
90 32.3◦ 16.6 21.9 38.0 9.48–10.60 (1.11)

100 29.4◦ 17.5 22.8 38.5 9.48–10.60 (1.11)

Table 7-4: Matching network perfor-
mance with different Z03 with electrical
length βℓ3. The minimum and maxium
frequencies of the passband are when
T = 0.989, i.e. when the transmission
loss is 0.1 dB.

(a) Transmission

Figure 7-19: Characteristics of the matching
network in Figure 7-18(b) for Z03 =
10 Ω, 30 Ω, 50 Ω, and 100 Ω. The Smith chart
in (b) is normalized to 22.9 Ω and show
the frequency loci of Γout for four matching
network designs for Z03 = 10 Ω, 30 Ω, 50 Ω,
and 100 Ω. The Smith chart also shows the
frequency locus of ZL and Z∗

L. Note that
Γout is equal to the reflection coefficient of
Z∗
L at 10 GHz for all matching networks.

(b) Γout

to the complex conjugate of the source impedance, Z∗
S , which of course is just

ZS here since the source is real.
Table 7-4 compares several trial designs with varying Z03 and it is apparent
that the characteristic impedance of Z03 needs to be high. A maximum Z03

of 100 Ω is typical of many transmission line technologies and especially of
planar transmission lines like microstrip. Note that the maximum bandwidth
is 11% which is considerably less than the approximately 90% bandwidth
that could be obtained for a two-section quarter-wave transformer if the
capacitance in the load was not present (see Table 7-3).
The transmission characteristics of the matching network designed using
four values of Z03 ranging from 10 Ω to 100 Ω are shown in Figure 7-19(a).
Examination of the Smith chart plot, Figure 7-19(b), reveals the fundamental
problem in broadband matching of reactive loads to a resistive source
impedance. First consider the frequency locus of the load ZL which is
seen to have a clockwise rotation on the Smith chart as is typical of non-
resonant impedances. Matching requires that the impedance presented by
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the network at port 2 be the complex conjugate of ZL, i.e. Z∗
L. Z∗

L is seen
to rotate in the counter-clockwise direction with increasing frequency. The
frequency loci of the reflection coefficients, Γout, that are presented looking
into port 2 of the matching network (in Figure 7-18(a)) for each of the four
designs are also plotted in Figure 7-19(b). These all rotate in the clockwise
direction so that it is only possible for these matching networks to present
the desired impedance Z∗

L at a single frequency, here 10 GHz. The angular
length of the Γout loci from 6 GHz to 14 GHz for the four designs differ.
The line with Z03 = 100 Ω has the shortest Γout locus having the shortest
total angular length (and hence shortest electrical and physical lengths). The
passband responses of the various designs are shown in Figure 7-19(a) and
the broadest passband response is obtained when Z03 = 100 Ω and this
impedance is about the largest that could be tolerated for a planar line as
otherwise the microstrip characteristic impedance is become close to the
377 Ω free space and radiation (and this loss) from the microstrip line is
starting to be significant.

7.6.1 Summary

The lessons learned from the design in this section can be generalized with
the results shown in Table 7-5. While these results were obtained for a
particular form of the load (a series RC load) they are a broad indication of

Table 7-5: Bandwidths achievable for various RL/ZS ratios and Qs using the two-section
quarter-wave transformer of Figure 7-18(b) and Z03 = 2ZS . The percentage bandwidth is
calculated as 100 times the difference of the high and low frequencies of the passband divided by
the ideal match frequency, f0. The notation >33 indicates that the passband is at all frequencies
above 0.33f0 as for small impedance discontinuities and low Q, the two-section transformer is
close to being a linear taper.Q is inversely proportion to frequency. Transmission losses of 0.1 dB,
0.2 dB, 0.5 dB, and 1.0 dB correspond to a maximum |Γin| in the passband of |Γm| = 0.151, 0.212,
0.330, and 0.454 respectively. (The same bandwidths are obtained with inverted values of RL/ZS

but requires a different design concept for the matching network.)

0.1 dB max. transmission loss, % bandwidth

ZL/ZS Q at f0
0 0.25 0.5 0.75 1.0 1.5 2.0 2.5 3.0

0.10 50 37 31 27 23 18 14 12 10
0.25 59 47 38 31 26 19 14 11 9
0.50 85 56 45 34 27 19 14 11 8
0.75 ∞ 78 50 36 27 18 13 9 7
1.00 ∞ 116 56 37 27 17 11 8 6

0.5 dB max. transmission loss, % bandwidth

ZL/ZS Q at f0
0 0.25 0.5 0.75 1.0 1.5 2.0 2.5 3.0

0.10 66 58 52 46 42 34 29 24 21
0.25 96 77 65 56 49 38 31 25 21
0.50 187 108 82 66 55 40 30 24 19
0.75 ∞ >41 104 75 58 39 28 22 17
1.00 ∞ >33 150 83 60 37 26 19 14

0.2 dB max. transmission loss, % bandwidth

ZL/ZS Q at f0
0 0.25 0.5 0.75 1.0 1.5 2.0 2.5 3.0

0.10 51 45 39 35 31 24 20 16 14
0.25 73 59 49 41 34 26 20 16 14
0.50 98 77 58 46 38 26 20 15 12
0.75 ∞ 106 68 50 39 25 18 14 11
1.00 ∞ 181 80 52 38 24 16 12 9

1.0 dB max. transmission loss, % bandwidth

ZL/ZS Q at f0
0 0.25 0.5 0.75 1.0 1.5 2.0 2.5 3.0

0.10 82 72 64 58 53 45 38 33 29
0.25 123 98 83 72 63 51 42 34 30
0.50 ∞ >38 114 88 74 55 42 34 27
0.75 ∞ >27 >47 172 82 55 40 31 24
1.00 ∞ >24 >43 160 88 53 37 27 21
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what can be achieved without exploiting resonance in the matching network.
(Resonance is a technique to obtain improved results and is be considered in
Section 7.7.) The performance metrics in Table 7-5 are much more realistic
than the Fano-Bode limits which could require lossless networks of infinite
complexity, and only consider the average passband reflection coefficient
rather than the maximum in-band reflection coefficient.
For example, with a factor of 2 difference between ZL and ZS and with a Q
of 1, the fractional bandwidth that can be readily achieved is 27%, 55%, 38%,
and 74% for maximum passband losses of 0.1 dB, 0.2 dB, 0.5 dB, and 1 dB
respectively. Since matching networks are not usually used for frequency
selectivity (which is more appropriate for a filter), and since there will be
multiple matching networks in a design, it is common to use a maximum
transmission loss of 0.1 dB as a passband criterion.

7.6.2 Matching using Cascaded Transmission Lines and
Constant Q Circles

The stepped-impedance transformer designs utilizing quarter-wavelength-
long lines can be very long. In this section the design of a stepped-impedance
transmission line transformer with shortened lines is considered. Design is
conceptually derived from the quarter-wave transformer but design choices
are made based on constant Q circles.
First consider the single-line matching problem shown in Figure 7-20(a).
The normalized impedances are plotted on a Smith chart with constant Q
circles in Figure 7-20(b). A detailed view is given in Figure 7-20(c) and this
will be used to describe the design procedure. The normalizing reference
impedance Z0 is arbitrary and does not need to be related to the source or
load impedance, or to the characteristic impedance of the line.
Figure 7-21(a) shows a quarter-wavelength-long transmission line matching
a normalized load zL to a normalized source impedance zS with the arrow
on the reflection coefficient locus indicating the direction of increasing line
length. The arc subtends an angle of 180◦ corresponding to the line having
an electrical length of 90◦, i.e. it is λ/4 long. The maximum Q along the arc is
near 0.6 indicating an approximate fractional bandwidth of 1/Q or 1.6.
Greater bandwidth of the match can be obtained by using more line sections
and matching to an intermediate impedance. This situation is shown in
Figure 7-21(b) where there are two quarter-wavelength-long transmission
lines each matching to a normalized intermediate resistance rv =

√
zszL

since both zs and zL are resistances. The two arcs in the locus each are part of
a circle whose center can be used to determine the characteristic impedance
of each of the lines. As an approximation, the center of the circle containing
the arc for transmission line n is Cn referenced to the impedance Z0 and
then Z0n ≈ Z0(1 + 2C0n) (see Section 4.5). (Of course we already know
that each of the lines is a quarter-wave transformer so Z01 = Z0

√
zsrv and

Z02 = Z0
√
zvrL). The maximum Q set by the matching network is now 0.28

so the fractional bandwidth has increased to 1/0.28 = 3.57. This process can
be continued indefinitely. With a matching network with three quarter-wave
lines, as shown in Figure 7-21(c) the maximum Q is further reduced and the
fractional bandwidth increased.
The cascaded quarter-wave lines can reliably be used to obtain wide-
bandwidth matching but the overall length of the network becomes quite
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(a) Transmission line matching network

(b) Smith chart with constant Q circles (c) Detailed view of Smith chart

Figure 7-20: Transmission line matching a source impedance ZS to a load impedance ZL.

large. A more compact matching network with shorter overall line length
can be obtained using lines that are shorter than λ/4. Such a network design
is shown in Figure 7-21(d) with electrical lengths of each of the three lines
being less than that of a quarter-wave line (each is about λ/8 long). The
design problem then becomes one of determining the number of lines (or
sections), determining the electrical lengths of the lines, the Θs, and then the
characteristic impedance of the lines.
A reasonably good estimate can be obtained using a Smith chart and the
constant Q circles. Generally maximum bandwidth is obtained if no one
point on the locus sets the maximum circuit Q. A better solution is when
multiple arcs on the locus all touch the same Q line.
While the illustration used here has resistive load and source impedances
the technique can be used with complex source and load impedances.
The complicating factor is that if the source and/or load impedances have
reactances, then the source and load impedances will vary with frequency.
Still resistive matching provides a good initial point in a design and starting
from here optimization in a microwave circuit simulator can be used to
finalize a design. A good approach is to absorb the impedance variation with
frequency into the matching network.
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(a) Quarter-wave transformer (c) Matching network with

three quarter-wave lines

(b) Matching network with (d) Matching network with

two quarter-wave lines three lines

Figure 7-21:
Broadband cascaded
line matching net-
works. The arrows in
the Smith chart locus
indicate the direction
with increasing line
length.

7.7 Broadband Matching to Reactive Loads

Previous sections presented methods for broadband matching to resistive
loads. Usually these techniques work quite well if the load is moderately
reactive but this is not always the case. Inputs and outputs of transistors
can have larger reactive parts than resistive parts. Broadband matching to
such loads requires customization taking into account the frequency locus of
the loads which nearly always rotates in the clockwise direction on a Smith
chart so that the locus of the complex conjugate match rotates in the counter-
clockwise direction. Circuits that achieve broadband match to these loads
exploit resonance and as such have limited bandwidths so that half-octave
matching is usually the most that can be achieved.

7.7.1 Broadband Matching to a Series RC Load

Consider matching to the input of a transistor. A transistor such as a FET
has an input that can be modeled as a capacitor in series with a resistor as
shown in Figure 7-22(a). At 10 GHz the 294 fF capacitor has a reactance of
−54.06 Ω so that the Q of the load is 2.36. The Fano-Bode limit, see Equation
(7.7), indicates that the maximum fractional bandwidth that can be achieved
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(a) Matching problem

(b) Broadband matching network

(d) Reactance normalized to 54.06 Ω

(c) RS = 1 Ω, C1 = 1 pF, L1 = L2 = 1 nH (e) Detailed normalized reactance and resistance

Figure 7-22: Broadband matching with normalized frequency f̄ in radians/s normalized to
10 GHz.

for an average reflection coefficient, Γavg, at Port 1 of 0.11 is 60%. This Γavg

corresponds to an average transmission loss of 0.05 dB for a maximum
transmission loss of approximately 0.1 dB in the bandwidth of the match.
(Note that if the load was purely resistive, then Q = 0 and it is theoretically
possible to achieve infinite bandwidth.)
Matching would be greatly simplified if the matching network presented a
negative capacitor to the load. The reactance normalized to 54.06 Ω versus
frequency of the required negative capacitance (of capacitance −294 fF) is
shown as the curve identified as −C in Figure 7-22(d). At the normalized
frequency f̄ = 1 (frequency normalized to 10 GHz) the slope of this curve
is −1. A circuit that approximates this over a moderate bandwidth is the
broadband matching network shown in Figure 7-22(b). To see how this
is achieved, consider the input impedance of the circuit in Figure 7-22(c).
The reactance of the parallel LC subcircuit is shown in Figure 7-22(d) as

the curve labeled C1�L1. At f̂ = 1 this reactance has a slope of −2 and
adding a series inductor, L2, (having the reactance curve L2 in Figure 7-
22(d)) results in a reactance x, see Figure 7-22(d), which does have a slope

of −1 at f̂ = 1. Thus the total reactance, x, closely matches the reactance of a
negative capacitor over a limited, but still broad, bandwidth. The other part
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w1 = 153 µm, w2 = 600 µm, w3 = 118 µm

w4 = 626 µm, ℓ1 = 581 µm, ℓ2 = 237 µm,

ℓ3 = 732 µm, ℓ4 = 1351 µm, ε = 9.8, h = 635 µm

(a) Broadband microstrip matching network

(b) Narrowband matching network (c) Γin, and S22 of the matching network

Figure 7-23: Broadband and narrowband matching networks with Γin of both networks and S22

of the broadband network shown with the the locus of the ideal conjugate match (identified as
the locus of negative capacitor). In (a) ℓ1 = 0.048 λ, ℓ2 = 0.020 λ, ℓ3 = 0.060 λ, and ℓ4 = 0.117 λ
at 10 GHz. In (b) a 50 Ω Smith chart is used.

of the matching problem is matching the source and load resistances and
with appropriate choice of matching network values the resistance r (ideally
22.9 Ω normalized to 54.06 Ω) will be approximately constant in the matching
region, see Figure 7-22(e).
A microstrip realization centered at 10 GHz of the broadband matching
network concept is shown in Figure 7-23(a). At Port 1 is an open-circuited
stub with a relatively short electrical length at 10 GHz and so presents the
capacitance C1. This is followed by a short section of line that separates the
two stubs and provides an extra degree of freedom to be used in matching
the source and load resistances. Then follows a short shorted stub that
implements L1. This is followed by a short high-impedance line which
introduces the series inductance L2 (see Section 2.4.5 of [6]). The performance
of the matching network is shown in Figure 7-23(c) where it is compared to
that of a narrowband matching network. The narrowband network, shown
in Figure 7-23(b), is a conventional two-element matching network designed
using the absorption method so that the 294 fF capacitor is absorbed into the
network but still requires an additional inductance L4 to compensate for the
capacitance. The match of both the broadband and narrowband matching
networks is ideal at 10 GHz. The Γin loci of the two networks are shown on
a 50 Ω Smith chart in Figure 7-23(c).
The range of match for a maximum transmission loss of 0.1 dB is from
9.04 GHz to 11.53 GHz (a 2.49 GHz bandwidth) for the broadband network
and 9.47 GHz to 10.62 GHz (a 1.15 GHz bandwidth) for the narrowband
network. Using a 0.5 dB bandwidth criterion the bandwidth of the region
of match for the broadband microstrip network is 8.13 GHz to 12.95 GHz
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(a 4.82 GHz bandwidth) and the narrowband network has a passband from
8.54 GHz to 12.34 GHz (a 3.80 GHz bandwidth).
Also plotted in Figure 7-23(c) is S22 of the broadband microstrip network and
from this the reason why a good match is achieved can be seen. Typically
the reflection coefficient locus of simple networks rotates clockwise on the
Smith chart with increasing frequency. For a small frequency range near the
center match frequency S22 has a loop and effectively rotates in the counter-
clockwise direction approximating the locus of a negative capacitor. Such
a behavior is obtained in the lumped element version of the broadband
network by the resonance of L1, C1, and L2. A very good match is therefor
possible over a small frequency range. The good match is obtained over
about half an octave (of frequency) and this is typically the best that can be
achieved when matching to the inputs and outputs of microwave transistors.
The microstrip broadband matching network has a finite length and width.
Including the widths as well as the lengths of the lines, the broadband
matching network has a width and length of 0.11 λ, considerably less than
that of a quarter-wave transformer used to match resistive source and load
impedances when they are resistive but not when the load has a large
reactance as here.

7.7.2 Summary

The broadband matching concept presented in this section is using resonance
to present an impedance to a load or source that rotates in the counter-
clockwise direction (with respect to frequency) on a Smith chart. This
is achievable only over a moderate bandwidth and typically half-octave
bandwidths are regarded as the limit of what can be achieved when
matching to a load that is more reactive than resistive. There are techniques
also that are sometimes able to achieve broader effective matches by
incorporating the parasitic reactances of a device to be matched into a
distributed transmission line.

7.8 Summary

This chapter presented design concepts for realizing matching networks
with broad bandwidths. Matching a load and/or a source with a reactance
presents a particular problem because reactive loads include energy storage
elements and energy storage elements limit bandwidth. Theoretically, if
negative capacitances and inductors could be realized then it would be
possible to have infinite bandwidth matching of complex loads and/or
sources provided that the elements of the matching network are lossless.
Since negative capacitors and inductors cannot be realized, there will be
a limit on matching bandwidth. The Fano-Body limits indicate the trade-
off between the quality of the match in terms of the minimum reflection
coefficient that can be achieved and the bandwidth of the match. While
ideal magnetic transformers can achieve infinite matching of source and
load resistors, actual magnetic transformers have self inductances and thus
energy storage and so matching bandwidth is limited even with magnetic
transformers.
All matching networks introduce energy storage elements. This includes
capacitor, inductor, and transmission line elements, as well as magnetic
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transformers. Thus design techniques are required that enable design trade-
offs of the quality of a match and bandwidth. The constant Q circles on a
Smith chart enable the maximum Q and hence fractional bandwidth, which
is very approximately 1/Q, of a matched to be controlled. As long as the
locus of the input reflection coefficient of an evolving terminated matching
network does not go outside a specific pair of equal-valued constant Q circles
the bandwidth is constrained. This concept applies to loads and sources that
are resistive only or include reactances. The stepped-impedance and tapered
transmission-line matching networks presented enable broadband matching
of source and load resistances but the concepts of gradual matching in stages
to interim resistances levels can be extrapolated to matching general sources
and loads.
The final concept of this chapter describes a topology for matching a reactive
load, in particular a load comprising a resistor and a capacitor. This is
what the input and output of a transistor looks like. The matching network
described in Section 7.7 approximates a negative capacitor over a limited
bandwidth and is one of the best such networks known and this matching
network topology is commonly used in matching the input and output
of transistors. Other broadband network topologies have been invented
and these developments are tracked by microwave engineers involved in
matching network design.
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7.10 Exercises

1. A load is modeled as a 50 Ω resistance in se-
ries with a reactance of 50 Ω. This load is to be
matched to a source with a Thevenin equivalent
resistance of 50 Ω. Use the Fano-Bode criteria to
determine the upper limit on the matching net-

work bandwidth when the average in-band re-
flection coefficient is −10 dB.

2. A load is modeled as a 50 Ω resistance in se-
ries with a reactance of 50 Ω. This load is to be
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matched to a source with a Thevenin equivalent
resistance of 50 Ω. Use the Fano-Bode criteria to
determine the upper limit on the matching net-
work bandwidth when the average in-band re-
flection coefficient is −20 dB.

3. The output of a transistor amplifier operating at
1 GHz is modeled as a 100 Ω resistor in parallel
with a 10 pF capacitor. The amplifier must drive
the input of a λ/2 dipole antenna with an input
resistance of 73 Ω. To do this efficiently a match-
ing network is required. Consider that the input
resistance of the antenna is independent of fre-
quency, and assume that the matching network
is lossless. This is the same as assuming that its
bandwidth is much greater than the bandwidth
required. If the required fractional bandwidth of
the matching network is 5%, and using the Fano-
Bode criteria, determine the following:

(a) The lower limit on the average in-band re-
flection coefficient of the matching network.

(b) The upper limit on the average transmission
coefficient of the matching network.

4. Design a broadband matching network at 1 GHz
to match a source ZS = 80+50 Ω to a load with
an impedance ZL = 60.0+20.0 Ω. Maintain the
maximum bandwidth possible with this source
and load. [Parallels Example 7.1]

5. Design a broadband matching network at 1 GHz
to match a source ZS = 45+10 Ω to a load with
an impedance ZL = 50.0+80.0 Ω. Maintain the
maximum bandwidth possible with this source
and load. [Parallels Example 7.1]

6. Consider the problem of matching a source with
a Thevenin equivalent impedance of 25 Ω to a
load of admittance 0.035 + 0.035.

(a) What is the minimum Q that can be
achieved for the network, and what is the
topology of the matching network that will
yield the match with the widest bandwidth?

(b) Design the matching network with the
widest bandwidth possible if the matching
network can have at most four elements.

7. Develop the electrical design of a three-section
quarter-wave transformer to match a 50 Ω cable
to an antenna with a 10 Ω input impedance. [Par-
allels Example 7.2]

8. Design of a two-section quarter-wave trans-
former to match a 50 Ω cable to a 75 Ω cable.
[Parallels Example 7.2]

9. Develop the electrical design of a two-section
quarter-wave transformer to match a 50 Ω cable
to a 75 Ω cable. [Parallels Example 7.2]

10. Develop the electrical design of a three-section
maximally flat stepped-impedance transformer
to match a sourceZS = 20 Ω to a load ZL = 50 Ω
load. [Parallels Example 7.3]

11. Design a stepped impedance transmission line
transformer with two transmission line sections
to match a 50 Ω source to a load with an
impedance of 25 Ω. Design for a maximally flat
response. [Parallels Example 7.3]

12. Design a maximally flat four-section stepped
impedance transmission line transformer
matching a basestation amplifier with a 2 Ω
output impedance to a 50 Ω cable. [Parallels
Example 7.3]

13. Develop the electrical design of a 100%
bandwidth three-section Chebyshev stepped-
impedance transformer in microstrip to connect
a power amplifier with an output impedance of
2 Ω to a 50 Ω cable. [Parallels Example 7.4]

14. Design a microstrip Klopfenstein taper to match
a ZS = 15 Ω source to a ZL = 75 Ω load. The
maximum transmission ripple is to be 0.5 dB and
the minimum passband frequency is 60 GHz.
Only an electrical design is required but draw
the microstrip layout. [Parallels Example 7.5]

7.10.1 Exercises by Section
†challenging, ‡very challenging

§7.2 1, 2, 3
§7.3 4, 5, 6

§7.4 7, 8, 9, 10, 11, 12, 13
§7.5 14

7.10.2 Answers to Selected Exercises

A 41.36 meV B 662.6 fJ C 3.25 cm
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S parameters
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reciprocity, 25

normalized, 17

ABCD parameters, 12, 14

reciprocity, 13
relationship to S

parameters, 36
absorption, 168

ADC, 97
admittance

parameters, 9

parameters, conversion
to S, 29

Amphenol precision
connector, 99

ANA, 89
APC-7, 99

attenuation, 38
intrinsic, 41

attenuator, 124, 150

balanced

circuit, 139
balun, 139, 140, 144, 145

Marchand, 140
symbol, 140

bend, 129
Bode-Fano criterion, 206
branch, 50

branch-line hybrid, 150
butterfly radial stub, 129

calibration, 94, 99, 103, 104
critical length, 102
DTL, 104

error model, 98
12-term, 98, 99, 104, 106
16-term, 98

6-term, 104
8-term, 98

LRM, 105

LRRM, 104
one-port, 94
SOL, 95
SOLR, 104

SOLT, 104
standards, 94, 95
through reflect

line, 99, 103
match, 104

through-line, 100

through-short-delay, 103

TL, 94, 100, 106

TRL, 94, 99, 103

TRM, 104

TSD, 103

two-port, 96

two-tier, 105

TxL, 99, 106

capacitor

interdigitated, 119

MIM, 119

MOS, 119

on-chip, 119

cascadable scattering
parameters, 31

cascading matrices, 101

chain

scattering matrix, 32

change of reference
impedance, 77

characteristic

impedance

change, 77

from measurements, 109

Smith chart, 109

Chireix combiner, 143

coaxial

attenuator, 126

line

termination, 124

coil, 134

combiner, 148

Chireix, 143

hybrid, 148

Wilkinson, 141

comparison loss, 41

component

lumped-element, 121

conjugate

match, 15

mismatch

loss, 41

connector

female, 99

male, 99

constitutive relations, 162

conversion

parameter

S–h, 18

S–y, 18

S–z, 18

T–S, 22

ABCD–z, 13
coupling

coefficient, 134

CPW, 93
critical length, 102
crossover, 129

de-embedding, 96, 98
determining characteristic

impedance, 109

device under test, 94, 98,
105

diagonal matrix, 26
dielectric

resonator, 132
discontinuity, 128

microstrip, 128

distributed
matching network, 183

divider

Wilkinson, 141
double

slug tuner tuner, 184

stub matching, 185
stub tuner, 184
through line, 104

DTL, 104
DUT, 94, 98, 105

edge, 50
error

model, see calibration

expanded Smith chart, 76
exponential taper, 218

Fano-Bode criterion, 206
fixturing, 100

four-port junction, 135
fractional bandwidth, 116

gap, 129
generalized
S parameters, 23

reciprocity, 25
ground-signal-ground

probe, 93
GSG probe, 93

H parameters, 9

Hackborn, 98
half-angle transform, 130

hybrid, 135, 136, 148
90

◦ , 136
180◦ , 136

branch-line, 150
combiner, 148, 149
lumped element, 152
lumped-distributed

matching, 187
magnetic, 137
parameters, 9

power divider, 149
power splitter, 149
quadrature, 136
rat-race, 151, 152

ring, 151

IDC, 119
impedance

matching, 159

matrix, 28
normalization, 17
normalized, 31
parameters, 7

conversion to S, 28
reference, 17
transformer, 129

4:1, 145
transforming network,

162
inductor

on-chip, 120
planar, 120
spiral, 120

insertion loss, 38

minimum, 41
interdigitated capacitor,

119
intrinsic attenuation, 41

Klopfenstein taper, 219

L matching network, 164
linear taper, 218

linearity, 6
loaded Q, 118
loop transmittance, 56

loss
insertion, 38
reflection, 37
return, 37

substitution, 38, 55
lossless
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two-port

S parameters, 21

scattering parameters,
21

LRM, 105

LRRM, 104

LTCC

passive components, 150

planar inductor, 120

lumped element, 119

hybrid, 152

magnetic

circuit, 139

core, 133

flux

density, 133

transformer, 132

hybrid, 137

Marchand balun, 140

Mason’s rule, 56, 57, 107

matching, 159

complex conjugate, 160

double stub, 185

Fano-Bode criterion, 206

hybrid

lumped-distributed, 187

maximum power
transfer, 160

network

absorption, 168

broadband, 177

complex load, 168

distributed, 183

L, 164

Pi network, 174

resonance, 168

T network, 177

three-element, 171, 173

two-element, 164, 167

reflectionless, 160

using stub, 185

wideband, 207

matrix

diagonal, 26

unit, 26

maximum

power

transfer, 159

power transfer, 160

measurement

calibration

through-line symmetry,
106

TL, 106

coplanar probes, 91, 92

leakage, 98

network analyzer, 91, 92

non-coaxial, 105

one-port, 94

planar, 106

scattering parameters, 89

two-tier, 105

TxL, 106

metal

-insulator-metal, 119

-oxide-metal, 119

MIC

passive components, 150

microprobe, 90, 91

microstrip, 129

attenuator, 126

bend, 129

crossover, 129

discontinuity, 128, 129

gap, 129

impedance transformer,
129

matched load, 124

notch, 129

quarter-wave impedance
transformer, 129

radial stub, 129

step, 129

tapered line, 129

MIM, 119

MIM capacitor, 119

minimum

insertion loss, 41

transducer loss, 41

mismatch loss, 41

conjugate, 41

MOM capacitor, 119

multi-section

line transformer, 209

Chebyshev, 213

Constant Q, 229

maximally flat, 211

shortened, 229

mutual inductance, 134

N -port

lossless, 28

network, 22

passive, 28

network

analysis, 5

analyzer, 89, 91, 92

automatic, 89

vector, 89

linear, 6

parameters, 7

cascading matrix, 101

passive, 6

reciprocal, 6

symmetrical, 6

two-port, 6

node, 50

normalization impedance,
17

normalized S parameters,
17

notch, 129

on-chip

capacitor, 119

inductor, 120

spiral inductor, 120

open, 127

operator

real, 15

pad, 124

parallel

connection

two-port network, 11

reactive element, 164

parameters

S to y, 29

S to z, 28

y to S, 29

z to S, 28

ABCD, 12

admittance, 9

to scattering, 29

hybrid, 9

impedance, 7

to scattering, 28

scattering, 14

to admittance, 29

to impedance, 28

passive

components, 115

two-port

S parameters, 21

passivity, 6

S parameters, 27

scattering parameters, 27

Pennock, 104

Pi network, 174

planar

inductor, 120

port definition, 6

power

divider, 149

splitter, 149

waves, 23

root, 23

probe

ground-signal-ground,
93

GSG, 93

puck, 132

Q, 115, 116

circles, Smith chart, 207

external, 118

loaded, 118

unloaded, 118

QL, 118

QU , 118
QX , 118
Q-factor

loaded, 118

quadrature, 136
hybrid, 136

quality factor, see Q

quarter-wave
transformer, 129

ℜ, 15
radial stub, 129
radio

frequency integrated
circuit, 119, 120

rat-race, 151, 152
real part, 15

reciprocal, 6
reciprocity, 6
S parameters, 17

y parameters, 9
z parameters, 8
ABCD parameters, 13
generalized S

parameters, 25

rectangular
cavity, 131

reference

impedance, 16, 17
change, 77

resistance, 16

reflection
coefficient, 14
graphical
representation, 58

loss, 37

resonant
circuit, 115, 116
frequency, 116

resonator, 131
bandwidth, 118
dielectric, 132

return loss, 37
RFIC, 119, 120, 140
root power wave, 23
root power waves, 23

S parameters, 14, 19, 58

cascadable form, 31
chain scattering

parameters, 31
change in reference

impedance, 26

conversion
to h, 18
to y, 18, 29
to z, 18, 28

to ABCD parameters, 36
conversion to
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y, 30

definition, 16
derivation, 19
generalized, 23, 26
graphical representation,

58
lossless, 28
measurement, 89
normalized, 26

of common two-ports, 30
of series element, 31
of shunt element, 31

of transmission line, 30
passivity, 27
polar plot, 58

reference plane change,
35

series element, 31
SFG, 50
shunt element, 19, 31

signal flow graph, 50
Smith chart, see Smith

chart
transmission line, 30

two-port
lossless condition, 21
passive condition, 21

relationships, 35
scattering parameters, 14,

19, 58
change in reference

impedance, 26, 27

conversion
to ABCD parameters, 36
to admittance, 29

to impedance, 28
definition, 16
derivation, 19
generalized, 26

graphical representation,
58

measurement, 89
normalized, 26

of common two-ports, 30
of series element, 31
of shunt element, 31

of transmission line, 30
passivity, 27
polar plot, 58
reference plane change,

35
shunt element, 19
two-port
lossless condition, 21

two-port relationships,
35

scattering transfer
parameters, 21

self-inductance, 134
self-resonant frequency,

116

series

connection
two-port network, 10

element, S parameters,
31

parallel connection, 11

reactive element, 162
SFG, 49–52, 56, 57
S parameters, 50

addition, 51
commutation, 51
in measurements, 97

loop transmittance, 56
manipulation, 50
Mason’s rule, 56, 57
multiple loops, 52

multiplication, 51
path, 56
reduction, 50

self-loop, 52
simplification, 50

shunt
element, S parameters,

19, 31

stub, 129
Shurmer, 98
signal flow graph, 49–52,

56

S parameters, 50
addition, 51
commutation, 51

manipulation, 50
Mason’s rule, 56
multiple loops, 52
multiplication, 51

reduction, 50
self-loop, 52
simplification, 50

slide-screw slug tuner, 184
SMA, 99
Smith, 60

Smith chart, 60, 61, 64, 65,
179

admittance chart, 76
determining

characteristic
impedance, 109

expanded, 76

path length, 182
Q circles, 207
two-element matching,

179

SOL calibration, 95
SOLR, 104
SOLT, 104

spiral inductor, 120
step, 129
stepped impedance

transformer, 209

Chebyshev, 213
Constant Q, 229

maximally flat, 211

shortened, 229

stub, 64, 127, 129, 183

matching, 185

radial, 129

transformations, 130

tuner, 184

subscript order, 8

substitution loss, 38, 55

surface

mount, 121

symmetry, 6

synthesizer, 89

system

impedance, 16

change, 77

T parameters, 21

chain scattering matrix,
32

relationship to S
parameters, 32

T network, 177

taper, 209

tapered

impedance transformer,
217

exponential, 218

Klopfenstein, 219

linear, 218

line, 129

termination, 122, 124, 126

thick-film passive

components, 150

three

-element matching, 171

through

line, 94, 100

reflect

line, 94, 99, 103

match, 104

short delay, 103

TL, 106

calibration, 94

transducer loss

minimum, 41

transformer, 162

ideal, 162

inverting, 133

magnetic, 132, 133

multi-section line, 209

Chebyshev, 213

Constant Q, 229

maximally flat, 211

shortened, 229

stepped impedance, 209

Chebyshev, 213

Constant Q, 229

maximally flat, 211

shortened, 229

tapered line, 217

exponential, 218

Klopfenstein, 219

linear, 218

transmission line, 143

balun, 145

transmission

line

S parameters, 30

discontinuities, 128

impedance transformer,
129

stub, 127

tapered line, 129

transformer, 143

transformer, balun, 145

line transformer, 209

Chebyshev, 213

Constant Q, 229

exponential taper, 218

Klopfenstein taper, 219

linear taper, 218

maximally flat, 211

shortened, 229

taper, 209, 217

TRL, 94, 99, 103

TRM, 104

TSD, 103

tuner, 185

slide-screw slug, 184

slug, 184

stub, 184

two-port network, 6

S parameters

lossless condition, 21

calibration, 94, 96

input reflection, 18

insertion loss, 38

parallel connection, 11

parameter relationships,
35

passivity, 27

reflection loss, 37

return loss, 37

scattering parameters

lossless condition, 21

of common two-ports,
30

of series element, 31

of shunt element, 31

of transmission line, 30

passive condition, 21

series connection, 10

series-parallel
connection, 11

two-tier measurements,
105

TxL, 106

U, 26
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unbalanced circuit, 139

unit

matrix, 26

unitary condition, 28

unloaded Q, 118

unterminating, 96, 98

VNA, 89, 90, 96, 98
calibration, see

calibration
voltage

reflection coefficient, 16

Wheeler, 120

wideband matching, 207
Wilkinson

combiner, 141
divider, 141

y, normalized, 31
y parameters, 7, 9

conversion

to S, 29

z, normalized, 31

z parameters, 7

conversion to S, 28
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