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1. INTRODUCTORY REMARKS.

1.1 Scope of statistical methods.

In order to see the subject of this course in proper perspective, let
us examine the essential steps in any statistical investigation.
(a) The first step in a statistical investigation consists in the

collection of data. This can be done in two ways, nawmely (1) vy sample survey

or (2) by conducting experiments. A complete census would be considered as
the extreme limit of a sample survey.

Exemples of (l) are statistics of prices, of salaries. Examples of
(2) are field experiments, biological assgys, studies of the yield of a
chemical process as a function of temperature and duration of the process.

(b) The second step in a statistical analysis is the reduction and

presentation of data. Averages and measures of dispersion or other sultable

statistics are obtained which describe the essential features of the data.
Representing data in the form of tables, diagrems and graphs helps to detect
the essential features of statisticel data and to communicate them to others.
(¢) The third and last step in statistical analysis is a critical
snalysis. This may involve the estimation of parameters, setting of fiducial
or confidence limits, testing of hypothesis, deciding on one of several courses
of action. In this third step use is made of the calculus of probability.
But statistical procedures cannot be fully understcod or explained by prob-
sbility theory alone; an essential ingredient of statistics is inductive
reasoning which is part of logic or of philosophy of knowledge.

1.2 What is an experiment?

The characteristics of an experiment may be studied in considering a
particular example. The following medical inquiry was conducted by & surgeon
in Switzerland during the period 1929 to 1945. The object was to compare

various treatments after operation in their possible effects in reducing the
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the death rates due to embolism. The results obtained are summarised in the

Years Treatment after operation Operations f Postoperative deaths
performed from embolisn
number ofoo
1929-33 | No specific treatment 4311 1k "3.85
1934-38 | Rest in bed,exercises,sympatol| 4669 15 3.21
1941-45 | Get up early 5041 1 0.19
] i s

The figures indicate a sharp decrease in the number of deaths from embolism
coinciding with the introduction of the policy of getting up soon or immediately
after operation. It may be concluded that this changed policy was the cause
of the reduction of the mortality due to embolism. This interpretation of the
results may be correct, but it must be remembered that meny other causes may
be responsible for the drop in the number of deaths. It may well be that the
age distribution of the patients has changed, or the distribution according to
social status, to severity of operation. Furthermore, there may have been
changes in the kind of food given to the patients which could affect the death
rate. For an experiment to be valid, these so-called extraneous causes should
not affect the results. While the data summarised above could be considered

as a basis for inferring the usefulness of getting up early after operations

in preventing deaths from embolism, a statistician would generally warn to
adopt such evidence without further study. He will remember the old advice
that correlation and causation should not be confounded. In order to establish
the relationship between cause and effect, it will be necessary to eliminate

as far as possible the influence of any extraneous factor.

1.3 Aims of an experiment.

The object of an experiment is to give an answer to specific questions

as accurately and as precisely as possible with a limited amount of time, money
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and resources in general. To illustrate what we mean by an accurate and
precise experiment let us consider the distribution of the points of impact
when shooting at a given target. The following figure shows four possible

outcomes of shootings.
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In I and II we have very low accuracy due to the effect of systemstic errors;
these errors act the same way in every shoot and it should be possible to
detect the source of such systematic errors and to remove it. In I and III
the precision is low due to substantial accidental or random errors. In IV
both types of errors - systematic and random - are very smell; this experi-

ment could be considered as accurate and precise.

1.4k Principles of experimental design.

Consider the problem of conducting an experiment on a group of animals
for the comparison of the effects of four different vitamins A, B, C and D.

First of all we should decide how to measure the effect of these
vitemins, i.e. whether we should measure weights, or lengths, etc., whether
it is sufficient to use only one character or more characters should be in-

cluded. These points should be settled before the experiment is started.
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In what follows we shall confine ourselves to the measurement of one character
only. Supposing we have decided to rely on the weight of the animal, we have
furthermore to see whether we will use the final weight, the weight increase
per day or the weight increase per unit quantity of food.

Secondly it may be useful and often necessary to compare the animals
receiving vitamins to a group receiving only the usual food without any
vitamin added. This control group is of importance in clinical experiments.
It helps to ascertain that an effect is more important than mere psychological
effects.

let us now consider the simplest experiment in which there are only
two treatments O and A and these are applied to animals (e.g. mice or rets)
which are, say, 8 weeks old. The effect of treatments may be measured by
the increase in weight during an experimental period of 4 weeks.

Let us imagine that we use only one animal in each treatment.

Treatment A 0
Animal 1l 2
The results of this experiment can be plotted on a straight line:
A

Increase
in weight

0
Looking at the results in the diagram we could conclude that treatment A is
superior to treatment 0. This is a rather over-hasty conclusion open to
doubts. In fact, with only these results, we do not know whether a difference
as great as that recorded between O and A could not arise if we would apply
the same treatment (either O or A) to the animals 1 and 2 . We have to
know something sbout the variability between animals treated alike in order
to assess the effects of different treatments. And we should know it under

the same conditions as those which prevail when we compare A to O. The
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inevitable conclusion is, that we should have several animals in each treat-

ment A and O, which will give us the possibility of determining the experi-

mental error.

Principle I. Replication. In order to evaluate the gggerimental error, we

have to apply each treatment to several experimental units.

The main reason why it is necessary to replicate, lies in the fact
that we cannot get a valid measure of the experimental error without replica-
tion. Replication will of course also glve higher precision for comparing
different treatments, but this is a subsidiary effect of replication,not the
essential reason.

Let us then assume that an experiment is carried out, using e.g. 10

animals under each treatment.

Treatment Animals
A 1 2 3 4 5 6 T 8 9 10
0 11 12 13 14 15 16 17 18 19 20

If we plot the results, and if we get something like the following graph,

A
Increase

in weight

0
could we then be sure that A has caused a higher increase than O ? By no

means. It may well be that the difference in weight increase between the
animals in group A .and those in group O is not due to the action of A, but
to the effect of some other cause. It may be, to name only one possible
source of bias, that in assigning the animals to the treatments A and O, the
animals under A had a higher initial weight. This alone might explain the
higher increase in weight of the animals in group A.

Any careful experimenter would avoid systematic errors of the kind just

mentioned, but it is often difficult, especially in medical experiments, to
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avoid such biases. In some cases the enimals (or the experimental units in
general) may differ from each other in some characters vhich are hidden, so -
that it is impossible to take them into account, as we could for the initial
weight.

The problem before us, is then to subdivide a number of experimental
units into two or more treatment groups in such a way as to avoid any possible
bias through some unknown characters of these units. The only solution to

this problem is to assign the experimental units strictly at random to the

different groups. The random allocation of experimental units to treatments
will not avoid any bias caused by differences between experimental units, but
it will be distributed at random to the different treatments, It will, in fact
become part of the random errors. We may state principle II as follows:

Principle IT (Randomization). The experimental units should be assigned to

treatments strictly at random, so as to avoid bias due to differences between

experimental units.

If we wish to assign units strictly at rendom, we have to use such
mechanisms as have been used in gemes of chance, that is, shuffling of cards,
throwing a die, ete. Such mechanisms may be avoided through the use of
tables of random numbers.

Units should not be assigned in a haphazerd way. If, for instance, two
tranquilizers had to be compared on rats, and if 20 rats should be split up
in two groups, one could proceed as follows. If the 20 rats were all in one
cage, he could pick up one after another until he hed 10, which he vould as-
sign to the first tranquilizer, while those remaining in the box would be
assigned to the second tranquilizer, Theve is no doubt that by doing so the
first tranquilizer would be applied to lazy, phlegmatic rats, while the second

would be given to quicker rats of a more nervous disposition. The comparison



-7

of the two tranquilizers would most certainly be heavily biased through this
faulty assigmment of rats to the treatments.

The effect of randomization can be studied in different ways. A very
simple procedure is to consider the effect of random assignment of 20 animals
(experimental units in general) to two treatments. Assuming that 10 animals
are such that they have a bias in weight increase of -1, and the other 10 a
biase of +1. The first 10 animels may form a group I, the 10 others group II.
The probability p(x) of assigning at random x animals from group I to treat-
ment O (and 10 - x to treatment A) and consequently 10 -~ X animals of group

II to treatment O (and x to treatment A) is given by

/ 10 10 [ 20
p(x) = K\ /J ( ) )
X lO-x' 10

and the probabilities for x = 1, 2, ..., 10, as well as the average bias are

given in the following table.

{ Number of animals from Probability of obtaining| Bias of difference
group I under treatment O X animals from group I between averages for

under treatment O by O and A
random allocation

X p(x) (20 - 4x)/10

0 1/x84,756 + 2.0

1 100/x84,756 + 1.6

2 2,025/k84,756 + 1.2

3 14,400/18%,756 + 0.8

L bk ,100/184,756 + 0.4

5 63,504/184,756 + 0.0

6 L4 ,100/184,756 - 0.4

7 14,400/184,756 - 0.8

8 2,025/184,756 - 1.2

9 100/184,786 - 1.6

L 10 1/18k4,756 - 2.0
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As will be seen from these figures, those cases where the bias is small or
pon-existent will occur most often. Cases with extreme bias will occur with
s small probability only. Rendomization may be considered as a safeguard
against bias, or to put it in another way, to get experimental results which
are as accurate as possible.

We mentioned earlier that one objective of design was to obtain an
answer to the experimental question which is as precise as possible. To meke
the experiment precise we have to reduce the magnitude of random errors. This
can be done in meny different ways.

In our example the random errors arise because of small differences
between animals. The animals may differ in age, initial weight, sex, and
other constitutional characters. There are also differences in the experi-
mental conditions under which the animals are kept: they may get different
amounts of food, the quality of the food may differ. There will furthermore
be differences in measuring the weight of the animals.

The experimenter can reduce the errors flowing from all these sources
if he carries out the experiment with the utmost care. In some cases ex-
petimenters go very far in the way of reducing experimental errors. They mey
for instance through a selection program obtain a high degree of inbreeding
in the animals used for experimentation. This homogenizing of experimental
conditions has however an economic limit. Very soon the cost involved in the
standardization of experimental conditions becomes prohibitive.

Even if there were not an economic limit for this tendency in obtaining
for all experimental units similar conditions, this standardization should not
be carried too far, because the results obtained will be only valid for the
very particular experimental conditions chosen. The inductive basis of the
experiment will be very narrow, we will not be able to make any inferences

for experimental conditions not exactly alike to those of our experiment.
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How could we achieve hie£ precision in an experiment and at the same
time meinhtaih a sufficiently broad basis for inductive inference? To attain

this objective R. A. Fisher (1935) introduced the device known as "local

control" or "blocking".

For our example we would apply this device in the following way. We
would choose, say, 10 groups of 2 animals so that the two animals in each
group would come from the same litter, and be of the same sex. The two litter-

mates would form a “"block”,

Litter Treatment
(block) 0 A
I 1 2
II 3 L
III 5 6
Iv 7 8

V) 9 10
VI 11 12
VII 13 1k
VIII 15 16
IX 17 18
X 19 20

and the treatment should be assigned to them at random. The principle of
"local control" may be stated like this:

Principle III (Local Control). Experimentsal units as similar as

possible are grouped together to form blocks. Comparisons within blocks will

therefore be of high precision while the differences which exist between blocks

ensure that the inductive basis is not unduly narrowv.
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We are now in a position to give a design for the experiment originally
considered, namely one with treatments A, B, C, D and a control group O. We
would take five litter-mates of the seme sex - which.for mice or rats is not
too difficult to achieve - and assuming that we had animals from six litters

this would give the following plan

Litters (Blocks) Treatments T

0 A B c D
I 1 2 3 4 5
i 6 7 8 9 | 10
III 11 |12 | 13| 1 | 15
w 16 |17 | 18| 19 | 20
Y 21 |22 | 25| 2 | 25
Vi 26 |27 | 28| 29 | 30

L [ | |

The comperisons between the treatments would be made within litters, thus being
of relatively high precision. Random assignment of treatments to animals
within litters (blocks) would avoid systematic errors.

In the plan ebove we have used implicitely a principle whichIl think

should be added to principles I, II and III as given by R, A. Fisher (1935),

namely a principle of symmetry. If we adhere to a certain symmetry in the
plan of the experiment, we simplify at the same time the analysis of the re-
sults. Also some questions cannot be answered if the plan lacks symmetry;
the investigation of interactions is a case in point.

Principle IV (Symmetry). In view of simplifying the analysis the plan

of the experiment should be symmetrical. Symmetry also makes the experiment

more comprehensive in most cases.
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An experiment carried out by Baxter and Lundstedt (1940) - see also

Youden (1950) - may serve to illustrate the drawbacks in a design lacking

symmetry. The purpose of the experiment was to determine the atomic weight

of iodine. Two iodine samples and five silver preparations were used in the

experiment vwhich gave the following results:
Iodine | Silver Ratio of re- Iodine | Silver Retio of re- |
sample | preparation | action weights sample | preparations | action welghts
I A 1.176 ko2 II A 1.176 339

A 1.176 425 A 1 1.276- bko

B 1.176 441 A 1.176 418

B 1.176 k41 B 1.176 k23

C 1.176 429 B 1.176 413

c 1,176 k20 D 1.176 k61

c 1.176 437

D 1.176 449

D 1.176 450

E 1.176 455

}

It may be that the ratio of reaction weights varies with the iodine sample

and the silver preparations.

ratios of reaction weights according to the formula

This can better be seen when we trinsforu the

z = 1,000,000/ (ratio of reaction weights) - 1.176 400 _/

and arrange the z-values in a two-way table.
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Iodine Silver preparation
sample A B C D B T.k N.k
I 22 k1 29 k9 55
25 41 20 50 369 10
37
II -1 23 61
ko 13 154 6
18
Tj. 0k 118 86 160 55 523 oes
Ny, 5 L 3 3 1 e 16

Without going into any formel analysis, it seems that there would be differences
between iodine samples as well as between silver preparations. However, it is
not easy to make comparisons because the number of determinations is not the
same for each silver preparation with each iodine semple. The silver prepara-
tions D and Eseem to give higher values. This will affect tﬁe averages of the
jodine semples in such a way that I will be higher than II, and it will be
very difficult to disentangle the effects of the iodine samples from those of
the silver preparations.

If on the contrary, the experiment had been performed according to the
following plan, it would be much easier to find out the effects of iodine

samples and silver preparations.

Todine Silver preparation
sample A B c D | E
I 1 3 1 9
2 L 6 8 10
IT 11 13 15 17 19
12 14 16 18 20 L
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In this design the averages of all the silver preparations would be equally
influenced by differences between iodine samples; end the averages for the
two iodine samples would be equally influenced by differences between silver
preparations. Furthermore, it would be easy to ascertain whether the iodine
samples acted differently on different silver preparations, that is we could
determine any possible interaction between iodine samples and silver prepara-
tions. The symmetry of design would make the experiment more comprehensive.

In summary, to get an experiment which is accurate, precise and
comprehensive, principles I (replication), II (randomization), III (local
control) and IV (symmetry) should be applied as far as possible.

The following chapters will show how these principles are used in
different experimental situations. Throughout illpstrations from actual
research verk will be given to emphasize the problems of design and to show

how these experiments ought to be analysed.



2, SOME SIMPLE EXPERIMENTAL DESIGNS.

In this chapter we shall describe the basic designs which are obtained
when we use the principles developed in chapter 1. As already mentioned, we
get 2 valid design by applying the principles of replication and randomization;

the design obtained is called a completely randomized design. If we use zlso

the principles of local control and of symmetry, we obtain designs known undexr

the nzmes of randomized blocks designs and latin squares. These designs are

described in the present chapter snd their analysis will be given.

2.1 Completely randomized design.

These are the simplest designs where use is made of symmetry but where
local control is ignored. If the experimental material is quite homogeneous,
these designs work very well, But it is usually worthwhile to try to increase

precision through local control,

Example. An experiment was conducted to compare the effect of 7 food-mixtures

A, B,C, ..., G. Out of <2 rats six were allocated at random to each treatment
(food-mixture). The weights of the rats after an experim;ntal period of 56
days are given below, in grams, See Linder (1953), p. 18.
Food-mixture (treatment)
A B C D E F G
119 123 130 144 159 134 156
9C 121 163 172 172 146 183
102 159 159 165 21C 161 146
85 138 140 143 171 149 169

113 178 121 179 232 124 147

136 138 142 146 19C 137 oo

Total 645 857 355 949 1134 856 801 6097

Mean 107.5 142,85 142.5 153.2 139.C 142,7 160.2 148.7
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One animal (in group G) died during the experimental period.

The snalysis of this completely randomized experiment rests on severzal
assumptions. One specific treatment is rssumed to act alile for all animals
assigned to it. The experimental errors occuring in the course of the experi-
ment are sssumed to act independently of the treatment effects, Those effects
which depend on differences between the individual animals are also randomly
distributed 2nd independent of treatment effects because the animals were as-
signed at random to the seven treatments. The random assignment is either done
by drawing cards, throwing a die or using a table of random numbers.

The sssumptions mentioned may be formally set out in the relation
ald + +
yji J 31

where yji is the weight of the i-th animal under the j-th treatment, o the
general average, TJ the effect of treatment j and 631 a random effect for the
i-th animal in the j~th treatment-group. For the validity of tests of certain
hypothesis, and for the construction of fiducial or confidence limits, we will
have to suppose further that the 631 are normally distributed with & common
variance 02 and 2 mean equal to zero. The model given implies that treatment
effects =nd random effects are additive.

The statistical analysis is simple and straightforward, First we have
to get estimates of the treatment effects and of the standard error O of in-
dividuzl values. To perform the analysis in general terms we use the following

notations:
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t = number of treatments,

Nj = number of units under treatment j,

N = total number of units,

Tj = sum of values yji for units under treatment j,
T = total sum of values for all units,

<
[ N

= mean of yji under treatment j,

Y = general mean of all Vi

We have
= H = M = T, =
N=SN; ; T =8y 5 T=85T3=885yy,
J 1 J J 1
y.=T/N, ; Y = T/N .
¥ I y

We use tie principle of least squares to estimate @ and the Tj , minimizing

U=588(y -a-w)g .
51 Ji J
For 0U/dx = O we have

N a+ Nltl + Nztz + ee. + Nttt =T

where 2 is the estimate of & and tj the estimate of TJ (j =1, 2, «eu, t).

For BU/BTJ we get

Nja + thj = TJ ' (G =1, 2, ..., t).

If we assume that

Nt, + Nyt + o0+ Nt =0 ,

we obtain the simple estimates

a=y ; tj='s7j-’y' G=1,2, ..., t)
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To estimate 02 , we have to form

2 2
ssd, =858 (y,y —a-1t)
i
51 9t 51 Y J
_ 2
=8 S -
(yJ.i yi)

which is the sum of squares within treatments. It can be easily calculated by
means of cn 2nalysis of variance, whereby the total sum of squares is divided
in two parts: the sum of squares (SS) between treatments znd the SS within
treatments,

By definition we have

2
Total 8S = S S (y.i -y
ji
— -2
SS between treatments = S Nj( y -y)
3 J
- 2
SS within treatments =S S (y.. - V¥.)
4 Jx J
J
and the relation holds
sSs ( 72 =s8(7 ~')2 s s ( _)2
Y. =Y = Ay, . ~-Yy + Y., - ¥. ’
. . i . . i
ji 7 i g1 %
with s corresponding relation for degrees of freedom (DF):
N-1=(t-1) + (N~ 1t) .
The analysis of variance may be written as follows:
Degrees of Sum of Mean
Variance freedom squares Square
(DF) (sS) (MS)
_ _ 2
Between treatments t -1 S Nj( yj -y) D
J
2 2
Error N-t ss(y, ~-vy) s
j i J1 J
Total N -1 S 8(y;, - ¥ )2 ...




with
- -2
D=sSN(y,  ~y) /(t -1
3 J J

2 -2
Zessy, ~T)y/N- .
510077

The variance sz within the tredtments is an estimate of the error
variance 02 . The standard error of the estimate 2 + tj is s/ /Tr; .

To test the hypothesis

Tl = 72 D ees = Tt =0
that is the hypothesis of no difference between the t treatments, we compare
the calculated
F = D/s?

with the tabulated FP, for the given critical probability P on nl =t -1 and
n. = N - t degrees of freedom. If F> FP we reject the hypothesis.

2
To test the hypothesis

'Tl = 72 ’
we calculate
. - (¥ - %) NN,
8 ml+N2

tnd compare it with the tablulated value tp’ corresponding to a critical prob-
ability P and n = N - t degrees of freedom. If t> tp we reject the hypothesis.
To summarize, the essential steps in the analysis of a completely ran-
domized experiment are:
(1) Set out the results of the experiment in a table, giving also the
totals Tj' T and the means'y..

J
(2) To fill in the analysis of variance table we calculate succéssively



§) 2 2 2
Total SS =S S y.. -~ T /N=(NS Sy, ~-T )/N
ji 9t ji 9t

SShetweon:tréatments = S(T?/Nj) - TZ/N
j 9

SS error = SS within treatments = Total SS - SS between treatments .
The analysis of variance table is then completed by calculating D and é{

Tests of hypothesis cen be performed,

For the exemple of p. l< we have the following analysis of variance:

Variance DF SS MS F
Between treatments 6 21,783.7 D = 3,630.6 9.97
Error 34 12,376.8 s2 = 364.0 .
Total .0 34,16C.5 oo "o

With P = 0,01 and n1 = 6, nz = 34 the F-value is between 3.29 and 3.47 so we
conclude that there are differences in the effect of the treatments.

In testing differences between two treatments care must be taken not to
select for instance the highest and lowest mean. The problem of multiple
comparisons has to be borme in mind, though the methods developed to deal with

it are still of a preliminary nature. They will not be discussed here.

2.2 Randomized block designs.

In the randomized block designs 211 the four principles developed in 1.«
are used. Specifically, in applying the principle of iocal control we form
groups of experimental units which are (or at least seem to be) more homogeneous
and apply the treatments at random to the units within each group, using a new
randomization process within each group. The principle of symmetry calls for

all groups to contain as many units as there are treatments,
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Example, £ variety trial comparing 5 varieties of wheat was carried out in
4 bloclks of L plots., The five varieties Huiron (H), Pilot (P), Regent (R),New-
batch (N) and Coronation {(C) were assigned ~t random to each plot within each

block. See Linder (1953, p. Z4).

Plan and yield of grain in 10 xg. per ha.

Block 1 Bloci 11
R N P C H N H P C R
46 409 <40 .21 40« 376 <<l 393 4«02 334
Block III Blocl IV
H C R N P C N H P R
407 410 321 309 320 327 296 376 351 343

The snalysis of experiments arranged in randomized blocks is based on the
following ddditive model:

=0+ T +ﬁk+6

Yk 3 ik

where
yj~ = value for treatment j in blocl I,
jie
o = general mean,
TJ = effect of treatment j,
ﬁk = effect of block k,
Gdk = random error for treatment j in bloci k.

It will be assumed that the 6jk have a common variance 02 and an expected

mean equal to zero., The following general symbols will be used:

t = number of treatments
b = r = number of blocks or replications,
N = rt = total number of experimental units,

T, , ;5 total and mesn for block X,

T, ¥y general totzl and mean.
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The following relations mey be noted:

Sy, =T T, /r=Y,
K A I D 3. Vi
Sy..=T , T =t

] Yin T Yk Xty
Sssy., =T , T™/N=Yy
jx IF

To estimate the parameters a’Tj and Bk in the model we apply the prin-
ciple of least squares and demand

2
U=868(y, -a- T, =8)
S K 37k

to be a minimum over the variation of q, TJ and ﬂk . The estimates a, tJ and

L)

ok are given by

a=y
t =y, -Y
j yJ. y
b!r = —y-.n - ;
respectively, For d'k we get
J
d = -a-~-t_ -b
jk yjk J k
=y -yy) - (y.k -y
= -y ) -G -V
S A

and for the interpretation of these quantities we refer to the following scheme:

Blocks Treatments Mean
T 2 ... 3 ... t
1l
2
k yjl: y.k
r
Mesn y. y
YJ. y
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All djk will be zeroc when the differences between treatment effects are the

same in 211 blocis, or alternatively if the differences between block effects

are the same for all treatments.
The total SS can be split up in three perts: SS between treatments,
SS between blocks and SS for error. The following table shows the analysis

of variance and the definitions for the different SS.

Variance DF SS MS
A— - 2
Treztments t -1 rsS(y., -y DT
i v
— -2
Blocks r -1 t S(y K y) D
r B
- - -2 2
Error (t - D{r ~- 1) SS(y. -y, -¥ ,+¥) . s
P Jl{ ‘jo ol{
J k
-2
Total tr - 1 S s(y,,. -y .
.. Jdk
J k

The standard error of the mean a + t ='§_ for the j-th treatment is
J J
s/ \/; , and it will be seen that it is the same for any treatment.

To test the hypothesis that

we calculate
2
F=D/s
T/
and compare this to FP with n, = t -1, n2 =(t -(r-1). ILF >'FP we

reject the hypothesis that all treatments have the same effect.

To test the hypothesis

we calculate
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and compare this to tp with n = (t - 1)(r - 1) degrees of freedom. We reject
the hypothesis if t > tp.

The steps in the analysis can be summarized, and illustrated by our
example, as follows:
(1) Prepare a table of the results, showing the totals for treatments

and blocks and, if necessary, the means for treatments.

‘ Yield in 10 kg
Blocls
H P R N c Total

I 4G4 440 146 409 421 2180

11 441 293 334 376 .02 1946

111 o7 320 321 306 410 1767

v 376 351 343 296 327 1663

Total 1688  150.  lead 1390 1560 7536

| Mean | .22.0 376.0 361.0 347.5 380.0 379.3

(2) For the analysis of variance we calculate

A * total SS = (NS 8 y?k - T2)/N = 49,072.2 ,
Jk
2 2
B = treatment SS = (t S TJ - T7)/N = 13,179.2 s
J
. 2 2 i
C = block 8S = (r S T, - T )/N = 28,201.0 s

k

Error SS§ = A - B - C = 3,x92,0 ,

thus obtaining the analysis of variance table:
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Variance DF ss MS P

Treatments & 13,179.2 DT = 3,294.8 4.656
Blocks 3 28,201.0 DB = 9,400.3 ces
Error 12 3,492.0 s? = 7C7.7 cee
Totel 19 «9,872.2 N ‘oo

(3) To test the hypothesis

T. = T. 22 gee =T, =0

we calculate

F = DT/S2 = 4.656

and compare tiais with FO = 3.26 with nl =4, n 12, This indicates that

.G5

the five varieties have given yields differing significantly.

2

To test the hypothesis

that is whether there is z significant difference between the yields for the

varieties H and P, we have to calculate

Yy, -V
L. "%, [T,
b= ) 2 2. ‘

The tabulated value of t at P = 0,05 with n = 12 is found to be to 05 = 2,179,

so that we may consider the difference in yield for H and P as significant.
(4) In many cases it will be useful to calculate the residual djk; this

should be done whenever a computer is used. Note that the sums of the residuals

y. = y.k +y

d 1 = 37T -
yJ-; J.

Jk
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both with respect to j and k are all zero, If there is a distinct pattern in
the residuals this indicates that the model is not fully appropriate, The

d,r should be distributed at random,

Ji

2.3 Latin square design.

In the randomized block designs we used similarity of experimental
units to form the blociks. Often similarity is present in units contiguous in
space or time. It has been found in field trials that the principle of local
control can be applied in two directions, in other words, we form homogeneous
blocks corresponding to two criteria of grouping.

1f for instance, 2 field is situated on a slope, it may well be that the
upper portion is dryer than the lower. There may also on the same field exist
a trend in fertility in a direction across the field, due perhaps to a change
in soil composition. If on such a field we had an area on which to accomodate
24 plots and we had to compare 6 varieties of wheat, we could form - blocks as
explained in 2.2,

I1f, however, the area were sufficiently large to comprise 36 plots, we

might prefer to use the following layout:

1 2 3 4 5 6
1 A B C D E F
2 F A B C D E
8 E F A B C D
4 D E F A B C
5 C D K1 F A B
S B C D E F A

This arrangement, in which each of the six letters occurs once in each row and
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once in each column, is called a latin squere. £n experiment carried out ac-
cording to this plan would fulfilil the principles of replication, local control
and symmetry, out not the principle of randomization. The fertility increas-
ing from left to right and from bottom to top there will be a2 bias between
varieties A and B, B and C, etc. if we use the plan given above., We may call

this a diagonal latin square because 211 the A occur on the main diagonsal,

The bias occuring in the diagonal square was soon found out and it was
proposed to use a latin square known as Knut-Viik-square, at which we arrive
in shifting letters by two columns when we go from one row to the next, This
procedure works only for odd numbers of treatments; with 5 treatments we would
obtain the following arrangement.

Knut-Vik-square.

1 2 3 4 5
1 & B Cc D E
2 D E £ B Cc
3 B C D B A
4 E A B C D
5 C D E A B

In this design each variety is nicely spread over the whole field. It may be
assumed that the bias, if any, is smaller than in the diagonal square. Knut~
Vik-squares, however, suffer from another drawback, which will be considered
later,

As already mentioned, the principle of randomization is absent from a
diagonal square. # randomized latin square is readily obtained starting from
a diagonal square., All we have to do is, first to mzie a random permutation

of columns, then secondly a random permutation of rows, and finally assign the
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varieties (or treatments) ot rzndom to the letters. The diagonal square from
which we start has to be selected from a number of different squares which it
is impossible to transform into each other by the process of permutation out-

lined above. These fundamental squares are listed in Fisher and Yates (1938).

The rzndomizati on procedure emsures the validity of tests of hypothesis and of
fiducial or confidence 1limits.

For the statistical analysis of latin square designs we assume the fol-
lowing additive model:

Yif(3) =% F Tyt Bt Y+ Yy

where

yk[(d) = value on unit in row i and column { with treatment ,,

[#] = general mean,
TJ = effect of treatment j,
Bk = effect of rwo I,

y = effect of column {,

random effect on unit in row ki and column { with trestment j.

Sef(3)

It can be easily seen that the least-square estimates of &, Tj’ﬁk and‘Yl are

given by
c=7 :
tJ ) y(J)_ oo
b=y, ~Y
°‘=.§;""‘; ’
respectively, where
;(j) = mean.of values under treatment j,
y. = mean of values in row i,
lf" = mean of values in column {f,

y = general mean.
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The sumg of squazres to be considered zre

-2 2 2
A = Total S8 = 8 S( - =8 S - T°/N
S0 Y TL Y ww
= _52 2 2
B = Treatment S8 =r S(y ~-y) = (S Tj)/r - T°/N
i J
— - 2 2 2
C=Rows SS=rS(y. -y) =(T )/r-T/N
k. 5, k.
k k
- - 2 2
D =Columns SS =r S(y , ~y) =38 T2 Y/r - T /N
.( .‘
£ £
E=E SS =85 S -y -y, - +2yY) =A-B-C=D
rror (yk‘(j) Yj Yy Y. y)

k [

and the relation
Total SS = Treatment SS + Rows SS + Columns SS + Error SS.
holds. The number of treatments, replications, rows and columns is r. The

analysis of variance is set up in the following table

Veriance D.F, SS MS
— 2
Treatments r-1 t S(ijy) DT
J
R 1 t s(y __)z D
Rows r- 1 yk.—y R
k
.2
Columns r-1 t S(y.‘—y) DC
£
S _ _ 2 2
Erro -1 -2 S S N - - - +2 s
rrors (r-1) (r-2) 5 ‘(yk‘(J) YV g y)
Total re-1 S S(y y) N cee

- . k£ k‘(J;
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]
i

Here again the hypothesis of equal treatment effects Tl 12 e =Tr=0
is tested using
F = DT/sé

and comparing this to FP with n1 =r-1, n, = (r-1)(r-2). /fnd to test

2
we use
yl - y2 r
1 = —— 3
s

with n = (v=1)(r-2).

The symmetry in the latin square design ensures the orthogonality between
treatments, rows and columns.

The breaidown of the totesl variability into four portions may be used
to show the differences between random, diagonal and Knut-Vik latin squares.
Let us consider a field trial on a given zrea of land, subdivided into r2
plots. If we carry out an uniformity triesl, then

Tl = 72 = e T Tr = 0

and the total sum of squares will be the same whether we use a random, a diagonal

or a Knut-Vik design. In the diagonal design, as we have already found, the

treatment sum of squares will be inflated, it will not only contain the in-

evitable random errors, but also systematic errors. On the other hand in the
Knut~-Vik square the treatment sum of squares will be smaller than in a random
square., The sums of squares for rows and for columns will be the same for all
three designs, s also the Egigl sum of squares. It follows from this that the

error sum of squares will be too small in the diagonal square, too big in the

Knut-Vil: square. Consequently, the F-ratio will be too high in the diagonal
square and too low in the Knut-vVik square. In other words: using the diagonal
latin square we will declare too often that there are treatment differences,

while using the Knut-Vik square we will not declare often enough that there are
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treatment differences. Only the randomized latin square gives the correct
proportion of significant results,

Example. An experiment was carried out by forest engineers in 1946 to
compare the relative efficiency of three types of saws, A, B, C,. Of each
type two individual-saws were used to insure that differences between types of
saws were not smaller than between two saws of the same type. The corres-

pondance between letters and types of saws is as follows:

Type of saw: 1 2 3
Saw no. 1l: A B C
Saw no. 2: D E F

The saws were used by six teams of two workmen, some teams more, some less
experienced. The wood cutting was performed on three species of trees: spruce,
pine and larch, once with and once without bark. The experiment was carried out
in a latin square design, properly randomized, with the six types of wood as
rows and the six teams of workmen as columns, Lctually the experiment was re-
peated twelve times. The following table shows the results of one of these

experiments (Zehudes, Weber and Linder, 1951).

Cutting times in 1/100 minutes

Wood Teams

1 2 3 4 5 6 Total
1 C 63 E 109 D 93 B 75 A <0 F 49 440
2 B 68 F 62 E 78 A 60 D 40 C 42 350
3 E 127 A 135 B 125 F 73 C 61 D 74 595
4 F 88 D 1062 A 125 C 86 E 61 B 60 522
5 D 74 B 100 C 83 E 64 F 43 A 56 420
<] A 130 cC 120 F 120 D 113 B 60 E o8 641
Total 550 628 €29 471 311 379| 2968
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The znalysis proceeds in the following way.

(1) The totals for treatments are set out:

A 552 D 501 £4D 1053
B <380 E 537 B+E 1025
Cc 458 F <356 C+F 390

(2) Fo: the analysis of variance we get

Veriance DF SS MS
Saws S 1,716.2 343.2
Types of wood 5 1C,286.8 2,057.3
Teams of workers S 14,426.2 2,3885.2
Error 2C 2,101.9 105.1
Total 35 28,530.9 cos
(3) To test the hypothesis Tl = 72 = oeee = T6 =0 of equal effects

of all saws we calculate

F = 343.2/1(5.,1 = 3,27

and compsre this to F = 2.71 withn =5, n_ = 2C.
0.C5 1 2
(4) 1In this particular experiment the treatment differences may be re-
hvd

solved into orthogonal comparisons in view of the'in which the experiment was
designed. In fact it seems indicated to test the differences between the two
saws of the same type. Furthermore, 2s the saws of type C were of z construc-
tion essentiaily different from types £ and B, we may olso compare the saws of
type & to those of type B and finally type C to types L. and B combined. This

gives 5 comparisons between G values and the following table shows the co-

efficients for these comparisons.
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Coefficients for comparison

Saw Total AfD B-E C~-F £A4D A+B+D+E
~(B+E) ~2(C+F)
& T1 +1 C 0 +1 +1
B T 0 +1 ¥ -1 +1
2
C T 0 " +1 ] -2
3
D T, -1 G C +1 +1
E T5 0 -1 o -1 +1
F T, ) c -1 G -2
Q
Sum T C G C C 0

We note that tihe sums of the coefficients are zero for all comparisons. Also
the sum of the products for each pair of comparisons are zero. This means that
the five comparisons zre orthogonal,

For the comparison A-D we get 552 -~ 501 = +31 and the sum of squares
corresponding to this comparison is (51)2/(2)(6) = 216.7. The factor 2 in the de-
nominator is the sum of the squares of the coefficients for that comparison in
the above table, the factor 6 is the number of replications. For the five

orthogonal comparisons which we have chosen, we get

Comparison A Divisor Sum of squares
A-D 51 (2)(s) = 12 216.7
B-E -9 (2)(8) =12 200.1
C-F 20 (2)(c6) = 12 33.3
(A+D) - (B+E) 28 (4)(18) = 24 32.7
A+B+D+E - 2(C+F) 290 (12)(6) = 72 1,232.4

Total (Saws) . coe 1,716.2



- 33
The total of the SS is the SS between saws, This must be so beccuse the
comparisons cre orthogonal. Each comparison can be tested by calculating the
F-ratio. Alternatively we may calculate

4,351) (105.1) 57,3

Fo.058

(£.095) (105.1) 250.9

F0.01sz
znd compare the SS for each comparison with these values, The only comparison
which turns out to be significant is that between the saws of type 5 and the
two other types.

(5) The residuals

+ 2y

Y = Ve " Y5 T e TV
may be calculated and inspected to find out whether they are randomly distributed
over rows, columns and treatments. This topic will be talen up in 2.G, where
the assumption of additivity is studied in detail.

In the experiment on saws the experimenter deliberately introduced
heterogeneity between columns (tecms of workers) and rows (types of wood) . This
heterogeneity was afterwards eliminated from the error by means of the analysis
of variance., It seems at first sight that there is no point in proceeding in
this way. However, it may be pointed out that by doing so, the experimenter
obtained 2 much broader basis for inferences.

The principle of locezl control has beaen used in three different ways

in the preceding chapters, &s summarized in the following table:

Design Local control
Completely randomized No local control
Randomized blocks One-wey local control
Latin square Two-way local comtrol.

Orthogonal comparisons of treatment effects are often helpful, but they

should only be used if the comparisons are mecningful. Thé possibility of mak-
ing orthogonal comparisons should be born in mind when the experiment is de-

signed. Two examples may illustrate the procedure.



The first concerns a grazing experiment carried
in Switzerland (Linder, 1953, p. 48). In a randomized
treatments and 5 replications the possible detrimental

applying fertilizers wes investigated. The treatments

(1) No fertilizer (&) PKCaN1
(2) C= (5) PKCaN2
(3) PKCa (6) PKCaN

[V}

Two cows were allowed to grzze during about 2 hours in
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out on an alpine pasture
block 1ayout with 6
effect on grazing of
were chosen as follows:

(0.7 kg/a for N)
(1.4 kg/a for N)
(2.1 kg/2 for N)

= fenced area where the

grass had been cut, except on the 30 experimental plots, The following five

orthogonal comparisons seem to be meaningful in this experiment,

Coefficients for comparisons

Total grazing

Treatment __ time 1/10 minutes
(1 (2) () (4) (3

0 -5 (8] C G Y] 223
Ca +1 -4 o 0 0 317
PXCa +3 . +1 -3 G C 390
PKCaNi +1° +1 +1 -1 -1 459
;FKEaNz +1 +1 +1 0] +2 545
PKCaN3 +1 +1 +1 +1 =1 608
Total G ¢ C 0] 0 2,542

Comparisons (<) and (5) give the linear cnd quadratic component of the effect

of N. From the 2nalysis of variance we note that the SS for treatments is

2
20,545.5 and the error mean square is s = 907.- with 20 degrees of freedom,

As ¢ second example we consider an experiment carried out to investigate

the effect of fluoride in water, milk and solid food on dental caries in rats.

The experiment was completely randomized, with C rats per treatment. The effect

of treatments was measured as the number of a specific

type of lesions in the
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in the enamel of molars, called "scores''. The experiment was expected to answer
the following cuestions: (z) Does fluoride act differently when added to fluid
or solid food? (b) I there an effect of fluoride at ally (c) Is there a
difference between animals receiving milk or water?

The constitution of the & treatments, the results and the S5ortbhogonal

compariscns chosen are given in the following table, where f , fl and for "mo

-

fluoride” znd "fluoride" im solid food; F F for "no fluoride” and "fluoride"
c 1

in liquie food; while m indicates that the animal got water, m1 thet it re-
o

ceived milic,

Fluoride in mill Coefficients for comparison
Treatmtne solid licuid vs. “"scores" ~ (1) (2) (3) (D (5)
food food water
1 £ F m 9C +2 0 +1 +2 0]
C G ¢]
2 £ F n s6 +2 G -1 -2 0
0 C 1
2 f F m 34 -1 +1 +1 -1 +1
¢ 1 C
4 f F m 33 -1 +1 -1 +1 -1
0 1 1
5 I F m 77 -1 -1 +1 -1 -1
1 Y c
6 £ F m 71 -1 -1 -1 +1 +1
1 0 1
Total e e e <91 C ¢ 0 0 0

Comparison (1) gives the answer to question (b), comparison (2) answers (2)

znd comparison (3) answers (c¢). Comparisons (<) and (5) are subsidiary, complet-
ing the set of 5 orthogonal comparisons. (4) is the interaction between (1)

and (3), (5) the interaction between (2) and (Z2). From the analysis of varilance
for the whole experiment the SS for treatments is 22.254 and the error mean

square s2 = 3.209 with 42 degrees of freedom,
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2.4 Missing values.

In - completely randomized experiment missing values ccuse no special

difficulty for the analysis. Of course, if only 2 few observations are left
in one treztment, the precision will be impaired, but this does not mean that
there is any difficulty in onalyzing the experiment.

1f, however, values are missing in a randomized block experiment, the

remaining values will usually lacik the symmetry which mzkes the analysis so
simple. In this case we may proceed in several different ways.

If the missing values 21l lie in the same block, as it may happen in any
field trial, the values from the whole blocl: may be dropped, and the experiment
analysed as explained in 2.2,

Similarly, if the missing values occur 211 in the same treatment, the
experiment may be analysed without taking any value from this treatment. Such
a case may occur in a variety trial where the seed of one specific variety has
suffered damage and does not germinzte. Or in an experiment with insecticides,
one of the insecticides tested may have no effect at all.

I1f only one value is missing the simplest procedure is to estimate the
missing value and then perform the analysis according to standard methods.

F. Yates, following a suggestion of R, A, Fisher, has worked out the following
procedure, The missing value is replaced by y. In the 2nalysis of variance

we then get for the residual sum of squares Ayz -~ 2By + C. Minimizing this

sum of scusres we get y = B/A., This value for y is inserted =nd the experiment
anzlysed as if the data were complete. The only point in which the analysis
differs from the standard method is that the error sum of squares has one degree
of freedom less, as also the total sum of squares, corresponding to the estimated
missing value,

Suppose the missing value occurs in block i and treatment j. Using the

notation



. T# = Total for values under . treatment “1: ¢incomplketd) ;
5 TTJ = Total for values in blocik 1 (incomplete);

™ = General total (incomplete).
T ytj = Estimate of missing value.

Then the procedure outlined above gives

t Ti. +r T%j - T*

Y3 = T (F-1)

The szme method can be adapted for the latin square design, If the miss~

ing value occurs in row Xk, column £ and velongs to treatment j, and with the

notation
T* = Total of values in row : (incomplete
. . T}< = Total of values in column f (incomplete)
T? = Total of values from treatment j (incomplete)
) T = General totzl (incomplete)
y = Estimate of missing value
12003

we obtain by Yates' procedure

K.

r(T*% + T* + T*,)- 2T%
J .
() ° (r-l)(t-l)‘g

When more than one value is missing special methods were developed for
- specizl designs for which any standard textbooi: may be consulted. In some

cases it may be necessary to apply a general method in order to analyze a well

plenned experiment in which some data are missing, or to analyze an experiment
lacking symmetry.
. The general method, which we will describe for a particular example

consists in setting up a model, The parameters of this model =zre estimated by
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the metaod of least squares, Or more generally by the method of maximum liceli-
hood. The residuzl sum of squares S1 with nl degrees of freedom is calculated.
In order to test the hypothesis that the parameters of any subset of all para-
meters are equal, we determine new estimates under this hypothesis and again
calculate the residual sum of squares S2 with nz degrees of Ireedom. S2 must
be greater or ecual to Sl, n2 is greater than nl. If the hypothesis is true,

the expression

S.-S S
21 1

. = = n,(8.-8,)/(n,-n,)8
112-11l nl 172 "1 2 7171

is distributed according to F with (nz-nl) and n1 degrees of freedom,

Consider the example on the determination of the atomic weight of iodine,
for which the data are given on p.12. The individual values depend on the sil-
ver preparations on one hand and on the iodine samples on the other hand. Con-
sequently the i-th value of Y. for silver preparation (j) and iodine sample

J=i
(k) may be written as

Yies = ¢ ¥ B(g) * V) T A1

where ¢¢ 1is & general mean, 3(3) specifies the effect of tle silver prepare-
tion (j) and y (k) the eifect of iodine sample (k). The random error associated
to each observation is 6(3)(k)i' we will assume that it is independent of both
silver preparation end iodine sample ond is normally distributed. We are choos~-
ing 3(1) =0 and y([) = 0 , so as to have no redundancy. Thus the individual

values y, the totals T and the expected values Q + B(J) + Y(k) are as follows:
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L B c D E
y 7 Y. y Y,
114 21 31 b1t 511 Individual values
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S
Jk

S

‘o

2
S = @ = Py ~ Fw)

The derivatives of this sum of squares with respect to

and ? give the following € linear equations, when put

Na - N
Nz.blu N
N_ =a
3 3
N =2
l..‘
N_ a
5,
N a - N
.1

2.”

1

- N3 by

-N b, =-N_b
G4, O

5, 4

*

oy Bys By By By

equal to zero.

N,c=

N c¢c=
21

1}

o

N ¢
31

41

C



Inserting the numerical values for the N's and T's this gives

162 + «b. + 3b + 3b_ + b, + 1l0c = 528
1 2 - <
Za + £b + 2¢ = 118
1
3a + eb + 3¢ = 08
2
3a + 3b_ + 2c¢ = 1GC
S
a +b + ¢ = §5

1Ca + 2b + 3b_ +2b_ + b + 1Cc = 369
1 2 3 “

These equations may b:> solved by standard methods. However, a method given Dby

W. L.Stevens (1943) seems to ne perticularly eppropriate for finding the solu-

tions of such equations, The calculations proceed as follows:
(1) The frequencies are set out.
(2) From the original totzls we compute the averages for iodine samples
and obtain a first adjustment for iodine samples; -3C.000 + 25,667 = 11,233
(3) 2Adjusted totals are obtained:

31.53«

366 + (-11.233)(10) = 25G.870 104 + (-11,233)(2)

15« + ( C.000L)(6) = 154.C0 113 + (~11,233)(2) 5,534«

36 + (-11,233)(3) = 52,301
8tc.

The averages from the adjusted totals are calculated for the silver preparations.
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fdjustments of constants,

lodine samples Silver preparations

(1) Frequencies

1 16 =2 +2+3+2+1 L 5=2+3
II 5=3+2+C+1+¢C B L =2 + 2
C 3=3+20
D 3 =2 4+1
E 1=1+¢C
Total Mean Adjustment Total Mean fdjustment

(2) Original totals., First adjustment for iodine samples.

369 36.900 - 11.233 1c4
154 25,537 0.00C 118
528 (4]
160
55
523
(3) Corrected totals. First adjustment for silver preparations.
25C.670 81.534 16.30GS 0.00CC
154.000 95,53« 23,0035 - 7.87067
£1G,G7C 52,301 17.4337 - 1,12G9
137.534 5,047 -29,56379
43,767 23,7870 -27,4602
41G6,C70
(4) Corrected totals, Second adjustment for iodine samples,
151,599 15.1G60 + 3,050 21.834
169.305 13,2138 C.CG0 65.226
260,907 43.920
43,920
16.307

26C.907
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Totel Mean Adjustment Total lean Adjustment

(5) Corrected totals. Second adjustment for silver preparations.

152,179 87.65C 17.53C ¢ .G00
109.305 71.342 17.336 ¢.306
291.407 58,094 19.365 - 1,835
55,036 18.345 - 0.815
19.365 19.305 - 1.835

261.487

(8) Corrected totals. Th3rd adjustment for iodine samples.

172,597  17.260 + 6.720 87.650

107.881  17.98C 0.000 7€.113

@*) , $&* 52.589
52,551
17.530
280,478

(7) Corrected totals, Last adjustment for silver preparation

179,797 17,9350 0.000 89.090 17.818 0.000
107,387 17.930 ¢.000 71,5538 17,309 -~ 0.071
237.67C 54,749 18.250 - 0,432
54,031 18,010 - 0,192
13.25C 13,250 - 0,432

287,573

(4) The adjustments obtained in (3) are used to get new adjusted
totals.
256,570 + (2)(0.,000) + (2)(-7.5757) + (3)(-1.1269) + (2)(~-29.5379)
+ (1)(~27.4602) = 151.599, etc,
ifter step (7) the adjustments get so small as to be negligible,
The estimates are obtained as the negative value of the sum of the ad-

justments in 211 steps, This is shown below:
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. fdjust- Iodine sample Silver preparation
ment
| 11 FA B Cc D E
First -11.233 ¢.0G0 ¢.COou -7.577 ~7.577 -29,5308 =27 .4560
. Second +3.058 ©.,0CC G.000 -0.306 -1,335 -0,815 .~}.,835
Third +0.720 0.000 ¢.000 -G.C71 -0.432 -~0.192 -0.432
’ Total 7.455 G.0CO 0.C0U -~7.954 ~3.394 -30.535 -29,727
Estimates c¢=+7.4<55 cee oo bl=+7.954 b2=+3.394 b3=+30.535 b =+29.727

The estimate ¢ is obtained sterting from the last general total 2387.67C and

using the adjustments obtained in (7).

Corrected total in (7)

Ldjustments: Iodine samples (1C) (G.0CL)
( 6)(0.000)
-‘ Silver preparation ( 5)(C.000)

( <)(~06.C71)
( 3)(-0,432)
( 3)(-G.192)
( 1)(-0.432)

Final corrected totzl

The estimate a is

a= 285,090/16 = 17.C018,

287,578

¢.0GC

¢.000

G.000

-0.284

-1.296

-C.576

-0.432

235.090

From the estimates a, bj ond ¢ the estimated means for eac.. class may

ve calculated., For instance the estimated mean for iodine sample I and silver

preparation C is

17.018 + 7.455 + 3.394 = 238,507

' and the observed mean is
(29 + 20 + 37)/% = 23.657;

the following table shows the expected and observed means.
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‘ Observed means Expected means Differences
Iodine sample 1 I1 I IX I II

Silver preparations

c . A 25.3 17.8 23.5 19.C + 1.8 - 1,2
B 33.3 25.0 41.C 18.0 - 7.7 + 7.8
’ C 23,7 21.2 28.7 ‘e ¢.0 v
D 55.8 48.3 49.5 61.0 + 6.3 -12.7

E 55.0 47.5 55.0 oo .G oes

As a test for the hypothesis 51 = Ba E 63 = Bh = Y= 0 we can set up
an analysis of variance in which the sum of squares for the constants is
obtained as
SS(constants) = (104)(0.000) + (118) (+7954) + (86)(+3.3%4) + (160) (+30.535)

~‘ + (55)(+29.727) + (369)(+7.455) + (154) (0.C00) + (523)(+17.818)
- 5232/16 = 2 725,138
and where we show also thevariability between and within the classes formed by

iodine samples and silver preparations.

Variznce D.F, Ss MS F FO.OS
Constants 5 2 725,188 545,038 4,186 3.688
. Residual 2 408.583 244,292 1,076 4,459
. Between classes 7 3 213.771 459.110 3.526 3.499
Within classes 3 1 C41.667 13C.208 vae .o
Total 15 4 255,438 ces e eee

It foilows that as a whole the constants contradict the null hypothesis.
' If we want to see whether there are differences between the iodine samples
or between the silver preparations, or in both classifications, we have to adopt

the procedure outlined in general above.
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Consider first the case where we suppose that there 2-e no differences

between tie two iodine samples. The model for this would be
+ +
T € IR E)T!

where j refers to the silver preparations. The sum of squares for the constants

in this model is simply:

2 2 2
SS(silver preparations) = (1C4) /5 + (113) /4 + (86)2/3 + {160) /3 + (55)2/1

- (523)2/16 = 2 572.304%

with « degrees of freedom, I1f we compare this to the sum of squares for con-

stants obtained previously, we get

D.F, s.S5.
£11 constants 5 2 725,133
Silver preparations 4 2 572.304
Difference 1 152,304

The increase in the SS due to the adjustment of a constant for the difference
petween the iodine samples is 152.03« and this is almost equal to the mean
square 130.203 within classes. From this we conclude that there is no signifi-
cant effect due to the iodine samples.

In a similar way we can test the differences between silver preparations.

to do tuis we set up the model

V)1 = % ) * Pk)1

where k refers to the two iodine samples., The sum of squares for the constants

in this model is

2 2 2
SS(iodine samples) = (369) /iC + (154) /& .- (523) /1¢ = 273,204 .

From this we obtain



D.F. S.S. M.S.
All constants 5 2 725,1C3 cee
Iodine samples 1 473.204 v
Difference 4 2 251,984 562,990

The increase of the sum of squares due to the adjustment of constents for
differences between silver preparations is quite substantial. If we compare
the mean square 552,995 to the mean square 13(.20& within classes, we get

F = 5562,995/130,203 = «.324

Py

wihile the value for n, = 4, nz = 8 is. 5.838. Consequently we infer that there

are significant differences between the silver preparations.

2.5 Information and design.

The concept of local control was introduced as a means of attaining
higher precision in the comparisons. It would be useful to pe able to measure

the gain in precision obtained by grouping units into blocks. R, £, Fisher

(1235) introduced the concept of information, which is useful in this connection,

We have seen that the standard error for a treatment mean is s/\f;: the

variance sz/r. 1f we add more blocks to a randomized oblocks experiment, the

cost will be proportionate to the inverse of the variance, which could be
called invariance, Fisher considers r/s2 as the information with respect to a
treatment mean.

The inverse l/s2 of the error variance gives a measure of the precision
attained in the experiment.

If we wish to evaluate the effect of forming blocks we have to compare
the error of a randomized blocks experiment with the error of a completely
randomized experiment making use of the same experimental units.

The respective analysis of variance assume the following form:
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Completely randomized Randomized oblocks

Variance D.F, M.S. Variance D.F. M.S.
Between treatments t-1 ‘oo Treatments t-1 sen
Within treatments  t(r-1) .82 Bloc!s r-1 e

Residual (t-1) (r-1) S; B
Total tr-l ces tT

Total tr-1 “es

The problem is, how to estimate sz if we have performed a randomized blocks

* .

experiment and obtained the analysis of variance,.

1f we nad the results of an uniformity trial, we would get for the treat-

ment mean square also sz . In thet case, the total mean square gives us the

best estimote of sg R which is available. So we have

o [ (t-1) + (ﬁliﬁ(r;iilfsg.B. + SS(blocks)
C.R. * Tr - 1

r(t-l)sg 5. * ss(blocks)
tr - 1

2 2 2 2
We may compare SCR to spp or l/sCR to l/sRB, this will give us the

relative efficiency of the randomized blocks design compared to the completely

randomized design.
2 2 2 ,2
1/8qpt JJSRB = sRB/sCR .
As the two designs have different degrees of freedom for the error
variance, this siould be taken into account. R. &, Fisiher suggests. that two

invariances or quantities of information should be compared according to the

formula
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o

(nl+1)(n2+5) 8
E = 5, (5, )

|

o

8

As =n example consider the relative efficiency of rzndomized blocli designs
in example of ; 1.2,

In that example we had

2

t=5’ r=4” SRB

= 707.7, SS(blocks) = 2§,201.0 .

Hence

2 (£)(4)(707.7) + 23,201.C

s

CR ~ (5)(<) -1
2
SoR * 2,080.2

and the relative eéfficiency E is

- (13)(18)(2080.2) . 2 366
(16)(15) (707.7)

The gain in precision through local control is considerable in our example: to
obtain the same precision in a completely randomized experiment, we would have
to use (20)(2.083) or approximately 57 plots instead of 20 in the randomized

blocls experiment.

2.3 Test of non-—additivity.

J. W, Tukey (1949, 1953) has snown how the assumption of additivity in
the models used in 2.2 and 2.3 for randomized blocks and latin squares can be

tested.

For the randomized block designs we consider the model

=+ T +ak+6

Yk 3 k!

a

and we have seen that the expected value an is equal to

Y. =a+t, + Db ='§ +y . -y
Ji 3 i J. i



and the residuals d

jk
4. =y,  -Y_ =y -¥, =Yy *+¥ .
J}.{ j::’_ J£ j;i J. o
If the destz =are such that the additivity holds, then the dju should be inde-
pendent of the Y". Let x ne defined as
Jjk Jji
2 2 2
x_ =Y, -SY /r-SY /t+ L L Y /rt .
jk NES k J BESS J. k Jls
Note that
sd _=8d, =0 , sx_ =8x_ =0 .
j jk N 3 jk x jk
We prepare a graph on which the d are plotted against the x , with r°t points,
Jk Ji
a |
Jx
REA T
? Du pt T‘}T‘ Op "‘“
v L»": [} ? 0

A4

ij 1{

Inspection of this graph may give 2 rough idea whether there is any correlation

between X -nd d . Instead of plotting d__ =zgainst x  we can also compute
Jk 3k Jk Jk

the linear regression of the djv against the x . In particular, the sum of

S Jk
squares of the regression values is

Zf S s(x_,.d ) 72/ S s x?b = SR (say)

j I Jis J& = J k Jis
with one degree of freedom. If we subdivide the residual or error sum of
squares, say S_ into two parts, one being SQ, the other SE - Sq, then Tuikey
E F K

has shown that

Sg = 5r 2
G-D(-D-1 o

Hence

F = (S )/s2 o =1 , n_=(t-D(r-1) =1
R o 2
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is distripbuted sccording to F, provided the d are linearly independent of
Jik

the x .
Jk
The computations may be shortened considerably in the case of randomized
blocks experiments or in a two-way table in generzl.

The analysis of variance may be written as

Variance DF - SS. MS
Treatments - t=l ' ST sae
Blocis r-1l L SB e
Non-additivity . 1 : SR- SR

. 2
Remainder (t-1)(r-1)-1 SE - SR So
Total tr-1 ST + SB + SE coe

A similar analysis can be carried out for a latin square design, using

£ (k?[) Yi’m) 5¢ Yi((d) i kI(J)+ IS:SK Yil(d)
r T

kf(3) T 2 2

%f(3) T

where S indicates =2 sum over those Lk and £ to which treatments j corresponds.

(x,0

Here agein the values of

de(i TV T v:i -V, -Yq*t2Y¥

are plotted agoinst xk((j) and the regression sum of squares is calculated.



3. DESIGN WITH TWO SERIES OF COMPLRISONS. - 81

3.1 Comprsrisons of equal precision,

In chapter 2 we considered experiments designed to evzluate differences
in one single series of comparisons, e.g. comparisons betweén vitamins, between
varieties of wheat, between types of saws. Sometimes, however, the experimenter
wishes to male two or even more series of comparisons in one single experiment.

An example'may maize this clear., In 2 field experiment the yield of
three types of grasses was to be compared. These grasses were sown at the same
time aond together with wheat. It was then found advisable to compare the in-
fluence of wheat, of osts and of barley as cover cereals, So we have two
series of comparisons: one between three inseed grasses 2nd one between the
three cover cereals and no cover cereal at 211,

In view of principle IV, the analysis will be simpler, if the three
types of grasses are sown under all cover cereals and without cover cereal.
This gives 12 combinatioms.

Assuming that we have <0 plots at our disposal, the experiment could De
arranged in 4 bloclhs with 12 plots in each block, the 12 combinations being ar-
ranged at random within blocus.

The number of grass-plants were counted in 9 squares of 1 square foot
each, The layout and results (number of grass-plants per scuare foot) are as

follows (Linder, 1933, p. 4%)



Block I Block II Bloch III Block IV
i3 GM “OM  WR “WR . OR GF  OR
51 5C 45 48 73 54 49 77
OR WM HF  HM HF  GF HM  GM
81 45 ‘34 30 53 55 53 42
WR GR OF GF HR GR HR HF
30 S0 46 51 70 79 o2 50
M HF OR Gt OF WF WE oM
59 47 55 45 &7 50 55 &7
OM  GF WF___ GM HM Wil GR _ OF
57 50 81 31 28 32 75 52
OF HR HR Wi GM oM WM WR
73 36 63 28 35 43 50 70
Cereals: Wheat (W), Oats (H), Bzrley (G), Nonme (C)
Grasses: R, F, M

Each of the 12 combinations occurs in every oloci:,

is straightforward.

So we have a randomized

blocl: design with t = 12 treatments and r = - blocis., The analysis of variance
Veriance DF S5 MS
Treatments 11 S 134,38 557.7
Blocls 3 2 3058.7 763.6
Residusl 33 2 425,40 s2 = 73.5
Total <7 10 265.3 e

2
The error mean square s

treatment combinations.

Compearison
Busbubup. bl

Grasses within cereals

Means for grasses (over all cereals

Specifically, we have

Mezns for cereals (over all grasses)

= 73.5 is valid for zll comparisons between the 12

standard error

S /2/4
s /2/16
s /2712

Thae results of the experiment can be conveniently presented as in the

following table:
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Sums of yields

Cereals
R F M Totals
G 279 211 158 648
W 272 217 156 645
q 233 134 171 Sal
0 267 218 212 597
Total 1104 gzo 697 2¢31

According to this two-way table the 12 treatment combinations can be split up

by analysis of variance, in which we use the plot as unit.

Varience DF SS MS
Between cereals 3 172.2 57.7
Between grasses 2 5,383.6C 2,891.8
Residual 8 577.7 ©5.3
Between treatments 11 G6,148.0 e

The three sums of squares are computed as follows:

2

2 2 2 2
5S (cerezls) = (648  + 845 + 641 + 3977/12 - 2,5217/48

' 2
ss (grasses) = (114> + 8302 + 697%)/16 - 2,631%/48
SS (residual) = 6146,6 - 173.2 - 5,383.6

The nature of the residual varisbility is the same as the error variability in

a two-way table with treatments and blocks as entries.

Blocks Treatments Mean
1 2 * e J o« o 't
1
2
.k yj:; ;;.k
r
Mean Y. y
J-




In this setup the residual sum of squares can be shown to be

. -2
SS(residuzl) =S S(y.. ~¥. - ¥, +Y)
5 & Ji Je 4
—_ - - =2
=S8/ (y., -¥.) -G . -9N_7/
L - Jk J. WX -
ik
-SS8/ty, ¥ -G, -7
jl:- Jn Y J. —

The terms y - y‘j -y N + y vanish when the differences between Dblocis
Ju y o8

ax

are the scme for all treatments, or alternatively, when the differences be-

tween treatments are the same in each blocik.

In the above example tihe data from the table on ». 53 can be plotted

in the following graph.
Total Mean )
yield yield -0
o —-ﬂ;/ i \{7
200 75
’a 4
O e ~ D
260 + 50 ‘\\W?j;//j
A
"
100 L 25
I
. G w H o

If the turee curves were parallel, the residu2l SS would vanish; we would

have independence between cerecls and grasses. 1f we had pronounced non-

parallelism, we would have interaction between cereals cnd grasses. Dif-
ferences between grasses would vary from one cerezal to another.
The residual SS in the preceding analysis of variance is called SS for

interaction, and often denoted as interaction C-G (cereals-grasses).



The full analysis of variance for this

experiment is

Variance DF SS MS
Cereals 3 173.2 57.7
Grasses 2 5 3383.6 2 G91.2
Interaction C*°G o 577.7 €C.3
Treatments 11 6 146.6 557.7
Blocks S 2 305.7 76C.5
Error 35 2 £25.0 s2 = 72.5
Total <7 1¢ 865.3 e

From this analysis of variance we may draw the following conclusions:

(1) The interaction between grasses and cereals is not significant,

F = 96.3/72.5 = 1.21L (n

=ov,n =33: F

2 05 = 29

(2) The cereals have no effect on the yield of grass.

(2) The differences in yield between the grasses are nigily significant.

The comparison between the control ( and the cereals G, W, H is in

the nature of the experiment.

This SS has one degree of freedom;

The corresponding SS is obtained as
/ 3(697) ~ 648 - 645 - 3a;;72/ 12-12 = 171.2 .

the variability between G, W and H is

173.2 - 171.2 = 2.0, a very small emount indeed.

The test F = 171.2/73.56 = 2.3 (nl

1,

n =233 : F

2 05 &% 4.1) reveals

that the difference between the controls and the cereals is not significant.
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3,2 Comperisons with unequal precision (split plot design) .

In the exsmple of paragraph 3,1 we designed the experiment deliverately
in such a way 28 to have the same precision for the two series of comparisons
involved.

The experimenter might have asiked us to design the experiment so as to have
different precision for the two series of comparisons. There are two
possibilities:

(a) The precision for the comparison between grasses should be higher than
that between cerezls;

(b) The precision for the comparison between cereals siould be higher than
that between grasses.

It is clearly a2 question of applying the principle III (Local Control) in
an appropriate way. We know that in applying this principle we take into account
the fact that some experimental units will give more similar results than others.
In field trials, it is inown that plots lying close to eacia other are generally
less different tlhian those far apart,

In the case of equal precision for both comparisons,we considered all 12
combinations of cereals with grasses as treatments and arranged them at random
within blocks.

Case (a).

In this case we may proceed in the following way

Blocks I II I11 v
W F R M
H H F R
Design (a)
G M R F
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We divide every blocl into four main plots on which the cerecls are arranged
at random. Rach main plot is further subdivided into three subplots to which
the grasses =re allocated at random. The comparison of the grasses is done
between subplots within plots, the comparison of the cereals between main plots
within blocls, The comparison between grasses will therefore be of uigher pre
cision than that between cereals.

Case (D).

If we want to have higuer precision in comparing cereals tuan grasses, we
may divide the four blocus into three main plots to whic.. the grasses are al-
loczted at random. Each main plot is subdivided into four subplots which re-

ceive the cereals at random.

Design (b)
Bloclk I 11 II1 IV
w H
R
G O
0O 1
M
G W
G W
F
0O H

It is to be expected, that in (a) comparisons between grasses are more
precise than in the design of .1, while cereals are compared with lower preci-
sion. In (b) the reverse is to be expected.

Split plot designs may also be constructed on the basis of a latin square,
The plots of the latin square will serve as main plots and will be subdivided

into subplots.
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The split plot design can also e used in industrial and other applica-
tions. In some such applications days may be considecred as main plots, hours
as subplots, weeits as blocks.

Ls =n example of a split plot design we consider the following dats,
showing the influence of tae date of cutting (or harvesting) and the influence
of varieties of grasses on the yield, /s the interest of the experimenter was
primarily to investigate the effect of the date of harvesting, the three dates
were compared between subplots within plots, while the T varieties or mixtures
of grass were compared between main plots within blocis.

The experiment was actually carried out in 10 blocks, of which we have
chosen only 2, to simplify the presentation. The original data were given in
grams., Inspection of the data showed that in view of the high variability
between subplots and plots, it was sufficient to consider the values rounded
16v g (Linder, 1903, p. 72) .

vields in 100 g per subplot of 3.5 m2.

7 B 4ty S 70 R GS R 75 B 115 S 134 2
2 ] 20 R 64 B 37 S 63 B 30 R 66 S
5 B 53 S 59 R 47 R 62 B 20 S 83 8
4 B 79 S 77 R 59 R 49 S “é B 63 7
8 R 74 S a7 B 40 S 91 B 1) R 71 8
3 S 113 R 77 B 100 R 84 B 93 S o8 1
1 S 114 R 37 B 118 B 11C S 95 R 71 3
6 R 64 S a3 B 83 | ] 117 B 93 R 66 %

Block I Block II



S = early date, B = intermediate date, R = late date.

1, 2, 3, ..., 3 = varieties or mixtures of grass.

In the analysis, we will have to consider

two errors, one for the

comparison of verieties between Dplots (within blocks) a2nd one for comparing

dates of harvest between subplots (within plots).

(a) Comparison of varieties.

Since ezch plot contains three subplots with each of three harvesting

dates, we can analyse this as a randomized block design.

Variance DF Ss MS
Varieties 7 9 2G5 1 324
Blocks 1 143 143
Error (=) 7 2 395 si = 414
Between plots 15 12 303 cos

In order to compare with the subsequent analysis for dates of harvest,

the SS and MS are computed on the basis of subplots.

2 2 2 2 o 2
SS (plots) = (319° + 280" + ... + 251 + 225%)/3 - 390¢ /<&

. 2 2 2
S8S (varieties) = (599 + 5356 + ... + <706

2
Y/6 ~ 398CS /48

2 2 2
SS (blocks) = (1913 + 19962)/24 - 3909 /48 = (1996 - 1913) /48

In order to test whether there are any differences between varieties we

have to compute

F = }132</414 = 3.20 (n1 =17, n2 =17,

F
¢.05

The differences between grasses are not significant.

(b) Comparisons between dates of harvest

(s, B, R).

The total SS between subplots has 47 DF.

and 32 DF (1G6.2) between subplots within plots.

These are 15 DF between plots
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Of these 32 DF between subplots within plots, there are 2 between dates

of harvest.

If we make up a table showing varieities and dates of harvest

Varieties S B R Total
1l 212 213 171 599

2

4%

5

6

7
o 170 170 136 <75
Total 1418 1410¢ 1481 29C9

We may compute the interaction V°'D between varieties and dates of harvest.
This has 2°7 = 1< degrees of freedom, which belongs also to tie 52 DF within
plots.

here is also an interaction batween wlocks and dates with 12 = 2 DF,

Date Block 1 Bloci: 11 Total
S 683 725 1 413
B 683 727 1 410
R 557 544 1 081

Total 1 %1% 1 €96 < 209

This SS (B'D) is considered as part of the error SS, because we will ex -
pect, in field experiments at least, that the treatments have the same effect
in each bloci., Experimental fields shouid not vary mariedly from one dloci to
the other with respect to effects of treatment, They may of course vary, but

not qualitatively,
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Tue 52 — 14 - 2 - 2 = 14 remeining DF can be identified as interaction

between varieties, dates and blocks (BDB). It can be considered either as

interaction of VD with blocks, or interaction of VB with dates, cr interaction

of DB with varieties.

It is instructive to put these results in tabular form:

Degrees of freedom between

Variance Blocks Plots within Sub-plots
Blocls within plots
Blocks (B) 1 cee ves
Varieties (V) ‘o 7 ‘oo
Dztes (D) cos oo 2
BV e 7 ‘o
BD ces ves 2
VD e e 14
BVD oo ‘e 14
Total 1 14 35

The error (b) for comparisons between dates or for judging VD is given by

BYD and BD.

2 > 2
SS(D) = (1418 + 14106 + 1081 )/16 - 39092/43 = < 622

2
SS(V-D) = (212° + 2132 + ... + 1362)/2 - 39092/48

.8 275 -~ < 622 =1 532
ss(v) 58(D)

2 2 2 2. .
S8S(total) = 68 + 76 + ... + 66 =~ 3809°/4C = 18 594
SS(subplots within plots) = 19 594 -~ 12 303 = 7 291

SS(error(b)) = 7 291 -- 4 622 - 1 532 = 1 136

The complete znalysis of variance is shown below:
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Variance DF SS MS
Varieties (V) 7 9 265 1 324
Blocks (B) 1l 143 143
Error (a) / VB / 7 2 095 sz = 414
Between plots 15 12 303 e
Dztes (D) 2 4 622 2 311
Interaction VD 14 1 532 109
Error(b)/ B+D + BVD/ 16 11368 si = 171
Between subplots within plots 32 7 291 cen
Total 47 19 5¢4 cee

It may be seen that the dates are compared with much higher precision than the
varieties,

Interaction V*D: F = 109/71 = 1.54 (n1 = 14, n_ = 16 F.OS = 2,4)
The interaction VD is not significant.

Differences between dates:

F =2 311/71 = 32,55 (n1 = 2, n, = 16 : F.OOl = 16.97

Differences between the dates are highly significant. R gives significantly
lower yield than S and B,

The SS for VB, DB and BVD could be computed directly and simply because
there are only 2 blocks. |

Ls an example let us consider B'D, for which we take the table of

results:
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2
Date Block I Block II 11-1 (11-1)
S 693 725 22 1 624
B 683 727 ) 1 936
R 537 544 7 49
Total 1 963 1 996 83 3 009

The terms of (II--I)2 are SS within dates, with 3 DF, The interaction
BD has 2 DF,
3 COS : 16 = 188
-This SS contains SS (blocks) = 143; consecuently
SS(B*) = 138 ~ 143 = éi
The 8S (BVD) and SS (BV) can be obtained similarly.

Gain in precision,

We can obtain an estim te of the gain (or loss) in precision of our actual
experiment with respect to an experiment in which both series of comparisons

would have the same precision.

A design giving equal precision to both comparisons would give the fol-

1 owing analysis of variance:

i

Variance DF MS
Blocks 1

Varieties 7 (

Dautes Treatments 2 23
Interaction VD 14

Error (B'T) n, = 23 sl2

Total a7




If we consider our experiment as an uniformity trial, we would have

Variance DF NS SSs
Blocks 1

Varieties 7.) _ 14

Error (2) 7 413,568 = sz2 5 789, 952
Between plots 15

Dates 2

Interaction VD 14 - 32

Error (b) i5 71,0600 = s 2 2 272,000

e
-~

Subplots within plots 352

Total &7 46 8 061,952
2 ,
s,” = & 061,952/46 = 175.23C .

The gain in precision for dates of harvesting can be evaluated as explained

in 2.5, comparing 532 to slz; gsimilarly the loss in precision for varieties or

mixtures of grass is obtained as a comparison of sz2 to s; .

hH

where

The model underlying the analysis outlined in this paragraph, is

.}K:oaﬂnnai + gi'-y Ry (’fq»),&K* €k

= observed value for main plot treéfment j and subplot treétment k in

replication 1
overall mean; TT1= effect due to i-th replicate;

effect of j-th treatment for main plots;

= random component of error, associated with j-th main plot treatment in

i-th replicate (main plot error);

effect of k~th treatment for subplots;
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Kﬁjg = effect of interaction between j-—th main plot treatment and k-th
subplot treatment;
LA

ei'k\ = random component of error, associated with main plot treatment j,
3 subplot treatment k and replicate i (subplot error) .

=, FACTORIAL DESIGNS.

4,1 Introduction. Designs wita two levels,

In many cases we are interested in studying the effect of one or prefer-
ably more factors. We are investigating here the case when these factors are
cuantitative variables,

A typiczl example would be en experiment designed to study the effect on
tensile strength of the content cf carbon, silicon and manganese in cast steel,
The content of tiiese elements can be varied in a continuous way.

Forty years ego, when I wes at college, we learnt that the right way to
perform such an investigation would be to vary one factor at & time. We would
first vary the carbon content, holding constant silicium and manganese., In a
second sten we would change the silicium content while holding carbon and
manganese constant, And finally we would investigate the effect of manganese,
while caorbon and silicium would remain unchanged.

This procedure of studying only one factor at 2 time has one major draw-
bacii, If we study the effect of carbon for a low content of silicium, it may
well be that we get something different from what we would observe with a high
silicium--content., With this one-factor-~ct-a -time procedure we would never find
out whether there is any interaction between two factors, or whether the factors

act independently.
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Even if we knew that the factors were independent, it would be moee
economical, as we will soon see, to adopt a different procedure than that
professed by the physicists forty years ago, and I am afraid still used today.

An entirely different procedure was jntroduced by R. A. Fisher in his

pook "The Design of Experiments'. We will describe it in terms of the in-
vestigation mentioned above,

In its simplest form a factorial design would investigate the effect of
two or three factors, and we would cnoose two levels at which to study the
effects of each factor,

If we use ¢ and 1 as symbols for lower and upper levels of a factor,

then the factorial design according to R. A, Fisher should comprise all the

combinations of the factors at levels C and 1. In our example this would give

the following eight treatment combinations.

Treatment Levels of factors Symbol
Combination C S M
1 S G G (1)
2 1 (o] c c
3 ¥ 1 0 8
4 0 o 1 m
5 1 1 0 cs
3 1 1 cm
7 0 | 1 i sm
3 1 1 1 csm

We will use the symbol both to mean one particular combination and the
effect observed with that combination, i.e. the tensile strength obtained.

In order to discuss the advantages of such a design, we will study the
results, not of an experiment, but of =& collection of data obtained by astatis-

tically trained engineer of SULZER BROTHERS (Winterthur, Switzerland), see



- 66
Linder, 1953, p. 86. Over the years they had collected chemical analyses and
tensile strength for hundreds of cast steel samples. Prior to complete anelysis
by means of regression methods, the engineer picked out 32 samples according
to a factorial design, in which the lower and upper levels of the three

factors were defined as follows:
Level (Content in %)

Factor 0 1l

Carbon c L1k - .15 .26 - .27
Silicon S .26 - .29 .56 - .58
Menganese M 45 - b .55 - .58

From each of the 8 combinations he selected 4 semples.

Treatment Tensile strength in kg/mm?
Combinstion Individuel values
1 2 3 b Total
(1) Wy 4 Ly ko 45,1 U43.8 177.7
c 50.5 51.5 k9.2 51.9 203.1
s 48.1 hz.h 45.7 148.8 188.0
cs 53,2 5k.5 52,1 540 213.8
m 43,3 L43.2 46,5 Lk 7 177.7
cm 52,1 49,2 51.9 513 20k. 5
sm 48.7 470 50.0 k9.5 195.2
csm 53.8 58,8 56.2 56.6 225.4

(1) From these data, we may study the influence or the effect of carbon on
tensile strength.

One hes to be careful about conclusions because this was not a properly
designed experiment. It may well be, that what we will consider as effect of
cerbon is in fact the effect of some element or substence contained in the
cast steel, which for some reason is associated with carbon. The lack of

rendomizaetion should be born in mind,
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The influence of C can be evaluated in four ways

Totel

c 203.1 cs 213.8 cm 20k4.5 csm  225.4 846.8
(1) 177.7 8 188.0 m  177.7 sm 195.2 738.6
c-(1) 25.h4 c8-8 25.8 emem 26,8 csm-sm  30.2 108.2

To teke the differences is an exrbitrary way (but the simplest) to measure the
effect of factors.
108.2/16 = 6.7625 The everage effect of change of cerbon from
from level O to level 1 1is called the main
effect of G.

(2) In the same way, we may study the effect of 8.

Total
8 cs cm csm
(1) c n cm
s-(1) 10.3 ecs-¢ 10.7 smem 17.3 csm-cm 20.9 59. k4

The averege effect of S, or main effect is
59.4/16 = 3.7125 .
We see that the same 32 values give us information of equal precision on the

influence or effect of C and 8.

(3) The same observations can be used to determine the effect of M.

Total
m cm sm csm

(1) c 8 cs

n-(1) .00 em-¢ 1.4 sm-s 7.2 csm-cm 11.6 20.2

The average or main effect of M is

20.2/16 = 1.2625
(4) 1Interactions

If we look a little more closely at the components of the main effect C,
we see that the values 25.4, 25.8, 26.8 and 30.2 are quite near each other.

This is not so in the case of S and M.
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In fact, if we consider the component values of S, we £ind that s-(1) =
10.3 and cs-c = 10.7 differ only to a small extent from each other, and

that also sm-m = 17.5 and csm-cm = 20.9 are rather near each other. But

W

there is & marked difference between the two groups, which we may eveluate as

follows
s-1 10.3 sm-m 17.5 Increase
cs=C 10.7 csm-cm 20.9
Total 21.0 38.4 17.4
17.4:8 = 2,175 is the interaction between S and M. It shows how much

the effect of S 1is higher if M is on the higher level.

If we consider the effect of M, we see that this is higher when 8 is

on the higher level,

m-(8) 0.0 sm-S 7.2 Increase
cr-¢ 1.h cBM-CS 11.6
Total 1.4 18.8 17.4

The interaction is symmetrically defined. If we call it SN, it may also be

written MS ,

(5) 1In the same way as we computed the interaction SM, we may campute CS.

Effect of C at

Increase
lower higher
level of S
e-(1) 25.4 cs-s 25.8 b
cm-m 26.8 csm-sm 30.2 3.k
Total 52.2 56.0 3.8

The intersction CS is therefore 3.8:8 = .L75.
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(6) Similarly, the interaction between C and M may be obtained,

Effect of C &t

lower higher Increase
level of M
c-(1) 25.4 cm-m 26,8 1.4
cs-8 25.8 cem-sm 30,2 L. 4
Total 51.2 57.0 5.8
Interaction CM: 5.8: 8 = .725.

This could egain be obtained in evaluating the effect of M at higher
level of C against lower level of C.
(7) The interaction CS can be obtained at the low level of M eand at the

high level of M.

(a)  Bffect of C at lower level of M at

lovwer level of S higher level of S Incresase
c-(1) 25.4 cs-8 25.8 A Cs for
M low
Effect of C &t higher level of M at
lower level of S higher level of S
cm-m 26.8 csm-sm 30.2 3.k CS for
M high
Increase 5.0

Tnis gives the interaction between (CS) and M which is called second order

jnteraction or interaction between three factors. It is symmetrically defined

and may be written
csM:  3.0/k = .750.
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Remark concerning the definition of main effects and interactions.

Main effects and interactions are in fact linear combinations of the
8 treatments. They cen be displayed in the following table:

Main Effects Interactions
Treatment Total C S M Cs CM SM CsSM
. combinations
- (1) + - - - + + + -
c + + - - - - + +
: s + - + - - + - +
sc + + + - + - - -
m + - - + + - - -+
cm + + - + - + - -
sm + - + + - - + +
csm + + + + + + + +
‘I’ Sum 8 0 0 0 0 0 0 0
Sum of squares 8 8 8 8 8 8 8

Note that the coefficients in CS are the products of those in C eand 8,
thaet the coefficients in CSM are the products of those in C and SM etc.
These comparisons are mutually orthogonel. If we compute the S8S for each
comparison, the sum will be equal to SS (treatments) with 7 DF. The 7 DF
between treatment combinetions can be resolved into 7 comparisons, which are
three main effects and 4 interactions.

. Algebraically, the main effects and interactions may be written as follows:

) ¢ = (e-1)(s+1l)(m+1) , S = (c+1)(s-1)(m+1)
M = (c+1)(s+1)(m-1) ,
¢S = (c-1)(s-1)(m+1) , M = (c-1)(s+1)(m-1)
SM = (e+l)(s-1)(m-1) , esM = (c-1)(s-1)(m-1)

. In some textbooks the convention is introduced, that
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¢ = 3 [(c-1)(sl)(m1)], € = § [(c-1)(s-1)(m1)]
osM = g [(c-1)(s-1)(m-1)]
wiere c, cm, csm etc. are defined as averages over replications. We are
not going to use these coefficients.
To sum up: Factorial experiments permit the evaluation of main effects
and interactions; all with the same precision because each evaluation is based
on all 32 observations .

Celculation of main effects and interactions., Yates' method.

F. Yates {(1937) has proposed a convenient way for calculating the main
effects and interactions in factorial designs with factors at two levels.
The totals for the treatment combinations are set out in a definite sequence.
The first row contains the total for that combination where all the factors
are at the lower level. The next row contains the combination c¢ (any of the
three factors), the third row s (one of the remaining factors), the fourth
cs, the fifth m (the last factor), and then follow the preceding rows com-
bined with m. The columns (1), (2) and (3) are formed as sums end
differences of two items in the preceding columns. Inspection of the followlng
teble, in which column (3) contains the total end the mein effects and
interactions, will meke the procedure clear.

Sums and differences

Treatment Total Effects
combinetions (1) (2) (3)

(1) 177.7 380.8 782.6 585. k4 Total

c 203.1 401.8 802.8 108.2 c

s 188.0 382.8 51.2 59.4 s

cs 213.8 420.6 57.0 3.8 cs

m 177.7 25.4 21.0 20.2 M

cm 20k,5 25.8 38.4 5.8 CM

sm 195.2 26.8 4 17. 4 SM

csm 225.4 30.2 3.4 3.0 CSM
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Testing the significance of main effects and interactions.

In our example the error if formed by the differences between the four
observations in the same treatment combination. The corresponding sum of

squares and mean square are readily obtained by analysis of wvariance.

Variance F SS MS
Treatment combinations 7 500.109
Error ol 47,390 &2 = 1.975
Total 31 547.499

The sums of squares for main effects and interactions are all obtained
in the same way. The sum of squares SS(C) is
ss(c) = (108.2)2/8.4 = 365.851.

This gives the following comprehensive analysis of variance:

Variance F SS MS
c 1 365.851%*
S 1 110, 261%*
M 1 12, 751%
cs 1 51
cM 1 1.051 same
SM 1 9. L61*
CSM 1 .281
Treatments 7 500. 109
Error 2k 47.390 §%=1. 975
Total 31 547,499

The MS for 1 DF are the same as the SS. Instead of computing all F ratio,

we may compute F s or F s2 with n,=1, n2=2h (F = b, 260,

0.05 0.01 1 0.05

FO.Ol = 7.823)

2 _ 2

F0.05s = 8.h12 Fo.01s = 15.447 .
A1l main effects and the interaction SM are significemt. In view of the
significant interaction between $ and M it would appear justified, to

consider the effects of S and M separately for the two levels of the other
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factor. This can be done in tabular form

Totals
m Increase
' 0 1 Total Meen
. .0 380.8 382, 2 1.4 175
8 1 401.8 420.6 18.8 2.350
Increase, totel 21.0 38.4 17.4 cenn
. Increase, mean 2.625 4. 800 e 2.175 (='é SM)

These increases may be tested separately although they are not orthogonal to all
other for significance. Each of them could be considered as & linear compari-
son into which 16 items enter, 8 with a factor of +1, 8 with a factor of -1.

The corresponding S8 is e.g.

(1.4)2/16 = 1.96/16 = ,1225
(18.8)3/16 = 353.4L/16 = 22,09

and this shows that the first is not significant while the second is so at the
1% level. Factorial designs can be arranged as randomized blocks or latin
square designs., The factorial design concerns the treatments, mot the local
control,

Example, Factorial design arranged in randomized blocks. Fertilizer trial.

Block I n nk np (1) npk k Pk P
61 67 56 43 3179 k3 37
(1) npk Pk k np n P nk

) Block II 30 57 66 57 39 L8 61 64

nk (1) n npk P np Pk k
Block IIT ). o W7 b2 b2 My b 56

(1) k np npk nk P Pk n
® Block 1V 03 5l 60 53 b6 52 60 78
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Example, Fertilizer trial arranged in a latin square (Goulden, 1952, p. 205)

D n np k nk (1) npk Pk
188 122 183 158 11k 115 194 189

n  nk pk  npk P k np (1)
129 73 17h 172 197 120 190 156
nk  np n p (1) npk pk k
107 175 10k 180 98 166 175 143
pk k npk (1) n np P nk
183 126 2 122 11k 145 169 161
np (1) nk n pk P k npk
179 128 133 113 165 156 109 167

k pk (1) np npk n nk P
k9 182 128 171 158 95 89 206
npk P k pk np nk (1) n
190 189 112 172 179 86 102 145
(1) npk P nk k pk n np

175 20k 208 164 168 185 136 230

Further remarks on the interpretation of factorial designs.

In our example the increase in tensile strength is related to the changes
in carbon contents, silicon and manganese content.

To study this relationship we would usually set up & regression equation.
In our case tensile strength would be considered as the dependent varieble Yy,
the contents in the three elements as independent variates Xy %o xs.

Let us first consider the simple regression between carbon content C and

tensile strength y. el

——

¥ _ _
Y=y + b(xl-xl)

If we choose xl a8 indicated

in the figure, we get x1=o,

‘L(::’(o and Y=§+bx1
+1 My
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846.8/16 = 52.9; T38.6/16 = 46.2; 1585.4/32 = 49.5.

In order to compute b, we have to find

g (xy - ii)z =8 %, = 16(-1)2 + 16(+1)2
i

and

32

i (g, - X))y -¥) = S 1y, ¥, = 846.8 - 738.6 = +108.2

We note that S(xli - ?cl)(yi - 7) = C (in our former notation). We further
i

have

o'
il

and

Y

+108.2/32 = +3.4

49.5 + 3.4 X .

In the some manner we get

[ --2= .'-2=3
i(xei X,) f(x31 %5)% = 32

g(xei = ia)(yi - -3';) = 8

i i

?(x3i - %)(y; - ) = i
and for

S: b= +59.4/32 = +1.9,

M: b= +20.2/32 = +0.6,

If we consider the three

an equation

Y

b4

11 22

+59.4 (= 8)

¥o3 ¥,

+20,2 (= M)

"

X33 Y3

Y = )4-9.5 + 1.9 Xg
Y = 49.5 + 0.6 X5

factors jointly, as we should, we could set up

¥+ byxy - X))+ vylx,y - X)) + b5 - x)

¥+ b.x + bx + bgks

because we have chosen ;1 = 52 & ?c} =0.



In this equation, b b, would be the solution of

17 Pos Pz
by 819 + Py 8y + b3 875 = 5y
Dy Syp + by Syy + 05 555 = Sy

by 813 * Py Spz + b5 855 = 5y,
if we use the convention
- Y
8 = g (xli xl) etc
5120 = ? (x5 = X )y - Xp) ete
8, = 8 (%, -%)y, -7¥) ete.

i
Because of the choice of the levels of X s Xo, X3, We note that

S.,=8.,=8

12 13 03 = 0. 8o we get the equations we have already solved, and

Y = 49,5 + 3.4 X+ 1.9 X, + .6 %

If we want to go back to

= carbon content

silicon content

c
8
M mangenese content

we have to teke into account that

X, = (¢ - .2050)/.0600

x, = (8 - .4225)/.1475
}(3 = (M - -5175)/.024'75

and this gives

Y = 49.5 + 3.4 (C - .2050)/.0600
+ 1.9 (8 - .4225)/.1475
+ .6 (M- .5175)/.0475
Y = 32,36 + 56,67 C + 12.88 8 + 13,28 M

76
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This would be the correct formule provided the factors acted independently
of each other. We know that this is not so, beceause the interaction between
8 and M is significant. This can be taken into account by a change in the
regression equation. In fact we may bring in a term x2.x3 = X, 8o as to
get

Y=Y+ b (%) - §i) + b2(x2 - Eé) + b3(x3 - -3) + by (%, - %)

As we have already seen, the interaction comparison S-M is orthogonal to C,
S and M; it follows that x), = xz.x3 is orthogonel to x5 X, and x3, 80
that S;) =S, =85 =0. Also §h =0, and Sy =32, In order to get b,

we have to determine
S,‘,'y = 2 (xhi - xh)(yi - y') = ? xhiyi = +l7.l|- (= SM)

and from this

by, = +17.4/32 = 0.54375
so the regression equation is

Y = 49.5 + 3.k X, + 1.9 X, * 0.6 X5 + 0.5 X, X5

If one would like to give this equation in the original units he would have to

replece 0.5-x2x3 by

0.5 . (8 - 0.4225) (M - 0.5175)
’ 0.1h75 0. 0475

4,2 Designs with more than two levels.

Designs with 2 levels are useful when we explore whether some factors have
any effect and whether they interact with each other. Often, however, we
want to learn more about the relationship between factors and effects. One
thing which may be of interest, is whether the response to any of the factors
is approximately linear or not. In order to investigate this, we must have at

least three levels.,
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With two factors each at three levels, we will have 33;9 treatment
combinations. If we consider a randomized blocks design {t will be necessary
to accomodate 9 plots within each block; in a latin square design it will bve
necessary to have 9 lines and 9 columns.

In order to investigate whether the regression gf effect (response)
sgainst any factor is linear or not, we will have to compute a quadratic
regresaion.

We consider the specisl case in which the x-values are arranged symmetri-
cally so that we may teke them as -1, 0 and +1. For simplicity, we further
assume that we have at each level of Xx the same number of observations, end
that the totals are ¥y Yor y3 respectively.

\%1* o
. }5
Yo

-1 ») T X

We can fit a quedratic regression by least squares. The regression equation

may be written as o
Y = &8 + blx + b2 X
and we have to find al bl and b2 which meake
2 2

? (yi - & -bX- b, ) = nminimum,
This gives

e = y= ab2/5

b, =

1= (5 - )2

o'
1

() + ¥5 - 2v,)/2
The regression coefficients are linear combinations of the three values vy

and they are orthogonal. The sum of squares (with 2 D.F.) between the three

y-values can be split up in two portions with 1 DF each, according to two
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orthogonal comparisons y3 -V and ¥y + y5 - 2y2.
As an example we consider & fertilizer trial with potatoes arranged in
randomized blocks (Rothemsted Experimental Station, Report 1932, p. 177). The

two factors and the levels are

N K
0 no 0] ko
0.4 cwt N per acre n, 1.0 cwt K0 per acre ky
0.8 cwt N per acre n, 2,0 cwt K,0 per acre k,

Design and yields in 1b. on plots of 1/60 acre

Block I Block II
nlko noko n2k2 nlkl n2ko n1ko
630 620 575 601 583 650
nyk, Xy D%y R ok, Bk,
598 554 510 558 575 601
nky .k, npky ER Ky n5
619 579 571 597 618 602
nyky ok, 0.k, Bk, noky n,k,
623 613 608 599 637 649
nyk, Bk, oKy ok, n. K, Bk
582 619 566 618 3 6o
ok, %, nk, noky n ko oy
583 555 5h1 525 558 631

Block III Block Iv

The first step in the analysis consists in arranging the results in tabular

form.
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Treatment Block
combination I IT III Iv Total
n k, 620 558 555 599 2332
n k, 619 602 566 637 ool
nok2 554 597 619 558 2328
nlko 630 650 608 6Ll 2532
n k) 571 601 623 62 2437
nlk2 598 601 582 649 2430
n2k° 519 583 613 618 2393
nk, 510 618 583 525 2236
nk, 575 575 541 631 2322
5256 5385 5290 5503 21434

From this we get an analysis of variance between treatments, blocks, and error.

Variance oF sS MS
Treatments 8 15,011.1  1,076.k
Blocks 3 4,068.8 1,356.3
Error 24 23,984.7  822999.4
Total 35 43,082.6

Tt is not necessary to test for treatment differences, because the experiment
was designed in such & way that the effect of each factor and the interactions

could and should be tested. The treatment differences as tested by

F = 1,876.4/999.% = 1.9
are something like an average effect which is of no particuler interest. 1In
our case it turns out to be nonsignificant, because for nl=8, n2=2h:

F 5 = 2.355.

0.0
There axe 8 degrees of freedom between treatments. These can be resolved

into 2 DF for factor N, 2 DF for factor K and U4 DF for interaction NK.
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The 2 DF for N cen be split up into a linear and a quedretic component;
the same can be done for the 2 DF for K. We will call these Nz , Nq,

Kz and Kq. The U4 DF for interaction NK, can be split up as

NgK, N K, end N K

All these comparisons are mutually orthogonal, as will be seen from the table

at the top of p. 82. They may be computed as follows.

n° n1 n2 Toteal NL Nq

ko 2332 2552 2393 7257 + 61 + 339
kl oliol 2437 2236 7097 - 188 + 214
k, 2328 230 2322 7080 - 6 + 210
Total 708k 7399 6951 21434k - 133+ 763
Ky - b -102 -7 177 - 67 - 129
Kq +188 - 88 -243 -143 - 431 - 121

From the totals for n_, nl and n, we get the linear component of N as
6951 - 7084 = -133 , the Nq as

2,7399 - 7084 - 6957 = +763 .
This shows that the whole effect of N 4is & decrease in yield, while there
is a merked nonlinearity in that the ny value is much higher then the average
of n  and n, In the same wey we get K, = -177, Kq = -143. K also
gives a decrease of yield when applied in high quantities. The interactions
are obtained simply by computing Nz and Nq for each level of K, and then

computing from the values so obtained, which are shown in the two last columns,

the component effects for K, namely Kz and Kq. This gives

NZ K.@ = -67, Ng Kq = =431 , Nq Kz = =129, I\I‘:1 Kq = -121.

This can be checked by computing Kz s Kq for each column and then computing

N

N for values obtained in each column.
£’ q



What we have done so far can be summarized in the table which follows:

Treatment
combinations Nz Nq Kz Kq NEKB NﬁKq NQKE NqKq
noko -1 -1 -1 -1 +1 +1 +1 +1
nokl -1 -1 0 +2 0 -2 0 -2
n k -1 -1 +1 =1 -1 +1 -1 +1

o2

nlko 0 +2 -1 -1 0 0 -2 -2
nlkl 0 +2 0 +2 0 0 0 +4
nlk2 0 +2 +1 -1 0 0 +2 -2
n2ko +1 -1 -1 -1 -1 -1 +1 +1
n2kl +1 -1 0 +2 0 +2 0 -2
nek2 +1 -1 +1 -1 +1 -1 -1 +1
Total 0 0 0 0 0 0 0 0
Sum of squares 6 18 6 18 h 12 12 36

82

We are now in a position to calculate the S8 for each of the comparisons;

e. g‘

The complete enalysis of variance is

SS(Nz) = (133)2/L4.6
SS(Nqu) = (121)2/4.36

737.

101.

ok2
674

shown below.

Veriance DF 8s MS
NZ 1l 737
Nq 1 8086%*
Kz 1 8305 same
Kq 1 o8k
Nsz 1 281
Qqu 1 3 ZO
NqKZ 1 347
N K 1 102
qa4q
Trestments 8 15011
Blocks 3 L4087 -
Error ol 23985 §2=999. b
Total 35 43083
n =1, n, = oL s Fo.os = I, 200; FO.OB s> = 0,207
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The only effect which is significent, is Nq. It mey be indicated in this
particular case, to test separately the increase from n, to n, and the

decrease from to n,.; also the decrease from k_ to k,.
! 2 o 1

A 2.4 factorial design.

Fertilizer trial with cabbage (Rothamsted Experimentel Station, Report 1932,

p. 167).
N: no 0 D: do 0
ny .2 cwt N per acre dl 15 tons per acre
n, U cwt N per acre
ng .8 cwt N per acre

Plan and yields (green weights in 1b.)
n2d1 ano n2do nodl nodo nldl n3d1 n1do
230 258 22 194 145 268 285 185
nodl nldl n3d1 néa6 nzdl nldo ano nodb
167 176 LY 196 230 198 231 136
n5do n2do n2d1 nodo nldl nodl ; n1do A n3d1
2o 189 280 127 2lko 212 148 208
nldi B nldb n2d1 n3do n3dl nodo n2do
155 k2 194 222 255 318 118
n2do n2d1 nodl n3d1 nldo nodo nldl n5d°
180 212 20k 285 171 152 258 251
nodo n1do ano n1d1 n3d1 n2do nzdl %
124 176 247 155 283 170 254 208
nldo n3dl nodo n5d° nodl nzdl nado n1d1
177 306 146 2o 203 260 184 206
n3di nodo n1d1 nldb nedo nido nodl n2d1
275 145 289 213 248 274 2o 258

The 8 +treatment combinations are arranged in a latin square design.
The usual analysis of variance gives s2 = 430.7 as error mean square.

The treatment combinations can be presented as in the following table:
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no n1 n2 n5 Total
dg 1093 1462 1617 2005 6177
& 1519 1747 1946 236k 7636
Total 2672 3209 3563 L4369 13813

Difference 486 285 329 359 1459

The 3 DF between n, Dy, n,, n3 can be split up in 3 orthogonal com-

parisons; Nz s N, Nc in the following wey

q
Nz Nqﬁ Nc
n =3 +1 -1
n, -1 -1 +3
n, +1 -1 -3
n3 +3 +1 +1
Sum 0 0 0

Sum of squares 20 L 20

This is valid, if the x-values are equidistant. We are assuming that the
inerease from O.4 to 0.8 is equal in effect to an increase from 0.0 to 0.2
and from 0.2 to 0.k,

It is easy to compute Nz s Nq and Nc’ as well as D, NzD, qu and
NéD, each with 1 degree of freedom.
Note: The levels of N are 0, 0.2, 0.4 and 0.8, thus clearly not equi-

distant. Strictly spesking the orthogonal cowparisons are not applicaeble.

If one uses them nevertheless, he will find that Nq and Nc aere unimportant,
while N is significent - as also D. The interactions are equally not
significant., In view of this it would seem legitimate to adjust a straight
line to n_, 1y, By, Bz, teking into account the exact values 0, 0.2, 0.4
and 0.8 for x. Doing this, it turns out that en increese in N-fertilizer of

0.1 cwt per acre corresponds to an increase in weight of 12.5 1b on 1/60 acre.
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As the number of factors and the number of levels for each factor increases,
1t becomes more and more difficult to use principle III (Local Control)

efficiently. The number of treatment combinations would be

Factors Levels Combinetions
3 2 B -8
L 2 2% - 16
5 2 25 = 32
6 2 2% - 64
2 3 3= 9
3 3 3% = 27
3 L 43 - 64

How it is possible to use the principle of factorial design, that is to teke
all treatment combinations and still to have a manageable size of experiment?

Higher order interactions as error.

One possibility to keep the size of the experiment within & reasonable
1imit, is to have only one replication and to use higher order interactions &s
error. This will be a valid approach if the higher order interactions are in
fact not significant. In some types of experiment it should be permitted to
meke this assumption.

As an illustration consider the following example, showing the effect
of cyanide, temperature and oxygen content of water on the reaction time of

o species of fish (Phoxinus laevis Ag.). The factors and their levels are:

(Linder, 1953, p. 97)
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Cyanide (B) .16 mg [CN]' per £

bO
n " " "
8 bl
h 1] " 1" n ba
20 1" 1t " n 'b3
100 i 1" " n bh_
Temperature (T) 5°C %
15° C tl
25° C t2
Oxygen content (S) 1.5 mg O, per £ 8,
of water 30 " " n " 8
* 1
9.0 " " " " s
2

Sums of the logarithms (multiplied by 10) of reaction times of 10 fishes
(Phoxinus laevis Ag.)

b, by b, b3 b, Total

So 201 150 131 130 a7 709

to 8, 246 164 138 136 102 786
S, 271 170 1k9 127 99 816

718 L8L 418 393 298 2311

8, 12k 104 86 89 60 463

) s, 158 111 99 91 e 533
s, 207 117 81 87 72 564

489 332 266 267 206 1560

8, 79 63 50 51 32 275

ty 8y 129 5L 51 52 L6 332
5, 1k2 93 62 51 52 400

350 210 163 154 130 1007

8, hol: 317 267 270 189 14h7

Total s, 533 329 288 279 222 1651
8, 620 380 292 265 223 1780

1557 1026 847 81k 634 1878
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It has repeatedly been found that the regression between the concentra-
tion of & poison and reaction time is non-linear and heteroscedastic, but that i
it becomes linear and homoscedastic if we teke the logarithms of both reaction
times and concentration of the poison.

For each of the 45 treatment combinations 10 fishes were observed under
exactly identical conditions. It would be tempting to consider the varia-
bility between these 10 fishes in each treatment combinetion as & measure of
the experimental error. This would, however, not be correct because the
variebility between the treatment combination would be much higher, even under
the assumption of no effect for all factors, than is the variability between
fishes tested simultaneously. If the 10 fishes had been tested separately
one at a time, perhaps at different times, then would the varisbility between
them constitute & correct measure of the experimental error. We preferred to
considér the total reaction time of 10 fishes as the experimental unit.

It may be mentioned thet similer situations may be found when experiments
are performed on insects such as bees, flies and the like.

The analysis of variance could be presented as follows:

Varience

T

BT
BS
s
BTS

)
[ ) —glecNooh \ VI o BN g #

Total Ly

MS(BTS) = s2 = error variance under the provision that BTS is not signifi-

cant egainst a correctly determined error.
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4,3 Confounding

Another way of keeping the size of blocks low while adhering to the

principle of factorial design consists in confounding.

We may use the split-plot design so that unimportant comperisons, e.g.
higher order interactions, will have lower precision, vhile main effects and
interactions of low order are determined with higher precision. In & 2.
experiment it may be less important to know the interaction between all three
fectors with the same precision as the mein effects or the two-factor interac-
tions. In & fertilizer trial with N, P, KX each at two levels, we have the

treatment combinations
(1), n, p, k, =np, nk, pk, mnpk
For the interaction NPK, we have
NK=n+7p+k+npk - (1) - np - nk - pk
Tf we form two blocks with U plots in each replication we could accomodate

I n, p, k, npk 1in one block, and

II (1), np, nk, pk in the other block

The comparison NPK will then be less precise, but on the other hand all
other comparisons will be more precise, because they will be comparisons with-
in blocks. For instaence

N = n+np+nk+npk~()-p-5k-npk

I + + - -

11 + + - -

If all yields were higher in Block I for the same amount, this would not affect
N, because there are 2 plus and 2 minus signs in this block. This is & conse-
quence of the orthogonality of main effects and interactions. The same is

true for P, X, NP, NK and PK,
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Let us assume we had 3 replications; what would the anelysis of variance be-

come?

(a) Between blocks:

Variance DF
NPK 1
Replicates (R) 2
Error (a) 2
Blocks bl

What is the exact mefning of the error term? It is the interaction between
NPK and replicates, which we could write as (R)(NFK)

Error (a): (R)(NFK) .
We could evaluste this by determining NPK in each replicate and calculate
the SS between these three values, this would give SS[(R)(NFK)]

(b) Within blocks:

Variance _DF
NIP)K 3
NP, NK, FK 3
Error (b) 12

Total 18

The 12 IF for Error (b) could be computed as
(R)(N), (R)(P), (R)(K), (R)(NP), (R)(NK), (R)(PK)

each with 2 degrees of freedom.
In this case NPK is coggletelz confodnded with differences between

blocks, The precision for evaluating NPK will be low indeed, first because

of the small degree of freedom for error (a) and second because it is evaluated

from differences between blocks, which are usually large.
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It is also possible to confound interactions only partially with differences

between blocks,

If we have 4 replicates, we may confound NP, NK, PK and

NPK each in one replicate with the difference between the two blocks. This

meens that we will be able to ascertain all interactions in three out of four

replicates with good preci

sion.

Another possibility is to confound two interactions; this will result in

a further reduction of block size,

We consider first an example of complete confounding.

Fertilizer triel with asperagus. (T. Wishart, 1940, p. 25).

Repl. Block Block

1 I npk k N n pk (1) nk np 11
bo 82 66 47 50 k7 33 23
nk np pk (1) k p n npk

2 I 5 48 5 59 53 72 M35 W
(1) np nk pk npk k P n

3 v 67 13 8 10 3k 24 37 13 vI
n D k npk np (1) nk pk

4 VI 3 9 3 25 11 25 2 55 VI

In all four replications, the interaction NPK is indistinguishebly con-

founded with differences between blocks.

far as the computation of main effects and interactions is concerned,

we use Yates® method.

Blocks
Treatment I II IIT IV V VI VII VIIZ
combinations ' '
(1) 47 59 ... 67 ... ... 25
n b1 ... by ... 13 28
D 66 ... ... T2... 37 9 ...
np ... 23 W8 ... 13 ... 11
k 82 ... ... 53... 2k 3 ..
nk een 33 22 ... 8 ... 2
pk ... 50 58 ... 10 ... 55
npk Lo ... ... 35... 3k 25 ...
Total 235 153 187 201 98 108 63 93
Sum 388 388 206 156
Difference(NPK) +82 +14 +10 -30

Totel

198

129
184
95
162
65
173
132
1138
1138
+76

The analysis proceeds as usual as

That is,

Sums end

Differences

(1) (2) (3)

327 606 1138 Tot-
8l

279
227
305
-69
-89
-97
"]

532 296 N

-158
-138
-48
78
-20
56

(check )

30 P
36 NP
-4 K
20 NK
126 PK
76 NPK
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(2) Analysis between blocks.

sS(blocks) = [(2352 + 153% + ... + 93%).8 - 113821/32 = 6,502.4

) SS(NPK) = T6%/32 = 180.5
ss(repl.) = [(388% + 3882 + 206 + 156%)k - 1138°)/32 = 5,512. 4
SS[R(NPK)] = SS[error (a)] = 6,502.4 - 180.5 - 5,512.4 = 809.5

(v) Analysis within blocks.
sS(total)= [(U72 + 662 + ... + 552 + 932/32 - 113821/32 = 1k4,547.9
SS(within blocks) = 14,547.9 - 6,502.4 = 8,045.5

ss(n) = (296)2/32 = 2,738.0
ss(pP) = (30)3/32 = 28.1
8s(K) = (-74)3/32 = 171.1
ss(wP) = (36)3/32 = k0.5
' ss(NK) = (20)%/32 = 12.5
SS(PK) = (126)3/32 = L96.1

SS(Treatments, without NPK) = 3,486.3
sS[Error (b)] = 8,045.5 - 3,486,3 = 4,559.2

The analysis of variance is given in the following table

Variance F S5 MS ¥ F0.05
NPK 1 180.5 180.5 .67 10.1
Replicetions 3 5512.4  1837.5 cee e
R(NPK), Error (a) 3 809.5 269. 8
Blocks 7 6502. 4 e e o
N 1 2738.0 2738.0 10.8 L.k
P 1 28.1 28.1 . v
K 1 171.1 171.1
NP 1 Lo.5 40.5
NK 1l 12.5 12.5 .o .o
PX 1 496.1 k96,1 2.0 L3

’ Treatments (without NPK) 6 3486,3 e
Error (b) 18 4559, 2 253.3
Plots within blocks 24 8045.5
Total 3 14547.9
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As & check we may compute SS(treatments with NPK)
[(1982 + 126 + ... + 132%).8 - 11382)/32 ¢ 3,666.9
180.5 + 2,738.0 + 28.1 + ... + 496.1 = 3,486.3 + 180.5 = 3,666.8

"

The only effect which is significent is that of N, which is negative, i.e.
the higher level of N has given lower yields.

In this experiment the error mean square for the main effects and two-
factor-interactions is 253.3; not much smaller than that for NPK. In other
cases the difference mey be very marked indeed, It is possible to evaluate the
gain in precision for N, P, K, NP, NK, PK due to confounding NPK in the
gsame way as @hown for the split-plot design.

Partisl confounding in & 2% design.

We discuss the design and analysis using & fertilizer trial with potatoes
(Linder, 1953, p. 11k).
Plan and yields

Replication 1 Repliceation 2

Block I Block II Block III Block IV

(1) pk n P np k nk P

196 zZL6 275 348 275 297 98 218

np nk npk k npk 1) n pk

181 258 383 334 372 262 90 2Ls

npk P k pk n Pk P np

. 288 218 o3 320 202 339 85 Ly
. nk (1) np n (1) npk k nk
147 183 290 158 178 329 151 1

’ Block V Block VI Block VII Block VIII

Replication 3 ' Replication L

- Inspection of the plan reveals that the interactions confounded are:

Replication: 1 2 3 L
’ Interaction confounded: NPK NP NK PK
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Formally, we mey compute each main factor and each interaction within each of

the four replications,

Replication N, P, K NP RK PK NPK
1l uncon- u u u c
2 founded c u u u
3 with block u c u u
L differences u u c u

In the analysis of variance we have 7 degrees of freedom for the treatments.
We have 7 d.f. for differences between blocks, These are formed of 3
d.f. between replications and 4 4.f. between blocks within replications,
which actually are the confounded interactions. The remeining 17 degrees of
freedom can be shown to consist of

9 4.f. as interactions (R)(N), (R)(P), (R)(K)

g8 " " (R)(P), (R)(NK), (R)(FK), (R)(NEK)
The first step in the analysis consists as usual in the computation of treat-

ment totals.

Treatment 1 2 3 L

combination I II XIT IV V VI Vit VIII Total
(1) 196 ... 262 ... 183 ... 78 ... 819

n ve. 275 ... 90 ... 158 222 .. 745

P ... 348 .,,, 218 218 ... e 85 869

np 181 ... 275 ... ... 290 e Ll 790

k ... 33ho97 ... ... ol3 e 151 1025

nk 258 ... ... 98147 ... cee b Skl

pk 346 ... ... k5 ... 322 339 ... 1252
npk ... 383372 ,.. 288 ... 329 ... 1372
Total 981 1340 1206 651 836 101 1068 321 7416

-+ + - o+ - +* -
Difference +359 +555 =177 +7h7

Confounded NPK NP NK PK
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Second step: Yates' method, taking into account confounding.

Treatment

combination Total Sums end Differences Effect SSum of
quares
(1) 819 1564 3223 7816 ... Total ..
n 745 1659 4193 -514 -51k N (-514)3/32= 8256
P 869 1569 -153  +1150  +1150 P (1150)3/32= 41328
np 790 262k -361  + 596 +596-555 NP  (+41)3/2k= 70
k 1025 -Th +95  + 970 +970 K (+970)3/32= 29403
nk 5kl .79 41055 - 208 -208+177 NK (-31)3/2k= Lo
Pk 1252 481 -5 4+ 960 +960-7Th7 PK (+213)3/24k= 1890
npk 1372 +120 +601  + 606 +606-359 NPK (+247)3/2k= 25k2

Corrections for interactions:

NP is estimated from replications 1, 3 am L4 Consequently, we have
to subtract +555 from +596 to get the correct value +41. Similerly, for the
other intersctions. The SS is obtained as (41)3/24 = 70, because NP is
based on the results of 24 plots.
fAnalysis of variance.

Tregtments account for 7 degrees of freedom. There are 7 d4.f. between
blocks, of which 3 are between replications end 4 within replications.
These U4 are actually the confounded interections NP, NK, PK and NPK.

The total SS has 31 degrees of freedom of which 7 are between blocks and
ol within., Consequently, we have 17 d.f. for error. These can be interpreted
as consisting of R(N), R(P), R(K) with 3 4.f. each; and R(NP), R(NK),

(R)(PK) and (R)(NPK) with 2 d.f. each.
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Variance DF SS MS
N 1 8,256 8, 250%
P 1 41,328 L1, 328%%
X 1 29,403 29, Lo3%*
NP 1 70 70
NK 1 Lo Lo
PK 1 1;890 1, 890
NPK 1 2,542 2,542
Trestments 7 83,529 cee
Blocks 7 182,57k 26,082
Error 17 18,921 1,113
Total 31 285,024
n, = 1, n, = 17 Fo.o5 = b b5 FooL = 8.k4o0

The main effects of N, P and K are significant, the interactions are not

significant,

Confounding in 3%_gesigns.

In the 3°-designs it is usual to resort to partial confounding instead

of complete confounding. The reason for this is thet the interactions can be

split up on a formal way, end some of the component degrees of freedom cen be

confounded with differences between blocks.

Let us consider a 32-design. The q treatment combinations of the two

factors A end B can be presented as in the following table.

bo .bl
a 1 4
o
&y 2 5
a, 3 6
(6) (15)

(24)

We have 8 degrees of freedam in all, 2 for

(12)
(15)
(18)
(45)

A,

2 for B md 4 for AB.
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The formel subdivision of A.B may be defined in the following way:

Il = 1. +5+9 (15) Tl = l+6+8 (15)
I, = 2+6+7 (15) T, = 2+4+9 (15)
I3 = 3+448 (15) T3 = 3+5+7 (15)

The I component and the T component of the interaction are orthogonal to

the mpin effects A &and B.

Treatment A B AB

combinations [ g I { g Il/12 13/(11+12) Tl/T2 T5/(T1+TQ
1 -1 -1 -1 -1 +1 -1 +1 -1
2 0 +2 -1 -1 -1 -1 -1 -1
3 +1 -1 -1 -l 0 +2 0 +2
b -1 -1 0 +2 0 42 -1 -1
5 0 +2 0 +2 +1 -1 0 +2
6 +1 -1 0 42 -1 -1 +1 -1
7 -1 -1 +1 -1 -1 <1 0 +2
8 0 +2 +1 -1 0 +2 +1 -1
9 +1 -1 +1 =1 +1 -1 -1 -1

Total 0 0 0 0 0 0 0 0

S8 6 18 6 18 6 18 6 18

The orthogonelity is & consequence of the existence of & 3x35 graeco-

latin square,

Ax cp By
Bp Ay Co
Cy Bo Af

The latin end greek letters are orthogonal to each other as also to rows

and columns.

If we consider 1, 2, ... 9 as values of a variable, we get the totals

given in brackets, and the analysis of variance is:
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Variance IF SS
A 1in, 1 6.
quedr, 1 0.

. total 2 é.
B 1in, 1 Sk,
quadr, 1 0.
total 2 54,

AB Il/ I, 1 0.
13/(11+12) 1 0
'rl/tl‘2 1 0

T}/ (Tl+‘1‘ 2) 1 0
Total 4 0
Total 8 60

There is complete additivity between A and B with these velues,
- ‘ If we chaenged the data we would get something quite different. As an
example we might have

b b b

o 1 2 _ - _
a 1 3 12 16 I=43, 1p=23, 15750
o Tl=3,+, !2-,41, T3=21
8y 2 6 oL 32
&, 3 9 36 L8
6 18 72 96
Varience IF 8s
. A linear 1 170.7
quedratic 1 0.0
B 1linear 1 726.0
quaedratic 1 98.0
AB Il/I2 1 66.7
- 13/( Il+12) 1 2.0
'.131/'1‘2 1 8.2
- ’ T;,/ (T1+T2) 1 60.5
Total 8 1132.0
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Tn this case the breakdown of the AB interaction is purely formal.
In & 32-experiment we could confound components of I orof T. This
would give experiments in which the interaction AB would be partially con-

founded, and the block size would be reduced from 9 to 3 units,

I components confounded T components confounded

Blocks I II IIT I IT II1
(00) (10) (20) (00) (10) (20)

(11) (21) (o1) (21) (o1) (11)

(22) (02) (12) (12) (22) (02)

5 I I 1 T T3

We write (21) instead of ab,. In the plen where I is confounded
we could still evaluate the interaction AB, using the T-components, which are
not confounded. In the other plan the I-components are not confounded.

Ina 3° design we have 27 treatment combinations for the three levels
of three factors A, B, C. They may be written as e, b1 ¢, or shortly
(012) etc, There are 8 degrees of freedom for ABC.

It is possible to subdivide the 27 treatment combingtions into three
groups of 9 so that the totals give cormponents of ABC, with 2 degrees of
freedom. There are four possibilities to do this, accounting for the 8 de-
grees of freedom for ABRBC.

We know that we cen obtain the intersction ABC considering the inter-
action AB for each level of C. We can do the same for each component I
end T. Performing then the operation I or T we get the possibilities
I, I; I, T; T, I and T, T which will be denoted by W, X, Y and 2, as

proposed by Yates (1937).
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If we consider the I components for AB at three levels of C, we have

°o ¢ s
b, b b, b b by b, P By
ao 0 . . 0 0
al . 0 . 0 . . . . 0
32 . . 0 . 0 . 0 . .
I, I, I

e, ¢y ¢,
I1 0 .
12 0 Il
I3 . 0
and if we book the component I1 in this table, this would give Wl
R bo c, &y bl C, s e, b2 ¢,
& bo ¢y &, bl ¢y s &, b2 cy
8y bo o s &, b1 ¢y s a1 b2 5

which could alsc be written as

b b b

o 1 2
a, 0 2 1l
ay 1 o 2 W1
&, 2 1 0
where 0, 1, 2 are the levels of C. This would be Wi.

If we apply to the table
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the operation T2, this would yield

& bo co ’ ) bl co ’ & b2 o
a, by C s, 8 b S, 8 By G

or, more concisely

o
o
o’

ao 1 2 0
al 0 1 2 X2
a2 2 0 1

The twelve components cen be summarized in the following tables.

tevels T Yo W5 X X X5 Yy Y, Yy 2y 2, Zg
of Levels of C

MHOMPHFO DHOP
DO DHEFH OO0OOC
O KHFOND DHO
O~ OO HON
HOMMOEHEO O
oOHMPMNOKH HMNO
HNDOOKMN Do
MOHFHEFMNDO OHM
HOMOMNKHE PDHO
oONHHFMPMHO HOMD
NMDHOKFHOND OH
MO OFEND HMNO
OHMNKHFMNO NDOM
HODOMMOKE O

Every combination of each pair of factors occurs in each set of 9
trestment combinations. Consequently if these sets are confounded with blocks,
the main effects and two-fector interactions will be unconfounded. It is thus
possible to confound part of the interaction between three factors with blocks.
The part confounded will be either W, X, Y or Z. The following example

serves to illustrate the plan and the analysis.
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Experiment on sugar-beet

Date of sowing Distance of rows Sulfate of Ammonium

a, 18 April 8, 10 in.  n none
4 9 May 8, 15 in. 1y .3 cwt N/acre
d, 25 Mey 85 20 in. n, .6 cwt N/acre

We are writing for d2 sl n2, simply 212.

Tt is importent to adhere to & certain routine in the enelysis of this
design, The example is from F. Yates, 1937, p. L3, as is also the analysis.
There are two replicetions in the example. In the first replicate the Y
component of the interaction DSN is confounded with blocks, in the second
replication it is the Z-component.

Plen end yield of sugar (cwt per acre)

Replicate 1 Replicate 2
212 52.2 I IV 220 31.3
111 52.7 100 36. 4
¥ 100 47.8 001 39.4 7
2 220 35.2 211 35.3 2
45,8 122 45,4 202 29.9 305.5
010 bl 6 121 3, 4 -
201 k6.0 010 33.3
o021 51.4 112 33,6
002 50.5 022 31.9
011 ho,7 1II v 002 33.6
000 47,8 122 31.L
Y, 202 Ly ,1 020 25.7 Z3
101 52.5 110 33.0
439.9 1o ho.3 ' 011 %6 O3
221 46,2 212 b1,k
210 47.1 221 37.6
120 h7.2 200 33,2
022 56.0 101 41.8
012 50.9 III VI 120 32.h4
y. 2u 38,2 222 37.7 4
3 102 k3.0 000 39.4 1
359.0 121 36.5 102 43,1 317.8
200 38.0 021 34.9
001 45,7 111 34,2
110 37.1 012 36.0
202 34,2 210 33.5
020 35.4 201 26.6
1,224, 7 937.6

2,162.3
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(1) Determine to which group W, X, ¥, Z the blocks belong, and which is its

number (xl, X5 x3). If this is already given, check if correct. Y in the

replication 1,

(2) Calculate the table

n
o)

so sl

d.0 87.2 77.9
d1 84,2 T0.1
d2 7.2 80.6

(3) Celculate total SS

SS (treatment combinations) [= 905.1].

Z 1in the replication 2.

of 27 combinationsa:

n

il 2
8y 8, By 8, 8 % 82
61.1 85.1 86.3 86.3 841 86.9 87.9
79.6 94,3 86.9 70.9 86.1 82.9 176.8
66.5 72.6 T73.5 83.8 Th.0 93.6 T1.9
[ =2,978.2], 88 (blocks) [= 1,950.4] ,

At the same time che

blocks, replications and treatment combinations.

(4) Calculate the 3x3

n n

o 1

d 226.2 257.7
d1 233.9 252.1
d, 218.3 229.9
8, 22,6 252.0
8, 228,.6 246,17
s, 207.2 oh1.0
I, 223.8 255.8
I, 225.9 254,1
13 228,7 229.8
T, oh7.4k  229.5
T, 228,6 2644
T3 202.4 245.8

678.4  739.7

tables for sd, nd, ns

®o

235.3
227.3
222.2

n 8

2
258.9
2l5.8
239.5

ok, 2 1738.8
263.4  T38.7
236,6 684.8

238.9
267.6
237.7
254,58
2k, g
2k, 8

Thl, 2 2,162.3

8
o

256. 4
26k, 6
217.8

1
251.1
239.9
2h7.7

ck totals for

and nl and nT.

7h2. 8
731.8
687.7
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(5) From the two bottom tables in (4) we calculate I and T which yields

W, X, Y, Z, indistinctive of confounding.

1 2 3 Total
W 715.6  694.6 7521  2,162.3
X 721.2  719.4 T721.7 2,162.3

Y 756.6 728.9 676.8 2,162.3
Blocks 439.9  425.8 359.0 @ 1,224k.7
Y 316.7  303.1 317.8 937.6
Z 738.1  702.9 721.3 @ 2,162.3
Blocks 317.8  305.5 31L.3 937.6
VA 420.3 397.4  ko7.0 1,224 7

(6) From the three upper tables in (4) we celculate the SS in the following

tables:
Veriance SS

Dl Sl D-S 314,517
Dl Ni D-N 275.127
§ N &N 329. 770 oh6. b1k
D 9k, 478
S 107.800
N 150. 140 352,418 593. 996
DSN (not confounded, WX) ok, 227

(partly confounded, YZ) 216, 8Lk 311.071
Treatments ’ 905. 067

The treatment SS should check with that in (3).

(7) 1In (3) should be entered the block totals, taking care to entering them
in the right order. By subtraction we get Y! and 2Z'. These are the
velues of Y and Z for those blocks, in which they are not confounded. As

& check they could be calculated directly from these blocks.



(8) 8S(Y') = (316.7% + 303.12 + 317.82)/ - 937.63/27
ss(z') = (420.32 + 397.42 + 407.0%)/ - 1,224 73/27=

From replicate 1

000
102
201
ol2
111
210
021
120
2e2

001
100
202
010
112
211
o022
121
220

002
101
200
o1l
110
212
020
122
221

ss(yt) + ss(z')

(9) The analysis of variance can be set up.

47.8
L3,

Fanm FIFPNNO

OVVIPD ROV OPO VOO0 ;
WEFOR<OUVIVT DUVIODWOH®3 N FH-I0O

420.3

397. 1

Lot.0
1,224, 7

From replicate 2

000
101
202
011
112
210
022
120
221

002
100
201
010
111
212
021
122
220

001
102
200
012
110
211
020
121
222

= 1b.

29. 387
= L,

39.4
41.8
29.9
36.6
33.6
33.5
31.9
32,4
37.6

33.6
36. 4
26.6
33.3
34,2
41.4
3k, 9
31. k4
31.3

39.
43.1
33.2
36.0
33.0
35.3
25.7
3h. 4
37.7

899

286

We may split the SS

factor into the linear and the quadratic component.

Thly, 2
678. 4
+65.8

+56.8

o I
XOQNQJ

o

687.7
42,8
-55.1

+33.1

n 0

2
o

tJ

£

q

L=

684.8
738.8
-54.0

+53.8

104

316.7

303.1

317.8
937.6

for each
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Sum of squares:

SS(N,) = (+65.8)3/36 = 120.268

SS(Nq) = (+56.8)2/108 = _ 29.873

Sum 150. 141
In this way we get:

Variance D.F. SS S
Blocks 5 1950. 4 390.1
Nx 1 120. 3%

Nq 1 29.9
D‘ 1 8l, 3%
Dq 1 10.1
S‘ 1 81.0%
Sq 1 26.8
ND 4 30.5 7.6
NS L 71.8 18.0
DS L 139.2 34.8
NDS  unconfounded L ok, 2
" confounded L Lk 3 7.3
Error 22 295.3 13. L
Total 53 2978.2
np=1, n, = 22: FO.OS = b4.30
nl-.-_-ll-, n2=22: F005=2.82
It is possible to calculate the 4 components Nx DX’ Nx Dq , Nq D,, Nq Dq.

The analysis shows, that none of these interaction components is significant.
The interaction between three factors is not significent, nor are any of the
interactions between two factors. The gain in precision through partial con-
founding cen be evaluated again by consider ing what would happen in a uni-
formity trial. We set out the actual analysis with partial confounding and

the corresponding analysis without eonfounding.
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With confounding Without confounding

Variance TF Ss MS DF S8 MS
Replications 1l 1526.%
Blocks within

replications L Lok, 0 106.0 L Lok, 0
Between blocks 5 1950.4 . -
Treatments 26 cen . cen
Error 22 13.4 48 64y, 3
Totel 53 ces 52 1068.3 20.5

The relative efficiency is measured roughly as
20.5/13.4 = 1.53.
The gain in precision due to partial confounding is roughly equel to 53% .
A design which is particularly interesting consists in confounding NPK
partislly with blocks end using one single replication, the error variance
being formed by the unconfounded perts of NPK, by Nkqu NXKq’ P[Kq’ Nq?‘,
NqK , PqK , NP, NK end Pq#q (= 15 IF). The following example is given

¢ da
by Yates (1937).

Plen and yields of sugar-beet

Block I Block II Block III
211 675 121 699 202 289
120 572 220 617 020 193
200 617 022 511 210 L5k
002 503 110 352 111 368
010 320 212 481 001 26
021 352 201 167 122 252
101 395 102 121 221 kLo
112 L62 011 53 012 125
202 530 000 89 100 206
X3 X X5
Totals: Block I L, 430
Block II 3,020
Block III 2,362
9,882
Analzsis
(1) Total SS. = 1,005,712

(2) Set out three-wey tables as follows:
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k k k

o] 1 2
’ Po P P P P P P P P
n, 89 320 193 26 53 352 503 125 511
ny 206 352 572 395 368 699 121 462 252
n, 617 L5k 617 167 675 Lh9g 289 U481 534
(4) From there we form the two-way tables, and those with I and T
ko k1 k2 P, Py P, Total
n 602 431 1139 618 498 1056 2172
n, 1130 1462 835 722 1182 1523 3427
n, 1688 1291 1304 1073 1610 1600 4283
p, 912 588 913 23
P, 1126 1096 1068 3290
p, 1382 1500 1297 4179
. . I, 1058 843 1h99
12 853 1k22 1113
I; 1509 919 666
Tl 1115 1400 1236
T, 1143 897 780
T3 1162 887 1262
Total 3400 3184 3278 9882

(5) From the two bottom tables (I, T) we get:

1
3146
3090
3090
(11)
3274
2782

2
3271
2362
2362

(111)
3066
3805

3
3465
4430
L4330
(1)
3342
3295

9882



(6) Calculate SS from tables in (4) and (5). This gives

Variance
N, P, N-P
N, X, N-K
P, K, FX

W
Y
Z

X (blocks)

(7) Calculate N( , PX, Kk and Nq, Pq, xq.

recommended:

Ps

2
on (n°+n2)-2h7

Tn the same way we get the other interaction components:

Py
n-n +455 +1112

+256

Main effects:

Interactions: linear -

N
P
K

NP
NK
PK

ss
478, 664
4L, 020
20k, 156
5,7h1
387
58,140
2ll, 526

Py Total

+5hl 42111 = Nx

+390 +399 = Nq

linear

2111

1766

-1h2
+ 89
=921
- 86

quadratic

+399
-12

=330

linear

NP
Nq?x =+637

-
=

108

The following routine is

+1225

+369
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(8)
Anslysis of variance
Variance DF SS DQ i ‘7?6-01 ‘7?6.05
Blocks (X) 2 ohk, 526 122,263 . 6.1 3.7
N 1 2k7,573 1.2 8.7 4.5
[
Nq 1 2,908 ...
PI 1 173,264 9.9 8.7 b5
Pq 1 3
FK 1 1,120
Kq 1 2,017
NlPx 1 660 e e ‘..
NXKX 1 70,687 ko 8.7 b5
P,K 1 616
@
Error 15 262,298 17,487
Total 26 1,005,712

(9) It may be verified whether the assumption was correct, that only linear

Variance

o
R i T i e

[AVIRN o B AV}

ss
L1684
6110
11271
15335
26136
28
1261
95230
972

388
5742
58141

components of interactions are of any importance.

194
2871
29070 °

15

262298
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In this case also, we may evaluate the gain in precision obteined through

confounding. The analysis of variance for both confounded and not confounded

design is set out below:

Vari With confounding Without confounding
arliance

IF MS DF 8s MS
Blocks 2 122263 2 olil526
Treatments 9 .o
Error 15 17487 24 419688
Total 26 26 66h21h 25547

The increase in precision is: 25547/17487 = 1.461. The partial confounding
used in this example resulted in a gain in precision of roughly 46 % (not
teking into account the different degrees of freedom for the two designs).

’ ‘ This efficiency calculation is only valid if we assume that the confounded in-
teractions are not significant.

Further reduction in block size in the 2n design.

We have seen that we can confound one interaction in a o°® design in
order to have U4 plots per block instead of 8. 1If we confound the same inter-
action in each replication, we have complete confounding, if we confound
different interactions in different replications, we have partial confounding.

Tn the 3° design we can confound part of the three-factor-interaction
either completely or pertially and thus reduce the block size from 27 to 9.

- It is possible to reduce the block size further, if we confound not only
one, but two (or more) interactions in one replication. We are investigating
this in some detail for the ot design.

The first object of our investigation ere the reletionships which exist
between the 15 main effects and interactions of one replication in a o%
design with factors A, B, C, D, Let us set out the 16 treatment combinations

and the 15 main effects and interections. In a ot design all effects and
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interactions are obtained by using factors +1 or -1, this permits us to

write in the following teble simply + or - instead of +1 or -1

Main effects end interactions

Treetment
combinations A B AB C AC BC ABC D AD BD ABD CD ACD BCD ABCD
(1) - - + 4+ = e + o+ = + - - +
- a + = - = =+ 4+ - = + + o+ - -
b - 4+ e e+ e+ -+ -+ + - + -
ab + + + = - - - - - - - + + + +
c R " T -+ + -
ac e T T . - - + +
be - + = + = o+ e - 4+ -+ -+ - +
abe + + + + + 4+ A+ - . - - - - - -
d e T S L I - + -
ad + - e = =+ o+ e - - - + +
bd - + - - + - +  + -+ - -+ - +
abd + + + - - - -+ + 4+ o+ - - - -
cd - - + + - - 4+ + = - + + - - +
acd + - - + o+ -+ 4+ = = + + -
bed - -+ - e+ -t - + - + -
"‘I' abed + + + o+ 4+ o+ o+ o+ o+ o+ + 4+ + +
Total 00 00 O O OO OO0 O 0 0O 0 C

We mey find the following relations between the main effects and interactions;
writing A.B +to mean that we formally multiply effect A by effect B. If
we consider the products of the coefficients for the same treatment combine-
tion, we find that the product of the coefficients for A with those for B
gives the coefficients for the interaction AB. This is true for all products
AB, AC, ... CD.
If we form (AB)-C in the same way, we get the coefficients for ABC. The
game can be verified for all other three factor interactions.

Finelly we find that (ABC)D = ABCD, which we may also get as
A(BCD) = (AB)(CD) = (AC)(BD) etc. We may now ask what heppens, if we multiply,

say, (AB) with (BCD)?
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Formally, this would give AB?CD, Let us see, whether this makes any

sense, i.e. whether we find any mein effect or interaction corresponding to
this product. We obtain

(1) &« b ab ¢ ac bc abc 4 ed bd abd cd ecd bed ebed
- + - + + - + - + - + - - + - +

end this is equal to ACD, So we could write

(AB) (BCD) = ABPCD = ACD

Let us try one other example, namely

5

(aBC) (BCD) = ABZ C2
In the same way one may find
(aBC) (BC) = AB® C% = A
and from this we find the simple rule that A% = B® = C® = D® =1 symbolically.
In the 2° series, any interaction between mein effects or irteractions
cen be written down immediately following these rules.
What heppens, if we try to confound two interactions in one replication

of 2% = 16 tresiment combinations, in view of getting blocks of 4 plots?

I 7 II

III v

There are 3 degrees of freedom between the I blocks, which we may assign as

follows

Degree of freedom

Block (1) (2) (3)

I + + +
11 + - -
III - - +
Iv - + -
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These 3 degrees of freedom are part of the 15 independent comparisons be-
tween the 16 treatment combinations 1if we confound block differences with
any two main effects of interactions. If the interections are confounded
with block differenees, then & third interaction (or main effect) will also be
confounded with differences between blocks, because for the three comperisons
we have (1)(2) = (3), (1)(3) = (2) and (2)(3) = (1).

Tf we confound for instemce ABC with (1) and (ABCD) with (2), then D
will be confounded with (3). If we confound (ABC) with (1), and (BCD) with
(2), then AD will be confounded with (3).

The following data were obtained from an experiment with beans- (Rotham-
sted Experimental Station Report 1937, p. 162). The factors and levels are

K: 0 and 1.0 cwt K20 per acre ;
P: 0 and 0,6 cwb P05 per acre ;

N: 0 and O.4t ecwt N per acre ;

D:; 0 and 10 toms of dung per acre.
Plan and yields in 1b. on plots of 1/40 acre

Block

D 56.3 kn 70.8  pnd 78.5 kd o3| I

Replication | knd 85.4 k 68.1 pn 72.3 pd 90.7| 1II
1 kp 90.1 kpnd 96.3 n 79.1 4 78.5| III
kpd  98.1 kpn 77.7 (1) 63.7 nd 82.3| 1IV

= ¥pd  94.1 pnd 86.% In 9.1 (1) 89.0| V
Replication | kpnd 119.5 k 78.0 pd 845 n 92.1 VI
2 P 109.8 kpn 89.2 nd 73.7 kd 72.51 VII

kp T2.2 4 50.9 pn 56,7 knd 57.6 | VIII

There must be three interactions (or main effects) confounded with
blocks in each replication, Let us try to find out which are these inter-
sctions. If we first consider (1): I + II - IIT - IV, end consult the table
on p. 93, we see that KP is confounded with (1). If we consider
(2): I - II - III + IV, we see that KND is confounded. And finelly we find

that for (3): I - II + III - IV the interaction PND is confounded.
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The interactions confounded in the second replication are for

(4) VvV + VI - VII - VIII PD
(5) Vv -VI-VII + VIII KPN
(6) V - VI + VII - VIII KND

From this it follows that all the main effects K, P, N, D are uncon-

founded, as are also the interactions

KN, KD, PN, ND, KPD and KFND

The two-factor interactions XKP and PD and the three-factor interactions
KPN end PND eare pertially confounded, while XD is coupletely confounded.

The analysis of this experiment is performed in the usual way. There
are 1% DF for the 14 unconfounded or partielly confounded main effects and
interactions, and 7 DF between blocks, This leaves 10 DF for error,
as the total DF is 31. The main effects and intergctions are found according
to Yates! method, carrying it one step further than in a 28._design. To find
the confounded interactions, we have to apply corrections. If we get by Yates'
procedure a certain value for, say KP then we hsve to subtract from this
(IIT + IV - I - II), this being the confounded part of KP. The sum of
square for KP 1is obtained by squering the corrected interaction end dividing
by 16, because KP is estimated from replication 2 only.

I+t is instructive to calculate the sums of squares for each of the 10
degrees of freedom for error separately. This, as also the complete analysis

is left as an exercise for the student.
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4.4 Fractional factorial designs.

In factorial experiments the main effects and the interactions of two
factors are mostly of interest. Higher order interections are seldom signifi-
cent. On the other hand factorial experiments are mostly used to obtain
information on the overall effect of factors, preferably several factors at
the same time. It may be argued, that we would often like to imeclude moxe
factors, even if this would imply that we would not be able to obtain higher
order interactions,

Let us consider & simple case and see what happens if we try to introduce
e new factor at the expense of loosing information on a certain interaction
between several factors, Suppose we have & o3_factorial experiments with fac-
tors A, B and C. Let us assume thet the interaction ABC is unimportent.
In thie case the contrast i

ABC =a+b+c+abc-(1l)-ab-eac-hbc
is only part of the error fluctuations. In such a case we mey be tempted to
jntroduce & new factor D in such a way &8 to assign to the treatment com-
binations

a, b, ¢ and abc the higher level of D
and to

(1), ab, ac and bec the lower level of D
The main effect of D corresponds in that case to the interaction ABC, or more

precisely, D is confounded with ABC.

We may write
ABC = D
it being understood that the sign = means "is confounded with". From this we
infer that

AD = A®BC = BC

and similarly BD = AC and CD = AB.
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Consequently if we confound D with ABC, we will not be eble to dis-
entangle the two-factor interactions from each other. Such & design would be
of interest only if we were solely interested in the mein effects. For the
case mentioned we would have only 8 treatment combinations, namely

ed, bd, cd, abcd
(1), ab, ac, be

for an experiment with 4 factors. We would in fact have & helf-replication,
the combinations missing being
a, b, ¢, 4, abc, acd, abd, bed .

Note that the contrast, of which we have only teken one half of the treatment
combinations, is ABCD. This is called the defining contrast. If we form the
interaction between any main effect or interaction and the defining contrast,
we find the effect confounded with it, E.g.

A-(ABCD) = BCD ,
that is, A is confounded with BCD. Or:

(AB)(ABCD) = CD ;
which means that AB is confounded with CD.

A and BCD
AB and CD etec.
are celled "aliases'.
The following example will show how the anelysis of a fractional factorial

experiment is carried out (Linder, 1953, ». 127).
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Effect of 6 factors on the optical rotation of a cocos preparation

Duration of dilution process A 20 and 40 minutes;

- Pemperature of dilution process B 50-55 C and 80-85 C;
Temperature of clarifier c 25-30 C and 50-55 C;
Quentity of clarifier D 2 end 4 ml Somogy II per 10 g

chocolate
Concentration of chocolate E 5 and 10 g chocolate per 100 ml
Py F 7.0 and 8.1
Treatment combinetions and optical rotation (x 1000)
Treatment combination Value Treatment combination Value
(1) 28 af 30
ab 18 bf 16
ac 17 cf 20
be 1k ebef 12
ad 1 arf 35
bd 16 abdf 1k
cd 18 acdf 15
ebcd ok bedf 25
ae 70 ef 68
be 54 abef 26
ce 5l acef 29
abce 30 beef 12
de 48 adef 32
abde 54 bdef Lo
acde 33 cdef 28
bede 38 abedef 32

The treatment combinations were cerried out in a random order. There are 6
factors, and 32 treatment combinations, while 2% = 64, The fractional
factorial experiment is a half-replicetion. The defining contrast is

A B CDETF ,

from which it follows, that we have the following aliases

A = BCDEF AB = CDEF ABC = DEF BCD = AEF
B = ACDEF AC = BDEF ABD = CEF BCE = ADF
C = ABDEF AD = BCEF ABE = CDF BDE = ACF
D = ABCEF ACD = EEF CDE = ABF
E = ABCIF ACE = EDF

F = ABCDE EF = ABCD
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From this it may be seen that we are able to ascertain all main effects and
all two factor interactions under the assumption that four-end five-factor
interactions are unimportant.
If we assume furthermore that there are no real three-factor-interactions,
we may consider these 10 contrasts as peaking up the experimental error.

The anelysis of variance would then be congtructed as follows:

Variance DF
Main effects 6
Two factor interactions 15
Error 10
Totel 31

Yates' method of determining the effects breaks down in fractional factorial
n

designs. The simplest method of determin} %he effects is by using the defini-

tions and calculate them directly. The main effect A is obtained by sub-

tracting all treatment combinations without & from those containing &a .

Treatment combinations Sum of velues
With a 480
Without & 51k
Sum ook
Difference -34 (= A)

The sum (99%) is calculated as a check.

Interaction AB:

Trestment combinations Sum of values
With a and b, or without a and b 509
With a or b 485
Sum 9
Difference +24 (= AB)

The anslysis of variance is obtained in the usual way. First we calculate
the total SS.

SS(total) = 282 + 182 + ... + 322 - 9943/32 = 8,781.9
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For each effect we get the SS with one degree of freedom as usual

ss(a) (-34)3/32
SS(AB) = (+24)3/32

36.1
18.0

For the error SS we get by subtraction 819.0; the error MS 1is thus 81.9.

The 8S for error can also be obtained as the sum of each degree of freedom.
SS(ABC) = (-14)3/32 = 6.1

end so on, By this we get
SS(BDE) = SS(ACF) = (+120)3/32 = U450.0.

If we threw this out of the error, we would get
ss(error) = 369.0, DF = 9, MS(error) = k1.0,

instead of 81.9.

Whether the first or second MS is to be used for error, must be ascer-

tained taking into account all technical knowledge on the process in question.

A=-34, B=-14b* = -132%, D= -62, E = +362%%, F = -66

BD = +184%% BDE = ACF = +120 [significent with MS(error) = 41.0].

5. Determination of optimum conditions,

In the ususl factorial experiments we are interested mainly in knowing
whether the factors chosen haeve any effect over tYerenge we are interested in,
and also whether there are any interactions between the factors. In some cases
we are also interested in knowing if the factor-response relation is linear or
not in the range within which the levels of this factor are set.

In some applications, however, we are more interested to know at what
levels of the factors the response is et an optimum (not necessarily a maximum).
There egain the "one-factor-at-a-time" approach is not suitable.

In order to discuss the different features of the problem of determining

optimum conditions, let us consider & specific example, namely the influence
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of duration and temperature of the reaction on the yield of e chemical process,

If the chemical and physical theory of such a process were sufficiently
well developed, there would be no need for experiments at all, or perhaps
then only to confirm the theory. On the other hand, if the theory is not
fully known, it will often be sufficient to have & rough approximation of the
response surface, which is the surface of yield as & function of duration and
temperature of the chemical process.

Let us first see how we would proceed using the one-factor-at-a-time
approech, %gf/\ { 20 M0 3 /ﬁo

3 ) )
< v Lp_é
N gy

twmptgibva
\

Let us assume tlat we know the surface of yield as & function of duration end
tempereature,

The contours drawn are the lines of equél yield. Let us start et & given
temperature and explore the response to duration at this temperature. This
would give the optimum duration. Then studying the influence of temperature
for this "optimum" duration, we would get the "optimum" temperature; but as
the exemple shows, these results would be very misleading, the point obteined
being very far from the real optimum.

G.E.P. Box, working at the ICI (Imperial Chemical Industries) put forward
a method in 1951, generally known as the Box-Wilson-method (Box eand Wilson,

1951). His approach consists essentially of two steps.
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Step 1. This is intended to lead quickly into the region of the optimum. It
consists simply in making & few experiments, and to fit to the values thus

obteined, a plane. /)

a4
y :

buﬁ'ata;v\

uw\;_gw

In the range of temperatures and duration which we have selected, we choose a
point and "around" that we select a few values of temperature and duration,
perform the necessery experiments and obtain the yields. We then fit a vlane,
and this gives us the direction of steepest ascent on that plane (not
necessarily on the surface of yields).

If by chence the starting point is already near the optimum, then the
plane will be perallel or nearly parallel to the area of tempereture and
duration.

Step 2. Having reached through step 1 a region near the optimum, the second
step consists in exploring the configuration of the response surface near the
optimum, The reason for this being that it is sometimes more economical to
run & process near the optimum insteed of st the optimum point, owing to techni-
cal difficulties.

The simplest way ta explore the response surface statisticelly, is to fit
s second degree surface to the observed points. According to the tyre of sur-

face near the optimum we may have
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(a) (v)
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straight lines Parabolea

Statistical tools.

In both step 1 and step 2 we have to use linear regression anelysis in
order to fit a plane or a surface of the second degree to the points observed.
Let us shortly state the essential steps in linear regression analysis.

We assume we have p independent variates
X5 Xyy oo xb
end one dependent veriate Y.

As usual the so called "independent" variates mey be correlated or even
functionally related to each other, we could for instance well have
XS = )L_L x2.

The population regression may be written as

nfﬁo+ﬁlxl+ By Xo + o0 * Bpxp
We assume that the y - n are normally distributed with meen zero and
variance o?, and that 0© is the same for all sets of velues of X, Xo

A xb. The case p=3 will be sufficient to state our notations. We assume

that we have N observed values of %5 X5 x3 and y, the i-th being

X130 ¥pjo ¥zq0 V-
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Estimates b_, b, by, by are obtained from S(yi - ni)g = min.

o) 2’ 5

This gives

bO =y - b1 xl - b2 x2 - b3 x3
and

b8y + DSy, + PsSy5 = 5y

b1812 + b2312 + b3823 = S2y

b18y5 + DSz + PaSzs = S5y
where

w
|

11 = ? (3 - %)% 8, = f (e = )%y - %) -

A CTRE N AR

And this will give

[92]
|

5 S S

B U - 11 B2 513
by= F |8 Sp Sp) 3 & = (5 S B3
S5, Sp3 sl 8137 53 53
From this we get
oo 1Y [P P 5 12 B3| L 513
= - S
17 8 [ "1k |8y S5 2h | 8y5 S5z | 3 | Sy Sps
! S
or, if we define
o .1 |2 P o .1 B2 i3 o . 1l%e P
- , _ .1 , _ 1
1= 2 | g 1273 | 13" Bl g

. 25 533 23 33 S0 Pp3
and similarly for 022, 03 C53, noting also thaet C13 = 031 ete., we have

b, = Cy Sy + Cpp Sy + Cyz 84
= Cyp5 Sqy + Cop Sy * Co3 B3,

= 013 813 + Cpz Soi + C33 Sz

o’
i

o
f

The empirical or observed regression will be

Y = y - blxl - x2x2 - b3x3 + blx1 + b2x2 + b5x3 .

bo =y - blx - bax2 - b3x3
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The estimation 8&° of ﬁ;a is obtained as

g2 = s (Vi - Yi)z/(N-p-l).
1
where
2
S (Y3 - ¥3)% = Sy, - ©ySy - DS, - 585, -

From this it may be seen that we can also write an anelysis of variance:

Variance DF S8 MS
Regression b,S, +...+b S
sgressio P 11y D DY
Residual N-p-1 Difference 82
Total N-1 Shh
To test the hypothesis; Bl = 62 = ... = gp = 0, we calculate
F = MS (regression)/s® , n) =D, 0, = N-p-1 .
To test the hypothesis) Bj = Bjo , we calculate
—1 - 2 2 = - el
F = (bj ajo) /ij ¢, ny =1, n,=N-pl.
The equations for bl’ b2, b3 will simplify considerebly when the design of

the experiment, that is the levels for each factor ig chosen in en appropriate

way, In particular the c may be calculeted very easily. As en exsmple

jk
of this let us consider a o®_factorial design. If we choose the levels at -1

and +1, which may always be attained by suitable transformations, we have
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Preatment x

combination 1 *2 *3 v
1 -1 -1 -1 ¥y

2 -1 -1 +1 Yo

3 -1 +1 -1 V3

L +1 -1 -1 vy

5 -1 +1 +1 5

. 6 +1 -1 +1 Yg
7 +1 +1 -1 Yo

8 +1 +1 +1 vg
Total 0 0 0 Sy 3
Mean 0 8] 0 y

From this it follows that all the S xj i = 0, and due to orthogonelity of
i
X, ¥y %3 8180 i Xgq X 0; furthermore, we have i x?i = 8. Thus

. Sll=822=833=1

5., =8 =823=0

and X = X = x3 = 0, so that

je—_-y-blx_l_-b2x2-b3x3=l
and
8 0 0
A =10 8 o | = 8
o 8
; Cq = 1/8, Cop = 035 = 1/8; Clp =€z = Cy5 =0
b, = slh/a, b, = 324/8, by = Szh/B
or
b, =

1 = (9 YgHY+ygeY, - p-Y5-Y5)/8

o'
il

p = (¥ =Y ¥¥5-Y)+¥5-YgtV +Vg)/8

= (¥ 47,59, Y5V g-Y+Yg)/8

W
I

‘ The calculations are thus greatly simplified if we adopt a factorial design.
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As an example consider the determination of optimum conditions for e

chemical process carried out by B. Messikourner (1960), CIBA, Basel (Switzer-

land). Preliminary investigations showed thet several factors influences
yield. A list was prepared, in which these factors were ordered according to
their presumptive importance.

Duration of reaction

Temperature of reaction ;
Concentration of reacting substances ;
Velocity of stirring

ete. etc.
Preliminary information indicated that duration and temperature of the process
were likely to be the most importent factors determining the yield., It was
therefore decided first to optimize for these two factors. We are here only
concerned about this part of the investigations.

The starting point was a duration of 3 hours and a temperature of 260° ¢
which hed so fer given the highest yield of 6U 3%. In what follows we will
use the following notation

D = duration; T = temperature; A = yield.
Step 1. To be able to determine bo, bl’ b2 we have to carry out 3 determine-
tions of the yield &t 3 different points in the D-T-plane. For ease of calcu-
lation a 22-design wes chosen symmetricel eround D =3, T = 260. The choice
of the levels should be such, that the effect on A is clearly recognizable.

The choice was the following:

A
Tl ()
7_"60 T W

2 (0

- Q)T Q)

>
! 3 5 J
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(1) ... (4) are the numbers of the experimental units. The experiments
should be carried out in & random order, There is no replication, so it is
not possible to determine an experimentel error., Possibly there is some
preliminary knowledge on experimental errors, which may be used. Calculetions
are simpler if we transform T and D in such 8 way es to have as values for

the imdeépendent variables -1 and +1.

D-3 T.260
"=z X0 = 750

The experimental results for these four points were as follows:

D T A X %, y=A-60

(1) 1 2o 61 -1 -1 1

(2) 5 2lo 66 +1 -1 6

(3) 1 280 67 -1 +1 7

(%) 5 280 178 +1 +1 18
Total .12 10k0 272 0 0 32
Mean .3 260 68 0 o) 8
To fit the plane

noo= Byt BX o+ B

we have to calculate
819 = Spp = L, 8,=03 & = 16
Yk, Cyp=

c,., =C
Slu=-l+6-7+18=2h-8

11 22
16

Sah = =] - 6 + 7T + 18 = 25 - 7 = 18

by = €148y, + Cy 8 = 16/k = 4.0
b2 = 12 lh + 02282h = 18/h = h.s
bo =y - blxl - b x = 8.0
Y = 8,0+ ko0 X, + 4,5 X,
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Calculetion of standard errors for b. First determine s(y;x)z. In this

case it is easy to calculate S(u-Y)? directly.

y ¥ y-Y (y-Y)? v
(1) 1 -0.5 4.5 2.25 1
(2 6 7.5 -L5 0,25 36
(3 7 85 -L5 225 b9

() 18 16.5 +1.5 2.25 32k

Total 32 32.0 0.0 9.00 k10

g2 = 9.00/1 = 9.00
We may calculate

S(y-Y)2 = s(y-y)? - 8(¥Y-y)?

S(y-3)2 = Sy2-F Sy = 410 - 8.32 = 410-256 = 154.0
s(Y-y)2 = blslh+b232h=(h.o)(16)+(h.5)(18)=6A.O+81.0=1h5.o
8(x-Y)2 = 154.0 - 145.0 = 9.0 (check{

From s2 we get the standard errors:

(Standard error)® = Error varience

b = 8.0 §2/N = 9.0/k = 2.25 = (1.5)%
by = k.0 clls2 = 9.0/k = 2.25 = (1.5)?
b, = 4.5 02252 = 9.0/kh = 2.25 = (1.5)%

These standard errors are however of little value, based as they are on only
1 degree of freedom.
The contours for the plane
Y = bo + blxl + b2x2
are easy to find, For & given value of Y we calculate the interactions

with the axes xl and x2.
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N
Y-bo
=0 X= -3
Y-bo Wy
x2 = 0 xl = bl Y‘Bo
} Y —
W ~ 7 b
W . ‘ |
e find:
Y x2=0:x1 x1=0:x2
0 -2.0 -1.78
10 + .5 + 4
20 +3,0 +2.67
30 +5.5 +4,89
A
s

16\1\
\ . X,

Step 1 consists in choosing further experimental units along the line of

steepest ascent. 1In this case we would have to go in & direction orthogonal

to the contours just obtained. If W) w2 are the coordinetes of the point

on the contours on the straight line orthogonal to the contour pessing

through the origin, then
Y-bo Y-bo

W, W, = { mm—— = b, :D
1° 2 b2 bl 1 2
In view of the uncertainty with which b1 and b2 are determined, the new
points were chosen with equal coordinates X and X, instead of in & ratio

of 4.0 to 4.5, and starting from point (4), for which the yield was highest.

The new points in X X, were chosen as

no. xl x2 Y

(5) +2 +2 25.0
(6) +3 +3 33.5
(7N +h +4 k2.0
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From this it follows at once that the plane cannot fit the real surface of
yield very closely because Y = 42.0 means A = 102.0% , an impossible
walue. The velues of the yield A obtained with points (5), (6) and (7)
were 84, 89 and 84 respectively.

This is in itself & very remarkeble result and achievement; with 7 experi-

mental units it was possible to attain & yield of 89% , ageinst 64% at the
starting point. The duration and temperature at the yield 89% are:

D

5+2]Ll=3+2’3=9h

and

260 + 20x. = 260 + 20-3 = 320° C.

2
The question is now, whether with this point we are near the optimum value or

T

not. Before we attempt to answer this question, we want to study the
errors involved in determining bo, bl’ b2 somevwhat more closely.
In order to do that, the same 22 experiment was carried out a second

time, which gave the following values for .

With these values and those for nr (1), {(2), (3) and (4) we are in a position

to determine & plene with better position; and we are also able to separate the
experimental error from the lack of fit, whith indicates how well (or how bad)

the observations fit the plane

The calculetions proceed as usual:

I X X Yy 841 Y12 S8 DF
1 -1 -1 1.0 17 2.7 -0.7 0.49/2=0. 245 1
2 +1 <1 6,0 5.211.2 +0.8 0.64/2=0.320 1
2 .1 +1 7.0 7.91k.9 -0.9 0.81/2=0.405 1
L 41  +1 18.019.2 37.2 -1.2 1.44/2=0.720 1
Total O 0 32.0 34,0 66.0 2.0 1.690 L
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The SS between duplicate values (1.690) has 4 degrees of freedom; the error

MS is 1.690/4 = k225,

and 5 d.f. for residuel variation.

Calculations to adjust a plane to the 8 points give:

Sll = 322 = 8, 312 = 0; Cll = 022

it

Siu

Szh = -2.7 - 11.2 + 14,9 + 37.2

bl = +30.8/8 = +3.
bo = '§ = 66.0/8 =

850; b,
8.250 .

2.7 + 11.2 - 14,9 + 37.2

-
-

it

i

52,1 - 13.9 = +38.2

+38.2/8 = +4.775

Y = 8.250 + 5.850x1 + h.775x2

h8.h - 17.6 = +30.8

=1/8, C;, =0 A = 6h .

In the analysis of variance we have 2 degrees of freedom for regression

This can be split up into 4 d.f. for

error between duplicates and 1 4.f, for lack of fit.

Variunce D.F, S8 MS
Regression 2 300.985 150.492
Lack of fit 1 23.805 23, 805
Error L 1.690 0.422
Total T 326,480

It is instructive to see why the lack of fit is so pronounced., We only heve to

compute the regression values Yi and the residuals. We get

This
(-1,
lack

ment

in
- 375
+ T7.325
+ 9.175
+16.875

FUND - e

Y5
+1.375
-1.325
-2.175
+1.125

iJY

Ji

+2.075
-2.125
-1.275
+2, 325

y,j "?

+1.725
-1.725
-1.725
+1.725

J

shows thet the surface of yield is higher than the plane at the points

-1) and (+1, +1) and lower at the two other points.

In spite of this

of fit the plane approximation was quite useful, as the values for treat-

combinetions (5), (6) and (7) have shown.
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Step 2.

It is required to study the surface of yield in the vicinity of the best
yield attained so far, approximating this surface by & surface of the second
degree. The equation of a surface of 2nd degree may be written as follows:

Y =b o+ by X+ DXy + DygXy + Dy XXy b,o%a

This necessitates &t least 6 points for the estimation of the 6 coefficients.
In view of what we know, it seems appropriate to select points in the

(xl, xg)—plane according to a 32 design, agein transforming the (p, T)-
coordinates in such a way as to get -1, O, +1 as values of X end X,

The experimenter choose the points around the treatment combination (6), which
go far gave the highest yield and retained the treatment combinetions (5) end

(7). The followinz figure shows how treatment combinations (12) to (17) were

selected, X;J\ (k) 101
4 ¥ T
0 & @ )
- %) Sl
- +\ > Ry

7
The values for X, X5 xi, xlx2 and xz are given in the following table,
which also contains the values of the yields. As all the yields are higher

then 80 we transform these according to the formule ¥y = A-80.

Treatment x X, X y
combination xl 2 xi xl 2 2
(5 -1 21+ +1 41 b N=9
%12 0 -1 0 0 +1 8
13 +1 -1 +1 -1 +1 11 p=>5
(1% -1 0 +1 0 0 5
(6 0 0 0 0 0 9
(15 +1 0 +1 0 0 1
(16 -1 +1 41 -1 +1 1
(17 0 +1 0 0 +1 3
(7 +1 +1  +1 +1 +1 L
Total 0 0 +b6 0 +6 56



We may write

X =2, Xy =Ty B o=ly XXy =Ty, X =I
and for the moment being write

Y = bo + blZl + b2Z2 + ... + bSZS .

This will sllow us to use the formulae given earlier. We get

Z= Zy,=12 =0, Zy = g = 2/3
Sy = 6 8,0 =0 313 =0 8, =0 85 = 0
8pp = 6 85 = 0 Sy =0 8p5 = 0
853 =2 8z =0 855 = 0
Sy = L S5 = O
Sg = 2
81y = 26 - 10 = +16
8ol = 8 - 23 = =15
554 = 36 -(2/3)56 = -4/3
Syl = 8 - 12 = =b
8g), = 31 -(2/3)56 = -19/3
¥ =559 ; A = 6.6.2.52 = 576.
Cyq = 1/6, C,, = 1/6, Cyz = 1/2, Cy, = 1/4, Cy5 = 1/2
C12=013—Cll|-= =Cu5=o.
56 2 2, 2
(blo) b, = +16/6 = 8/3 = LB/18 b= Gt 35t 3
(b01) b, = -15/6 = -5/2 = 15/18
(byy) by =- L/6 = -2/3 =-12/18 b, = 158/18 (v
(bll) b, = - Wik =1 =-18/18

(boa) by = -19/6 =-19/6  -57/18

Y = (158 + UBx, - U5x, - 1225 - 1Bxyx, - 57x2)/18

133
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Furthermore, we have

562
Sy, = sk = <5 = 105. 556
s(Y-y) = ? bj s'_jy = 946/9 = 105.111
Variance F SS MS
Regression 5 105.111 21.022
Residual 3 0. 445 0.148
Total 8 105. 556

The residusl mean square 0.148 is smaller than the error mean square of 0.hk22
obtained previously, which shows that the fit of the equation of the 2nd
degree to the actual surface of yield is quite satisfactory.

With s2 = 0.148 we obtain standard errors ¢ 82

3J
3 1l end 2 3 and 5 L
cjjs2 , 02469 .07hoT7 . 03704
= (.157)2 (.272)2 (.192)2

The standard errors are small, but here egain we have only 3 4.f. for s%.

Tt is not easy to interprst the surfece of the second fdegree represented by
the regresazion epantion as given above. We therzfore transform this regression
equation., First we perform & parallel transletion of the coordinates in such

a way as to have the new origin in the point for which Y is & meximm,

From
(1) oo T =By + DXy + by ¥ * bzoxi + b KXy + bo2x§
we get by pertisl differentiation with respect to xl and x2:
igi; =0 , blO + 2b20x1 + bllx2 =0
I S =0

’ boy + % 2o

o/
m%
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If the solutions of these equations are X, = dl, X, = d2’ then
(2a) .... b+ 2bypdy + byyd, =0

(2v) ... bop * b,y dl + 2b02d2 =0

Changing to new coordinates Uy end Uy by meens of the transformations

xl=ul+dl, x2=u2+d2

we have from (1), teking into account (2a) and (2b)

- 2 2
(3) oo T =gy + Dyody + bordp * Pooly * b 8,8, + LI

2 2
+ by + byyUgUy + Doolly

If we put
- 2 2
(B) ..o Yy =Dy * b, & * Popdy + b8y + by, 4, + by
Then (3) can be written as

_ 2 2
(5) .... Y = ¥y + bygud + byyuu, + bosl5

Next we change from coordinates Uys YUy into coordinates Vs Yy by

means of the transformations

(6e) .... u, =V, co8 & -V, sima@

(6b) .... u

v. sin o + v

o 1 2COSC¥

The two transformetions from Xy, Xy into Uy Uy end from Uy, U, into

are represented in the following figure
7’—4\ Nq 1 u-'), Ny

N|
W

v

1V

2

/4\’
‘ L S \/L\
A\ W, 4,
~— —4”_..,-—-——————‘——‘-'" 7\)“
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Substitution of (6a) end (6b) in (5) gives

Y = Y, +B. .V +B._. vV, v, +B vz

M 201 11
where

B

1

2
a0 = Pog COF oL+ bpq
B

B

Determining < such that Bll = 0,

1l 2 02

sin £ cos A + by, sin? o

2 - 2
02 b20 sin L= bllsin o cos K + b02 cos= £
12, by, cos 2 X+ (b02 - bzo) sin 2 o

we het

(7) .... tan 2= bll/(b20 - boe)

and (5) becomes

(8) .... Y= Yy + Byg V1 * By,

roto

By straightforward analysis it may

be seen that

9 .... 320+302.—.b20+b02
and

_ - 2
(10) ... ByyByp = Dbpg Bop - P /H

This leads to
2
In our example we have

%50

-12/18 , by,
- 4/6

and therefore
4 19
2 - .
bo0Poe = P11/ = 5E

This expression informs us whether

or ellipses
<

2 =
b = %oz * P/t 2

b, Poo - bﬁ/h = 0

= -18/18 , by, = -57/18
= -6/6 = -19/6
- F = 67/%6 .

the contours are hyperbolese, parsbolee

hyperbola

0
0 perabola
0 ellipse



In our example the contours are ellipses.

23 67
B§O+—KBEO+-5-6=O

the roots of which are

137

From (11) we get

B.. = -.570 375 end -3.262 958

20
and from (7) we obtain

tan 2= -6/15 = -.k00
2d = 158"

From (2) we obtain

12, 4= 79° 6

a, = +2.604 b78 a, = -.805 970
Furthermore we find
Y, = 13.257 877
end for (8)
Bog vf + By, vz =Y - 13.257 877
or
3. 262958 vi + 570375 vg = 13.257 877 - ¥

To drew the contour-ellipses, we determine the half-axes & and b end the

distance f between the focus and the center. For Y = 5 end 10 we obtein

Y
YM:Y 8.257

0 v B2
VE_O.Vi_(YﬂrY)/BEO-b 2.530
b 1.591

- a2
vl=o.v§-(YM;Y)/Boz_a 1h k77
a 3,805
2 = (a2 - b3) 11. 946
£ 3.456

=5 Y =10 A=80+Y
877 3.257 877
806 .998 Lh7
.999
623 5.711 676
2.390
817 L, 713 229
2.171

The contour ellipses for A = 85 and A = 90 mey be drewn from the above data.
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Remerks: The selection of . suiteble designs for 2, 3 or more factors must
be carefully studied: rotateble designs. The method of Box end Wilson has
been modified for use in actual production: EVOP = evolutionary operation,

See Box and Hunter, 1959.

6. _Incomplete block designs.

6.1 TIntroductory remerks

We have found that we ean decrease the size of blocks in factorial designs
thus increasing the precision, by the device of confounding.

In some experiments the number of treatments is very high. In variety
trials we may have &s many &s hundred verieties to compare. In such ceses it
is clearly impossible to accomodate ell varieties in one block.

In oth er cases the block size may be restricted to & very few units by
the nature of things., If we try repellants to insectizides, the two arms of a
person mey form & block. In & similar way the two eyes of an animal mey form
& block when experimenting with drugs in ophthalmology.

If one is willing not to complete blocks, he will heve to cope with e
more complex analysis. In order +o0 have an enalysis which is not too compli-
cated, we will retain & certain degree of symmetry in the design. It is not
the purpose of this course to enter into the question of the different possible
incomplete block designs end their construction. The time left to us in this
semester will just be sufficient to meke & few general remarks and to give
some examples of incomplete block degigns.

These are two broed classes of incomplete block designs, namely

(a) (totelly) belanced incomplete block designs, and

(v) pertislly belenced imcomplete block designs.



139
‘ Let us first consider an example of a balanced incomplete block design. If we
hed to compare 7 verieties A, B, C, D, E, F end G and if we would like

to have only 4 plots per block, then a suiteble design would be the following:

Block Varieties
I A B C F
II A BE G
ITI A CD E
n'j A DF G
Vi B DE F
Vil C EF G

The design comprises T blocks, so these are o8 units., We may see that each
variety occurs 4 times, But the fundamentel property of balanced in complete

blocks lies in the fact, that eech pair of treatments occurs equally often to-

gether in some block.

i With 7 treatments we have 7.6/2 = 21 peirs of treatments. In the design
‘ given above each of these pairs occurs twice together in & block, e.g. A and
B occur in blocks I and II, A and C in blocks I and IIT, and so on.
This ensures that all comparisons between varieties can be mede within
blocks, that is, with essentially the same precision. These comparisons may

be assessed for significance using & within blocks error.

But the symmetry has yet another consequence. A occurs in blocks I, II,
IIT and IV, B in blocks I, II, V and VI. If we compare the yields in
blocks TIT and IV with those in V and VI, we find that this is a comparison
of A with B, as the two blocks contain in both cases the varieties C, E,
- F and G once, D twice, We thus also have & comparison of each pair of
verieties between blocks. The corresponding error mst of course also be an

error between blocks, and this will generally be greater than the within

blocks error. The two errors (within and between blocks) have to be combined

in a complete analysis of balanced incomplete block experiments.
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As en example of & partially balanced incomplete block design, let us consider
an experiment with 9 varieties (A, B, ... I) in blocks of 3 plots.

Tf we arrange the nine letters in a square of size 3, we have

A B C
D E F
G H I

An PBIB design is obtained by forming 6 blocks containing the varieties

forming the rows and columns of the square Just given.

Block Treatments
I A B C
IT D E F
IIT G H L
IV A D G
v B E H
Vi Cc F I

Tn this design we are eble to compare A with B, C, b, G within blocks. On the
other hand the comparisons of A with E, F, H and I are between blocks, and
therefore of lower precision.

We could easily obtain a balanced design if we added to the six blocks

above the following six, obtained from a corresponding graeco-latin square.

VIl A F H
VIII B D I
IX c E G

X A E I
XI B F G
XI1 C D H

6.2 Balanced incomplete block designs.

Let us first consider a few examples of (completely) balanced incomplete
block designs. These examples are given to show how in e given experimental
situation the design cen be tailored to the needs of the experimenter.

(2) Simplest possible design. In en investigation on the effect of two sub-
stances (C and D) and & control (0) on the duration of healing of an abrasion
of the cornea, the following design wag used, considering the two eyes of a

rabbit as a block (Linder, 1953).
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Rabbit Eye
1 2
I 0 c _L
II 0 D
III c D
Iv 0 c
v 0 D
VI C D

(b) Seven brands of tires are to be compared, measuring the wear in an appro-
priate way. The design on p. 120 can be used. The groups are assigned at
rendom to cars end the treatments (tires) 8t random to the four wheels. In
this way the veriebility within cars can be used &8 experimental error.

(c) The design mentioned under (b) is not the best possible beceuse the posi-
tion of the wheels (front, rear, right, left) is not teken into account. This
drawback mey be avoided, at least for 5 tires, if we use the following design

due to Youden (1937, 194k0).

Wheel
Block (car) front rear
[ r [ r

I A B T D (E)

1T E A B C (D)
IIT D E A B (c)
IV c D E A (B)

v B C D E (A)

This is again a balanced incomplete block design, as each pair of treatments
(tire brends) occurs three times in the seme block. It cen be constructed from

a Latin Square by deleting the last row.

Notation.
t = number of treatments
b = number of blocks
r = number of replications
k = number of units per block
rt = bk = total number of units.
A = number of blocks, in which each pair of treatments occurs

together
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The characteristic number ‘}\_can be determined from t, r and k. Let us
consider a specific treatment, say A. According to the definition of ,
these are ) (t-1) other treatments in the seme blocks as A. On the other
hend, A occurs in r blocks, and the number of uﬁits occuring with A in

the smae blocks is r(k-1). Thus

)\(t-l) = r{k-1)
and

A= r(k-1)/(t-1)

Let us consider the designs given on p. 1k,

(a)

3, b=6, I‘=l|-, k=2

I

= h1/2 = 2

(b) t=7 b=T, r=4 k=54

= ,"'.3/6= 2
(C) t’=5:b=5,r=)+,k=)-l-
= )‘"-3/l|- = 3

Analysis of balanced incomplete block designs,

As an example consider the tesiing of 13 substances A, B, ... M with
respect of their influence on the quantity of food eaten by pigs (23;
Mastrangelo, Geneva). The substances were tested in 4 different containers on
one day (blockd, the experiment being carried out on 1% days. The data are the
weights of remeining food in each container (in 100 gr), the total quantity

of food given was 7.5 kg.



Dey Container Total
1 2 3 L

I A 25 B 27 7T 35 D 34 119
II B o ¢ 10 K 2 E 3l T
IIT F 25 ¢ 20 D 2 L 1 48
v D 28 E 32 M 21 G 18 99
v H 17 F 22 A 20 B 31 90
VI G 20 B 25 I 8 F 20 73
- VII c L T i+ H 9 G 12 39
VIII T 0 D 21 K 19 H 20 60
IX I 2 T 9 E 30 L 23 64
X F 19 T 11 M 8 K 3 W1
X G 13 K 10 A 27 L 19 69
XIT L 17 B 19 M 20 H 18 7h
XI1T I b M 13 A 22 C 28 67
Total 889

In this design we have
t=13, b=13 r=U4 k=L, so
M= k3/12=1

Analysis within blocks

We consider first only the error within blocks. Later we will also take
into account the error between blocks, We are not giving & full treatment
but we will give some indications on the way the analysis is built up.

We note that the quantity of food remaining varies considerably from dey
to day. It may well be that the pigs eat different quantities of food on
different days. The analysis should take this into account. The model which
is used for this analysis is given by

= a+ T, o+ B o+ )

Y5k J ik

where yjk ig the result for treatment j in block k.

o = general average

Tj = effect of treatment 'J

ak = effect of block k

ajk = raendom error, normally distributed with mean zero and

veriance 03 .
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In the model, we assume that ¢ and p give the effects of treatments and

blocks as measured frem the generel mean o . Therefore

T Tt +-'5 e+ T =0 (3 varies over all t treat-
ments)

B+ B+ ... ¥ Bt oo t B =0 (x varies over all b blocks)

Let T be the total result for all units under treatment Jj. Then

T = ydl + yj2 + ... 4+ yJk + ... + yjr s

the treatment j occurring in r blocks. Substituting Yk from the model

we get, discarding the error term 63k ,

T=1r O+ ( ﬂi B+t B+ -er * Br) T

If we consider the totel B, of all blocks in which treatment ] occurs, then

t

B, =krQ + k( B+ By + vee * B * --r * a}) troT s
+ A (H+ Tyt F 54+ Tep * et %)

Comparing T and Bt we notice that the B (and O ) can be eliminated by

forming

XT « B, =Q=kr T, =T T - A(- 13)

which is

Q=XxI- B = [((k-1) r+ AN] =

Substituting for A we get

(k-1)r + N = (k-1)r + (k-1)r/(t-1)

r t(k-1)/(t-1)

In order to estimate the deviation “ijj we have to form
(t-1)q/rt(k-1)
and if a is the general mean of all units, we have to calculate.
e + (t-1)¢/rt (k-1)
which is the mean effect of a treatment corrected for the influence of those

blocks in which the particular treatment occurs.
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In our exemple we get

Treatment T Bt Q-.—hT-Bt a+Q/13
A 92 345 23 18.87
B 71 312 -28 1k, ok
c 62 200 48 20.79
D 85 326 s 18.17
E 127 299 209 33,17
F 86 252 92 ok, 17
G 63 280 -28 1. ok
H 64 263 -7 16.56
I 1k o264 -208 1.10
J 69 263 13 18.10
K 3k 216 -80 10. 94
L 60 255 -15 15,94
M 62 281 -33 14,56

Total 889 3556 0 222,25

Checks: 4(889) = 3556; 4(222.25) = 889

a = 889/52 = 17.096 , (t-1)/rt(k-1) = 12/4.13.12 = 1/13

The "within blocks ervor" is found without difficulty. From the totel SS
we subtract the SS between blocks, the difference being the SS within blocks.
The quantities @ are obtained as comparisons within blocks, their sum of
squares is therefore part of the $S within blocks. If we subtract the S5
of the Q's from the S8 within blocks we obtain the error S8 within blocks.
The total SS is obtained as
sS(total) = 232 + 272 + .., + 282 . 8893/52 = 4,620.5 ,
the sum of squares for blocks aB
ss(vlocks) = (1192 + 462 + ... + 672)/4 - 889%/52 = 1,660.3
The SS for the Q's which is called the "SS for treatments, adjusted for
block differences", is obtained as
SS(treatments, adjusted) = (t-1)8(Q%)/rtk(k-1)
for which we obtain in our example
sS(treatments, adjusted) = 12(23% + 282+ ... + 333)/4.13.4.3

= 2,075.7
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The analysis of variance can be set up as follows:

Variance DF Ss MS
Blocks (unadjusted) 12 1,660.3 .
Treatments (adjusted) 12 2,075.7 173.0
Error, within blocks 27 884.5 32. 760=s3
Total 51 %,620.5 ...
To test the hypothesis Ti = Ty = = T = 0 we may use

F = 173.0/32.760 = 5.280
with n, =12, n, = 27 we find FO.OOI = 4,170. We conclude that there are
highly significant differences between some of the substances. For t-tests,

we have to calculate & so-celled effective error variance, using the formula

sfr[ 1+ ?J(G‘;?lli'f)" L k(t-1) sf/t(k-l)

-

Phe variance of a treatment mean is obtained as
k(t-1) ss/rt(k-l)
In our example the effective error varience of e mean is
(4)(12)(32. 760)/ (4)(13)(3) = 10.08 = (3.175)?
In the analysis we have so far only used comparisons and errors within blocks.
As already stated, we may also use comparisons between blocks, and compute &
corresponding error between blocks.

Anglysis between blocks,

The formula for Bt on p. 125

B,=kra+ k(sl + a2 took Bt ¥ ar) +r 13
+ A ( TE Tyt T + 13+1 + ...+ 1£)
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may also be written as

B, = kro+ k( 51+B2+ cee t Bt Br)+(r-')\) Tj
from which it is seen that Bt

B, of course contains block persmeters Pk’ and en estimate of Y’ j based

on Bt is therefore of lower precision then one besed on Q.

depends only on 5 not on any other,

If B is the average of the B, 's, then

B, - B
a.+-—r—_—-X—

is an estimate of o + T;j .

For treatment A we obtain

B, = 345
-B = - 3556/13 = -273.538
B.-B = 71.462

t
a+(Bt-’1§)/3 = 17.10 + 23.82 = 40.92

This is very much greater than the estimate obtained by
& + Q/13 (= 18.87) .
To obtain the error of these estimates, we note that
W= (t-k)T - (1;-1)13t + (k-1)G
G being the general total hes an ex_pected value equal to
t(k-1)( Bpyy * Bppp * o * sb)

the Fl's being those of blocks in which treatment J does not occur. The
expected value of W does not contain eny T ; we mey consider W eas a
quantity connected with block differences, adjusted for treatment effects.
Tn our example we get W for treatment A, observing that

W= qu - 12 B, + (3)(889)
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828

+ Egg (égg; 2,667
3,595

- (12)  (345) =-4,140
W = - 645

The SS of W gives
SS (blocks, adjusted for treatment differences) =
= 8(w8)/ tr (t-k)(k-1)
In our exemple we get
SS (blocks, adjusted) = 1,50k.2

We may set out the following analysis of variance

Variance DF S8 MS
Trestments, unadjusted (t-1) 12 2,231.8
Blocks, adjusted (v-1) 12 1,50k.2 125.353=§°
Error, within blocks (tr-t-b+l) 27 884.5 52.76o=s§
Total tr-1 51  4,620.5
B -B

The effective error variance for a treatment mean e + -5 is equal to

?‘%‘[ﬁ"“ﬁ - 82) + s 11

which for our example gives

'll-_‘l-':—-i [% (125.353 - 32.760) + 32. 760]

= 195.627 = (13.99)% .
This standard error of a mean is mach larger than the standard error (3.175)
obtained from the eanalysis within blocks.

Combined analysis (within and between blocks)

Consider the inverses Gw and Gb if the effective error variances of

treatment means for the "within" and "between" analysis. We had

/G, = k(t-1)s3/rt(k-1)
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and

- X kr (2 2 2 ]
/G, = $7X [ A (Sb - 8 sy

I tw and tb are the estimates obtained by the two methods, the best com-

bined estimate will be
q; Gwﬁw + thb

-
=

Gw + Gb
In our example we had

1 ] _ 1 ~
4 =15m "~ o8 G%=gpe v %0

and for treatment A we obtain

(0.1)(18.87) + (0.005)(k0.92)
0,105 = 1.9,

a value differing only to & small amount from tw .

N
It may be shown that the estimates t can be calculéted as

A
t = (T+up W/r
vhere

b= (2 - 82 ) &

If s% turns out to be smeller than Siﬂ the value p = 0 will be used.

Tt may elso be shown that the error veriance of % is l/(Gl + G2) or
s82[1 + (t-k)u )/r
In our example we have
o= 92.593/(39)(125.353) = 0.0189%40
and the error variance is
30, 760[1 + (9)(.018 940)1/4 = 9.586 = (3.096)2
The error veriasnce for the combined analysis is only slightly smeller than that

of the analysis “within blocks".
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The results for the three analyses are summarized below.

Treatment
(Substance) W mQ/13
A -645 18,87
B -438 1k, ok
c 825 20.79
D -480 18,17
E 202 33,17
F b7 oh, 17
G -126 14,94
H 87 16.56
I =375 1.10
J 132 18.10
K 381 10. 94
L 147 15.94
M -147 1k,56
Total 0 222.25

Standard error

Steps in the complete analysis

3.175

m+(Bt4§)/5

4o, 92
29,02
-T.b2
34,58
25.58
9.92
19.25
13,58
13.92
13,58
-2.08
10.92
19.58

222.25
13.99

(e W)/b

19.94
15.68
19.41
18.98
32.80
23,48
15.15
6.1
1.73
17.88
10.30
15.70
1k, 80

222,26
3,096

(1) Calculate block totals, the treatment totals T and B,.

(2) Celculate

W = (t-k)T - (t-1)Bt + (k-1)G

(3) Analysis of variaence:

Treetments, unadjusted
Blocks, adjusted
Error, within blocks

Total

The SS (Blocks, adjusted) is obtained as

s(w2)/tr(t-k)(k-

(4) Calculate

w o= (s - 82)/b(k-1)sE

(5) The effective error mean square is

53[1 + (t-k)p 1

F MS

t-1 cen

2

b-1 s2

tr-2t+l sw
tr-1

1)

150
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The complete or combined analysis is based on the model

ydk =0 + Tj + ﬁk + Bjk
where ¢ is again the general mean, 15 the effect of treatment J, Bk the

block effect and 6jk the error within blocks, which is normally distributed

with mean zero and varisnce 03. But now the Bk are no more fixed constants

they are normally distributed with zero mean and variance o2, and they are in-

'b)
dependent of the ij.
Balanced lattice design.

These designs are formed as mentioned in 6.1 from & letin square arrenge-
ment; they are available for 9, 16, 25, L9, 64, and 81 treatments - not for
36, They are constructed using sets of completely orthogonal latin squares.

TIf k2 = t is the number of treatments, we will have r =k + 1 repli-
cations. The steps in the analysis are as follows:

(1) Calculate the totals for blocks, replications, the grand total G and the
treatment totals T.
(2) Calculate B ; the totals of the B, values should be k times the total
of the T values.
(3) Calculate the
W = kT- (kt1) B, + G
The sum of the W should be zero.

(4) Celculate the analysis of varience

Variance DF MS
Replications k
Treatments, unadjusted k2.1
Blocks within replicetions,
adjusted k2-1 s%
Error, within blocks (k-1)(x2-1) si

Total ¥ +x -1
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The sum of squares for blocks within replications, adjusted for
treatment effects, is
7 (W2)/%%(k+1)
(5) The factor M is
= (s - 52)/x® sz
Calculate
T + ri W
and
(T + NW)/(k+l)
the adjusted treatment means.
(6) The effective error mean square for use in t-tests is
si 1+x )
and the standard error of the adjusted treatment means if
sfr(l +k r{ )/ (k+1)
(7) For an approximate test of the hypothesis
71 (52 = = Tt
calculate the sum of squares for the quentities (T + {W_w). The corresponding

= = 0
mean square can be compared to the error mean square using F with k2-1
and (k-1)(k®-1) degrees of freedom.

The data on page 135 can be analyzed according to the procedures just out-
lined. The experiment, carried out by Dr. H. Marthaler (Institute of Dentistry,
University of Zurich, Switzerland) was concerned with the effect of 25 sub-
stances in preventing caries in rats. The blocks are formed by litters of 5
rats. Two such litters were matched so that each treatment (substance) was
given to two rats in one cage. The treatment effects are meesured by the num-
ber of fissions with dental lesions in the lower first and second molars. The

highest possible number of fissions with dental lesions for one rat is 12.
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The proportions 0, 1/12, 2/12, ... 11/12, 1, are transformed by the anguler
transformation p = sinEAP . In order to meke the transformed velues readily
comparable with the actual numbers 0, 1, 2, ... 12, we use h<?/30 instead

of é? , and to get rid of decimals the values Lo¥P/30 are given.

P 0 1/12 2/12 3/12 W12 S5/12 6/12 7/12 8/12 9/12 10/12 11/12 1
w5 o 22 32 ko b7 s+ 60 66 75 8 8 98 120

' The randomization process is carried out in 3 steps: (1) Litters are
assigned to blocks at random; (2) Wwithin litters the animals are assigned
at rendom

Plan of experiment end transformed number of dentel lesions.

Replication 1 Replication 2
L0 b} B0 32 22 88 0 [50) BO 60
100 235 3 a7 % 6 % 2 iz 6 o o0 16950 2L gg
0 0 0 9) 73 5 50 i 120 B0
6 o, Ty 8 o0 9 3p Wap 2 a7 Tgo 275 M0 *2 g

1N 60 LT 5L 32 32 0 60 80 73
11 12gs .0 Mge 1575 3 5, 85 g 18 g5 Dy

5k 80 ko W7 5h4 22 22 80 66 88
16150 Tgg 88 Wy7 038 bo5s 933 0 19 g5 g
o4 50,120 60 B 0 .. 60 Ty} 35 )
21 %3 ., 25gg gy Bhy T 4o 1020 Yo P10 2 o8
Replication 3 Replication k
8550 57 1 T— 50 57 55 ) (20
Loy T osp 13 40 19§73 55 1 gy 1235 B g5 9 5 %0 gg
o858 55 56120 56 5 60 o
2l g6 2 4o B o W 50 7g 16 g5 2 5 13 G 5 10 5
50— 08 T o= 80 9 58 5573 58
16 0 2258 3 45 9 312 g 6 o iz 3 e 735 P13
5o 73 33 557 g8 25150 B0 50—
N g8 Wy 2 b 2020 50 2 g8 T ko ¥ g ¥ o5 15 o8
50 s OB 58 B33 10 g8 573 55
6 o5 122, 18 g3 2 gy 5 35 1l 7gp 22 g 8 519 5 °

oot
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Replication 5 Replication 6
56 B8 0 73 B0 80 50 120 73 150
1 o8 17 8o 8 on 2k % 15 g 1 73 22 e 18 9% ! 7 10 “gg
98 57 & 120 25 88 0 55 66 32 %D
11 g 2 5,810 9 2% g b uo 2 o Paxg Y oBs Y %
88 80 54 73 120 80 0 32 73 .~ 98
21 ¢y 12 73 3 7 19 ¢ 10 g 11 98 T o 3 ¥9_'2u 51 20 2o
0 120 80 5o . 120 p) 50 0 0 0
6 o 25015 o b 0T 16412 5 8 5 b g B oug
120 50 80 &b 0 o, 60 [IXy) 54 0 e
68 7 803 ga " 66 5 o0 L gg 1 6o BB G 7 2 ° m

to treatments; (3) The substances are alloted to the treatment number 1, 2,
.. 25 at randonm.
The analysis is left as an exercise to the student. It should be observed

that the unit is the total of the results of the two animals treated together

6.% Partislly. balanced incomplete block designs.

We discuss only one example of PBIB, namely the simple lattice. This is

obtained as the rows and columns of the treatments arranged in a square, the
rows and columns being used as blocks. Conseqguently, the number of treatments
has to be & square: 9, 16, 25, 36, 64 etc The design is very suitable if
only two replications of a large number of treatments are feasible.

As an example consider a trial with 25 varieties of wheat carried out at
the Federsl Agricultural Research Station in Oerlokan (Switzerland)(Linder,

1953, p. 148).
Plan of simple lattice experiment

Blocks Replication 1 Replication 2 Blocks
I e & 5 1 3 18 3 13 8 23 VI
IT 16 19 17 20 18 2 7 17 22 12 VI
I1T 9 7 10 8 6 19 4 oy 1k 9 VIII
v 11 15 13 1+ 12 25 15 10 5 20 IX

v oh 22 23 21 25 6 11 21 1 16 X
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The randomization is again in three steps: (1) the groups of varieties
in one row are assigned to the blocks at random; (2) the varieties are
assigned at random to the plots within each block; (3) the varieties are
assigned &t random to the numbers 1, 2, ... 25.
We have
t=25, r=2, b=10, k=5.
Some pairs of varieties, e.g. 2, 16 and 2, 9 never occur together in one
block, while other pairs, as 2,4 and 2,5 occur once together in the
same block.
The analysis of the results proceeds as follows: In a first step we
arrange the results according to replications and blocks in such a way as to
have the numbers of the varieties in their natural order. We also set out the

totels for each variety.

Yields in 10g on plots of 2.25 m®

Block Replication 1 B c f{C
I 1 8 2 65 3 45 4 o 5 60 347 453 +6.b
IIT 6 8 T 98 8 68 9 65 10 76 396 +9  +L.1
W 11 9 12 64 13 8:& 1b 86 15 98 ko8 -1 - .1
1T 16 68 17 85 18 68 19 85 20 5k 358 434 4kl
v 21 78 22 101 23 85 24 77 25 101 Lo b5 -5.4
1971 +50 +6.1
Replication 2

X 1 9% 6 95 11109 16 85 2o 80 461 47 -5.7
VII 2 80 7 92 12 67 17 Th 22 70 383  +28  +3.3
VI 3 52 8 71 13 T2 18 65 25 79 339  +11 +1.3
VIIT 4 104 9 63 14 8% 19 80 24 7h bobh  +3 o+ .k
IX 5 70 10 8% 15 96 20 90 25 G4 L3l .45 -5k

2021 50 6.1
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Sums for varieties (unadjusted) P{C
1 177 2 145 3 97 & 198 5 130 + 6.4
6 18 7 1900 8 139 9 128 10 160 + 1.1
11 205 12 131 13 156 1k 169 15 194 - .1
16 151 17 157 18 133 19 165 20 14k + b1
21 158 22 171 25 164 2k 151 25 195 - 5.4
-5.7 +3.3 +1.3 +.h4 -5.4 (+ 6.1)

Tnstead of adjusting varieties for block differences, we have to adjust blocks

for differences between varieties. Instead of calculating

kI - B

Q 4

we compute

C=Tb-rB

where B 1is the block totel, T, the total for those varieties occuring

b
in one block. For block I we get

T, = 177 + 145 + 97 + 198 + 130 = T4T
- B = -(2)(347) = -69h
C =+ 53

The second step consists in setting up the analysis of variance. We

calculate

s§ (total) = 832 + 652 + ... + 942 - 3,992%/50 = 10,102.72

sS (varieties, unadjusted) = (1772+145%+...+195%)/2-3,992%/50 = 8,215.72

88 (replications) = (2,021 - 1,971)3/50 = 50.00

S8 (blocks, within replications, adjusted):S(Cz)/kr(r-l)-S(Ri)/kar(r-l)
where Rc is the total of the C's for each replicate. The two Rc's
should be equal but with opposite signs. We obtein
(5324+92+. . . +1452)/10-(50%+50%)/50 =
1,022.00

sS (blocks, within repl., adjusted)
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The general scheme for the enalysis of varience of simple lattices
(with 2 replications), triple lattices (with 3 repl.) and lattices with r

replications, is

Variance D.F. M. S.
Replications r-1
Treatments, unadjusted k2-1 e
Blocke within replications, adjusted r(k-1) s%
Within blocks error (x-1)(rk-k-1) ss
Total rkZ-1

For ocur example we get

Variance DF ss MS
Replications 1 50.00
Treatments, unadjusted 2k 8,215.72 e
Blocks within repl., adjusted 8 1,022.00 127.750=s§
Error within blocks 16 815.00 50.958=s§
Total 49  10,072.72 cee

In the case of the balanced lattice designs there is a simple, though
approximate test of the hypothesis T = Ty = e = T, = 0. TFor the
partielly balanced lattice there is no such simple test.

To find the adjusted treatment means, we have to calculate

TR (sﬁ - sﬁ)/k(r-l)s%

for which we have in our example

1

(127.750 - 50.938)/(5)(1)(127. 750)
0.12052h

1)

B

From this we obtain the quentities p C, and these are used to adjust the
mean totals. For variety 1 we have

177.0 + 6.4 = 5.7 = 177.7
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and similarly for the other varieties.
Total of varieties, adjusted

1 177.7 2 154k.7 3 1ok, 7 L 20k.8 5 132.0
6 179. 4 7 1944 8 11,k 9 129.5 10 155.9
11 199, 2 12 13h4.2 13 157.2 1k 169.3 15 188.5
16 149k 17 16k 4k 18 138. 4 19 169.5 20 12,7
o1 146.9 22 168.9 23 159.9 ok 146,00 25 184.2

o~ o~
To test the hypothesis | 1 = ) o Ve have to consider three situations,

namely

(a) 2 varieties in the same block

vy - Y,
AT

| . (v) 2 varieties in different blocks

t , n = (k-1)(rk-k-1)

t = - , n= (k-1)(rk-k-1)

\/§(l+r/<')sf/r

(¢) 2 varieties with unspecified position

-51 - ye
) \/§(1+rkrt/(k+l))é$'f

The denominetor in these three cases are

t , n= (%k-1)(rk-k-1)

(&) 7.554;  (p) 7.949; (c) 7.820
so that in this example formule (c) could be used without hesitation to com-

pare eny pair of treatment, whether in the same block or not.
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7. Analysis of groups of experiments.

Experiments are often repeated: at different times, in different labore-
tories, in different localities. It has not been possible, because of lack of
time, to deal with this subject of the joint enalysis of & series of experi-
ments., We are not proposing to give an account of the methods for analysing
groups of experiments., We are only giving two specific examples vwhich may be
used by the student; he will find the relevant procedures in Chepter 14 of

Cochran and Cox, in Chapter VIII of "The Statistics of Bioassay" by C. I.

Bliss and in Chapters 11, 12 and 13 of the forthcoming, "Statistics for
Biolegists" by C. I. Bliss.

Example 1 shows the results of a trial on 9 varieties of wheat
(A, B, C, ... I) vhich was cerried out by the Swiss Federal Research Station,
Oerlikon, in & randomized blocks design in seven localities in 1960,

Example 2 has been published by Zelinder, Weber and Linder (1951). It

gives the results of 12 experiments carried out by the Swiss Federal Insti-
tute of Forest Research in 1946. One of these experiments is considered on

ﬁ. 28. Six such experiments were carried out on the first, six on the second
dsy, according to the same design. Each day two experiments were performed
on logs of small diameter (approx. 25 cm), two on logs of middle diameter
(approx. 35 cm) and two on logs of big diameter (approx. 40 ecm). In every
case one of the two experiments concerned the lower part, the other the upper
part of the stem. Three species of wood were used (rows of latin square),
nemely spruce (s), pine (p) and larch ({), with (b) and without bark. For

the details of the design of individual experiments see p. 27/28.



Example 1.
Realta A
I 17k
II 298
11T 317
Iv 317
Total 1106
Heag
I 386
11 18k
I1I 3hh
Iv 323
Total 1237
Kalchrain
I 508
II k50
11X 489
Iv 530
Total 1977
Reckenholz
I 55k
II 448
IIT 528
v 506
Total 2036
Hallau
I 468
II Lkl
III 467
Iv L72
Total 1851
Wallierhof
I 364
II 378
I1T 395
v 39k
Total 1531
Grunenmatt
I k32
IT 380
11T 355
Iv 346
Total 1515

B

362

375
hio

363
1540

382
338
350
315

1385

436
L73
k57
k37

1803

k79
5o
578
489

2088

560
546
56l
606

2276

333

426
433

1628

338
357
327
306

1328

C

27k
415
480
47

1616

380
348
356
319

1403

ko1
L25
L3k
388

1648

229
551

593
Lo6

2169

530
551
583
595

2259

418
Loy
436
487

1762

339
362
3k
303

1345

D

236
346
203
368

1153

%86
385
396
377

1544

531
428

535
548

20k2

58k
297
560
538

2279

530
513
581
532

2156

300
433
L7
411

1561

387
351
337
328

1403

E

267
k1
298
321

1127

Loy
398
381
373

1573

929
L48

227
613

2117

537
510
L8k
600

2131

Lo5
486
205
517

2003

376

397
Lo8
4l

1595

380
370
358
318

1426

F

348
395
21l
328

1282

388
338

330
328

138k

534

395
L87

551
1965

555
592
601
522

2270

506
504
529
52k

2063

316
365
410
380

471

431
329
324
341

1h25

G

33k
321
kit
328

1400

ko9
363
359
302

1433

kg7
469
479
565

2010

521
462
h72
565

2020

478
Lol
516
476

1961

360
362
396
379

1497

39k
335
301
331

1451

H

2k8
320
411
336

1315

39k
zh6
350
356

1L46

ko
375
519
527

1868

490
532
455
586

2063

483

463

504
188

1938

Lo8
382
hoh
1617

398
389
361
349

1ko7

Grein weight of 9 verieties of wheat in 10 kg/ha .

I

299
281

437
366

1383

379
381
359
357

1476

486
457
W75
576

1994

505
520
549
572

2146

496
493
527
L57

1973

360
379
319
382

1kko

376
37h
359
330

1439

160

Total

2 sho
2 990
3 216
3 17h

11 922

3 525
3 081
3 225
3 050

12 881

L 371
3 916
4 ho2
L 735

17 Lok

L 754
L 754
4 820
L 874

19 202

4 546
4 ko1
b 776
4 667

18 480

3 235
3 57k
3 589
3 704

ik 102

3 k75
3 2kt
3 153
2 952

12 827



Example 2.

Team
l
Wood

2 3

First day
L 5

6

Cutting time in 1/100 minutes

1l

2

Second day

3 L

Small diameter - Lower part of stem

8 G 65
p B68
( E127
F 88
D 74

sb
pb
[ b Al30

E109
F 62
A135
D102
B100
€120

D 9B
E 78
B125
A125
C 83
F120

B 75

A 16
D 4o
c 61
E 61

A 60
F73
c 86
E 6k
D113

F 19

che B76 F 56 ET0
D 74+ E113 A116 B108
B60 F 8 D95 A 96
FU43s A5 D8 B92 C61
B60 E 98 A135 Clll F 97

¢CT7L

p)

6

161

0

A 55
F 88
¢ 60
E 61
D112

A 39 F 50

D 37
C 50
E 47
F 30
B 58

c L3
D 72
B 56
A 46
E 76

Small diameter - Upper part of stem

m—

p

t

Ne

1
vHoEW P
W £ O £ ON
PO NOFO

61 B 35
3% E 21
ko ¢ 34
55 D 32
o4 A 22
66 F 29

=How =Y

ELO C L8 F 55 A 5&
c2s F24 D33 B30
D4 AT5 B63 E 50
F29 E55 A5 CL6
B24hk D3 E29 F 26
ALhs B64 C51 D58

D 51
A 28
F k1
B 55
c 22
E Sk

D k2
F 35
B 26
Akl

12
F102
D190
E17k
B3
A205

122
Al130
B177
D127
E113
C145

Middle diameter - Lower part oi stem
121 A 72 D 89 E152
Eg92 D61 BS88 Clo2 F 94 Al05 Elih
€118 F 82 E114 A195 D166 B162 (138
A108 B 68 C 82 F133 Ei52 D130 Alko

F62 C55 A8 D127 B13k E
D135 E 93 F1o4 Bo22 A210 Cl

122

111 Bl

29 F 84
7 D165

D 92
B 84
E105
CT7
A 83
F106

Middle diameter - Upper part of stem

C 59
B 70
F 79
ATl
E 78
D116

F 60
Al05
D 90
C 63
B1l27

i 63
D 62
C 68
E 80
B 76
F 9l

F 3 B55 D72 E 54
C3 AW6E E63 F L5
D57 E69 B98 A T7
BUW F U5 C66 D T2
A39 D56 F55 C5b
E 54 C 64 A113 Bll2

C 50 A& 60
B56 D55
F 58 C 64
AT+ BT0
E60 B 70
D93 F 80

UO'?.!H HawHo

B 43
A ko
E b5

B 49

E 60
F k2
D 51
¢ 59

F171
B338
A280
D263
0287
E350

Cc233
E278
F151
D290
B2L9

Big diameter - Lower part

D2k3  A152
Flok Blk2
A198 C 98
E303 F130
c22h D138

Fiko
c118
El127
B192
A150

of stem

A176 Bi88 E115 Dij32 C168

E334
D239
B265
A35L
F208

F166
B4O2
A252
c217
caus5
E284

A1S5 B1ST
€202 D289
E198 Fi7h
F158 Al175
D232 E276
Bl97 C198

E106
A133
B11k
€103
Fiko
D126

D126
F137
C113
E138
B177
A1L3

Blg diemeter -

Upper

part

of stem

D130 F 93

ciko
E197
A1kl
F166
B232

A150
B136
E120
D186
c1hb

B 62
D 87
c 76
F 59
A102
E 9

A1l
E154
F110
C 93
B180
D159

E 81
B 98
A113
D 79
€106
F 85

C 86
F134
D135
B145
Ellk2
Al52

D109
cl22
E120
A130
Fl1l0
B150

T 69 ALOL

B 62

A148
B127
E115
D136
€119

E135n D 80
F112 C 72
C9 F 53
B156 A 72
D150 E 80

E 68
B11ll
A 95
D 98
c 80
F 87
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