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INTRODUCTION AND SUMMARY

The general problem of response surface exploration may be
described as follows: given that the form of the true functional
relationship Ey(x) = n(x;B3) botween the expected value of a randum
varlable y(x) and a k-vector of non-stochastic factors x' =
(xl. Xyroees xk) is unknown, the object is to approximate as
accurately as possible, within a given region of 1nterest§£1n the
k-dimensional factor space, the form of thz surface n(x;g) by some
graduating function §<§;§). In a piven experimental situation, one
might be interested in using ;(g;y) to estimate the point X, in aé
at whkich n(g;g) achieves a maximum (or minimum). Such a situation
often occurss for exawple, in the chemical industry where researchers

_are i;terested in determining thosc settings éf the factors (e.g.,
pressure, temperature, concentration) which give maximum yield or
highest purity of a chemical or which minimize the cost of production.

Invariably, it has been assumed that the unknown response fumc-
tion n(g;g) could be representad at every point in a given region with-
in the factor space by a polynomial of dezree d, say, inm Xys Xgreonsky
of the form
(1) BO + lel +oood Bk*k + ﬁll‘% 4000t ﬂkkxi + Bllerz S TR

* By -1t BpaXy *oe

where B' = (85, Byseeer Byo Bypacese Byger Byporees Beog g0 Bygpeee)

isalx k;d row vector of unknown paraweters. The primary potiva-



tion for considering this type of cxpreséiou is that it corresponds
to the partial sum of a Taylor's series expansion of n(x;@) about the
origin of the factor jevels, the derivatives at the origin being
aimple multiples of the B's.

It responses are observed at a set of x's suitably numerous
and suitably placed within the region of interest, then. in general,
it is possible to obtain individual estimates bo. 1. bz, etc., of
BO’ Bl‘ 52, etc., using the method of least squaras. the graduvating
fuaction y(x,b) ig then the polynomial obtaiﬂed by replacing the B's
by the p's in (1). | |

There are, on the otHed hnnd, 1‘#6rtaﬁ£ éiéuétiéﬂé wﬁeré poly-
nomial graduating functions el&hhr canhoe ot should not be used.

For instance, let us guppose that it is desiteﬂ to study an unknown
response function n(x;3) on a reglon of interest whiéh is ehb gurface
of a k-dimensional hypersphere of radius p. Many quite {ﬁte*asﬁing
and impertant gituations in the natural and physical sciences can be |
considered to fit into this general framework. In particular, one
night be interested in knowing the distributivn of electric charge

on a circular or spherical conductor or imn predicting the rate of
steady-state heat flow or the elevation at an arbitrary point on the
gurface of the earth. However, it has been shown (see [5], p-217)
that it is not possible, if 4 >1, to cbtain separate least squares
estimstes of all thexparametets in (1) if each of the x's must be
chosen to satisfy the restriction x'x = pz. 9
To consider yet amother situation, let us suppose that we know

that n(x;8) is periodic in at least ovne of the X,. In this case, it is

clear that an adequate approximation to n(x3B) using a polynomial
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would require a very large nuxber of terms. Theue would oscillate in
sign and the cancellation of large positive and neéatlve values would
thus give poor precision in the estimation of n(x;E). Herc, one

would certainly prefer to use an approximating function which is itself
periodic. As a simple example, if n(x:3) = cos 5x, then the partial
sum of a Fourier series, say a, + z:.l(am cor mx + b sin mx), would
he a graduating functidn of few terms with smaller coefficients than
those of a polynomial. Many natural phencmena are subject to periodic
behavior and, in such cases, pulynomial-type graduating fungilons
would certainly be unsatisfactory.

Motivated by the above remarks, the author attempts in this
dissertation to broaden the area of respunse surface methodology to
include the use of partial sums of Fourier series and spherical
harmonics as response surface graduating functions.

Chapter I serves as an introduction to the types uf regressiom
models that will be under consider#tion. Several important properties
of these functions which are needed for later work are discussed.

In the framework of the "approximate theory" of the optimal
design of experiments, a general approach to the problem of the con-
struction of designs for response surfzce exploration is described in
Chapter 1I. Various criteria are considered and some resulis relating
certain of these criteria are given. A general theorem on the mini-
nigation of average squared bias is presented and, based on this re-
sult and some decision-theoretic unotions, the new concept of the
"admissibility of a response suirfacze design" is introduced.

_The results contained in the first two chapters are used in

Chapter I1I to show that the designs proposed for the least squares
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Ficting of the Fourier secries and spherical harmonics regression
models are optimal in nany impurtant respects. The valuahle relation-
ship which is found to exist between these designe and “rotatable
arrangements’ of points (Box and llunter, {5]) is used to construct
"exact" designs for Fourier series regression cf all orders and for
spherical harmonics repression of orders ome and two.

In Chapter IV, techniques are developed for locating the
stationary points of fitted second-order Fourier series and spherical
harmonics functions and are used to construct confidence regyions for
the corresponding points of surfaces under atudy, HNumericel

examples are included.

et



CHAPTER 1

FOURIER SERIES AND SPHERICAL BARMONICS MODELS
AND TH#IR PROPERTIES

1. The ¥. §. and 5. H. Models

In all that follows, we shall be concerned with two regreasion
models. |

The first is the Fourier series (F.S.) modal

(1.2) ng@iBes) = 190 U, (03858, 0 < ¢ < 2m,
vhere
(1.2) Un(¢,BFs)) = o cos n¢ + ﬁ sin ng, n = 0,1,...,d.

It will be both convenient and useful to write U (§ifie)) as
(1.3) U @38 = £ @) 8D, 0w 0,100,
vhere
(L8) £, (@) = 1,850 = o5 £10 (1) = (cos uo, sin n).la) = (318,

n . 1,2,0..’d-

Thus, we may write (1.1) compactly as

s ny#iBeg) = £'() Bpgs



where
(i.o0 S' (‘b) b <§é0) (‘p): SEI)(”’ caey fzd)(¢))
#nd
' (1! (a)'
(1-7) gl"‘s = (EFS ’ EFS s sevy EFS )_-
Note that
(1.8) £0a) () £05y®) = 1 for n = 0,1,...,4, 9

and hence that
(1.9) f'(¢) £(¢) = (d + 1).

The second model that we will study is the spherical harmonics

(S.H.) model

ot - d . (n)
(1.10) N, 0,8:8.) =) 0 U, ©spsiBgp) 028w, 0 g 2,

where

. n .
(1) y ©,0388) = I® @ cos mb +E_ sin ) P_(col),
where an(cose) is the "associated Legendre function" defined as
(1.12) an(cosa) = gin™g (d%/d cosBm)Pn(cosah

Pn(cosﬁ) being the Legendre polynomial of degree n with argument cos@.

As for the F. S. model, it will be worthwhile to write (1.11) as

(1.13) U,(9,03858)) = £71(6,8) BER), n = 0,140,

~

where



(1.18)  £,0,(0,0) = 1, £1(8,4) = [P, (cosd) . cosd P, (cos0),
sin¢an1(casB),,..., cos nd Pnn(cose), sin nd Pnn(cose)}
forn= 1,2,...,4,

and

o) _ (n)' -
(1.15) §sn Yoo’ ESH (uno’anl’ﬁnl"'"ann’Bnn) forns= 1,2,...,d.

Thus, we may write {(1.10) in the form

(1.16) ng(0:038g) = £'(8:9) Beys

vhere

(1.17) £100,8) = (£149(0,0), £3(0:0)s +vs £141(6,8))

and

- O, gO 2Dy

(1018) ~SH % serey ESH

Bsu
‘ When written as in (1.5) and (1.16), the F. S, and S. H. models
will be said to be of "oxder d", the vectors £(¢) and g(e,¢) having
{(dd + 1) and (d + 1)2 elements, respectively. The value (24 + 1) is
obvious, and the value (d + 132 follows from the fact that there are
(2a + 1) elements in S(n)(6,¢), n=0,1,...,d.
Remark 1.1. The domain of definition of (1.1) can be taken to be
either the closed interval [0,27] or the circumference of a circle;

in the latter case, ¢ is the angle associated with the polar coordinate

representation of a point on the circle.



‘Remark 1.2. The domain of definition of (1.10) can be taken to be
elther the rectangle {(8,4): 0 <06 <m, 0 < ¢ < 2n} or the surface of
a sphere; in the latter case, 0 and ¢ are the angles associated with
the spherical coordinate representation of a point on the sphere.

The expression (1.1) is recognized to be the partial sum of a
Fourier series and is of period 2w in ¢. The linear transformation
¢ = 2n{x-a)/(b-a) indicates that the F. S. regression model, in addition
to providing a natural way of represeating a function whose domain of —
definition 1s the circumference of a circle, can also be used either to
graduate an unknowa response function n(x;g) on the finite interval
{a,b] for values of x on that interval or to graduate an unknown
periodic function n(x;B) of known pefiod (b-a) for 8ll x € (~,»).
Clearly, the F. S. model cannot be used to represent a function on the
entire real line if this function 1s not perilocdic.

The expression (1.10) caa be considered to be a generalization to

(n)
SH

face spherical harmonic of degree n". Using (1.12) and the trigono-

two dimensions of (1.l1); the quantity Un(6.¢;§ ) is known as a "sur~

metric functions for sums and differences of angles, one can easily ?
verify that U_(8,;800) = U_(21-8,4+mifgn) for 0 < 6 < m and

0<¢<m, and that U_(9,0:800°) = U_(21-0,0-3827) for 0 < 6 < m and

T<¢ <2 Using these relations and the fapt that nd(5,¢;§SH) is of
,period 27 in both O and ¢, it then follows that the behavior of
nd(e,¢;§sn) on ihe eatire (8,9) - plane will be known once ite behavior

on the rectangle {(8,9): 0 < 0 < w, 0 < ¢ < 21} has been determined.

In this light,, the pair of linear transformations 6 = w(xl-al)l(b1~a1)

and ¢ = 2m(x,~e,)/(b,-a,) indlcates that the S. H. regression model,

&



while not only providing a natural basis for representing a function
defined on the surface of a sphere, could alsov be used eithexr to gradu-
ate an unknown response function n(xl,xz;g) sn the finite rectangle
{(xl,xz): a; £ x; $byy @y Xowy < b,} for values of (x,,%,) on that
rectangle or tc graduate over the whole (xl,xz) - plane an unknown func-
tion n(xl,xz;g) which Is of known perxiod Z(bi~al) in Xy and of known
period (b2~az) in g and wvhich slso satisfies tha quite restrictlive

pair of relations
. . )
{1.19) n(xl,x2~§) = n(Zbll- X1s X, + i{bz - az);g)
< 1 .
for a; < x,2 bys 8y X X%y 5.2(32 + bz),
o 3
n(x,,x,38) = T2y = x4, xy = 5{by = 330)
for a, < x, <b z'-(a +b,) <x, <Db
1—-"1-="1 22 2/ = %2 =720

In fact, the relations (1.19) are so limiting that one can feel justi-
fied in using an §. H. regression model to graduate a function
n(xl,xzzé) on the (xl,xz) ~ plane only when the region of interest has
finite area. \

For graduating over the whole (xl,xz) - plane a response function

n(xl,xz;g) which is periodic in x, and x,, @ posaible regression model

is n(¢1,¢2;§Fs) - ndl(¢1;§FS) nd2(¢2;§Fs), the direct product of two

F. S. regression functions. Clearly, n(¢l.¢2;§FS), which can be written
as the sum of (2d1+1)(2d2+1) distinct terms, possesses the desired
periodic properties without any of the limitations suffered by the S. H.
model. A little more will be said asbout these notions at the end of

the third chapter, but let us note now that this "direct product" idea



clearly goneralizes to anv number of dimensions.

2. Intepral Propexties of the F. 3. and S. H. Modelg

Let the "weightiag funcifon” w be an element of the set w)i'
wherawx- {w(x): w(x) 1s a prebability measure on a space X}. For
example, the "uniform" weighting function asuigns equal weight

(j dg_(_)*l to every point x e%.
* ~

Definition 2.1. A seguence of functions {El(;_:), fz(?..‘)’ «ee} 15 orthog- ‘

onal on a space ,% with respect to a welghting function w ew¥ if

j fk(x) £, (x) dw(x) = O whenever k ¥ . The sequeuce is normalized
Es ~ b L .
by dividing fk by ka”, where kal | € = [ fi(x) dw(x).

X ~ p

Now, consider the "Fourier sequence"
(2.1) {1, cos¢, siad, ..., cos nd, ein nd, ...}.

The relatlons cos md cos nd = ;:}[cos(nwn)ﬂb + cos(m-n)$], sin md cos nd =
%{ain(m)q‘a + sin{m-n)$}, and sin m¢ cin né = %—[cos(m-n)dﬁ - cos (win)$]

- imply that the sequence (2.1) Is orthogunal with respect to the uniform D
welghting function w(¢) = §/2r on each of the two regions discussed in

Remark 1.1, and they also show that
. 2% 2%
(2.2) j cos2n¢ d$ = J sin2n¢ dp =7, n=1,2,... .
0
Next, consider the sequence of functions {1, x, xz, vees X0y seoke

They are linearly independen: on every finite interval of the real

line. Let
(2.3) '{Po(x). Pl(x), ceas Pn(x), eesl

be the sequence of functiéns, orthogonal on the interval [-3}.1] with



&

respect to the unlform weighting function w(x) -'%(l+x), which {s
obtained from {1, x, xz, cees X% ...} by the Cram-Schmidt orthogonali~

. . . n J
zation procedure. So, by construction, Pn(x) - XJ-O anx ’ Cm >0,

1

nw=0,1,2,..., and
1
(2.4) I P (x) B (x) dx = 0 if m # n.
-1
The sequence (2.3) is called the "Legendre sequence" and Pn(x) is the

"Legendre polynomial of degree n in x". A standard expression for

P_(x) is
o 20-0) (20~3)...1 | .0 _n{n~1) n-2
(2.5 Pn(x) n! [ 2(2n~1)

+ =D (n=2)(a=3) a4 _ ]
2+4+(2n-1) (2n-3) )

vhere the last term is a nmultiple of x if n is odd and is a multiple

of xo if n is even. Now, (2.5) can be written as

n
{2.6) Pn(x) -1 = —QK [xZn - ux2n~2 + Ei%%;l x2n-4 - eee * (-l)n].
nl2" dx

aﬁd thus, from (2.6) we have
(2.7 P = (271 (@™ 2D,

which is known as Rodrigues' formula. The relation
1
(2.8) j P2(x) dx = 2/(20+1)
-1
follows directly by using (2.7) and performing an n-fold integratiom

by parts.

Now, it will be shown that the "associated Legendre sequence"



&

-

(2.9) {le{x), sz(x), ceay anfx), veal,

waere an(x) is given by (1.12) for x = cos?, is an orthogonal sequence

With respect to w(r) = (14%)/2 cn [-1,1] for fixed w. (Associated

Legendre functions with different values ¢f m are, in geaeral, not
orthogenal.) To do this, we shall make use of the following recursive

relation for Legendre polvnomials:
(2.10) (=2 (™™ e (x) - 2ux (d"/&x™)P_(x)
+ (otn) (a-mi 1) (@™ /2" R _(x) = 0,
The multiplication of (2.10) by (l-xz")mm:L glves
(2.11) (/a0 [ (1~xD" @/ax™e_(x)1]
= = (o+m) (n-mtl) (1-x2)""L (d#‘"lldxm"l)l’n(x).
Row, from (1.12), we have

I an(i) Pn'm(x) dx = I (l-xz)m (dm/dxm)Pn(x) (dmldxm)Pn,(x) dx

-1 -1
1

- - f (d““lldx‘“‘l)rn.m (@/dx) [ (Q=xH™ (d"/ax"P_(x)] ax,
-1 ’

or, using (2.11),
i
] an(x) Pn,m(x) dx
-1 1 : '
= (rhm) (neurtl) f -4 @ et e @ @ e e, () dx
~1
1
« (mrim) (n-m+1) j Pn,mwl(x) Fn',m~1(X) dx.
-1
. a



It we apply this reduction formula m times and anpeal tec (2.4) and
(2.8), we obtain the important result

1 ”2(n+m)!/(2n+IXn—m)! if n = n',
(2.12) [ an(x) Pn.m(x) dx =

-1 04if n ¥ n'.

Using (1.12) and (2.5), we get a useful expansion for an(x)

needed in the next section:

219 P () = =20 (g 2yn/2 [-m . fema) -2
nm 2% (n-m)! n

+

(o~m) (n-m~1) (n-m-2) (n-m~3) xn--m~-l¢ _
2¢4(2n~1) (2n~3) R

vhere the expression in brackets has its last term as a multiple of
x 1f (n-m) is odd and as a multiple of xo 1if (n-m) is even.
From the integral properties we have given for the sequences

(2.1) and (2.9), it follows that the "spherical harmonic sequence"
(2.14) {cos¢ Py;(x), sind Pll(x)’ cosh P, (x), eind P21(x), cos2¢ Pzz(x),
sin2¢ Pzz(x), vesy COBO Pnl(x), sind Pnl(x), esey COB M an(x).

sin m¢ an(x), vae, CO8 N Pnn(x), sin n? Pnn(x), .

is an orthogonal sequence with respect to the uniform weighting function

w(x,0) = (1+x)¢/47 on the rectangle {(x,¢): ~L < x < 1, 0 < ¢ < 2n}.
The transformation x = cosf can now be employed to show that the

validity of the expressions (2.4), (2.8) and (2.12) and the orthog-

onality of the sequence (2.14) are still maintained when the regions

of interest are those ssiven in Remark 1.2. It iz important to note,

hewever, that the weighting function resulting from this transformation,



i0
. nanely w(f,9) = (l—césO)d‘flsF, is clearly not the uniform weighting func-
tion associateg with the rectangle of Remark 1.2, but is, ia fact, uni-
- form on the surface of a sphere, sinée dxd¢ = - sinB® 46 d¢ 1s the element
of surface arca of a unit spherc.
Before proceeding, let us emphasize that, with no loss in
generality, we may restrict our attention to the uait circle and unit
sphere. Any adjustment to be made for a radius different from unity

is simply a matter of multiplying by the appropriate scale factor.

3. Polyncmial Representations and_Addition Theorems for the F. S. and

S. H. Models

The following well-known expansicns will be needed:

(3.1) cos nd = cos"$ - Elgfll cosn'2¢ sin 2¢

+ n(n-1)£?~2) (0=3) c05™4 510’ - ...,
and

(3.2) sianp =n cosn“1¢ sind ~ ESE:%%SB:Zl cosn~3¢ sin3¢

+ n(n—l)(n-gg(n-3)(n—&) cos® % 81079 = ..o,

where, in each expansion, only those terms with non-negative exponents
appear.
We now give two lemmas which will be quire useful in later work.
Lemma 3.1. The expression Un(¢;§§g)) can be written as a homogeneous
rational integral algebraic expression of degree n in the elements of
EFS; where
‘ (3.3) Eit's = (cosd, sing) = (xl,xz), 51"8 Xpg ” 1.



il

Proof. The result follows directly sinze, from (3.1), each term of
u~2k n-2k 2k
*2

where 2k < (m+l) and Cl(n,k) is a ronstant depending only on n and

cos nd is of the form len.k) cos ¢ sin ¢ = C, (n,k) Xy

k, and, from (3.2), each term of sin n¢ is of the form

Cz(n,ﬂ) COSn‘22~1¢ sinzg"! Ltb = Cz( ,z) n -22-1 22,41

2% < n.
Analogously, we have
Lemma 3.2. The surface spherical harmonic Un(0,¢;g§:)) can be written

as a homogeneous rational integral algebraic expressicn of degree n in

the eleménts of xs“, where

Y ! N - '
3.4) Xon (cosB, cos$ sinf, sind sin@) (xa,xl,xz), XXy ™ 1.

Froof. Using (2.5) and (3.4), we see that each term of P (cosf) is

of the form C(n,j) cosn-zje = C(n,j)(xi + x + x )j n 23 » 21 < (n+l),

2
From (2.13), (3.1), and (3.4), each term of (cos m¢) P (cosB) is of

the form Cl(n,m,k,z) cos™ ¢ sin ¢ 8in™0 cos™ ~28- M

2,8 m~2k 2k _n-28-m

2 )7 ox X. %
3 1 2 73

2+x

- Cl(n,m,k,l)(xi + x , 2k < {(m+l) and

28 < (n-m+1). And, similarly, from (2.13), (3.2), and (3.4), each
tere of (sin mp) Pum(casﬂ) can be put in the form

Cz(n,u,k,t)(xi + % %y )2 m =2k-1 x§k+l xg-QQ m’ 2k < m and 28 < (n-mtl).

This completes the proof.

Note: The author makes no claim to oripinality for the results of

Section 2 or for the contents of Lemmas 3.1 and 3.2. These properties
of Fourier series and spherical harmonics are well known to those con-
versant in this subject area.

Remark 3.1. There are two very 1mportant implications contained in the

above lemmas which will be quite useful in later work.?ufﬁg;first one

EER R
Ttz
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is that ﬂd(éngs) is a function of ¢ only through the elements of x..

and that nd(6,¢;B ) is a function of © and ¢ only through the elements

SH

of Xey* Secondly, the expressions wd(¢;ng) and nd(6,¢;gsﬂ) can be
written as polynomials of degree d in the eiements of Xpg and Xoy?

respectively, although such representations are not unique ¢gue to the

restriction x!_ x

Xes Xpg ™ Xgy Zgy ” 1. For example, it is easy to show

that

- - . ~ V 2 - 2
(3.5) n2(¢,§Fs) E ﬂz(st,ng) By + Oy x, + lez + ayx] - X, + 2B,%x,,

where
(3.6) ' I tan-l (x.,/x.) -
3+8) 2%y

and that
G My EdiBey) =y (xeiBoy) = (g Oge/?) + oyyx; + ByyX,

+ a,,.x. + 3a xz - 30, x2 + (30,./2) x2 + 68, x.x%

1073 2271 2272 20 3 227172

+ 30y X Ry 3By XX e

vhere

(3.8) 6 = tan-1 [(xi + 32)1/2/x3], ¢ = tan‘l(lexl) .

Expressions (3.5) and (3.7) will be used in Chapter IV.

Finally, there is an important "addition theorem" relating the
¢lements of f(n)(9,¢) vhich will be needed for future work., The general
result, the proof of which can be found in any standard reference on

' spherical ha;uonice (e.g., see Hobson [17], pp. 141-143), is as follows:
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Pn(cosa cosf' + sind si,n?'.cosw-f&'))

* Pn(cos ) P {cosd') + sz 15:%—: P (cose) P (coq‘i ) cos m(d-4').

Setttng 6 =@ and ¢ = ¢', and noting that P (1) = 1, we obtain a special

form, namely

(3.9) P (cose) + 2"m 1 -%;:—3—1— P° (cosf) =1, 1 <n<d.

This expression can be regarded in the same light as the relation

(1.8) for the F. S. model.



CHAFTER 11

CONTRIBUTIONS TC THE TUFORY OF THE DPTIMAL
DESIGN OF TAPERIMERNTS

4. Exact and Appreximate Designs

The theory of the optimal design of experiments as initiated and
principally developed by Elfving, Riefer and Welfowitz (e.g., see [12],
[20], [22] ) fite the follewing framework. Let f'(x) = (f,(x),£,(x),..0,
fm(f)) be a vector of m real-valued functions defined on a given gpace
*aé. In most applications.aéis taken to be compact and the elements of
£(§) taken to bhe contiauous (so that suprema of cextain functions aré
attained, insuring that optimum designs exist) and linearly independent
(so that trivial redundancies are avoided). We assume that for each X
or "combination of factor levels” In ezian experiment can ke performed
whose outcome is & random variable y(f), and that Ver y(§) = Uz for every
x e'aé. It is further assumed that Y(f’ has an expected value cf the

explicit form
- m L] '
(4.1) Evix) = [, 8,f,(x) = £ (08,

and that the functions 51(5)’ f2(§), ey fm(§), called the "regression
functions", sre known to the experimenter while the elements of the
paraneter vector B' = (61, 62, esey Bm) are unknowns to be estimated on

the basis of ¢ finite number N of uncorrelated observatiomns {y(gi)F?_l.
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An cxact experimentai design correspands to 4 probabllity measure

- - I T 3.5+

¢ on Bé concentrating ponitive weights wl, Way soeo wb at the distinct

points :_;1, Xos <oes ,’fp’ rueopect ive ly, where wi N = nj., 1 =1, 2, «covy Ps
are integers, and where 2?,1 v, = L. Clearly, the measure (design) §

specifier the points at vhich experiments take place, namely the
{x{}z.], and the mumber of experiments at each factor combination, namely
]

at x The set (51, UKL §p} vhere w, = 8(x,) > O for every i,

i i°
1= 1, 2, +4+, ps and where {g.l vy " L 15 called the spectrum of the
design 6, written S(§). The thzory invelved in the conatruction of

exact experimental desiges wili be referred to as the exact theory.

The (m*m) matrix

T I Yyp . Ve
4.2 XKy Ly my £Gp) £10p),

where X' = (£0x;), £(x,)y -0 flx))s is known o8 the information
matrix of the exact design 8. If the parameter vector 8 is estimated
by fitting (4.1) using the method of least squares, thus obtaining a
best linear unbiased estimate E, then the dispersiom matrix of b is
E[(b-E) 0-8)'1 = (')t ot

More generally, if A = {6:8 is an arbitvary probability measure
on the Korel sets B of %, where Bincludes all one-point sets}, then,
for each § € A, let us write

(4.3) mij(ﬁ) = I;:i(f) fj(§) dé (x),

and then define

Rt
(4.4) M) = (my (ONT 4oy
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The following lemma, taken from Karlin and Studden [19], records several
important properties of the matvix M(4).
lemma 4,1. Let M(8) be defined as io (4.3) ! (4.4). Then,
(1) for each § ¢ A, M(8) is positive semi-definite;
(11) |M(8)] = O whepever 5(&) contains less than m polnts;
(i14) the fanily of matvices M(8), 6 £ A, is a convex, compact set;

(iv) for each § ¢ A, the matriz M({) can be wricten as

The most important consequence of this lemma is contained in part
(iv) which permits us o restrict attentiarn to neasiires concentrated on
only a finite set of pcint§ when working with the cliss of information
matrices M(f), 6 € A. 1In ﬁarticular, 1f & £ A corresponds to an exact
design, then NM(8) = X'X.

Since the ‘'smallness" of H’l(ﬁ) or the "largeness' of M(&) intui-
tively suggests thac b is "elose" to §, it is understandable that mony
optimal desigu crituria are based on mininizing by choice of § ¢ A
some meaningful real functional of M(4), say ]M-l(é)' or tr M_l(é).
Now, suppose that onec finds a 6* € b which minimizes some such function
nf M(S). Clearly, it can happen that 5* takes on values other than
multiples of 1/N and thus dees not correspond to an exact design.
Nevertheless, it is worthwhile to consider this geﬁeral approach to

the construction of optimal designe, calling it the approximate theory

and calling any measure § € A an gpproximate design. The justification
and convenience 1nfallowing this greater gemerality in the choice of

measures (designg) is thut,in some cases, it permits one to give a
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comp;ete characterization of certaln optimal designs wilch is relevant
fer all N.

An optimum approxiiate desipn will give aa exact design for each
N which ia optimun to within ordér N‘l. In some situwations, the optimum
approximate design will turn out to be an exact design for many and
possibly for all N. We will see important examples of such phegemena
in Chapter III.

5. Optimal Response Surface Designs

Let us recall frow the introduction that the objective of any
response vurface investigation can be briefly summa?ized as one of
approximating over some rcgion "Y: an upknown surface n(§;§) by scue
graduating function ;(§;g). 1f we agree to take ;(§;B) to be the usual
least-squares cstimator which possesses certain well-known nroperties,
then the design problem can be reasonsbly formulated as one of choosing
the measure § (i.e., the §'s and their corresponding weights) to make
gsowe meaningful functlon of the absolute deviation of ;(5;2) from

n(§;§} as small as possible. One espccially relevant choice for such a

function is
(5.1) E(y(x;b) - ﬂ(§;§))2.

which is the expected mean-gquare crror of y(x;b) at x eX. It is
easy to show that (5.1) can be written as the sum of two distinct error

terms, namely
(5.2) | E(y(xsb) - Ey(xsb))?,

F)
the variance of y(x;b) at x 836. and
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(5.3) (v (i) = n(xsE02,

the squared bias of y(§;§) at x '

Now, tlie approximate theorv of the cptimn) desipn of experiments
discussed in the previous section assumes that the regression function
(4.1) exactly describes the true response at every noint x € 2% and no
consideration is given to the problem of design when the pesaibility
exists that the incorrect model has been used. Hcewever, in reality, it
iz quite possihle that there may be not cnly cne, but two, séurces of
error, the first due to variance (sampling)} ervor and the second due to
the inadequacy ¢f the fitted model in representiong the true response
n(g;g). In a response surface setting, the latter scurce nf error, a
meagure of which is given by (5.3), mav far outweigh the fcrmer in
importance (e.g., see [2], [3], (8], [9], [10), [11]).

Motivated by these remarks,’this author attempts to extend the
concepts lnvolved in the approximate theory of optimal design construc—
tion to pérmit the consideration of bias errors as well as variance
ervrors. The remaining work in this chapter is involved with ‘this prob-
lenm and impbrtant applications of the results developed herein are given
in Chapter I11I.

Now, let e(x,8) represent one of the three functions (5.1)-(5.3)
suitably normalized with respect‘to N. In this framework, we give the
following two defiunitions,

, * ‘
Definition 5.1. A design 6 € A is saild te be a minimax design if

* ) . o )
(5.4) ngaxe(f"s ) 2 m}&,ﬁ%e(f’é) for every 5 € A,

where we assume MAX ,, e(x,8) < 4+ « for some 6 ¢ A.
xEX T
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*
Eyuivalently, 0 is minimex €

P
e

*
\ AT R &
W\Xxe%’!(f,(, ) L] A"S?;A .L..‘.X _)ée(ic‘,(_-).

——— st

*
Definition 5.2. A design § € & i3 said to be a weighted errcr design

with respect to some weighting function w* s'\iﬁﬁif 6* minimizes the
quantity |
(5.5) et ,8) = j e(x,8) dw' ().

£’

A design s ¢ A satisfying (5.4) will be called a minimax vari-
ance (MV), a2 minimax bias (MB), vr a minimox meanwsquaré (MS) design
depending on whether e(§.6} has the form (5.2}, (5.3), or (5.1),
respectively. A design 6* ¢ L nioimizing (5.5) will be referred to as
a weighted variance (WV), a weighted bias (WB), or a weighted mean-square
(WMS) design if u(§,6) hag the form (5.2), (5.3), or (5.1), respectively.

The following decision-thecretic notions enéble us to characterjze

e situation in which a weighted error design 1s also a minimax design.

*
Definition 5.3. A welghcing function w EQVigeis said to te least
*
'3 .’ = 3 .
favorable if MINg , e(w ,6) MAxwéW%?INﬁaA e(w.8)
A least favorable weighting function is characterized by the
following lemma.
" e'W)
Lemma 5.1. Suppose there exists a weighting function w € *and
%* * * %
a weighted error design & £ A with respect to w such that e(w ,6 )
* *
2 MAxxeaé e{x,8 ). Then, § dis a minimax design, aud the inequality
above is actually an equality.
Proof. The conclusions of the lemma follow directly since, for every

* x _* % x *
§ e b, Mxxe%e(f,ﬁ) > elw ,8) > alw ,8) iiﬂAXxF:% ez, ) > e(w ,8 ).

~
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Remark 5.1. The conditions of lemma 5.1 imply that w 1s a least
favorable weighting funrtion, since. for every w Srny, HlmécA eiw,d)
| N * % x N
< efw,d ) f-ﬁAAxaége(5’6 ) “e(w ,3) = MINésé w(w ,0), so that
b ¥
MAX MIN, v MLk 2 .
w&'\k)*l e e(w,8) = 1“66:.\ e(w ,98)
We now prove
* .
Lemma 5.2, Suppose § € A is a weighted ervor design with respect to
* rvg *
some w € 5&a“d suppose e(x,d ) = C < + w, C a constant independent of
Lk , _—
%, for every xiaaé. Then, 6 35 a minimax deslen and e(w ,8 ) = C.

* : %
Proof. Since e(x,f ) = C for every x i:i‘,, we have MAXX,.,%e(x,G ) = C.

+

So, e(w*,ﬁ*) = } e(x,é*) dw*(x) = C = MAX . egg,ﬁ*). The result then
follows by appealing to Lemma 5.1. ’

In Chapter 111, an important situaticn will be presented where
Lewma 5.2 can be put to use.

Before proceeding with the next scction, let us briefly discuss
some of the more Iimportant results that have been ohtained in the field
of optimal design of regression experiments using the approximate
and exact theovies. As mentioned earlier, almost all the work done in
this area has involved the use of a polynomial-type meodel where, in the
notation of Section (4.1), the {fj(§)}?=1 are all the functions of the
k3 |

X

form Hj=l i

for which the {r ]} are nonnegative integers satisfying

the relation Z§'1 rj < d and whereéié is a subset of;EQF, Euclidean k -
space., MNote that, iu this case, n *(%§%>.

Scme elegant results bave heen obtained in the framework of the
approximate theory when the regression quels are polynomials (see [19]
for a general treatise om the contributions of vsrious authotrs in this

area). For example, it has haen shown for polyncmial regression of
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order d that, when k = 1, and }3 = [-1,1], MAxxz':[--l 1] f;'(x)M‘l'(G)f(X)
’ A~ e d

is mindmized or, by the Equivalence Theorem c¢f Xiefer and Wolfowitz

(23], [M(8)]| is maximized by that 6* € & concentrating equal weights
1/(d+1) at the zeros of the polvnomial (l-xz) Pé(x). (P2signs satig-
fying the first criterion ahove are said to be Gi-optimal and those

vhich satisfy the second are D-optimal). Kiefer, in [21], proves a
general result which shows when 36 = {xix'x < 1} (the unit k-sphere) that

B

some but not all of the class of designs known as rotatable designs,

which were originaslly proposed by Box and Bunter [53] and then considered
by others (e.g., [1], [14]), are D~ and G~optimal. In the framework of
the approximate theory, this work by Iiefer vepresents the only attempt
that has been made in the literature ﬁo juatify the dintuitive appeal of
these designs. This author gives a sowewhat related result in Section
designs for F. 8. and S. H. regrassion.

Using the exact theory, several authors have considered the
problem of the construction of optimal regression designs when the
degree d] of the least squares pqunomial is exactly one iess than the
degreé 62 of the polynomial representing the true response. For example,
both David and Arens [7] and Box and Drarer [2] consider the problem
of constructing WMS designs with respect to the uniform weighting func-
=1, d

tion on [~1,1] when d 2. The former pair of authors also

-
1 2
construct MMS designs in the above setting and are the only ones to do
s0, mainly because, for general d and k, the comstruction of MB and IMS
designs for polynomial regression appesre to be quite a formidable task.

The latter pair investigate the cheice of Awsigns for polynomial regres-

siou on the unit k-sphere, when d1 = 1, dz » 2 in [{2] and when dl = 2,
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62 = 3 In [3], by first finding 2 geueral class of WMS designs and then
selecting from these a subclass for which the noo-centrality teem in
the ewxpectation of the residual sum of squares is large. iDraper and

Lawrence, in [&], [7] and [10]), find WB desigrs when d, = Jy dy = 2,

1
and d, = 2, d, = 3 where'aé is the wnit k-cube in {&], the three-

1 2
dimensional simplex (equilateral triangle) in {9), and the four-
dimensional simplex (tetrahedron) in [10), and, as de the authors in
[2] and [3], they show that the designs appropriate when hoth variance
and bias occur are not very different frow these "all-bias" designs.
In [11], sequential second-order WB designs arce constructed so that
hoth the first-order portion and (42 second-order pertion give protec-
tion against biases of one order higher. Herc. rather than a uniform
weighting function, the asuthors uve a family of symmetric multivariate
Aistribution weight functicons depending on a single parameter to find

a series of optimal designs for polynomial regression.

6. A General Result on the Construction of Weighted Bias Designs

Let ;(x;b ) = )(x)h and Ey(x) = a(\ 81,. ) = t(l)(x)B +

(1
{2)(3)3 denote the forms of the wstimated and true responses at 5_63&
respectively; the vectors f(l)(x) = (f (x), £ (x), eeey £ (x)) and
1~
¢ - .
5(2)(5) (fml+l(§), fm’+2(5)’ crey fmq(§)) are assumed to be known
e e
t L ¢ ! = (R [P 3 ax
whnile the paramcter vectors §l {Wl, 82, . ml) and
! = are : L0 .
g (Sm +1° Bm g3 tee Bm ) are unknown, where m,, > ml.i 1
1 1 2
With observations at N = “;v, ni points bqsé, we define the

'

matrices Xl = (f(l)(fl)’ g(l)(fz)’ vevy g(i)iém)) and Xz =

(f (x ), (2)(52), sy §(2}<§K))’ ani we further assume that Xl is

~(2) >
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of fvll rank. Then, if we agree to take bl as Lhe stapdard least squares

T a3 ef the form (Y b ¢ Xiy, vhere v' = {y(yl), y(; Y eaey y(xN))

1/
is the vector of observations, 1t follows that Ey(§;§l) (1)(x)ﬁ

~1

(l)(x)Aéz, the matrix A = (Y'x ) T XIX. heing commonly referred to

12

" " YY) -p . '
as cthe "alias matrix", where XX, = liel 0y () £rg) (k) and

XX, = :gwl “1?(1)(§1’ 522)(51)' (Note that if ii 15 the {-th row of
A, then Ebi = 3 + 3'32, iel, 2, ..., mysoan particular, 1f A = 0, then
by = B

So, from these results, it is clear that we can write the
"squared bias" (Ey(x bl) - n(x,hl,B )) a8 [(r(l)(x) A - EZ)(E))QZ]Z’
vhich is a function of the choice of the exact desiga § only through
the matrix A.

Now, since A can be written in the sugpestive form N(Y ) 1 2,
it 1s meauingful te work in the more general setting of the approximate
theory and to consider minimizing the integrated squared bias

Bd(w;ég) - f B‘S(:f;gz) dw(x) by choice of & ¢ A, where w s:’w*and

%
where
(5.1)° Bs(x3By) = [(£) () AW - £hy) )B,)7,
6.2) AGS) = 17 (5) My, (8),
(5.3) R OREN( jmmi jos
and

ml, mz
(6.4) M@ = (@ Oy 4D e
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the general expresslion for mii(é) heing giveo by (4.3}, Note that we

are taking M,,{0) to be non-silmzular.

il

80, proceeding in this vay, we have
Bé(wig ) = J @é[h'(é) E(l)(ﬁ) - (z}(x)]'f )(5) A{S) = ; (x)}B dw (x)
*
- Qé I §2’ where [ = A'(ﬁ)ﬂllA(ﬁ) - higA(é) - A'(S)Alz + A
3 { z . s ¥ r
with A Loy @ f(l)(f) dw(x), A,, ( £y 5(2)(§) dw(x),

il j* 1*

and Azz = Lﬁ Eiy'™ ix) f'z {x) dw(x). Now, assuming that A]l iz non~

. -1
singular, we can write " = (Agz - A;z All sz)
(A = KA A A = ATIA )
- f’l + {2
. Ay AL,
Since 0 < f [(f(])(x), £rpy G autey = ot | T e, g
. h o~ » A' A -~
% 12 22
Al,ﬁlo ‘ .
fnllows that ﬁl) and ©  7%1 are both positive semi-definite.
: _ .
Aig Ay
A -1
Ay, O I u P AT AT A,
Firally, | M1 }ﬂ{ " 125{ 11 12
- ' a
0 Ty Moy MM 22J 0

T, which shows that |

Ay, A
= T'{ 11 12 is also positive semi-definite.

A 1

L 12

Thus, we have the following general result: no matter what the
value of B8,, Bg(W;gz) is minimized by choice of § € A when A(6) =

-1 . Tres: 2N m . S
A11A12’ and, in particular, whea M,,{5) All and Mlz(f) ,Aiz'

In fact, from the structures of the pairs of mitrices Mll(é), All and

Mlz(ﬂ). AJZ’ it follows directly that the latter two matrix equalities



b
ut

sbove can be satisfied by cheice of § £ A 5f 6 {g taken to be the
weighting fuuction w itsel€., ODince, in geuersl, w is uot digcrete
(e.g., it is chosen to be uniforw ém -& 1in many instances), it is
necessary to find a measure concentrated oaly on a finite set of points
iﬁn}é(see part (iv) of Lewma 4.1) which is equivalent to w in the

sense that the pair of matrices A12 and Alz are identical for both v
and Its discrete counterpart.

This result follows as a direct generalizétion’of work by Box
and Draper in [2], vho restrict theilr attentico to the copstruction
of exact WB designs where the fitted and true models are polynomials
and the associated weighting functjon is always uniform on the given
region of int;erazst%. The new treatnent given here allows one to
consider more general types of regression functions for both the fitted
and true linear models and enables one>to characterize the WB design
with respect to any given w fw_x a2 an optimal arproximate design.
That such a generalizaticn is meaningful and neceszsary will become
apparent both in the next gection and in the next chapter.

Motivated by the Eox-Draper and Draper-Lawrence results dis-
cussed in Section 5 vhich ewmphasize the dominating influence of bias
comsiderations in the construction of WMS desigus for polynomial
regression, Hader, Karson and Manson in [15] consider using a wethod
of estimation of the coefficients of the fltted polynomial which is
aimed directly atvminimizing integrated saquared bhias with respect to
a uniform weighting function, rather than assuming, as we have doue,
that the coefficients must be estimated by the method of least squares
and that the lntegrated squared bias ig then mlnimiied by cholce of

design 8. Since a WB design is ol:tained by choice 2f estimator using
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this new approach, the authors can and de use the additiuvnal flexibility
that remains in the cheice of the location of the design points in ;x;
to construct WV designs. Using this technique. they are able to find
designs with smaller integrated mean-gquare error than corresponding
WS denigns that assume least sguares estimation of the coefficients
in the fitted polynonial.

In Chapter I1I, it will be shown that the class of optimal
dusigns proposed for the least squares fitting of the F. 3. and S. H.
regression models minimize integrated squarad bias andrintegrateq
variance simultaneéusly and thus no "better” class of designs could be
found by using the Hader-Karson-Manson "ninimum bias estimation"

technique.

7. The Admissibility of a Response Surface Desipm

The approximate theory approach to the optimal design of cxperi-
- ments 8s described in Section & chQ?acterizes an optimal design 6* )
as one which minimizes some appropriate real function of the informa-
tioﬁ matrix M(8) defined by the relations (4.3) and (4.4). In this
1ight, the standard concepts that have so far becen developed concerning
the admissibility of an experimental design (see [19], pp. 808-812)
have been based on the following definition.

Definition 7.1. A design § ¢ A is said to be aduissible if there does

not exist a design §' € & such that M(6') > M(§), where this inequality
signifies that the matrix M(8') - M(3) is positive semi-definite and
M(8') ¥ M(5).

It is important to realize that this notion of admissibility is

based solely on variance considerations and impllcit in Definition 7.1



27
is the assumption that the model (4.1) exractly represents the true
response at every point X c;é.;‘in otier words, no allowance 1s made
for the possible occurrence of bias errors resulting from the use of an
incorrest model. However, such as assumption is not emiirely realistic
in a response surface setting where a graduatfag function such as a
poiynomial will always fail, at least to some extent, to describe a
responsn surface. The necd to consider an alternative to the approxi-
mate theory concept of admissibility as expressed in Definition 7.1 is
even further emphasized by results nentioned earlier ({21, (31, (81, (9],
[10], [11}) which illustrate in typical sitaatlouns the overriding
importance of bhias considerations when salectling a responge surface
design to minimize integrated mean-square error.

Motivated by these considcrations, we now proceed to define the
new concepts of V-, B~, and MS- admissibility, which have particular
appeal in a response surface tramework. Tn the notation of Section 6,

let e(§,6) denote any of the following three functions:

-1
(7.1) V() = £gy G ¥;,(6) £y (s
. Bg(x384)3
and,

vhere BG(§;§2), A(s), Mll(ﬁ) and MIE(G} are piven by (6.1)~(6.4).
Then, we have

Definition 7.2. A design 6 ¢ A 1s said to he variance (V=), hias

(B~), or mean-square (MS-) admissible, depending on whether e(x,8) 1s

equal to Vﬁ(g), B&‘E;QZ)’ or Hss(§:§2), respectively, 1f there does not



exist a desiyn &' € A such that e(x,8") < e(x,8) for every X €'§§ and
e(§0,6’) < e(:\:O,G) for some X a%.

It 18 easy to see that the properties of V~, B~, and MS~ admissi-
bility are certainly desiral.le ones for a rasponse surface design to
possess. In fact, one should feel scmewhat disappointed in iearning
"that a response surface design which minimized some meanfingful function
like maximum or integrated mean-square error, say, was not MS-admissible.
' Unfortunately, such a situation is not out of the realm of posaibility;
for example, a design which minimizes maximum squared bias i3 not neces-
sarily B- admissible.

The following theorem, & take-off on a result in [13], ﬁ. 62,
attempts to shed some light cn this problem by characterizing an impor~
taﬁt situation in which a response surface design can be said to
pessess one of the types of admiesibility introduced in Definition 7.2.

First, a preliminary definition.

Definition 7.3. Let-aé be a metric space with wetric d. A point X9 € aé

is said to be in the gupport of a weighting function w e?ﬁ%‘.Lf, for
every € > 0, the neighborhood ﬂa(§0) = {§ E;éé: d(§,§0) < €} has
"positive weight" in the sense that j dw(x) > 0.
N (3)
Then, we have

THEOREM 7.1. Let % be 8 metrie space with metric d and assume that
the functions (7.1), (7.2), and {7.3) are esch coatinuous iu x for all
& e A Then, a design 6* € 4 is8 V-, B~, or M8~ admissible depending

on whether e(x,8) has the form (7.1), (7.2), or (7.3), respectively, if

*
6* minimizes e(w*,é) - J e(x,8) dw?{f) with respect to some w e'\ﬁ%%
%
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and if the support of w* is%%é itself.
Proof. Assume that 6* is not admissible in the sense of Definition 7.2. ;.
Then, there must exist a §' ¢ & for which e(x,48') < e(f.é*) for all
X E%and for which n = e(:go,é*) - 9(50"5') > 0 for some X € %‘
Recavse e(§,6) is continuous in x for each 6 ¢ &, there exists an
£ > 0 such that le(f,é*) - e(go,éw)].ﬁ n/4 avd je(x,8") - 3(50'6')|
f’nlé i1f XE Nc(fd)' Thug, for X € Ns(go). e(g.ﬁk) - 5(5,5')‘1
(e(ggo,é*) = n/4) = (e(x,),8') + n/4) = e(ggo.G*) - 2(%5,8") -~ n/2=n/2 > 0.
Hence, we have e(w*,G*) - e(w*,é') - J (é(ﬁ,é*} - e(§.6')) dw*(f)
2 (e(§,6*) - e(§,6')) dw*(g) z,%' J dw*(§). But, since

N (xg) N (x4) '
% is in the support of w*, the last expression above is strictly
greater than zero. This contradicts the assumption that 5* minimizes
e(w*,ﬁ) and completes the proof.

It is clear from the structure of the fuuctions (7.1)-{7.3) that
the continulty assumptions in Theorem 7.1 are not the least bit
restrictive, énd. in fact, obviously hold for the standard regression
models such as polynomials and varfous trigoenometric functions like
(1.1) and (1.10).

Theorem 3.1 provides greut incentive for constructing and using
response surface decigns which minimize a given measure of exror between
the fitted and true models that is averaged rather than, say, maximized
over*; in particular, it lends support to the work of Box and Draper
gnd Draper and Lawrence and shows that their WV, WB, and WMS designs

are V-, B-, and MS- admissible, respectively. (The designs that we will

propose for F. S. and S. H. regressiun will be simultaneousiy V-, B-,

and M5~ admissible).
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' ~ Finally, it i{s important to nontion the fact that admissibility
in the sense of Defiuition 7.1 is "stronger" than V- admissibility
since a design § € A which is admissible in the former sense is clearly

V- admissible, while the counverse is not necessarily true.



CHAFTEK iI1
OPTIMAL DESIGNS FOR F. §. AND S. H. REGRESSION

. * *
8. Optimal Properties of M(GFS) and M(GSH)

Working in the framowork of the approximate theory and using
the results in cﬁapters 1 and II, we will, in thais sectioun, charac-
terize the optimal designs 6;8 and 6:& for ¥. &. and S. H. regression,
respectively, of order d in terms of their corresponding informatlioa
natrices M(ﬁ?s) and M(S;H). The many optimal properties possessed
by the approximate designs 6;5 and 5;H will he emphasized. The
important question of whether 5;5 and GQH correspond to axact designs

in certain cases will be answered in the next sectiom.

Now, for the S. H. mcdel, we define from (1.14) the quantities

(801) S[Q] (0,9) = S(O)(B'¢) « 13 gin] 8,¢) “[Pn(cose),

2 172 9 1/2
<%Rn+1;> cos$ Pn1(°°se)' C?f;;{%) sind Pnl(coaa), cers
| (a-m) /2 1/2 ,
, <?(2;:); cos mo F“m(cose), g%ﬁiﬁ%%) gin m¢ an(cose),

a

2 12
cans <%§§7£> cos nd Pnn(cosﬂ), C%ﬁﬁsi) gin nud Pnn(coae)},

nw 1, 2, LI di
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Correspondingly, we let SQUJ be the vector of eloments of §§n)

with suitable multipliers attached so that V (3,93 ;3‘) - gi }(9 ¢)B[n]

in particuiar. it follows from (1.15) that

' 1/2 (r+1) 1/2
i = Bgw = %0 Bgu '[ ((_nt)_) ( >

(8.2) Bbﬂ
R ) T () )“‘

ay \1/2
(i‘%‘-)-’—) Bm],n-.l, 2, ey do

So, using (8.1) and (8.2), we are able to write (1.10) as

(8.3) N (@038 = £'(8.8) Bgys
where

¥, =1 £ ' 1
(8.4  E'(8,8) C’Wlw””’ £117(8:8)s ..o, ;_[d,(e,¢>

and

(8.5) Bon = <[°". am', géﬁ’).

~

It follows from the addition theorem (3.9) that
' ) - -
. (8-6) £[n1(99¢) 5[n)(9;¢) 1’ n 0, dy 1oy d,
and hence that
| | * *
(8.7) S '(90@‘) g (99¢) - (d"l)'

The velations (8.6) and (8.7) are snalogous to (1.8) and (1.9) for the
F. S. regression model.
First, consider the problem of finding WV designs for F. S. and

S. H. regression of order d. If the model to be fitted by least squares
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is of the general form (4.1), thzon, in the framework of the approximate

thuory, it is desired to find a measure 6* € O wvirich wminimizes the
. . A ~1 o) - |
quantity ~= Ve(w) = | LTOOM (8)£(x) dw(x), where M(S§)
o. L3 ad L

n
,§(§i)£'(§i) and v € Vgﬁ. In what follows, we shall find it con-

P
1-1"1

[0

&~
e
i

venleat to write ~§—-V6(u) as MEE VG(w) - tr[H-l(é) J §(§) g'(§) dw(g)].
2 %*

Now, for S. H. regression of order d, we wish to find a design

6;u which minimizes the ruantity
N * 1 *-] 2" ¢ * *
5 Vs Vo) " % tr{# (Bg | | £(0.0) £7'(8,0) sind da0ddy,
0 0
where
(8.8) WS = Iy vy £ 08,00 £ (0y0t)

and where the integraticn can be considered to be perforned elther with
respect to the uniform weighting fuﬁction on thea surface of a sphere or
with respect to the weighting function wgﬂ(0.¢) w (l-cost)$/4m on the
rectangle {(6,$): 0 <8 <=, 0 <422}

L J
Note: The fact that we are working vith M (GSH) instead of M(SSH)
. YP ' wi .
s JP_w, £(8,,8,) £7(8,,4,) will oot affect the characterization of the
WV design G;H. More will be caid about this later in the section.

* *
From (8.4), it is easy to see that £ (0,9) £ '(9,¢) is a
(d+1)2 x (d+1)2 block matrix with fte typical clement being the

(20+1) % (2n'+1) matrix g{n](a.o) g;n.](e,¢), n*0,1, ..., &,

2' =0, 1, ..., 4. Using (2.2), (2.8), (2.12) and the orthogonality
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properties of the "spherical harmonic sequence” discussed in Sectlom 2,

~we can write 1

21’ ki - i 09 n*n‘
1 . :
(8.9) yre I I fln](9,¢) gin,](e,¢) 5in@ dadf-u < ',
o 0 | Gy Tam™™
\

where In denotes the identity matfix of order n. So, from (8.9), it

followas that

N '* k-1 *
. 1) SH
where

*
(8!11) DSH = diag[l; %‘%}'§; %I%”%f%’%; LI t; l/(23+1) 4 vesy 1/(2&‘*’1)} .

5 *
Thus, &5 ’V‘S (wSH) i a function valy of the diagonal elements of
o SH

%=1
(683)'
Similarly, for F. 8. regression of order d, we are searching for
*
a GFS which minimizes
2T
N * N R ¢
v, g =k il | 5@ £ als
g ¥S 0
vhere
- P ) 4

and vhere integration can be lcoked upon as being.performed with respect
to the uniform weighting function w;S(¢) w ¢/2r either on the clrcum-
ference of a circle or on the clesed interval [0,27]. By appealing to
(2.2) and to the orthogonality properties of the "Fourier sequence”

and by noting, from (1.6), that £()) £'($) 1s a (2d+1) X (2441) block



matrix with typical element f G £ i n =0, 1, oua, d,

$:9 )
'+« 0, 1, vo., d, it follows that s
2n !&, n#a'
. 1
(8'13) Iy tn) (é) l(n )(‘y) d‘y ‘\’ 1 s U n = 0 »
0 + 1,, nwa' >0
and bence that
N # -1
a B P T
(8.14) 2 Vs (’"rs) trl (6},5) D}.S}.
where
11 11 11
(8.15) DFS = diaﬂ{ 2’2' 2,2’ »""-2'2].

Note that (8.14) involves only the diagonal elements of MPI(GFS).

The implications of the following twe remarks will be quite
useful.
Remark 8.1. The set of (2d+l) integers {0, 1, ..., 2d} can be par-

titioned into (d+l) disjoint sets A,, Aps coes Ay where Ay = {0}

d!
and A = {2u-1, 2n} forn = 1, 2, ..., d,
Remark 8.2. The set of (d+1) integers {0, 1, ..., d(d+2)} con be

partitioned into (d+l) disjoint sets BO’ By, «-sy By, where B = {0}

0
and B_ -'{nz, n“+2m-1lforme=1, 2, ..., n, and n° + 2m for m = 1,

2, cees 01}, n = 1, 2, «s.y d. Note that Bn has (2nt+l) elements,

n=0,1, ..., d.

d(d+2)

*
1,4%0 ° where M (8

If we write M (5SH) - ((mi j(GSH))) ) is

SH
given by (8.8), then the form of (8.4) and the partition discussed

in Remnrk'B.Z allow us to make the following identifications:

(8.16) * 2 2(:SSH) - Zi 1 Py ;(cone ) P (cosﬁ )
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(é! i m &)
n' e ,n2+2m*1 s

=y

» Yo, i, )G TP a e
Combin1"i P leos ) cos W R le0s )

tw

& .
(3 . 18) W (6 " )
! : ,,rtz+2m s

™ Qnmzfni“ ? ,(coa} ) sin m¢ P (eoa& Js

8.19) o (4

)
nz+2m~~l,n 12400 -1 SH

= Cn ”n'm'zi-lw cos wp, P (cos ) cos m ¢i Py 1(cosb ),

(8.20) m*z ,  (5g)
n“+2m-1,n' “+2n’

= C C

TP - ' .
o Co m'Lislwi cos m¢i an(uosei) sin m'¢y Pn.m,(cosei),

(8.21) w (8,.)

? 'y
n242m,0' 42" OH

«C C_, .yitlwi sin wh, p . (cusd;) sin n'e, Pn.m.(cosei),

am nm
1/2
2{n
where Cn (}%‘T"gt .

In a similar manner, 2 labeling of the elements of H(sFS)

= ((m1 j(ﬁfs)))i =0 3B be made by using the partitioning of Remark 8.1
and by noting the form of {1.6). 1In fact, it is easy to see that the

following relations hold:

(8.22) (GFS) =1,

®a,0

" ’
(8.23) My, 2n-1Opsd = Lgan¥y ©°8 POy
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% w T in nd
(8.24) mo,zn((.mq) Ei*lwi sin ng .
ne 3 = Y v cow '
(8.25) M1, 20" -1 pg) Zi*l“i cos ng, cos n'g,, .

(8.26) .(éps) = cos n@i sin n'¢i,

p
Bon-1,2n 1=1Y4

x VP ) A 1
8.27) m2n,2n'(6Fs) Einiwi sin ng, sia n ¢i.

*
For notational convenience, we shall sometimes write m, j for
.9

,j{G } and m; 5 for mi,jcaFEQ'

Using (8.18), (8.19), (8.21) and (3.2), we can show after a
little work that the following rclations hold among the disgonal elemente

*
of M ( SSH) :

* ‘n * *
(8.28) », . = 1; m + 3% (m +m ) =1,
0 0 nz,n2 wel n +2m-1,n2+2mrl n2+2m,n2+2m

a» 1, 2', sesy d.

And, from (B8,22), (8.25) and (8.27), it is obvious that

(8.29) mn = 1 = 1’ u = 1, 2, evey d.

0,0 » Bon-1,20~-1 + ®on,2n

Now, the form of (8.11) permits us to express (8.10) as

2 2
N *0,0 , »d 1 *n,n
(8:30) 5 Vs, s "+ ey T {“‘

2inq R, 2 2
+ En l(mﬁn +2m-1,0"4+2m~1 g +2m,n +2m) ,

where H*_I(SSH) - ((m*i’j(5sﬂ)))gf§ig)“

Similarly, if M-l(G ((m 'j{éFS)))i ,§0° then, from (8.15),

FS)
we can put (8.14) in the form

Moy oy wally ?Yd (@210l 20,20y
2 6? 5

(8.31) o
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Trom the structures of the sxpressions (8.30) und (2.31), it

* 7 *
follows that we can minimize Ny (w,,) and K.y (w,.) by properly
2 (S b}{ 2 (S . F3
o Sh g Fs

*an -
speci fying the values of the diagonal elemunts of M 1(5 ) and M l(éps).

SH
ruspectively. However, the optimal choicea for these elements cannot
be made freely, due to the relations (B.28) and (8.29). To take these
restrictions into account, we use Lagrange's technique and attempt to

*
minimize by proper chioices of M (GSH) and M(GFS) the quantities

2 2
*n" 40

2 "l 2, *, 0k
n . *i2m-1,n%42m-1 4 0 F2mn T+ -
+ 3% (m " )y o+ ?«o(xﬁo,0 1

x| *
+ Z§=1 n{ + zm (m 2 2

o +2m-1,n +2m-1

+ m*z 2 ) had 1]’
n 4+2m,n"+2n
and
—R 1s 2n~1,2n-1 2n,2n -
(8.33) f(SFs) n + Zznsl(m + m ) + Ao(mo,o 1)

+ In~1 Maono1,20-1 ¥ ®2ny20 L)

respectively. The k*'s and A's appearing in (8.32) and (8.33) ere
Lagrange multipliers.

Before we proceed with the minimization of £(6SR) and E(GFS),
the following result will be nceded.

- a e ((atd )
Remark 8.3. Let A ((aij))i,j=l' A {(a ))i ,4=1° where A is
taken to be symmetric and non-singular. From AflA » I » we have

a3 A + A71(28/2a%8) = 0, vhere (3A/3s%%) = ((2a, j/zm N yu1-

v



Thus, it foilows that

"‘AEmaA, O = S

oa/3a™ = -a(0A"1/35%%) :
|- A(E B A, a8
where EaS {s the n*n matrix with a one in the (o,8)th position and
zerns everywhere else. More apecificallr, if g = (a 1.3 "’8un)
represents the ath row of A, then zm/aa“" =-a, a&, or

aaij/aa““- -a {1, 2, vees s 3 =1, 2 cvsy na

ol %y’
Using {(2.32) and sppeaiing to Remark 8.3, we have:

2

2
*”,n _ L,k %2 o x [ %2
(8.34) 2£(Sg,)/%m = UEm -y I *n'[mnz 2

n .

' *2 *2
+ lare® 2 2 tmy 5 Db
a0 42’1 . % ,n'%e2n!

0 -0. 1, seey d;

*2
m

2. . 2 |
(8.35) awmwm“+m“m+M1.1nmn-x*
n +2m-1,0

0

n'=1 *n'|® 2 2t lpta1™

n +2m~-1,n n +2m-1,n

- Zd A* *2 v“’ *2
"2

+2mt-1

*

+m2 P )53"1;2. 'bc,ﬂ,n‘l’Z,voo,d;
n2+2m—1,n"'+2m'

and‘,

m*z
0 wdi2m,0

* %2
- + (m
En =1 n { 2+?m,n'2 zm =1 n2+2m.n 2+2m -1

2 2
(8.36) O£(8.,)/m *n"+2m,n" +2m

sn » 1/(2n+l) - X

*
+m 2 2

2 . ')])D“lg 2’ & .oy n’n'l, 2’ LI Y do
n +2m,n’ +2m

38
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Equating the (d+1)2 partial derivatives (B.34) ~ (8.36)7to zern and
solving the resulting set of non-linear equations in conjunction with
the (d+1) relations givan by (8.28), we obtain the following solution

* * %
which characterizes the WV design 6SH in terns of M (6sn):

(&N)%m-l;fz,'m* -a , = 1/(m1),

n ,nz n2+2m—1,n2+2m“1 n2+2m,n “+21

*
m=1, 2, o, i,nm™l, 2, 0., dim =0 i1f £ ¥4 3;

1,3

*
and, An = (20+1), n = 0, 1, ..., d.

Similarly, it follows from (8.33) and Remark 8.3 that

0,0 2 d 2 2 .
(8.38) M(Bpc)/om™™ = 1 = Xymy o = ]y Anlog on g + 0,200}

n-1,20-1 _ 1 _ 2 - vd 2
(8'39) af(st)/am ’ - 2 Ao m2n-1’0 ﬂ'ﬂl A'n' <m2n"1,2n'-1

2
+ mzu‘-l'zn.); n ™ 1, 2' LA d;

and,

in,2n0 1 . 2 _pd 2 2
(8.40) af(an)/am . 2~ %0 ®a,0 Zn'-l An'(m2n.2n'~l + m2n,2n')’-

N n‘l, 2, sesy d-

As before, we szt the (24+1) partial derivatives (8.38) - (8.40)
equal to zero and solve along with (8.29) to obtain the specification

* R
of SFS inrterma of M(ﬁFS), namely,

(8.41) = 1 =1/2, n=1,2, ..., d;m,, =0

®0,0 Pon-1,20-1 © ®2n,2n 1,3

1fifj;and,lﬁl,ln"l’,n'l,z,.n,d.

(¢}
® *
To conclude, as we have dcne, that the designe 6SQ and 6!q,

. * X *
characterized in terms of their informatlon matrices M (GSH) and H(éFS)
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by the solutions (B.37) and (8.41). respectively, are indeed WV
desipus, it is necessary to show that the expressions (8.30) and (8.31)

*
are minimized, subjeat to the vestrictions (8.28) and (8.29), at 6SH

#
and GPS'
To do this. we proceed as follovs. Let the (d+1)% x (a+1)*
e* o *x . d{d+2) . . ., \ “ )
matrix FSH ((fij))i,jcﬂ have as its typical elument the quantity

L D, % . .
tij € i(ﬁSH)IOm om )(8.37) (i.¢.» the secoud partial deriva

tive of f(6SH) evaluated at the solution (8.37)), and let the (d+1)2

* d{d+2),d

*
s ™ (85107420, nm0 Do defined such that

X {d+1) matrix G
* 2 *if ¥
Bin (9 f(éSH)lam Bka)(3.37). Then, a necessary and sufficlent
) * %*
condition for §--“V (W..,) to be minimized at & subject to the
0,2 5 SH SH SH

conditions (8.28) is that the xoots of the d{d+l)th degree polynomial

f ¥ AL o
Foy™M  Sgy
in A obrained by expanding = ( are all positive.
Con 0 }

*
(See Hancock [16], Chapter VI). Similarly, Ef Vs (wFS) achieves
3 FS

« ,
its minimum at 6FS subjaect to the conditions (8.29) if the roots of the

F_.~Al G

FS Fs
dth degree polynomial in X obtained by expanding =0
t
GFS 0

are all positive, where the (2d+l) X (2d+1) matrix ?FS - ((fij))ifjao
has as its typical element £,, = (azf(é )/E)mii amjj) and where
YF 1j *10ps (8.41)
2d4,d
the (2d+1) x (d+1) matrix G o = ((gin))iﬂé;ﬂ*o has as its typicol

2 i1
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* R
SH Fs’
" ,
GQH and ﬁrc is tedious but straightforward. For example, from (8.34)

2 *n2 n? a2 n'z
and Rewark 8.3, it follows directly that 3 f(ﬁqa)lam ™ m ’

Now, the determiration of the elements of the watrlces F,., F

] *

+218 2 fv* n -
OIu el
,0 n’ =} n | nz’n..z n.z’nz .n.z.n..z

* *
23

*
m m »
0 n2,0 n'z,nz n'z

*® *

+ Yn.' (m* w n
tr
‘m’ el nz,n"2+2m"-1 a'z.nz n'z,n"a+2m"-1

» 3
+n 2 m* 2 2 m* 2 2 )|, and so, using (8.37), we
a%,n'" 42" a'%0° o"cn" ' Yeont
Cifn¥n' i
*
have £, s = for 0 < n, n' < d. It is just as
i 9 .
TR 12/@ar)? 1 nen'
% .
straightforward to show that, in genersl, fo 0" 2, f‘z 2™
’ n ,n
* * 2
f 2 2 - f 2 = 2/(2“+1) s I = 1’ 2, seeg n’
1" 2m-1,n"4+2n-1 n 4+2n,n"+in
2 d, and £7, = 0 4f 1 4 4. 1T vds, Fr, = 2002
nel, 2, ..., d, an i = Q if i 4 3. n ¢ther words, FSH L Su®
where Doy i given by (8.11). Also, from (8.34) - (8.36), it 1s
*
readily verified that 8.0 = -] and gf =0 fori=1,2, ..., d(d+2),
s 1)0 . ‘
and that, for each fixedn, n= 1, 2, .., d, 8 =g,
‘ n,n n +2m~l,n
* *
-5, = -1/Co+)? form = 1, 2, .u.\ n and gy, = O for all other
B +2m,n

i. Thus, it follows that 2/(2n+1)2 ig a root of multiplicity 2n of

Fo-Al G
SH Coy
» 0 forn=1, 2, ..., d; since these d(d+l) roots
*! -
Oy 0

*
are all positive, we can conclude that gy 18 @ WV design for S. H.

regreaﬁion of order d. Similarly, using (8.38) - (8.40), we can show

that Frs - 'gg' where D 3 is given br (8.15); also, it is clear that
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gy.0 * -1 and 80" O for L1 = 1, 2, ..+, 2d, and that, for each fixed
s ]

Re 1 = 1, 29 seey d’ gzn“‘lgn - gzn”n - "1/‘. and gin = 0 for all

other 1. Since it follows from thess resulte that 1/2 is a root of

FFS"AI GFS
multiplicity d of - 0, 5?9 is a WV design for F. S.
]
Gl’s ]

regression of order d.

Using (8.37), we can then say that a WV design 6;H for S. H.
regression of order d can be characterizéd as one whose Information
patrixz has the form M*(‘Sgn) - D;H’ vhere M*(GSH) is given by (8.8B) and
DY, by 8.11); also, from (8.41), it follows that a WV design 8pg fOr
F. S. regression of order d has the informatiom matrix M(G;S) - Dys"
vhere M(GFS) is given by (8.12) and Do by (8.15).

Ve can now appeal directly to Lemma 5.2 to show that S;H and 6;8

are also MV designs, since, from (8.6),
' *‘1
(8.42) £ '(8.0) D, £7(0,) = 2 020+ £101(0.8) £11(0,¢)

- 18 2H) = (a40)%,

and, from (1'8)'
(8.43) f' (¢) DFS f(@) - f(O) (¢ f(O}(¢) + Zzn.l (n) (4) f(n) (¢)

-1+ 2] () = 2e40).

Also, we must have
N * 2 N %

(8.44) = V., (W) = (d+1)€ and =5 Vs, (vp) = (2d+1);
oz 6§H SH 52 6;8 ¥S

(8.44) is obvicus from the form of expressions (8.10) and (8.14).
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Thus, we have been sble to characterize, in terms of their cor-
responding information matrices, the optimal approximate designs G;H i
and 6;5 for S. H. and F. S. regression of order 4 which simultaneously
minimize both a weighted average variance and meximum variance over
cartain specified regioms.

The general discussion given in Section 6 will now be used to
show that 6;3 and 6;8 are also WB designs. 1In particular, suppose that
the S. H. model to be fitted by least squarcs is of order d, while the
true response is nd.(6,¢;§sa). where d' > d > 1. Then, in this setting,
we know from the results of Section 6 that a WB design can be charac-
terized as one which makes the (d+1)2 x (d+1)2 matrix H;I(dsﬂ) (or,
equivalently, H*(GSB)) equal toA;1 (again, no problem will result from
working with H*(6sn) instead of M(Gsu)) and which makes the (d-i-l)2 x

] * ®
(4'~d) (a"+d+2) matrix M,,(8g,) = Zg—lwi £00,,6,) £,'(8,,9,) teke the

form A;é, where Mf(ﬁsn)'is given by (8.8),

g;.(6:¢) - (ﬂdﬂ](e’“’ srey fidl](9’¢))’ .
an w

- i ] J £7(0,0) £77(0,6) s100 dbay,
0 o
» 2r %

Ay, =i I [ g*(e;tb) g;'(e,w sind d6d¢,
0 0

®

A11

12 &

and vhere the 1ntegrals‘are to be given the same interpretations here

as they were for the WV design problem discussed earlier in this section.
* % ® *

Now, it is easy to see from (8.9) that All = D, and A12 = 0, where Deyy

is given by (8.11). Hence, the WB design for 5. H. regression, which

is only appropriate when the bias e«rror is due solely to the fitting

(by least squares) of an S. H. model of too small a degrea, is simply
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*
the WV and MV design SSH’ characterized earlier in this section, which

L : , ® % *
has its assoclated information matrix M (5SH) = Doy of "large enough

size" to insure that the orthogonality conditions implied by the matrix
x &
equation Miz(GSH) = 0 are satisfied. This last notion will be made more

precise in the next section.
In & completely analogous manner, it follows that a WB design

*
5rs for F. S. regression has an infcrmation matrix of the gemeral

form DFS

2n
L[ s @ a6 g ana myp = Bogv, 500 56
o .

» since we are to take “11(655) =S M(Sps) equal to

21
equal to 3- ] £(0) £1() ¢ = O, where £3($) = (g'@m OR

FS

0
cees gzd.)(¢i>. Again, D__ must be chosen so that the orthogonality
requirements given by MIZ(G;S) = 0 are fulfilled., It is important e
to mention that the WB designs 6;5 and 5;8 also possess another
desirable property which was discussed in Section 6; namely, the

*‘1(5:}1) MIZ(G;H) and “5;5)

alias matrices Af(égu) - M
- H-I(G;s) le(s;s) are null wmatrices.

Since G;H and 6;5 are also WMS designs in the above framework,
it follows directly from Theorem 7.1 that they are each simultaneously
V-, B~, and M5~ admissible. And, by appealing to Theorem 7.1, p. 808,
of [19] and to the relations (8.42) and (8.43), we can show fairly
directly that G;H and G;S are also admissible in the sense of Defini-~
tion 7.1.

Now, the optimsl properties of G;H and 6;5 that we have discussed
so far are relevant mainly in a response surface setting and that is

vhy they are concerned with estimation of the entire regressiom function
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rather than of specific parameters. In what now follows, we will show
that the information matrices D;“ and Dpo also possess several impor-
tant properties which are intimately ralated to the»optimal'estimation
of individual regression coefficients in the S. H. and F. S. models and
nf weaningful functions of the coefficients.

VFirst of all, since G;H and‘G;s are MV designs (or "G~optimal"
desighs in approximate theory terminology), the Equivalence Theorem
(see [23]) wmentioned in Section 5 allows us to conclude that ]M*(Ssn)l

* *
and |M(8 atre maximized at 6sn and at 6?8’ respectively; in other

FS)'
* * 1 "
S and 653 are both "D-eptimal”.
Before considering some other design criteria, let us digress for

~ words, §
Just a moment to make the following remarks. In all the work that we

have done in this secticn up to now, the optimal approximate design
*

6SH

has been characterized using M*(ﬁsx) instead of M(GSB)
= 10wy £08,,8,) £'(6,,9,), vhere

* 1/2 1/2
(8.45) M (ésﬂ) - GSH_ M(GSH) Goy »

GSH being the (d+1)2 x (d+1)2 diagonal matrix

(8.46) | Gy = diag(gys 8ys -oo» gyl

where

. o = 2 2 2(n-m)! 2(n~-m)!
(8:47) go - 1, §n [l’ n(n"'l)’ n(‘n""l)’ seey (m.)L!—’ (m)!, vaoy

2 2
(2n)!' (2n)!

}, n= 1’ 2, eessy d-

.
The expression (8.45) giving the ralationship between M (SSH) and

M(GSH) follows directly by noting from (8.1) -that
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2 8,4,

. ) '
(8.48) £(0,0) = Ggp” £

Similarly, from (8.2), we can write

* -1/2

(8.49) Bew = G Pane

Now, one can easily verify that the design criteria for S. H.
regression so far considered are invariant under the pair of trans-
tormations (B.48) and (8.49) in the sense that, for any of these cri-

: * X, %

teria, the optimal design 6SH characterized by M (53R) is exactly the

same a5 the optimal design 6§H characterized by M(Ggg). The reason

we bring this poiat up st this particular time is that the design cri-

teria now sbout to be discussed do not possess this desirable invariance
. _

property and hence, for these criteria, the designs SEH and S:H will,

in general, be different. In what follows, we shall continve as before

* .

to work with M (GSH).

Techniques complet2ly analogous to those used earlier in finding

WV designs for S. H. and F. S. regression can be applied to show that
* & . "o
8., and 8. are both "A-optimal' designs; in other words, tr M 1(6 )
SH & FS SH
-1 ‘ * »
and tz M (GFS) are minimized at GSH and at 6Fs’ respectively. In
* ®
brief, the verification of the A- optimality of 5SH and 5FS follows
directly by using the differentiastion formulae of Remark 8.3 to mini-

*0’0 + Zd [m*n2,n2

21
mize the quantities tr M (6SH) - m n=l

n @y
+ znnl(n'
+ Xg-l(m20-1,2n-1 + m2n.2u

(8.29), respectively, which are introduced via Legrangian multipliers

2+2m—1,n2+2m-1 + m*n2+2m,nz+2m)] and tr M—l(é ') - m0,0
¥S

) subject to the restrictions (8.28) and

as 1n (8.32) and (8.33).
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Now, let M($) be the information matrix corresponding to some
8 € A, where M(S) has the typical elamcnt*nij(é) = “11; sinilarly, 1¢¢
uxJ(S) 2 mlj be the (1,j)th entry 1n‘M71(6). In this franmework, we
give the following definition (see Elfving, [12]).
Definition B.1. A design 6 € A s said to be m.s.p. (minizax with
respect to single paraneters) when it minimizes MAximii on A; it is

said to be m.st.f. (minimax with respect to standard parametric forms)

wvhen it minimizes MAX g' M—I(ﬁ) c on A.
c,c'c=l

N ar my
~

When all the parameters in the fitted model are to be included
in the mianimax approach defined above, we shall refer to this as
"total minimaxity"; when only a subset of these parameters is of
interest, we will be concarned with “partial minimaxity”.,

In the above setting, let h be a subscript for which h

- "1”1‘11' Then, since uhh.3 t'hh)~l’ we have
(8.50) mxatt > o™ > @)™t > ker e,

where M(8) is teken to be (kxk). Clearly, a sufficient condition for

equality is that M(S) = Alk for some A > O.

1f A(M) represents a characteristic root of M(S), then it follows

that

(8.5) MAX o' MMO) = A (0N = 1A, (D) > k/ex M(E);
cycie=l ” ~ .

again, a sufficient condition for equality is that M(8) be of the form
AIk for some constant A > 0.
In those situations when tr M(3) ls either constant on A ox has

sn obvious upper bowmd, it is clear that (8.50) and (8.51) will then

e
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provide lowex bounds for MAximii and MAX ¢’ M*l(é) ¢, reepectively.

c,cleml

bluke LT Mﬁidsn) = tr H(G ) = (d+1). it follows that the quantities

MAx, ol

{ and HAX "M (6) ¢ have a lower bound of (d+l) for

] c~1

- o e

M (OSB) and a lower bound of [1 + (d+l)} for M(S ). Except in the

C ox
uninteresting case d » 0, these lower bounds are not attained by GSH
*11(5* *—1

'
sg? = MAX

c,c'cel

~ N

*
and GFS’ since for d > 1, MAxim (6 ) c =

(2d+1) and MAX m (5 ) MAX et M (5 ) ¢ = 2., In fact, the
c,c'cml ~ -
*
restrictions (8.28) and (8.29} prohibit us from choosing M (Gsn) and
®

H(GFS) to be multiples of identity matrices. Thus, the designs GSH

*
and GPS are neither m.s.p. nor m.st.f. in the context of "total
ninimaxity” with respect to Br and B

v sH 2rs

In the framework of "partisl minimaxity", one can develop inequal-
ities completely analngous to (8.50) and (8.51) by introducing the
notion of a "partial information matrix". By appealing directly to
Theorem 3.4 of BElfvisg [12], we may conclude that, for cach fixed n,

. .
8oy 18 both m.8.p. and m.st.f. with respect to the (2n+l) elements of
*

Bé;} given by (8.2) and that GFS is both m.s.p. and m.st.f. with

regpect to the elements of g;g) given in (1.4), a = 1, 2, ..., d.

The partial information matrices corresponding to F[n] and B(n)

i1
(GotD) ‘zn+l

and-% Iz. respectively.

We may summarize the more important results of this section in

the following theorem.
* ®
THEORKM 8.1, The approximate designs GSH and GFS characterized by
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. the information matrices M*(S;B) = D; and ‘4(6 ) - D“S’ respectively,
' possess the following optimal properties:
(1) they are orthogonsl designs (i.e., D:H and DFS are diagonal);
(ii) they are WV, WB, and WMS designs with regpect to the least
favorable weighting functlons w;H(9,¢) = (l1~cosB)¢fédmw, 0 < B < W,
0<¢ < 2u, and w;s(¢) = ¢/2w, 0 £ ¢ < 2% (see Remark 5.1);
(1ii) they are V-, B~, and MS~ admissible, and they are also admissible
in the sense of Definition 7.1:
(iv) they are MV and D- optimal designs;
(v) they are A~ optimal designs; and,
(vi) they ére m.s5.p. and m.st.f. with respect to the eluments of
[n]and B( ), nw=l, 2, ..., d.
Conjecture: This author feels that 6;H and G;S are also MB and MMS
. designs but has not been able to justify this belief.
Let us emphasize again that the design G;H characterized by
M*(Ggu) = D§H can be claimed to be identically the same as the design
égﬂ characterized by H(Sgu) - Do, = GS;/Z ;H G;;/Z’ where D;H is

given by (8.11) and whare G_. is given by the relations (8.46) and

SH
(8.47), only when referring to parts (i) - (iv) (and pot to parts (v)
aud (vi)) of Theorem 8.1.

One final word is in order concerming the minimaxity criteria
of Definition 8.1. sﬁppose that the model under study is of the form
(4.1) and that there exists a design 6* € & for which M(ﬁ*) is a
diagonal matrix D, where M(S) = Z, -1 ¥y £ f(x ) f (x ) for any § ¢ A.
Then, 1f we write £'(x)8 = (0 2£())" (n" 2

*
. that § is both m.s.p. and m.st.f. with respect to the slements of the

B) = g '(§)§ » it follows

paramater vector g* - Dllzg since M*(G.) o D-lizn(ﬁ*)n-llz = T, where
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e
M (8) = i 1% £ f (x )£ '(x ) for any & € A. This result implies,

using previous notation, that 5SH is m.8.p. and m.st.f. with respect

/2 % ®1/2 ~1/2 *
to Dg, BSH Do oy §SH and that 6?8 is w.s.p. and m.st.f. with
respect to Dllz gFS' From theee comments, it is clear that one need

only search for a diagonal information matrix to conalude that the
assroclated design is both m.s.p. and m.st.f. with respect to scme set

of parameters.

» *
9. The Characterization of GSH and 5”8 as Rotatable Arrangements

Consider the estimated response yd(§;gy) = £é(§) bp «

2 2
bo + blx1 + bzxz + ... * bkxk + bllxl * ane + bkk?k'+ bllexz +

‘ 3
ces + bk-l,k?k-lxk + blllxl 4+ ..., which is a polynomial of degree d
in the k variables %y Xps vees X cbtained by the method of least

squares using a design 6? consisting of the N points

x..(x ’x.’ e0 ey )11.1’ 2, ceo oy N.
i 11* *21 e
a a Q
. -l 7N 1.2 4
If we write H(al. Ogs +evs uk) N Zi-l Xyg ¥oq **° X g0 then

the set of design points {§1}§-1 ig said to form a "votatable arrange-

ment" (see [5]) 1if it satisfies the moment conditions
,
0 if one or more a, are odd

(9-1) M(Gl, 32’ cevy Gk) LA ) »

)Uni*l i if all o, are even

1
\ /2K fig,, l(a /2!

where 0 < e < < 2d for every 1 and where 0<am= Zi 1% = < 2d, o being
the order of the moment; Aa 1s a positive coustant depending ounly on &.
These moment conditions are squivalent to the condition thst

§§‘Var yd(l‘ép) - 5&(5) Mfl(ép) gd(f) be a function only of 5'5, where
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1(6 ) = i Ei 1 fd(xi) fé(fi); however, they are not, in general, suffi-

cient to make H(GP) non-singulaxr, and, iﬁ this case, all the (%;%)
polynomial coefficients will not be individually estimable. In partic-
ular, when d > 1, this singular case will arise when all the design
peints are equidistant from the origin of the factor levels.

Using the notions just developed and the results of the previous
section, we prove the following theorem.
THEOREM 9.1. The optimal approximate desiga égﬂ characterized by the
(d+1)2 x (d+1)2 information matrix D*

SH
l’¢1}i-1 with mqual veights w; = 1/N for every i which satisfies the

is exactly that set of points

moment conditions (9.1) of a rotatable arrangement of ovder d when

transformed to the set of points {x(l))

{w1® Where Xsn is given by (3.4);
similarly, the optimal approximate design GFS characterized in terms of
the (2d+1) x (2d+1) information matrix D.. is exactly that set of points
(@1}2_1 with equal weights w, = 1/N for every i which satiegfins the
moment conditions (9.1) of a rotatable arrangement of order d when trans-

i )}

formed to the set of polnts {x m1® vhere 5FS is given by (3.3).

In particular, then, it follows that desigas 6SH and 6FS vhich are opti-
mal for S. H. and F. S. regression of order d, respectively, are also
optimal for all lower order regressions.

Proof. Let ;d(a,¢;gsn) denote the estimated response at the point (8,4)
obtained by the 1eaét squares-fitting of an S. H. model of crder d;
further, let ;d(fsn‘kp) be a dthAdegree polynumial represeuntation of the.
response ;d(6,¢;§sa) at the point xg, corresponding to (6,¢), where such
a representation 1s described in Lerma 3.2 and Remark 3.1, It is

obvious that the variance of yd(e’¢;ESH) at (3,4 must be exactly the
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~n

*
same as the variance of yd(§sn;hp) at x.,. Assuming that SSH has been

used to [it the S. H. model, it follows from (8.42) that Var yd(ESH;EP)

Since x = 1, the

. 22 _ ;
(d+1)“0®/N, which is independent of x.,. Xsu¥sy

design points {(ai,¢1)}f_1 must, by definition, form a rotatable
arrangement of order d when expressed as the set of points {féé)}gnl'
A complietely analogous argument can be used to characterize 6;5 in a
similar manner. Since a rotatable arrangement of ovder d is also a
rotatable arrangement of sny order d' < d, the last statement in the
theorem is true. This complates the proof.

Now, there are some interesting comments to be made concerning the
implications of the sbove thecrem. First of all, the moments of.a
rotatable design of order d given by (9.1) are actually the moments
up to or@er 2d of a general spherical distribution p(f) - cf(g’f),

i.e., a distribution which is a function only of x'x = Z:-l xi and
hence is constant (or "uniform") on hyperspheres centered at the origin
of the xi'a. In this light, rotatable designs can be and are usually
formed ﬁy combining oné or more "rotatable arrangements” of diffareat
radii, a rotatable arrangement consisting of a set of points uniformly
spaced on the surface of a hypersphere. An analytical argument advo-

" cating th§ use of an aesthetically appealing 'rotatable arrangement'
of points as a design in its own right has not been forthcoming until
the present work.

Using the results concerning rotatable arrangements and designs
that are already available in the literature, we will be able to specify

"
optimal exact designs (GFS) for F. S. regression of any order d and to

»
construct optimal exact designs (558) for S. H. regression of orders one
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and two. Essentially, the reason for the limitcd range of d in the
latter case above is due to the fact that there are only five regular
figures in three dimeusions, none of which has vertices satisfying the
- moment conditions (9.1) for any d > 3. In fact, to paraphrase Kiefer
21], it is not gunerally pussible to construct a rotstable arrangement
of points (i.e., a uniferm discrete measure on an appropriately chosen
set of "equalily spaced" points on a k-dimensional hypersphere) when both
d>2and k > 2. So, we have

*
‘Corollary 9.1. There douws not exist an S. H. optimal exact design 6SH

for S. H. regression of any order d > 2.
As promised in the previnus section, we will now precisely spocify
the W. B. desigus for 5. H. and F. 5. regression using the characteriza-

tion given in Theorem 9.1.
In particular, it is fairly easy to see, if (d+d') = 2d (using

the notation of Section 8), that a WB design is a rotatable arrangement
of order d; if (d+d') = 2d_+ 1, then a WB design can be either &
rotatable arrangement of order (dé+1) or a rctatable arrangement of
order dD with moments of order (2d0+1) equal to zero.

From the fact that we can fit an S. H. model of order d = 2 and aa
F. S, model of any order 4 > 2, but cannot fit a polynomial of degree
d > 1, by using a rotatable arrangement of design points, we might say
that, heuristically, the "loss of information" suffered by not using
& rotatable design to {fit the polvnomial is measured, in some sense, by
the "non-uniqueness' of the artificial polynomial response that can be
congstructed from the fitted S. H. or F. S. model using the techniques
in Section 3. ‘

One final comment is in order hexe before proceeding with the
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construntion of optimal exact desigus for S. H. and ¥, 3, regression.
Taterestingl; enough, Theorem 8.1 illustrates the only situation In
.the literature vwhare a class of desiyns possesses so many optimal
propertices sinultaneously. Héwevox. the results are not really as
nystifyiog as they might seem at first glance if one takes note of
Theorem 9.1 in conjunction with the geometrical interpretation of a
rotatable arrangement and then remembers the implication of the general
theory given in Section 6 (which essentially implies that a uniform
weighting function dictates a uniform WB design) as well as the fact
that designs constructed to minimize variance are, in general, "spread
out” as much as possible over and extend to the limits of tha region
of interest.

Hoel [18] is the sole author in the literature to study F. §. and
8. H. regression. He conglders only G-optimality and characterizes the
corresponding MV dasigns in terms of certain normalizing coefficients
which are, in fact, the diagonal clements of M”l(ﬁgn) and M-l(ﬁgs)-
However, he does not suspact the valuable éhaxacterization of Gga und
6;8 emphasized in Théorem 9.1 nor does he mention the many optimal pro-
perties possessed by these designs. The respunse surface techniques
developed for these functlons in the next chapter are also new and
quite useful.
%

o
If ve write Mo (%;,0,) = % Z?-l (cosp,) = (sind,) 2 and

1 oN g 32 6.3 2 (cogh ) 3
MSH(“I’ By 33) = ﬁ'zirl (cowi sin i) (sind, sin i) (cos i) s
- then, by evaluating the necessary surface integrals on the unit circle

and unit sphere, respectively, we are gble to show that the moment

. , *
requirements for 8, in terms of the points {§§é)}§_l and for 8, in
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terms of the points {x( )} ) are as follows:

: 1+ 40 a.+0
(9.2) Moo (@ 50,) = r( > 1) r(l2 2) /1r ré +-—1—2—l>

if all the a, are even and is zero otherwise, where 0 < “j < 24,

J

J=-1, 2, andO_<_a1+oz2_<_2d;

: (l-ml) (1+a2> (“'“3) 4o, +a +a3
9.3) Mg (o009 = M) Il rig /21r rfp+ —123
1£f all the “j are even and is zero otherwise, where 0 < uj <2,
j=1, 2,3, and0_<_a1+a2+c.3_<_26.

Ancther way to verify the values of the non-zero moments above is to

1N 2 .2 2.3 .
expand N 1-1("11 + x5t ool 4 xki) 1 sequentially for

J=1, 2, ..., d using either k = 2 or 3, and, at each stage, to
introduce the relationshipe between moments of the same order which
are given by (9.1).

Now, conslder an arrangement of p points equally spaced on the
circumference of a circle. It has been shown in [5] that p > 24 is
sufficient for this arrangement to be rotatable of order d; the
"necessity” argument can be found in [14]. Thus, after appealing to
Theorem 9.1, we have the general result which now follows.

THEOREM 5.2. For F. 8. regression of order d, an optimal exact design
6;3 agsigns equal weight 1/p to each of the distinct points ¢1 = 27i/p,
i=1, 2, ...y, py, where p > 2d.

Note that it was not necessary to appeal to (9.2) in order to
identify the optimal spacing given in the above theorem. On the other
hand, we will need to use (9.3) in the construction of optimal exact

designs for S. H. regression of orders one and two.
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Now, adopting the notation of Bose and Draper in [1], we let the

set of p = 24 points G(a,b,c) be defined as

(9.4) G(a,b,c) = { (ta,1b,tc), (:c’iﬂsib) »(¥b,tc,%a) } ’

where the restriction a2 + b2 + c2

= ] is réquired siﬂce, by Theorem
9.1, each point of G(a,b,c) is to have the general representation Xy
Without loss of generality, we can take a > 0, b >0, ¢ > 0. If
€ and ¢ are the colatitude and azimﬁth. respectively, of a point oa the '
surface of a unit sphere, then %6(1,0,0) will represent the six vertices
of an octahedron, %G(l//g, 1/¥3, 1//3) the eight vertices of a cube, ‘
and %G(a,b,os the twelve vertices of an icosahedron.
' Now, from the form of (9.4), it is clear that the "odd moment"!
requirements of (9.3) are satisfied by the set of points G{a,b,c),
where Msu(ul,uz,a3) is an "odd moment" if at least one o, is odd.
Naturally, then, Msn(ml,az,aa) is said to be an "even moment" if all
o, are even.

From (9.3), the even moment requirements for d = 1 are
MSH(O,O,O) = 1 (which is always satisfied) and MSH(Z,O.O) - MSH(O.Z,O)
- MSH(0,0,2) = 1/3. So, it is easy to see that %G(I,0,0) and
%c(1/¢§, 1//3, 1/Y3) are S. H. optimal exact designs of order one. The
four vertices of a tetrshedron (which is the G-optimal design of order
one suggested by Hoel [18]) is yet another example of an S. H. optimal
exact design of order one, but it is useless without augmentation except
for purposes of estimation since there will be no degrees of freedom for
error after fitting the first order S. H. model using this design.

For S. H. regression of order d = 2, the corresponding optimal

exact designs must satisfy, in addition to the even moment requirements
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for d = 1 given earlier, the following relations: MSH(4,0.O) =
MSH(O,A,O) = MéH(O,O,A) = 1/5 and MSH(Z,Z,O) = MSH(2,0,2) = MSH(O,2,2)
= 1/15.

One can readily verify that the p = 20 vertices of the dodecahe-
dron {%G(a,b,o) + %G(IIJE, 1/V3, 1/VD}, vhere a’ --%(1 + v/5/3) and
b? - %(l - V5/3), provide an exact S. H. optimal design of order two.

The values given for a? and b% are the solutions of the two equations

32 + b2 = 1 and a“ + b4 = 7/9; it can be shown that these equations
determine the values of az and b2 gso that all the necessary even moment
conditions are satisfied. Similarly, it is easy to show that the 28
point desiga {36(a,b,0) + do(/v3, 13, VD) + 363, 13, WV}
is an S. H. optimal exact design of order two 1f a° ='%(1 +'%¢3i73) and
b2 - %(1 - %JZT73). This dgpign is an example of a sequential

design in the sense that the two %G(l/ii. 1/v3, 1/V3) designs could
initially be used together to fit a first-order S. H. model, and, 1if
subsequently, a teﬁt of lack of fit (based o# 4 degrees of freedom) was
' found -to be significant, the remaining 12 points of %Q(a,b,O) (where

2

the appropriate values of a“ and b2 are as given) could be added to

provide the complete 28 point design of order two.
It is also possible to construct infinite classes of second
order exact S. H. optimal designs. For example, consider the set of
1
p = 24 points {%G(al,bl,O) + §G(a2’b2’°)}' Values of a;, by, a, and b,
that satisfy the required moment conditions can be found by solving the

set of simultaneous equations ai + bi =1, ag + bg = 1, and ag + b4 +

1
ag + bg = 6/5. These equations generate a quadratic equation in af of

the form a: - ai - ag(l-ag) 4+ 2/5 = 0, which has the two roots

1/2 + [ag(l-ag) - 3/20]1/2. Since 0 5,a§.§ 1, we require
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3/20 < a2(1-ad) < 2/5. |

The upper bound is obviouély satisfied since ai must lie between
zero and one, and so we need only have ag - ag + 3/20 £ 0 which is
satisfied if (1/2 - 1//10) < ag < (/2 + 1//10). Thus, we have
succeeded in constructing an infinite class of exact S. H. optimal
designs of order two, each design in the class consisting of tixe 24
points {%G(al,blaO) + %G(azsbz,())} and depending only on the single
parameter ai, where (1/2 - 1/I0X< ag < (1/2 + 1//10), bi - (1 - ai),

2 1, (2,0 _ .2 _ 12 (2 _ g1 a2
alcz-i-[az(l az) 3/20) ,b1 (1 al).

As another example, consider the set of 24 pointsAG(a,b,c).
Values of Q, b and ¢ tixat‘. satisfy the appropriate moment requirements
are found by solving the pair of equations az + b2 + ¢:2 = ] and
ad + b" + c"’ « 3/5, which together yield the quadratic in az of the
2)' az - (cz

as a function of c2 are %—[(l-cz) 3 (Zc:2 - 3c4 + 1/5)1/2]. Now, we

form a" - {1 ~-c - r:.4 - 1/5) = 0, whose two roots expressed
require firstly that (2:::Z - 3c4 + 1/5) > 0 which implies that

0 < cz < %—(1 + 2v2/5), secondly that (1 - cz) - (2::2 - 3c4 + 1/5)1/2 >0
‘which is equivalent to either 0 < e? < -%‘-(l - 1/v5) or

-12*(1 + 1% < c2 <1, and finally that - cz) + (2::2 - 3c4 + 1/5)1/2 <2
which is satisfied if cz > 0. Combining these restrictions, we have
another infinite class of exact S. H. optimal designs of order two, each
design in this class consisting of the 24 points G(a,b,c) and depending
only on the one parameter cz, where either 0 < c:.2 < -%-(1 - 1/¥3) or

%’-(1 +145) < c? 5%‘-(1 + 2/2[5), &° = %[(1 - cz) + (2<:2 - 3t + 1/5)1’2],
and b:2 = (1~ az - cz). In particular, the special cases

¢? -0, %’(l - 1//5) and %—(1 + 1//5) give the twelve vertices of an
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icosahedron. Other second-crder exact S. H. optimal designs with as
many points as desired can similarly be constructed. An example of an
S. H. optimal approximate design of order three is given in [18].

For any of the previously constructed exact 5. H. optimal designs,
to convert a design point §§§) to a point of the form (61’¢i)’ one would
use (3.8). However, it is necessary to make this transformation tb
locate in terms of © and ¢ the points at which responses are to be
observed only when the region of interest is two-dimensional (see
Section One), for, in this case, the elements of pfSH are artificial
and do not represent the rectangular coordinates of a point on the
surface of a sphere of radius p.

Also, since nd(9,¢;§su) is a function of 0 and ¢ only through

the elements of Xoy (see Remark 3.1), we can write (1.11) for n = 1 and

2, respectively, as

-

(9.5) U, (6,45 83y = v (xsn,esn)) o * Bio%g + dppxp * Byyxys

and

u, (x B(z)) -a

X’ LsH (3x3 1) + gy (3xy%4)

HI

(9.6)  U,0,4:8%2) 20 3

2 .2
+ 821(3x2x3) + 022;(x1 - xz) + 822(6x1x2)f

So, computationally-wise, we are able to fif S. H. models of orders

one and two by least squares using the exact S. H. optimal designs con--
structed earlier in this section without having to convert the points
from the form Xoy to the form (9,4) in order to be able to perform the

necessary calculations.
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Since we will be coacerned in the mext chépter with studying the
properties of S. H. and F. S. models which have been fitted by least
squares hopefully employing the optimal exact designs presentedvearlier~
in this section, let us discuss the methodology associated with the use

of these designs. In particular, let

(0)' (1)' (d)'
(9-7) FS = (b b 9 esey bFS )
and
(9.8) - (b‘°)' pB' L, b‘d)').

~SH

denote the vectors of least squares estimates of the elements of ng

and QSH’ respectively, where

(0) (n) -
(9.9) EFS - a5, (an,bn). nel, 2, ..., d,

and

9 10y 1(0) . (o)’ b b ), nml, 2 d
(9-10) ?sn 800. ESH (ano’anlp nl,...,ann’ nn » n 9 9 svaey .

-

1f we use the optimal spacing advocated in Theorem 9.2 to £it an

F. 8. model of order d, then it is easy to see that

(9.11) s =3, Ly ¥y (2ni/p) = 3,
(9.12) a = %-Zg_l cos(2nmi/p) y(2wi/p)s n = 1, 2, ..., d,
(9.13) b, = 2 [P; sin(oni/p) y@nifp), n = 1, 2, ooy &y

wvhere yj(ZWIIp) 1s the observed response for the jth replication of

the ith point ¢i = 2ui/p, 3 21,2, ceey Ty, 1 =1, 2, .usy Py
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y(2ri/p) = %-Z;ﬁl yj(2wi/p), and N = pr. Also, it follows from what

has been done that Var(hrs) =

(26+1) o2/N.

/N and that Var yd(é,b

rs ¥s) ™

Similarly, for 8. H. regression of order two, we use the computa-

tional forms (9.5) and (9.6) to write

W)y .3

*N Zi-l Zj-l yj(§SH ) =y,
80" ~N 21-1 31 z':1"1 vy (i))’
o = ¥ B % Zj.l yj(x(i)).
by = § Beg % Xjfl AR
820 © ;g iml gi jil v,z §§’) 3 80"
851 = ¥ Bet Maa%a Zj HEAC
byy = 3 Loy ¥y 34 Zj-l Yj(x(i))’
852 = 7% Dot 1 5i1 vy X)) + Fayg = Sagg)s
byy = 3 Jima F1aas 23-1 Aol

(

where yj(gsﬂ)) is the observed response for the jth replication of the

ith point 5(1)

J=1,2, ey 2,, 121,22, ..., p, and N =

that Vhr(bSH) SH

P
i=1 ¥y°
1/2 D* 1 1/2 02/N and that Var yd(9,¢.b

o? /i = Csy Dsy Cgy

- (d+1) o /N. In particular, for d = 2, we have

(9.14) Var(bg) = disgll; 3,3,3; 5,5/3,5/3,5/12,5/12) o*/.

- (x3i, X940 XZi) - (cosei, cos¢i sinGi, sintbi sinei),

Also it follows

SH)

P



In the sbove framework, it is easy to form the analysis of

- varlance tables associated with these designs.

*
.ANOVA .TABLE FOR F. S. REGRESSION OF ORDER d USING SFS

63

‘Source D.F. Sum of Squares

a, 1 Pr ag

a, 1 pr ailz

by 1 pr b3/2

a, 1 pr ai/z

b, 1 pr bi/z

ay 1 pr a§/2

by 1 pr b§/2
Lack of fit p-{2d+1) By difference
 Pure .error p(r-1) P Z;-]. (v, (2mi/p)-y (2ni/p))?
. Total px 2_1 X;_; yj(.”.wri/p)
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' *
ANOVA TABLE FOR S. H. REGRESSION OF ORDER TWO USING S,

‘Source ' D.F. ’ Sum of Squares
2
300 1 Nagg
2
a4 1 Na10/3
2
2
b, 1 Nb11/3
2
8y 1 Nazoﬁs
2
3y, 1 3Na21/5
2
b,y 1 3Nb21/5
. 2
a,, 1 12Na22/5
2
b22 1 12Nb22/5
Lack of fit (p~9) By difference
r
- _ P i (1)y _ = (1)442
Pure error (N-p) yu b qul (yj(ESH ) Y(ESH ))
r
=P P i 2, (1)
Total Y 11 Lymy Y3 %en’)

Finally, as promised in Section 1, we will make some brief com-
ments here conceruning the use of direct products of F. S. regression
fuactions as models for response functions which are known to be
periodic in more than one variable. In general, to graduate a respouse
function n(xl, Xyy eeer Xyi g) on the k-dimensional hyperplane which is
periodic in Xy Xgs eeer X for k > 2, we can take as a model the
expression N(dys ¢y «vvs $pi B) = ny

"

written as the sum of (2d,+1)(2d,+1) **° (2dk.+1) distinct terms. We

(¢, 3 EFS)’ where 0 < ¢, < 2w for 4 = 1, 2, ..., k, which can be

can appeal to Theorem 9.2 of this section and to Theorem 2, p. 1099,
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of [18] to conclude that an MV (or G~optimal) exact design for fitting
n(¢1, ceny ¢k; §) by least squares is one that assigns equal weight to
each of the Py Py *"t Py points (¢1. (bz, eoes ¢k), where ¢i is allowed
to run over the set of values 27rj/pi, =1, 2, ...y Pys Py > Zdi for

every 1, 1 =1, 2, ..., k. These notions have not been pursued further.



CHAPTER IV
RESPONSE SURFACE TECHNIQUES FOR F. S. AND S. H. REGRESSION

10. Analysis of Fitted Second Order F. S. and S. H. Models

As stated in the introduction, the objective of any response
‘surface.study is to approximate as accurately as possible using some
graduating function the form of an unknown response surface on some
region of interest%}é. One is then interested in using this graduat-
ing fun'ction to estimate the locations in* at which the surface
has a maximum, minimunm, or séddle point so that, for example, optimal
gsettings of the factor levels can be specified. (Henceforth, such
locations will be referred to as "stationary points".) Techniques
for studying polynémials of degrée fwo in'this light were developed
by Box and Wilson [6].

In this section, we present a general method for locating the
stationary points of fitted F. S. and S. H. models of order two. Of
course, it is suggested that the least squares fitting of these models
be done using the designs preseanted in the previous section.

By noting that ;d(¢;§FS) is a function of ¢ only through the
elements of %pg an§ that ;d(9,¢;§sn) is a function of 6 and ¢ only
through the elements of Xsh (again, see Remark 3.1), we can conclude
that the determination of the stationary points of fitted F. S. and

8. H. models could be made by differentiating these functions with
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respect to the elements of Xps and Xgy? respectively, subject to
the restrictions Xy x.. = 1 and ¥gfey = 1» rather than by perform-
.ing the differentiations directly with respect to ¢ for the fitted
F. S. model and with respect to 8 and ¢ for the fitted S. H. model.
As a matter of fact, an attempt to determine the stationary points
by solving 3;d(6,¢;§su)/39 = 0 and 9§d(9,¢;ksa)/3¢ = 0 in the case
of S. H. regression or by solving di§¢;th)/d¢ = 0 in the case of
F. S. regression will not meet with any noticeable success, except
possibly for the case @ = 1. On the other hand, the technique we
propose, which involves working with fitted F. S. and S. H. models
of order two'in polynomial form, is quite easy to use and yields
results which lend themselvés to direct interpretation. The rela-
ticns'(S 6) and (3.8) can then be used to convert stationary points
xég) and x(o) to points of the form ¢° and (90,¢°), respectively.

Now, using (3.7), we can write a fitted S. H. model of order

two in the form

v ., o
(10.1)  F,Crguibgy) = (agg220/2) + %gy Bgy' * %5y Bom ¥sw’

where . is given by (3 4), b (1> by (9.10), and where

- Ce M
3 83 Pp
3 ;
(10.2) BSH - 5 |31 2322 2b22 .
byy  2by, <23y,

Similarly, we may write (3.5) as

5 \ (1)
(10.3) Yz(ﬁys’kys) ot sz b + xFS Fs ¥rs’
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vhere Zps is given by (3.3), bég) by (9.9), and where

(10.4) B - .

It will be shown later (Lemma 10.1) that the validity of the
proposed techniques will not be affected by the non-uniqueness of the
polynomial representations (10.l1) and (10.3).

Now, from the above, it follows that, in general, we are

interested in determining the stationary points of the function
(10.5) £(x) = b, + x"b+x'Bx,

subject to the restriction x' x = 1, where by 1s a known real constant
and where b and B are, respectively, a (k x 1) vector and a (k x k)
symmetric matrix of known real constants. This general description
covers the situation of interest to us, namely the case when by b
and B are stochastic and (10.5) is a specific realization of the
random variable £(x); in particular, the work in Section 1l is based
solely on this notion.

So, let Q(x) = b, + x'db + x"Bx - u(x'x - 1), where p is a La-
grange multiplier. Then, it 1s a straightforward exercise to verify
that a vector %, which satisfies the equation dQ(x)/dx = 0 is a solu-

tion of the pair of equations

(10.6) Cx=-3b and x'z~=1,

-~

where

$0.7) C= (8~ u:tk).
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Clearly, a different solution'go of (10.6) will be obtained
for each different value assigned to u. Keeping u arbitrary in (10.6)
for the moment and ;emembéring tyat.(ﬁ-ulk)—l = adj(B-qu)/IB-qu|,
where adj(8~u1k> is the tr;nspose of the matrix of cofactors of
(B—ﬁlk). we sée that the equation determining the permissible set of

values of u is
L 0.8)  p'lady@ur) 1% = alsun]? = aapiaea® aea?,

where 11, 12,..., Xk are the k characteristic roots of B. Note
that some of the A's may be zero since B has not been assumed to be
of full rank here. The second equality in (10.8) follows directly by
pre- and post-multiplying lB-qulz by ]P!z, where P is a real orthog-
onal matrix such that PBP' = diag(kl, 12,..., Ak). (We will refer to
. this particular mgtrix P again.)

ﬁow, (10.8) can equivalently be written as & polynomial of
degree 2k in ); moreover, this polynomial will have at legst two real
roote since (10.5) is a continﬁous real function on the compact set
X = {x: g'%x = 1} and hence there must exist points in% at which
(10.5) achieves its maximm and its minimum. If a real root, Y  8ay,
of (10.8) is not a characteristic root of B as well, then the solution
Xo of (10.6) corresponding to u  is simply X, ™ - %(B-q}k)-lh. On
the other hand, if b'[adj(B—AjIk)]zb is zero for some Aj’ J = 1,000k,
then A

3
the two equations (B-Ajlk)§ - - % b and x'x = 1 must be solved

is a root of multiplicity two of (10.8), iB~AJIkl- 0, and

simultaneously.

Remark 10.1. It will be shown later in this sectiom that the solutlon



70

of (10.6) using the largest real root of (10.8) is that value of x
which maximizes (10.5) subject to the constraint x'x = 1, and the
solution of (10.6) using the smallest real root of (10.8) is that

value of x which minimizes (10.5) subject to x'x = 1.

Now, if we set b = §§é) and B = B_, in (10.8), the resulting

FS

expression can be written in the form

2

4
1)~ 2a;b byl

(10.9)  p* - 32 + b2y + 8a2 + BN + Jla, 02 - a
1,.2 2 2 2 2 2
-+ z(ay + by)[4(a, + by) - (ag + bl)] = 0.
Similarly, 1f we set b = hé%) and B = B, in (10.8), then a

considerable amount of algebra gives

(10.10) u°

5 g, 2 2 .2 2 2. .2
3agou” + Fl9lay) = 2(ay; + byy) - 8(ay, + 3,01 - (ajy

2
]

2
= 2ay(ag1a) + by1by)) = 2byy(8y;by) = 8y5bo1) 1 + {8y (35,
2
= 2a,,) + byy(ayg + 2a,5)] ~ 2[ayg(ajjay; +bygbyy)
3. 9.2 . .2 2 .2 ..2
1"22”“‘ + ﬁ{QI(azl + byy) + 4ay, + b3))]

2 4 3 2 2 2 2

-+ 2“11”1
+ 36ay5la,) (ag1a9p + byrbyy) + by () boy = 3g5by))

- 23, (a3, + b3,)] + 2858508y 897 + by byy)

- 12a;50a,; (85589 + byybyg) + byq (35105 = 35902101

- a3yl(ag) + bjy) - Blady + b)] - (ay; + byp)lag |
+ 4ag, + b3)) + 2(ay by = ayby ¥ - (apay; + bygbyy)?
+ Bagglayg (838, + bybyy) + by (ay gy = 8g5byy)1h?

+ 220181 (ad) + b3,) + dlag, + b3))1[ey; (aya0) + byyby))
+ byy(aybyy = 8ygbyy) - 2ay(ag, + b3)] = a3 (e

- 28,,) (b3 + 2ay03,) = bay(ayy + 28,) (a5 = 2ay085)

+ 2ayby; = Zaygbyy) 081 by = byylasy + biy)]
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+ 2(a,a,, + by b, )28, 2 8, - a,,(ay + a2q)]
21322 F Bpybg) (28152, 8,5 = agy (agg + apy
2 .2
+ 2(ay by, = 855b5,)[2a)5850b1 7 = by, (ajg + b1 M
81 )
+ 713613y, (8189 + byyby)) + Doy (aybyy = 2p9b55)
_ 2 . 2.2 2.2 2
2ayq(ay, + byy)17 - ay; (byy + 2a548,,)
2 2 2 2,2 2 .2
by, (a5 = 285085,)" = 16a34(ay; + by))" - 4(ay 8y,
2 . 2
+ byyby,) (330014 (85909) = 2a55by0) + (ajy + ayq) (ay;8y,

+ by byg) + 285:byy (ay1byy - agpbyy) - 3097, (b3 + 4b3)
- 2830818,y (850 + 285901 - [ay;(ay;by; = 2a50bp))

+ 2a0(ay1byy = 5by )17 + by (ay by = 837051 lago(ady
+ Ub3.) ~ 28y08y)(az = 285) = byy(ayibyy = ay5b5y)]

+ by (8 byy = 2aghyy)[28y, ey + b33) = by (agybyy

- Zazobzz)]} = 0.

The determination of the values of the coefficients in (10.9)
and especially in (10.10) is best and most easily done by writing a
simple computer program to perform the necessary arithmetical manipu-
lations. This method of approach attempts to avoid possible round-off
errors which seriously affect the values of the roots of these poly~
nomials (which are also easily obtsined by standard computer tech-
niques), thus altering the corresponding stationary points found by
solving the equations (10.6). Since it is reasonable to assume that
the random matrices (BFS~u012) and (BSH-uOI3) will be non-singular
with probability one, a check on the accuracy of the calculation of
the coefficients and roots of (10.9) and (10.10) is to see how close
5; x, 18 to one, where, in our general notation, x = - %(B-HOIk)-lk-
(The case when lB—uOIkl is close to zero will be discussed in the

next section.)

e -
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The following lemma removes the doubt raised by the non-
uniqueness of the representations (10.1) and (10.3).
.ggmma 10.1. The method proposed for determining the set of stationary
points of a fitted F. 8. or S. H. model of order two will generate the
correct set of points regardless of the choice of the second degree
polynomial representation of ;2(¢;§FS) or ;2(9,¢;ESH) used to employ
(10.5) and (10.8).
+ x ', + X 'B,x

1 ~1 1% 2
denote two different second degree polynomial representations for

Proof. Let f (x) = b and £ (x) =b, +x b2 + x 'B.x

2%
either y2(¢;§Fs) or,y2(6,¢;§sn), where x'x = 1. It is clear from the

way in which these representations are formed that the relations

w B, - cl

(10.11) b, = b 1 Kk

2 + ¢, b

by = bz, B

1 2

hold, where ¢ is a non-zero real constant. So, using (10.11), we can
write the equations (10.6) and (10.8) associated with the polynomial
representation fz(x) in the form [B -(u+c)Ik]x " .- %bl’ x'x -1,
ki{adj[31~(u+c)lk]}2bl - 4]3 (u+c)1k] y and these are easily seen to
be equivalent to (10.6) and (10.8) under the representation f (x)
with (u+c) replaced by u*, say. Thus, the set of solutions, {x(l)}
say, obtained using the representatiom fl(f) is identical to the
set of solutions {552)} obtained using fz(f)' This completes the
proof.

In particular, it follows from the above argument and from the
form of (10.6) that the same sec-of matrices {C}, wvhere C is given by
(10.7), will be obtained regardless of the choice of the polynomial

representation. Briefly, what 1s happening here is that a change

in the polynomial representation affects both the form of B
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and the set of roots of (10.8) in such a way that the set of matrices
"{C}, the vector b, and hence thc set of stationary points {3 } all
remain invariant.

Now, suppose x is a solution of the eqﬁations Cx = -%E and
§'§<- 1, where CO = (B-uolk) and where 11 is a real root of (10.8).
Then, since 5'5 o 5&*0 = 1, we havg
£(x) - £(x) = (b + x'b + x'"Bx) = (by + xb + xBx )
= (xR + x'Cox - %€ x,

= (xx)'b + 2(x-x,)'C %, + (x-%,)'C,(xx)

o
- ' "
= (x-x)'C (xx.)-
If the orthogonal matrix P is chosen as before, then it is clear
that we can write

£(x) - £(g)) = (x~x,)'P'[dlagh =t s Ayp=Uo 5o A )IP(x-% ), or

(10012) f(?'{) - £(§o) = 215310\1-“0)“%’ (wl’ wz""l wk) - (5-350) 'P"

Geometrically, the expression (10.12) can be considered to be
the result of shifting the origin O of the 5'5 to the stationary point
X, and of rotating the coordinate axes in terms of X135 Xyseeey % 80
that they become axes expressed in terms of Wys Woseoes Wpo It is
easy to see that the quantities (Al—no), (xz-uo),..., (Ak-uo) are the
characteristic roots of C = (B-u T.).

Note that the expression (10.12) illustrates the change in
response on moving away from the stationary point X, In particular,
if the characteristic roots of Co are all non-negative (non-positive),
then (10.5) takes on its minimum (maximum) value at 'x_ in the set
;%Z-'{E: x'x = 1}. 1If at least two of the characteristic roots of C,

are of different sign, then %, is sald to be a saddle point. It is
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important to realize that a stationary point X, {whether it be a
maximum, minimum, or saddle point) will be unigue only when [Col-# 0.

Since the magimum (minimum) of (10.5) subject to §'§ « 1
must be found using this procedure, it follows that there will be a
u, greater (smaller) than or equal to all the A's, and this Yo will
obviously be the largest (smallest) root of (10.8). In a given
situation, then, one would really need to solve (10.6) using only
the largest and smallest roots of (10.8) since the extremum points
(and not the saddle points) are of maln interest. One can now
appreclate the import of Remark 10.1.

These techniques can be used for all the regions on which ve
have considered these F. S. and S. H. functions to be definéd,
although the transformations, etc., actually have a geometrical
interpretation when the regions of interest are the circunference
of a circle and the surface of a sphere.

For completeness, let us characterize the extremum points
b and Xoin for the following special cases. If b% 0 and B = 0,

“max
1/2 1/2

then X oax = Ql(h'k) and X 'E/(E'E) , where we agree to take

the positive square root of b'b. If b = 0 and B3 0, then X ax and
X 4o 2Fe the characteristic vectors of unit length associated with
the largest and smallest characteristic roots of 3, respectively.

11. Confidence Regions for Stationary Points of Second Order F. S.

and §. H. Models

If X, denotes a solution of the esquations (10.6) corresponding
to a real root y_ of (10.8), then it follows, ignoring blas effects,

: ®
that the true (but unknown) value, X, of this stationary point must
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satisfy the matrix equation H *. éx* - ~E(b) + E(c )x = 0, vwhere

%
~2~° 1. Clearly, Hx* is 1n the form of a general linear hypo-
~0

thesis and any procedure for testing Hx: Qx - %E(g) + E(C°)§ = 0 for

any given x (in our case, for any X fo; wh;ch §'§ = 1) can be used
to construct a confidence region for 5:. (For general discussions
along this line, see [4] and [24]. An.application related to rotat-
able designs is given in [5].) |

Now, let 9; - %E + 605 be the estimate of gx' Then, it is
easy to see that the elements of gx are lingar combinations of the

~

~

elements of b and B if one notes that y = %g'g + x'Bx. This fact

enables us to write down the dispersion matrices V(d_ ) and V(d

Xrs ?1)

of d and d corresponding to the speclal cases x = X,., b = b
“Xps  “ZsH D ~¥s

B= BFS and x = Xon? b= bSH » B = BSH’ respeccively. In particular,

using (9.14) and the fact that Var(pFS) = FS° /N and also employing

the relations §£S§FS = 1 and x!. x.., ® 1 at the proper times, we can

~SH~SH
show after some labor that V(dxF ) = —( 5 " §FSXFS)° /N and V(d~su)
= %(I snxsn)czlﬂ It is important to realize that the matrices

(I2 - EFS§FS) and (13 - 5SH§SH) are both idempotent and are of ranks
one and two, respectively. The reason that the dispersion matrices

v(d_ ) and V(d ) turn out to be singular is due to the fact that
the~genera1 relzigon x'd = §'(%§ + (B I, )x] = %5'2 +x'Bx -y, =0
holds among the elements~o£ d_for any x for which x'x = 1.

If we agree to make th; standard assumptions in least squares
theory concerning the independence and normality of errors, then it
follows from what has been done so. far that, under the hypotheses
H and B, d and 4 will have singular multinormal distri-

Tr3 ¥su “Xps %sH
buticns with Q mean vectors and dispersion matrices V(d ) and

~X¥s

4

t
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V(gx ), respectively. In particular, it can be shown fairly directly
H

~

that the quantities

)d_

2
(28/507)d! (1,~
“Xrs ZsH

2
g4, and (2N/9%)d! (I1,-
~X¥s ~%sH

2 Xps? FS ~SH~SH

are distributed as central x variates with one and two degrees of
freedom, respectively. Of course, the idempotency of (IZ-§FS§%S)

- t
and (13 §SH§SH> is crucial to the argument.

Now, let s2 be an estimate of 02 based on v degrees of freedom
which has been obtained either from a residual sum of squares

"pure error" sum of squares

2

(assuming an adequate model) ox from a

obtained by replication; moreover, we take 5 to be distributed as a
ozlev random variable independently of gx in the case of F. S.
, ~FS
regression or of dx in the case of S. H. regression. Then, it
“SH
follows that T = (2N/5s )d' (1,- )d,
rs Xps 2 %rstrs %Fs
F(1,y) and T = (N/9s )d' (I Hx )d is distributed as F(2,v),
T 3RS Sxgy
vwhere F(y,v) denotes the F distribution with y and v degrees of free-

is distributed as

dom. If we now make use of the relations x).d = 0 and x_..d -0
FS ~SH~x XsH
to note that T can be written as (2N/5s )d' d. and that T
Xps ~Xrs~2Fs <SH
can be written as (N/9s )d' d_ » then it is reaspnable to reject
~XsH %sH
the hypotheses H_ : § =0and H ¢ § = 0 at the g level of
s “Irs ¥su ~Zsu
significance if Tx > F {(1,v) and T > Fa(z,v). respectively, where
~FS XsH
Fa(y,v) is the upper 1000X point of the F(y,v) distribution.

Finally, it follows from the structure of the above tests that
' *
the associated 100(1-q)% confidence regions for X, (corresponding to

uo} for F. 8. and 8. H. regression have the following forms:

(11.1) Res = Utps? 4y 4, 2.58%F (10N},
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_L T e
where d~ ébFS + (BFS uolz)ng, and,

“XFs

(11.2) & 4z 952Fa(2,V)/N},

R, = {x
SH SH SH SH

vwhere d~s = épéé) + (BSH—u°I3)38H.

In what follows, we will attempt to provide a geometrical
interpretation for the regions RFS and R H> Now, if 3, is a solution
of (10.6) corresponding to a real root Y, of (10.8), then g = 0 by
definition. $So, the same procedures which led to (10.12) ca: also be
applied here to obtain the expression

¥ - k - 2 2
(11.3) 9595 i-l(ki uo) Y

where the row vector y' = (w Wis Woseoss wk) is defined in (10.12).
Hence, from the form of (11.3), it follows that if {Col
Hk l(l “H, ) is non-zero, then dzgx = 2z represents the locus of an
ellipsoid in the space of Xy Xpsseesy X for any fixed value of z, the
center of this ellipsoid being at the stationary point X, and its
principal axes lying directly on the set of coordinate axes Wis Wy
ceey Vo
In general, then, a point Zpg will Le in RFS if and only if
‘it lies not only on the unit circle but also on or within the ellipse
(Al Uy ) w + (Az (N ) - 2.552F6(1,V)IN, where (wl, wz)
- (ng—ng))'P's, Ppg being the orthogonal matrix satisfying PFSBFsyés
- diag(kl, Az). Similarly, a point Xgy Will be in Rey if and only if
it lies not only'on the unit sphere but also on or within the

ellipsoid (11 M, ) w + (Az M, ) w + (A3 uo)zwg - 932Fa(2,v)/N,‘where

(o) .
(v, s Vgs Wg) = (~SH Zon ) PSH’ Py being the orthogonal matrix

aatiéfying PSHBSHPSH - diag(ll, Az, As).
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Now, in (11.3), suppose that (Al-uo), (Az—uo),..., (xr-uo),
r < k, are small compared to the remaining (k - r) characteristic
roots of Co. Then, the ellipsoild g;gx -z will be elongated in the
direction of the axes Wis Woseens w;.~ S0, choices of x = %, + P'g
such that x'x = 1 possibly differing.markedly from the true value
5: of the stationary point will give small values of g;gx over a
wide range of values of the coordinates Wis Woseees wr; ;uch points
would then most likely be included (and undesirably so) in confi-
dence regions with structures like (11.1) and (11.2). 1In the
limiting case when (kl-uo), (Az—uo),..., (Ar-uo) are exactly zero,
c, will be of rank (k - r), and any point x = %, * P'w which satisfies

(10.6) will do so independently of the values assigned to the coordi-

nates ng wzyoa-, wr.

An example of the construction of confidence regions of the

type discussed in this section will be forthcoming.

12. XNumerical Examples

Here, we will present two examples illustrating the use of the
designs and techniques developed in the three previous sections. The
first example is completely artificial.

Example I. Suppose that an S. H. model of order two has the form
cosd P11(°°s°) + %cosz¢ Pzz(cose) = cosdp sind + cosl¢ sinze. To find
the extremum points of this expression, we first note from (9.10) and

0 0 OC
! - =
(10.2) that 800 ESH (0, 1, 0), and Boy [g 3,_2 .
Using these results, it is easy to show that expression (10.10)

takes the form u6 - %ua - %us + %uz = 0, which has double roots at 0

and -1 and éingle roots at 1/2 and 3/2. Since 3/2 is the largest root
i‘

= 0,
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in this set and is obviously not a characteristic root of Bexn above,
the theory previously developed tells us that the maximum value of
(cosd sinb + cosz¢sin29) over 0 8 <7, 0 <¢ < 2n, expressed in

terms of the elements of Xgys OCCUrS at the unique point

cosd J[32 0 0 ] fo\ fo
cos) 8ind | = 3 0 1/2 o 1)=1¢14,
sing sinf 0 0 5/2 0 0

or, in terms of © and ¢, at 6 = 7/2 and ¢ = 0. Since the smallest
root in this set; namely -1, also turns out to be a characteristic
- root of BSH above, the minimum of (cos¢ iing +0cosz¢sin26), ghich is
found by solving the pair of equations 0 2 0] xg, = = % 1} and

0 0 0 0
= ] simultaneously, occurs at the two distinct points

Bgu¥sy
%(0, ~1, }/i%), or, in terms of © and ¢, at 8 = /2 and ¢ =
tan Y(*/15). The minimm is attained at more than ome point due
to the fact that Fi g §]is singular.

This exampge gllustrates the situation when a "singularity"
arises (i.e., when a root of (10.8) is also a characteristic root
of B), and, except for the purpose of crystallizing the general
concepts presented in Section 10, is only of pedantic interest. The
following exemple will be somewhat more realistic.
Example II. It was assumed that the true function representing a
response suxface was of the form n(xl,xz;s) = 2 + 3x1 - X, + 8x§
and that the reglon of interest % was the circum—

+ 5x2 + 6x

2 1*2
ference of a circle (scaled to unit radius). It was desired to
graduate n(xl,xz;s) by fitting by least squares an F. S. model of the
appropriate degree. This fitting was to be accomplished by taking

t = 2 observations at each of thé p=6 point:s'¢1 = 7i/3, 1 =1, 2,

+»es b, Note that this design is an F. S. optimal exact design of
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order two (see Theorem 9.2). Random normal deviates with g = 1
were added to the values of n(xl,xz;g) at the points of this design
to generate the following set of observatioms: 13.620, 14.400 at
¢ = 0; 10,552, 10.602 at ¢ = 7/3; 2.196, 3.696 at ¢ = 2n/3; 6.390,
7.250 at ¢ = 73 8;854, 10.684 at ¢ = &nlﬁ; and, 5.408, 8.488 at
¢ = 5n/3. The formulas (9.11)~(9.13) were then applied to this data
to yield the estimates a, = 8.512, a, = 3.198, and b1 = -,922,
However, the sum of squares due to lack of fit of §l(¢;§Fs), which was
based on three degrees of freedom, was found to be significantly large
when compared to the "pure error" sum of squares having six d.f.
So, second~order terms were added in an attempt to provide a better
graduation of the true response function and the resulting F. S. model
of order two took the form y,(¢sbpg) = 8.512 + 3.198cos¢ - .922sind
+ 1.903cos2¢ + 3.017sin2¢. As can be seen from the ANOVA table below,

there 1s no evidence of a lack of fit (F(1,6) = 1.345) of ?2(¢;QFS).

SOURCE D.F. MEAN SQUARE
a, 1 869.450
a; 1 61.363
bl 1 5.100
a, 1 21.736
bz 1 54.614
Lack of Fit 1 1.842
Pure Error 6 1.370
Total 12 .

Confidence sets for those points oﬁ the circle at which
n(xl,xz;ﬁ) achieves its maximum and minimum are found as follows.
For the values of a;s bl’ ays b2 above, the expression (10.9) ;valu—
ates to u4 - 28.21672u? -~ 02654y + 126.65651 = O, which has the four
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real roots -~4.75491, -~2.36725, 2.36529, and 4.75647. Since the two

- 1.903 3.017 e Al 2.1/2
characteristic roots of BFS [3‘017 _1'903] are ..(a2 + bz)

= ¥3.567, it follows that ;2(¢ sbpg) attains its maximum and minimum

at the unique points

-1

1 [f.903 3.01 3.198\ _ [-.6020

3 [ .017 -1.903)* 4.75491 Iz] (-.922) - (.7985 » and
-1

1 [f.903 3.0 3.198 .9351

2 [(3.017 ~1.903) = 4:79647 Iz] (-.922> = (.3544 ’

respectively; in terms of §, then, the estimated locations of the

x =
~min

X
. ~max

points on the circle at which n(xl,xz;g) attains its maximum and
minimum are at ¢ = .11537 and .7944r, respectively.

Now, it can be seen from the form of (11.1) that the 100(1-g)Z
confidence sets for the extremum points of n(xl,xz;g) can be specified
exactly by determining the points of intersection of the ellipse
Q%Fsgf?s = 2.5321" u(l,\))lN and the unit circle. These points of inter-
section are given by the real roots of the polynomial in x - cos¢
of the general form
(12.1) 16022 + vDxt + 8u,{a,0a; (= a,) = bybyl + bylby (g + ay)

- albzl}xi + {[al(uo - 32) - b1b2]2 + [bl(po + az) - albz]2
- 8ayu [(u, + )% + b7 + %(ai + bd) - K] - 1662213
- 2{fa (u, - a)) = bybl[(u, + a)? + b3 + F(a] + b]) - K]
o+ 4b2uo[bl{u° + az)v - albzl}xl + I(uo + az)2 + bg
+32 + 03 - 1% - by +ay) - app,)? =0,

where k = 2.532]:"“(1,\))/& This polynomial will have only two real roots
(except in the rare case when the ellipse is attenuated in such a way
that it intersects the circle in more than two points), each root

lying between -1 and +1.
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Now, the value of k for a 95% confidence region in this
example is k = 2.5(1.370)(5.99)/12 = 1.71. For this value of k and
for the values of al, bl’ 2y, bz given earlier, expression (12.1)

4 3
1+ 2145.4602x1

+ 285.4421 = 0 with roots -.469212, -.722356, ana .362721 + .2267231

if u_ = -4.75491, and it takes the form 4605.7765::? - 950.3213;::1’

takes the form 4602.7558x - 1576.4737x§ - 128.2284:{l

- 6851.0484xi + 514.4296x1 + 2722.0831 = 0 with roots .979843,
.867891, and -.820701 ¥ .146414i if o, = 4.75647. Converting to
radian measure, we find that tﬁe 95% confidence set for the maximum of
n(xl,xz;g) on the circle is {$: .0647 < ¢ < .1667} and for the minimum
it is {¢: .743w < ¢ < .8457}. These sets do, in fact, include the
true locations of the points on the circle at which n(xl,xz;g) achieves
its maximum and minimum, namely .126% and .7837, respectively.

We can slightly modify the above example to demonstrate the
procedures that are to be used for the case of a response function
defined on the real line. In particular, suppose that n{x;g) = 2
+ 3cosy - siny + 8coszw + SSinzw + 6sinycosy, where § = 21 (x-a)/(b-a),
represents a response function which is to be graduated over the
entire real line by an appropriately chosen F. S. model. We can take
the region of interest to be the closed interval [a,b] since n(x;g)
is of (assumed to be known) period (b-a). One can then show, if the
random normal deviates are assigned as iﬁ the first part of this
example, that exactly the same set of responses as before will be
obtained, but, in this case, they will be associated with the six
points aA+ (b-a)¢i/2w = a+ (b-a)i/6, i =1, 2,..., 6, in the
interval [a,b]. The fitted F. S. model of order téo will have

exactly the same form as ;2(¢;EFS) above with ¢ replaced by V.
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The 95% confidence intervals for the locations of the maximum and
minimm of n(x;B) on [a,b] will be
{x: a + .032(b~a) < x < a + .083(b-a)}, and
‘{x: a + .3715(b-a) < x < a + .4225(b-a)}, respectively.

The procedures developed for using S. H. models as graduating
functions can be similarly applied to study response functions defined
on the surface of a sphere or on the plane (see Section 1). Thg
corresponding confidence regions for the'stationary points of the
response functions under study Qill; however, be somewhat more

difficult to appreciate.

P
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