
ABSTRACT

CONSTANTINESCU, ADRIAN C. Analysis of Projective-Iterati ve Methods for Solving

Multidimensional Transport Problems. (Under the directio n of Dr. D.Y. Anistratov).

The particle transport equation has a wide range of applications: nuclear engineer-

ing, astrophysics, atmospheric science, medical physics,microelectronics manufacturing, etc.

It is an integro-di�erential equation with seven independent variables: 3 spatial, 2 angular,

energy, and time, which cannot be solved analytically in most of the cases of interest. The

way to solve this equation is to discretize it in space, angle, energy, and time. In practical

cases, this leads to a huge sparse matrix. Iterative methodsshould be used even for solving

transport problems on the most powerful computers available nowadays. The need to ana-

lyze the behavior of these methods is obvious: knowledge about behavior of methods can

help us to improve them and avoid their use in cases in which they are not e�cient. Also,

if we can predict what should happen in speci�c cases, we can verify and validate transport

codes. Analysis of iterative methods' behavior in highly scattering and strong heteroge-

neous medium is very important from the point of view of solving various radiative and

particle transport problems. It became important for solving neutron transport equation

in full-core, due to current industry's interest in obtaini ng very detailed transport solution

without homogenization. For these reasons, the main targetof this thesis was to analyze

the convergence rate of four methods used to solve the steadystate transport equation. We

were interested in studying behavior of these methods in case of one and two dimensional

strong heterogeneous and highly scattering medium with periodic structure, on rectangular

grids. In order to understand better these methods, we analyzed them as well in cases of

homogeneous and low scattering medium, uniform grids, etc.The main tool that we used

is Fourier analysis. Iteration matrix analysis was a secondary tool that we consider. It

proved to be restrictive in some cases but provided a good insight of the methods behavior.

In several di�cult cases the Fourier analysis predicted degradation in e�ciency or even

divergence for the methods that we've studied. In most of thecases, the numerical results

were consistent with the analytic predictions. In order to cover various areas where the

transport equation is used, we spanned wide ranges for parameters of transport equation.

Most of the cases in which the considered methods demonstrate slow convergence or even

divergence are not speci�c to nuclear reactors.
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Chapter 1

Introduction

1.1 Overview

Solving realistic transport problems has been, is, and willbe a great challenge for

science & engineering community. The last decades were onesof important developments

in this area. However, no matter how much the tools for solving transport equation have

been improved, there will always be space for more, due to increasing needs in obtaining

more accurate solutions for more complicate problems as fast as possible.

The particle transport (linear Boltzmann) equation has a wide range of applica-

tions: nuclear engineering, astrophysics, atmospheric science, medical physics, microelec-

tronics manufacturing, etc. It is used to solve various problems: electron transport in

tomography, nuclear reactors assembly level calculations, full-core calculations, shielding,

radiative hydrodynamics with dynamic mesh, detection problems, photon transport in at-

mosphere, well-logging problems with unstructured mesh etc. Depending on the problem

that we solve, in addition to the transport equation we might need to solve some other equa-

tions related to the particular physics of the problem. Usually, this introduces nonlinear

terms, which complicate the problem even more. However, thestructure of the transport

equation is the same no matter what problem we solve. For thisreason we explored a wide

range for parameters of transport problems. Transport problem is not a new issue and

there are many iterative methods available to solve it. Hence, one may ask why we are
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interested in this type of research. A good example is solving neutron transport problem

in full core. There is no method that can be used to solve e�ciently this problem in 3D

(the number of coupled equations that have to be solved isO(1012)). There are methods

that can solve this problem in 2D, by considering a small number of energy groups. One

of them is Nonlinear Di�usion Acceleration method, which is implemented in CASMO-4

code. However, this method loses e�ectiveness in case of optically thick cells. If we need

to consider a large number of energy groups, it is inevitableto have optically thick cells for

some energy groups.

The transport equation is an integro-di�erential equation with seven independent

variables: 3 spatial, 2 angular, energy, and time, which cannot be solved analytically in

most of the cases of interest. The way to solve this equation is to discretize it in space,

angle, energy, and time. In practical cases, this leads to a huge sparse matrix that cannot be

inverted directly in a reasonable amount of time, even if usethe most powerful computers

available nowadays. The alternative is to use e�cient iterative methods that takes advantage

of the structure of the transport equation. However, the standard method converges slow

in important cases.

The simplest method for solving iteratively the steady-state transport equation

is Source Iteration (SI) [16]. The method converges very slow if the medium is highly

scattering and optically thick (the particle su�ers many sc attering collisions before it is

absorbed). Fourier stability analysis in homogeneous medium has shown that the spectral

radius equals the scattering ratioc and the slowest convergent error mode of SI is the 
at

one, no matter what is the spatial dimensionality of the problem [2]. Consequently, people

have tried to develop methods that "kill" this 
at mode very q uickly and accelerates the

other modes as well. Most of the methods have one common feature. Instead of calculating

the scalar 
ux directly as a weighted sum of the angular 
ux over all directions in the

SI fashion, they project the high-order problem (the transport equation) into a low-order

problem by applying 0th , 1th , etc. moments to the transport equation, and de�ne closure

relationships. One complete iteration implies sweeping for the angular 
uxes (high-order

solution) at intermediary step ( s+ 1=2) and solving the low-order problem to get the scalar


uxes and currents at iteration ( s + 1). The low-order problem can be based on several

steps, or can be formulated as one matrix equation. In the second case, the matrix of the

low-order problem is too large to be inverted directly. Thus, iterative methods are used,

taking advantage of the particular structure of the matrix ( e.g. for symmetric positive
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de�nite matrices one can use Conjugate Gradient method). Insome methods the low-order

problem is de�ned on a coarse mesh compared to the one used forthe high-order problem.

After the low-order problem is solved the solution is reconstructed at �ne mesh level.

As we've just mentioned, SI converges very slow in highly scattering medium,

which is common to many di�usive problems. In this case, the di�usion approximation

works and people tried to develop methods that make the angular 
ux error disappear

in one iteration if it is isotropic or linearly anisotropic. This can be done by introducing

special terms in the low-order problem, which are based on integrals over the angles that

are equal to zero (for linear terms) or to a constant (for nonlinear terms) in case of isotropic

or linearly anisotropic angular 
ux. In this regard, some methods use Legendre moments

of the angular 
ux. It was shown that the di�usion operator wo rks well for this purpose.

As we see, there are ways to eliminate some particular error modes in exactly

one iteration and most of the methods use them. However, thisis not enough to assure

fast convergence, or at least convergence. For instance, the Coarse-Mesh Rebalance method

proved to be divergent even in 1D geometry homogeneous medium [11] for optically thin and

thick cells. Also, First Moment method (FM) [22] with the di� usion coe�cient proposed by

Lewis and Miller proved to be divergent in 1D geometry homogeneous medium for optically

thick cells.

1.2 Iterative Methods Used for Acceleration of the Trans-

port Equation

Regarding the low-order problem discretization we should say that any iterative

method can use a consistent discretization, which means thelow-order equations are de-

rived from the discretized transport equation by applying directly the projection operator,

in discrete form to the discretized transport equation. In this case the method purely ac-

celerates the transport equation and the solution of the low-order problem is identical with

the solution of the discretized transport equation. If an independent discretization is used

the method produces high-order and low-order solutions that are di�erent on �nite grids.

If the width of the spatial cell tends to zero, then the two solutions tend to each other.

We also need to mention that some methods require consistentdiscretization for stability,
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which is a disadvantage in multidimensional geometries because it is di�cult to construct

fully consistent discretization of the low-order problem, and such discretizations sometime

lead to a system of equations that is very costly to solve.

Another important feature of these methods is linearity and nonlinearity. In case

of a linear method, the left hand side of the low-order equations contains the solution

at the current iteration, but the right hand side retains ter ms that are calculated based

on the solution from the transport sweep. In case of a nonlinear method the low-order

equations contain nonlinear terms, which in general are products of the solution at the

current iteration and some coe�cients calculated based on the solution of the transport

sweep. If the grid is uniform a linear method will produce a symmetric positive de�nite

matrix that can be solved easily with Conjugate Gradient method. A nonlinear method will

generate an asymmetric positive de�nite matrix, which is harder to be solved. Sometimes

there are ways to mitigate this problem by symmetrization of the low-order equations in

di�erential form. Miften and Larsen [27] did that for Quasid i�usion method (QD). It is

possible to formulate a linear version of a nonlinear methodfor solving transport equation.

This results in a new method which behaves di�erently.

An important class of iterative methods is Synthetic Acceleration methods. These

methods can be formulated as preconditioners of the Richardson iteration. They are linear

and their low-order problem is formulated in terms of additive corrections. In order to

converge most of them require consistent discretization. One of the best known methods

from this class is Di�usion Synthetic Acceleration (DSA) [24]. In this case, the low-order

problem is basically a di�usion equation in terms of additive corrections for the transport

sweep solution. DSA converges only if the low-order problemis consistently discretized, or at

most a slightly inconsistent discretization is used. Probably the biggest disadvantage of DSA

is that it is hard to discretize consistently the low-order problem for multidimensional cases.

Larsen proposed a four-step algorithm for consistent discretization [23] that is supposed to

work for any discretization of the transport sweep.

Another method in this class is Transport Synthetic Acceleration (TSA) [28][29].

The low-order problem of TSA is a modi�ed transport equation which contains a free

parameter � 2 [0; 1]. For � 2 [0; 1] TSA suppresses the 
at error mode. The low-order

problem is not solved directly. One may use SI method or an algebraic acceleration scheme.

A di�erent class of methods is represented by Quasidi�usion and related meth-

ods. These methods can use independent discretization of the low-order problem. They
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are formulated in terms of the solution. Also, they can be formulated in terms of multi-

plicative corrections. QD was proposed by Gol'din [18], andimproved and analyzed later

[3][20][4][6][27]. For the particular case of incident 
ux boundary conditions (BC), Gol'din

and Chetverushkin introduced in [19] special BC for QD. Later, Miften and Larsen pro-

posed alternative BC [27] as well. QD is a nonlinear method that is based on the idea that

the Quasidi�uion (Eddington) factors, which close the low-order problem, are stable. In

case of isotropic and linearly anisotropic angular 
ux the Eddington factors are constant.

It was not proved that QD method is unconditionally convergent in homogeneous medium

for any type of independent discretization, but so far there have been no reports either

about slow convergence or divergence. QD proved to be fast convergent in 1D problems

and multidimensional problems as well, even in tough cases as up-scattering problems.

Second Moment (SM) method [22] can be considered as the linear version of QD

when the linearization is done around a 
at solution [10]. The same as in case of DSA, the

di�usion equation is the basis for the low-order problem. SMhas an important disadvantage

that makes it un-attractive: due to the spatial derivatives of second order Legendre moments

of the angular 
ux at iteration ( s + 1=2), it may give non-physical negative scalar 
uxes.

Lewis and Miller also proposed First Moment method (FM) [22]. FM can be formulated

for either additive corrections or multiplicative correct ions. In the �rst case, if we use the

standard di�usion coe�cient 1 =3� t and independent discretization, FM converges slow or

even diverges for 2D, in�nite homogeneous medium. The reason is that it is equivalent

to DSA with independent discretization. A nonlinear version of FM is Nonlinear Di�usion

Acceleration (NDA) [31]. NDA method is implemented in CASMO-4 transport code [32][33].

It proved to be very e�cient in full core calculations for opt ically thin cells.

Anistratov and Larsen [7] proposed a family of � -weighted iterative methods for

slab geometry. They derived both nonlinear and linear versions of the methods. This

family of methods is a generalization of �rst 
ux [17] and second 
ux [21] methods. Fourier

stability analysis demonstrated that both linear and nonlinear methods are fast convergent

in 1D even if the low-order problem is independently discretized.

Another family of methods that don't require consistent discretization is the one

proposed by Adams [1]. In his formulation, the transport sweep is accelerated by a system

of "S2-like" equations, which are obtained by applying 0th angular moment to a di�erently

discretized high-order problem. Depending on the discretization of the S2-like equations,

we can get di�erent methods. Adams analyzed the convergencebehavior of his method and
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found out that in 1D geometry it was fast convergent in all cases.

1.3 Stability Analysis. Tools

Stability analysis is an inherent part of any iterative meth od development. It is

performed to verify the behavior of iterative methods. Its results are also used to understand

how they works. This way the methods can be improved, or at least �xed for some particular

cases. Another application of stability analysis is veri�cation and validation of the transport

codes. Using the analysis we can create sophisticated benchmark problems that can be used

to check whether a transport code, which uses that particular method, works properly or

not.

The main tool used in stability analysis is Fourier transformation. It can be used

for linear methods and for nonlinear methods that are linearized close to a solution. The

assumption that the error of the iterative solution can be expanded in Fourier series has to

be made. In homogeneous medium there is separation of variables (angular and spatial) and

the eigenfunction depends only on particle's direction. Instead, in heterogeneous medium

there is no separation of variables, which means the eigenfunction depends on position as

well.

Zika and Larsen [38][39] have shown for 1D geometry what is the actual problem

that is analyzed in case of heterogeneous medium problem with periodic structure. Starting

from the transport equation and assuming the error modes canbe written as product

of the eigenfunction and the complex exponential, they've derived a di�erential equation

with complex coe�cients, whose solutions are the eigenfunctions. They considered periodic

eigenfunctions, but dxidn't assume separation of variables. The resulting equations for

eigenfunctions were solved numerically.

An alternative to Fourier analysis in in�nite medium is the i teration matrix analy-

sis for problems in �nite domain. In this case, one formulates the iteration process in the

matrix form

x(s+1) = M x(s) : (1.1)

where x is the vector of iterative errors, s is the iteration index and M is the iteration

matrix. The analysis consists in construction of matrix M and evaluation of its spectral

radius and norms, which tells us whether the iteration process is convergent or not, and if
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yes how fast convergent it is. For linear methods constructing matrix M is straightforward.

One can use this approach for nonlinear methods as well if theequations are linearized in

the vicinity of the solution. This method can be used to analyze the behavior of methods

in �nite medium problems, but not in in�nite medium problems . Note that in order to

evaluate the spectral radius ofM we need to invert the high-order and low-order operators.

Hence, an important limitation is the size of the problem that we can consider due to limited

e�ciency of the software we need for this analysis and hardware resources.

Sanchez [30] has shown that use of real periodic BC (BC for thetransport equation

are solved using the outgoing angular 
ux from the previous iteration) increases the spectral

radius of the iteration matrix M , due to iteration on boundaries. When the optical thickness

tends to 0, the spectral radius tends to 1. Sanchez also has shown that if we increase the

number of cells to 1 , the spectral radius of M tends to the one given by Fourier analysis

for in�nite medium problem.

Regarding the analysis of nonlinear methods on heterogeneous problems, a semi-

analytic approach is possible. It was used by Yamamoto [37] for analysis of NDA in 1D

in�nite heterogeneous medium. He linearized the method by frozen the nonlinear correction

factor and spanned the interval [� 1; 1] for it. A more general approach is the following. We

can linearize the nonlinear method around a non-
at solution and do the Fourier analysis

using the solution obtained with a transport code. In this case two questions arise. First,

how do we get the in�nite medium solution? Second, can we get the solution of a problem for

which the method diverges? Regarding the �rst question, it is possible to use a combination

of re
ective and periodic BC in order to obtain the solution o f an in�nite heterogeneous

medium with periodic structure. The answer of the second problem is a�rmative too. For

small problems with re
ective and/or periodic BC the method is likely to be convergent,

even if it is divergent for the in�nite medium problem. The re ason is that most of the error

modes are killed because it is a problem in �nite domain with �nite number of spatial cells

and speci�c BC. Even if the optical thickness of the region issmall and the spectral radius

is very close to 1, there is no trouble. One can a�ord to do a large number of iterations in

order to get the in�nite medium solution. Finally we should n ote that in in�nite medium

problems the spectral radius of a nonlinear method depends on the solution, which means

it depends on the external source used for obtaining the solution. It is not the same for a

linear method whose spectral radius doesn't depend on the solution.
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1.4 Homogeneous Medium Analysis

The behavior of each of the previously mentioned methods hasbeen analyzed for

various scenarios. For DSA it was shown that, if a consistentdiscretization is used, it is

fast convergent in in�nite homogeneous medium on rectangular grids in 1D [24] and 2D [2]

geometries as well. However, if an independent discretization is used we should expect slow

convergence or even divergence.

On the other hand, SM and QD methods can be used with an independent dis-

cretization [2]. It has not been proved that they converge fast in any scenario, but for

in�nite homogeneous medium tests neither slow convergencenor divergence has been re-

ported so far. QD is a nonlinear method. One can analyze it by linearizing it close to the

solution. For homogeneous medium, the linearized equations are identical to SM written

for errors. Cefus and Larsen [10] have shown this identity for 1D and derived the expres-

sion of the spectral radius. As far as we know there are no published results regarding

Fourier analysis for SM method for 2D geometry in homogeneous medium. We derived the

expression of the spectral radius (see Chapter 3) in di�erential form and discretized form

using diamond di�erences (DD), step method and short characteristics discretizations of

the transport equation.

FM's behavior has been analyzed by Lewis and Miller [22] for 1D geometry in

in�nite homogeneous medium. They haven't reported the spectral radii but only numbers of

iterations necessary for ONETRAN code to converge. On the other hand, Smith and Rhodes

[32] have reported a fast DSA-like convergence for NDA. Cho and Park [14] have analyzed

Coarse Mesh Finite Di�erence (CMFD) acceleration method in 1D geometry homogeneous

medium. For the case that the low-order problem is discretized on the same spatial mesh

as the transport equation, this method is equivalent to NDA. They've used an independent

discretization which lead to spectral radii grater than 1 in some cases. We've also tested an

independently discretized version of FM (using the standard di�usion coe�cient) and we

found divergence for some 1D geometry homogeneous problems.

1.5 Heterogeneous Medium Analysis

DSA is one of the most analyzed methods for heterogeneous problems. The reason

is the fact that it is used in many codes. A very important result regarding DSA behavior in
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multidimensional heterogeneous medium is Azmy's proof [9]that there is no unconditionally

stable adjacent cell di�usive preconditioner weighted diamond di�erencing discretizations.

As example, he has shown that DSA loses e�ectiveness in Periodic Horizontal Interface

(PHI) problem (see [8]). Warsa, Wareing, and Morel [35] haveshown that even a robust

version of DSA, which has been consistently discretized andfound e�cient in 3D geometry,

di�usive homogeneous medium, and unstructured grids [34],loses its e�ciency in di�usive

and highly heterogeneous tests. They also have analyzed a slightly inconsistent version

of DSA (SQLA DSA), which proved to have a similar behavior. The conclusion of these

authors is that degradation in e�ectiveness is an inherent property of the analytical DSA

method. As a solution to �x this problem they proposed acceleration of SI using GMRES

method preconditioned by DSA [36].

TSA method has been analyzed in di�usive heterogeneous medium as well. Chang

and Adams [12][13] have observed not only degradation in TSA's e�ectiveness but even

divergence. They've also found out that the spectral radii greater than 1 are given by real

negative eigenvalues. As a result, they proposed a modi�cation of the method by embedding

TSA inside a Krylov solver as CG or GMRES.

NDA has been analyzed in 1D geometry heterogeneous medium byYamamoto

[37]. Using the standard di�usion coe�cient, he has found spectral radii greater than 1 for

many cases. The way Yamamoto has analyzed NDA was discussed in the previous section.

1.6 Thesis' Objectives

The main objective of this research was to perform the stability analysis of two

nonlinear iterative methods used for solving the transportequation: QD and NDA, and their

linear versions: SM and FM. We've considered mono-energetic case, isotropic scattering,

1D and 2D Cartesian geometry, highly scattering and strong heterogeneous medium. To

discretize the transport equation we use DD, step method, and step characteristics schemes

in 1D geometry, and DD, step method, and short characteristics schemes in 2D geometry.

For the low-order problem we use a �nite volume discretization. Mainly we are interested

in analysis of the methods that use step characteristics andshort characteristics transport

discretizations. However, it is instructive to analyze the other two discretizations as well to

understand the in
uence of the transport discretization on the convergence rate.



10

1.7 Main Results Presented for Defense

In this thesis we present the following results:

1. Fourier analysis of SM for 2D Cartesian geometry in�nite homogeneous medium in both

di�erential and discretized form.

2. Iteration matrix analysis of SI (in 2D Cartesian geometry) and SM (in 1D and 2D

Cartesian geometries) in case of �nite heterogeneous medium with periodic BC.

3. Fourier analysis of SI, SM, and FM for 1D geometry in�nite heterogeneous medium.

4. Fourier analysis of SI, SM, and FM in case of 2D Cartesian geometry in�nite heteroge-

neous medium with periodic structure.

5. Stability analysis of the nonlinear methods, namely QD and NDA in the vicinity of the

solution of in�nite heterogeneous medium problem with periodic structure.

6. Numerically evaluation of SM, QD, and FM spectral radii in case of checker-board

problem and two regions problem for 2D Cartesian geometry.

1.8 Thesis's Content

The remaining of this thesis is structured as follows. In Chapter 2 we analyze

the behavior of the SI method in 1D slab and 2D Cartesian geometries for heterogeneous

medium problems, using iteration matrix analysis and Fourier analysis. Chapter 3 presents

the analysis of SM and QD in 1D slab and 2D Cartesian geometries for heterogeneous

medium. In order to perform the Fourier analysis we linearize the low-order QD equations.

For SM we show the Fourier analysis in 2D geometry for in�nite homogeneous medium in

both di�erential and discretized form. Chapter 4 presents the stability analysis of FM in

heterogeneous medium for 1D and 2D geometries. For NDA we derive the linearized low-

order equations around a non-
at solution in 2D geometry andperform Fourier analysis as

well. The thesis concludes with Chapter 5, where a �nal discussion regarding the results is

presented and possible ways for improving the methods are pointed out.
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Chapter 2

Stability Analysis of Source

Iteration Method

In this chapter we present the iteration matrix analysis and Fourier analysis of the

SI method for heterogeneous medium in 1D slab and 2D Cartesian geometries. The results

of this analysis are used to compare SI and the other four iterative methods under consid-

eration. These comparisons are important in order to see whether the slowly convergent

error modes are dumped by the acceleration methods or not andwhether other modes are

excited or not. We did iteration matrix analysis of SI in 1D and 2D. In this Chapter we

only show how we build the iteration matrix in 1D. The procedure for 2D is similar.

2.1 The Source Iteration Method for the 1D Transport Equa-

tion in Di�erential Form

The steady state transport equation for 1D geometry, mono-energetic case, isotropic

scattering and external source is:

�
@ 
@x

+ � t (x) (x; � ) =
� s(x)

2

1Z

� 1

 
�
x; � 0� d� 0+

Q(x)
2

; (2.1)
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wherex 2 [xL ; xR ], � 2 [� 1; 1] is the projection of particle's direction vector ~
 on x-axis,  

is the angular 
ux, � t is the total macroscopic cross section, �s is the scattering macroscopic

cross section, andQ is the external source. In order to solve this problem we needto specify

BC. Vacuum BC in 1D are given by
8
<

:
 (xL ; � ) = 0 ; � > 0;

 (xR ; � ) = 0 ; � < 0:
(2.2)

Re
ective BC in 1D have the form:
8
<

:
 (xL ; � ) =  (xL ; � � ); � > 0;

 (xR ; � ) =  (xR ; � � ); � < 0:
(2.3)

Periodic BC in 1D de�ned by:

 (xL ; � ) =  (xR ; � ); � 2 [� 1; 1]: (2.4)

SI for the transport equation in continuous form consists in a transport sweep that gives

one the angular 
ux at intermediary step ( s + 1=2):

�
@ (s+1 =2)

@x
+ � t (x) (s+1 =2) (x; � ) =

� s(x)� (s) (x) + Q(x)
2

; (2.5)

and integration of the angular 
ux over all directions in ord er to get the scalar 
ux at the

next iteration ( s + 1):

� (s+1) (x) =

1Z

� 1

 (s+1 =2) (x; � ) d�: (2.6)

Vacuum BC: 8
<

:
 (xL ; � )(s+1 =2) = 0 ; � > 0;

 (xR ; � )(s+1 =2) = 0 ; � < 0:
(2.7)

Re
ective BC: 8
<

:
 (xL ; � )(s+1 =2) =  (xL ; � � )(s+1 =2) ; � > 0;

 (xR ; � )(s+1 =2) =  (xR ; � � )(s+1 =2) ; � < 0:
(2.8)

Periodic BC:

 (xL ; � )(s+1 =2) =  (xR ; � )(s+1 =2) ; � 2 [� 1; 1]: (2.9)

Thereafter, we refer to the above formulations of re
ectiveand periodic BC as \ideal" BC. It

means that for a �xed right hand side of the transport equation the angular 
ux is obtained
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in one transport sweep. There is another version of these twotypes of BC, which are

actually used in the discretized versions of SI and most acceleration methods. Thereafter,

we refer to the above formulations of re
ective and periodicBC as \real" BC. In this case

even for the given right hand side one needs to iterate in order to get the converged angular


ux, due to BC.

Real re
ective BC:
8
<

:
 (xL ; � )(s+1 =2) =  (xL ; � � )(s� 1=2) ; � > 0;

 (xR ; � )(s+1 =2) =  (xR ; � � )(s� 1=2) ; � < 0:
(2.10)

Real periodic BC: 8
<

:
 (xL ; � )(s+1 =2) =  (xR ; � )(s� 1=2) ; � > 0;

 (xR ; � )(s+1 =2) =  (xL ; � )(s� 1=2) ; � < 0:
(2.11)

2.2 The Source Iteration Method for the 1D Transport Equa-

tion in Discretized Form

In order to discretize SI in 1D we need to de�ne the spatial mesh f x i � 1=2; i =

1::N + 1 ; x1=2 = xL ; xN +1 =2 = xRg and the angular mesh� m ; m = 1 ::Nm , where N is the

number of the cells in the slab andNm is the number of directions considered. Now we

can de�ne the discretized solution: � i is the cell average scalar 
ux, m;i is the cell average

angular 
ux in i th cell for direction � m , and  m;i � 1=2 is the cell edge angular 
ux. In 1D

geometry discretized form of the SI method consists of a transport sweep (2.12), (2.13) and

evaluation of the average scalar 
ux at the next iteration (2.14)

� m

 (s+1 =2)
m;i +1 =2 �  (s+1 =2)

m;i � 1=2

� x i
+ � t;i  

(s+1 =2)
m;i =

� s;i �
(s)
i + Qi

2
; (2.12)

 (s+1 =2)
m;i =

1 + � m;i

2
 (s+1 =2)

m;i +1 =2 +
1 � � m;i

2
 (s+1 =2)

m;i � 1=2; (2.13)

� s+1
i =

X

m

 (s+1 =2)
m;i wm : (2.14)

Depending on the expression of� m the transport discretization corresponds to the following

methods:

1. The Diamond Di�erences

� m;i = 0 ; (2.15)
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2. The step method

� m;i = � m=j� m j ; (2.16)

3. The step characteristics

� m;i =
1 + e�

� t;i � x i
� m

1 � e�
� t;i � x i

� m

�
2� m

� t;i � x i
: (2.17)

We can write the approximate solution at iteration s as the sum of the exact

solution and the iterative error

 (s+1 =2)
m;i =  m;i + � (s+1 =2)

m;i ; (2.18)

 (s+1 =2)
m;i +1 =2 =  m;i +1 =2 + � (s+1 =2)

m;i +1 =2; (2.19)

� (s)
i = � i + �� (s)

i : (2.20)

Hence, we can write SI method for the iterative error as

� m

� (s+1 =2)
m;i +1 =2 � � (s+1 =2)

m;i � 1=2

� x i
+ � t;i � 

(s+1 =2)
m;i =

� s;i ��
(s)
i

2
; (2.21)

� (s+1 =2)
m;i =

1 + � m;i

2
� (s+1 =2)

m;i +1 =2 +
1 � � m;i

2
� (s+1 =2)

m;i � 1=2; (2.22)

�� s+1
i =

X

m

� (s+1 =2)
m;i wm ; (2.23)

where wm are the quadrature weights.

2.2.1 Fourier Analysis of SI Method in In�nite Heterogeneou s Medium

Let us consider a 1D version of the PHI problem [12]. This problem is de�ned by

two in�nite layers of di�erent materials repeated periodic ally. There is one spatial cell per

layer (see Fig. 2.1). We introduce the following ansatz:

� (s+1 =2)
m;i +2 k = ! s~am;i e� î�x i +2 k

� (s+1 =2)
m;i +1 =2+2 k = ! s~bm;i e� î�x i +1 =2+2 k

�� (s)
i +2 k = ! sA i e� î�x i +2 k

(2.24)

where i = 1 ; 2, î =
p

� 1, and k is an integer number k 2 (�1 ; 1 ). As we see, the

eigenfunctions a, b, and A are periodic with period equal to 2 cells. Because of this one
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needs to analyze only two neighborly cells to evaluate the eigenvalues! . We consider only

such discretizations for which � m;i is an odd function of � m . If we use the above ansatz

in Eqs. (2.21) and (2.22) written for two adjacent cells we �nd that ~am;i has the following

form:

~am;i = A1

�
ae

m;i; 1 + îao
m;i; 1

�
+ A2

�
ae

m;i; 2 + îao
m;i; 2

�
(2.25)

where superscriptse stands for even ando means odd, i.e.

� m = � � n ) ae
m;i;j = ae

n;i;j ;

� m = � � n ) ao
m;i;j = � ao

n;i;j :

We don't show here the expressions ofa coe�cients because of their complexity. Using

(2.24) and (2.25) in Eq. (2.23) written for two adjacent cells we obtain a system of 2

equations for 2 unknowns:! and A1=A2.
8
><

>:

A 1
A 2

! =
P

m

�
A 1
A 2

ae
m;1;1 + ae

m;1;2

�
wm

! =
P

m

�
A 1
A 2

ae
m;2;1 + ae

m;2;2

�
wm

(2.26)

This system can be reduced to a second order equation in! that can be solved easily:

! 2

� 2;1
� !

� 2;2 + � 1;1

� 2;1
+

� 2;2� 1;1

� 2;1
� � 1;2 = 0 ; (2.27)

where � i;k =
P

m
ae

m;i;k wm . For every value of � we obtain two solutions for ! . We evaluated

the spectral radii of the SM method in discretized form for PHI problem in 1D, non-uniform

scattering ratio c = � s=� t , but homogeneous �t . The scattering ratio in the �rst cell was

constant c1 = 1, but c2 varied. In Table 2.1 we show the analytic spectral radii of SM

obtained by means of Fourier analysis and the numerically estimated ones. We estimated

numerically the spectral radius in L 2 norm

� (s) =
jj � (s) � � (s� 1) jj2

jj � (s� 1) � � (s� 2) jj2
; (2.28)

x1/2 x3/2 x

St1, c1

Dx1

St2, c2

X5/2

Dx2

Figure 2.1: PHI problem in 1D geometry
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using a 1000 cells slab, vacuum BC,Q = 1 for 250 � x � 750, Q = 0 in the rest of the slab,

� = 10 � 6 point-wise convergence criteria

max
i

�
�
�
�
�
1 �

� (s+1)
i

� (s)
i

�
�
�
�
�

� �
�

1 � � (s)
�

; (2.29)

We can see that SI is slowly convergent in most of the cases, especially when the scattering

ratio is high and the optical thickness of the cells (� x� t ) is large.

2.2.2 Iteration Matrix Analysis of SI Method in Finite Heter ogeneous

Medium

In discretized form, ideal periodic BC for 1D geometry are de�ned as

 (s+1 =2)
m;1=2 =  (s+1 =2)

m;N +1 =2; m = 1 ::Nm : (2.30)

We can write (2.30) in terms of iterative errors as well

� (s+1 =2)
m;1=2 = � (s+1 =2)

m;N +1 =2: (2.31)

In this case, Eqs. (2.21), (2.22), and (2.23) can be reduced to the following matrix form

A1� 
(s+1 =2)

= ��
(s)

; (2.32)

where � is the vector of all angular 
ux errors (both edge and average), and �� is the

vector of all average scalar 
ux errors. Eq. (2.23) written for all cells forms the following

system of equations

��
(s+1)

= A2� 
(s+1 =2)

: (2.33)

This means the iteration matrix is

M = A2A
� 1
1 : (2.34)

Periodic real BC for 1D geometry are given by:
8
<

:
 (s+1 =2)

m;1=2 =  (s� 1=2)
m;N +1 =2; � > 0;

 (s+1 =2)
m;N +1 =2 =  (s� 1=2)

m;1=2 ; � < 0:
(2.35)

We derive similar equations for the errors and form two matrix equations as above

A1� �
(s+1 =2)

= A2� �
(s)

; (2.36)
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Table 2.1: Analytic and numerically spectral radii of SI for PHI problem in 1D, with � t = 1,
c1 = 1 and variable c2

Parameters Analytic � of SM Numerically estimated � of SM

� x1 � x2 c2 DD step m. step c. DD step m. step c.

1 1 0.1 0.57832 0.78049 0.68867 0.55022 0.77691 0.68482

1 1 0.2 0.61002 0.78939 0.70890 0.60000 0.78614 0.70564

1 1 0.3 0.65146 0.80033 0.73234 0.64998 0.79747 0.72970

1 1 0.4 0.70000 0.81395 0.75935 0.69997 0.81154 0.75732

1 1 0.5 0.75000 0.83105 0.79015 0.74996 0.82914 0.78871

1 1 0.6 0.80000 0.85259 0.82488 0.79996 0.85122 0.82393

1 1 0.7 0.85000 0.87961 0.86347 0.84996 0.87874 0.86292

1 1 0.8 0.90000 0.91297 0.90573 0.89996 0.91254 0.90547

1 1 0.9 0.95000 0.95315 0.95137 0.94996 0.95299 0.95127

1 1 0.99 0.99500 0.99503 0.99501 0.99495 0.99497 0.99496

1 1 0.999 0.99950 0.99950 0.99950 0.99945 0.99944 0.99945

1 1 0.9999 0.99995 0.99995 0.99995 0.99990 0.99989 0.99990

1 1 0.99999 0.999995 0.999995 0.999995 0.99995 0.99993 0.99994

10 0.1 0.1 0.99109 0.99295 0.99222 0.99107 0.99292 0.99219

10 0.1 0.2 0.99208 0.99359 0.99298 0.99206 0.99355 0.99295

10 0.1 0.3 0.99307 0.99425 0.99377 0.99305 0.99422 0.99374

10 0.1 0.4 0.99406 0.99495 0.99458 0.99404 0.99491 0.99455

10 0.1 0.5 0.99505 0.99568 0.99542 0.99503 0.99565 0.99538

10 0.1 0.6 0.99604 0.99645 0.99628 0.99602 0.99642 0.99624

10 0.1 0.7 0.99703 0.99727 0.99717 0.99701 0.99723 0.99713

10 0.1 0.8 0.99802 0.99813 0.99808 0.99800 0.99809 0.99805

10 0.1 0.9 0.99901 0.99904 0.99903 0.99899 0.99900 0.99899

10 0.1 0.99 0.99990 0.99990 0.99990 0.99989 0.99986 0.99987

10 0.1 0.999 0.99999 0.99999 0.99999 0.99997 0.99995 0.99996

10 0.1 0.9999 0.99999 0.99999 0.99999 0.99998 0.99996 0.99996

10 0.1 0.99999 0.999999 0.999999 0.999999 0.99998 0.99996 0.99997

0.1 10 0.1 0.55356 0.23932 0.15958 0.54548 0.23931 0.15959

0.1 10 0.2 0.55356 0.25561 0.21872 0.54468 0.25569 0.21871

0.1 10 0.3 0.55356 0.31871 0.31080 0.54365 0.31870 0.31078

0.1 10 0.4 0.55356 0.41030 0.40776 0.54266 0.41028 0.40774

0.1 10 0.5 0.55357 0.50694 0.50588 0.50656 0.50691 0.50586

0.1 10 0.6 0.60396 0.60490 0.60443 0.60395 0.60488 0.60441

0.1 10 0.7 0.70297 0.70339 0.70319 0.70296 0.70336 0.70316

0.1 10 0.8 0.80198 0.80214 0.80206 0.80197 0.80211 0.80203

0.1 10 0.9 0.90099 0.90102 0.90101 0.90098 0.90099 0.90098

0.1 10 0.99 0.99010 0.99010 0.99010 0.99008 0.99006 0.99006

0.1 10 0.999 0.99901 0.99901 0.99901 0.99899 0.99897 0.99898

0.1 10 0.9999 0.99990 0.99990 0.99990 0.99989 0.99986 0.99987

0.1 10 0.99999 0.99999 0.99999 0.99999 0.99997 0.99995 0.99996
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� �
(s+1)

= A3� �
(s+1 =2)

; (2.37)

where � � is the vector of all angular 
ux errors (both edge and averag e), and all average

scalar 
ux errors. Therefore, the iteration matrix is

M = A3A
� 1
1 A2: (2.38)

We used the iteration matrix analysis to evaluate the spectral radii of SI for a 2

cells slab (see Fig. 2.1). We considered both ideal and real BC. The parameters of this

problem are the following: � x1 = � x2 = 1, � t1 = � t2 = 1, c1 = 1, c2 variable, and double

S4 GL quadrature. We built the iteration matrix in MATLAB 6.5 , obtained the eigenvalues

! i using function eig, and evaluated the spectral radius

� = max
i

j! i j: (2.39)

The analytic spectral radii are shown in Table 2.2. We included in the table the results of

Fourier analysis for in�nite periodic medium problem with t he same structure, to compare

the two types of analysis. In this particular case the iteration matrix has only 2 eigenfunc-

tions and 2 eigenvalues. One of the eigenfunctions is the spatially 
at one, which means

that in some cases this type of analysis predicts exactly thespectral radius of SI for in�nite

medium problems, if the ideal periodic BC are used. However,for c < 0:7 we can see that

iteration matrix analysis underestimates the spectral radius of the in�nite periodic medium

problem. That can be explained by the fact that the slowest convergent error mode of the

in�nite medium problem is not the 
at one. In Fig. (2.2) we hav e the distribution of the

maximum eigenvalue! (for every � we get two solutions! 1 and ! 2) with respect to � for the

casec2 = 0 :1, which was obtained with the Fourier analysis. The spectral radius predicted

by the iteration matrix analysis with ideal BC is equal to ! (0), which corresponds to the


at error mode.

On the other hand, if SI with real periodic BC is considered then the iteration

matrix is not 2 � 2 anymore because one needs to include in the vector of unknowns all

cell average scalar 
ux errors and all angular 
ux errors. We get extra error modes and

eigenvalues because the transport sweep has to iterate on BC. In case of optically thin

cells, this analysis will predict a spectral radius greaterthan the one of the in�nite medium

problem. In our case, this happens forc2 > 0:1. An interesting feature of real BC is the

fact that the iteration matrix has complex eigenvalues. We had cases when the abolute
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Table 2.2: Analytic spectral radii of SI with the DD transpor t discretization for PHI problem
in 1D, with � x1 = � x2 = 1, � t1 = � t2 = 1, c1 = 1, and variable c2

c2 Fourier analysis Iteration matrix analysis, ideal BC Iteration matrix analysis, real BC

0.1 0.578315 0.55 0.552688

0.2 0.610024 0.6 0.634669

0.3 0.651461 0.65 0.694840

0.4 0.700000 0.7 0.746175

0.5 0.750000 0.75 0.792787

0.6 0.800000 0.8 0.836608

0.7 0.850000 0.85 0.878672

0.8 0.900000 0.9 0.919665

0.9 0.950000 0.95 0.959997

0.99 0.995000 0.995 0.996103

0.999 0.999500 0.9995 0.999601

0.9999 0.999950 0.99995 0.999960

0.99999 0.999995 0.999995 0.999996

Figure 2.2: Maximum eigenvalue vs.� for SI with the DD transport discretization predicted
by the Fourier analysis for PHI problem in 1D, � x1 = � x2 = 1, � t1 = � t2 = 1, c1 = 1, and
c2 = 0 :1

value of some complex eigenvalues had the same order of magnitude with the maximum

real eigenvalue. In Fig. 2.3 we show the spectrum of the eigenvalues in case of SI in

2D Cartesian geometry. We considered a homogeneous (�t = 1) square region with 3� 3

cells, uniform mesh � x = � y = 1, uniform scattering ratio c = 0 :2, product quadratures set

based on double S4 GL quadratures for azimuthal and polar angles, and short characteristics

discretization for the transport equation. We used both ideal and real periodic BC. As we

can see, ideal BC generates only real eigenvalues. In case ofreal BC we get many complex
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Figure 2.3: Eigenvalues spectrum of SI with the short characteristics transport discretization
for a 3� 3 homogeneous region with ideal and real BC, �x = � y = 1, and uniform c = 0 :2

eigenvalues. The conjugate of each complex eigenvalue is aneigenvalue also. Also, we note

that all complex eigenvalues have negative real part.

This type of analysis proved to be a very useful tool that can enable one to obtain

valuable information about the structure of the error modes and their eigenvalues in �nite

problems. The Fourier analysis can be used to obtain upper bounds for the spectral radii in

�nite medium problem. The practical problems are �nite. Tha t's why it is very important

to know as much as possible about the structure of the iterative error modes in �nite medium

problems.

2.3 The Source Iteration Method for the Transport Equation

in 2D Cartesian Geometry

The steady state transport equation for 2D Cartesian geometry, mono-energetic

case, isotropic scattering, and external source is


 x
@ 
@x

+ 
 y
@ 
@y

+ � t (x; y) 
�

x; y; ~

�

=
� s(x; y)

4�

Z

4�

 
�

x; y; ~

�

d
 +
Q(x; y)

4�
; (2.40)

where x 2 [xL ; xR ], y 2 [yB ; yT ], 
 x is the x-component of particle's direction vector ~
, 
 y

is the y-component of ~
,  is the angular 
ux, � t is the total macroscopic cross section,

� s is the scattering macroscopic cross section, andQ is the external source. Vacuum BC
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in 2D are de�ned as: 8
>>>>><

>>>>>:

 (xL ; y; ~
) = 0 , ~
 � ~n(xL ; y) < 0;

 (xR ; y; ~
) = 0 , ~
 � ~n(xR ; y) < 0;

 (x; yB ; ~
) = 0 , ~
 � ~n(x; yB ) < 0;

 (x; yT ; ~
) = 0 , ~
 � ~n(x; yT ) < 0;

(2.41)

where~n(x; y) is the outward normal vector and (x; y) is a point on the boundary. Re
ective

BC in 2D have the form:
8
>>>>><

>>>>>:

 (xL ; y; ~
) =  (xL ; y; ~
 � ) , ~
 � ~n < 0;

 (xR ; y; ~
) =  (xR ; y; ~
 � ) , ~
 � ~n < 0;

 (x; yB ; ~
) =  (x; yB ; ~
 � ) , ~
 � ~n < 0;

 (x; yT ; ~
) =  (x; yT ; ~
 � ) , ~
 � ~n < 0:

(2.42)

where ~
 � is the exiting direction that re
ects onto ~
. Periodic BC in 2D are given by:
8
<

:
 (xL ; y; ~
) =  (xR ; y; ~
) , 8~
 ;

 (x; yB ; ~
) =  (x; yT ; ~
) , 8~
 :
(2.43)

SI consists in a transport sweep that gives us the angular 
uxat intermediate step

(s + 1=2):


 x
@ (s+1 =2)

@x
+ 
 y

@ (s+1 =2)

@y
+ � t (x; y) (s+1 =2)

�
x; y; ~


�
=

� s(x; y)� (s) (x; y) + Q(x; y)
4�

: (2.44)

The scalar 
ux is obtained by integrating the angular 
ux:

� (s+1) (x; y) =
Z

4�

 (s+1 =2)
�

x; y; ~

�

d
 : (2.45)

We also need BC.

Vacuum BC:
8
>>>>><

>>>>>:

 (s+1 =2) (xL ; y; ~
) = 0 , ~
 � ~n(xL ; y) < 0;

 (s+1 =2) (xR ; y; ~
) = 0 , ~
 � ~n(xR ; y) < 0;

 (s+1 =2) (x; yB ; ~
) = 0 , ~
 � ~n(x; yB ) < 0;

 (s+1 =2) (x; yT ; ~
) = 0 , ~
 � ~n(x; yT ) < 0:

(2.46)
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Re
ective BC:
8
>>>>><

>>>>>:

 (s+1 =2) (xL ; y; ~
) =  (s+1 =2) (xL ; y; ~
 � ) , ~
 � ~n < 0;

 (s+1 =2) (xR ; y; ~
) =  (s+1 =2) (xR ; y; ~
 � ) , ~
 � ~n < 0;

 (s+1 =2) (x; yB ; ~
) =  (s+1 =2) (x; yB ; ~
 � ) , ~
 � ~n < 0;

 (s+1 =2) (x; yT ; ~
) =  (s+1 =2) (x; yT ; ~
 � ) , ~
 � ~n < 0:

(2.47)

Periodic BC: 8
<

:
 (s+1 =2) (xL ; y; ~
) =  (s+1 =2)(xR ; y; ~
) , 8~
 ;

 (s+1 =2) (x; yB ; ~
) =  (s+1 =2) (x; yT ; ~
) , 8~
 :
(2.48)

As in 1D, we de�ne "real" BC that are actually used to perform t he transport sweep. Real

Re
ective BC:
8
>>>>><

>>>>>:

 (s+1 =2) (xL ; y; ~
) =  (s� 1=2) (xL ; y; ~
 � ) , ~
 � ~n(xL ; y) < 0;

 (s+1 =2) (xR ; y; ~
) =  (s� 1=2) (xR ; y; ~
 � ) , ~
 � ~n(xR ; y) < 0;

 (s+1 =2) (x; yB ; ~
) =  (s� 1=2) (x; yB ; ~
 � ) , ~
 � ~n(x; yB ) < 0;

 (s+1 =2) (x; yT ; ~
) =  (s� 1=2) (x; yT ; ~
 � ) , ~
 � ~n(x; yT ) < 0:

(2.49)

Real Periodic BC:
8
>>>>><

>>>>>:

 (s+1 =2) (xL ; y; ~
) =  (s� 1=2) (xR ; y; ~
) , ~
 � ~n(xL ; y) < 0;

 (s+1 =2) (xR ; y; ~
) =  (s� 1=2) (xL ; y; ~
) , ~
 � ~n(xR ; y) < 0;

 (s+1 =2) (x; yB ; ~
) =  (s� 1=2) (x; yT ; ~
) , ~
 � ~n(x; yB ) < 0;

 (s+1 =2) (x; yT ; ~
) =  (s� 1=2) (x; yB ; ~
) , ~
 � ~n(x; yT ) < 0;

(2.50)

2.4 The Source Iteration Method for the Discretized Trans-

port Equation in 2D Cartesian Geometry

To discretize SI in 2D we de�ne the spatial meshf x i +1 =2; i = 1 ; Nx + 1 ; yj � 1=2; j =

1::Ny + 1g, and the angular mesh� m ; � m ; m = 1 ::Nm , where Nx is the cells number on x-

direction, Ny is the cells number on y-direction, andNm is the number of directions. The� m

and � m are discrete directional cosines,� i;j is the cell average scalar 
ux,� i � 1=2;j and � i;j � 1=2

are the face average scalar 
uxes, m;i;j is the cell average angular 
ux, and  m;i � 1=2;j and

 m;i;j � 1=2 are the face average angular 
uxes. SI method consists in a transport sweep and

evaluation of the average scalar 
ux at the next iteration:

� (s+1)
i;j =

X

m

 (s+1 =2)
m;i;j wm : (2.51)
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where wm are the quadrature weights. If we use WDD discretization thetransport sweep

equations are:

� m

 (s+1 =2)
m;i +1 =2;j �  (s+1 =2)

m;i � 1=2;j

� x i
+ � m

 (s+1 =2)
m;i;j +1 =2 �  (s+1 =2)

m;i;j � 1=2

� yj

+� t;i;j  (s+1 =2)
m;i;j =

� s;i;j � (s)
i;j + Qi;j

2
; (2.52)

 (s+1 =2)
m;i;j =

1 + � x
m;i;j

2
 (s+1 =2)

m;i +1 =2;j +
1 � � x

m;i;j

2
 (s+1 =2)

m;i � 1=2;j ; (2.53)

 (s+1 =2)
m;i;j =

1 + � y
m;i;j

2
 (s+1 =2)

m;i;j +1 =2 +
1 � � y

m;i;j

2
 (s+1 =2)

m;j;i � 1=2: (2.54)

For DD discretization � x
m;i;j = � y

m;i;j = 0 and for step method � x
m;i;j = � m=j� m j, � y

m;i;j =

� m =j� m j. Assuming as before that the approximate solution is the sumof the exact solution

and the iterative error, we can write all equations in terms of errors:

� m

� (s+1 =2)
m;i +1 =2;j � � (s+1 =2)

m;i � 1=2;j

� x i
+ � m

� (s+1 =2)
m;i;j +1 =2 � � (s+1 =2)

m;i;j � 1=2

� yj
;

+� t;i;j � (s+1 =2)
m;i;j =

� s;i;j �� (s)
i;j

2
; (2.55)

� (s+1 =2)
m;i;j =

1 + � x
m;i;j

2
� (s+1 =2)

m;i +1 =2;j +
1 � � x

m;i;j

2
� (s+1 =2)

m;i � 1=2;j ; (2.56)

� (s+1 =2)
m;i;j =

1 + � y
m;i;j

2
� (s+1 =2)

m;i;j +1 =2 +
1 � � y

m;i;j

2
� (s+1 =2)

m;j;i � 1=2; (2.57)

�� (s+1)
i;j =

X

m

� (s+1 =2)
m;i;j wm : (2.58)

For short characteristics discretization we used linear interpolation of the incident


ux, between the angular 
uxes in the two adjacent vertexes. The transport sweep equations

are

� m;i;j =
�
�
�
�
� m � yj

� m � x i

�
�
�
�

Quadrant I ( � m > 0, � m > 0)

� m;i;j = � t;i;j
� yj

� m
,  � =  (s+1 =2)

m;i +1 =2;j � 1=2 (1 � � m;i;j ) +  (s+1 =2)
m;i � 1=2;j � 1=2� m;i;j ; for � m;i;j � 1;

� m;i;j = � t;i;j
� x i

� m
,  � =  (s+1 =2)

m;i � 1=2;j +1 =2

�
1 �

1
� m;i;j

�
+  (s+1 =2)

m;i � 1=2;j � 1=2
1

� m;i;j
; for � m;i;j > 1;
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 (s+1 =2)
m;i +1 =2;j +1 =2 =  � e� � m;i;j +

�
1 � e� � m;i;j

� � s;i;j � (s)
i;j + Qi;j

4� t;i;j
: (2.59)

Quadrant II ( � m > 0, � m < 0)

� m;i;j = � t;i;j
� yj

� � m
,  � =  (s+1 =2)

m;i � 1=2;j � 1=2 (1 � � m;i;j ) +  (s+1 =2)
m;i +1 =2;j � 1=2xi m;i;j ; for � m;i;j � 1;

� m;i;j = � t;i;j
� x i

� m
,  � =  (s+1 =2)

m;i +1 =2;j +1 =2

�
1 �

1
� m;i;j

�
+  (s+1 =2)

m;i +1 =2;j � 1=2
1

� m;i;j
; for � m;i;j > 1;

 (s+1 =2)
m;i � 1=2;j +1 =2 =  � e� � m;i;j +

�
1 � e� � m;i;j

� � s;i;j � (s)
i;j + Qi;j

4� t;i;j
: (2.60)

Quadrant III ( � m < 0, � m < 0)

� m;i;j = � t;i;j
� yj

� � m
,  � =  (s+1 =2)

m;i � 1=2;j +1 =2 (1 � � m;i;j ) +  (s+1 =2)
m;i +1 =2;j +1 =2� m;i;j ; for � m;i;j � 1;

� m;i;j = � t;i;j
� x i

� � m
,  � =  (s+1 =2)

m;i +1 =2;j � 1=2

�
1 �

1
� m;i;j

�
+  (s+1 =2)

m;i +1 =2;j +1 =2
1

� m;i;j
; for � m;i;j > 1;

 (s+1 =2)
m;i � 1=2;j � 1=2 =  � e� � m;i;j +

�
1 � e� � m;i;j

� � s;i;j � (s)
i;j + Qi;j

4� t;i;j
: (2.61)

Quadrant IV ( � m < 0, � m > 0)

� m;i;j = � t;i;j
� yj

� � m
,  � =  (s+1 =2)

m;i +1 =2;j +1 =2 (1 � � m;i;j ) +  (s+1 =2)
m;i � 1=2;j +1 =2� m;i;j ; for � m;i;j � 1;

� m;i;j = � t;i;j
� x i

� m
,  � =  (s+1 =2)

m;i � 1=2;j � 1=2

�
1 �

1
� m;i;j

�
+  (s+1 =2)

m;i � 1=2;j +1 =2
1

� m;i;j
; for � m;i;j > 1;

 (s+1 =2)
m;i +1 =2;j � 1=2 =  � e� � m;i;j +

�
1 � e� � m;i;j

� � s;i;j � (s)
i;j + Qi;j

4� t;i;j
: (2.62)

For this discretization we need also to de�ne the cell average angular 
ux:

 (s+1 =2)
m;i;j =

 (s+1 =2)
m;i +1 =2;j +1 =2 +  (s+1 =2)

m;i � 1=2;j +1 =2 +  (s+1 =2)
m;i +1 =2;j � 1=2 +  (s+1 =2)

m;i � 1=2;j � 1=2

4
: (2.63)

We notice that Eqs. (2.59) { (2.62) can be written in the following general form:

âm;i;j; 1 (s+1 =2)
m;i +1 =2;j +1 =2 + âm;i;j; 2 (s+1 =2)

m;i � 1=2;j +1 =2 + âm;i;j; 3 (s+1 =2)
m;i � 1=2;j � 1=2 +

âm;i;j; 4 (s+1 =2)
m;i +1 =2;j � 1=2 = � (s)

i;j + Q i;j
� s;i;j

: (2.64)

Eq. (2.64) can be written in terms of iterative errors also:

âm;i;j; 1� (s+1 =2)
m;i +1 =2;j +1 =2 + âm;i;j; 2� (s+1 =2)

m;i � 1=2;j +1 =2 + âm;i;j; 3� (s+1 =2)
m;i � 1=2;j � 1=2 +

âm;i;j; 4� (s+1 =2)
m;i +1 =2;j � 1=2 = �� (s)

i;j : (2.65)
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Figure 2.4: PHI problem in 2D geometry

2.4.1 Fourier Analysis of SI Method in In�nite Heterogeneou s Medium

Let's consider the PHI problem in 2D. It is de�ned by two layer s of di�erent

materials that are in�nite in x-direction and repeated peri odically on y-direction (Fig. 2.4).

In case of WDD discretization we consider that � x
m;i;j +2 k = � x

m;j is an odd function of � m

and � y
m;i;j +2 k = � y

m;j is an odd function of � m . We introduce the following ansatz:

� (s+1 =2)
m;i;j +2 k = ! s~am;j e� î (� x x i + � y yj +2 k ) ;

� (s+1 =2)
m;i +1 =2;j +2 k = ! s~bm;j e� î (� x x i +1 =2+ � y yj +2 k ) ;

� (s+1 =2)
m;i;j +1 =2+2 k = ! s~cm;j e� î (� x x i + � y yj +1 =2+2 k ) ;

�� (s)
i;j +2 k = ! sA j e� î (� x x i + � y yj +2 k ) ;

(2.66)

where j = 1 ; 2, î =
p

� 1, and k is an integer numberk 2 (�1 ; 1 ). As in 1D the eigenfunc-

tions are periodic and one needs to consider only two cells toevaluate the eigenvalues! . If

we use the above ansatz in Eqs. (2.55), (2.56), and (2.57) we �nd ~am;j has the form (2.25),

the same as for 1D. Then, if we insert the ansatz and (2.25) in (2.58) we get a quadratic

Eq. for ! of the form (2.27), which gives us two solutions.
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The ansatz in case of short characteristics discretizationis:

� (s+1 =2)
m;i +1 =2;j +1 =2+2 k = ! s~am;j e� î (� x x i +1 =2+ � y yj +1 =2+2 k ) ;

�� (s)
i;j +2 k = ! sA j e� î ( � x x i + � y yj +2 k ) :

(2.67)

where j = 1 ; 2, î =
p

� 1, and k is an integer number k 2 (�1 ; 1 ). By introducing the

ansatz in Eq. (2.65) we �nd that ~am;j has a property that is a little bit di�erent than in

WDD case: am;j is the complex conjugate ofan;j if j
 m � 
 n j = � . Anyway, we can write ~am;j

in the form (2.25), but the terms odd and even have a di�erent meaning. Then, similarly to

WDD case, inserting the ansatz and Eq. (2.25) in Eq. (2.58) weget the following system

of equations:
8
>>>>>>><

>>>>>>>:

A 1
A 2

!
2 cos � x � x

2

= cos � y � y1
2

�
A 1
A 2

� 1 + � 2 + A 1
A 2

� 1 + � 2

�
�

sin � y � y1
2

�
A 1
A 2

� 1 + � 2 � A 1
A 2

� 1 � � 2

�

!
2 cos � x � x

2

= cos � y � y2
2

�
A 1
A 2

� 1 + � 2 + A 1
A 2

� 1 + � 2

�
�

sin � y � y2
2

�
A 1
A 2

� 1 + � 2 � A 1
A 2

� 1 � � 2

�

(2.68)

where

� j =
X

m;
 m 2 [0;� ]

ae
m;j wm , j = 1 ; 2;

and 
 is the azimuthal angle. Finally, system (2.68) can be reduced to a quadratic equation

in ! :
! 2

4 cos2 � x � x
2

1

cos � y � y2
2 (� 1 + � 2) � sin � y � y2

2 (� 2 � � 1)

�
!

2 cos� x � x
2

cos � y � y2
2 (� 1 + � 2) � sin � y � y2

2 (� 2 � � 1)

cos � y � y2
2 (� 1 + � 2) � sin � y � y2

2 (� 2 � � 1)

�
!

2 cos� x � x
2

cos � y � y1
2 (� 1 + � 2) � sin � y � y1

2 (� 1 � � 2)

cos � y � y2
2 (� 1 + � 2) � sin � y � y2

2 (� 2 � � 1)
=

�
cos � y � y2

2 (� 1 + � 2) � sin � y � y2
2 (� 2 � � 1)

cos � y � y2
2 (� 1 + � 2) � sin � y � y2

2 (� 2 � � 1)

�
cos

� y � y1

2
(� 1 + � 2) � sin

� y � y1

2
(� 1 � � 2)

�

+ cos
� y � y1

2
(� 1 + � 2) � sin

� y � y1

2
(� 1 � � 2) (2.69)

which has two solutions.

The main problem that we are interested to analyze in 2D is thePHI problem

with uniform scattering ratio c = 0 :9999 for a wide range of macroscopic cross sections
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and several grids. In all these tests the spectral radius of SI is equal to c, no matter what

discretization we use for the transport equation. We've obtained this result both analytically

and numerically. Here we plot the distribution of the maximum eigenvalue with respect to

� x and � x (see Fig. 2.5). As we expected the slowest convergent mode isthe 
at one. We

will compare later this result with similar results obtaine d for SM.

Figure 2.5: Maximum eigenvalue vs.� x and � y for SI with the short characteristics trans-
port discretization for PHI problem in 2D, � t1 = 1 and � t2 = 10 � 4
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Chapter 3

Stability Analysis of Second

Moment Method

This chapter presents the stability analysis of SM method for both homogeneous

and heterogeneous media. Note that the convergence of the QDmethod in the vicinity of

the solution of in�nite homogeneous medium problems is identical to the convergence of

the SM method. The analysis of SM in in�nite periodic heterogeneous medium can give us

some insight about QD behavior too.

3.1 The Second Moment Method for the 1D Transport Equa-

tion in Di�erential Form

In 1D geometry and di�erential form SM is formulated as a tran sport sweep (2.5)

with BC (2.7), (2.10), and (2.11), and a low-order problem:

dJ (s+1)

dx
+ � a(x)� (s+1) (x) = Q(x); (3.1)

1
3

d� (s+1)

dx
+ � t (x)J (s+1) (x) =

dP (s+1 =2)

dx
; (3.2)
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where x 2 [xL ; xR ], � a is the absorption macroscopic cross section, and

P (s+1 =2) (x) =

1Z

� 1

�
1
3

� � 2
�

 (s+1 =2) (x; � )d�: (3.3)

Vacuum BC for the low-order problem are de�ned as
8
<

:
� (s+1) (xL ) + 2 J (s+1) (xL ) = � (s+1 =2)(xL ) + 2 J (s+1 =2) (xL );

� (s+1) (xR ) � 2J (s+1) (xR ) = � (s+1 =2)(xR ) � 2J (s+1 =2) (xR );
(3.4)

where

� (s+1 =2)(x) =

1Z

� 1

 (s+1 =2) (x; � ) d�; (3.5)

J (s+1 =2)(x) =

1Z

� 1

� (s+1 =2) (x; � )d�: (3.6)

Re
ective BC:

J (s+1) (xL ) = 0, J (s+1) (xR ) = 0 : (3.7)

Periodic BC: 8
<

:
J (s+1) (xL ) = J (s+1) (xR );

� (s+1) (xL ) = � (s+1) (xR ):
(3.8)

3.2 The Second Moment Method for the 1D Transport Equa-

tion in Discretized Form

In 1D geometry discretized form SM method consists in a transport sweep (2.12),

(2.13) and a low-order problem, which replaces Eq. (2.14). In �nite volume discretization,

the equations of low-order problem for thei th cell are:

J (s+1)
i +1 =2 � J (s+1)

i � 1=2 + � x i � a;i �
(s+1)
i = � x i Qi ; (3.9)

� (s+1)
i � � (s+1)

i � 1=2

3
+

� t;i � x i

2
J (s+1)

i � 1=2 = P (s+1 =2)
i � P (s+1 =2)

i � 1=2 ; (3.10)

� (s+1)
i +1 =2 � � (s+1)

i

3
+

� t;i � x i

2
J (s+1)

i +1 =2 = P (s+1 =2)
i +1 =2 � P (s+1 =2)

i ; (3.11)
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P (s+1 =2)
i =

X

m

�
1
3

� � 2
m

�
 (s+1 =2)

i wm ; (3.12)

P (s+1 =2)
i +1 =2 =

X

m

�
1
3

� � 2
m

�
 (s+1 =2)

i +1 =2 wm : (3.13)

Vacuum BC: 8
<

:

� (s+1)
1=2 + 2J (s+1)

1=2 = � (s+1 =2)
1=2 + 2J (s+1 =2)

1=2

� (s+1)
N +1 =2 � 2J (s+1)

N +1 =2 = � (s+1 =2)
N +1 =2 � 2J (s+1 =2)

N +1 =2

(3.14)

Eliminating the current J (s+1) from the above equations we obtain a three points stencil

equation in terms of average cell scalar 
uxes.

1
3

� (s+1)
i � � (s+1)

i � 1

� t;i � 1=2� x i � 1=2
+

1
3

� (s+1)
i � � (s+1)

i +1

� t;i +1 =2� x i +1 =2
+ � t;i � x i �

(s+1)
i

=
P (s+1)

i � P (s+1)
i � 1

� t;i � 1=2� x i � 1=2
+

P (s+1)
i � P (s+1)

i +1

� t;i +1 =2� x i +1 =2
; (3.15)

where

� x i +1 =2 =
� x i + � x i +1

2

� t;i +1 =2 =
� t;i � x i + � t;i +1 � x i +1

2� x i +1 =2
:

As a result, the equation for the iterative error is

1
3

�� (s+1)
i � �� (s+1)

i � 1

� t;i � 1=2� x i � 1=2
+

1
3

�� (s+1)
i � �� (s+1)

i +1

� t;i +1 =2� x i +1 =2
+ � t;i � x i ��

(s+1)
i

=
�P (s+1)

i � �P (s+1)
i � 1

� t;i � 1=2� x i � 1=2
+

�P (s+1)
i � �P (s+1)

i +1

� t;i +1 =2� x i +1 =2
: (3.16)

3.2.1 Fourier Analysis of SM Method in In�nite Heterogeneou s Medium

We consider the PHI problem in 1D. At iteration s the solution's iterative error is

(2.24) and we �nd that ~am;i has the form (2.25). Inserting the ansatz in Eq. (3.16) written

for two adjacent cells, we obtain the following system of equations:
8
>>>>>>>>>>><

>>>>>>>>>>>:

P

m

� 1
3 � � 2

m

� �
~am;2 cos

�
� � x1+� x2

2

�
� ~am;1

�
wm =

!
A 2 cos

�

� � x 1+� x 2
2

�

� A 1

3 � � t; 1 � x1+� t; 2 � x2
4 � x1� a;1!A 1;

P

m

� 1
3 � � 2

m

� �
~am;1 cos

�
� � x1+� x2

2

�
� ~am;2

�
wm =

!
A 1 cos

�

� � x 1+� x 2
2

�

� A 2

3 � � t; 1 � x1+� t; 2 � x2
4 � x2� a;2!A 2:

(3.17)
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Using (2.25), we �nd that
8
<

:
a11

A 1
A 2

! + a12! + b11
A 1
A 2

+ b12 = 0 ;

a21
A 1
A 2

! + a22! + b21
A 1
A 2

+ b22 = 0 ;
(3.18)

where

a11 =
1
3

+
� t; 1� x1 + � t; 2� x2

4
� x1� a;1;

a12 = �
cos

�
� � x1+� x2

2

�

3
;

b11 =
X

m

�
1
3

� � 2
m

� �
ae

m;2;1 cos
�

�
� x1 + � x2

2

�
� ae

m;1;1

�
wm ;

b12 =
X

m

�
1
3

� � 2
m

� �
ae

m;2;2 cos
�

�
� x1 + � x2

2

�
� ae

m;1;2

�
wm ;

a21 = �
cos

�
� � x1+� x2

2

�

3
;

a22 =
1
3

+
� t; 1� x1 + � t; 2� x2

4
� x2� a;2;

b21 =
X

m

�
1
3

� � 2
m

� �
ae

m;1;1 cos
�

�
� x1 + � x2

2

�
� ae

m;2;1

�
wm ;

b22 =
X

m

�
1
3

� � 2
m

� �
ae

m;1;2 cos
�

�
� x1 + � x2

2

�
� ae

m;2;2

�
wm :

System (3.18) can be reduced to a quadratic equation for! .

(a22a11 � a12a21) ! 2 + ( a22b11 + b22a11 � b12a21 � a12b21) ! + b22b11 � b12b21 = 0 (3.19)

We evaluated the spectral radii of SM method in discretized form for PHI problem in

1D, for a wide range of values of macroscopic cross sections,uniform grid � x = 1 and

uniform scattering ratio c = 0 :9999. The angular quadrature used is double GL S4. For

the transport sweep discretization we used DD, step method and step characteristics. We

evaluated numerically the spectral radii in L 2 norm using a 1000 cells slab (0� x � 1000),

vacuum BC, Q = 1 for 250 � x � 750, Q = 0 in rest of the slab, and 10� 6 point-wise

convergence criteria (2.28). The analytic spectral radii of the SM method are tabulated in

Tables 3.1 { 3.3 and plotted in Figs. 3.1 { 3.3. We see that the SM method converges fast

in all these tests. The maximum spectral radius is less than 0.222. The spectral radius has

similar shape for SM with step method and step characteristics discretizations. Instead, the
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shape of the spectral radius of SM with the DD transport discretization is di�erent. The

numerically estimated spectral radii of SM for this problem are presented in Tables 3.4 {

3.6 and Figs. 3.4 { 3.6. The two sets of results are consistent. In cases of optically thin slab,

the numerically estimated spectral radius is much smaller than the analytic one because of

the signi�cant leakage. We could use re
ective BC instead ofvacuum BC, but in that case

we would get the e�ect of "real" BC. We should note that in case of uniform scattering

ratio c, the spectral radius of SI is equal toc, which in this case is 0:9999. Another scenario

of PHI problem was the one with non-uniform scattering ratio, but homogeneous �t . The

scattering ratio in the �rst cell is constant c1 = 1, but c2 varies. Table 3.7 shows the analytic

spectral radii of SM obtained by means of Fourier analysis and the numerically estimated

ones. For the numerically estimated spectral radii we used the same test as before. Again

SM is fast convergent in all tests. Also, SM with DD convergesa little bit slower than SM

with the step method or step characteristics.

Table 3.1: Analytic spectral radii of SM with the DD transpor t discretization for PHI
problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.22E-1* 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.20E-1 1.28E-1 1.31E-1 2.17E-1

10� 3 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.20E-1 1.43E-1 2.18E-1 2.09E-1

10� 2 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.20E-1 2.18E-1 2.09E-1 2.19E-1

10� 1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.21E-1 2.16E-1 2.19E-1 2.06E-1

1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.22E-1 2.20E-1 2.06E-1 1.27E-1

10 2.20E-1 2.20E-1 2.20E-1 2.21E-1 2.22E-1 2.20E-1 2.06E-1 1.27E-1 2.61E-2

102 1.28E-1 1.43E-1 2.18E-1 2.16E-1 2.20E-1 2.06E-1 1.27E-1 2.61E-2 2.92E-3

103 1.31E-1 2.18E-1 2.09E-1 2.19E-1 2.06E-1 1.27E-1 2.61E-2 2.92E-3 2.96E-4

104 2.17E-1 2.09E-1 2.19E-1 2.06E-1 1.27E-1 2.61E-2 2.92E-3 2.96E-4 2.96E-5

� Read as 2.22� 10� 2
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Figure 3.1: Analytic spectral radii of SM with the DD transpo rt discretization for PHI
problem in 1D, � x = 1, c=0.9999

Table 3.2: Analytic spectral radii of SM with the step method transport discretization for
PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.22E-1 2.22E-1 2.20E-1 2.04E-1 1.33E-1 3.94E-2 2.72E-3 1.44E-4 1.44E-4

10� 3 2.22E-1 2.22E-1 2.20E-1 2.04E-1 1.33E-1 3.94E-2 2.72E-3 1.43E-3 1.43E-3

10� 2 2.20E-1 2.20E-1 2.20E-1 2.06E-1 1.34E-1 3.95E-2 1.35E-2 1.35E-2 1.34E-2

10� 1 2.04E-1 2.04E-1 2.06E-1 2.04E-1 1.40E-1 8.52E-2 8.44E-2 8.37E-2 7.84E-2

1 1.33E-1 1.33E-1 1.34E-1 1.40E-1 1.33E-1 1.13E-1 1.07E-1 1.00E-1 6.15E-2

10 3.94E-2 3.94E-2 3.95E-2 8.52E-2 1.13E-1 3.94E-2 2.22E-2 1.26E-2 2.58E-3

102 2.72E-3 2.72E-3 1.35E-2 8.44E-2 1.07E-1 2.22E-2 2.72E-3 3.11E-4 3.20E-5

103 1.44E-4 1.43E-3 1.35E-2 8.37E-2 1.00E-1 1.26E-2 3.11E-4 6.40E-6 3.56E-7

104 1.44E-4 1.43E-3 1.34E-2 7.84E-2 6.15E-2 2.58E-3 3.20E-5 3.56E-7 6.49E-9

Figure 3.2: Analytic spectral radii of SM with the step method transport discretization for
PHI problem in 1D, � x = 1, c=0.9999
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Table 3.3: Analytic spectral radii of SM with the step characteristics transport discretization
for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.22E-1 2.22E-1 2.22E-1 2.21E-1 1.89E-1 4.83E-2 2.78E-3 7.20E-5 7.20E-5

10� 3 2.22E-1 2.22E-1 2.22E-1 2.21E-1 1.89E-1 4.83E-2 2.78E-3 7.19E-4 7.18E-4

10� 2 2.22E-1 2.22E-1 2.22E-1 2.21E-1 1.90E-1 4.83E-2 7.05E-3 7.04E-3 7.00E-3

10� 1 2.21E-1 2.21E-1 2.21E-1 2.21E-1 2.00E-1 5.89E-2 5.84E-2 5.79E-2 5.43E-2

1 1.89E-1 1.89E-1 1.90E-1 2.00E-1 1.89E-1 1.56E-1 1.42E-1 1.32E-1 8.11E-2

10 4.83E-2 4.83E-2 4.83E-2 5.89E-2 1.56E-1 4.83E-2 2.49E-2 1.40E-2 2.87E-3

102 2.78E-3 2.78E-3 7.05E-3 5.84E-2 1.42E-1 2.49E-2 2.78E-3 3.15E-4 3.24E-5

103 7.20E-5 7.19E-4 7.04E-3 5.79E-2 1.32E-1 1.40E-2 3.15E-4 6.41E-6 3.57E-7

104 7.20E-5 7.18E-4 7.00E-3 5.43E-2 8.11E-2 2.87E-3 3.24E-5 3.57E-7 6.50E-9

Figure 3.3: Analytic spectral radii of SM with the step characteristics transport discretiza-
tion for PHI problem in 1D, � x = 1, c=0.9999

Table 3.4: Numerically estimated spectral radii of SM with the DD transport discretization
for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 6.98E-2 1.60E-1 2.15E-1 2.03E-1 2.15E-1 2.13E-1 1.23E-1 5.50E-2 5.87E-2

10� 3 1.60E-1 1.92E-1 2.14E-1 2.03E-1 2.15E-1 2.13E-1 1.38E-1 1.91E-1 1.63E-1

10� 2 2.15E-1 2.14E-1 2.02E-1 2.03E-1 2.14E-1 2.15E-1 2.05E-1 2.02E-1 2.11E-1

10� 1 2.03E-1 2.03E-1 2.03E-1 2.03E-1 2.16E-1 2.26E-1 2.11E-1 2.14E-1 2.02E-1

1 2.15E-1 2.15E-1 2.14E-1 2.16E-1 2.15E-1 2.16E-1 2.13E-1 2.02E-1 1.23E-1

10 2.13E-1 2.13E-1 2.15E-1 2.26E-1 2.16E-1 2.13E-1 2.01E-1 1.23E-1 2.49E-2

102 1.23E-1 1.38E-1 2.05E-1 2.11E-1 2.13E-1 2.01E-1 1.22E-1 2.00E-2 1.83E-3

103 5.50E-2 1.91E-1 2.02E-1 2.14E-1 2.02E-1 1.23E-1 2.00E-2 2.40E-3 9.66E-5

104 5.87E-2 1.63E-1 2.11E-1 2.02E-1 1.23E-1 2.49E-2 1.83E-3 9.66E-5 5.54E-6
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Figure 3.4: Numerically estimated spectral radii of SM with the DD transport discretization
for PHI problem in 1D, � x = 1, c=0.9999

Table 3.5: Numerically estimated spectral radii of SM with the step method transport
discretization for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 6.98E-2 1.59E-1 2.13E-1 1.84E-1 1.27E-1 3.55E-2 1.89E-3 1.44E-4 1.44E-4

10� 3 1.59E-1 1.92E-1 2.13E-1 1.84E-1 1.27E-1 3.48E-2 1.43E-3 1.43E-3 1.43E-3

10� 2 2.13E-1 2.13E-1 2.00E-1 1.86E-1 1.28E-1 3.14E-2 1.35E-2 1.35E-2 1.34E-2

10� 1 1.84E-1 1.84E-1 1.86E-1 1.84E-1 1.35E-1 8.38E-2 8.42E-2 8.37E-2 7.84E-2

1 1.27E-1 1.27E-1 1.28E-1 1.35E-1 1.29E-1 1.11E-1 1.07E-1 1.00E-1 6.15E-2

10 3.55E-2 3.48E-2 3.14E-2 8.38E-2 1.11E-1 3.73E-2 2.22E-2 1.26E-2 2.58E-3

102 1.89E-3 1.43E-3 1.35E-2 8.42E-2 1.07E-1 2.22E-2 2.38E-3 3.12E-4 9.86E-4

103 1.44E-4 1.43E-3 1.35E-2 8.37E-2 1.00E-1 1.26E-2 3.12E-4 1.48E-5 7.97E-7

104 1.44E-4 1.43E-3 1.34E-2 7.84E-2 6.15E-2 2.58E-3 9.86E-4 7.97E-7 1.49E-8

Figure 3.5: Numerically estimated spectral radii of SM with the step method transport
discretization for PHI problem in 1D, � x = 1, c=0.9999
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Table 3.6: Numerically estimated spectral radii of SM with the step characteristics transport
discretization for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 6.98E-2 1.59E-1 2.15E-1 2.02E-1 1.85E-1 4.51E-2 2.20E-3 7.21E-5 7.19E-5

10� 3 1.59E-1 1.92E-1 2.14E-1 2.02E-1 1.85E-1 4.48E-2 8.30E-4 7.19E-4 7.18E-4

10� 2 2.15E-1 2.14E-1 2.02E-1 2.02E-1 1.86E-1 4.47E-2 7.05E-3 7.04E-3 6.99E-3

10� 1 2.02E-1 2.02E-1 2.02E-1 2.00E-1 1.96E-1 5.89E-2 5.84E-2 5.79E-2 5.43E-2

1 1.85E-1 1.85E-1 1.86E-1 1.96E-1 1.85E-1 1.56E-1 1.42E-1 1.32E-1 8.11E-2

10 4.51E-2 4.48E-2 4.47E-2 5.89E-2 1.56E-1 4.57E-2 2.49E-2 1.40E-2 2.87E-3

102 2.20E-3 8.30E-4 7.05E-3 5.84E-2 1.42E-1 2.49E-2 2.44E-3 3.15E-4 8.00E-4

103 7.21E-5 7.19E-4 7.04E-3 5.79E-2 1.32E-1 1.40E-2 3.15E-4 1.48E-5 7.97E-7

104 7.19E-5 7.18E-4 6.99E-3 5.43E-2 8.11E-2 2.87E-3 8.00E-4 7.97E-7 1.49E-8

Figure 3.6: Numerically estimated spectral radii of SM with the step characteristics trans-
port discretization for PHI problem in 1D, � x = 1, c=0.9999



37

Table 3.7: Analytic and numerically estimated spectral radii of SM for PHI problem in 1D,
with � t = 1, c1 = 1 and variable c2

Parameters Analytic � of SM Numerically estimated � of SM

� x1 � x2 c2 DD step m. step c. DD step m. step c.

1 1 0.1 0.2188 0.1384 0.1921 0.2099 0.1343 0.1920

1 1 0.2 0.2188 0.1384 0.1921 0.2100 0.1343 0.1920

1 1 0.3 0.2188 0.1384 0.1921 0.2101 0.1343 0.1920

1 1 0.4 0.2188 0.1384 0.1921 0.2103 0.1343 0.1920

1 1 0.5 0.2188 0.1384 0.1921 0.2105 0.1343 0.1920

1 1 0.6 0.2188 0.1384 0.1921 0.2108 0.1343 0.1920

1 1 0.7 0.2188 0.1384 0.1921 0.2112 0.1343 0.1920

1 1 0.8 0.2188 0.1384 0.1921 0.2120 0.1343 0.1920

1 1 0.9 0.2188 0.1384 0.1921 0.2131 0.1343 0.1921

1 1 0.99 0.2225 0.1384 0.1947 0.2137 0.1343 0.1921

1 1 0.999 0.2244 0.1388 0.1963 0.2152 0.1343 0.1921

1 1 0.9999 0.2246 0.1389 0.1965 0.2058 0.1342 0.1921

1 1 0.99999 0.2247 0.1389 0.1965 0.2058 0.1342 0.1921

10 0.1 0.1 0.2187 0.1012 0.0777 0.2115 0.1012 0.0777

10 0.1 0.2 0.2187 0.1012 0.0777 0.2112 0.1012 0.0777

10 0.1 0.3 0.2187 0.1012 0.0777 0.2108 0.1012 0.0777

10 0.1 0.4 0.2187 0.1012 0.0777 0.2103 0.1012 0.0777

10 0.1 0.5 0.2187 0.1012 0.0777 0.2096 0.1012 0.0777

10 0.1 0.6 0.2187 0.1012 0.0777 0.2086 0.1012 0.0777

10 0.1 0.7 0.2187 0.1012 0.0777 0.2075 0.1012 0.0777

10 0.1 0.8 0.2187 0.1012 0.0777 0.2076 0.1012 0.0777

10 0.1 0.9 0.2188 0.1012 0.0777 0.2126 0.1012 0.0777

10 0.1 0.99 0.2228 0.1012 0.0777 0.2247 0.1012 0.0777

10 0.1 0.999 0.2245 0.1026 0.0777 0.2265 0.1012 0.0777

10 0.1 0.9999 0.2246 0.1028 0.0777 0.2231 0.1006 0.0772

10 0.1 0.99999 0.2247 0.1028 0.0777 0.2231 0.1006 0.0772

0.1 10 0.1 0.2188 0.1028 0.0777 0.2109 0.1012 0.0777

0.1 10 0.2 0.2188 0.1028 0.0777 0.2106 0.1012 0.0777

0.1 10 0.3 0.2188 0.1028 0.0777 0.2100 0.1012 0.0777

0.1 10 0.4 0.2188 0.1028 0.0777 0.2089 0.1012 0.0777

0.1 10 0.5 0.2188 0.1028 0.0777 0.2072 0.1012 0.0777

0.1 10 0.6 0.2188 0.1028 0.0777 0.2050 0.1012 0.0777

0.1 10 0.7 0.2188 0.1028 0.0777 0.2029 0.1012 0.0777

0.1 10 0.8 0.2188 0.1028 0.0777 0.2014 0.1012 0.0777

0.1 10 0.9 0.2188 0.1028 0.0777 0.2025 0.1012 0.0777

0.1 10 0.99 0.2188 0.1028 0.0777 0.2069 0.1013 0.0777

0.1 10 0.999 0.2204 0.1028 0.0777 0.2206 0.1014 0.0777

0.1 10 0.9999 0.2240 0.1028 0.0777 0.2259 0.1014 0.0777

0.1 10 0.99999 0.2246 0.1028 0.0777 0.2266 0.1013 0.0777
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3.2.2 Iteration Matrix Analysis of SM Method in Finite Heter ogeneous

Medium

In 1D geometry, periodic BC of the low-order problem are:

J (s+1)
1=2 = J (s+1)

N +1 =2; (3.20)

which can be written in terms of iterative errors as

�J (s+1)
1=2 = �J (s+1)

N +1 =2: (3.21)

The equations of the discretized transport equation lead toa system similar to (2.32), with

the same de�nition for � and �� . The low-order problem (3.16) and BC (3.21) give rise to

a system of equations that are di�erent from Eq. (2.33), namely,

A2��
(s+1)

= A3� 
(s+1 =2)

: (3.22)

Then, one iteration of SM can be described by (1.1), withM = A
� 1
3 A2A

� 1
1 .

In case of "real BC" the matrix form of the transport sweep equations are given

by (2.36). The low-order problem is given by

A3� �
(s+1)

= A4� �
(s+1 =2)

; (3.23)

where� � is the vector of all angular 
ux errors (both edge and averag e), and all cell average

scalar 
ux errors. Therefore, the iteration matrix is

M = A
� 1
3 A4A

� 1
1 A2: (3.24)

We analyzed the same problem as for the SI method (see Section2.2.2). The

results are tabulated in Table 3.8. As in the case for the SI method, the spectral radius

of the iteration matrix of SM with ideal BC is smaller than the one obtained by means

of Fourier analysis for in�nite medium problem. SM converges in exact one iteration if

ideal periodic BC are used. This result was con�rmed numerically. In case of real BC,

the spectral radius is greater than the one obtained by Fourier analysis. We also show

results of iteration matrix analysis of SM in 2D. In Fig. 3.7 we have the spectrum of

eigenvalues of SM for a homogeneous (�t = 1) square region with 3� 3 cells, uniform mesh

� x = � y = 1, uniform scattering ratio c = 0 :9, product quadratures set based on double
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Table 3.8: Analytic spectral radii of SM with the DD transpor t discretization for PHI
problem in 1D, with � t = 1, c1 = 1 and variable c2

c2 Fourier analysis Iteration matrix analysis, ideal BC Iteration matrix analysis, real BC

0.1 0.218755 0 0.493743

0.2 0.218755 0 0.508876

0.3 0.218755 0 0.508869

0.4 0.218755 0 0.508880

0.5 0.218755 0 0.508876

0.6 0.218755 0 0.508878

0.7 0.218755 0 0.508875

0.8 0.218755 0 0.508874

0.9 0.218755 0 0.508867

0.99 0.222499 0 0.508874

0.999 0.224415 0 0.508876

0.9999 0.224635 0 0.508875

0.99999 0.224658 0 0.508874

Figure 3.7: Eigenvalues spectrum of SM with the short characteristics transport discretiza-
tion for a 3� 3 homogeneous region with ideal and real BC, �x = � y = 1, and uniform
c = 0 :9

S4 GL quadratures for azimuthal and polar angles, and short characteristics discretization

for the transport equation. The same as in the case for the SI method, SM with ideal BC

produces only real eigenvalues. Instead, for real BC we get complex eigenvalues as well.

We would like to mention here that performing iteration matr ix analysis with real

periodic BC gave us an idea about how we can obtain the in�nitemedium solution of a

nonlinear method even in a case when it may diverge. If we dealwith an in�nite medium

with periodic structure, it is su�cient to consider a region equivalent to the basic element of

the medium. We can get the in�nite medium solution by imposing periodic BC. If the region
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has a few number of cells it's very likely that the nonlinear method is convergent, even in

the in�nite medium problem is not. Of course, if the optical t hickness of the region is small

one needs to perform many transport sweeps in order to converge, due to the iteration on

boundaries. However, this is not a big issue since the problem we solve is tiny.

3.3 The Second Moment Method for the Transport Equation

in 2D Cartesian Geometry

In this Section we de�ne SM method for 2D Cartesian geometry in di�erential

form. We also present the highlights of Fourier analysis forin�nite homogeneous medium.

SM method is de�ned by the transport equation


 x
@ (s+1 =2)

@x
+ 
 y

@ (s+1 =2)

@y
+ � t (x; y)  (s+1 =2)

�
x; y; ~


�

=
� s (x; y) � (s)

0 (x; y) + Q (x; y)
4�

; (3.25)

and the following low-order equations:

@J(s+1)
x

@x
+

@J(s+1)
y

@y
+ � a (x; y) � (s+1) (x; y) = Q (x; y) ; (3.26)

1
3

@�(s+1)

@x
+ � t (x; y) J (s+1)

x (x; y) =
@P(s+1 =2)

xx

@x
�

@P(s+1 =2)
xy

@y
; (3.27)

1
3

@�(s+1)

@y
+ � t (x; y) J (s+1)

y (x; y) = �
@P(s+1 =2)

yx

@x
+

@P(s+1 =2)
yy

@y
; (3.28)

P (s+1 =2)
xx (x; y) =

Z

4�

�
1
3

� 
 2
x

�
 (s+1 =2)

�
x; y; ~


�
d~
 ; (3.29)

P (s+1 =2)
yy (x; y) =

Z

4�

�
1
3

� 
 2
y

�
 (s+1 =2)

�
x; y; ~


�
d~
 ; (3.30)

P (s+1 =2)
xy (x; y) = P (s+1 =2)

yx (x; y) =
Z

4�


 x 
 y  (s+1 =2)
�

x; y; ~

�

d~
 ; (3.31)
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where x 2 [xL ; xR ] and y 2 [yB ; yT ]. Vacuum BC for the low-order equations are given by:
8
>>>>><

>>>>>:

� (s+1) (xL ; y) + 2 J (s+1)
x (xL ; y) = � (s+1 =2) (xL ; y) + 2 J (s+1 =2)

x (xL ; y)

� (s+1) (xR ; y) � 2J (s+1)
x (xR ; y) = � (s+1 =2) (xR ; y) � 2J (s+1 =2)

x (xR ; y)

� (s+1) (x; yB ) + 2 J (s+1)
y (x; yB ) = � (s+1 =2) (x; yB ) + 2 J (s+1 =2)

y (x; yB )

� (s+1) (x; yT ) � 2J (s+1)
y (x; yT ) = � (s+1 =2) (x; yT ) � 2J (s+1 =2)

y (x; yT )

(3.32)

where

� (s+1 =2) (x; y) =
Z

4�

 (s+1 =2)
�

x; y; ~

�

d~
 ; (3.33)

J (s+1 =2)
x (x; y) =

Z

4�


 x  (s+1 =2)(x; y; ~
) d
 ; (3.34)

J (s+1 =2)
y (x; y) =

Z

4�


 y  (s+1 =2) (x; y; ~
) d
 : (3.35)

Re
ective BC: 8
<

:
J (s+1)

x (xL ; y) = 0 ; J (s+1)
x (xR ; y) = 0

J (s+1)
y (x; yB ) = 0 ; J (s+1)

y (x; yT ) = 0
(3.36)

Periodic BC:
8
<

:
J (s+1)

x (xL ; y) = J (s+1)
x (xR ; y); J (s+1)

y (x; yB ) = J (s+1)
y (x; yT )

� (s+1) (xL ; y) = � (s+1) (xR ; y); � (s+1) (x; yB ) = � (s+1) (x; yT )
(3.37)

3.3.1 Fourier analysis of SM Method in In�nite Homogeneous M edium

Let's consider homogeneous in�nite medium, and introduce the following ansatz:

�� (s) (x; y) = ! sei � t (� x x+ � y y)

� (s+1 =2)(~
 ; x; y) = ~a(~
) ! sei � t (� x x+ � y y)

Introducing the above ansatz in the di�erential equations we obtain:

! (� x ; � y) =
� � s

4� � t

1 � � s
� t

+
� 2

x + � 2
y

3

Z

4�

� 2
x

� 1
3 � 
 2

x

�
+ � 2

y

� 1
3 � 
 2

y

�
+ 2 � x � y 
 x 
 y

1 + (
 x � x + 
 y � y)2 d~
 : (3.38)

We plotted the spectral radii of SM and SI versus the scattering ratio in Fig. 3.8. To ap-

proximate the integral we used product quadratures set based on double S4 GL quadratures

for azimuthal and polar angles. As we can see, SM method is very e�cient even for high

scattering medium (� � 0:23) for which SI converges very slowly.
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Figure 3.8: Analytic spectral radii of SI and SM in 2D Cartesian geometry in�nite homo-
geneous medium

3.4 The Second Moment Method for the Discretized Trans-

port Equation in 2D Cartesian Geometry

We use the �nite volume method to discretize the low-order equations of the SM

method and obtain the following system of equations:

� yj

�
J (s+1)

x;i +1 =2;j � J (s+1)
x;i � 1=2;j

�
+ � x i

�
J (s+1)

y;i;j +1 =2 � J (s+1)
y;i;j � 1=2

�

+� x i � yj � a;i;j � (s+1)
i;j = � x i � yj Qi;j ; (3.39)

� (s+1)
i +1 =2;j � � (s+1)

i;j

3
+

� t;i;j � x i

2
J (s+1)

x;i +1 =2;j =

P (s+1 =2)
xx;i +1 =2;j � P (s+1 =2)

xx;i;j �
� x i

2� yj

�
P (s+1 =2)

xy;i;j +1 =2 � P (s+1 =2)
xy;i;j � 1=2

�
; (3.40)

� (s+1)
i;j � � (s+1)

i � 1=2;j

3
+

� t;i;j � x i

2
J (s+1)

x;i � 1=2;j =

P (s+1 =2)
xx;i;j � P (s+1 =2)

xx;i � 1=2;j �
� x i

2� yj

�
P (s+1 =2)

xy;i;j +1 =2 � P (s+1 =2)
xy;i;j � 1=2

�
; (3.41)

� (s+1)
i;j +1 =2 � � (s+1)

i;j

3
+

� t;i;j � yj

2
J (s+1)

y;i;j +1 =2 =

P (s+1 =2)
yy;i;j +1 =2 � P (s+1 =2)

yy;i;j �
� yj

2� x i

�
P (s+1 =2)

xy;i +1 =2;j � P (s+1 =2)
xy;i � 1=2;j

�
; (3.42)

� (s+1)
i;j � � (s+1)

i;j � 1=2

3
+

� t;i;j � yj

2
J (s+1)

y;i;j � 1=2 =
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P (s+1 =2)
yy;i;j � P (s+1 =2)

yy;i;j � 1=2 �
� yj

2� x i

�
P (s+1 =2)

xy;i +1 =2;j � P (s+1 =2)
xy;i � 1=2;j

�
; (3.43)

P (s+1 =2)
xx;i;j =

X

m

�
1
3

� � 2
m

�
 (s+1 =2)

m;i;j wm ; (3.44)

P (s+1 =2)
yy;i;j =

X

m

�
1
3

� � 2
m

�
 (s+1 =2)

m;i;j wm ; (3.45)

P (s+1 =2)
xy;i;j =

X

m

� m � m  (s+1 =2)
m;i;j wm : (3.46)

The vacuum BC for 2D geometry have the form:

8
>>>>><

>>>>>:

� (s+1)
1=2;j + 2J (s+1)

x;1=2;j = � (s+1 =2)
1=2;j + 2J (s+1 =2)

x;1=2;j

� (s+1)
N x +1 =2;j � 2J (s+1)

x;N x +1 =2;j = � (s+1 =2)
N x +1 =2;j � 2J (s+1 =2)

x;N x +1 =2;j

� (s+1)
j; 1=2 + 2J (s+1)

y;i; 1=2 = � (s+1 =2)
j; 1=2 + 2J (s+1 =2)

y;i; 1=2

� (s+1)
i;N y +1 =2 � 2J (s+1)

y;i;N y +1 =2 = � (s+1 =2)
i;N y +1 =2 � 2J (s+1 =2)

y;i;N y +1 =2

(3.47)

The low-order equations are the same for both WDD and short characteristics discretiza-

tions. However, in case of short characteristics, in addition to the cell average angular 
ux

(see Eq. (2.63)), we de�ne the face average angular 
uxes:

 (s+1 =2)
m;i;j +1 =2 =

 (s+1 =2)
m;i +1 =2;j +1 =2 +  (s+1 =2)

m;i � 1=2;j +1 =2

2
; (3.48)

 (s+1 =2)
m;i +1 =2;j =

 (s+1 =2)
m;i +1 =2;j +1 =2 +  (s+1 =2)

m;i +1 =2;j � 1=2

2
: (3.49)

Similarly to 1D case, we reduce the low-order equations to a �ve points stencil equation in

terms of cell average scalar 
ux:

�
�P (s+1 =2)

xx;i +1 ;j � �P (s+1 =2)
xx;i;j

� x i � t;i +1 =2;j � x i +1 =2
+

�P (s+1 =2)
xy;i;j +1 =2 � �P (s+1 =2)

xy;i;j � 1=2

2� yj � t;i +1 =2;j � x i +1 =2
+

� x i +1

2� x i � yj

�P (s+1 =2)
xy;i +1 ;j +1 =2 � �P (s+1 =2)

xy;i +1 ;j � 1=2

� t;i +1 =2;j � x i +1 =2

+
�P (s+1 =2)

xx;i;j � �P (s+1 =2)
xx;i � 1;j

� x i � t;i � 1=2;j � x i � 1=2
�

� x i � 1

2� x i � yj

�P (s+1 =2)
xy;i � 1;j +1 =2 � �P (s+1 =2)

xy;i � 1;j � 1=2

� t;i � 1=2;j � x i � 1=2
�

�P (s+1 =2)
xy;i;j +1 =2 � �P (s+1 =2)

xy;i;j � 1=2

2� yj � t;i � 1=2;j � x i � 1=2

�
�P (s+1 =2)

yy;i;j +1 � �P (s+1 =2)
yy;i;j

� yj � t;i;j +1 =2� yj +1 =2
+

�P (s+1 =2)
yx;i +1 =2;j � �P (s+1 =2)

yx;i � 1=2;j

2� x i � t;i;j +1 =2� yj +1 =2
+

� yj +1

2� x i � yj

�P (s+1 =2)
yx;i +1 =2;j +1 � �P (s+1 =2)

yx;i � 1=2;j +1

� t;i;j +1 =2� yj +1 =2

+
�P (s+1 =2)

yy;i;j � �P (s+1 =2)
yy;i;j � 1

� yj � t;i;j � 1=2� yj � 1=2
�

� yj � 1

2� x i � yj

�P (s+1 =2)
yx;i +1 =2;j � 1 � �P (s+1 =2)

yx;i � 1=2;j � 1

� t;i;j � 1=2� yj � 1=2
�

�P (s+1 =2)
yx;i +1 =2;j � �P (s+1 =2)

yx;i � 1=2;j

2� x i � t;i;j � 1=2� yj � 1=2



44

=
1

3� x i

 
�� (s+1)

i;j � �� (s+1)
i +1 ;j

� t;i +1 =2;j � x i +1 =2
�

�� (s+1)
i � 1;j � �� (s+1)

i;j

� t;i � 1=2;j � x i � 1=2

!

+
1

3� yj

 
�� (s+1)

i;j � �� (s+1)
i;j +1

� t;i;j +1 =2� yj +1 =2
�

�� (s+1)
i;j � 1 � �� (s+1)

i;j

� t;i;j � 1=2� yj � 1=2

!

+ � a;i;j �� (s+1)
i;j ; (3.50)

where

� x i +1 =2 =
� x i + � x i +1

2
;

� t;i +1 =2;j =
� t;i;j � x i + � t;i +1 ;j � x i +1

2� x i +1 =2
;

� yj +1 =2 =
� yj + � yj +1

2
;

� t;i;j +1 =2 =
� t;i;j � yj + � t;i;j +1 � yj +1

2� yj +1 =2
:

3.4.1 Fourier Analysis of SM Method in In�nite Homogeneous M edium

To study the convergence properties of SM method, we consider in�nite homo-

geneous medium problems and use a Fourier analysis. First, let us consider the WDD

scheme for the discretization of the transport equation and�nite volume discretization for

the low-order equations. We introduce the following ansatz:

�� (s)
i;j = ! seî � t (� x x i + � y yj ) ;

� (s)
m;i;j = ! s~am eî � t (� x x i + � y yj ) ;

� (s)
m;i +1 =2;j = ! s~bm eî � t (� x x i +1 =2+ � y yj ) ;

� (s)
m;i;j +1 =2 = ! s~cm eî � t (� x x i + � y yj +1 =2) ;

(3.51)

and obtain

~am =
Nm

Dm
; (3.52)

where

Nm = 1 +
� m

� x� t

2� m sin2 
 x

cos2 
 x + ( � x
m )2 sin2 
 x

+
� m

� y� t

2� m sin2 
 y

cos2 
 y + ( � y
m )2 sin2 
 y

� i

 
� m

� x� t

2 sin
 x cos
 x

cos2 
 x + ( � x
m )2 sin2 
 x

+
� m

� y� t

2 sin
 y cos
 y

cos2 
 y + ( � y
m )2 sin2 
 y

!

;

Dm =
�

1 +
� m

� x� t

2� m sin2 
 x

cos2 
 x + � x
m sin2 
 x

+
� m

� y� t

2� m sin2 
 y

cos2 
 y + � y
m sin2 
 y

� 2
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+

 
� m

� x� t

2 sin
 x cos
 x

cos2 
 x + ( � x
m )2 sin2 
 x

+
� m

� y� t

2 sin
 y cos
 y

cos2 
 y + ( � y
m )2 sin2 
 y

! 2

;


 x =
� t � x � x

2
;


 y =
� t � y � y

2
:

Finally, we �nd

! = �
4 � y

� x sin2 
 x
P

m

Re(Nm )
D m

� 1
3 � � 2

m

�
wm + 4 � x

� y sin2 
 y
P

m

Re(Nm )
D m

� 1
3 � � 2

m

�
wm

� a� t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

� sin 
 x sin 
 y cos
 x
� a

� � t

P

m

Re(Nm ) cos 
 y � � m sin 
 y
� m

� x � t
2 sin 
 x cos 
 x

cos2 
 x + � 2
m sin 2 
 x

D m (cos2 
 y + � 2
m sin2 
 y ) � m � m wm

� a� t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

� sin 
 x sin 
 y cos
 y
� a

� � t

P

m

Re(Nm ) cos 
 x � � m sin 
 x
� m

� x � t

2 sin 
 y cos 
 y
cos2 
 y + � 2

m sin 2 
 y

D m (cos2 
 x + � 2
m sin2 
 x ) � m � m wm

� a� t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

:

Now, we perform Fourier analysis of SM method with the short characteristics

scheme for the transport equation and �nite volume discretization for the low-order equa-

tions. We introduce the following ansatz:

�� (s)
i;j = ! seî � t (� x x i + � y yj ) ;

� (s)
m;i +1 =2;j +1 =2 = ! s~am eî � t (� x x i +1 =2+ � y yj +1 =2) :

(3.53)

As a results, we �nd that ~am has the form:

~am =
�
1 � e� � m

� � s

4� � t

Nm

Dm
(3.54)

and ~am is the complex conjugate of ~an if j
 m � 
 n j = � . For 
 m 2 [0; �= 2] we have:

Nm = cos 
 x cos
 y
�
1 � e� � m

�
� sin 
 x sin 
 y

�
1 � 2� m e� � m + e� � m

�

� i
�
sin (
 y � 
 x ) (1 � � m ) e� � m � sin (
 x + 
 y)

�
1 + � me� � m

��
;

Dm =
�
1 � e� � m

� 2+4 sin2 
 y (1 � � m ) e� � m +4 sin2 (
 x + 
 y) � me� � m � 4 sin2 
 x (1 � � m ) � me� 2� m ;

where

� m = min ( � m ; 1=�m ) :
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Also, for 
 m 2 [�= 2; � ] we have:

Nm = cos 
 x cos
 y
�
1 � e� � m

�
+ sin 
 x sin 
 y

�
1 � 2� m e� � m + e� � m

�

+ i
�
sin (
 y � 
 x ) (1 � � m ) e� � m � sin (
 x + 
 y)

�
1 + � me� � m

��
;

Dm =
�
1 � e� � m

� 2+4 sin2 
 y (1 � � m ) e� � m +4 sin2 (
 x � 
 y) � me� � m � 4 sin2 
 x (1 � � m ) � me� 2� m :

From Eq. (3.50) we get

! = � 8
�
1 � e� � m

� � s

4� � t

� y
� x sin2 
 x cos
 x cos
 y

P

m;
 m 2 [0;� ]

Re(Nm )
D m

� 1
3 � � 2

m

�
wm

�
1 � � s

� t

�
� 2

t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

� 8
�
1 � e� � m

� � s

4� � t

� x
� y sin2 
 y cos
 x cos
 y

P

m;
 m 2 [0;� ]

Re(Nm )
D m

� 1
3 � � 2

m

�
wm

�
1 � � s

� t

�
� 2

t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

� 8
�
1 � e� � m

� � s

4� � t

sin 
 x sin 
 y
�
cos2 
 x + cos2 
 y

� P

m;
 m 2 [0;� ]

Re(Nm )
D m

� m � m wm

�
1 � � s

� t

�
� 2

t � x� y + 4
3

� y
� x sin2 
 x + 4

3
� x
� y sin2 
 y

(3.55)

where Re(Nm ) is the real part of Nm .

Table 3.9: Analytic spectral radii of SM with the short characteristics transport discretiza-
tion in in�nite homogeneous medium

�=c 0.2 0.5 0.8 0.9 0.99 0.999 0.9999

0.01 3.95E-2 1.03E-1 1.75E-1 2.02E-1 2.29E-1 2.32E-1 2.33E-1

0.1 3.85E-2 1.01E-1 1.74E-1 2.01E-1 2.29E-1 2.32E-1 2.33E-1

0.5 3.75E-2 9.96E-2 1.73E-1 2.01E-1 2.29E-1 2.32E-1 2.33E-1

0.2 3.09E-2 8.56E-2 1.56E-1 1.86E-1 2.17E-1 2.20E-1 2.21E-1

1 2.06E-2 6.13E-2 1.24E-1 1.54E-1 1.89E-1 1.93E-1 1.94E-1

2 1.02E-2 3.42E-2 8.37E-2 1.16E-1 1.63E-1 1.70E-1 1.70E-1

5 2.38E-3 9.07E-3 3.07E-2 5.53E-2 1.37E-1 1.61E-1 1.64E-1

10 6.33E-4 2.50E-3 9.52E-3 1.98E-2 9.60E-2 1.52E-1 1.63E-1

100 6.47E-6 2.59E-5 1.03E-4 2.33E-4 2.52E-3 2.20E-2 9.70E-2

We evaluated the spectral radii of the SM method in discretized form for a large

range of cell optical thickness� = h� t and several scattering ratios. The results are pre-

sented in Table 3.9 and Fig. 3.9. As in di�erential form, we used GL S16 quadrature set.

The spectral radii of SM with the three discretization schemes were very close. That's why

we show only results for the case when the transport equationis discretized by short char-

acteristics. SM method is e�cient in all tests. For opticall y thin cells, the spectral radii

were close to ones for di�erential form.
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Figure 3.9: Analytic spectral radii of SM with the short char acteristics transport discretiza-
tion in in�nite homogeneous medium

3.4.2 Fourier Analysis of SM Method in In�nite Heterogeneou s Medium

Let's consider again the PHI problem. For WDD discretization we introduce the

ansatz
� (s+1 =2)

m;i;j +2 k = ! s~am;j e� î (� x x i + � y yj +2 k ) ;

� (s+1 =2)
m;i +1 =2;j +2 k = ! s~bm;j e� î (� x x i +1 =2+ � y yj +2 k ) ;

� (s+1 =2)
m;i;j +1 =2+2 k = ! s~cm;j e� î (� x x i + � y yj +1 =2+2 k ) ;

�� (s)
i;j +2 k = ! sA j e� î (� x x i + � y yj +2 k ) ;

(3.56)

where j = 1 ; 2, î =
p

� 1, and k is an integer numberk 2 (�1 ; 1 ). As before, we �nd ~am;j

of the form (2.25) and
8
<

:

bm;1 = A1

�
be

m;1;1 + îbo
m;1;1

�
+ A2

�
be

m;1;2 + îbo
m;1;2

�
;

bm;2 = A1

�
be

m;2;1 + îbo
m;2;1

�
+ A2

�
be

m;2;2 + îbo
m;2;2

�
;

(3.57)

where

be
m;j;k =

ae
m;j;k cos � x � x

2 + ao
m;j;k � x

m;j sin � x � x
2

cos2 � x � x
2 +

�
� x

m;j

� 2
sin2 � x � x

2

, j = 1 ; 2 , k = 1 ; 2;

bo
m;j;k =

ao
m;j;k cos � x � x

2 � ae
m;j;k � x

m;j sin � x � x
2

cos2 � x � x
2 +

�
� x

m;j

� 2
sin2 � x � x

2

, j = 1 ; 2 , k = 1 ; 2:

Due to complexity of a and b coe�cients we don't show their expressions. From Eq. (3.50)

for two adjacent cells we obtain

4!A 1
sin2 � x � x

2

3� x2� t; 1
� 4

sin2 � x � x
2

� x2� t; 1

X

m

�
1
3

� � 2
m

�
ae

m;1wm



48

� sin (� x � x)

0
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� x
+ 2

sin � x � x
2

P
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� 2
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� x2� t; 1

1
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� 2!
cos

�
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3� y1
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2

+ 2

P

m

� 1
3 � � 2
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� �
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�
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�
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2
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m
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� x� y1
� y2 � t; 2+� y1 � t; 1

2

+ � a;1!A 1 = 0 ; (3.58)
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2
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sin2 � x � x
2
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0
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1
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2
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3� y2
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2
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3 � � 2

m

� �
am;1 cos

�
� y
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�
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� y2 � t; 2+� y1 � t; 1
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+2� y1 sin
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�
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�
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� m � m bm;1wm

� x� y2
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2

+ � a;2!A 2 = 0 : (3.59)

Using (2.25) and (3.57), Eqs. (3.58) and (3.59) can be written in the form (3.18), and �nally

we obtain a quadratic equation for ! of the form (3.19).

In case of the short characteristics discretization the ansatz is

� (s+1 =2)
m;i +1 =2;j +1 =2+2 k = ! s~am;j e� î (� x x i +1 =2+ � y yj +1 =2+2 k ) ;

�� (s)
i;j +2 k = ! sA j e� î ( � x x i + � y yj +2 k ) :

(3.60)

From Eq. (2.65) for two adjacent cells we �nd that ~am;j is the complex conjugate of ~an;j if

m and n are two directions such that � m = � � n and � m = � � n . ~am;j can be written in the

form (2.25). Then, from ansatz (3.50) for the same two cells we get:
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�
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Using (2.25), Eqs. (3.61), (3.62) can be written in the form (3.18), and �nally we obtain a

quadratic equation for ! of the form (3.19).

We've analyzed two versions of the PHI problem. In version 1 the grid was uniform

� x = 1, � y = 1, we used GL S16, uniform scattering ratioc = 0 :9999, and a wide range for

the total macroscopic cross sections. The spectral radii obtained with the Fourier analysis

SM method in combination with three discretizations used for the transport equation are

tabulated in Tables 3.10 { 3.12 and plotted in Figs. 3.10 { 3.12. We notice that in 2D SM

converges slower than for the same problem in 1D geometry.

Slow convergence is experienced in case of step method and short characteristics

for � t1 = 10 � 4 � 10� 2 and � t2 = 10 � 1 � 102. Divergence is observed for DD in the case

that one cell is optically thin � t1 = 10 � 4 � 10� 2 and � t2 = 10 � 102. Comparing the PHI

problem in 1D and 2D we notice that basically we it is the same problem, but in 2D there

is an extra degree of freedom. We believe the main reason thatSM converges slower in

2D than in 1D is the fact that the error modes on x and y directions act di�erently. The

slow convergence is not related to a particular discretization of the transport sweep, nor to

the angular quadrature. We've analyzed the same problem with 40 azimuthal angles per

octant and we've obtained similar results. We've also estimated numerically the spectral

radii of SM for this problem using a 40x40 cells region with vacuum BC, sourceQ = 1 for

10 < x < 30 and 10< y < 30, andQ = 0 otherwise, same angular and spatial discretizations

as before, and 10� 6 point-wise convergence criteria (2.28).

We usedQ = 0 aside in order to minimize the leakage that helps the method to

converge faster. The results are presented in Tables 3.13 { 3.15 and Figs. (3.13) { (3.15).

The numerical results are fairly close to the analytic ones,even though we ran problems with

small spatial domain. As in 1D, in cases when all cells are optically thin the numerically

estimated spectral radius is much smaller than the analyticone due to the leakage. Also, we

should note that there is no signi�cant di�erence between the spectral radii of SM with the

step method and SM with the short characteristics. To study in details the cases when the

method converges slow or diverges we need to analyze the distribution of the eigenvalues

with respect to � x and � y . In Figs. 2.5 and 3.16 we've plotted the distribution of maximum

eigenvalue for SI and SM in one of the PHI tests: �t1 = 1 and � t2 = 10 � 4. As we can see,

SM dumps the slowest convergent mode of SI, which is the 
at one, but fail to dump error

modes around� y = k�= 2 and � x close to 0. This particular result is important because we

need to know which are the slow convergence modes and how narrow are they in order to



51

design �lters to dump them.

Table 3.10: Analytic spectral radii of SM with the DD transpo rt discretization for PHI
problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.63E-1 9.57E-1 9.94E-1 9.99E-1 1.07E+0 1.94E+0 4.32E-1 2.17E-1

10� 3 6.63E-1 2.33E-1 6.63E-1 9.57E-1 9.94E-1 1.07E+0 1.89E+0 3.38E-1 1.46E-1

10� 2 9.57E-1 6.63E-1 2.33E-1 6.63E-1 9.56E-1 1.04E+0 1.51E+0 2.10E-1 2.29E-1

10� 1 9.94E-1 9.57E-1 6.63E-1 2.33E-1 6.61E-1 9.30E-1 8.06E-1 2.28E-1 2.33E-1

1 9.99E-1 9.94E-1 9.56E-1 6.61E-1 2.33E-1 6.16E-1 4.71E-1 2.32E-1 2.33E-1

10 1.07E+0 1.07E+0 1.04E+0 9.30E-1 6.16E-1 2.50E-1 3.16E-1 2.28E-1 2.31E-1

102 1.94E+0 1.89E+0 1.51E+0 8.06E-1 4.71E-1 3.16E-1 1.87E-1 1.22E-1 1.31E-1

103 4.32E-1 3.38E-1 2.10E-1 2.28E-1 2.32E-1 2.28E-1 1.22E-1 6.71E-3 3.01E-3

104 2.17E-1 1.46E-1 2.29E-1 2.33E-1 2.33E-1 2.31E-1 1.31E-1 3.01E-3 6.68E-5

Figure 3.10: Analytic spectral radii of SM with the DD transp ort discretization for PHI
problem in 2D, � x = 1, � y = 1, c=0.9999

The second version of PHI problem that we considered was the one with the aspect

ratio of the cell di�erent than 1, namely: � x = 1, � y1 = 0 :1, and � y2 = 10. In Tables 3.16

and 4.6, and Figs. 3.17 and 4.5 we show the analytic and numerically estimated spectral

radii of SM with short characteristics for this problem. For the numerically estimated

spectral radii we used a 40� 40 cells region with vacuum BC and product quadratures set

based on double S4 GL quadratures for azimuthal and polar angles. As in the �rst version

of the PHI problem, we usedQ = 1 in the middle region and Q = 0 around. First, we notice

that the numerically estimated spectral radii match the analytic ones. Then we need to

observe that SM diverges in many cases. It diverges even in the homogeneous case �t = 10.
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Table 3.11: Analytic spectral radii of SM with the step method transport discretization for
PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.63E-1 9.56E-1 9.93E-1 9.97E-1 9.89E-1 5.68E-1 1.32E-2 5.00E-4

10� 3 6.63E-1 2.33E-1 6.59E-1 9.50E-1 9.86E-1 9.79E-1 5.60E-1 1.46E-2 4.37E-3

10� 2 9.56E-1 6.59E-1 2.30E-1 6.31E-1 9.06E-1 9.29E-1 5.32E-1 3.59E-2 3.34E-2

10� 1 9.93E-1 9.50E-1 6.31E-1 2.09E-1 5.05E-1 6.92E-1 4.21E-1 1.14E-1 1.13E-1

1 9.97E-1 9.86E-1 9.06E-1 5.05E-1 1.39E-1 1.88E-1 1.65E-1 1.19E-1 1.19E-1

10 9.89E-1 9.79E-1 9.29E-1 6.92E-1 1.88E-1 4.04E-2 2.99E-2 2.66E-2 2.67E-2

102 5.68E-1 5.60E-1 5.32E-1 4.21E-1 1.65E-1 2.99E-2 2.78E-3 1.89E-3 1.95E-3

103 1.32E-2 1.46E-2 3.59E-2 1.14E-1 1.19E-1 2.66E-2 1.89E-3 7.33E-6 4.71E-6

104 5.00E-4 4.37E-3 3.34E-2 1.13E-1 1.19E-1 2.67E-2 1.95E-3 4.71E-6 7.50E-9

Figure 3.11: Analytic spectral radii of SM with the step method transport discretization
for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Table 3.12: Analytic spectral radii of SM with the short characteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.63E-1 9.56E-1 9.93E-1 9.96E-1 9.85E-1 5.62E-1 1.35E-2 5.96E-4

10� 3 6.63E-1 2.33E-1 6.60E-1 9.51E-1 9.84E-1 9.66E-1 5.43E-1 1.70E-2 4.59E-3

10� 2 9.56E-1 6.60E-1 2.31E-1 6.37E-1 9.03E-1 8.92E-1 4.97E-1 4.30E-2 3.46E-2

10� 1 9.93E-1 9.51E-1 6.37E-1 2.32E-1 5.09E-1 6.38E-1 3.95E-1 1.27E-1 1.26E-1

1 9.96E-1 9.84E-1 9.03E-1 5.09E-1 1.93E-1 1.98E-1 2.42E-1 2.68E-1 2.75E-1

10 9.85E-1 9.66E-1 8.92E-1 6.38E-1 1.98E-1 1.62E-1 1.97E-1 2.54E-1 2.72E-1

102 5.62E-1 5.43E-1 4.97E-1 3.95E-1 2.42E-1 1.97E-1 9.69E-2 7.32E-2 6.89E-2

103 1.35E-2 1.70E-2 4.30E-2 1.27E-1 2.68E-1 2.54E-1 7.32E-2 2.54E-3 1.28E-3

104 5.96E-4 4.59E-3 3.46E-2 1.26E-1 2.75E-1 2.72E-1 6.89E-2 1.28E-3 2.58E-5
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Figure 3.12: Analytic spectral radii of SM with the short characteristics transport dis-
cretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Table 3.13: Numerically estimated spectral radii of SM with the DD transport discretization
for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.63E-3 8.87E-3 6.99E-2 4.21E-1 9.51E-1 9.69E-1 1.06E+0 1.30E-2 6.88E-4

10� 3 8.87E-3 1.57E-2 7.42E-2 4.14E-1 9.47E-1 9.68E-1 1.05E+0 5.02E-2 8.69E-3

10� 2 6.99E-2 7.42E-2 1.11E-1 3.56E-1 9.10E-1 9.61E-1 1.00E+0 8.05E-2 8.41E-2

10� 1 4.21E-1 4.14E-1 3.56E-1 2.13E-1 6.14E-1 8.95E-1 7.49E-1 2.10E-1 2.12E-1

1 9.51E-1 9.47E-1 9.10E-1 6.14E-1 2.11E-1 5.88E-1 4.62E-1 2.12E-1 2.12E-1

10 9.69E-1 9.68E-1 9.61E-1 8.95E-1 5.88E-1 1.99E-1 1.93E-1 1.92E-1 1.93E-1

102 1.06E+0 1.05E+0 1.00E+0 7.49E-1 4.62E-1 1.93E-1 6.36E-2 6.14E-2 6.18E-2

103 1.30E-2 5.02E-2 8.05E-2 2.10E-1 2.12E-1 1.92E-1 6.14E-2 1.65E-4 2.16E-4

104 6.88E-4 8.69E-3 8.41E-2 2.12E-1 2.12E-1 1.93E-1 6.18E-2 2.16E-4 1.52E-7

Figure 3.13: Numerically estimated spectral radii of SM with the DD transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999
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Table 3.14: Numerically estimated spectral radii of SM with the step method transport
discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.25E-3 9.13E-3 7.17E-2 3.93E-1 8.66E-1 9.17E-1 5.27E-1 1.23E-2 2.23E-4

10� 3 9.13E-3 1.18E-2 7.50E-2 3.87E-1 8.61E-1 9.14E-1 5.25E-1 1.33E-2 2.51E-3

10� 2 7.17E-2 7.50E-2 1.08E-1 3.35E-1 8.13E-1 8.86E-1 5.11E-1 2.83E-2 2.24E-2

10� 1 3.93E-1 3.87E-1 3.35E-1 1.92E-1 4.77E-1 6.67E-1 4.06E-1 1.14E-1 1.11E-1

1 8.66E-1 8.61E-1 8.13E-1 4.77E-1 1.21E-1 1.74E-1 1.59E-1 1.10E-1 1.09E-1

10 9.17E-1 9.14E-1 8.86E-1 6.67E-1 1.74E-1 3.75E-2 2.30E-2 1.78E-2 2.02E-2

102 5.27E-1 5.25E-1 5.11E-1 4.06E-1 1.59E-1 2.30E-2 2.55E-3 1.24E-3 4.30E-4

103 1.23E-2 1.33E-2 2.83E-2 1.14E-1 1.10E-1 1.78E-2 1.24E-3 2.43E-5 3.18E-6

104 2.23E-4 2.51E-3 2.24E-2 1.11E-1 1.09E-1 2.02E-2 4.30E-4 3.18E-6 7.10E-10

Figure 3.14: Numerically estimated spectral radii of SM with the step method transport
discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Table 3.15: Numerically estimated spectral radii of SM with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.61E-3 6.77E-3 6.62E-2 3.43E-1 7.81E-1 8.08E-1 4.54E-1 1.10E-2 3.49E-4

10� 3 6.77E-3 1.56E-2 7.12E-2 3.39E-1 7.77E-1 8.06E-1 4.54E-1 1.30E-2 2.45E-3

10� 2 6.62E-2 7.12E-2 1.10E-1 3.01E-1 7.41E-1 7.86E-1 4.46E-1 3.14E-2 2.16E-2

10� 1 3.43E-1 3.39E-1 3.01E-1 2.07E-1 4.61E-1 6.12E-1 3.74E-1 1.21E-1 1.20E-1

1 7.81E-1 7.77E-1 7.41E-1 4.61E-1 1.81E-1 1.45E-1 2.24E-1 2.55E-1 2.35E-1

10 8.08E-1 8.06E-1 7.86E-1 6.12E-1 1.45E-1 1.54E-1 1.87E-1 2.41E-1 2.66E-1

102 4.54E-1 4.54E-1 4.46E-1 3.74E-1 2.24E-1 1.87E-1 9.14E-2 6.30E-2 6.58E-2

103 1.10E-2 1.30E-2 3.14E-2 1.21E-1 2.55E-1 2.41E-1 6.30E-2 2.19E-3 1.01E-3

104 3.49E-4 2.45E-3 2.16E-2 1.20E-1 2.35E-1 2.66E-1 6.58E-2 1.01E-3 1.77E-5
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Figure 3.15: Numerically estimated spectral radii of SM with the short characteristics
transport discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Figure 3.16: Maximum eigenvalue vs. � x and � y for SM with the short characteristics
transport discretization for PHI problem in 2D, � t1 = 1 and � t2 = 10 � 4
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De�nitely in this scenario there is an extra e�ect from the cell aspect ratio. At the beginning

we believed the divergence might be caused by the small number of azimuthal angles (4

per quarter): no characteristic passes through the small faces of the cell (� y1). Therefore

we estimated both analytic and numerically estimated spectral radii for using 40 azimuthal

angles per quarter. We haven't noticed any signi�cant change in the spectral radii.

Table 3.16: Analytic spectral radii of SM with the short characteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 2.48E-1 4.87E-1 8.99E-1 9.65E-1 5.53E-1 2.74E-2 4.81E-4 8.46E-5

10� 3 2.48E-1 2.33E-1 2.48E-1 4.84E-1 8.57E-1 5.15E-1 2.74E-2 9.62E-4 8.33E-4

10� 2 4.86E-1 2.47E-1 2.32E-1 2.40E-1 4.47E-1 4.12E-1 2.73E-2 8.32E-3 8.24E-3

10� 1 8.98E-1 4.78E-1 2.40E-1 2.18E-1 1.54E-1 2.27E-1 8.00E-2 7.59E-2 7.70E-2

1 9.82E-1 8.69E-1 5.83E-1 5.37E-1 3.34E-1 3.75E-1 4.97E-1 5.58E-1 5.78E-1

10 2.46E+0 2.46E+0 2.46E+0 2.47E+0 2.37E+0 1.42E+0 1.58E+0 2.05E+0 2.19E+0

102 2.93E+0 2.93E+0 2.94E+0 2.98E+0 3.13E+0 2.74E+0 1.22E+0 7.37E-1 6.89E-1

103 1.69E+0 1.69E+0 1.70E+0 1.72E+0 1.76E+0 1.30E+0 3.50E-1 4.21E-2 1.31E-2

104 3.93E-2 3.93E-2 1.36E-1 1.64E-1 7.99E-2 3.92E-2 2.17E-2 3.96E-3 4.32E-4

Figure 3.17: Analytic spectral radii of SM with the short characteristics transport dis-
cretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

We now discuss the results of calculations of heterogeneousmedium problems

with checker-board con�guration of materials. In this case we deal with a 2D medium with

periodic structure which consists in 2 types of cells as shown in Fig. (3.19). We estimated

numerically the spectral radii of SM with short characteristics using a 40� 40 cells region,

uniform grid � x = 1, � y = 1, product quadratures set based on double S4 GL quadratures
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for azimuthal and polar angles, vacuum BC, and 10� 6 point-wise convergence criteria. As

before, we setQ = 1 in the middle region and Q = 0 aside. The results are presented in

Table 3.18 and Fig. 3.20.

Table 3.17: Numerically estimated spectral radii of SM with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 4.34E-3 3.75E-2 1.40E-1 4.32E-1 5.94E-1 3.52E-1 1.58E-2 2.02E-4 8.84E-5

10� 3 4.87E-3 3.82E-2 1.34E-1 3.39E-1 5.61E-1 3.49E-1 1.58E-2 9.64E-4 8.31E-4

10� 2 9.72E-3 3.66E-2 1.33E-1 2.56E-1 3.61E-1 3.18E-1 1.94E-2 8.38E-3 8.22E-3

10� 1 4.45E-2 6.08E-2 1.35E-1 2.08E-1 1.42E-1 2.06E-1 7.69E-2 7.36E-2 7.63E-2

1 5.62E-1 5.61E-1 5.57E-1 5.14E-1 3.18E-1 3.37E-1 4.68E-1 5.35E-1 5.39E-1

10 2.38E+0 2.38E+0 2.38E+0 2.39E+0 2.30E+0 1.37E+0 1.41E+0 1.95E+0 2.13E+0

102 2.84E+0 2.84E+0 2.84E+0 2.89E+0 3.03E+0 2.66E+0 1.19E+0 6.84E-1 6.66E-1

103 1.65E+0 1.65E+0 1.65E+0 1.67E+0 1.71E+0 1.26E+0 3.39E-1 3.93E-2 1.05E-2

104 3.14E-2 1.06E-2 5.60E-2 1.58E-1 5.84E-2 2.50E-2 7.52E-3 3.38E-3 3.49E-4

Figure 3.18: Numerically estimated spectral radii of SM with the short characteristics
transport discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

As we see, in this test SM converges fast, even we span the samerange of para-

meters as in the PHI problem. The big di�erence is that now there is a sort of symmetry.

What happens on x directions happens ony direction as well. The error modes onx and

y directions don't act separately as in PHI problem. We believe this is the reason why

the methods have no troubles. We also should note here the checker-board problem has a

structure closer to a reactor core than the PHI problem. Still, the materials properties are

more extreme than the ones from a nuclear reactor (e.g. the water doesn't havec = 0 :9999).
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Anyway, we've tested SM on PHI and checker-board problems with smaller scattering ratios

and as expected the method converged fast in all tests..

x1/2 x3/2
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y
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Dy2

Dy1
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St2, c2

X5/2

Dx1 Dx2

Figure 3.19: Structure of checker-board problem

Table 3.18: Numerically estimated spectral radii of SM with the short characteristics trans-
port discretization for checker-board problem in 2D, � x = 1, � y1 = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.20E-5 1.01E-4 3.38E-2 1.64E-1 1.57E-1 1.55E-1 1.29E-1 3.12E-3 2.44E-5

10� 3 1.01E-4 7.18E-3 3.66E-2 1.65E-1 1.57E-1 1.55E-1 1.29E-1 3.12E-3 9.15E-5

10� 2 3.38E-2 3.66E-2 6.19E-2 1.71E-1 1.57E-1 1.54E-1 1.29E-1 3.17E-3 3.73E-3

10� 1 1.64E-1 1.65E-1 1.71E-1 1.68E-1 1.60E-1 1.45E-1 1.21E-1 3.29E-2 1.17E-3

1 1.57E-1 1.57E-1 1.57E-1 1.60E-1 1.74E-1 1.41E-1 1.05E-1 1.07E-1 8.99E-3

10 1.55E-1 1.55E-1 1.54E-1 1.45E-1 1.41E-1 1.21E-1 1.03E-1 8.50E-2 4.17E-2

102 1.29E-1 1.29E-1 1.29E-1 1.21E-1 1.05E-1 1.03E-1 6.25E-2 1.61E-2 1.51E-2

103 3.12E-3 3.12E-3 3.17E-3 3.29E-2 1.07E-1 8.50E-2 1.61E-2 1.19E-3 1.11E-4

104 2.44E-5 9.15E-5 3.73E-3 1.17E-3 8.99E-3 4.17E-2 1.51E-2 1.11E-4 1.28E-6

Figure 3.20: Numerically estimated spectral radii of SM with the short characteristics
transport discretization for checker-board problem in 2D, � x = 1, � y = 1, c=0.9999
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The last set of results that we present in this section are thenumerically estimated

spectral radii of SM method in the case of so called two regions problem. In this case the

2D �nite medium has the following dimensions: x 2 [0; 40]; y 2 [0; 40]. There are vacuum

BC all around. Region 1 is de�ned by: x 2 [10; 30]; y 2 [10; 30] and region 2 is the rest.

For SM we usedQ = 1 in the region 1 and Q = 0 in the region 2. Instead, for QD we used

Q = 1 everywhere. We considered a uniform mesh of 40� 40 cells, product quadratures set

based on double S4 GL quadratures for azimuthal and polar angles, and 10� 6 point-wise

convergence criteria. In Table 3.19 and Fig. 3.21 we show thenumerically estimated radii

of SM with short characteristics for the two regions problem. Again we need to observe

the fast convergence of SM in most of the tests. However, there is a region where SM

slows down: � t1 = 0 :1 � 10 and � t2 = 10 � 4 � 10� 2. The spectral radii distribution of SM

is almost symmetric with respect to the main diagonal, which means for this method it

doesn't matter which material is in the middle and which one is outside.

Table 3.19: Numerically estimated spectral radii of SM with the short characteristics trans-
port discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.61E-3 8.81E-3 7.69E-2 2.88E-1 3.81E-1 3.74E-1 1.65E-1 1.96E-3 4.57E-4

10� 3 8.81E-3 1.56E-2 7.71E-2 2.86E-1 3.80E-1 3.73E-1 1.66E-1 5.15E-3 4.60E-3

10� 2 7.69E-2 7.71E-2 1.10E-1 2.70E-1 3.73E-1 3.68E-1 1.66E-1 4.08E-2 4.10E-2

10� 1 2.88E-1 2.86E-1 2.70E-1 2.07E-1 2.97E-1 3.12E-1 2.04E-1 1.86E-1 1.82E-1

1 3.81E-1 3.80E-1 3.73E-1 2.97E-1 1.81E-1 1.67E-1 1.71E-1 1.68E-1 1.56E-1

10 3.74E-1 3.73E-1 3.68E-1 3.12E-1 1.67E-1 1.54E-1 1.44E-1 1.43E-1 1.40E-1

102 1.65E-1 1.66E-1 1.66E-1 2.04E-1 1.71E-1 1.44E-1 9.14E-2 8.15E-2 7.89E-2

103 1.96E-3 5.15E-3 4.08E-2 1.86E-1 1.68E-1 1.43E-1 8.15E-2 2.19E-3 1.65E-3

104 4.57E-4 4.60E-3 4.10E-2 1.82E-1 1.56E-1 1.40E-1 7.89E-2 1.65E-3 1.77E-5
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Figure 3.21: Numerically estimated spectral radii of SM with the short characteristics
transport discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999
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Chapter 4

Stability Analysis of Quasidi�usion

Method

In this chapter we present the stability analysis of QD method in in�nite hetero-

geneous medium. We linearize QD equations around non-
at solution in both 1D slab and

2D Cartesian geometries and perform Fourier analysis usingthe in�nite medium solution

obtained with our transport code.

4.1 The Quasidi�usion Method for the 1D Transport Equa-

tion in Di�erential Form

In case of 1D geometry QD method is de�ned by the transport Eq. (2.5) and the

following low-order problem:

dJ (s+1)

dx
+ � a(x)� (s+1) (x) = Q(x) (4.1)

dE (s+1 =2) � (s+1)

dx
+ � t (x)J (s+1) (x) = 0 (4.2)
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where x 2 [xL ; xR ] and the Quasidi�usion (Eddington) factors are de�ned as:

E (s+1 =2) (x) =

1R

� 1
� 2 (s+1 =2) (x; � )d�

1R

� 1
 (s+1 =2) (x; � )d�

: (4.3)

Vacuum BC for the low-order equations have the following form:
8
<

:
J (s+1) (xL ) = C(s+1 =2)

L � (s+1) (xL );

J (s+1) (xR ) = C(s+1 =2)
R � (s+1) (xR );

(4.4)

where the QD boundary factors are:

C(s+1 =2)
L =

1R

0
� (s+1 =2) (xL ; � )d�

1R

0
 (s+1 =2) (xL ; � )d�

; (4.5)

C(s+1 =2)
R =

0R

� 1
� (s+1 =2) (xR ; � )d�

0R

� 1
 (s+1 =2) (xR ; � )d�

: (4.6)

The re
ective and periodic BC are given by Eqs. (3.7) and (3.8), respectively.

4.2 The Quasidi�usion Method for the 1D Transport Equa-

tion in Discretized Form

The �nite volume discretization of the low-order QD equatio ns has the form:

dJ (s+1)

dx
+ � a(x)� (s+1) (x) = Q(x); (4.7)

E (s+1 =2)
i � (s+1)

i � E (s+1 =2)
i � 1=2 � (s+1)

i � 1=2 +
� t;i � x i

2
J (s+1)

i � 1=2 = 0 ; (4.8)

E (s+1 =2)
i +1 =2 � (s+1)

i +1 =2 � E (s+1 =2)
i � (s+1)

i +
� t;i � x i

2
J (s+1)

i +1 =2 = 0 ; (4.9)

where

E (s+1 =2)
i =

P

m
� 2

m  (s+1 =2)
m;i wm

P

m
 (s+1 =2)

m;i wm

:
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Vacuum BC for 1D geometry:
8
<

:
J (s+1)

1=2 = C(s+1 =2)
1 � (s+1)

1=2 ;

J (s+1)
N +1 =2 = C(s+1 =2)

N � (s+1)
N +1 =2;

(4.10)

where

C(s+1 =2)
L =

P

m;� m < 0
� m  (s+1 =2)

m;1=2 wm

P

m;� m < 0
 (s+1 =2)

m;1=2 wm

; (4.11)

C(s+1 =2)
R =

P

m;� m > 0
� m  (s+1 =2)

m;N +1 =2wm

P

m;� m > 0
 (s+1 =2)

m;N +1 =2wm

: (4.12)

From the low-order equations we otain a three points stencilequation in terms of the cell

average scalar 
uxes

�
E (s+1 =2)

i +1 � (s+1)
i +1 � E (s+1 =2)

i � (s+1)
i

� x i +1 =2� t;i +1 =2
+

E (s+1 =2)
i � (s+1)

i � E (s+1 =2)
i � 1 � (s+1)

i � 1

� x i � 1=2� t;i � 1=2
+� x i � a;i �

(s+1)
i = � x i Qi :

(4.13)

4.2.1 Linearized Low-Order QD Equations in Discretized For m

To study the convergence properties of the nonlinear QD method, we need to

linearize the low-order equations in the vicinity of the solution. Assuming the iterations

begin with an initial estimate that is close to the solution we de�ne

 (s+1 =2)
m;i =  m;i + �� (s+1 =2)

m;i ; (4.14)

� (s+1)
i = � i + ��� (s+1)

i ; (4.15)

where � � 1. We introduce the above equations in Eqs. (4.7) { (4.9), expand in powers of

� , and neglect theO(� 2) terms. The O(1) terms are satis�ed and the O(� ) terms yield the

linearized low-order QD equations of the following form:

E i ��
(s+1)
i � E i � 1�� (s+1)

i � 1

� x i � 1=2� t;i � 1=2

E i ��
(s+1)
i � E i +1 �� (s+1)

i +1

� x i +1 =2� t;i +1 =2
+ � x i � a;i ��

(s+1)
i =

Ri +1 �T (s+1 =2)
i � Ri � 1�T (s+1 =2)

i � 1

� x i � 1=2� t;i � 1=2
+

Ri �T
(s+1 =2)
i � Ri +1 �T (s+1 =2)

i +1

� x i +1 =2� t;i +1 =2
(4.16)



64

where

�T s+1 =2
i =

X

m

�
E i � � 2

m

�
� (s+1 =2)

m;i wm ;

Ri = � i =� �
i , � i is the solution of the low-order problem, and � �

i is the solution of the

high-order. The structure of Eq. (4.16) is similar to the one of Eq. (3.15) except that �P

terms are replaced by�T terms, they are multiplied by the ratios R, and 1/3 is replaced

by QD factors. In order to perform Fourier analysis for the linearized QD equations one

needs to obtain numerically the solution of in�nite medium p roblem. This can be done by

considering a 2 cell problem and imposing periodic BC.

4.2.2 Fourier Analysis of QD Method in In�nite Heterogeneou s Medium

In this section we analyze the PHI problem. Using the ansatz (2.24), we �nd the

same expression of ~am;j as before. Using the ansatz in Eq. (4.16) for two adjacent cells we

obtain
8
>>>>>>>>><

>>>>>>>>>:

P

m

�
E2 � � 2

m

�
~am;2R2 cos

�
� � x1+� x2

2

�
wm �

P

m

�
E1 � � 2

m

�
~am;1R1wm =

!
�
E2A2 cos

�
� � x1+� x2

2

�
� E1A1

�
� � t; 1 � x1+� t; 2 � x2

4 � x1� a;1!A 1;

P

m

�
E1 � � 2

m

�
~am;1R1 cos

�
� � x1+� x2

2

�
wm �

P

m

�
E2 � � 2

m

�
~am;2R2wm =

!
�
E1A1 cos

�
� � x1+� x2

2

�
� E2A2

�
� � t; 1 � x1+� t; 2 � x2

4 � x2� a;2!A 2:

(4.17)

Using (2.25), we �nd 8
<

:
a11

A 1
A 2

! + a12! + b11
A 1
A 2

+ b12 = 0 ;

a21
A 1
A 2

! + a22! + b21
A 1
A 2

+ b22 = 0 ;
(4.18)

where

a11 = E1 +
� t; 1� x1 + � t; 2� x2

4
� x1� a;1;

a12 = � E2 cos
�

�
� x1 + � x2

2

�
;

b11 = R2 cos
�

�
� x1 + � x2

2

� X

m

�
E2 � � 2

m

�
ae

m;2;1wm � R1

X

m

�
E1 � � 2

m

�
ae

m;1;1wm ;

b12 = R2 cos
�

�
� x1 + � x2

2

� X

m

�
E2 � � 2

m

�
ae

m;2;2wm � R1

X

m

�
E1 � � 2

m

�
ae

m;1;2wm ;

a21 = � E1 cos
�

�
� x1 + � x2

2

�
;
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a22 = E2 +
� t; 1� x1 + � t; 2� x2

4
� x2� a;2;

b21 = R1 cos
�

�
� x1 + � x2

2

� X

m

�
E1 � � 2

m

�
ae

m;1;1wm � R2

X

m

�
E2 � � 2

m

�
ae

m;2;1wm ;

b22 = R1 cos
�

�
� x1 + � x2

2

� X

m

�
E1 � � 2

m

�
ae

m;1;2wm � R2

X

m

�
E2 � � 2

m

�
ae

m;2;2wm ;

System (4.18) leads to a quadratic equation for! with the same structure as Eq. (3.19). We

evaluated the spectral radii of the QD method in discretizedform for PHI problem in 1D,

for a wide range of values of macroscopic cross sections, uniform grid � x = 1 and uniform

scattering ratio c = 0 :9999. We used double S4 GL quadrature set and step characteristics

discretization for the transport sweep. Table 4.1 and Fig. 4.1 show the analytic spectral

radii for this problem, while Table 4.2 and Fig. 4.2 show the numerically estimated spectral

radii. To calculate numerically the spectral radii, we used a 1000 cells slab with vacuum

BC, source Q = 1 everywhere, and 10� 6 point-wise convergence criteria. First we should

notice the consistency between the analytic and numerical results. There are some small

di�erences in the middle region, but overall we observe that the numerically estimated

spectral radii con�rm the theory. If we compare QD spectral radii with the ones of SM

for the same problem we see that for optically thin cells the two methods behave similarly.

There are some signi�cant di�erences for � t1 = 10 � 4 � 10� 3 and � t2 = 104 � 103. In this

area QD converges slower than SM. However both methods converge fast enough. The

spectral radius is less than 0.23 in all cases.

Table 4.1: Analytic spectral radii of QD with the step characteristics transport discretization
for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.25E-1 2.25E-1 2.25E-1 2.23E-1 1.99E-1 4.96E-2 2.84E-3 6.62E-3 1.44E-1

10� 3 2.25E-1 2.25E-1 2.25E-1 2.24E-1 2.09E-1 4.96E-2 2.84E-3 6.01E-2 1.32E-1

10� 2 2.25E-1 2.25E-1 2.25E-1 2.24E-1 2.18E-1 4.96E-2 2.36E-2 2.27E-1 9.08E-2

10� 1 2.23E-1 2.24E-1 2.24E-1 2.24E-1 2.09E-1 9.38E-2 1.15E-1 5.14E-2 1.19E-2

1 1.99E-1 2.09E-1 2.18E-1 2.09E-1 1.99E-1 1.63E-1 1.33E-1 8.41E-3 2.31E-4

10 4.96E-2 4.96E-2 4.96E-2 9.38E-2 1.63E-1 4.96E-2 2.04E-2 8.92E-4 1.26E-5

102 2.84E-3 2.84E-3 2.36E-2 1.15E-1 1.33E-1 2.04E-2 2.86E-3 1.08E-4 1.31E-6

103 6.62E-3 6.01E-2 2.27E-1 5.14E-2 8.41E-3 8.92E-4 1.08E-4 6.58E-6 1.21E-7

104 1.44E-1 1.32E-1 9.08E-2 1.19E-2 2.31E-4 1.26E-5 1.31E-6 1.21E-7 6.67E-9
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Figure 4.1: Analytic spectral radii of QD with the step characteristics transport discretiza-
tion for PHI problem in 1D, � x = 1, c=0.9999

Table 4.2: Numerically estimated spectral radii of QD with the step characteristics transport
discretization for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.61E-1 1.90E-1 2.10E-1 2.21E-1 1.91E-1 3.82E-2 1.91E-4 1.41E-2 1.40E-1

10� 3 1.90E-1 2.23E-1 2.15E-1 2.21E-1 1.91E-1 3.36E-3 2.21E-3 1.17E-1 6.76E-2

10� 2 2.10E-1 2.15E-1 2.15E-1 2.21E-1 1.92E-1 1.47E-2 3.48E-2 2.25E-1 8.17E-3

10� 1 2.21E-1 2.21E-1 2.21E-1 2.13E-1 1.49E-1 1.35E-1 1.88E-1 7.89E-2 9.34E-4

1 1.91E-1 1.91E-1 1.92E-1 1.49E-1 1.84E-1 1.63E-1 1.40E-1 1.02E-2 1.16E-4

10 3.82E-2 3.36E-3 1.47E-2 1.35E-1 1.63E-1 3.84E-2 2.06E-2 8.88E-4 1.23E-5

102 1.91E-4 2.21E-3 3.48E-2 1.88E-1 1.40E-1 2.06E-2 2.16E-8 1.08E-4 1.31E-6

103 1.41E-2 1.17E-1 2.25E-1 7.89E-2 1.02E-2 8.88E-4 1.08E-4 8.68E-14 1.32E-10

104 1.40E-1 6.76E-2 8.17E-3 9.34E-4 1.16E-4 1.23E-5 1.31E-6 1.32E-10 0.00E+00

Figure 4.2: Numerically estimated spectral radii of QD with the step characteristics trans-
port discretization for PHI problem in 1D, � x = 1, c=0.9999
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Table 4.3: Analytic and numerically estimated spectral radii of QD for PHI problem in 1D,
with � t = 1, c1 = 1 and variable c2

Parameters Analytic � of SM Numerically estimated � of SM

� x1 � x2 c2 DD step m. step c. DD step m. step c.

1 1 0.1 0.2740 0.0962 0.1456 0.2344 0.0637 0.0811

1 1 0.2 0.2692 0.0989 0.1493 0.2313 0.0701 0.0885

1 1 0.3 0.2642 0.1020 0.1533 0.2279 0.0767 0.0987

1 1 0.4 0.2589 0.1055 0.1576 0.2243 0.0836 0.1094

1 1 0.5 0.2533 0.1094 0.1624 0.2205 0.0909 0.1213

1 1 0.6 0.2473 0.1139 0.1676 0.2164 0.0987 0.1340

1 1 0.7 0.2409 0.1191 0.1732 0.2120 0.1070 0.1477

1 1 0.8 0.2340 0.1252 0.1792 0.2074 0.1160 0.1623

1 1 0.9 0.2267 0.1323 0.1852 0.2027 0.1260 0.1779

1 1 0.99 0.2227 0.1395 0.1971 0.2024 0.1361 0.1927

1 1 0.999 0.2244 0.1407 0.1987 0.2049 0.1366 0.1937

1 1 0.9999 0.2246 0.1408 0.1989 0.2045 0.1346 0.1891

1 1 0.99999 0.2247 0.1408 0.1989 0.2022 0.1331 0.1827

10 0.1 0.1 0.2196 0.0260 0.0488 0.2012 0.0311 0.0398

10 0.1 0.2 0.2196 0.0206 0.0491 0.2011 0.0148 0.0370

10 0.1 0.3 0.2195 16.2172 0.0494 0.2010 0.0197 0.0206

10 0.1 0.4 0.2194 0.5566 0.0497 0.2008 0.0275 0.0203

10 0.1 0.5 0.2193 0.0438 0.0500 0.2004 0.0367 0.0270

10 0.1 0.6 0.2193 0.0505 0.0502 0.1999 0.0472 0.0352

10 0.1 0.7 0.2192 0.0633 0.0549 0.2010 0.0594 0.0450

10 0.1 0.8 0.2190 0.0778 0.0653 0.1994 0.0735 0.0569

10 0.1 0.9 0.2189 0.0945 0.0782 0.1983 0.0902 0.0713

10 0.1 0.99 0.2220 0.1117 0.0920 0.2129 0.1080 0.0873

10 0.1 0.999 0.2244 0.1135 0.0935 0.2167 0.1099 0.0889

10 0.1 0.9999 0.2246 0.1137 0.0937 0.2172 0.1087 0.0886

10 0.1 0.99999 0.2247 0.1137 0.0937 0.2209 0.1486 0.0991

0.1 10 0.1 0.3640 0.1095 0.1092 0.3273 0.1191 0.1181

0.1 10 0.2 0.3479 0.1106 0.1084 0.3111 0.1191 0.1158

0.1 10 0.3 0.3319 0.1115 0.1074 0.2900 0.1189 0.1133

0.1 10 0.4 0.3158 0.1124 0.1062 0.2739 0.1185 0.1105

0.1 10 0.5 0.2997 0.1131 0.1048 0.2590 0.1179 0.1076

0.1 10 0.6 0.2835 0.1137 0.1031 0.2460 0.1170 0.1044

0.1 10 0.7 0.2674 0.1141 0.1012 0.2347 0.1159 0.1010

0.1 10 0.8 0.2512 0.1143 0.0990 0.2234 0.1144 0.0973

0.1 10 0.9 0.2350 0.1142 0.0965 0.2114 0.1125 0.0934

0.1 10 0.99 0.2204 0.1138 0.0940 0.2078 0.1104 0.0896

0.1 10 0.999 0.2206 0.1138 0.0937 0.2132 0.1107 0.0890

0.1 10 0.9999 0.2240 0.1137 0.0937 0.2163 0.1109 0.0888

0.1 10 0.99999 0.2246 0.1137 0.0937 0.2171 0.1107 0.0888
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The second scenario of PHI problem that we've analyzed was the one with non-

uniform scattering ratio, but constant � t (see Section 3.4.4). In Table 4.3 we show the

analytic spectral radii of QD obtained with Fourier analysi s and the numerically estimated

ones. For the numerically estimated spectral radii we used the same slab as before, but

Q = 1 everywhere, because the convergence behavior depends onthe solution. Again, we

noticed fast convergence in all tests.

4.3 The Quasidi�usion Method for the Transport Equation

in 2D Cartesian Geometry

In case of 2D Cartesian geometry the QD method is de�ned by transport equations

(2.44) and the following low-order equations.

@J(s+1)
x

@x
+

@J(s+1)
y

@y
+ � a (x; y) � (s+1) (x; y) = Q (x; y) ; (4.19)

@E(s+1 =2)
xx � (s+1)

@x
+

@E(s+1 =2)
xy � (s+1)

@y
+ � t (x)J (s+1)

x (x) = 0 ; (4.20)

@E(s+1 =2)
yx � (s+1)

@x
+

@E(s+1 =2)
yy � (s+1)

@y
+ � t (x)J (s+1)

y (x) = 0 ; (4.21)

where x 2 [xL ; xR ], y 2 [yB ; yT ], and the Quasidi�usion factors are given by

E (s+1 =2)
xx (x) =

R

4�

 2

x  (s+1 =2) (x; y; ~
) d~


R

4�
 (s+1 =2) (x; y; ~
) d~


; (4.22)

E (s+1 =2)
yy (x) =

R

4�

 2

y  (s+1 =2) (x; y; ~
) d~


R

4�
 (s+1 =2) (x; y; ~
) d~


; (4.23)

E (s+1 =2)
xy (x) = E (s+1 =2)

yx (x) =

R

4�

 x 
 y  (s+1 =2)(x; y; ~
) d~


R

4�
 (s+1 =2) (x; y; ~
) d~


: (4.24)
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Vacuum BC for the low-order problem are de�ned as:
8
>>>>><

>>>>>:

J (s+1)
x (xL ; y) = C(s+1 =2)

L (y)� (s+1) (xL ; y);

J (s+1)
x (xR ; y) = C(s+1 =2)

R (y)� (s+1) (xR ; y);

J (s+1)
y (x; yB ) = C(s+1 =2)

B (x)� (s+1) (x; yB );

J (s+1)
y (x; yT ) = C(s+1 =2)

T (x)� (s+1) (x; yT );

(4.25)

where the boundary QD factors are de�ned by

C(s+1 =2)
L (y) =

R


 x < 0

 x  (s+1 =2) (xL ; y; ~
) d~


R


 x < 0
 (s+1 =2) (xL ; y; ~
) d~


; (4.26)

C(s+1 =2)
R (y) =

R


 x > 0

 x  (s+1 =2) (xR ; y; ~
) d~


R


 x > 0
 (s+1 =2)(xR ; y; ~
) d~


; (4.27)

C(s+1 =2)
B (x) =

R


 y < 0

 y  (s+1 =2)(x; yB ; ~
) d~


R


 y < 0
 (s+1 =2) (x; yB ; ~
) d~


; (4.28)

C(s+1 =2)
T (x) =

R


 y > 0

 y  (s+1 =2) (x; yT ; ~
) d~


R


 y > 0
 (s+1 =2) (x; yT ; ~
) d~


: (4.29)

The re
ective and periodic BC are de�ned by Eqs. (3.7) and (3.8), respectively.

4.4 The Quasidi�usion Method for the Discretized Transport

Equation in 2D Cartesian Geometry

In case of 2D geometry the QD method is de�ned by a transport sweep (Eqs.

(2.52) { (2.54) for WDD discretization, and Eqs. (2.59) { (2. 63) for short characteristics

discretization) and the low-order problem. We use the �nite volume method to discretize

the low-order QD equations.

� yj

�
J (s+1)

x;i +1 =2;j � J (s+1)
x;i � 1=2;j

�
+ � x i

�
J (s+1)

y;i;j +1 =2 � J (s+1)
y;i;j � 1=2

�

+� x i � yj � a;i;j � (s+1)
i;j = � x i � yj Qi;j ; (4.30)
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�
E (s+1 =2)

xx;i;j � (s+1)
i;j � E (s+1 =2)

xx;i � 1=2;j � (s+1)
i � 1=2;j

�
� yj �

�
E (s+1 =2)

xy;i;j +1 =2� (s+1)
i;j +1 =2 � E (s+1 =2)

xy;i;j � 1=2� (s+1)
i;j � 1=2

� � x i

2
+

� t;i;j

2
� x i � yj J

(s+1)
x;i � 1=2;j = 0 ; (4.31)

�
E (s+1 =2)

xx;i +1 =2;j � (s+1)
i +1 =2;j � E (s+1 =2)

xx;i;j � (s+1)
i;j

�
� yj �

�
E (s+1 =2)

xy;i;j +1 =2� (s+1)
i;j +1 =2 � E (s+1 =2)

xy;i;j � 1=2� (s+1)
i;j � 1=2

� � x i

2
+

� t;i;j

2
� x i � yj J

(s+1)
x;i +1 =2;j = 0 ; (4.32)

�
E (s+1 =2)

yy;i;j � (s+1)
i;j � E (s+1 =2)

yy;i;j � 1=2� (s+1)
i;j � 1=2

�
� x i �

�
E (s+1 =2)

xy;i +1 =2;j � (s+1)
i +1 =2;j � E (s+1 =2)

xy;i � 1=2;j � (s+1)
i � 1=2;j

� � yj

2
+

� t;i;j

2
� x i � yj J

(s+1)
y;i;j � 1=2 = 0 ; (4.33)

�
E (s+1 =2)

yy;i;j +1 =2� (s+1)
i;j +1 =2 � E (s+1 =2)

yy;i;j � (s+1)
i;j

�
� x i �

�
E (s+1 =2)

xy;i +1 =2;j � (s+1)
i +1 =2;j � E (s+1 =2)

xy;i � 1=2;j � (s+1)
i � 1=2;j

� � yj

2
+

� t;i;j

2
� x i � yj J

(s+1)
y;i;j +1 =2 = 0 ; (4.34)

where the cell and face averageE �� are calculated as arithmetic average ofE �� in the

adjacent vertexes. The vertex QD factors:

E (s+1 =2)
xx;i +1 =2;j +1 =2 =

P

m
� 2

m  (s+1 =2)
m;i +1 =2;j +1 =2wm

P

m
 (s+1 =2)

m;i +1 =2;j +1 =2wm

; (4.35)

E (s+1 =2)
yy;i +1 =2;j +1 =2 =

P

m
� 2

m  (s+1 =2)
m;i +1 =2;j +1 =2wm

P

m
 (s+1 =2)

m;i +1 =2;j +1 =2wm

; (4.36)

E (s+1 =2)
xy;i +1 =2;j +1 =2 =

P

m
� m � m  (s+1 =2)

m;i +1 =2;j +1 =2wm

P

m
 (s+1 =2)

m;i +1 =2;j +1 =2wm

: (4.37)

Vacuum BC for 2D Cartesian geometry are:

8
>>>>><

>>>>>:

J (s+1)
x;1=2;j = C(s+1 =2)

L;j � (s+1)
1=2;j ;

J (s+1)
x;N x +1 =2;j = C(s+1 =2)

R;j � (s+1)
N x +1 =2;j ;

J (s+1)
y;i; 1=2 = C(s+1 =2)

i;B � (s+1)
i; 1=2 ;

J (s+1)
y;i;N y +1 =2 = C(s+1 =2)

i;T � (s+1)
i;N y +1 =2;

(4.38)
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where the face average boundary QD factors are calculated asarithmetic average of bound-

ary QD factors in the adjacent vertexes that are given by

C(s+1 =2)
L;j =

P

m;� m < 0
� m  (s+1 =2)

m;1=2;j +1 =2wm

P

m;� m < 0
 (s+1 =2)

m;1=2;j +1 =2wm

; (4.39)

C(s+1 =2)
R;j =

P

m;� m > 0
� m  (s+1 =2)

m;N x +1 =2;j +1 =2wm

P

m;� m > 0
 (s+1 =2)

m;N x +1 =2;j +1 =2wm

; (4.40)

C(s+1 =2)
i;B =

P

m;� m < 0
� m  (s+1 =2)

m;i +1 =2;1=2wm

P

m;� m < 0
 (s+1 =2)

m;i +1 =2;1=2wm

; (4.41)

C(s+1 =2)
i;T =

P

m;� m < 0
� m  (s+1 =2)

m;i +1 =2;N y +1 =2wm

P

m;� m < 0
 (s+1 =2)

m;i +1 =2;N y +1 =2wm

: (4.42)

4.4.1 Linearized Low-Order QD Equations in Discretized For m

In order to study the convergence behavior of the nonlinear QD method, we lin-

earize the equations in the vicinity of the solution. We assume the iterations begin with an

initial estimate that is close to the solution and thus we have:

 (s+1 =2)
m;i;j =  m;i;j + �� (s+1 =2)

m;i;j ; (4.43)

 (s+1 =2)
m;i +1 =2;j =  m;i +1 =2;j + �� (s+1 =2)

m;i +1 =2;j ; (4.44)

 (s+1 =2)
m;i;j +1 =2 =  m;i;j +1 =2 + �� (s+1 =2)

m;i;j +1 =2; (4.45)

� (s+1)
i;j = � i;j + ��� (s+1)

i;j ; (4.46)

� (s+1)
i +1 =2;j = � i +1 =2;j + ��� (s+1)

i +1 =2;j ; (4.47)

� (s+1)
i;j +1 =2 = � i;j +1 =2 + ��� (s+1)

i;j +1 =2; (4.48)

where � � 1. We introduce the above equations in Eqs. (4.30) { (4.34), expand in powers

of � , and neglect the O(� 2) terms. The O(1) terms are satis�ed and the O(� ) terms yield

the linearized low-order QD equations of the following form:

�
Ri +1 ;j �T (s+1 =2)

xx;i +1 ;j � Ri;j �T (( s+1 =2))
xx;i;j

� x i +1 � x i +1 =2� t;i +1 =2;j
�

Ri;j +1 =2�T (s+1 =2)
xy;i;j +1 =2 � Ri;j � 1=2�T (s+1 =2)

xy;i;j � 1=2

2� yj � x i +1 =2� t;i +1 =2;j
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�
� x i +1

2� x i � yj

Ri +1 ;j +1 =2�T (s+1 =2)
xy;i +1 ;j +1 =2 � Ri +1 ;j � 1=2�T (s+1 =2)

xy;i +1 ;j � 1=2

� x i +1 =2� t;i +1 =2;j

+
Ri;j �T (s+1 =2)

xx;i;j � Ri � 1;j �T (s+1 =2)
xx;i � 1;j

� x i � x i � 1=2� t;i � 1=2;j
+

Ri;j +1 =2�T (s+1 =2)
xy;i;j +1 =2 � Ri;j � 1=2�T (s+1 =2)

xy;i;j � 1=2

2� yj � x i � 1=2� t;i � 1=2;j

+
� x i � 1

2� x i � yj

Ri � 1;j +1 =2�T (s+1 =2)
xy;i � 1;j +1 =2 � Ri � 1;j � 1=2�T (s+1 =2)

xy;i � 1;j � 1=2

� x i � 1=2� t;i � 1=2;j

�
Ri;j +1 �T (s+1 =2)

yy;i;j +1 � Ri;j �T (s+1 =2)
yy;i;j

� yj � yj +1 =2� t;i;j +1 =2
�

Ri +1 =2;j �T (s+1 =2)
yx;i +1 =2;j � Ri � 1=2;j �T (s+1 =2)

yy;i � 1=2;j

2� x i � yj � 1=2� t;i;j � 1=2

�
� yj +1

2� x i � yj

Ri +1 =2;j +1 �T (s+1 =2)
yx;i +1 =2;j +1 � Ri � 1=2;j +1 �T (s+1 =2)

yx;i � 1=2;j +1

� yj +1 =2� t;i;j +1 =2

+
Ri;j �T (s+1 =2)

yy;i;j � Ri;j � 1�T (s+1 =2)
yy;i;j � 1

� yj � yj � 1=2� t;i;j � 1=2
+

Ri +1 =2;j �T (s+1 =2)
yx;i +1 =2;j � Ri � 1=2;j �T (s+1 =2)

yx;i � 1=2;j

2� x i � yj +1 =2� t;i;j +1 =2

+
� yj � 1

2� x i � yj

Ri +1 =2;j � 1�T (s+1 =2)
yx;i +1 =2;j � 1 � Ri � 1=2;j � 1�T (s+1 =2)

yx;i � 1=2;j � 1

� yj � 1=2� t;i;j � 1=2

=
Exx;i;j �� (s+1)

i;j � Exx;i +1 ;j ��
(s+1)
i +1 ;j

� x i � x i +1 =2� t;i +1 =2;j
�

Exx;i � 1;j �� (s+1)
i � 1;j � Exx;i;j �� (s+1)

i;j

� x i � x i � 1=2� t;i � 1=2;j
+

Eyy;i;j �� (s+1)
i;j � Eyy;i;j +1 �� (s+1)

i;j +1

� yj � yj +1 =2� t;i;j +1 =2
�

Eyy;i;j � 1�� (s+1)
i;j � 1 � Eyy;i;j �� (s+1)

i;j

� yj � yj � 1=2� t;i;j � 1=2
+ � a;i;j �� (s+1)

i;j ; (4.49)

where

�T s+1 =2
xx;i;j =

X

m

�
Exx;i;j � � 2

m

�
� (s+1 =2)

m;i;j wm ;

�T s+1 =2
yy;i;j =

X

m

�
Eyy;i;j � � 2

m

�
� (s+1 =2)

m;i;j wm ;

�T s+1 =2
xy;i;j =

X

m

(Exy;i;j � � m � m ) � (s+1 =2)
m;i;j wm ;

Ri;j = � i;j =� �
i;j , � i;j is the solution of the low-order problem, and� �

i;j is the solution of the

high-order problem. As we can see, the structure of Eq. (4.49) is very similar to the one

of Eq. (3.50) except that �P terms were replaced by�T terms, they are multiplied by the

ratios R, and we use the QD factors instead of 1/3.
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4.4.2 Fourier Analysis of QD Method in In�nite Heterogeneou s Medium

In this section we analyze the PHI problem, considering short characteristics dis-

cretization for the transport equation. Using the ansatz (2.67), we �nd the same expression

of ~am;j as in case of SI and SM. For this particular problem we need to note the following:

� � , Exx , and Eyy are spatially 
at, and Exy = 0. Also, � i;j and � i +1 =2;j are independent

of i , and � i;j +1 =2 doesn't depend on eitheri nor on j . Therefore, we will use notations

� j ; j = 1 ; 2 for the �rst two, and � 1=2 for the last one. Using the ansatz in Eq. (4.49) for

two neighborly cells we obtain:

Exx
4 sin2 (� x � x)

� x2� 2
t;1

!A 1 + Eyy !
A1 � A2 cos

�
� y

� y1+� y2
2

�

� y1� t; 1
� y2 � t; 2+� y1 � t; 1

2

+
� a;1

� t; 1
!A 1

�
4 � 1

� �

� x2� 2
t;1

cos
� x � x

2
sin2 � x � x

2

�
cos

� y � y1

2

�
� e

xx; 1 + � e
xx; 2

�
� sin

� y � y1

2

�
� o

xx; 1 � � o
xx; 2

�
�

+
4

� 1=2

� �

� x� y1� 2
t;1

sin
� x � x

2
cos2

� x � x
2

�
sin

� y � y1

2

�
� e

xy; 1 + � e
xy; 2

�
+ cos

� y � y1

2

�
� o

xy; 1 � � o
xy; 2

�
�

�
2 � 1

� � cos � x � x
2

� y1� t; 1
� y2 � t; 2+� y1 � t; 1

2

�
cos

� y � y1

2

�
� e

yy;1 + � e
yy;2

�
� sin

� y � y1

2

�
� o

yy;1 � � o
yy;2

�
�

+
� 1=2

� � cos
� x � x

2

�
C1 + 2 cos � y � y1

2

� �
� e

yy;1 + � e
yy;2

�
+

�
S1 � 2 sin � y � y1

2

� �
� o

yy;1 � � o
yy;2

�

� y1� t; 1
� y2 � t; 2+� y1 � t; 1

2

+
� 2
� � � y2 sin � x � x

2

� x� y1� t; 1
� y2 � t; 2+� y1 � t; 1

2

�
S1

�
� e

xy; 1 + � e
xy; 2

�
� C1

�
� o

xy; 1 � � o
xy; 2

��
= 0 ; (4.50)

Exx
4 sin2 (� x � x)

� x2� 2
t;2

!A 2 + Eyy !
A2 � A1 cos

�
� y

� y1+� y2
2

�

� y2� t; 2
� y2 � t; 2+� y1 � t; 1

2

+
� a;2

� t; 2
!A 2

�
4 � 2

� �

� x2� 2
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cos
� x � x

2
sin2 � x � x

2

�
cos

� y � y2

2

�
� e

xx; 1 + � e
xx; 2

�
� sin

� y � y2

2

�
� o

xx; 2 � � o
xx; 1

�
�

+
4

� 1=2

� �

� x� y2� 2
t;2

sin
� x � x

2
cos2

� x � x
2

�
sin

� y � y2

2

�
� e

xy; 1 + � e
xy; 2

�
+ cos

� y � y2

2

�
� o

xy; 2 � � o
xy; 1

�
�

�
� 2
� � 2 cos� x � x

2

� y2� t; 2
� y2 � t; 2+� y1 � t; 1

2

�
cos

� y � y2

2

�
� e

yy;1 + � e
yy;2

�
� sin

� y � y2

2

�
� o

yy;2 � � o
yy;1

�
�

+
� 2

� � cos
� x � x

2

�
C2 + 2 cos � y � y2

2

� �
� e

yy;1 + � e
yy;2

�
+

�
S2 � 2 sin � y � y2

2

� �
� o

yy;2 � � o
yy;1

�

� y2� t; 2
� y2 � t; 2+� y1 � t; 1

2
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+
� 1
� � � y2 sin � x � x

2

� x� y2� t; 2
� y2 � t; 2+� y1 � t; 1

2

�
S2

�
� e

xy; 1 + � e
xy; 2

�
� C2

�
� o

xy; 2 � � o
xy; 1

��
= 0 ; (4.51)

where � xx , � yy , � xy , C1, C2, S1, and S2 were de�ned previously. Eqs. (4.50), (4.51) can be

put in the form (3.18), and �nally we obtain a quadratic equat ion for ! of the form (3.19).

First we've analyzed the behavior of QD in case of version 1 ofPHI problem that

we de�ned before. The analytic and numerically estimated spectral radii of QD method in

combination with short characteristics discretization are tabulated in Tables 4.4 and 4.5 and

plotted in Figs. 4.3 and 4.4. In order to obtain the analytic spectral radii, we needed �rst

to get the in�nite medium solution of QD for each case. For this we used a 2 cells problem

with periodic BC. Using the calculated QD factors and the ratios � i;j =� �
i;j we evaluated the

analytic spectral radii. For the numerically estimated spectral radii we've used the same

40� 40 cells region as was the case of SM. For solving the low-order problem of QD we've used

an implementation of � � � � � method, which was not optimized for solving low absorbent

medium problems. That's why we do not show a complete set of results. If we compare the

analytic and numerical results we can notice signi�cant di� erences. That may be due to the

leakage e�ects. Also we need to add that it is much more di�cul t to evaluate numerically the

spectral radius of a nonlinear method than a linear one, especially when we explore a wide

range of values for material properties, which ampli�es thee�ect of round-o�. The analysis

predicts divergence in cases when �t1 = 104 and � t2 = 10 � 3 � 10� 1. Experimentally, we

didn't obtain divergence in those cases, but we experiencedslow convergence. Even in those

cases we didn't get divergence numerically, there were signi�cant di�erences between SM

and QD regarding both analytic and numerically estimated spectral radii. We proceed with

analysis and veri�cation of the above results to �nd the reasons for inconsistency between

the theoretical and numerical results.
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Table 4.4: Analytic spectral radii of QD with the short chara cteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.63E-1 9.56E-1 9.93E-1 9.96E-1 9.87E-1 7.66E-1 4.93E-1 9.88E-1

10� 3 6.63E-1 2.33E-1 6.60E-1 9.51E-1 9.83E-1 9.68E-1 7.41E-1 5.65E-1 1.84E+0

10� 2 9.56E-1 6.60E-1 2.31E-1 6.37E-1 9.03E-1 8.94E-1 6.77E-1 1.00E+0 1.69E+0

10� 1 9.93E-1 9.51E-1 6.37E-1 2.32E-1 5.09E-1 6.40E-1 5.22E-1 9.12E-1 1.02E+0

1 9.96E-1 9.83E-1 9.03E-1 5.09E-1 1.93E-1 1.98E-1 2.87E-1 6.35E-1 6.79E-1

10 9.87E-1 9.68E-1 8.94E-1 6.40E-1 1.98E-1 1.62E-1 2.16E-1 4.82E-1 5.44E-1

102 7.66E-1 7.41E-1 6.77E-1 5.22E-1 2.87E-1 2.16E-1 9.69E-2 1.06E-1 1.33E-1

103 4.93E-1 5.65E-1 1.00E+0 9.12E-1 6.35E-1 4.82E-1 1.06E-1 2.54E-3 1.84E-3

104 9.88E-1 1.84E+0 1.69E+0 1.02E+0 6.79E-1 5.44E-1 1.33E-1 1.84E-3 2.58E-5

Figure 4.3: Analytic spectral radii of QD with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Table 4.5: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 - - - - 7.10E-1 7.42E-1 4.06E-1 5.96E-2 8.46E-3

10� 3 - - - 2.51E-1 7.03E-1 7.40E-1 4.12E-1 6.33E-2 6.67E-2

10� 2 - - 5.60E-2 2.60E-1 6.63E-1 7.16E-1 4.20E-1 1.55E-1 5.16E-1

10� 1 - 2.51E-1 2.60E-1 2.00E-1 4.15E-1 5.67E-1 3.29E-1 6.51E-1 8.78E-1

1 7.10E-1 7.03E-1 6.63E-1 4.15E-1 8.63E-2 8.45E-2 1.86E-1 5.58E-1 6.90E-1

10 7.42E-1 7.40E-1 7.16E-1 5.67E-1 8.45E-2 1.22E-1 1.49E-1 4.35E-1 4.95E-1

102 4.06E-1 4.12E-1 4.20E-1 3.29E-1 1.86E-1 1.49E-1 6.55E-2 8.66E-2 1.13E-1

103 5.96E-2 6.33E-2 1.55E-1 6.51E-1 5.58E-1 4.35E-1 8.66E-2 1.29E-3 1.18E-3

104 8.46E-3 6.67E-2 5.16E-1 8.78E-1 6.90E-1 4.95E-1 1.13E-1 1.18E-3 4.79E-6
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Figure 4.4: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

We also analyzed the behavior of QD on the second version of the PHI problem. In

Tables 3.17 and 4.7 and Figs. 3.18 and 4.6 we show the analyticand numerically estimated

spectral radii QD with the short characteristics transport discretization. First, we notice

that the numerically estimated spectral radii match the analytic ones with one exception.

In the cases (� t1 = 10 � 4 � 1 and � t2 = 103 � 104), the numerically estimated spectral radii

are much smaller than the analytic ones. That can be explained by the fact that this is

a "gray" area where the spectral radius is very sensitive to the solution. The 40� 40 cells

region is too small to get the solution close to the in�nite medium solution. We also notice

that QD and SM have similar spectral radii for most of the cases except this particular

area. The theory says that QD has greater spectral radii in this area than the ones of SM,

but the numerical results don't con�rm that.

We've noticed that in optically thick cell the cell average QD factors are sometimes

far from the right solution because they are calculated as anarithmetic average of vertex

values. To improve the evaluation of cell averageE �� we modi�ed the transport sweep by

adding the following approximation of the cell average angular 
ux

 (s+1 =2)
m;i;j =

� m;i;jR

0

�
 � e� � 0

+
�

1 � e� � 0
�

� s;i;j � ( s)
i;j + Q i;j

4� t;i;j

�
d� 0

� m;i;j

=  � 1 � e� � m;i;j

� m;i;j
+

� m;i;j � 1 + e� � m;i;j

� m;i;j

� s;i;j � (s)
i;j + Qi;j

4� t;i;j
; (4.52)
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and calculating the cell averageE �� using this cell average angular 
ux

E (s+1 =2)
xx;i;j =

P

m
� 2

m  (s+1 =2)
m;i;j wm

P

m
 (s+1 =2)

m;i;j wm

; (4.53)

E (s+1 =2)
yy;i;j =

P

m
� 2

m  (s+1 =2)
m;i;j wm

P

m
 (s+1 =2)

m;i;j wm

; (4.54)

E (s+1 =2)
xy;i;j =

P

m
� m � m  (s+1 =2)

m;i;j wm

P

m
 (s+1 =2)

m;i;j wm

: (4.55)

We've tested the new version of QD using the same 40� 40 cells test problem and present

the numerical results in Table 4.8 and Fig. 4.7. As you can see, the change in the cell

average E's doesn't a�ect much the numerically estimated spectral radii. We get divergence

in the same cases. The spectral radii are di�erent in some of the divergent cases, but that

can be explained by the fact that we cannot get an accurate numerical estimation for the

spectral radius of a nonlinear method in a case for which it diverges (we cannot get close

to the solution).

Table 4.6: Analytic spectral radii of QD with the short chara cteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 2.48E-1 4.87E-1 8.99E-1 9.65E-1 5.57E-1 2.81E-2 1.60E-2 5.20E-1

10� 3 2.48E-1 2.33E-1 2.48E-1 4.84E-1 8.57E-1 5.19E-1 2.81E-2 6.94E-2 2.54E+0

10� 2 4.86E-1 2.47E-1 2.32E-1 2.40E-1 4.47E-1 4.15E-1 3.45E-2 5.66E-1 3.38E+0

10� 1 8.98E-1 4.75E-1 2.40E-1 2.18E-1 1.54E-1 2.28E-1 1.37E-1 2.50E+0 3.37E+0

1 9.82E-1 8.69E-1 5.83E-1 5.37E-1 3.34E-1 3.77E-1 7.79E-1 3.32E+0 3.54E+0

10 2.46E+0 2.46E+0 2.46E+0 2.47E+0 2.37E+0 1.42E+0 1.94E+0 4.47E+0 4.92E+0

102 2.95E+0 2.95E+0 2.96E+0 3.00E+0 3.15E+0 2.84E+0 1.22E+0 1.15E+0 1.34E+0

103 2.93E+0 2.92E+0 2.80E+0 2.40E+0 2.28E+0 1.84E+0 5.84E-1 4.21E-2 2.00E-2

104 2.59E+0 1.45E+0 1.05E+0 4.51E-1 1.57E-1 7.74E-2 4.26E-2 7.20E-3 4.32E-4
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Figure 4.5: Analytic spectral radii of QD with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

Table 4.7: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 - - - - 4.33E-1 3.18E-1 3.09E-2 1.90E-2 2.11E-2

10� 3 - - - 2.82E-1 4.14E-1 3.17E-1 4.02E-2 4.81E-3 6.67E-2

10� 2 - - 1.61E-1 2.08E-1 2.63E-1 2.98E-1 4.25E-2 4.36E-2 1.42E+0

10� 1 - 4.86E-2 1.08E-1 1.94E-1 1.32E-1 1.89E-1 8.03E-2 1.05E+0 1.13E+0

1 4.56E-1 4.92E-1 5.05E-1 5.00E-1 2.87E-1 2.99E-1 7.39E-1 1.12E+0 1.40E+0

10 1.19E+0 1.17E+0 1.03E+0 1.35E+0 1.51E+0 1.04E+0 1.40E+0 1.44E+0 2.38E+0

102 1.62E+0 1.60E+0 1.49E+0 1.79E+0 1.28E+0 1.67E+0 1.01E+0 1.32E+0 1.51E+0

103 1.51E+0 1.51E+0 1.45E+0 1.49E+0 1.35E+0 1.08E+0 4.99E-1 2.27E-2 1.28E-2

104 5.65E-2 5.71E-2 2.30E-1 3.72E-1 1.26E-1 3.42E-2 4.30E-3 1.01E-4 5.34E-8

Figure 4.6: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999
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Table 4.8: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999, using
cell average E's

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 - - - - 4.38E-1 3.18E-1 9.64E-3 1.03E-3 7.78E-3

10� 3 - - - 2.81E-1 4.12E-1 3.15E-1 9.74E-3 5.07E-3 8.15E-2

10� 2 - - 1.13E-1 1.99E-1 2.40E-1 2.97E-1 1.16E-2 4.70E-2 2.15E+0

10� 1 - 4.43E-2 1.04E-1 1.90E-1 1.37E-1 1.59E-1 8.07E-2 1.05E+0 1.14E+0

1 5.63E-1 5.26E-1 5.38E-1 5.45E-1 2.79E-1 3.04E-1 7.22E-1 3.75E+0 1.27E+0

10 1.19E+0 1.20E+0 1.34E+0 1.71E+0 1.74E+0 1.02E+0 1.42E+0 3.91E+0 1.79E+0

102 2.38E+0 2.36E+0 1.10E+0 3.57E+0 2.06E+0 1.85E+0 1.00E+0 1.15E+0 5.11E+0

103 1.24E+0 1.24E+0 1.27E+0 1.30E+0 1.50E+0 1.22E+0 4.77E-1 6.63E-3 1.27E-2

104 2.94E-2 4.49E-2 1.81E-1 2.98E-1 2.01E-1 4.62E-2 4.88E-3 1.01E-4 1.27E-4

Figure 4.7: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999, using
cell average E's

The same as for SM, we analyzed the convergence properties ofQD for the other

two problems. The �rst one is the checker-board problem, which was introduced before.

We estimated numerically the spectral radii of QD with the short characteristics transport

discretization using a 40� 40 cells region, uniform grid � x = 1, � y = 1, product quadratures

set based on double S4 GL quadratures for azimuthal and polarangles, vacuum BC, and

Q = 1 everywhere. The results are presented in Table 4.9 and Fig. 4.8. QD converges fast

in all tests, but in some of them it is slower than SM. The second problem is the two regions

problem. This problem was de�ned before too. For this case weusedQ = 1 everywhere. In

Table 4.10 and Fig. 4.9 we show the numerically estimated spectral radii of QD with short
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characteristics for the two region problem. QD converges fast. The spectral radius shape

is not symmetric as in case of SM but that might be caused by thenon-linearity of QD.

Table 4.9: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for checker-board problem in 2D, � x = 1, � y1 = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 - - - - 1.27E-1 1.52E-1 1.67E-1 5.22E-2 1.41E-2

10� 3 - - - 1.21E-1 1.16E-1 1.51E-1 1.42E-1 5.72E-2 2.66E-2

10� 2 - - 1.02E-1 6.22E-2 1.45E-1 2.39E-1 1.73E-1 3.06E-2 6.00E-3

10� 1 - 1.21E-1 6.22E-2 2.01E-1 1.53E-1 1.80E-1 1.62E-1 3.67E-2 1.32E-2

1 1.27E-1 1.16E-1 1.45E-1 1.53E-1 1.20E-1 1.19E-1 1.24E-1 1.74E-2 6.97E-3

10 1.52E-1 1.51E-1 2.39E-1 1.80E-1 1.19E-1 1.28E-1 1.05E-1 1.20E-1 3.44E-2

102 1.67E-1 1.42E-1 1.73E-1 1.62E-1 1.24E-1 1.05E-1 6.98E-2 2.19E-2 2.92E-3

103 5.22E-2 5.72E-2 3.06E-2 3.67E-2 1.74E-2 1.20E-1 2.19E-2 1.29E-3 2.07E-4

104 1.41E-2 2.66E-2 6.00E-3 1.32E-2 6.97E-3 3.44E-2 2.92E-3 2.07E-4 9.35E-10

Figure 4.8: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for checker-board problem in 2D, � x = 1, � y1 = 1, c=0.9999
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Table 4.10: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 - - - - - - - - -

10� 3 - - - - - - - - -

10� 2 - - 5.60E-2 1.20E-1 3.98E-1 4.60E-1 3.82E-1 2.70E-1 2.81E-1

10� 1 - - 2.53E-1 2.00E-1 2.99E-1 3.41E-1 2.85E-1 3.06E-1 3.22E-1

1 - - 3.91E-1 2.96E-1 8.63E-2 1.58E-1 1.96E-1 2.64E-1 2.68E-1

10 - - 2.50E-1 2.44E-1 1.42E-1 1.22E-1 1.47E-1 2.00E-1 2.14E-1

102 - - 1.71E-1 1.51E-1 1.54E-1 1.45E-1 6.55E-2 7.72E-2 8.52E-2

103 - - 4.51E-2 2.28E-1 2.08E-1 1.69E-1 8.03E-2 1.29E-3 1.16E-3

104 - - 5.16E-2 2.56E-1 2.16E-1 1.73E-1 8.37E-2 2.90E-5 4.79E-6

Figure 4.9: Numerically estimated spectral radii of QD with the short characteristics trans-
port discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999



82

Chapter 5

Stability Analysis of First Moment

Method

In this chapter we present the stability analysis of FM in 1D slab and 2D Cartesian

geometries. The same as SM method, FM method can give us some insight about the

behavior of its nonlinear version NDA.

5.1 The First Moment Method for the 1D Transport Equa-

tion in Di�erential Form

In 1D geometry and di�erential form FM is formulated as a tran sport sweep (2.5),

and a low-order problem, which is formed by a balance equation and an equation for the

current

dJ (s+1)

dx
+ � a(x)� (s+1) (x) = Q(x); (5.1)

J (s+1) (x) = �
1

3� t (x)
d� (s+1)

dx
+ J (s+1 =2)(x) +

1
3� t (x)

d� (s+1 =2)

dx
; (5.2)



83

where x 2 [xL ; xR ], � (s+1 =2) is given by (3.5) and J (s+1 =2) by (3.6). For FM we can use the

same BC as for SM.

5.2 The First Moment Method for the 1D Transport Equa-

tion in Discretized Form

In 1D geometry FM consists in a transport sweep (2.12) and (2.13) and a low-order

problem. In �nite volume discretization the low-order equations are

J (s+1)
i +1 =2 � J (s+1)

i � 1=2 + � x i � a;i �
(s+1)
i = � x i Qi ; (5.3)

J (s+1)
i +1 =2 = J (s+1 =2)

i +1 =2 � D i +1 =2

�
� (s+1)

i +1 � � (s+1)
i

�
+ D i +1 =2

�
� (s+1 =2)

i +1 � � (s+1 =2)
i

�
; (5.4)

where

J (s+1 =2)
i +1 =2 =

X

m

� m  (s+1 =2)
m;i +1 =2wm ; (5.5)

D i +1 =2 =
2D i D i +1

D i � x i + D i +1 � x i +1
; (5.6)

and D i = 1=3� t;i is the di�usion coe�cient. For FM we can use the same BC as for SM:

Eqs. (3.14). We eliminate the currents and obtain a three points stencil equation in terms

of cell average scalar 
uxes. Here we show directly this equation written for the iterative

errors

�J (s+1 =2)
i � 1=2 � �J (s+1 =2)

i +1 =2 � D i +1 =2

�
�� (s+1 =2)

i +1 � �� (s+1 =2)
i

�
+ D i � 1=2

�
�� (s+1 =2)

i � �� (s+1 =2)
i � 1

�
=

� D i +1 =2

�
�� (s+1)

i +1 � �� (s+1)
i

�
+ D i � 1=2

�
�� (s+1)

i � �� (s+1)
i � 1

�
+ � x i � a;i ��

(s+1)
i : (5.7)

5.2.1 Fourier Analysis of FM Method in In�nite Heterogeneou s Medium

We consider PHI problem in 1D. Using the ansatz (2.24) as before we �nd ~am;i of

the form (2.25). We note that D i +1 =2 is constant due to periodicity. We denote it by D .

Using the ansatz and the expression of ~am;i in Eq. (5.7) for two adjacent cells we obtain
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the following system of equation:
8
>>>>>>><

>>>>>>>:

(� x1� a;1 + 2D) !A 1 � 2D cos
�
� � x1+� x2

2

�
!A 2 =

� � x1� s;1A1 +
P

m
� x1� t; 1ae

1;m wm � 2D
P

m

�
cos

�
� � x1+� x2

2

�
ae

2;m � ae
1;m

�
wm

(� x2� a;2 + 2D) !A 2 � 2D cos
�
� � x1+� x2

2

�
!A 1 =

� � x2� s;2A2 + � x2� t; 2
P

m
ae

2;m wm � 2D
P

m

�
cos

�
� � x1+� x2

2

�
ae

1;m � ae
2;m

�
wm

(5.8)

The above system can be reduced to the form (3.18) which leadsto a quadratic equation

for ! of the form (3.19).

The �rst case we consider is the PHI problem with uniform grid � x = 1, double S4

GL quadrature, uniform scattering ratio c = 0 :9999, and a wide range of total macroscopic

cross sections. The spectral radii obtained by means of Fourier analysis for FM with the

step characteristics transport discretization are presented in Table 5.1 and Fig. 5.1. We also

show the numerically estimated spectral radii obtained forFM in Table 5.2 and Fig. 5.2.

For the numerically estimated spectral radii we use the same1000 cells slab with vacuum

BC, source Q = 1 for 250 < x < 750 and Q = 0 in rest of the slab, and 10� 6 point-wise

convergence criteria. We observe that FM is fast convergentif the optical thickness of the

cell is less than or equal to 1, but it diverges for optically thick cells. The numerically

estimated spectral radii con�rm the theory. Also, this result is consistent with the results

of Cho's analysis for homogeneous medium [14].

The second scenario of PHI problem that we analyze is the one with non-uniform

scattering ratio. As before, we keep constantc1 = 1 and varied c2. Table 5.3 shows the

analytic spectral radii of FM obtained by means of Fourier analysis and the numerically

estimated ones. To numerically estimate radii, we've used the same 1000 cells slab as before.

Again, we see that the numerically estimated spectral radiiare close to the analytic ones.

FM diverges for optically thick cells with c > 0:9.
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Table 5.1: Analytic spectral radii of FM with the step characteristics transport discretization
for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 7.15E-2 2.22E-1 2.22E-1 2.17E-1 2.10E-1 6.63E+0 4.27E+1 9.96E+0 1.01E+0

10� 3 2.22E-1 2.22E-1 2.22E-1 2.17E-1 2.10E-1 6.63E+0 4.27E+1 9.95E+0 7.48E+0

10� 2 2.22E-1 2.22E-1 2.22E-1 2.18E-1 2.06E-1 6.57E+0 4.23E+1 9.87E+0 7.33E+1

10� 1 2.17E-1 2.17E-1 2.18E-1 2.17E-1 1.81E-1 6.04E+0 3.90E+1 6.46E+1 6.07E+2

1 2.10E-1 2.10E-1 2.06E-1 1.81E-1 2.10E-1 4.10E+0 2.91E+1 2.76E+2 1.69E+3

10 6.63E+0 6.63E+0 6.57E+0 6.04E+0 4.10E+0 6.63E+0 3.79E+1 2.18E+2 4.46E+2

102 4.27E+1 4.27E+1 4.23E+1 3.90E+1 2.91E+1 3.79E+1 4.27E+1 4.89E+1 5.03E+1

103 9.96E+0 9.95E+0 9.87E+0 6.46E+1 2.76E+2 2.18E+2 4.89E+1 9.96E+0 5.55E+0

104 1.01E+0 7.48E+0 7.33E+1 6.07E+2 1.69E+3 4.46E+2 5.03E+1 5.55E+0 1.01E+0

Figure 5.1: Analytic spectral radii of FM with the step chara cteristics transport discretiza-
tion for PHI problem in 1D, � x = 1, c=0.9999

Table 5.2: Numerically estimated spectral radii of FM with t he step characteristics transport
discretization for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 4.06E-2 1.24E-1 1.91E-1 1.98E-1 1.95E-1 6.45E+0 4.25E+1 9.89E+0 1.00E+0

10� 3 1.24E-1 1.55E-1 2.02E-1 1.98E-1 1.94E-1 6.45E+0 4.24E+1 9.89E+0 7.48E+0

10� 2 1.91E-1 2.02E-1 2.15E-1 1.98E-1 1.91E-1 6.39E+0 4.21E+1 9.80E+0 7.33E+1

10� 1 1.98E-1 1.98E-1 1.98E-1 1.96E-1 1.67E-1 5.88E+0 3.88E+1 6.46E+1 6.07E+2

1 1.95E-1 1.94E-1 1.91E-1 1.67E-1 1.93E-1 4.00E+0 2.91E+1 2.75E+2 1.67E+3

10 6.45E+0 6.45E+0 6.39E+0 5.88E+0 4.00E+0 6.51E+0 3.79E+1 2.18E+2 4.46E+2

102 4.25E+1 4.24E+1 4.21E+1 3.88E+1 2.91E+1 3.79E+1 4.25E+1 4.89E+1 5.03E+1

103 9.89E+0 9.89E+0 9.80E+0 6.46E+1 2.75E+2 2.18E+2 4.89E+1 9.90E+0 5.55E+0

104 1.00E+0 7.48E+0 7.33E+1 6.07E+2 1.67E+3 4.46E+2 5.03E+1 5.55E+0 1.00E+0
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Table 5.3: Analytic and numerically estimated spectral radii of FM with the step charac-
teristics transport discretization for PHI problem in 1D, w ith � t = 1, c1 = 1 and variable
c2

� x1 � x2 c2 Analytic � of FM Numerically estimated � of FM

1 1 0.1 0.1658 0.1658

1 1 0.2 0.1658 0.1658

1 1 0.3 0.1658 0.1658

1 1 0.4 0.1658 0.1658

1 1 0.5 0.1658 0.1658

1 1 0.6 0.1659 0.1658

1 1 0.7 0.1659 0.1658

1 1 0.8 0.1659 0.1658

1 1 0.9 0.1659 0.1658

1 1 0.99 0.1764 0.1648

1 1 0.999 0.2023 0.1845

1 1 0.9999 0.2123 0.1935

1 1 0.99999 0.2156 0.1968

10 0.1 0.1 6.0954 6.0204

10 0.1 0.2 6.0954 6.0135

10 0.1 0.3 6.0954 6.0095

10 0.1 0.4 6.0954 6.0066

10 0.1 0.5 6.0954 6.0043

10 0.1 0.6 6.0954 6.0022

10 0.1 0.7 6.0954 5.9997

10 0.1 0.8 6.0954 5.9961

10 0.1 0.9 6.0954 5.9881

10 0.1 0.99 6.0954 5.9381

10 0.1 0.999 6.0954 5.8861

10 0.1 0.9999 6.0954 5.8624

10 0.1 0.99999 6.0954 5.8582

0.1 10 0.1 0.5384 0.5384

0.1 10 0.2 0.5384 0.5384

0.1 10 0.3 0.5384 0.5384

0.1 10 0.4 0.5384 0.5384

0.1 10 0.5 0.5384 0.5384

0.1 10 0.6 0.5384 0.5384

0.1 10 0.7 0.5384 0.5384

0.1 10 0.8 0.5384 0.5384

0.1 10 0.9 0.6397 0.5510

0.1 10 0.99 3.4335 3.3953

0.1 10 0.999 5.6605 5.5602

0.1 10 0.9999 6.0489 5.8927

0.1 10 0.99999 6.0907 5.8816
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Figure 5.2: Numerically estimated spectral radii of FM with the step characteristics trans-
port discretization for PHI problem in 1D, � x = 1, c=0.9999

5.3 The First Moment Method for the Transport Equation

in 2D Cartesian Geometry

In case of 2D Cartesian geometry and di�erential form, FM is formulated as a

transport sweep (2.44) and a low-order problem:

@J(s+1)
x

@x
+

@J(s+1)
y

@y
+ � a (x; y) � (s+1) (x; y) = Q (x; y) ; (5.9)

J (s+1)
x (x; y) = �

1
3� t (x; y)

d� (s+1)

dx
+ J (s+1 =2)

x (x; y) +
1

3� t (x; y)
d� (s+1 =2)

dx
; (5.10)

J (s+1)
y (x; y) = �

1
3� t (x; y)

d� (s+1)

dy
+ J (s+1 =2)

y (x; y) +
1

3� t (x; y)
d� (s+1 =2)

dy
; (5.11)

where x 2 [xL ; xR ], y 2 [yB ; yT ], and the scalar 
ux and current at intermediary step

(s + 1=2) are calculated as before. Exactly as in 1D, we can use for FMthe same BC as for

SM.

5.4 The First Moment Method for the Discretized Transport

Equation in 2D Cartesian Geometry

We use �nite volume method to discretize the low-order equations:

� yj

�
J (s+1)

x;i +1 =2;j � J (s+1)
x;i � 1=2;j

�
+ � x i

�
J (s+1)

y;i;j +1 =2 � J (s+1)
y;i;j � 1=2

�
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+� x i � yj � a;i;j � (s+1)
i;j = � x i � yj Qi;j ; (5.12)

J (s+1)
x;i +1 =2;j = J (s+1 =2)

x;i +1 =2;j � D i +1 =2;j

�
� (s+1)

i +1 ;j � � (s+1)
i;j

�
+ D i +1 =2;j

�
� (s+1 =2)

i +1 ;j � � (s+1 =2)
i;j

�
; (5.13)

J (s+1)
y;i;j +1 =2 = J (s+1 =2)

y;i;j +1 =2 � D i;j +1 =2

�
� (s+1)

i;j +1 � � (s+1)
i;j

�
+ D i;j +1 =2

�
� (s+1 =2)

i;j +1 � � (s+1 =2)
i;j

�
; (5.14)

where

J (s+1 =2)
x;i +1 =2;j =

X

m

� m  (s+1 =2)
m;i +1 =2;j wm ; (5.15)

J (s+1 =2)
y;i;j +1 =2 =

X

m

� m  (s+1 =2)
m;i;j +1 =2wm ; (5.16)

D i +1 =2;j =
2Dx;i;j Dx;i +1 ;j

Dx;i;j � x i +1 + Dx;i +1 ;j � x i
; (5.17)

D i;j +1 =2 =
2Dy;i;j Dy;i;j +1

Dx;i;j � yj +1 + Dx;i;j +1 � yj
; (5.18)

Dx;i;j = Dy;i;j =
1

3� t;i;j
: (5.19)

As in 1D, we can use the same BC as for SM. We eliminate the curents and get a �ve points

stencil equation for the cell average scalar 
uxes. Here we show directly this equation

written in terms of iterative errors.

�
�J (s+1 =2)

x;i +1 =2;j + D i +1 =2;j

�
�� (s+1 =2)

i +1 ;j � �� (s+1 =2)
i;j

�
� �J (s+1 =2)

x;i � 1=2;j � D i � 1=2;j

�
�� (s+1 =2)

i;j � �� (s+1 =2)
i � 1;j

�

� x

�
�J (s+1 =2)

y;i;j +1 =2 + D i;j +1 =2

�
�� (s+1 =2)

i;j +1 � �� (s+1 =2)
i;j

�
� �J (s+1 =2)

y;i;j � 1=2 � D i;j � 1=2

�
�� (s+1 =2)

i;j � �� (s+1 =2)
i;j � 1

�

� yj

=
� D i +1 =2;j

�
�� (s+1)

i +1 ;j � �� (s+1)
i;j

�
+ D i � 1=2;j

�
� (s+1)

i;j � � (s+1)
i � 1;j

�

� x

+
� D i;j +1 =2

�
�� (s+1)

i;j +1 � �� (s+1)
i;j

�
+ D i;j � 1=2

�
�� (s+1)

i;j � �� (s+1)
i;j � 1

�

� yj
+ � a;i;j �� (s+1)

i;j : (5.20)

5.4.1 Fourier Analysis of FM Method in In�nite Heterogeneou s Medium

Let's consider the PHI problem in 2D. We use short characteristics discretization

for the transport equation. In this case, due to the periodicity D i +1 =2;j doesn't depend on

i and D i;j +1 =2 depends neither oni nor on j . We use the following notationsD j = D i +1 =2;j
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and D = D i;j +1 =2. We introduce the ansatz (2.24) and obtain the same expression for ~am;j

as before (2.25). Using the ansatz in Eq. (5.20) for two adjacent cells we obtain:

4!D 1A1

� x� t; 1
sin2 � x � x

2
+ 2 !D

A1 � A2 cos
�

� y
� y1+� y2

2

�

� y1� t; 1
+

� a;1

� t; 1
A1!

�
2

� x� t; 1
sin

� x � x
2

�
sin

� y � y1

2

�
� s

x;1 � � s
x;2

�
+ cos

� y � y1

2

�
� o

x;1 + � o
x;2

�
�

+
2

� y1� t; 1
cos

� x � x
2

�
cos

� y � y1

2

�
� s

y;1 � � s
y;2

�
� sin

� y � y1

2

�
� o

y;1 + � o
y;2

�
�

�
4D1

� x� t; 1
cos

� x � x
2

sin2 � x � x
2

�
cos

� y � y1

2
(� s

1 + � s
2) � sin

� y � y1

2
(� o

1 � � o
2)

�

+
D

� y1� t; 1
cos

� x � x
2

[C1 (� s
1 + � s

2) + S1 (� o
1 � � o

2)] = 0 ; (5.21)

4!D 2A2

� x� t; 2
sin2 � x � x

2
+ 2 !D

A2 � A1 cos
�

� y
� y1+� y2

2

�
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+
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� t; 2
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2

� x� t; 2
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2

�
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� y � y2

2

�
� s

x;2 � � s
x;1

�
+ cos

� y � y2

2

�
� o

x;1 + � o
x;2

�
�

+
2

� y2� t; 2
cos

� x � x
2

�
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� y � y2

2

�
� s

y;2 � � s
y;1

�
� sin

� y � y2

2

�
� o

y;1 + � o
y;2

�
�

�
4D2

� x� t; 2
cos

� x � x
2

sin2 � x � x
2

�
cos

� y � y2

2
(� s

1 + � s
2) � sin

� y � y2

2
(� o

2 � � o
1)

�

+
D

� y2� t; 2
cos

� x � x
2

[C2 (� s
1 + � s

2) + S2 (� o
2 � � o

1)] = 0 ; (5.22)

where �, C1, C2, S1, and S2 were de�ned previously and

� �
x;j =

X

m;
 m 2 [0;� ]

�
1
3

� � m

�
a�

m;j wm ;

� �
y;j =

X

m;
 m 2 [0;� ]

�
1
3

� � m

�
a�

m;j wm :

As before, we reduce the Eqs. (5.21) and (5.22) to the form (3.18), and �nally we obtain a

quadratic equation for ! of the form (3.19).

First we analyzed FM behavior in version 1 of PHI problem. The analytic and

numerically estimated spectral radii of FM are shown in Tables 5.4 and 5.5, and Figs. 5.3

and 5.4. We compare the results in 1D and 2D and observe the shapes are very similar.
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The only major di�erence is that in 2D, even for optical thick ness less than 1, FM converges

slow. Another interesting point is that for homogeneous case � t = 104 the spectral radius

starts to decrease. This was con�rmed numerically.

We show the spectral radii of FM for the second version of PHI problem in Tables

5.6 and 5.7, and Figs. 5.5 and 5.6. Again we see divergence foroptical thickness greater

than 1 and very slow convergence in area: �t1 = 0 :1 � 1 and � t2 = 10 � 4.

In Tables 5.8 and 5.9, and Figs. 5.7 and 5.8 we present the numerically estimated

spectral radii of FM for checker-board and two regions problems. In both cases FM method

converges reasonably fast (� < 0:5) for optical thickness less than or equal to 1 and diverges

in the other cases.

Table 5.4: Analytic spectral radii of FM with the short chara cteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.12E-1 9.56E-1 9.94E-1 9.97E-1 7.45E+0 4.29E+1 9.88E+0 1.00E+0

10� 3 6.12E-1 2.33E-1 6.60E-1 9.51E-1 9.85E-1 7.45E+0 4.29E+1 9.87E+0 7.46E+0

10� 2 9.56E-1 6.60E-1 2.31E-1 6.36E-1 9.05E-1 7.37E+0 4.25E+1 9.79E+0 7.20E+1

10� 1 9.94E-1 9.51E-1 6.36E-1 2.26E-1 4.84E-1 6.79E+0 3.94E+1 6.06E+1 5.68E+2

1 9.97E-1 9.85E-1 9.05E-1 4.84E-1 4.86E-1 4.64E+0 2.89E+1 2.68E+2 1.64E+3

10 7.45E+0 7.45E+0 7.37E+0 6.79E+0 4.64E+0 7.56E+0 3.84E+1 2.16E+2 4.42E+2

102 4.29E+1 4.29E+1 4.25E+1 3.94E+1 2.89E+1 3.84E+1 4.35E+1 4.86E+1 4.99E+1

103 9.88E+0 9.87E+0 9.79E+0 6.06E+1 2.68E+2 2.16E+2 4.86E+1 1.00E+1 5.51E+0

104 1.00E+0 7.46E+0 7.20E+1 5.68E+2 1.64E+3 4.42E+2 4.99E+1 5.51E+0 1.01E+0

Figure 5.3: Analytic spectral radii of FM with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999
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Table 5.5: Numerically estimated spectral radii of FM with t he short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 7.48E-4 4.13E-3 4.93E-2 3.58E-1 8.27E-1 3.29E+0 2.66E+1 5.20E+0 9.69E-1

10� 3 4.13E-3 1.02E-2 5.23E-2 3.52E-1 8.21E-1 3.28E+0 2.65E+1 5.18E+0 9.68E-1

10� 2 4.93E-2 5.23E-2 8.18E-2 3.06E-1 7.64E-1 3.23E+0 2.61E+1 4.91E+0 9.61E-1

10� 1 3.58E-1 3.52E-1 3.06E-1 1.96E-1 4.15E-1 2.95E+0 2.24E+1 5.85E+0 6.75E+0

1 8.27E-1 8.21E-1 7.64E-1 4.15E-1 4.38E-1 1.56E+0 1.84E+1 1.14E+2 1.77E+2

10 3.29E+0 3.28E+0 3.23E+0 2.95E+0 1.56E+0 2.82E+0 3.39E+1 1.98E+2 3.74E+2

102 2.66E+1 2.65E+1 2.61E+1 2.24E+1 1.84E+1 3.39E+1 2.86E+1 4.78E+1 4.94E+1

103 5.20E+0 5.18E+0 4.91E+0 5.85E+0 1.14E+2 1.98E+2 4.78E+1 7.48E+0 5.43E+0

104 9.69E-1 9.68E-1 9.61E-1 6.75E+0 1.77E+2 3.74E+2 4.94E+1 5.43E+0 9.90E-1

Figure 5.4: Numerically estimated spectral radii of FM with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

Table 5.6: Analytic spectral radii of FM with the short chara cteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 2.48E-1 4.86E-1 8.97E-1 7.27E+0 4.29E+1 3.23E+1 7.46E+0 7.56E-1

10� 3 2.49E-1 2.33E-1 2.44E-1 5.77E-1 7.27E+0 4.29E+1 3.23E+1 7.46E+0 7.49E+0

10� 2 4.88E-1 2.50E-1 2.30E-1 5.76E-1 7.26E+0 4.29E+1 3.23E+1 7.47E+0 7.42E+1

10� 1 9.01E-1 4.91E-1 2.60E-1 5.66E-1 7.19E+0 4.25E+1 3.21E+1 7.26E+1 6.80E+2

1 9.86E-1 8.95E-1 5.24E-1 4.88E-1 6.61E+0 3.93E+1 6.24E+1 5.85E+2 3.59E+3

10 9.92E-1 9.61E-1 8.22E-1 5.26E-1 4.50E+0 2.94E+1 2.73E+2 1.68E+3 3.45E+3

102 7.45E+0 7.37E+0 6.83E+0 5.17E+0 7.36E+0 3.84E+1 2.17E+2 4.43E+2 4.94E+2

103 4.29E+1 4.25E+1 3.96E+1 2.89E+1 3.80E+1 4.29E+1 4.86E+1 4.99E+1 5.01E+1

104 9.88E+0 9.79E+0 5.76E+1 2.28E+2 2.14E+2 4.86E+1 2.24E+1 5.53E+0 5.06E+0
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Figure 5.5: Analytic spectral radii of FM with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

Table 5.7: Numerically estimated spectral radii of FM with t he short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 1.56E-3 1.16E-2 7.93E-2 4.26E-1 3.22E+0 2.67E+1 1.96E+1 3.60E+0 6.51E-1

10� 3 1.86E-3 1.23E-2 1.14E-1 3.24E-1 3.23E+0 2.66E+1 1.96E+1 3.58E+0 6.50E-1

10� 2 1.38E-3 1.70E-2 1.14E-1 3.24E-1 3.12E+0 2.62E+1 1.95E+1 3.32E+0 6.40E-1

10� 1 1.11E-2 5.38E-2 1.31E-1 3.15E-1 2.49E+0 2.40E+1 1.77E+1 7.26E+0 8.12E+0

1 2.26E-1 2.33E-1 2.79E-1 2.89E-1 2.33E+0 2.10E+1 2.98E+1 2.52E+2 3.92E+2

10 5.19E-1 5.21E-1 5.35E-1 4.90E-1 1.77E+0 1.31E+1 2.67E+2 1.53E+3 2.92E+3

102 2.55E+0 2.53E+0 2.39E+0 3.41E+0 2.91E+0 2.67E+1 2.07E+2 4.37E+2 4.89E+2

103 1.47E+1 1.45E+1 1.32E+1 1.65E+1 2.58E+1 4.06E+1 4.86E+1 3.50E+1 4.68E+1

104 3.03E+0 3.01E+0 3.00E+0 5.45E+0 2.70E+1 4.19E+1 1.03E+1 5.45E+0 4.95E+0

Figure 5.6: Numerically estimated spectral radii of FM with the short characteristics trans-
port discretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999
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Table 5.8: Numerically estimated spectral radii of FM with t he short characteristics trans-
port discretization for checker-board problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 7.48E-4 4.12E-3 4.63E-2 1.83E-1 3.92E-1 5.36E+0 1.36E+1 3.56E+0 7.22E-1

10� 3 4.12E-3 7.41E-3 4.99E-2 1.83E-1 3.91E-1 5.35E+0 1.36E+1 3.66E+0 1.99E+0

10� 2 4.63E-2 4.99E-2 8.18E-2 1.88E-1 3.81E-1 5.27E+0 1.37E+1 4.77E+0 1.78E+1

10� 1 1.83E-1 1.83E-1 1.88E-1 1.96E-1 3.03E-1 4.62E+0 1.44E+1 1.92E+1 1.71E+2

1 3.92E-1 3.91E-1 3.81E-1 3.03E-1 4.39E-1 2.53E+0 1.59E+1 1.50E+2 1.15E+3

10 5.36E+0 5.35E+0 5.27E+0 4.62E+0 2.53E+0 2.82E+0 1.90E+1 2.11E+2 6.10E+2

102 1.36E+1 1.36E+1 1.37E+1 1.44E+1 1.59E+1 1.90E+1 2.87E+1 6.19E+1 7.54E+1

103 3.56E+0 3.66E+0 4.77E+0 1.92E+1 1.50E+2 2.11E+2 6.19E+1 7.48E+0 7.57E+0

104 7.22E-1 1.99E+0 1.78E+1 1.71E+2 1.15E+3 6.10E+2 7.54E+1 7.57E+0 9.91E-1

Figure 5.7: Numerically estimated spectral radii of FM with the short characteristics trans-
port discretization for checker-board problem in 2D, � x = 1, � y = 1, c=0.9999,

Table 5.9: Numerically estimated spectral radii of FM with t he short characteristics trans-
port discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 7.48E-4 3.41E-3 4.98E-2 2.18E-1 4.42E-1 4.39E+0 2.44E+1 3.06E+0 7.37E+0

10� 3 7.18E-3 1.02E-2 5.06E-2 2.17E-1 4.49E-1 4.39E+0 2.44E+1 6.88E+0 7.23E+1

10� 2 7.71E-2 7.73E-2 8.18E-2 2.08E-1 4.48E-1 4.37E+0 2.25E+1 6.43E+1 6.04E+2

10� 1 2.88E-1 2.86E-1 2.69E-1 1.96E-1 4.46E-1 4.27E+0 2.69E+1 2.65E+2 1.63E+3

1 4.32E-1 4.40E-1 4.40E-1 4.41E-1 4.39E-1 4.00E+0 3.14E+1 2.08E+2 4.28E+2

10 3.94E+0 3.94E+0 3.93E+0 3.91E+0 3.92E+0 2.82E+0 2.12E+1 5.69E+1 4.91E+1

102 1.41E+1 1.40E+1 1.34E+1 1.28E+1 1.40E+1 2.04E+1 2.87E+1 3.21E+1 3.24E+1

103 2.83E+0 2.87E+0 3.26E+0 4.60E+0 8.30E+0 3.43E+1 2.92E+1 7.48E+0 5.61E+0

104 9.74E-1 9.74E-1 9.74E-1 9.77E-1 6.02E+0 3.31E+1 2.86E+1 6.90E+0 9.91E-1
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Figure 5.8: Numerically estimated spectral radii of FM with the short characteristics trans-
port discretization for two regions problem in 2D, � x = 1, � y = 1, c=0.9999
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Chapter 6

Stability Analysis of Nonlinear

Di�usion Acceleration Method

In this chapter we present the stability analysis of NDA in 2D Cartesian geometry.

The same as in case of QD, we linearize NDA around non-
at solution and do the Fourier

analysis using the in�nite medium solution generated with our transport code. We also

show numerically estimated spectral radii of NDA in case of PHI problem in 1D geometry.

6.1 The Nonlinear Di�usion Acceleration Method for the 1D

Transport Equation in Di�erential Form

In case of 1D geometry and di�erential form, NDA is de�ned by a transport sweep

(2.5) and a low-order problem.

dJ (s+1)

dx
+ � a(x)� (s+1) (x) = Q(x); (6.1)

J (s+1) (x) = �
1

3� t (x)
d� (s+1)

dx
� ~D (s+1 =2)(x)� (s+1) (x); (6.2)
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where

~D (s+1 =2)(x) = �
1

� (s+1 =2)(x)

 

J (s+1 =2) (x) +
1

3� t (x)
d� (s+1 =2)

dx

!

; (6.3)

x 2 [xL ; xR ], and � (s+1 =2) and J (s+1 =2) are calculated as before. For vacuum BC we can use

(3.4), as in case of SM.

6.2 The Nonlinear Di�usion Acceleration Method for the 1D

Transport Equation in Discretized Form

In case of 1D geometry and discretized form NDA consists in a transport sweep

(2.12), (2.13) and a low-order problem that is formed by a balance equation and an equation

for the current.

J (s+1)
i +1 =2 � J (s+1)

i � 1=2 + � x i � a;i �
(s+1)
i = � x i Qi ; (6.4)

J (s+1)
i +1 =2 = � D i +1 =2

�
� (s+1)

i +1 � � (s+1)
i

�
� D̂ (s+1 =2)

i +1 =2

�
� (s+1)

i +1 + � (s+1)
i

�
; (6.5)

where

~D (s+1 =2)
i +1 =2 = �

J (s+1 =2)
i +1 =2 + D i +1 =2

�
� (s+1 =2)

i +1 � � (s+1 =2)
i

�

� (s+1 =2)
i +1 + � (s+1 =2)

i

;

For NDA we can use the same BC as for SM. The low-order equations can be reduced to a

three points stencil equation in terms of cell average scalar 
uxes

� � (s+1)
i +1

�
D i +1 =2 + ~D (s+1 =2)

i +1 =2

�
+ � (s+1)

i

�
D i +1 =2 + D i � 1=2 � ~D (s+1 =2)

i +1 =2 + ~D (s+1 =2)
i � 1=2

�

� � (s+1)
i � 1

�
D i � 1=2 � ~D (s+1 =2)

i � 1=2

�
+ � x i � a;i �

(s+1)
i = � x i Qi : (6.6)

6.2.1 Numerically Estimated Spectral Radii for NDA in In�ni te Hetero-

geneous Medium

We estimated numerically the spectral radii for the PHI problem in 1D geometry.

First we considered uniform grid � x = 1 and uniform scattering ratio c = 0 :9999, the

same as before. The results are shown in Table 6.1 and Fig. 6.1. Comparing FM and

NDA we observe that for optically thin cells NDA converges some what faster than FM.

For optically thick cells NDA diverges in the same cases as FMexcept a small region where
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NDA converges relatively slow, � t1 = 103 and � t2 = 10 � 102. For the tests for that

NDA diverges, the numerical results can be used only qualitatively: it is di�cult to get

numerically an accurate estimation of the spectral radius of a non-linear method for a case

which it diverges.

We also estimated the spectral radii of NDA in case of PHI problem with non-

uniform scattering ratio. The results are tabulated in Tabl e 6.2. Comparing FM and NDA

we see that both of them diverge for the same cases. Regardingthe cases for which they

converge, we don't see any pattern. In some cases NDA converges faster, in other cases FM

converges more rapidly.

Table 6.1: Numerically estimated spectral radii of NDA with the step characteristics trans-
port discretization for PHI problem in 1D, � x = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 3.10E-2 6.31E-2 2.05E-1 2.01E-1 1.75E-1 7.78E+0 1.53E+1 1.23E+0 1.10E+0

10� 3 6.31E-2 1.08E-1 2.14E-1 2.04E-1 1.76E-1 1.01E+0 6.71E+0 1.22E+0 1.10E+0

10� 2 2.05E-1 2.14E-1 2.11E-1 1.99E-1 1.73E-1 1.77E+0 1.06E+1 1.18E+0 1.11E+0

10� 1 2.01E-1 2.04E-1 1.99E-1 1.89E-1 1.54E-1 1.95E+1 9.95E+0 2.03E+0 1.12E+0

1 1.75E-1 1.76E-1 1.73E-1 1.54E-1 1.73E-1 2.30E+0 3.92E+0 1.06E+0 1.42E+0

10 7.78E+0 1.01E+0 1.77E+0 1.95E+1 2.30E+0 3.32E+0 2.01E+0 6.44E-1 1.17E+0

102 1.53E+1 6.71E+0 1.06E+1 9.95E+0 3.92E+0 2.01E+0 1.74E+1 5.95E-1 1.16E+0

103 1.23E+0 1.22E+0 1.18E+0 2.03E+0 1.06E+0 6.44E-1 5.95E-1 1.28E+0 1.68E+0

104 1.10E+0 1.10E+0 1.11E+0 1.12E+0 1.42E+0 1.17E+0 1.16E+0 1.68E+0 1.24E+0

Figure 6.1: Numerically estimated spectral radii of NDA with the step characteristics trans-
port discretization for PHI problem in 1D, � x = 1, c=0.9999
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6.3 The Nonlinear Di�usion Acceleration Method for the

Transport Equation in 2D Cartesian Geometry

In case of 2D geometry and di�erential form, NDA is de�ned as a transport sweep

(2.44) and a low-order problem that consists of a balance equation (3.26) and equations for

the currents:
@J(s+1)

x

@x
+

@J(s+1)
y

@y
+ � a (x; y) � (s+1) (x; y) = Q (x; y) ; (6.7)

J (s+1)
x (x; y) = �

1
3� t (x; y)

d� (s+1)

dx
� ~D (s+1 =2)

x (x; y)� (s+1) (x; y); (6.8)

J (s+1)
y (x; y) = �

1
3� t (x; y)

d� (s+1)

dy
� ~D (s+1 =2)

y (x; y)� (s+1) (x; y); (6.9)

where

~D (s+1 =2)
x (x; y) = �

1
� (s+1 =2)(x; y)

 

J (s+1 =2)
x (x; y) +

1
3� t (x; y)

d� (s+1 =2)

dx

!

; (6.10)

~D (s+1 =2)
y (x; y) = �

1
� (s+1 =2)(x; y)

 

J (s+1 =2)
y (x; y) +

1
3� t (x; y)

d� (s+1 =2)

dy

!

; (6.11)

x 2 [xL ; xR ], y 2 [yB ; yT ], and the scalar 
ux and currents at intermediary step (s + 1=2)

are calculated as before. Again we can use the same BC as for SM.

Table 6.2: Numerically estimated spectral radii of NDA with the step characteristics trans-
port discretization for PHI problem in 1D, with � t = 1, c1 = 1 and variable c2

� x1 1 1 1 1 1 1 1 1 1 1 1 1 1

� x2 1 1 1 1 1 1 1 1 1 1 1 1 1

c2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999 0.9999 0.99999

� 0.068 0.077 0.085 0.095 0.105 0.115 0.127 0.139 0.152 0.164 0.155 0.179 0.198

� x1 10 10 10 10 10 10 10 10 10 10 10 10 10

� x2 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

c2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999 0.9999 0.99999

� 2.286 1.256 1.836 1.203 1.209 1.165 96.761 2.831 1.015 1.001 1.005 65.789 13.713

� x1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

� x2 10 10 10 10 10 10 10 10 10 10 10 10 10

c2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.99 0.999 0.9999 0.99999

� 0.399 0.411 0.423 0.437 0.451 0.466 0.483 0.500 0.558 1.008 3.353 1.175 1.226
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6.4 The Nonlinear Di�usion Acceleration Method for the

Discretized Transport Equation in 2D Cartesian Geom-

etry

In this case NDA consists in a transport sweep, which is de�ned by Eqs. (2.59)

{ (2.63) for short characteristics discretization, and a low-order problem that is formed by

the balance equation and equations for the currents::

� yj

�
J (s+1)

x;i +1 =2;j � J (s+1)
x;i � 1=2;j

�
+ � x i

�
J (s+1)

y;i;j +1 =2 � J (s+1)
y;i;j � 1=2

�

+� x i � yj � a;i;j � (s+1)
i;j = � x i � yj Qi;j ; (6.12)

J (s+1)
x;i +1 =2;j = � D i +1 =2;j

�
� (s+1)

i +1 ;j � � (s+1)
i;j

�
� ~D (s+1 =2)

i +1 =2;j

�
� (s+1)

i +1 ;j + � (s+1)
i;j

�
; (6.13)

J (s+1)
y;i;j +1 =2 = � D i:j +1 =2

�
� (s+1)

i;j +1 � � (s+1)
i;j

�
� ~D (s+1 =2)

i;j +1 =2

�
� (s+1)

i;j +1 + � (s+1)
i;j

�
; (6.14)

where

~D (s+1 =2)
i +1 =2;j = �

J (s+1 =2)
x;i +1 =2;j + D i +1 =2;j

�
� (s+1 =2)

i +1 ;j � � (s+1 =2)
i;j

�

� (s+1 =2)
i +1 ;j + � (s+1 =2)

i;j

; (6.15)

~D (s+1 =2)
i;j +1 =2 = �

J (s+1 =2)
y;i;j +1 =2 + D i;j +1 =2

�
� (s+1 =2)

i;j +1 � � (s+1 =2)
i;j

�

� (s+1 =2)
i;j +1 + � (s+1 =2)

i;j

; (6.16)

We use the BC that we de�ned for SM in 2D. We need to note here that, because the

cell and face average scalar 
uxes from the transport sweep don't preserve balance, in this

formulation NDA is not a pure acceleration method.

� yj �
(s+1)
i;j

�
D i +1 =2;j + D i � 1=2;j � ~D (s+1 =2)

i +1 =2;j + ~D (s+1 =2)
i � 1=2;j

�

+� x i �
(s+1)
i;j

�
D i:j +1 =2 � ~D (s+1 =2)

i;j +1 =2 + D i:j � 1=2 + ~D (s+1 =2)
i;j � 1=2

�

� � yj �
(s+1)
i +1 ;j

�
D i +1 =2;j + ~D (s+1 =2)

i +1 =2;j

�
� � yj �

(s+1)
i � 1;j

�
D i � 1=2;j � ~D (s+1 =2)

i � 1=2;j

�

� � x i �
(s+1)
i;j +1

�
D i:j +1 =2 + ~D (s+1 =2)

i;j +1 =2

�
� � x i �

(s+1)
i;j � 1

�
D i:j � 1=2 � ~D (s+1 =2)

i;j � 1=2

�

+� x i � yj � a;i;j � (s+1)
i;j = � x i � yj Qi;j (6.17)
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6.4.1 Linearized Low-Order NDA Equations in Discretized Fo rm

In order to study the convergence behavior of NDA in the vicinity of the solution

we linearized the low-order equations. We assume the initial estimate is close to the solution

� (s+1)
i;j = � i;j + ��� (s+1)

i;j ; (6.18)

J (s+1)
x;i +1 =2;j = Jx;i +1 =2;j + ��J (s+1)

x;i +1 =2;j : (6.19)

J (s+1)
y;i;j +1 =2 = Jy;i;j +1 =2 + ��J (s+1)

y;i;j +1 =2; (6.20)

where � � 1. We introduce the above equations in the low-order equations, expand in

powers of � , and neglect theO(� 2) terms. O(1) are satis�ed and the remaining represents

the linearized low-order NDA equations:

�
�J (s+1 =2)

x;i +1 =2;j + D i +1 =2;j

�
�� (s+1 =2)

i +1 ;j � �� (s+1 =2)
i;j

�

� x i

� i +1 ;j + � i;j

� �
i +1 ;j + � �

i;j

+
�J (s+1 =2)

x;i � 1=2;j + D i � 1=2;j

�
�� (s+1 =2)

i;j � �� (s+1 =2)
i � 1;j

�

� x i

� i;j + � i � 1;j

� �
i;j + � �

i � 1;j

�
�J (s+1 =2)

y;i;j +1 =2 + D i;j +1 =2

�
�� (s+1 =2)

i;j +1 � �� (s+1 =2)
i;j

�

� yj

� i;j +1 + � i;j

� �
i;j +1 + � �

i;j

+
�J (s+1 =2)

y;i;j � 1=2 + D i;j � 1=2

�
�� (s+1 =2)

i;j � �� (s+1 =2)
i;j � 1

�

� yj

� i;j + � i;j � 1

� �
i;j + � �

i;j � 1

+ ~D i +1 =2;j

�� (s+1)
i +1 ;j + �� (s+1)

i;j �
�

�� (s+1 =2)
i +1 ;j + �� (s+1 =2)

i;j

�
� i +1 ;j + � i;j
� �

i +1 ;j + � �
i;j

� x i

� ~D i � 1=2;j

�� (s+1)
i;j + �� (s+1)

i � 1;j �
�

�� (s+1 =2)
i;j + �� (s+1 =2)

i � 1;j

�
� i;j + � i � 1;j
� �

i;j + � �
i � 1;j

� x i

+ ~D i;j +1 =2

�� (s+1)
i;j +1 + �� (s+1)

i;j �
�

�� (s+1 =2)
i;j +1 + �� (s+1 =2)

i;j

�
� i;j +1 + � i;j
� �

i;j +1 + � �
i;j

� yj

� ~D i;j � 1=2

�� (s+1)
i;j + �� (s+1)

i;j � 1 �
�

�� (s+1 =2)
i;j + �� (s+1 =2)

i;j � 1

�
� i;j + � i;j � 1
� �

i;j + � �
i;j � 1

� yj

=
� D i +1 =2;j

�
�� (s+1)

i +1 ;j � �� (s+1)
i;j

�
+ D i � 1=2;j

�
�� (s+1)

i;j � �� (s+1)
i � 1;j

�

� x i

+
� D i:j +1 =2

�
�� (s+1)

i;j +1 � �� (s+1)
i;j

�
+ D i:j � 1=2

�
�� (s+1)

i;j � �� (s+1)
i;j � 1

�

� yj
+ � a;i;j �� (s+1)

i;j : (6.21)
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6.4.2 Fourier Analysis of NDA Method in In�nite Heterogeneo us Medium

In this section we analyze the PHI problem, considering short characteristics dis-

cretization for the transport sweep. Using the ansatz (2.67), we �nd the same expression

of ~am;j as before. As in case of QD, we take advantage of a few things:� � is spatially 
at

and � doesn't depend oni . For the same reasons as was the case of FM, we use notations

D j and D for D i +1 =2;j and D i;j +1 =2, correspondingly; also, ~D i +1 =2;j = 0 for j = 1 ; 2 and
~D i; 3=2 = � ~D i; 1=2. Hence we will use notation ~D for ~D i; 1=2 because there is no dependence

on i . Introducing the ansatz in (6.21) for two neighborly cells we obtain:

4!D 1A1

� x� t; 1
sin2 � x � x

2
+ 2 !D

A1 � A2 cos
�

� y
� y1+� y2

2

�

� y1� t; 1

+2 ! ~D
A1 + A2 cos

�
� y

� y1+� y2
2

�

� y1
+

� a;1

� t; 1
A1!

�
2

� x� t; 1

� 1

� � sin
� x � x

2

�
sin

� y � y1

2

�
� s

x;1 � � s
x;2

�
+ cos

� y � y1

2

�
� o

x;1 + � o
x;2

�
�

+
2

� y1� t; 1

� 1 + � 2

2� � cos
� x � x

2

�
cos

� y � y1

2

�
� s

y;1 � � s
y;2

�
� sin

� y � y1

2

�
� o

y;1 + � o
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�
�

�
4D1

� x� t; 1
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� � cos
� x � x

2
sin2 � x � x

2

�
cos

� y � y1

2
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1 + � s
2) � sin
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2
(� o

1 � � o
2)

�
�

~D
� y1� t; 1

� 1 + � 2

2� � cos
� x � x

2

��
C1 + 3 cos

� y � y1

2

�
(� s

1 + � s
2) +

�
S1 � 3 sin

� y � y1

2

�
(� o

1 � � o
2)

�

+
D

� y1� t; 1

� 1 + � 2

2� � cos
� x � x

2
[C1 (� s

1 + � s
2) � S1 (� o

1 � � o
2)] = 0 ; (6.22)

4!D 2A2

� x� t; 2
sin2 � x � x

2
+ 2 !D
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� y
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2
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+
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+
~D

� y2� t; 2

� 1 + � 2

2� � cos
� x � x

2

��
C2 + 3 cos

� y � y2

2

�
(� s

1 + � s
2) +

�
S2 � 3 sin

� y � y2

2

�
(� o

2 � � o
1)

�

+
D

� y2� t; 2

� 1 + � 2

2� � cos
� x � x

2
[C2 (� s

1 + � s
2) + S2 (� o

2 � � o
1)] = 0 ; (6.23)

where �, � x , � y , C1, C2, S1, and S2 were de�ned previously. Eqs. (6.22), (6.23) can be put

in the form (3.18), and �nally we obtain a quadratic equation for ! of the form (3.19).

We evaluated the analytic spectral radii of NDA with the shor t characteristics

transport discretization in the two versions of PHI problem in 2D. The results are shown in

Tables 6.3 and 5.6, and Figs. 6.2 and 5.5. In case of opticallythin cells, FM behaves almost

the same as NDA close to the solution for both versions of PHI problem. For optically

thick cells, the theory predicts that both methods diverge. In the second version of PHI

problem, there is a small region where NDA converges even if FM doesn't: � t1 = 1 � 102

and � t2 = 104.

Table 6.3: Analytic spectral radii of NDA with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y = 1, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 6.63E-1 9.56E-1 9.94E-1 9.97E-1 7.49E+0 6.57E+1 2.43E+15 2.20E+14

10� 3 6.63E-1 2.33E-1 6.60E-1 9.51E-1 9.85E-1 7.48E+0 6.62E+1 4.21E+13 2.45E+15

10� 2 9.56E-1 6.60E-1 2.31E-1 6.36E-1 9.05E-1 7.40E+0 7.25E+1 8.89E+13 4.40E+14

10� 1 9.94E-1 9.51E-1 6.36E-1 2.26E-1 4.84E-1 6.83E+0 4.33E+2 5.41E+13 1.40E+13

1 9.97E-1 9.85E-1 9.05E-1 4.84E-1 4.86E-1 4.68E+0 6.31E+14 1.31E+12 2.03E+0

10 7.49E+0 7.48E+0 7.40E+0 6.83E+0 4.68E+0 7.56E+0 1.91E+14 3.83E+12 1.79E+0

102 6.57E+1 6.62E+1 7.25E+1 4.33E+2 6.31E+14 1.91E+14 4.35E+1 8.16E+11 2.00E+0

103 2.43E+15 4.21E+13 8.89E+13 5.41E+13 1.31E+12 3.83E+12 8.16E+11 1.00E+1 1.98E+0

104 2.20E+14 2.45E+15 4.40E+14 1.40E+13 2.03E+0 1.79E+0 2.00E+0 1.98E+0 1.01E+0

Figure 6.2: Analytic spectral radii of NDA with the short cha racteristics transport dis-
cretization for PHI problem in 2D, � x = 1, � y = 1, c=0.9999
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Table 6.4: Analytic spectral radii of NDA with the short char acteristics transport discretiza-
tion for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999

� t 1=� t 2 10� 4 10� 3 10� 2 10� 1 1 10 102 103 104

10� 4 2.33E-1 2.48E-1 4.86E-1 8.97E-1 7.27E+0 4.33E+1 3.24E+1 4.67E+1 9.57E+13

10� 3 2.49E-1 2.33E-1 2.44E-1 5.77E-1 7.27E+0 4.33E+1 3.24E+1 5.37E+1 1.79E+15

10� 2 4.87E-1 2.50E-1 2.30E-1 5.76E-1 7.27E+0 4.32E+1 3.24E+1 1.86E+13 5.51E+15

10� 1 9.01E-1 4.91E-1 2.60E-1 5.66E-1 7.19E+0 4.29E+1 3.25E+1 9.41E+11 9.78E+0

1 9.86E-1 8.95E-1 5.24E-1 4.88E-1 6.61E+0 4.00E+1 3.08E+1 6.57E+1 4.65E-1

10 9.92E-1 9.61E-1 8.22E-1 5.26E-1 4.49E+0 2.94E+1 6.29E+2 1.70E+0 6.03E-1

102 7.52E+0 7.44E+0 6.91E+0 5.27E+0 7.78E+0 2.91E+2 2.17E+2 1.67E+0 7.69E-1

103 1.17E+2 1.70E+2 7.41E+13 1.04E+13 1.21E+12 7.33E+12 1.49E+1 4.99E+1 9.49E-1

104 1.53E+12 2.16E+13 5.30E+12 1.26E+14 7.24E+14 3.72E+13 1.24E+13 6.49E+0 5.06E+0

Figure 6.3: Analytic spectral radii of NDA with the short cha racteristics transport dis-
cretization for PHI problem in 2D, � x = 1, � y1 = 0 :1, � y2 = 10, c=0.9999
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Chapter 7

Conclusion

For this research we've analyzed the behavior of four iterative methods used to

accelerate the transport equation: SM, QD, FM, and NDA. Our results are important for

all applications of particle transport equation. The low-order problem of each method was

discretized independently, which means that none of them was formulated as a pure acceler-

ation method. We considered heterogeneous medium problemsin 1D slab and 2D Cartesian

geometries. For the transport sweep we used three discretizations: DD, step method and

step characteristics/short characteristics. The low-order problem of each method was dis-

cretized using �nite volume scheme. For the angular discretization we used double GL

quadrature in 1D and product quadratures set in 2D based on double GL quadratures for

azimuthal and polar angles.

Regarding the discretization of the transport equation, wewere interested mainly

in step characteristics and short characteristics schemes. We analyzed SM in 1D and 2D

using all three discretizations because we were interestedto see the e�ect of the spatial

discretization on the spectral radius. Once we saw it, we didn't repeat it for the other

three methods. We also tried to analyze the e�ect of angular quadrature. We evaluated

analytically and numerically the spectral radii using various numbers of directions in both

1D and 2D. The results were very similar no matter how many directions we considered.

For this reason and because we wanted to be consistent in our comparisons, all spectral

radii that we presented in this thesis were obtained with double S4 GL quadrature for 1D,

and product of GL quadratures S16 for 2D.
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The results of our research that we claim to be new are the following:

1. Fourier analysis of SM for 2D Cartesian geometry in�nite homogeneous medium in both

di�erential and discretized form.

2. Iteration matrix analysis of SI (in 2D Cartesian geometry) and SM (in 1D slab and 2D

Cartesian geometries) in case of �nite heterogeneous medium with periodic BC.

3. Fourier analysis of SI, SM, and FM for 1D geometry in�nite heterogeneous medium.

4. Fourier analysis of SI, SM, and FM in case of 2D Cartesian geometry in�nite heteroge-

neous medium with periodic structure.

5. Stability analysis of the nonlinear methods, namely QD and NDA in the vicinity of the

solution of in�nite heterogeneous medium problem with periodic structure.

6. Numerically evaluation of SM, QD, and FM spectral radii in case of checker-board

problem and two regions problem for 2D Cartesian geometry.

The above analysis was applied to some speci�c cases and the analytic spectral radii

were compared to numerically estimated ones. First we used iteration matrix analysis of

SI and SM in 1D with real and ideal BC to analyze their behavior in case of PHI problem.

We found out that it has two important applications. First, i t shows the structure of

eigenfunctions and eigenvalues in �nite medium problems. This way we can see when and

where we get slowly convergent modes that SM cannot eliminate. Second, it can be used

to debug codes. Performing this type of analysis was useful for us for an additional reason.

It gave us an idea about how to �nd the in�nite medium solution for a nonlinear method

for a case when it diverges. This idea was used later to evaluate the spectral radii of QD

and NDA in cases with non-
at solutions.

The main part of our research was the Fourier stability analysis in in�nite het-

erogeneous medium. We've performed this type of analysis for all four methods. In 1D

geometry we've analyzed various scenarios of PHI problem. We found that SM and QD

were fast convergent in all cases. The same for FM and NDA whenthe optical thickness of

the cells was not greater than 1. However, in case of optically thick cells and high scattering

ratio, FM and NDA do not converge. This result is consistent with the previous results of

Fourier stability analysis in in�nite homogeneous medium performed by Cho and Park [14].

In 2D Cartesian geometry we analyzed the PHI problem with square and rectan-

gular cells. We also estimated numerically the spectral radii of SM, QD, and FM for a

checker-board problem and two regions problem. For PHI problem with square cells we

found out that SM converges in all tests, but in some regions it converges very slow. QD
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behaves similarly to SM in most of the cases except a small region where it diverges. How-

ever, this result has not been con�rmed by numerical calculations. The same as in 1D

case, FM and NDA behaves similarly: they converge in all cases with optical thickness of

the cells less than or equal to 1. In some of these cases they were slowly convergent. For

optically thick cells both methods diverged. In the PHI problem with rectangular cells

(� x = 1 ; � y1 = 0 :1; � y2 = 10) all four methods losse their e�ectiveness. SM and QD di-

verge in almost the same tests. Again, there is a small regionwhere QD behave di�erently

compared to SM. It is possible this behavior is mainly causedby the fact that the spectral

radii of QD depends on the ratios between the cell average scalar 
uxes of the transport

sweep and the low-order problem. In that particular region these ratios are far from 1,

especially in the optically thin cells. FM and NDA diverge again in case of optically thick

cells. For optically thin cells they converge in all cases, but in some of them the convergence

is slow. If we compare SM vs. QD and FM vs. NDA we can observe that while there a

signi�cant di�erences between spectral radii of SM and QD, FM and NDA behave very

similar in the area with cell optical thickness less than or equal to 1, in all tests. There are

di�erences between their spectral radii in the cases where they diverge. There are even a

few cases for which NDA converges, but FM diverges.

As we mentioned before, we've estimated numerically the spectral radii of SM,

QD, and FM in checker-board and two regions problems. In these two problems SM and

QD proved to be fast convergent (� < 0:25, � < 0:5 respectively). The same for FM in

optically thin regions. In optically thick regions FM diver ges again. An interesting aspect

is the fact that the shape of spectral radii of SM is almost symmetric with respect to the

diagonal, but for QD and FM the shape is asymmetric.

To conclude our discussion about the results we've obtained, we need to say that

in all these tests we tried to push the four methods to their limits. We broke them in

some cases. The tests for which they diverge or converge too slow are speci�c to radiative

transport problems, but not to nuclear reactor calculations. We believe that, from the point

of view of convergence speed, all four methods can be used successfully in core calculations.

Regarding the comparison of nonlinear methods vs. their linear versions, we found that they

behave similarly in many heterogeneous medium problems. Wealso observed cases where

they behave signi�cantly di�erent, especially SM vs. QD. In those tests the numerical

results con�rm partially the analytic results. There are im portant di�erences between

numerical and analytic results in case of PHI problem in 2D with square cells. This requires
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further veri�cations of both theory and implementation of Q D method in our transport code.

Anyway, SM and QD proved to behave better than FM and NDA, and SM converges faster

than QD in some cases. Therefore, in the tests that we analyzed in 2D Cartesian geometry,

the fastest convergent method is SM.

Our results indicate that one potential source of slow convergence for QD is the

inconsistency between the solution of the transport sweep and the low-order problem. In

this respect, we think we can do a better job in de�ning the cell and face average angular


uxes. Better transport solution will give us better QD fact ors, which probably will decrease

the e�ect of inconsistency. For this research, we've tried abetter way to calculate the cell

average angular 
ux by averaging along the characteristic. We haven't noticed any major

improvement. However, it's possible that better face average angular 
uxes will improve

considerably the QD factors and reduce the spectral radius.That's because the method

will meet better the asymptotics of the transport solution f or such problems.
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