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The genetic study of biological growth has received a lot of attention for many
years. Recently, there has been great interest in the area of quantitative trait loci
(QTL) mapping with longitudinal traits. There are various parametric approaches
proposed to study the QTL mapping of the growth curves in the literature. In this
dissertation, we propose two procedures to study QTL mapping with longitudinal
traits, based on semiparametric stochastic mixed model and nonlinear mixed model
methodology. The advantage of our semiparametric method is that it does not assume
a specific form of the underlying growth curve, which makes our model more robust
and more flexible than the parametric approach. The trait values used to detect QTL
in the nonlinear mixed model approach are the biologically meaningful parameters of
tree growth curves. For both methods, we use a unified score testing procedure. This
score testing procedure only needs to fit the model once under the null hypothesis,
which makes the computation simpler than the traditional likelihood ratio testing
procedure in QTL mapping. The score test statistic in this testing procedure allows
us to use the resampling method to obtain the genome-wide threshold value for a
given significance level to judge the evidence for QTL effect by perturbing the score.
We use a forest tree growth data set to illustrate the testing procedure for both
methods. We also run extensive simulation studies to evaluate the semiparametric

mixed model procedure.
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Chapter 1

Introduction

Quantitative Trait Loci (QTL) mapping is the statistical study to investigate the
relationship between the allele genotypes in a locus on a chromosome of interest
and the quantitative trait values (phenotype). The identification of the QTL is very
important to understand the genetic nature of the quantitative trait variation within

and between populations.

In a QTL mapping study, a set of genetic marker data are collected from the
target population. A genetic marker is a specific identifiable region of DNA. These

markers form a sequence of non-overlapping intervals over a chromosome.

The main objective for a statistical QTL mapping study is to make inference
on the relationship between the quantitative trait values and the QTL by using the
marker data and trait value information, and to identify the QTL if it exists. The
statistical problem with QTL mapping is challenging because the QTL genotype is

unobservable (if it exists) and we have to search the whole chromosome for the QTL.



1.1 Basic Genetic Definition

Genes are the fundamental units of genetic information that are transmitted from
parents to the offsprings. They are composed of a sequence of nucleotides in a segment
of DNA. The whole set of DNA sequences is called genome. Genes can have different

forms, and these different forms are called alleles of a gene.

Genetic markers are specific aspects of the DNA. The state of a specific genetic
marker is called genotype. The genotype contains the genetic information inherited
by an organism, and the physical form of the organism is called phenotype, which can
be viewed as the expression of the genotype. The genotype includes many genes, and
those genes are organized into chromosomes. Individuals sharing the same parents

may have different genotypes for the same genetic marker.

Genes on a chromosome form a linkage group, where the genes close to each other
tend to inherit together. A linkage map is constructed by the linkage between genes,
and it provides the structure for the locations of the genes on a chromosome. A
linkage map is created by finding the map distances between a number of traits that
are present on the same chromosome. Genetic map distance uses Morgan as a unit to
express the relative distance between two genes (or markers) on a chromosome. For a
mapping unit, we usually use Centimorgan (cM) as the map unit, where 1 ¢cM= 0.01

Morgan.



1.2 Quantitative Traits and QTL Mapping

Quantitative genetics is the study of the inheritance of quantitative variation
among individuals and its underlying mechanism. It is an extension of simple Mendelian
inheritance law where the combined effect of underlying genes results in the distribu-
tion of phenotypic values. These phenotypic values are called quantitative traits, the

characteristics which have continuous variation (such as height and weight).

Quantitative trait loci (QTL) refer to the specific regions in the genome which
are associated with the variation of quantitative characteristics or traits of interest
in a population. For example, QTL controls the growth and wood quality traits
in Eucalyptus grandis (Grattapaglia et al., 1994). An important research aspect in
quantitative genetics is to localize QTL on a genetic linkage map and to identify
the DNA sequence that causes the quantitative trait variation. The genetic map is
the structure that we rely on to locate QTL, the genomic regions affecting a trait of

interest.

QTL mapping is a genome-wide inference on the relationship between phenotypic
values of quantitative traits and genotypes of QTL. The identification of QTL is very
important to understand the genetic nature of quantitative trait variation within and

between populations.

There are many useful applications for identification of QTL. For examples, it
could improve the efficacy of selective breeding of animals and plants with the traits
we are interested in. It is also very helpful in medical science to identify the alleles

that cause complex genetic diseases.



1.3 QTL Mapping Data

1.3.1 Data Components

Data for a QTL mapping study have two components, marker data and trait
data, where the marker data contain the information about segregation of a genome
at various positions in a population and the trait data contain the information about

segregation and effects of QTL in the same population.

1.3.2 Recombination Probability

Because the identification of a QTL depends on the marker data, we need to
understand the recombination phenomenon. Genetic recombination refers to the for-
mation of new combinations of genes in offsprings due to independent assortment
or crossing-over, where crossing-over is the exchange of genetic material between
homologous chromosome. In a QTL study, we need to estimate the probability of re-
combination between each pair of adjacent genetic markers. We call this probability

r. Then by Haldane’s map function, r is defined as
r = Pr(recombination) = 0.5(1 — exp~ %), (1.1)

where 6 is the number of map units (M) between two markers. Haldane’s map function
assumes that crossover events are independent. From equation (1.1), we know that as
the genetic markers become further apart, the recombination probability r increases

from 0 to 0.5.
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Figure 1.1: Backcross and F; experimental designs



1.3.3 Experimental Design

The experimental design is very important in a genetic QTL study. The traditional
experimental design for locating QTL starts with two parental inbred lines, P, and P,
differing both in trait values and in the markers. The parental lines P; and P, can be
crossed to produce F} lines which are heterozygous for both markers and QTLs. The
F populations can be crossed with either parental line to produce backcross lines,
where B; and B, refer to backcrosses involving the P, and P, lines respectively. The
F lines can be intercrossed to produce Fy lines. A schematic diagram of backcross

design and Fy designs is shown is Figure 1.1 (Zeng, et al., 2000).

1.4 Current Methods for QTL Mapping

1.4.1 Single Marker Method

The single marker method is the simplest method to locate a QTL. The basic
concept for this method is to test the difference of trait values between different
marker groups for a specific marker. This single marker method is the analysis of
variance (ANOVA) at the marker loci, and it is also called marker regression. The
underlying assumption for this method is that there is only one QTL segregating in

the population.

Although this method is simple, however, it is a useful tool for QTL mapping.
However, there are many disadvantages with this method (McMillan and Robertson

1974; Lander and Botstein, 1989) including:



1) This method can not estimate the position of QTL;
2) It can not tell whether the markers are associated with one or more QTL;
3) QTL effect tends to be underestimated because of the confounding effects;

4) This method is not powerful and therefore requires large samples to infer the

existence of a QTL.

1.4.2 Interval Mapping Method

Interval mapping method was proposed by Lander and Botstein (1989). It is an
extension of the simple marker method from a single marker analysis to any location
between two flanking markers. The interval mapping method uses the genetic map
information of the typed markers to detect and locate QTL by scanning each location
in the genome. This method also makes the assumption that there only exists a single
QTL. This method takes QTL genotypes as missing data, and uses a mixture model

for maximum likelihood statistical inference.

Compared to the single marker method, interval mapping method has several

advantages:

1) It can estimate the location of QTL between markers by using the genetic map

information;

2) The estimated location and effect of the QTL are asymptotically unbiased if

the assumption that there is only one QTL across the chromosome is correct.

3) This method requires less samples than the single marker method in detecting



the QTL location.

1.4.3 Composite Interval Mapping Method

The composite interval mapping method is an extension of interval mapping
method by conditioning additional marker loci and using probability for multilocus

genotypes. It still uses genetic map information to locate QTLs.

There are many approaches for composite interval mapping. Kearsey and Hyne
(1994, 1995), Wu and Li (1994, 1996) proposed a simple regression method which
considers all the markers on a single chromosome to locate multiple linked QTLs.
Zeng (1993, 1994), Jansen and Stam (1994) proposed a multiple regression method

for the composite interval mapping.
There are three advantages for composite interval mapping method:

1) It can reduce the residual variation and get better power to detect QTLs by

modelling multiple QTLs simultaneously;
2) It can separate linked QTLs.

3) It can identify interactions between QTLs.



1.5 QTL Mapping with Longitudinal Traits

1.5.1 Likelihood Inference and LOD Score

The maximum likelihood method and likelihood ratio test are extensively used
in interval mapping analysis (e.g., Lander and Botstein, 1999; Carbonell and Gerig,
1991). However, in genetic statistics, LOD scores are widely used instead of the

likelihood ratios.

The LOD score measures the strength of the evidence for the presence of a QTL,
compared to no segregating QTL on the chromosome. Larger LOD scores correspond
to greater evidence for the presence of a QTL. The LOD score is calculated at each

position of the genome.

The LOD score is defined as
Ly
LOD = —log—
Ong )

where Ly is the likelihood under null hypothesis, L, is the likelihood under alternative
hypothesis, and log is the logarithm based on 10. The likelihood ratio test statistic

(LR) is then

L
LR = —2In-" = —2In10MOP = 2(1n10)LOD = 4.605LOD,

1

or

LR
LOD = —— = 0.217LR.
O 4.605 0-217LR



1.5.2 Parametric Approaches

The genetic study of the biological growth has received extensive attention for
many years. To understand its underlying mechanism, data are often collected in a
way of repeated measurement of complex quantitative traits for each experiment unit
over time, and these types of traits are called longitudinal traits. In recent years,
the genetic study of QTL mapping with longitudinal traits has focused on detecting
and localizing the specific region across the chromosome which may affect the growth
process. There are many parametric approaches proposed to study QTL mapping

using growth curves (Ma, Casella and Wu, 2002; Wu, et al., 2002).

In general, those parametric approaches assume that the underlying population
growth curve follows a parametric form. This specific parametric function is the mean
structure of the population growth curves. The estimates of parameters in the growth
curves are used to make inference for QTL effects. The parametric approaches also
make the assumptions on the variance-covariance structures of the longitudinal traits.
Under these assumptions, we can implement the regular likelihood based method to

test the QTL effect over the entire chromosome.

However, these parametric approaches have some limitations. In practice, the in-
formation of the underlying population growth trajectory is seldom known and it is
hard to give a specific form. The Gaussian stationary process used to model the cor-
relation in the longitudinal traits may not be appropriate for the growth mechanism.
Therefore, those parametric model may lead to wrong conclusion on QTL mapping

in these situations.

10



1.5.3 Brief Summary of Our Studies

To overcome the disadvantages of parametric approaches, we propose in the first
part of this dissertation a semiparametric stochastic mixed model approach to study
the QTL mapping with longitudinal traits, which requires less strict assumption than
the parametric approach. The details about this semiparametric approach will be
discussed in Chapter 2, where we conduct statistical inference on this model, run
extensive simulation to evaluate this semiparametric approach, and finally, analyze
a tree growth data set by using this approach to detect and localize the QTL which

may affect the tree growth process.

Motivated by the individual tree growth curve and the preliminary analysis results,
we propose in the second part of this dissertation a nonlinear subject-specific mixed
model approach for longitudinal traits data to identify the QTL in the chromosome.
The details of the model specification, model inference, and statistical computation

are discussed in Chapter 3.

In both of our studies (semiparametric mixed model and nonlinear mixed model)
for QTL mapping with longitudinal traits, we use backcross experiment design (B )
and interval mapping method to illustrate our proposed models. The approaches can

be easily extended to other designs.

11



Chapter 2

Semi-parametric Mixed Models for

Longitudinal Traits

2.1 Introduction

2.1.1 Parametric Approach for QTL Mapping with Longitu-
dinal Traits

The growth process in biological subjects is one of the most important mechanisms
in the nature. The genetic study of biological growth has received a lot of attention
for many years. To understand this developmental process, data are often collected in
a way of repeated measurements of complex quantitative traits over time because of
their longitudinal features. For example, to study the underlying genetic mechanism
of tree growth process, we need to collect the data of certain traits over years, such
as tree diameters and heights. These quantitative traits in the growth process are

often considered to be controlled by some internal genetic factors (Kirkpatrick and

12



Heckman, 1989; Pletcher and Geyser, 1999).

In recent years, the genetic study of QTL mapping with repeated measurements
over time has been of much interest to detect and localize the region in the chromo-
some which may affect the growth process. There are many parametric approaches
proposed to study QTL mapping using growth curves (Ma, Casella and Wu, 2002;

Wu, et al., 2002).

In general, those parametric approaches assume that the underlying population
growth trajectory follows a parametric form. For instance, Wu et al.,(2002) specified

the growth curve as a logistic function:

B a
14 bect’

g(t)

where a,b and ¢ are the parameters which determine the underlying growth curves.
The parameters a, b, and ¢ also have a very nice biological interpretation. The
ratio 7% is the initial population quantitative trait value (like tree diameter) at time

0, the parameter a is the maximum population trait value, and c¢ characterizes the

population growth rate.

The parametric approaches also make the assumptions that the repeated mea-
surements of the quantitative traits are normal distributed and the within subject
variance-covariance matrix of growth traits can be characterized by a stationary Gaus-
sian autoregressive process (Ma, Casella and Wu, 2002; Wu, et al., 2004). Under these
assumptions, the regular likelihood based methods can be implemented to test the

QTL over a chromosome.

13



However, these parametric approaches have some limitations. In practice, the
information of the underlying growth trajectory is seldom known and it is hard to give
a specific form. Furthermore, the Gaussian stationary process may not be appropriate
for the growth mechanism. Therefore, those parametric modelling approach may lead

to wrong conclusion of QTL location.

2.1.2 Motivation for Our Study

To motivate our approach, we first examine the forest tree growth data by plotting
the tree diameter by year for each individual tree. Figure 2.1 plots the tree diameter
as a function of time measured in year for four randomly selected trees. Figure 2.1
shows that the tree growth curve for each tree is not linear and the growth pattern
for each tree is complicated but similar. The individual tree growth curves in Figure
2.1 suggest that it is difficult to model the underlying tree growth curve by using a

parametric function.

To overcome the drawbacks of parametric approaches which require strict assump-
tions, and motivated by the forest tree growth curves, we propose a semiparametric
stochastic mixed model to conduct the QTL mapping with longitudinal traits. Our
proposed semiparametric mixed model for QTL mapping is based on a general semi-

parametric stochastic mixed model for longitudinal data (Zhang, et al., 1998).

14
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Figure 2.1: The growth curve of individual trees

2.1.3 General Semiparametric Stochastic Mixed Model for
Longitudinal Data

Zhang et al., (1998) proposed a semiparametric stochastic mixed models for lon-
gitudinal data:

Yij = f(ty) + X8+ ZLbi + Ui(tyy) + 45, (2.1)
where Y;; is the response variable for the ith subject at time ¢;;, f(¢;;) is a smooth
function of time ¢;;, B is a p x 1 vector of regression parameters of covariates X,
b; ~ Normal(0, D) is the random effects of covariates Z;; with dimension ¢ x 1, U;(t;)

is a zero mean Gaussian process to model the within subject correlation and ¢;;s are

measurement errors.

15



Zhang, et. al (1998) cast the estimation and inference for the model parameters
in model (2.1) into a unified linear mixed model framework, where f(¢;;) is estimated
as a smoothing spline, 3 is estimated by the best linear unbiased estimates and the

variance components are estimated by restricted maximum likelihood approach.

For our QTL mapping problem with longitudinal traits, this semiparametric frame-
work is more flexible to model the underlying growth curves than the parametric
approaches. It can incorporate both genotype information of QTL and other possible
covariates which may have confounding effects on QTL mapping as fixed effects. It
can also deal with the random effects associated with some covariates. The Uj(t;)
in this model allows both stationary and nonstationary Gaussian processes to have

more flexibility to account for the variance-covariance matrix within subjects.

However, in the practical situation, the information of genotype of QTL is not
observable, so we can not use the same method as Zhang, et al., (1998) to make
inference on QTL effects. We propose our methodology to deal with this missing
data (genotype of QTL) problem for QTL mapping with longitudinal traits within a

semiparametric mixed model framework.

In the rest part of this Chapter, we propose a semiparametric stochastic mixed
model for QTL mapping with longitudinal traits based on model (2.1) to detect and
localize QTL signal over the chromosome. The details of the statistical methods and
inference are described in section 2.2. The simulation studies are given in section
2.3, and we will apply our method to forest tree growth data in section 2.4. Future

work is discussed in section 2.5 and the major technical derivations are included in

16



Appendix.

2.2 The Statistical Model and Inference

2.2.1 The Model Specification

In this Chapter, we use a standard backcross design Bj to illustrate our proposed
model. The backcross design starts with two contrasting inbred lines which are as-
sumed to be homozygous. So with a single marker and a single linked QTL the
genotypes for the two lines are MN|MN and mn|mn. In the backcross design, the

F} individual are crossed with one of the two parental lines to produce the backcross

progeny.

Suppose we have a random sample of n progeny subjects. For the ith subjects,
let Y;; denote its trait value at time ¢;;. Let G; be the genotype information of QTL
and M; be the marker genotype information. In the backcross design, G; = 1/0
represents the genotype Q@) and (Qq respectively. Here, we assume that the genotype
information is constant during the study period. Let X;; denote other covariances
such as environmental factors. We extend the semiparametric mixed model (2.1)
(Zhang, et al., 1998) to our QTL mapping setting. That is, conditional on X;; and

G, Y;; is assumed to satisfy the following model:

Yy = f(tiy) + X8+ GiSLé + Z1bi + Ui(tiy) + 5, (2.2)

J ij

where i = 1,...,n, 7 = 1,...,m;, and the ith subject has m; observations over time,

17



f(ti;) is a smooth function of time ¢;;, 3 is a p x 1 vector of the regression coefficients

YRl

of covariates X;;, d is a ¢ x 1 vector of the QTL effects associated with covariates

YR

S

ij» bi is the random effects of covariates Z;; with dimension ¢q. We further assume
that b; ~ Normal (0, D(¢)), where D(¢) is a positive definite matrix depending on
the parameter vector ¢, that U;(t) is a zero mean Gaussian process with covariance
¥i(€, a), where £ and « are the parameters to characterize the variance of the process
of U;(t), that ;s are independent measurement errors distributed as Normal (0, 02).

For model (2.2), we assume that b; is invariant within each subject, and b;, U;(t) and

€;; are mutually independent.

Model (2.2) is a general semiparametric mixed model including all the possible
components to characterize the variance of Y;; given covariates X;; and genotype
information GG;. However, we may not need all those model components b;, U;(t) and
€;; when applying this semiparametric mixed model to QTL mapping problem, and

we can choose those components as needed according to the practical situation.

For the covariates S;;, we also have several choices of S;;: 1) we can choose a one
dimensional S;;, such as S;; = 1, then J represents the main QTL effect with respect
to genotype G;; 2) we can also choose a one dimensional S;;, such as S;; = t;;, then ¢
represents the interaction effect between genotype G; and time t¢;;; 3) we can choose
two-dimensional S;; = (1,%;;), then § represents both the main effect of G; and the

interaction effect between G; and t;;.

If the genotype information on Gj is available, the QTL effect § can be estimated

by using the method developed by Zhang, et al., (1998). However, in practice, neither
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Table 2.1: Conditional probabilities of QTL genotype at position d given the geno-
types of two flanking markers M and MY in a backcross design

Marker Genotypes Conditional Probabilities
Marker Category MY /MY Pr(G =1|M*, MY) Pr(G = 0|MF, MY)
1 MM/NN (=nC=s) I
9 MM/NH (lfer)s (1;5)r
3 Mm/NN (s (1=rde
4 Mm/Nn i {L-nios)

the location of QTL nor its genotype information is known to us. Only the information
of the marker genotypes M is available. So we will use the conditional probability
of QTL genotype given the marker genotype information to make further inference

on QTL location and QTL effect.

At a specific location d over the chromosome of interest, let P(G = 1|M*, MY;d)
denote the conditional probability of QTL genotype given the two flanking marker
genotype information. This probability is determined by the position of QTL and
the corresponding flanking markers M* and MV if there are no crossover interference
and genotype errors. Let § be the recombination rate between M’ and MY, and r
be the recombination rate between M’ and QTL, and s be the recombination rate
between QTL and MY, then we have § = r + s — 2rs according to the Haldane’s map
function. The details of the conditional probabilities for backcross design are given

in Table 2.1.
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2.2.2 Model Estimation and Testing Procedure

We can also write model (2.2) in a matrix form by using the same matrix notation
in Zhang, et al., (1998). Let Y; = (Yi1, ..., Yim,)?, and similar for X;, t;, S;, Z;, U;

and e;.

Let t° = (¢9,...,t2)" denote a vector of all time points ¢;; in an ordered sequence.
For the ith subject, let IN; be the incidence matrix connecting ¢; and t° where j =
1,...,m;l =1,...,r, and the (j,1) the element of N is equal to 1 if ¢;; = t, otherwise

the element of IN; is equal to 0. Then model (2.2) can be written as

where f = (f(t9),..., f(£9)T.

If we denote e; = Z;b; + U; + €;, then model (2.3) reduces to

Denote V; = var(e;). Then var(Y;|f, X;,G;) = V; = var(e;). Let Y = (YT,...,Y1)T

and similarly define X, N, G, S and e. Then we have

Y =Nf+XB+GS5+e. (2.5)

Denote V' = var(e) = var(Y|f, X, G) = diag{V'y, ..., V. }.

According to the information of conditional probabilities for backcross design in

Table 2.1, we can write the probability density function of Y'; at a specific location d
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as below:

FOYi| M d) = > f(Yi|Gi, ML) f(Gi| M, d)

G;=0,1

— Z F(Y |Gy f(Gi| M, d)

G;=0,1

= Y [(YViG) (G| M) MY d)

G;=0,1

=pif(Yi|lGi = 1)+ (1 —p) f(Y4|Gs = 0),

where p; is Pr(G = 1|M*%, MY) given in table (2.1), which is dependent on the

location d and the marker category.

The log-likelihood for the sample data at location d is
16, £,8,6;Y,d) =S log {p f(Yi|G: = 1) + (1 = p) f(Yi|Gi = 0)},  (2.6)
i=1

2

e’

where 8 = (¢, 07, &, «), the parameters in the variance of V.

From the model specification, we have that

and

Y,|G; =0~ Normal (N,;f + X,;3,V;(9)).

Our main research interest is to test if there is a QTL effect. The null hypothesis
is no QTL effect, that is Hy : 6 = 0 and the alternative hypothesis is H, : § # 0.

We propose a score test for Hy : d = 0 by taking the partial derivative of the log-
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likelihood with respect to § and evaluating it under Hy : § = 0. Specifically, our

score statistic U(d) of § at location d is

9,.f,8,6;Y,d)

U@:m( 95

’5 0 = Zpiszv;l(0>(Yi — N, f — X,;8)
- —

—i}ﬁVﬁ@XYrJWf—Xﬂ%
i=1

where we define A7 = p; ST, and A contains the information of covariates S§7 and the
conditional probability of GG; given location d and the flanking marker information for
each subject. We define A = (AT, ..., AT)”, where n is the total number of subjects.
Then the score of 6 under Hy can be written as:

o, f,B,0;Y .d
(o) = 2615, )5_0

= A"V (0)(Y - Nf - XpB). (2.7)

Under the null hypothesis Hy : § = 0, our model (2.5) reduces to
Y=Nf+XB+e. (2.8)

Let }, B and 0 be the estimates of model (2.8) obtained using the method of Zhang
et al., (1998) under Hy. In equation (2.7), we know that given trait data, Y, X and
N are known, and given location d and the marker information, AT is also known.
Plugging the estimates }, ,@ and 6 into equation (2.7), we have the score of § under

the null hypothesis:

ol(o 0:Y.d
U(d): ( 7fag(; ) ) )50:

ATV HO)(Y - Nf — XP). (2.9)
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In this study, we use the same estimation method in Zhang, et al., (1998), where
they used maximum penalized likelihood estimator (MPLE) method to get the es-
timation of regression coefficients B and the nonparametric function } by a natural
cubic spline, and the restricted maximum likelihood (REML) method to estimate
the smoothing parameter /):, and variance components 0= (¢,&,a,02). For detailed

information of the estimation procedure, please refer to Zhang, et al., (1998).

By applying Zhang’s method (1998) to get the parameter estimations under Hy,

we have

V(Y - Nf- XB) = PY, (2.10)

where

P=v -V 'xcxv' (2.11)

is a projection matrix calculated in equation (24) of Zhang, et al., (1998) with dimen-
sion N x N, and N is the total number of observations (N = my +mg+...+m,), (See

details for P in Appendix A.1). Then our score test statistic (2.9) can be written as

Ud)=A"V (Y - Nf - XB) = ATPY. (2.12)

Given trait data, location d and marker genotype information, it is easy to prove
that under Hy,

E(U(d)) = E(A"PY) =0

and

Var(U(d)) = Var(ATPY) = ATPVPA.
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Now at location d, we can test Hy by standardizing the score U(d). That is, our

test statistic for testing Hy : 6 = 0 is defined as
To(d) = UL (d) {Var(U(d))} " U(d). (2.13)

At each position d, Ty(d) has approximately a chi-squared distribution with degree

of freedom ¢, i.e. Ty(d) ~ x2, where ¢ is the dimension of 4.

In this testing procedure, the test statistic Ty(d) based on score U(d) is like the
LOD score at position d based on the likelihood ratio test in the traditional QTL
mapping methods. Similar to the LOD score method, the position d that maximizes
To(d) is the most plausible QTL loci. Therefore, Hy will be rejected if sup,To(d) > Cl,
where C, is the genome-wide threshold value at level @ such that the type I error of
the test is controlled at . When Hj is rejected, the correspondent location c?max of

sup,To(d) gives an estimate of the QTL location.

2.2.3 Approaches to Compute the Threshold C,

The above testing procedure depends on the genome-wide threshold value C,,.
Therefore, it is very important to obtain a correct and reliable one. The regular
threshold value base on a chi-squared approximation is not appropriate since we
perform multiple tests to search the QTL over the whole chromosome. And the

Bonferroni correction is no longer practical since the number of tests is large.

In the literature, there are three main methods proposed to obtain the genome-

wide threshold C,: the analytical approximation method, the permutation method
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and the resampling method.

Analytical approximations have been proposed to determine the genome-wide
threshold (Lander and Botstein, 1989; Dupuis and Siegmund, 1999) in some stan-
dard designs. These approximations require relative strict conditions, like no miss-
ingness for the marker data, evenly spaced markers and dense maps. Sometimes, for

a complicate design, this approach is difficult to implement.

Churchill and Doerge (1994) proposed a permutation method to determine the
genome-wide threshold value for a given significance level. This method can avoid
asymptotic approximations since it is a nonparametric method. The basic idea of this
approach is to keep the marker data constant, and randomly shuffle the trait data,
then conduct the analysis for the generated data sets. This method can deal with

missing marker data and actual marker densities.

Recently, a new approach was proposed to compute the genome-wide threshold
based on score statistics (Diao, Lin and Zou, 2004; Zou, et al., 2004) by using a
resampling method. This resampling method calculates the empirical genome-wide
threshold value for a given significance level by randomly generating a larger number
of perturbed score test statistics. Conditional on the data, each re-generated score
test statistic is a summation of some independently and identically distributed (iid)
random variables such that asymptotically they have the same genome-wide distri-
bution as the original score statistic under the null hypothesis. The threshold value
for the original score test can be empirically obtained for the sample of re-generated

score statistic.
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2.2.4 Apply Resampling Method to Our Model

For our study, we use the resampling approach discussed in the previous section
to get the genome-wide threshold C, at level a. Let P; be the matrix of the first
my columns of P, and Py be a matrix of the next ms columns of P, ... , P, be a
matrix of the last m,, columns of P, then we can write P = [Py,..., P,]. Denote
e = ‘771(Y ~Nf- Xﬁ), and let €; be defined as the same way as Y;. Then we

have € = (e],...,e )" and U(d) can be approximately written as:
U(d) = i ATPe;. (2.14)
i=1
This suggests that we can perturb the score U(d) by
U*(d) = zn: AT P.ez;, (2.15)
i=1

where zls are independent standard normal random variables, independent of the

observed data.

Given the trait data, location d and maker genotype information, obviously,
E(AT Pé;z|data) = A P;e;F(z|data) = 0,

SO
n

E(U*(d)|data) = Y ~ E(A] P;&;z]|data) = 0.

i=1
If the null model (2.8) is true, é:e;" will be asymptomatically equivalent to ‘A/i, the

estimated variance-covariance matrix of subject . Then we have following arguments
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that

Var(AT P;é,z;|data) = AT P,é;6;" PTA; = ATP,V,PTA,.

. / .
Since z;s are independent, we have

Var(U*(d)|data) = Var (Z A?Piazi\data> = ZVar(A;prié}zi\data)

i=1 i=1

=Y AIP.V,PTA, = A"PVPA = Var(U(d)).

i=1

For any 2 loci d; and dy on the chromosome,
Cov(U(dy),U(ds)) = (A(dy))T PV PA(dy),

where A(d;) and A(ds) are the A matrix defined in Section (2.2) for loci d; and do.

By the definition of U*(d) in (2.15), it is easy to see that

Cov(U*(dy),U*(ds)) = Cov (Z(Ai(dl))TPiéizi, Z(Ai(dg))TPi&-zi>

i=1 i=1

= (A(d)))"PVPA(dz) = Cov(U(dy), U(dn)).

Then the perturbed score U*(d) meets the requirement of resampling method
that U*(d) is a sum of iid terms with mean zero and U*(d) has the same variance
and covariance structure as U(d). So the threshold value C, for sup,Ty(d) can be

obtained by using an empirical sample of the perturbed score statistic 7 (d):

Ti(d) = (U*(d))" (Var(U*(d)))~'U*(d). (2.16)

In particular, we generate a large number (for example, K = 10, 000) of (21, ..., 2,),
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and we calculate the standardized Ti(d) in (2.16) for each location d, and find
sup,T1(d) for each generated data set. Then C,, can be approximated by the 100(1 —
a)th percentile of the K values of sup,77(d). The null hypothesis of no QTL effect is

rejected if sup,To(d) > C,.

2.3 Simulation Studies

In this section, we conduct a series of simulation studies to evaluate the perfor-
mance of our approach in practical settings. We carry out the simulation studies
by using the Monte Carlo method and the SAS software is used to implement the

simulation.

2.3.1 Simulation Design

Longitudinal Trait Data Generation

In our simulation studies, we use a standard backcross design to generate the

longitudinal trait data. The model we use to generate data is similar to model (2.2):

Vij = f(tiy) + Xib + Gid + b + Ui(ti;) + €55. (2.17)

In this model, ¢ = 1,...,n, where n is the sample sizes of the subjects. We have
two settings for sample size n: n = 100 and n = 200. Let m; be the numbers of
repeated measurements within subject 7. For simplicity, we set m,; to be the same for

all the subjects by choosing m; = 5. So we have 5 measurements for each subject.
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Time

Figure 2.2: The shape of f(t) in the simulation study

We set common time points (1, ..., t;5) = (0.2,0.4,0.6,0.8,1.0) for all subjects. The

nonparametric function f(¢;;) in model (2.17) is chosen to be a logistic curve,

a

ftiy) = gt

where a = 0.3, = 0.05, ¢ = 0.4. The functional shape of f(¢;;) is shown in Figure 2.2.

We generate single covariate X; from Bernoulli (1,0.5) with true coefficient 5 = 1.

Variance Components

The random effect b; in model (2.17) is generated from the standard normal dis-
tribution, so 6 = 1. Independent from the random effect b;, the measurement error

€ij is also generated from the standard normal distribution, so o2 = 1.
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In model (2.17), U;(t;;) is an auto-regressive Gaussian process of order 1. Then in

our simulation study, we have

where we set 02 = 1 and p = 0.5.

For each subject, we generate U; = (Uj1, Uiz, U3, Uis, Uis)T, where Uy
by the following steps:
1) We first generate U;; ~ Normal(0, 02);

2) Then we generate Usy by Usp|U; ~ Normal(pUsy, (1 — p?)o?);

)

)

3) Generate Uz by Us3|Uss ~ Normal(pUss, (1 — p?)o?);

4) GenerateUyy by U|Uss ~ Normal(pUss, (1 — p?)o?);
)

5) Generate Uss by Uis|Usy ~ Normal(pUs4, (1 — p?)o?2).
In our model, we have
V= Var(Y;) = 07 * 1512 + 02 * X + diags(0?),
where 15 = (1,1,1,1,1)%. Then the marginal variance of Y when 6 = 0 is

V = Var(Y|d =0) = diag(Vy,..., V).
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Marker Data Generation

In our simulation studies, we assume one chromosome with total length of 100
cM. The marker data are generated from a Markov chain at even space, and the
distance between two flanking markers is either 10 ¢cM or 20 ¢cM. That is, we have

two scenarios: 11 marker situation and 6 marker situation.

The recombination rate € between two flanking markers is determined by its dis-

tance, given by

0 =0.5(1 — >V,
where dr;; = 10 ¢M for scenario 1 or 20 ¢M for scenario 2.

According to the Markov chain, the kth marker M, only depends on the informa-
tion of My_;. We generate the first marker M; from the distribution Bernoulli(1,0.5).

Then if M; = 1, we generate M, from

M ~ Bernoulli(1,1 — 6).

If M; =0, we generate M, from

My ~ Bernoulli(1, ),

By the same logic, we can generate M3 by My, My by Ms, ... , and so on.

Under the alternatives, we set the QTL at 35 cM. We then calculate the recom-
bination rates between M* and QTL, QTL and MY by using equation (1.1), the

Haldane’s mapping function, where M* and MY are 2 flanking markers of the QTL.
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At given location d, we calculate the conditional probabilities p; for a backcross

design according to the information in Table given 2.1.

The QTL genotype G is then generated by the information of two flanking markers
and their correspondent conditional probabilities. Specifically, if M, =1 and My =1

then G is generated according to

G ~ Bernoulli(1, py).

If M, =1 and My =0, G is generated from

G ~ Bernoulli(1, p2).

If M;, =0 and My =1, G is generated from

G ~ Bernoulli(1, p3).

Finally, if My = 0 and My = 0, G is generated from

G ~ Bernoulli(1, py).

2.3.2 Data Analysis and Evaluation

Simulation Design

We generate trait data and marker data under both Hy, and H,. Simulation
studies are conducted under four scenarios, subject sample size n = 100/200 and

marker distance = 10/20 ¢cM . The Monte-Carlo simulation replicate is 500. And the
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resampling number within each run is 10,000.

QTL Estimation and Empirical éa

For each generated data set, we first compute the test statistics To(d) under Hy
for each location d, where d = 0.5 ¢cM to d = 99.5 ¢cM by 1 ¢cM. Then we have a peak
value sup,Tp(d) over the chromosome. We run the Monte-Carlo simulations for 500

times, and we have 500 sup,75(d). Denote
Ty = {sup, Ty (d), ...,sup, T, (d)}.

The empirical genome-wide threshold C,, can be approximated by the 100(1 — «)th

percentile of the set T'y.

Implementation of the Resampling Method

We then implement the resampling method by perturbing the score U*(d) defined
in (2.15) for 10,000 times for each generated data set. Each time when we perturb
the score U*(d), we have a peak value sup,7’(d) over the chromosome. After 10,000

times of perturbation, we have 10,000 sup,7;(d) for each data set, denote
T = {sup, T} (d), ..., sup T " (d)},

and let ﬁ(a) be the 100(1 — a)th percentile of T'] for the given level a.

After 500 runs of the 10,000 resampling processes, we have 500 values of fl(a),
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and let

then the resampling genome-wide threshold C, can be approximated by taking the

mean values of the set T';.

Type I Error and Power

When Hj is true, we expect that éa and C, are very close. We compare T, and
T, element by element respectively, and count the number of times, say m, when the
element in Ty is larger than T'y. That is

500
m = Z](supdTé(d) > fll)

=1

The type I error rate for our method is

m
T IE Rate = —
ype 1 Error Rate = =,

which should be very close to . When H,, is true, the power of our proposed testing
procedure is (for the significance level «)
Power =

500°

We expect high power to detect QTL effects.
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Estimations for QTL Location and Model Regression Coefficients

For each generated data set, the corresponding d that maxmimizes Ty(d), say

~

dmaz, 18 an estimate of the location of the QTL.

~

Since the information of (; is not observable in practice, we can use d,,,, to
compute the estimated conditional probability p; for each subject according to the
flanking marker information and the position c?m,m. We then use p; as an estimate of
G, for each subject. Replacing G; in (2.17) by this estimated probability p;, we can use
the method of Zhang et al., (1998) to estimate the QTL effect §, the nonparametric
function f(¢;;), the environmental effect § and other variance components. For 500
simulation runs, we take the mean values of estimates of QTL position, the regression

coefficients & and 3 .

2.3.3 Simulation Results

Estimations for QTL Position and Model Regression Coefficients

The mean estimations of the QTL position, the regression coefficients for the
QTL effect and the covariate effect are shown in Table 2.2 for each scenario (sample
size n = 100/200, marker distance= 10/20 cM). In Table 2.2, sd in the parenthesis

represents the standard deviation of the mean estimate for 500 simulation runs.

The results in Table 2.2 show that under Hy : § = 0, the mean estimation of the
QTL position is around 50 ¢cM and its standard deviation is relatively large, which

indicates that the estimates of the QTL position scatter in the chromosome randomly
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Table 2.2: Estimated QTL position, QTL effect and covariate effect for each scenario

No. of Under Hy: 0 =0
Markers n  Position (sd)  (sd) B =1.0 (sd)
6 100 51.62 (33.68) 0.005 (0.45) 1.003 (0.25)
200 51.14 (34.76) -0.005 (0.32) 0.993 (0.19)
11 100 48.26 (32.11) 0.038 (0.45) 0.993 (0.26)
200 50.96 (34.26) -0.017 (0.32) 1.005 (0.19)
Under H, : 0 = 1,QTL = 35 cM

6 100 ~35.80 (13.35) 1.038 (0.27) 0.999 (0.26)
200 35.55 (6.54) 1.020 (0.12) 1.001 (0.19)
11 100 37.04 (13.19) 1.070 (0.29) 0.992 (0.26)
200 36.25 (8.85) 1.020 (0.20) 1.003 (0.18)

and their mean tends to converge to the middle location of the chromosome when
there is no QTL effect. As we expect, under Hy, the coefficient estimates of § and B

are very close to the true value 6 =0 and 5 = 1.

Under the alternative H, : 6 = 1, the true value of the QTL position is 35 cM. The
estimates given in Table 2.2 are very close to the true position, The corresponding
standard deviations are much smaller than those under Hy. As the sample size n
increases, the standard deviations decrease. It is also noticed that the coefficient
estimates 0 and B are very close to the true values where 6 = 1 and g = 1, with the

corresponding standard deviations decreasing as sample size increases.

Thresholds, Type I Error Rate and Power

The empirical threshold and resampling threshold at significance level a@ = 0.05,
type I error rate and powers of the proposed testing procedure for each scenario are
given in Table 2.3. In Table 2.3, sd represents the standard deviation of the mean

estimate for 500 simulation runs.
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Table 2.3: Thresholds, Type I error rates and powers of the proposed test for each
scenario

No. of Under Hy: 6§ =0
Marker n  Empirical (sd) Resampling (sd) Type I error/power

6 100  5.35 (L.74) 5.95 (0.67) 0.040
200 6.37 (1.97) 6.17 (0.46) 0.046
11 100 6.69 (1.88) 6.36 (0.67) 0.058
200 6.53 (1.91) 6.60 (0.49) 0.040

Under H,: 0 =1
6 100 22.45 (5.50) 6.37 (0.58) 0.868
200  38.11 (8.32) 6.57 (0.33) 0.998
11 100  23.64 (5.67) 6.84 (0.59) 0.930
200 39.50 (8.45) 6.70 (0.36) 0.998

Under H, : 6 = 0.5
6 100  11.99 (3.38) 6.07 (0.63) 0.302
200 18.49 (5.11) 6.30 (0.42) 0.576
11 100 11.46 (3.58) 6.49 (0.68) 0.316
200  16.03 (4.64) 6.73 (0.43) 0.556

The results in Table 2.3 indicate that under H,, the empirical threshold and
resampling threshold are close to each other at level a = 0.05. The type I error
rates are all around the nominal level 0.05. Under H,, our testing procedure shows
a good power. As the sample size increases, the power also increases. The power
also improves as the number of markers increases, although the increase is no that

dramatic captured to the effect of the sample size.

The results of our simulation studies suggest that our proposed method performs
well in detecting the QTL position across the chromosome and testing the QTL effect.
When the QTL position is detected, we can also estimate the QTL effect and other
covariate effect by fitting model (2.17) with the unobserved QTL genotype replaced
by its estimate. Of course, the model based standard errors of these estimates may

be too small. Further work is required to address this issue. The score test statistic

37



in our model and the resampling approach to determine the genome-wide threshold

are easy to implement.

2.4 An Application to Tree Growth Data

2.4.1 Forest Tree Growth Data

An example of a forest tree growth data is used to illustrate our proposed semi-
parametric mixed model approach for QTL mapping. The data used in our applica-
tion is the same as the data in Wu, et al., (1992, 2002, 2004), and the details of the
data are described in Wu, et al., (1992). The stem heights and diameters of trees are
measured and collected over 11 growing years. Here we only use the diameters as the

trait data in our analysis.

The total length of the chromosome of interest is 112.1 ¢M, and there are 8 markers
in the chromosome with uneven spaces. These 8 markers are spaced at 0, 33.1 cM,
46.7 cM, 59.9 cM, 66.7 cM, 81.6 cM, 101.2 cM and 112.1 cM respectively. Let Y;;
be the tree stem diameters for the ith tree measured at the jth time point, where
1=1,...,78 and 7 = 1,...,11. So we have 78 trees and 11 repeated measurements

within each tree over time.

2.4.2 Preliminary Variance Analysis

Before we apply our proposed semiparametric mixed model to this tree growth

data, we first examine the variance structure of tree diameters at each year. Figure 2.3
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Figure 2.3: Residuals for tree diameters

displays the residuals (centered tree stem diameters at each year) of tree diameters.
From this plot, we find that the variance is not constant over time. In fact, it increases
with the growth time. We would use this information to identify possible random

components in model (2.2).

As we discussed before, when applying to practical situations, we may not need
all those random components b;, U;(t) and €;; in model (2.2). After trying several
different combinations of these random components, we choose the following model

with the largest likelihood (smallest BIC) under Hy : 6 = 0 for this tree growth data:

Yi; = f(ti;) + Giti0 + biti; + AR(1), (2.18)

where Y;; is the tree diameters measured over 11 years, ¢ =1,...,78 and j =1, ..., 11,
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and f(t;;) is an unspecified function of time ¢;;, which represents the underlying

ij
population growth curve. Since there is no other covariates collected in this data set,
we do not include a covariate effect in model (2.18). As defined before, G; is the
genotype of the potential QTL, where G; = 1/0 in the backcross experimental design.
Here we only consider the interaction effect between the QTL genotype and time ¢;;.
The implication is that the deviation of the tree growth of individual tree from the
population average is linear over time with equal intercept 0. This is a reasonable
assumption since the tree diameter are not expected to be different at time 0. We
choose b; as the random effect associated with time ¢;;, where b; ~ Normal(0, 07).
We use AR(1) process to model the additional within subject correlation. Let p and
o2 be the two parameters to characterize the AR(1) process. We do not include a
measurement error term in this model because we find that it will cause a convergence

problem of the estimates for the semiparametric mixed model due to the limited

sample size of this tree growth data.

Under Hy : 6 =0, model (2.18) can be written as:

Yij = f(tiy) + biti; + AR(D). (2.19)

Then we can apply the estimation procedure proposed by Zhang, et. al, (1998) to fit
model (2.19). We call model (2.19) the quadratic variance model since the estimated

yearly variance is a quadratic function of time,

Var(Y (t)) = 67> + 2.
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Table 2.4: Summary of estimates for variance components under Hy : 6 = 0

model op p o2
Quadratic  0.1407 0.8193 1.7030

Linear 1.2326  0.8698 2.5231

From Figure 2.3, the plot of the residuals suggests that the yearly variance of
diameters does not follow a quadratic form perfectly. Based on our proposed model

(2.18), we consider another semiparametric mixed model for the tree growth data:
Y = f(tiy) + Gitiio + bitl]> + AR(1). (2.20)
Under Hy : 6 = 0, model (2.20) can be written as:
Y = f(ty) + bt} + AR(1). (2.21)

Model (2.20) is called the linear variance model, since the estimated yearly variance

under Hj is a linear function of time,

Var(Y (t)) = 67t + 52

The estimates of variance components for models (2.19) and (2.21) are given in
Table 2.4. We plot the empirical variance (direct estimation from data) and the
estimated variances from both models under Hy : § = 0 in Figure 2.4, where the
black dot represents the empirical variance, the red line is for the linear variance
model and blue curve is for the quadratic model. From Figure 2.4, both models fit
roughly well for the variances. Therefore, we will conduct further analysis about QTL

mapping on both models.
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Figure 2.4: Yearly variance estimates for tree diameters

2.4.3 Quadratic Variance Model

Let G; be the potential genotype of the QTL. Since there is no other covariate
in the collected data set, we consider the semiparametric mixed model (2.18) which

estimates tree variance as the quadratic function of time :

where b; and AR(1) are defined as above, b; ~ Normal(0,02), p and o2 are the
parameters in the AR(1) process. We consider the interaction effect between the

potential QTL G; and time ¢;; to account for the tree diameter growth over time.

Figure 2.5 displays the estimate of the underlying population growth curve f(¢)
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Figure 2.5: The estimated of f(t) for quadratic variance model under Hy

under Hy. The shape of f(¢) in Figure 2.5 is similar to the average of the individual

tree growth curves presented in Figure 2.1.

Under Hy : 6 = 0, we calculate the score test statistics Ty for each location from
d=0.5cM tod=111.5 cM by 1 cM, so there are total 112 locations in which we
perform scanning over the chromosome . The score profile is presented in Figure 2.6.
The sup,Ty(d) = 6.2717 and the location corresponding with the peak value of Tj(d) is
8.5 ¢M, which is located between M; and M;. The estimated QTL effect is 5 = 0.2734.
We use the resampling method to determine C,, over the whole chromosome. The

p-value for our test statistics is 0.055, which is marginally significant.
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Figure 2.6: The score profile for each scanning location across the chromosome for
the quadratic variance model under H

2.4.4 Linear Variance Model

Similar to the model specification of quadratic variance model, we consider the

semiparametric mixed model (2.21):
Yij = f(ti;) + Giti;0 + bt} + AR(1),

where b; ~ Normal(0,07) and AR(1) ~ (p,02). In this model, we still consider the
interaction effect between the QTL genotype G; and time ¢;; to account for the tree

diameter growth over time.

Figure 2.7 displays the estimate of underlying population growth curve f(¢) under

Hy. The shape of f(t) in Figure 2.7 is similar to the estimate in Figure 2.5.
Under Hy : 6 = 0, we calculate the score test statistics Ty for each location from
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Figure 2.7: The estimated of f(¢) for linear variance model under H

d = 05cM tod = 111.5 cM by 1 cM, so there are total 112 locations in which
we perform scanning over the chromosome (Figure 2.8). The sup,Ty(d) = 17.1255
and the location corresponding with the peak value of Ty(d) is 9.5 ¢M, which is also
located between M; and Ms. The QTL effect is estimated as 5 = 0.3481. We use the
resampling method to determine C', over the whole chromosome, and the p-value for

our test statistics is 0.0025, which is significant.

All the detailed results for these two models are given in Table 2.5. In Table
2.5, sup,To(d) refers to the maximum score value of all the scanning locations over
the entire chromosome, c/l\max is the corresponding plausible QTL location estimate
with the maximum score value, Cy 19, Co5 and Cyo; are the genome-wide threshold

values by the resampling method at levels 0.10, 0.05 and 0.01 respectively. When
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Figure 2.8: The the score profile for each scanning location across the chromosome
for the linear variance model under Hy

Table 2.5: Summary of results for the tree diameter growth data

Amax Model supyTo(d) Co.10 Co.05 Co.o1 p-value 0
8.5 cM Quadratic 6.7217 5.0516  6.9227 10.1335 0.055 0.2734
9.5 cM Linear 17.1255  11.4636 14.3658 21.0111 0.025  0.3481

comparing sup,;7p(d) to the genome-wide threshold values, we have the p-value for

~

our test statistic. The parameter estimate § is the estimated QTL effect in our

proposed semiparametric mixed models.

2.5 Discussion

In this Chapter, we propose a semiparametric mixed model for QTL mapping

with longitudinal traits. This model provides a method to detect a QTL, which
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is associated with the variation of quantitative characters or traits of interest in a
population. We use a score test statistic to detect the QTL across a chromosome and
the threshold value for a given significance level is obtained by a resampling method

(Diao, et al., 2004; Zou, et al., 2004).

We evaluate our proposed semiparametric method through simulation studies.
The simulation results indicate that our proposed testing procedure will maintain the
type I error rate at the specified nominal level, and is powerful to detect the QTL.
Compared to the likelihood ratio type of testing procedures, our method does not
require to fit the complicated models under alternatives, making it attractive. The

resampling method for finding the genome-wide threshold value is easy to implement.

We also apply our model to a tree growth data. After carefully examining the
variance structure of this tree data, we try two models to account for the random
time effect. Both models detect the QTL, and the QTL effect is either marginally

significant or very significant.

This semiparametric mixed model for QTL mapping with longitudinal traits has
some advantages over the parametric approaches. One advantage is that it can relax
the restrictive assumption about the underlying population growth curve. Usually,
parametric approaches assume that the underlying growth trajectory follows a para-
metric form, for example, the logistic curve. However, this assumption may not be
appropriate. Hence the parametric approach will lead to incorrect conclusion on the
QTL. For example, Niklas (1994) found that the underlying growth curve can be an

exponential shape.
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In practical, there is no prior information about the underlying growth curve.
In our semiparametric mixed model, we make no assumption about the underlying
growth process. So our semiparametric mixed model for QTL mapping is more ro-
bust and more flexible than the parametric approach, and our model can avoid the

potential misspecification of parametric approach.

However, our model also has some limitations too. One limitation is that our
model will lose some power if in fact the underlying population growth curve satisfies
certain parametric form. We use interval mapping method in our model inference.
In interval mapping, it may produce biased estimation if multiple QTLs are linked to
the marker or the interval between the markers. So in the future study, we can extend

our method to composite interval mapping (Zeng, 1994) for longitudinal traits.

We use a backcross experimental design in our proposed semiparametric mixed
model for QTL mapping with longitudinal traits. Our approach can be easily ex-

tended to a more complicated experiment design, such as Fy design.
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Chapter 3

Nonlinear Mixed Model Analysis
for Tree Growth Data

3.1 Introduction

3.1.1 Motivation

As we discussed in Chapter 2, although our proposed semiparametric mixed model
approach is more robust and more flexible for underlying population growth curve
than the parametric approach, it is less powerful when the underlying population
curve satisfies certain parametric form. We also make the assumption in the semi-
parametric approach that both the fixed potential QTL effect and the random effects

enter the model linearly.

Figure 3.1 displays the growth curves for four randomly selected trees. By examin-

ing the individual tree growth curves in Figure 3.1, we find that each tree has its own
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Figure 3.1: The growth curve of individual trees

S shape growth pattern . If we can identify for each tree a biologically meaningful
parametric growth curve governed by some tree-specific quantities, these quantities
can be viewed as tree-specific trait values. Then the QTL mapping problem with
respect to the longitudinal growth traits can be translated to the QTL mapping prob-
lems with respect to these quantities. Intuitively, this approach should overcome the
loss-of-power problem for the semiparametric approach. However, those tree-specific
quantities are unobservable random quantities. Therefore, it is practically impossi-
ble to conduct QTL mapping with respect to these quantities. In the following, we

develop non-linear mixed model approach for QTL mapping with longitudinal traits.
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3.1.2 Overview of Nonlinear Mixed Model

A nonlinear mixed model is a model with random coefficients where both fixed and
random effects enter the model nonlinearly (Davidian and Giltinan, 1995). Nonlinear
mixed models have wide applications on both pharmacokinetic data and overdispersed
discrete data. There are various forms of nonlinear mixed models. Most of them
involve a conditional probability distribution function with respect to the independent

variables given the random effects.

One of the popular approaches is to fit nonlinear mixed models by maximizing the
likelihood integrated from the random effects (Pinheiro and Bates, 1995). Gaussian
quadrature (Pinheiro and Bates, 1995; Davidian and Giltinan, 1993) and Taylor series
expansion approximation (Beal and Sheiner, 1982, 1985, 1988) are the two major

techniques to get the integral approximation.

3.1.3 Logistic Growth Curve

A logistic curve is often used to model biological growth patterns. It is an S-
shaped curve that can be used to model functions that increase gradually at first,
more rapidly in the middle growth period, and slowly at the end (Von Brtalanfy,

1957). The logistic curve can be expressed as

a

= — 1
1 4 be—<t’ (3-1)

Y

where y is the true growth measurement at time ¢, a, b, and ¢ are parameters that

determine the function. The parameters a, b, and ¢ also have a very nice biological
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Figure 3.2: The fitted growth curve of 4 individual trees

_a_

interpretation that %5

is the initial value for the subject at time 0, a is the maximum

value the subject finally can grow, and ¢ characterizes the growth rate.

Motivated by the individual tree growth curve and nonlinear mixed model theory,

we consider a logistic model for each tree as

a

i = m + eij, (32)

where 7 = 1,..., 78, m; = 11. We have 78 trees and each tree has 11 observations over
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Table 3.1: Summary of the estimated trait values for 4 selected trees
Tree id a’ b ¢
6 31.57309 13.15780 0.55815
30 26.24141 15.78745 0.67578

95 21.71734 25.60518 0.71173
99 36.86699 20.29599 0.55353

time ¢;;. Tree-specific quantities a;, b} and ¢, are the parameters which characterize
the growth curve for the ith individual tree, and e;; is the measurement error, assumed

to be independent and has distribution e;; ~ Normal(0, o).

Under the logistic model (3.2), We use least squared method to obtain these
estimates for each tree by minimizing the following equation,
m; a{ 2
; (Y“ 1t b;;—ci“j) |
Figure 3.2 and Table 3.1 give a brief summary of the parameter estimates for 4
randomly selected trees. Figure 3.2 indicates that the logistic growth curve fits the
individual tree growth curve very well, and it may also be reasonable to assume equal
variance for e;; in model (3.2). The parameter estimates of @, b, and & have their

biological interpretations. For each tree, 1?&3' is the estimate of initial diameter at

7

time 0, a@; is the estimate of maximum diameter the ith tree can finally grow, and ¢,

characterizes the tree’s growth rate.

From the perspective of QTL mapping, the parameters a;, b; and ¢; contain growth

1) 71

information of each tree, so we can take them as trait data. Then a, b, and ¢, are the

three traits which may have QTL to effect tree growth process. If a., b; and ¢, were

observable for each tree, we could do QTL mapping for each of them using traditional
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Figure 3.3: Histograms of @, I/ and ¢ for tree data

QTL mapping method. However, in practice, the trait values for a}, b; and ¢, are not

Now we can use @, b}, and & as the estimated values of traits a}, b, and ¢, for QTL
mapping. Figure 3.3 provides the histograms for the estimated trait values a, IA);, and
¢ for the tree growth data. These histograms indicate that @), b}, and & may not be
normally distributed, and a transformation may be necessary to make a commonly

used normal distribution assumption more plausible. The questions we are interested
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in are whether there exist QTLs in these three traits for tree growth and how to

detect them.

3.1.4 Preliminary Analysis

We first do a preliminary analysis to test our hypothesis by using the software
QTL Cartographer (Basten, Weir and Zeng, 1995-2000). QTL Cartographer is a
suite of programs for mapping quantitative trait loci (QTL) onto a genetic linkage
map (Manual of QTL Cartographer). These programs incorporate many widely used
methods (linear regression, interval mapping, composite interval mapping and multi-

ple interval mapping) to detect the QTL.

For our tree growth data, it is a backcross design with total length of the chro-
mosome 112.1 ¢cM and 8 markers with uneven spaces. According to the property of
our data, we will use interval mapping method for backcross design, and the default
option for QTL Cartographer is to use a likelihood ratio test statistic (LR) with

significance threshold LOD = 2.5 at level a = 0.05.

We take log-transformations of estimated values @, b, and . We use loga,, logh/
and log¢, as the trait data to run QTL Cartographer. Figure 3.4 shows the results
from QTL Cartographer, where red line represents trait loga;, green line refers to
trait logIA);. and blue line for trait log¢,. QTL Cartographer does not detect QTL in
both trait loga; and trait logB;, but it detects the existence of a QTL in trait logé,

where the peak value of LOD score occurs around 22 c¢M.

As we mentioned above, a) and b, are the parameters to describe the tree diameter
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Figure 3.4: The LOD score for each scanning location across the chromosome of trait
logd’, logh’ and log¢’

of initial and final stage, and ¢; characterizes the tree growth rate. From our daily
common sense, the beginning status for each tree should not have too much tree to
tree difference, and given enough time, the final diameter for each tree should also
have no big difference, if tree is not dead during its growth. However, the growth rate
for each tree can vary, which may be due to the QTL effect. So based on the finding
from Figure 3.4, we assume that trait a; and b, do not have a QTL but trait ¢, might

have a QTL to effect the tree growth curve.

This preliminary result is only a very rough analysis. a; 13;, and ¢ may be biased
estimates of a;, b and ¢, with larger estimation error since they are estimated only
based on 11 data points, which may lead wrong analysis results by QTL Cartographer.

So we propose a nonlinear mixed model approach for longitudinal traits data to
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identify the QTL in the chromosome.

3.2 Model Specification

According to our preliminary analysis results, we propose a nonlinear mixed model

for this tree growth data:
Y;J' = E(Y;Jl(l;,b;,(f;) +€ij7 (33)

where ¢ = 1,....n, 7 = 1,...,m;, which means the ith subject has m; observations.
In model (3.3), Y;; is the longitudinal trait value (diameter of tree in this data set)
measured at time ?;;, €; is the independent measurement error assumed to have
distribution €;; ~ Normal (0,02), and

a

rol N i
E(Yla;, by, c;) = T4 fe i’ (3.4)

where
/ a
a; = loga; = piq + €,

b; = logh, = py + €%,

¢; = logc; = pe + Gid + €,

€l 0 oz 0 0
¢ | ~ Normal 0, 0 of O
€5 0 0 0 o2
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According to the preliminary analysis results by QTL Cartographer, here we only
consider a possible QTL effect for ¢;. We also assume that €7, €2 and € are mutually
independent. Actually, our model can deal with more complicated variance-covariance

structure for €%, €

¢, €; and €7, which requires a relative large sample size in the data. Due

to the limited sample size of this tree growth data set, we only consider the mutually

independent situation.

The variable GG; in the equation for trait ¢; is the potential QTL genotype. For the
tree growth data, the experiment is a backcross design. So G is a one-dimensional

random variable taking value 1 or 0. More details of G; was described in Chapter 2.

We assume that (€2, €%, €) and G; are independent.

Our model can be written as

al e%

VARV AN i _

So the parameters in the model are

2 2 2 2
0= (,uaaMbaﬂmaaaabaamae?é)?

with ¢ being the parameter of our major interest and the rest as the nuisance param-

eters

¢ = (Ma7,ub,,u(;70'270'270'g;0'3)'

Denote Y; = (Y1, ..., Yim,)T. Suppose there is a QTL at location d with 2 flanking

markers M* and MVY. Let M; denote all the marker information for subject . Then
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we have

FYiM;,d;0) = Y f(Yi|Gi, M) f(Gi| M, d)
G;=0,1

— Z Y |Gy) f(Gi| M, d)

G;=0,1

= Y F(YIG)F(Gil M, MY d)

G;=0,1

=pif(Yi|lGi = 1)+ (1 —p) f(Y4|Gi = 0),

where p; is Pr(G = 1|M*%, MY) given in table (2.1), which is dependent on the

location d and the marker category.

From our model specification,

a;

€ 2

Yijlai, bi, ¢ ~ Normal(—1 Tt o),

and
la o, 00
f(ai, b;, c;|G; = 1) ~ Normal Ly 10 a2 0
fle + 0 0 0 o2
ta o2 0 0
f(a;, b, ¢;|G; = 0) ~ Normal w || 0 o2 0
e 0 0 0’3

Then f(Y;|G; = 1) can be derived as

[(Yi|Gi=1) = /// [(Yilai, b, ¢, Gy = 1) f(as, by, ¢;|Gi = 1)da;dbdc;
= /// f(YZ|CLl, bZ,CZ)f(CLZ,bZ, Cz’Gz = 1)daldbzdcz
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By the same argument, we have

f(Yi’Gi = 0) = // f(Yz'|ai7 bi,c;,Gi = O)f(a’ia b;, Ci|Gi = O)daidbidci

= // f(YZ‘|CLZ‘,bZ‘,CZ‘)f(CLZ‘,bZ‘, cz|Gz = O)dazdbldcl

Given location d and the marker information, the probability density function of Y,

can be derived as

f(Y;|M;, d;0) ///f (Yilai, bi, ¢;) f(a;, b, ¢;|Gi = 1)da;db;dc;

+ (1 —p) // f(Yilai, bi, ¢;) f(ai, bi, ¢i| Gy = 0)da;db;de;,

where
F(Yilai, biyei) = [ [ £ (Yislai, i, ca).
=1

Then we have
f(Y | M, d;0) /// <Hf Ym|az,bz,cl) flai, by, ¢i|Gy = 1)da;dbidc;

The log-likelihood (9, ¢»; Y, d) can then be written as

1(6,9:Y . d) = logf(Y|M;, d; 6) = log (ﬁ (Y| M, d; 9))
i=1

= logf(Yi|M;,d; ).

=1

Our main research interest is to test whether or not there exists a QTL for the
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growth rate parameter c. This can be realized by testing Hy : § = 0. The alternative

hypothesis is that the QTL effect is not zero; that is, H, : § # 0.

3.3 Score Testing Procedure

3.3.1 Score Derivation

There are eight parameters in our proposed model,

0= ua,ub,uc,02,02,02,02,5 = ¢76
ar”brYcrYe

Given location d on the chromosome, we take the partial derivative of the log-

likelihood with respect to 0 and evaluate it under Hy : 6 = 0 to get the score of

0:

ol(d, ;Y ,d

= zn: 59 (a).
=1

& Dlogf (Y, 35, )
5=0,—=p ; 99 6=0.p=¢

Also, we can have the score of ¢:

a6, ¢, Y . d) — Ologf (Y, d; 6, ¢)
Sy(d) = ———— =
d)() ¢ 5=0,=0 ; 0 5=0.p=¢p
-y S (a)
25
where we denote
o0 ) = Noef(Yi,d;5,¢) ’
1) ( ) a0 5:07¢:$
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and
_ Ologf(Y,d;0, )
o¢ -0~

()
54()

and q?) is the MLE of the nuisance parameter vector ¢ under Hy : = 0.

3.3.2 Testing the Null Hypothesis H

Given location d, we can test Hy based on the score Ss(d) by the standardized
test statistics To(d) defined by

Tofa) = -0

= Sar(Sy(d))’ (3.6)

Conventional asymptotic theory indicates that Ty(d) has an asymptotic chi-square

distribution with 1 degree of freedom for the fixed position d.

In this testing procedure, the test statistics Tp(d) based on score test statistics is
like the LR based on likelihood ratio test in traditional QTL mapping methods. The
null hypothesis Hj is rejected if the maximum of Ty(d) over all the locations is larger
than the threshold value of certain level, say «a. If Hj is rejected, the location with

the maximum value of Ty(d) gives an estimate of the QTL location.

Fisher Information Matrix

Before we begin to discuss how to derive var(Ss(d)) and the threshold value C,,
we will first derive the observed Fisher information matrix of the parameters used in

our test statistic.
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Given location d and marker information, let H be the matrix containing infor-

mation of second-order derivatives of the log-likelihood function with respect to ¢ and

¢ under Hy,
H,, H
- [ 11 12 ] 7
Hy Hx | |5 _op-¢
where
9%l ol ol
HnZw, 12:m; H21:H1T27 H22:W~
Then the observed Fisher information matrix J will be
Jo - Ju Ji2
Jor Ja
where
0*(6,¢;Y ,d 0?1 Y, d;o,
T - _% _ Z o8 f( = ¢) @3
5:0,¢:¢ =1 0 5:0’¢:¢
ols, ;Y . d “~ Ologf(Y;, d; 6,
J12 o ( ¢ . ) == Z ng( - d)) ., (38)
0060¢ 5=0,p—p — 000¢ 5=0,p=p
J21 = ) (39)
0990 sz0p= 2 I
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ol(0, ;Y ,d)
dpOp”

_ Z@logf (Y, d;0,0)
od-d S 0¢0¢" 5=0.p=¢p

Joo = —

Perturbed Score

As we discussed in detail in Chapter 2, the regular threshold value based on chi-
square approximation is not appropriate for this hypothesis testing, since we perform
multiple tests to search the QTL over the whole chromosome. For this nonlinear
mixed model study, we will still use resampling approach to get the genome-wide
threshold C,, by perturbing the score Ss(d) as following:

Sid) =" {5 — JpJdylst } Zqz (3.11)
i=1
where

and z; is an independent standard normal random variable and is independent of the

observed data.

Under Hy : 6 = 0, it is easy to prove that:
E(Ss(d)) =0 and E(S;(d)) =0,

and asymptotically,

Var(Ss(d)) = Var(S;(d qu, (3.12)

64



For any 2 loci d; and dy on the chromosome, we can also prove asymptotically,

Cov(Ss(dy), Ss(d2)) = Cov(Ss(dy), Ss(da)).

Then the perturbed score Si(d) meets the requirement of resampling method that
Sy(d) is a sum of iid terms with mean zero, and Si(d) has the same variance and
covariance structure as Ss(d). So the threshold value C,, for sup,;7y(d) can be obtained

by using an empirical sample of the perturbed score statistic T} (d):

 var(S;(d)) Dol @

Our test statistics Tp(d):

Csp  (Ensa@)
)= &)~ e

(3.14)

Resampling Method to Determine C,

The resampling method calculates the empirical genome-wide significance thresh-
old C, by randomly generating a large number of the perturbed score test statistics.
We generate a large numbers (for example, K = 10,000) of (2, ..., 2,), and we cal-
culate sup,T}(d) for each generated data set. Then C, can be approximated by the

100(1 — «)th percentile of the K values of sup,T3(d).
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3.3.3 Summary of Testing Procedure

In this study, we are interested in testing whether the parameter of QTL effect §

is significant. The null hypothesis is no QTL effect, Hy : § = 0.

We first derived Ss(d), the score of §, from the log-likelihood function, and intro-
duced the perturbed score S;(d), where S;(d) is asymptotically distributed the same
as Ss(d). Then we derived the score test statistics Ty(d) for Ss(d), and the perturbed
score test statistics for Ss(d). Finally, we implemented the resampling method to
compute the threshold C, by randomly generating a large number of perturbed score

test statistics.

3.4 Computational Method and Result

3.4.1 Tree Data Profile

The tree data we use in this Chapter is the same as the data used in Chapter 2.
The stem diameters of trees are measured and collected over 11 growing years. The
total length of the chromosome is 112.1 ¢cM. There are 8 markers in the chromosome
with uneven spaces. These 8 markers are spaced at 0, 33.1 cM, 46.7 cM, 59.9 cM,
66.7 cM, 81.6 cM, 101.2 ¢cM and 112.1 cM respectively. Denote Y;; as the tree stem
diameters, where ¢ = 1,...,78, and 7 = 1,...,11. We have 78 trees and 11 repeated

measurements within each tree over time.
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Table 3.2: Summary of the parameter estimates in the nonlinear mixed model (3.5)
under Hy

Parameter Estimate Standard Error
ha 3.2204 0.02019

1y 2.8445  0.03490
e 0.4304  0.01322
o2 0.03115  0.005084
o2 0.05385  0.01246
o2 0.006673  0.001845
o2 0.6618  0.03690

3.4.2 Parameter Estimation Under H,

Under Hy : 6, = 0, the MLEs of other parameters ¢ = (fta, ft, fle, 02, 02,02 o2

) in
our proposed model can be obtained by SAS Proc nlmixed procedure, and the Hessian

matrix output from this procedure is the estimate of Jag, (See details in A.5).

In our preliminary analysis, we fit a logistic curve for each tree by least squared
method to obtain the parameter estimates of tree-specific quantities a}, b; and ¢,. We
use the means and variance of these log-transformed tree-specific quantities as the
initial values for SAS Proc nlmixed procedure. Then the MLE estimates and their

standard errors of the parameters in the nonlinear mixed model (3.5) under H are

summarized in table 3.2.

3.4.3 Computation Method

The score derivations above involve many 3-dimensional integrals that cannot be
calculated in close forms. So we use Gaussian quadrature computation method to get

the numerical estimation of those integrals.
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In the numerical analysis, a quadrature rule is an approximation of a definite
integral of a function by a weighted sum of function values at specified points within
the domain of integration. An n-point Gaussian quadrature rule, named after Carl
Friedrich Gauss, is a quadrature rule constructed to yield a numerical result for certain

functions by a suitable choice of the n points x; and n weights w;.

An example is used here to illustrate how Gaussian quadrature computation

method works. All other integrals in the score statistic are given in Appendix A.2.

Under Hy, the probability density function of Y'; can be written as

f(Yi|M,;, d;0) = /// F(Yi|ai, b, i) fas, by, ¢;)dasdbyde;, (3.15)

where the unknown nuisance parameters are replaced by the MLEs under Hy. Under

Hy, we know that

a; Lo o2 0 0
b; | ~ Normal w | 2= 0 o 0
¢ m 0 0 o2

Define

9(z1, 20, 23) = f(Yi|la; = po + 0021, b; = pp + 0p22, ¢ = e + 0023).

Then the integral (3.15) can be written as E[g(z1, 29, 23)], where (21, 29, 23) are inde-

pendent standard normal random variables.

Let wj is the weight and z; is the quadrature point value. We choose a reasonably

large number of quadrature points n = 20. The realized values of x; and w; are given
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Figure 3.5: The score profile for Ty(d) for each scanning location across the chromo-
some for nonlinear mixed model under H,

Table 3.3: Summary of results for nonlinear mixed model

oz SupdTo(d) Co.10 Co.05 Coo1 p-value
205 cM  26.2981 5.6670 7.1564 10.5340 < 0.0001

in Appendix A.4. Here (z;, w;) will approximate E[g(z1, 22, 23)] by

Elg(21, 22, 23)] = Zzzwiijkf(YiWa + 0ai, o + ObT 5, flc + 0cTy),  (3.16)
i j kK

J
where  ~ Normal(0,1). So we can write (3.15) in the form of expectation with re-
spect to standard normal random variables. We implement this Gaussian quadrature

method to all the integrals listed in Appendix A.2.
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Figure 3.6: The score profile over locations across the chromosome for nonlinear mixed
model approach
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3.4.4 Results

Under Hy : 6 = 0, we calculate the score test statistics Ty for each location from
d =05cM tod = 111.5 cM by 1 cM. So there are total 112 locations where we
perform scanning over the chromosome (Figure 3.5). The sup,To(d) = 26.2981 and
the location corresponding to the peak value of Ty(d) is 20.5 ¢M, which is located
between M; and M. We use the resampling method desirable before to determine
the threshold value C', over the whole chromosome. The p-value for our test statistics

is p < 0.0001, which is very significant. All the detailed results are given in Table 3.3.

Comparing the plot of score values for each location over the chromosome with the
plot from the software QTL Cartographer in our preliminary analysis (Figure 3.6),
we find that the shapes for both plot are similar, and the estimates on QTL positions
are also similar. The estimated position for our method is at c?maz = 20.5 cM, while
the preliminary estimate is at jmax = 22 cM. The result from our nonlinear mixed

model approach is consistent with the preliminary analysis.

3.5 Discussion

In this Chapter, we propose a nonlinear mixed model approach for QTL mapping
with longitudinal traits. This method is a subject-specific approach to test and local-
ize QTL position. We use score test statistic to detect the QTL across the chromosome

and use resampling method to obtain the whole genome significance threshold value.

We apply our model to a tree growth data. The result shows that we detect the
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existence of QTL in trait ¢;, which represents the growth rate for tree diameters.
From this result, it suggests that there is QTL in trait ¢; which is associated with
tree growth process, and it also suggests that the trees with this QTL tend to growth
faster than the trees without this QTL. This result meets our hypothesis that trait

¢; has a QTL that effects the tree growth process.

For this nonlinear mixed model approach, we use some biologically meaningful
tree-specific quantities for the underlying growth process as the trait values to detect
QTL. This approach is powerful if the specified parametric form for underlying growth
curve is correct. So this approach can overcome the loss-of-power problem for the

semiparametric approach.

In the model specification of this nonlinear mixed model approach, we assume
that only trait ¢; has a QTL, and trait a; and trait b; do not have QTLs. However,
the underlying genetic mechanism is all unknown. Our method can be extended to
simultaneously investigate if there are QTLs for three traits a;, b; and ¢;. This will

be an interesting future work.

We assume that there is only one QTL over the chromosome by using interval
mapping method in our nonlinear mixed model approach. From Figure 3.4, we see
that there are three local peaks on the score profile over the entire chromosome. One
possible explanation is that there are multiple QTLs linked to the marker or the
interval between the markers. So in the future study, we can extend our method to
composite interval mapping to test the assumption whether there is single QTL or

multiple QTLs that effect tree growth process for this tree growth data.
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Appendix A

Computation Details for Selected

Equations

A.1 Projection Matrix P in Chapter 2

The projection matrix P discussed in equation (2.11) is defined as:
~—1 -1 L urol
P=V -V XC X'V |

where

xz[X N],

and

c_ XWX  X'WN
N'WX N'WN +)\K

Given data, V is the estimate of variance-covariance matrix for the independent

variable Y, IV is the incidence matrix, X is the covariate matrix, A is the smoothing
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parameter, K is the non-negative definite smoothing matrix, and W is the inverse

matrix of ‘7, W:‘A/'_l

A.2 Score Derivations in Chapter 3

Given location d and marker information, the probability density function of Y; is
(Y| M;,d;0) /// (Hf Yijla, bi, c;) ) flai, by, ¢;|Gy = 1)da;dbidc;

(1—p; /// (Hf ilai, b, ¢i) ) flai, b, ¢;|Gy = 0)da;db;de;.

The log-likelihood (6, ¢»; Y, d) can be written as

1(0,8;Y . d) =logf(Y|M;,d; 6) = log (ﬁ f(Y3| M, d; 9))

i=1
= logf(Yi|M;,d; 0).
=1

The parameters in the model are

2 2
(Mm Hbs ey Tg,y Oy s 007 067 5)

A.2.1 Score Derivation with Respect to ¢

Given location d, for each subject, the conditional probability Pr(G = 1|M*%, MY d)
can be determined by Table 2.1. For simplicity, we just use p in all the following

derivations.
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Given location d and marker information, the score with respect to the parameter o

is

1 Y. M. d: Y. |M,. d;
dlogf ( é|5 id;0) _ 9f( Z|65“d’0)/f(Yi|Miad;0)

where
of(Y;|M;,d; )
o)

6=0
_p/// (Zf s, b, ) ) Fla) f(b) f(e]Gs = 1) (Ci ;2”) dagdbide;.

A.2.2 Score Derivation with Respect to 1,

Given location d and marker information, the score with respect to the parameter p,

18

Olog /(Y| M;,d:8) _ 0f(YilMi.d:0) [y nr g
Olta Opta

where
of(Y;|M;,d;0)
Otta

6=0
_p/// (Zf s, b, ) ) Fla) f ) f(e]Gs = 1) (‘“ ;g““) dagdbide;.

A.2.3 Score Derivation with Respect to

Given location d and marker information, the score with respect to the parameter p

is

Ologf(Yi|M,d;6)  0f(Y:|M;,d;0) F(Y|M;, d; ),
Oty Oy
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where
O

6=0
—p/// <Zf lai bi,c) ) Fla:) f(b) f(ci|Gs = 1) (bi ;g“”) da;db;de;.

A.2.4 Score Derivation with Respect to .

Given location d and marker information, the score with respect to the parameter p,

is

0 ng( 1‘ zvda 0) _ af( Z| Z’d’ 0) f(YZ|szd70)a
Ote Opte

where
Ok

=0
/// <Zf 5lai, biyci) ) F(ai) f (i) f(ci|Gi = 0) <Ci ;2“) da;dbde;.

A.2.5 Score Derivation with Respect to o2

Given location d and marker information, the score with respect to the parameter o2

18

dlogf(Y:|M;,d;0) _ of (Y| M, d; 0) , A
ao_g - 802 f(Yle'ud)O)a

where
Jdo?

6=0

/ / / (Zf jlai,bi,ci) ) F(a) £ (b:) £ (] G: = 0) << 2—0;02 _ 2(1%) dasdbde
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A.2.6 Score Derivation with Respect to o}

Given location d and marker information, the score with respect to the parameter o7

18

Olog f(Y;|M;,d;0) _ 0f(Y;|M;,d;6) .
ao_lg - 80'13 f(YZ|M17d70)J

where
0f (Y| M;,d; )
do?

6=0
/// (Zf jlai, bi, ci) ) flai) f(bi) f(ci|Gi = 0) (% 2;) da;db;dc;.

A.2.7 Score Derivation with Respect to o>

Given location d and marker information, the score with respect to the parameter o>

is

Olog f(Y,|M;,d;0)  Of(Yi|M;,d; 0)/f(Y4|M- d; )

2 - 2
0o? 0o?

where
of(Y;|M;,d;0)
Jo?

[

6=0

-1// (Zf( z-jrai,bi,c») a6 =0 (o = L) dudne,
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A.2.8 Score Derivation with Respect to o2

Given location d and marker information, the score with respect to the parameter o>

18

Ologf(Yi|M;,d;0)  Of(Y:|M;,d; 9)/f(Y<|M- d; 9)

Jo? B Jdo?
where
of(Y;|M;,d; )
Jo? =0
-]/ (Zf ral,b“cz>f<ai>f<bi>f<ci|ci:o>
Vi — f(tij))?
(Z; (Vi — f( J)) 11 )daldbdcz,
204 o?
where
e
f(h‘j) 1+ ehi—eity,

83



A.3 Second-Order Derivation

A.3.1 Second-Order Derivation with Respect to J

Given location d and marker information, the second-order score with respect to the

parameter 0 is

96°  (logf(Y|M, d; 6))?
2 AM. - M. d- 2

where
?*logf(Y;|M;,d;0)
062

6=0

(Ci - Mc)2 1
—p/// Zf slai bi i) | f(a) f(0) f(eilGi = 0) | == = — | daidbides.
A.3.2 Second-Order Derivation with Respect to ¢ and p,

Given location d and marker information, the second-order score with respect to the

parameter 0 and p, is

dogf(Yi|M;,d;0) 1
353% (f(Y@-IMz, d; 9))?
(aua ( "9 J(YMi,d;6) a5 Ot ’
where

60a s

84



_p/// (Zf s, by ;) ) Fla) f(b) (] Gy = 0) <“" ;g““) (Ci ;2“) daydbide;.

A.3.3 Second-Order Derivation with Respect to ¢ and p

Given location d and marker information, the second-order score with respect to the

parameter ¢ and gy is

dlogf (Y| M, d:6) _ 1
o (0f(Y;|M;, d;0) Of (Y| M;,d;0) 0f(Y:|M;,d;0)
Y. M. d: _
(a,ub ( 65 ( l| 17d7 0) 85 a/ubb )
where

of (Y| M, d; 0)
9301,

50
_p/// (Zf i, bis i) ) Fla) f(b:) f(ci] Gy = 0) <b" ;§Mb> (Ci ;f) daydbyde;.

A.3.4 Second-Order Derivation with Respect to J and p.

Given location d and marker information, the second-order score with respect to the

parameter 0 and p. is

810gf(YZ-|Mi,d;0) 1
0 (0f(Y|M;,d;0) A . Af (Y| M;,d; 0) 0f (Y| M, d;0)
(auc ( a6 J(Y il d:6) a6 Otie ’
where

of(Y;|M;,d;0)
D601 |5
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—p Fislas b i) | Fan) fb) feilGs = 0) (St LY o abides
(% ) (%)

A.3.5 Second-Order Derivation with Respect to J§ and o2

Given location d and marker information, the second-order score with respect to the

parameter § and o2 is

logf(Y:|M;,d;0) 1
900a?2 (f(YilMi7d;0))2
9 (0f(YiIM,,d;0) o OF(YiM., d;8) 0f (Y| M., d;6)
where

of(Y;|M;,d;0)
96002

6=0

- p/// (Zf il b i) ) Fa) f(b) f (] Gs = 0)
( 20? Qig) (C = ) dasdbide;

A.3.6 Second-Order Derivation with Respect to J and ag

Given location d and marker information, the second-order score with respect to the

parameter § and o7 is

dlog f (Y ;| M ;, d; 9) 1
9600} - (f(Yi|M;,d;6))?
0 (0f(Y,|M;,d;0) g oy Of(Yi|M;,d;60)0f(Y:|M;,d;0)
( 507 ( aa f(Y[M,,d: 6) e e |
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where
85805

6=0

S/ (Zf Yijlas, i, ) ) Fa) £(5:)f(eilGi = 0)

(b — p)? 1 Ci
—_— - — da;db;dc;.
( 20, 2U§>< oz ) ! ‘

A.3.7 Second-Order Derivation with Respect to § and o2

Given location d and marker information, the second-order score with respect to the

parameter § and o? is

Ologf(Y;|M;,d;0) 1
d60o? - (f(Y]|M;,d; 6))?
0 (0F(YVIMLd:0)Y o o Of(Yi|M,d;6) 0f(Y,[M.,d; 6)
(@02 ( ol F(Yi| M, d; 6) o) do? ’
where

06002

6=0

(/[ (Zf lai.bisc) ) F(a) f(b0) (]G = 0)

( M-ﬁ@ ))m@m
20b 204
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A.3.8 Second-Order Derivation with Respect to § and o

Given location d and marker information, the second-order score with respect to the

parameter § and o? is

dlogf (Y| M., d;8) 1
95002 - (f(Y|M;, d; 6))2
0 (0f(Y:|M; d;0) g oy Of(Yi|M;,d;60)0f(Y:|M;,d;0)
(ao_g < 85 f(Yl|Ml7da9) 85 80'3 3
where
00002 P
11
/] (Z F(Vlas, bmci)) F(as) f(bi) F (] G = 0)
j=1
Sl — f(ty)? 11 Ci — fle
( 20’? — 20_3 ( 0_3 )dazdbzdcl,
where

et
1 + ebi—efitij

f(tiy) =
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A.4 (Gaussian Quadrature in Chapter 3

We choose 20 quadrature points, n = 20. The weight w; and the quadrature point

value x; used in our computation is given below:

X
7.6190485
6.5105902
2.5787388
4.7345813
3.9439674
3.1890148
2.4586636
1.7452473
1.0429453
0.3469642
—0.346964
—1.042945
—1.745247
—2.458664
—3.189015
—3.943967
—4.734581
—5.578739
—6.51059
—7.619049

174
1.258 x 10713
2.482 x 10710
6.1275 x 1078
4.4021 x 10~¢

0.0001288
0.0018301
0.0139978
0.0615064
0.1617393
0.2607931
0.2607931
0.1617393
0.0615064
0.0139978
0.0018301
0.0001288
4.4021 x 1076
6.1275 x 1078
2.482 x 10710
1.258 x 1013
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A.5 SAS Proc Nlmixed Output of Jy

The SAS output of J9s from Proc nlmixed procedure is :

[ 2466.08  17.9530 239.16 315807  17.0050 —217.48 —0.5262 ]
7.9530  1006.40 —1110.35 24.2442 —10.4241 -—-1036.11 4.9474
239.16 —1110.35 7063.74 —127.20 87.0133 —3840.88 34.2678

Jo = | 315807 24.2442 —127.20 38921 182.67  —7465.09 89.5826

17.0050 —10.4241 87.0133 182.67 6728.05  9305.60  110.76

—217.48 —1036.11 —3840.88 —7465.09 9305.60 317265 1705.41

—0.5262  4.9474 34.2678  89.5826 110.76 1705.41  745.23

The key part for Proc Nlmixed of SAS program is given below:

proc nlmixed qgpoints=20 HESS data=tree;
ods output ParameterEstimates=estimate;
ods output Hessian=hess;
parms mua=3.22 mub=2.84 muc=-0.42
s2a=0.02 s2b=0.05 s2¢=0.01 s2e=0.66;
a mua + el;
b mub + e2;
C muc + e3;
muy = exp(a)/(1 + exp(b -exp(c) * t ));
model y ~ normal (muy, s2e);
random el e2 e3 ~ normal([0,0,0], [s2a, 0, s2b, 0, 0, s2c])

subject=id;
run;
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