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In this thesis, we consider the stabilization and disturbance attenuation problems
for linear systems subject to actuator saturations using gain-scheduling output feed-
back control. By utilizing convex hull expression of saturating linear feedback law,
we parameterize the proposed nonlinear output feedback law in the form of a quasi-
LPV system. Conditions that ensure the system stabilizability (stabilization) within
a Lyapunov level set as well as achieve disturbance attenuation capabilities (perfor-
mance) are then established in terms of the coefficient matrices of the controller in
the quasi-LPV form. Determination of the controller coefficient matrices is formu-
lated and solved as linear matrix inequalities (LMIs) problem with a variable to be
optimized. For stabilization problem the optimization variable is the largest stability
region could be obtained; while for performance problem it refers to the smallest £,
gain or Ly to L, gain for magnitude and energy bounded disturbances. The pro-
posed method applies to general linear systems including strictly unstable ones and
is presented in both the continuous-time and discrete-time settings, whenever it is
possible.

The proposed saturation control approach is further generalized from two as-
pects: The first one is about the extension of the Lyapunov function from constant
to parameter-dependent. Both of the stabilization and disturbance attenuation prob-
lems are reformulated within the framework of discrete-time systems. Synthesis con-
ditions can be casted into LMI optimization problems by introducing an extra inter-
mediate matrix. This extra degree of freedom is used to synthesize the parameter-
dependent Lyapunov functions. Numerical examples showed that the approach based

on parameter-dependent Lyapunov functions indeed provide less conservative results



in terms of larger domain of attraction and better disturbance attenuation character-
istics than constant Lyapunov functions.

The second generalization is about the form of the saturation functions. We gen-
eralize the proposed design approach, which is discussed in the context of standard
saturation inputs, to a class of saturation-like inputs described by multiple bends
piecewise-linear functions. The form of the saturation-like input is represented by
fixing a set of tunable parameters including input slopes and bend points, to cer-
tain values. Its control synthesis condition can also be solved as LMI optimization
problems. The modified saturation control approach is applicable to a wider class of
saturation functions, even the class of continuously nonlinear inputs that could be

approximated by piecewise concave/convex linear functions.
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Chapter 1

Introduction

1.1 Saturation control problem

Designing a control system when the actuators are subject to hard constraints is
a fundamental problem for control engineers. As it is well known, all real-world
electrical /mechanical devices have amplitude and/or rate limitations. The control
design techniques that ignore these actuator limits may cause undesirable transient
response, degrade the closed-loop performance, even the closed-loop instability, which
will have fatal consequences in many situations.

The block diagram for a control system with saturating input is shown in Fig. 1.1.
In prior research, the saturation control problem has been examined via the exten-
sions of optimal control theory, anti-windup compensation, supervisory error governor
approach, Riccati and Lyapunov-based local and semi-global stabilization, and abso-
lute stability frameworks. Tremendous strides are currently being made to advance
the saturation control design techniques to address important issues of performance
degradation, disturbance attenuation robustness to uncertainty/time delays, domain
of attraction estimation, and control rate saturation. All the prior research literature
and the currently developing research directions provide a rich variety of techniques
to account for actuator saturation.

Classified from the stability point of view, the most fundamental problem for a
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Figure 1.1: System with saturation nonlinearity.

system with saturation is a prediction of regions of attraction. Early work applied
absolute stability theory to address this question by isolating the nonlinearity and
casting the problem in the Lur’e-Postnikov framework [12, 70]. As is typical in these
works, a Lyapunov function is used to define regions in the state space in which
energy is guaranteed to decrease, while the nonlinearity is bounded by a prescribed
amplitude. With these conditions satisfied, it is then shown that initial conditions in
these regions will result in state trajectories that converge to the origin. When the
input to the nonlinearity remains within certain bounds, the saturation can then be
treated as a memoryless and locally sector-bounded nonlinearity. Directly accounting
for this nonlinearity, early analysis was extended to produce better stability region
estimates by for example, state/output feedback [55, 56, 54] based on small-gain type
conditions. Along this direction, the classical absolute stability analysis tools such as
circle criterion, Popov criterion and the vertex criterion have been used to obtain an
estimate of the domain of attraction [20, 35]. Typically, the domain of attraction is
estimated by using invariant ellipsoids.

Other work on saturation control takes system performance into consideration.
Related performance analysis include disturbance attenuation in terms of certain

energy gain [22, 31, 61, 62|, transient response achievement by state/output feedback
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[57, 41, 38, 39, 69], output regulation, robustness to uncertainties [15, 46, 68, 25].

There has been a long history of exploring global or semiglobal stabilizability for
linear systems with saturating actuators. In 1969, Fuller [18] studied global stabiliz-
ability of a chain of integrators of length greater than two by saturated linear feedback
and obtained a negative result. This important problem also attracted the attention
of Sussmann and Yang [63]. They obtained similar results independently in 1991.
Because of the negative result on global stabilizability with saturated linear feedback,
the only choice is to use general nonlinear feedback. In 1992, Teel [66] proposed a
nested feedback design technique for designing nonlinear globally asymptotically sta-
bilizing feedback laws for a chain of integrators. This technique was fully generalized
by Sussmann, Sontag and Yang [64] in 1994. Alternative solutions to global stabiliza-
tion problem consisting of scheduling a parameter in an algebraic Riccati equation
according to the size of the state vector were later proposed in [49, 61].

Another trend in the development, motivated by the objective of designing sim-
ple controllers, is semiglobal stabilizability with saturated linear feedback laws. The
semiglobal framework for stabilization requires feedback laws that yield a closed-loop
system which has an asymptotically stable equilibrium whose domain of attraction
includes an a priori given(arbitrarily large) bounded set. In [44, 42], a low-gain
design technology was proposed to construct semiglobal stabilizing controllers both
for discrete time and continuous time linear systems. This method is based on the
eigenstructure assignment and is referred to as a direct method design for low-gain
controllers. Algebraic Riccati equation(ARE)-based methods utilizing Hy and H,
optimal control theory for designing low-gain controllers were also proposed indepen-
dently in [46, 67].

Later on, the so-called low-and-high gain design technique, for a chain of integra-
tors subject to input saturation was introduced in [43]. And the continuation work
in [57] established the low-and-high gain design technique for general linear systems
subject to input saturation and utilized this design technique to provide a solution to

problems of semiglobal asymptotic stabilization, robust semiglobal stabilization for a
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class of matched uncertainties, and semiglobal disturbance rejection.

[28, 30] discussed the stabilizability of systems whose open-loop poles are not all in
the closed left-half plane and generalized the notion of global /semiglobal stabilization
by characterizing the asymptotically null controllable region in [28]. In [30], a family
of saturated linear feedback laws were developed for second-order or higher order
systems with two antistable poles.

Another branch in the development of saturation control approach included anti-
windup technique. Linear control methods are used initially to obtain desirable nom-
inal controllers, while in the second step anti-windup techniques are developed that
reduce the controller gain so that saturation is avoided with only a graceful degrada-

tion of performance, representative work included [7, 33, 36].

1.2 Motivations and Objectives

In this thesis, we first consider the basic problem of stabilizing a linear system subject
to actuator saturation by use of output feedback. The stabilization of a linear system
subject to actuator saturation has been widely reported on in the literature. The
works on this topic can be divided into two categories, those that deal with open-loop
systems that are not exponentially unstable (or simply called semi-stable) and those
that are exponentially unstable. The stabilization of semi-stable systems is now well-
understood. Various global and semi-global stabilizing feedback laws, both of state
feedback type and output feedback type, have been reported (see,e.q., [42, 44, 61, 64,
66]).

The stabilization of exponentially unstable systems subject to actuator saturation
involves subtler issues and is more difficult to deal with. The fundamental difference
between a semi-stable system under actuator saturation and an exponentially unstable
linear system under actuator saturation lies in their respective null controllable region,
the set of all states that can be driven to the origin by a bounded control (provided by

the saturating actuator). In particular, the null controllable region of a semi-stable
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linear controllable system is the whole state space, while the null controllable region of
an exponentially unstable linear controllable system is not (see, e.g., [25]). Therefore,
in controlling exponentially unstable linear systems under actuator saturation, one
can only expect local stabilization. The objective is then naturally to achieve a domain
of attraction that is as large as possible and, ideally, as large as the null controllable
region of the system. It is however known that a domain of attraction as large as the
null controllable region in general cannot be achieved with linear feedback [27]. As a
result, many methods exist in the literature for the synthesis of linear state feedback
laws that result in large domains of attraction (see, e.g., [23, 34, 55]).

More recently, an LMI based approach for the design of stabilizing linear state
feedback laws was proposed in [28]. This method was shown to result in larger
domains of attraction than other existing methods. The key novelties of this method
include putting the saturating linear feedback law on the convex hull involving an
auxiliary feedback gain matrix and the establishment of set invariant conditions that
are equivalent to linear matrix inequalities. This approach is attractive from the
theoretical point of view, however, the proposed control technique is not applicable
to the situation when not all of states are measurable.

To this end, we propose an output feedback control law in this thesis. Though
the domain of attraction achieved by this method is not as large as the one by state
feedback, it solves a class of problem in which only part of the states information
about the plant are known. Comparing with state feedback, the dynamics of the
output feedback controller will be involved into the control scheme, which leads to a
more complicated procedure. The feedback law that we will arrive at will be nonlinear
in nature. However, we solve it by turning the nonlinear controller to be parameter-
dependent and of quasi-LPV form. The measurement of the parameters provides
real-time information on the variation of the plant’s characteristics. Hence, a set of
controllers are constructed, each one of which is scheduled based on this information
at the operating point. Therefore, from control point of view, the parameter is used

to schedule the controller gains, while from saturation point of view, it indicates the
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level of saturation. It turns out that conditions under which the closed-loop system
is locally asymptotically stable at the origin with a Lyapunov level set included in
the domain of attraction can be established in terms of the coefficient matrices of the
controller in the quasi-LPV form and be solved as an LMI optimization problem.
As a natural step beyond stabilization, the problem of disturbance rejection for
linear systems subject to actuator saturation has also been addressed by many au-
thors. The results on this topic can be divided into two categories according to the
way the disturbances enter the system. One is the works on systems where distur-
bances are input additive. Examples include [11, 29, 40, 45, 47]. Because of the input
additive nature of the disturbances, very strong results such as global stabilization
can be established. For neutrally stable open-loop systems, it was shown that a simple
linear feedback law render the closed-loop system finite gain £ -stable [47]. Various
continuity and incremental-gain properties of the closed-loop system were discussed
in detail in [11]. For a general open-loop system, it was shown that the £, gain
from the disturbance to the state can be made arbitrarily small by linear feedback
if the disturbances are assumed to be bounded in magnitude [45]. This bounded-
ness assumption on the disturbances can be removed if nonlinear feedback is allowed
[40]. Also under the boundedness assumption on the magnitude of the disturbances,
semi-global practical stabilization on the null controllable region is possible [29].
The second category of the works are those on systems where disturbances are
not input additive (see, for example, [23, 28, 49, 50, 51, 53, 59, 62]. Since the
disturbances enter the system independently from the bounded control inputs, the
results established are often conservative. What can be expected is only regional
stabilization and a certain degree of disturbance tolerance of the closed-loop system.
Under the boundedness assumption on the magnitude of the disturbances and in the
absence of initial condition, the £, gain analysis and minimization in the context
of both state and output feedback were carried out in [50, 51]. The work of [2§]
proposed a method for analysis and maximization of an ellipsoid which is invariant

under magnitude bounded, but persistent disturbances. The works of [23, 49, 53, 59,
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62] all consider the situation where disturbances are bounded in energy. The work of
[49] leads to a gain scheduled feedback law that guarantees both closed-loop stability
and bounded £, gain from the disturbance to the state. The works of [23, 53, 59|
formulated and solved the problem of stability analysis and design as optimization
problems with LMI or BMI constraints, with the former two papers considering linear
feedback laws and the latter using hybrid state feedback laws.

In this thesis, we focus on a class of disturbances with boundedness on both
magnitude and energy and they enter the system not input additive. Adopt the
design approach proposed in the first part, we will design output feedback laws that
attenuate the effect on the system output of the disturbance. The level of disturbance
attenuation is measured in terms of the restricted £y (¢5) gain and the restricted Lo
to Lo (2 to ) gain over this set of disturbances.

Summarizing the above work, it is recognized that Lyapunov functions play an
important role in the study of saturated control systems. Namely, the existence of
a symmetric positive definite Lyapunov matrix P such that the resulting Lyapunov
function 27 Pz satisfies certain analysis conditions form the basis for the derivation of
synthesis conditions in both stabilization problem and performance problem. More-
over, it is Lyapunov level set {$ cat P < n} that characterizes the domain of at-
traction where any point starting from it converges to the origin.

However, since P typically be a constant matrix no matter how the dynamics of
the closed-loop system changes, it could lead to some conservatism in the control
of saturated systems. For this reason, we consider the generalization of Lyapunov
functions from constant to be parameter-dependent form z7 P(p)x for discrete-time
linear systems. The parameter p is chosen as the same one that used to schedule
the controller. Consequently, the saturation information as well as the controller in-
formation are involved into the construction of the parameter-dependent Lyapunov
function. By introducing an extra variable, [13] showed that a parameter dependent
Lyapunov function leads to a modified analysis condition that features a symmet-

ric variable related to Lyapunov functions as well as an extra instrumental variable.
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Although the new analysis condition is not simultaneously convex (affine) on the
instrumental Lyapunov variable and the controller parameters, congruent transfor-
mation of variables exist that are able to convert it into an LMI form [14]. Thus we
establish and solve the saturation control problem as an convex optimization problem
by introducing a general-formed intermediate matrix. Constant Lyapunov function
is a special case of parameter-dependent Lyapunov function. The advantage of using
parameter-dependent Lyapunov method is manifested by less conservative results in
terms of larger domain of attraction and better disturbance attenuation characteris-
tics.

Another direction of the research is motivated by the fact that standard saturation
input with magnitude 1 and bend points (£1,0) is a special saturation model that
only covers a small part of the saturation nonlinearities. For this reason, we will try
to extend the system with standard saturation input to the one that actuated by a
more generalized saturation functions. This generalization is based on the concept
of piecewise linear concave/convex functions. As a result, the generalized saturation
input is expressed by several linear functions, each describes a linear input on a certain
section and with certain slope. Thus the model is more flexible and is expected to
cover a larger part of the saturation like inputs that may appear in the physical world.
We could even characterize some kind of continuously nonlinear input by choosing
large enough number of piecewise linear functions to approximate it. The design
approach is decomposed into two parts to discuss in terms of the bends of piecewise
linear functions that compose the generalized saturation function. It turns out that
the stabilization control synthesis conditions could be derived by generalizing those

formulated in the standard saturation input case.

1.3 Thesis Outline

The detailed outline of this thesis is as follows:

Chapter 1 introduces the importance of saturation control problem and reviews
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the development of research work in this field. This chapter also emphasizes related
literature that motivates our work and describes the objectives of the thesis.

Chapter 2 contains definitions, concepts and information about the mathematical
background and related tools. They are useful throughout the work and provide
foundations for the derivation of theoretical results in the later chapters.

Chapter 3 discusses the stabilization problem for LTI systems subject to actuator
saturations using output feedback control. The key is Lemma 3.1 that put the sat-
uration function into a convex hull, which is fundamental and provides basis for the
whole thesis. The synthesized controller is nonlinear in nature and is parameterized
in a quasi-LPV control form, as detailed in the chapter. Conditions under which the
closed-loop system is asymptotically stable is established within an LMI framework
and can be easily solved as a convex optimization problem. The objective function
to be optimized is the domain of attraction. Therefore, the optimal solution denotes
the largest stability region that the system can be achieved.

Chapter 4 focuses on the issue of optimizing saturated control system perfor-
mances in the presence of external disturbances. Specifically, we aim to construct
gain-scheduled output feedback control laws such that the linear saturating system
attenuates the disturbances with amplification from disturbances to the controlled
outputs less than . ~ is measured in terms of restricted L, gain and the restricted
Lo to Lo, gain. The smaller v is, more effectively the disturbance attenuation is
achieved. The control synthesis conditions are provided for the class of disturbances
that is magnitude and energy bounded. This is done through the use of the ideas
contained in previous chapters. The construction procedure for the gain-scheduling
output feedback controller is also derived in a similar fashion.

In Chapter 5, we reformulate the output feedback stabilization and disturbance
attenuation problems by extending the constant Lyapunov function to be parameter-
dependent in discrete-time system setting. As a result, both of the system dynamics
and the saturation level information will be involved into the construction of the Lya-

punov function. Therefore, less conservative results are expected, as shown in terms
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of larger domain of attraction and better disturbance attenuation characteristics.

In Chapter 6, we extend the standard saturation input to a generalized form which
is represented by N bends piecewise convex/concave functions. The control schemes
are developed first for the case of N = 1, then to the case N > 1. For N = 1 case, sta-
bilization control synthesis conditions could be directly derived by generalizing those
formulated in previous chapters; while for N > 1 case, a set of conditions drawn from
N =1 case need to be satisfied simultaneously based on convex combination argu-
ment. With these results, we would expect to approximate a continuously nonlinear
input by piecewise linear functions with multiple bands. Hence, the proposed control
laws are applicable for a wide class of nonlinear saturation-like input systems.

Chapter 7 concludes the research contribution in this thesis as well as provides a

remark on the future research work.



Chapter 2

Mathematical Preliminaries

In this chapter, we provide some background knowledge which forms the basis for
the later study. Convex analysis approach, especially Linear Matrix Inequalities,
are discussed in Sections 2.1 and 2.2, which will be used to formulate the saturation
control problem into mathematical form. They provide an efficient and reliable way to
cast and solve the saturation control problem. In Section 2.3, we introduce the linear
parameter-varying (LPV) methodology for saturated control system analysis. Section
2.4 provide definitions of two performance indices for saturated control systems. which
will be used to evaluate the properties of the systems. Lastly, some relevent concepts

to saturated control systems will be discussed in Section 2.5.

2.1 Convex Analysis

In this thesis, the design problem will finally be formulated as a convex optimization
problem. We are interested in finding conditions for optimal solutions to exist by using
convex analysis. Following are some definitions and elementary properties which make

the convexity of sets and functions is a desirable property for optimization.

1. Convex Set

A set © in a linear vector space is said to be convex if for all z1,z, € O, we

11
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have

ary + (1 —a)ze € O, for all a € (0,1)

In geometric terms, this states that for any two points of a convex set also the

line segment connecting these two points belongs to the set.

2. Convex Combination
Let © be a set of a vector space, x1,29,...,2, € © and ay,an,...,q, are

non-negative real numbers with Y " | @; = 1, then

n
xTr = E ;5
i=1

is called a convex combination of x1,x9, ..., .

3. Convex Function
A function f: © — R is called convex if © is convex and for all zq, x5 € © and

a € (0,1), we have
flaxy + (1 —a)zg) < af(zr) + (1 —a)f(zs)

4. Affine Function
A function f : © — Vis affine if f(x) = fo+7T'(x) where fy e Vand 7 : © — ¥

is a linear map, i.e,
T(a1x1 + agzy) = T (1) + aoT(x5), for all x1, 29 € O, 01,90 € R
5. Local and Global Minima of Convex Function

A function f:© — R is said to have a local minimum at zy € © if there exists

€ > 0 such that
f(zo) < f(x), for all z € © with ||z — x| <€

If it is hold for all x € ©, then f(xo) is a global minimum.
Suppose that f is convex, then the local minimum at xy € © is also the global

minimuimn.
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6. Convex Optimization
As we will see, many optimization problems in control can be formulated (or
reformulated) using linear matrix inequalities and then be solved in an efficient
and reliable way. Since the linear matrix inequality defines a convex constraint
on the variable vector, optimization problems involving the minimization (or
maximization) of a performance function with the convex constraint belongs to

the class of convex optimization problems.

2.2 Linear Matrix Inequality (LMI)

In recent years, Linear Matrix Inequality(LMI) has emerged as a powerful tool to
approach control problems that appear hard to solve. This is because in many sit-
uations, control synthesis and analysis requirements can be (and will be) written as
LMIs and powerful numerical interior point techniques have been developed to solve
LMIs in a practically efficient manner. Several Matlab software packages are avail-
able that allow a simple coding of general LMI problems and provide efficient tools to
solve typical control problems. Here we give out the definition of LMIs and provide

several important facts which form the basis for the system analysis of the thesis.

1. Linear Matrix Inequality (LMI)
A linear matrix inequality is an inequality that defines a convex constraint on
a vector x € R”, i.e, .
F(z)=Fy+ Y aF; >0
i=1
where F'is an affine function mapping an n dimensional vector space x to the

set of n X n real symmetric matrices.

2. Schur Complement

Schur complement is widely used to convert nonlinear (convex) inequalities to
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linear matrix inequalities, i.e, a block matrix

M M
M = [ lTl 12] <0
My Mso

if and only if

M;; <0
{ Moy — MEM My < 0
3. Lyapunov Stability

Lyapunov stability concerns the asymptotic behavior of the state of an au-
tonomous dynamical system. The stability of such systems can be verified in
terms of the existence of functions, called Lyapunov functions. For linear sys-
tems the problem of finding Lyapunov functions turns can be solved adequately

as a feasibility test of a linear matrix inequality, i.e,

Consider a linear time invariant system
T = Ax

and a quadratic Lyapunov function V(z) = 27 Px, where P is symmetric pos-
itive definite. The system is asymptotically stable at the origin if and only
if

ATP4+ PA<O

2.3 LPV methodology

Linear Parameter Variant(LPV) systems are systems that depend on unknown but
measurable time-varying parameters. They are motivated by the gain scheduling
control design methodology. Investigation on the analysis and synthesis of LPV sys-
tems has shown that the gain-scheduled control synthesis problem can be solved using
LMI optimization techniques. The approach involves the design of several linear time-

invariant(LTI) controllers for a parameterized family of linear time-invariant system
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models and the interpolation of these controller gains.

In this thesis, we consider the objective output feedback controller of LPV form

i (t) = Ar(p(t))zi(t) + Br(p(t))y(t)
u(t) = Ci(p(t))xi(t) + Di(p(t))y(t)

where p(t) is a vector of time-varying parameters. Then the state-space matrices of
the controller become functions of p. During the control synthesis, they are real-time
available and used to schedule the controller gains. In saturation control study, the
LPV approach is based on first generating a set of linear matrix inequalities (LMIs)
over the parameter set, solutions of the LMIs together with the gain-scheduling pa-
rameters are used to construct the LPV controller at each operating point. Since this
process explicitly takes into account the relationship between real-time parameters
and performance requirements, it enables controllers to be designed for whole ranges

of operating conditions with stability and performance guaranteed.

2.4 Signal Norm

The most important objective of a control system is to achieve certain performance
specifications in addition to providing stability. One way to describe the performance
specifications of a control system is in terms of the size of certain signals. In this
section, we will introduce several ways of defining a signal’s size. Actually, there
are many types of signals we may simultaneously interested with in the physical
systems. By choosing one way to explore the norms of these signals, we can recast

our performance objectives so that they all meet a single type of criterion.

2.4.1 Definitions of Induced £5 norm and £; to £, norm

Consider a system block diagram as shown in Fig. 1.1 with input w and output z,
the two kinds of norm measurements we are interested with in this thesis are defined

as following :
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1. Induced £, norm

The induced £5 norm from w to z is defined as:

R
2(0)w [[w]l2
1212 ::/ tracelz*(t)=(1)]dt

w2 = /_OO tracelw* (Ew(t)]dt

(e 9]

2. Induced £, to L., norm

The induced £ to L4 norm from w to z is defined as:

2]l
z(0),w ||UJ||2
l|wl|3 : :/ trace[w* (t)w(t)]dt
12]lc0 : = ess sup 72(jw)]

2.4.2 1Induced £, and L, to L, Norm based on Quadratic

Lyapunov function

Based on the above definitions, we will give out two important descriptions of the sta-
bility and performance properties for system design in the sense of Lyapunov function.

They form the theoretical basis for the performance analysis in the later chapters.

:

if there exists a quadratic Lyapunov function V(z) = 27 Pz with P = PT > (

1. Induced L9/(Hs) Norm

Given a linear plant

A B
C D

T

(2.1)

w

such that its time derivative V along the dynamics (2.1) satisfies

: 1
V< —=2"2 4+ yuwlw (2.2)
v
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the system (2.1) is quadratically stable and the £, gain from w to z is smaller
than v, Le., ||z[l2 < y[wll2.

Plug the expression of V, w and z in, one can get
1o T
V4+ -2 z—yww

= (Az + Bw)" Pz + 2" P(Az + Bw) + l((]x + Dw)' (Cz + Dw) — yw"w
g

- lz

<0

ATP+ PA+ %CT(J PB + %(JTD
BTP + %DTC’ %DTD — I

which implies

ATP + PA+ %CTC PB + %CTD
BTP 4+ %DTC %DTD — I

<0

By using Schur Complement, it is equivalent to

AP+ PA PB (C"
B*P —~I D" | <0 (2.3)
C D —I

2. Ly to Lo / (Hy) Norm
Consider the linear plant (2.1), if there exists a quadratic Lyapunov function

V(z) = 27 Pz with P = PT > 0 to satisfy the following conditions

D=0 (2.4)
A"P+ PA+ PBBTP <0 (2.5)
cpPict <z (2.6)

trace(Z) < ~* (2.7)
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Then system (2.1) is quadratically stable and the L5 to L, gain from w to z is
smaller than v, i.e., ||2] < Y[|w]2.

By Schur Complement, (2.5) and (2.6) are equivalent to

ATP+PA PB
BTp , <0 (2.8)
zZ C
o p >0 (2.9)

Some other instrumental lemmas used in the above theoretical development are

given in [6, 19, 80] .

2.5 Some Concepts for Saturation Control

During the rest of the thesis, some technical terms will be used to evaluate or de-
scribe the properties of the system in saturation control. Here, we first give out the

definitions of these terms for easy understanding.

1. Invariant Set
For an differential equation which characterizes the dynamics of a mechanical
system, an invariant set is that a solution of the equation remains in the set

once it started there.

2. Null Controllable Region
Null controllable region is the set of all states that can be driven to the origin

by a bounded control provided by the saturating actuator.

3. Domain of Attraction
Domain of attraction is defined as a set of states that if any state trajectory
starting from a point in this set, it will converge to the origin as the time goes

to infinity.



Chapter 3

Stabilization of Linear Systems subject to

Actuator Saturations

In this chapter,we study the stabilization of linear systems subject to actuator satu-
rations by designing output feedback laws. Our main objective is to achieve a domain
of attraction as large as possible. It consists of a natural sequence of steps. Firstly, a
nonlinear output feedback controller is expressed in the form of a quasi-LPV system.
Conditions under which the closed-loop system is locally asymptotically stable are
then established in terms of the coefficient matrices of the controller. The design of
the controller (coefficient matrices) that achieves a large domain of attraction is then
formulated and solved as an optimization problem with LMI constraints. The com-
posed approach is presented in both the continuous-time and discrete-time setting
and can be applied to general linear systems including strictly unstable ones.

In Section 3.1, we describe the problem and design objectives. After demonstrating
some preliminary results, the main results on the synthesis conditions for LTI systems
with full order and reduced order output feedback control laws are presented, and a
numerical example will be used to illustrate the design procedure and effectiveness
of the resulting controllers. The corresponding results for the linear discrete-time
systems are presented in Section 3.2. This chapter concludes with a summary in

Section 6.4.

19
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3.1 Continuous Linear Time-Invariant Systems

3.1.1 Problem Statement

Consider a linear time-invariant (LTI) plant subject to actuator saturation

{ t, = Ayx,+ B,o(u), (3.1)

y = Cyz,,

where z, € R"™, y € R™, u € R"™, and the matrix triple (A,, B,, C,) are stabilizable
and detectable. Also, the function ¢ : R™ — R"™ is a vector valued standard

saturation function, i.e.,

o(u) = [a(ul) o(ug) - a(unu)]T, (3.2)

with

o(u;) = sgn(u;) min {1, |u;|} .

Here, we have slightly abused the notation by using o to denote both the scalar valued
and vector valued saturation function. We note that it is without loss of generality to
assume a unity saturation level, as level of saturation can always be scaled to unity
by scaling B, and u.

We will consider a dynamic output feedback law of the form,

{y‘ck = filzr,y), o €R™, (3.3)

u = Ckl‘k—i-Dky,

where n;, is dimension of the controller, C), and D, are constant matrices of ap-
propriate dimensions, and f; is a function that is Lipschitz in z; and y. We will
consider both the full order controllers with n;, = n, and reduced order controller
with ny = n, — r, where r is the number of measurable states. The use of this
controller is motivated by the nonlinear gain scheduling control.

Our design objective is to construct a dynamic output feedback law of the form

(3.3) that asymptotically stabilizes the plant (3.1) at the origin with a domain of
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attraction as large as possible. This objective is achieved as follows. We will first
parameterize the controller in a quasi-LPV form and then establish conditions on
the coefficient matrices of the parameterized controller under which the closed-loop

system is asymptotically stable at the origin with an ellipsoid of the form
Q(P,n) = {:c € Rt . 1"Py < n} , Pesietmxnatm) p g (3.4)

contained in the domain of attraction. The determination of the controller coefli-
cient matrices is then formulated and solved as an optimization problem with LMI

constraints and the objective of maximizing the ellipsoid Q(P, 7).

3.1.2 Some Preliminary Results

To achieve the design objective mentioned above, we will need to use a tool from [25]
for expressing the saturated linear feedback o(u) = o(Cyay + Dyy) on a convex hull.

For H, € R™*" and H, € R"™*", define
L(H, H,) = {(xk,y) ER™™ . |H o+ H,y| <1, i€ I[l,nu]} . (35)

where H_, and H,, represent the ith row of matrices H, and H, respectively. We
note that £(H,, H,) represents the region in R"™*" where the auxiliary feedback
H_x, + H,y does not saturate.

Also, let V be the set of n, x n, diagonal matrices whose diagonal elements are
either 1 or 0. There are 2™ elements in V. Suppose these elements of V are labeled
as Ej, j € 1[0,2™ — 1] and denote E; = [ — Ej. Clearly, E; € Vif E; € V.

The following lemma is adopted from [25].

Lemma 1 For any (x.,y) € L(H_,H,),
o(Cyrr + Dyy) € co {Ej(Ckxk + Dyy) + E; (How + Hpyy), j € 1[0,2™ — 1]} :

where co stands for the convex hull.
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We note here that the rows of the matrix £;C} + EJ_ H_, are a mixture of those of
Cyand H,. A “17 in the ith element of E; indicates that the ith row of E;Cy+ E; H,
is the 7th row of C}, while a “0” in the 7th element of £; indicates that the ith row
of E;Cy + E; H is the ith row of H. Similarly, the rows of F;Dy + E; H, are a
mixture of those of Dy, and H .

For single saturation case (i.e., n, = 1), the convex covering in the above lemma
is non-conservative as shown in [25]. In general, Lemma 1 provides more stringent
convex covering of saturation nonlinearities than other existing approaches [23, ?].
As a result, the stability conditions derived from this lemma will be less conservative.

By Lemma 1, the saturated linear feedback, with (xy,y) € L(H_, H,), can be

expressed as

2nu_1
o(Crry + Dry) = pj |E;j(Crry + Dyy) + Ef (H oz + Hyy)| . (3.6)
§=0
for some scalars 0 < p; <1, j € I]0,2" — 1], such that 22 ' p; = 1. We note that
the values of the parameters p = [pg, p1,--+, paru_1]” are dependent on zp and y

and are available for real-time use in gain-scheduling control. They reflect in a way
the severity of control saturation. For example, for the case of n, = 2, the values of
pis can be determined as follows. Let

Ai(Ty,y) = o (wi)—(He, wn+Hp,v)
(Cri—He )z +(Dri—Hp, )y’

(3.7)

otherwise,

for j =1,2.

Note that if the denominator is non-zero, the expression of \; is equivalent to

ol = (i )
Cri— H,)xr+ (D — H,.,)y

Ai =

(
From the definition of o(u) and L(H_, H,), we know that
o)

Uj

—1<H,z.+H,y<l1
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Clearly, when no saturation occurs :
Ai =1, o(u;) = u;

When saturation occurs:

0<\<1 'LLZ'>1,O'<’LL1') 1
0< A\ <1 u < —1,o(u;) = —1

To sum up, all of the \;s satisfy A; € [0, 1], which indicate the saturation severity
of the ¢th input channel.
By choosing pj,) € [1,2™] as following, we can get a set of applicable p;:

(

pr = A

p2 = (1 =X

pz = M(l—2X9)

pr = (1=A)(1—=Xg).

(3.8)

\

Clearly, each p; € [0, 1] and Z?zl p; = 1. This is the way we used to choose p; in this
paper. In general, there are many other choices of p; satisfying the same constraint,
leading to non-unique representation of (3.6). For higher order systems with input

more than two, the choice of p; can be defined by the similar way.

3.1.3 Full Order Output Feedback Law

We will use the functions p;(xy, y)’s to parameterize the output feedback control (3.3)

into the following quasi-LPV system,

ny _q

Ty = (Z?:B_I pj(xlmy)Akj) T + (Z?:o pj(xkay)Bkj) Y,
u = Ckl’k—FDky,

(3.9)

where the coefficient matrices Ay;’s, By;’s, C and Dy, are to be designed. Since p;
is a real-time changing parameter which is used to schedule the controller gain, the

resulting controller is called a gain scheduling controller .
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We can also write the plant (3.1) in a quasi-LPV form as follows,

2nu 1
b, = Ax,+ B, pi(wky) [Ei(Cear + Dry) + Ej (Hoze + Hyy))

J=0

(3.10)
y = Cyz,.
Motivated by the quasi-LPV structure of both the plant and the controller, we

consider the following auxiliary LPV system, of which the closed-loop system com-

prising of (3.10) and (4.2) is a special case, if Q(P,n) C L(H,C,, H_) is an invariant

D~ p?
set,
T =A(p)z, pel, (3.11)
where
xp
x = . p=1pospr, s pami],
Tk
2nu 1
r:{peR2"“: Z pi=1,0<p; <1, jeI[O,2"“—1]},
5=0
and
A, O By 0 I
Alp) = Z 7 .
0 0 = EOk+EH E;Dy+ E; H), c, 0
By defining
A0 0 B Ag; By 0 I
Aj=|"" P & & (3.12)
0 O I 0] |ECi+E;H, E;Dp+E;/H,| |C, 0

the matrix A(p) can be written as

The following theorem establishes conditions on the full order controller coefficient
matrices under which the LPV system (3.11) is asymptotically stable with a quadratic

Lyapunov function.
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Theorem 1 Consider the closed-loop system (3.11). If there exist positive definite
matrices R, S € S1**" and matrices (Ay;, By;) € R™*" x R">"_j € 1[0, 2™ — 1],
(Ck, Dy) € Rvn= x R qnd (H,, H,) € R™*" x R"™*" such that

AR+ B,Uy; + RA} + U, BY *

_ _ _ _ < 0,
A+ A+ CUVL By AS + Cy By + SA, + By,;C,

jeI0,2m —1], (3.13)

R I,

>0, 3.14
LS (3.14)

where Ukj = EjC_'k + E;F[c and ij = Ejl_?k + EJ.’P_[D, then, with the following
controller coefficient matrices for each j € I[0,2™ — 1],

-1

Akj Bkj N SBPE]' SBPEJ_ Ak’j Bkj SAPR 0 e 0 -1
¢, D=0 1, 0 . Dul-1] 0 0
k k Gk D CR I,
H, H, 0 0 I, A, i, 0 0

(3.15)

where M, N € R"*" are such that MN™ = I, — RS, the closed-loop system (3.11)

1s asymptotically stable. Moreover,
At (p)P + PA(p) <0, VpeTl, (3.16)

where P > 0 s given by

-1

L. S|[R an]

0 N7

pP= (3.17)

MT 0

Proof. First, define two transformation matrices Z; and Z, as

R I
M*T 0

I S
0 NT

) =

Y
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which are both nonsingular, then it is easy to show that PZ; = Z, and

- . R I
ZIPZy = 73 7, = > 0,
S
It implies that
R
P=(z")" Z7t >0,
I S

P is positive definite and (3.17) is verified.
Using the fact that PZ; = Z, again, we have that, for each j € I[0,2™ — 1],
Zy (PA;) Zy = Zy, A; 7y
AR A,
0 SA,

0 B,
I 0

Ay By;
Ejék + EJ_HC EjDk + Ej_ﬁD

I 0
0 C,

. (3.18)

where the transformed controller data (Ay;, By, Cr, Di, H., H,) relates to the origi-

C?
nal controller data (Ay;, By;, Ck, Dy, H., H,) by

Ay By SAR 0 N SB,E; SB,E;| |Ay By YT
Cy. Dpl| = 0 o|+1]0 I 0 C, D .
kP M eRr T
o, o, 0 0 0 0 I H, H,

(3.19)

We note here that both matrices
N SB.E; SBE;
0 I 0 ;
0 0 I

MT 0
CR I

are nonsingular.

Now we consider the quadratic Lyapunov function
V(z) = x" Pz.
Taking derivative of V' (x) along the trajectories of (3.11) yields

V =a2"[A"(p)P + PA(p)] z, Vz € R™™ \ {0}, Vp €T,
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The negative definiteness of V directly leads to condition (3.16), which implies the
asymptotic stability of the closed-loop system.
It follows from (3.18) and (3.13) that, for each j € I[0,2™ — 1],

ZT (ATP +PA;)) 7y

_ |AR+ BUy; + RAD + U B) * -0
A+ AT+ CIVEBT ATS + CTBJ; + SA, + By,C,
which implies that
ATP 4+ PA; <0. (3.20)

Taking linear combination of (3.20) over j € I[0,2" — 1] with coefficients p; yields
(3.16), i.e.,
A (p)P + PA(p) <0, Vpel.

Then the asymptotic stability of the closed-loop system (3.11) is verified.  Q.E.D.

Recalling that the quasi-LPV representation of the plant (3.10) and controller
(4.2) was obtained under the assumption that (xy,y) € L(H,, H,,), thus we have the
following result on output stabilization of the plant (3.1) using a full order controller
(3.3).

Theorem 2 Consider the plant (3.1). If there ezist positive definite matrices R, S €
St and matrices (Agj, Byj) € R x R j € 10,2 — 1], (Cy, D) €
RMme x R qnd (H,, H,) € R™*"= x R™*™ that satisfy (3.13)-(3.14) and
LA, A,C
AT R I, | 20, i€lll,n,], (3.21)
Cgﬁgi I, S

then, the output feedback controller (4.2) with the controller coefficient matrices given
by (3.15) asymptotically stabilizes the plant (3.1) at the origin with the ellipsoid

Q(P,n) contained in the domain of attraction.
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Proof. We first note that,

L(H, H,):

{(@r,y) o |Hooe + Hyy| < 1,0 € Il )} (3.22)
{(

Ty, ) ¢ |H,,Coxp + Hy | <1, 4 € I[1,n,]}
L(H,Cp, H.)

For saturation control, the closed-loop system is asymptotically stable at the origin

with Q(P,n) contained in its domain of attraction if
Q(P,n) C LH,C,,H,),

which is equivalent to [25]

T T
p " Di

T
Hci

n[HDiCp Hci] p <1, ielll,ny.

By Schur complement, the above inequality can be rewritten as

Lm0 A
C'H,T >0, (3.23)
p fl P

Hci

Note that

¢, H|Z=|H. H,C),
As a result, multiplying diag {1, Z{} from the left-hand side and its transpose from
the right-hand side of the inequality (3.23) directly leads to condition (3.21). Q.E.D.

Theorem 2 provides conditions on the coefficient matrices of the full order con-
troller under which the ellipsoid (P, n) is inside the domain of attraction. To maxi-
mize the cross-section of the ellipsoid in the plant state-space, we introduce a shape

XM and

reference ellipsoid €2(Pg, 1) with a given positive definite matrix P, € S’*
maximize « such that

aQ(Pa, 1) € UL, )20
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which can be converted into an LMI constraint:

1 S
pelih - > 0. (3.24)

Thus, the determination of the controller coefficient matrices can be formulated and

solved as an LMI optimization problem:

max o,

(3.25)
st (3.13) — (3.14), (3.21), (3.24).

3.1.4 Reduced Order Output Feedback Law

The dynamical order of output feedback law synthesized in Subsection 3.1.3 is the
same as that of the plant. However, in practice, we usually encounter the case that
only part of the information about plant is known. Therefore, a lower order controller
is desired to facilitate control implementation. The stabilization problem using a
reduced order output feedback controller is generally non-convex. However, if part
of the state is measurable, then one can synthesize a lower order nonlinear output
feedback controller. For this purpose, let us consider the situation where partial state

measurement is available,
r, = Ayx,+ Byo(u),

y = Cr — |:O'r’><(nm—r) [r:| T (326)

PP — P

C

P

where r indicates the number of measurable states.

Following theorem provides conditions under which the closed-loop system of form
(3.26) is stabilized by constructing a nonlinear output feedback controller with order

(n, — r) in the form of

Ty = (Z?:&fl ijkj> Ty + (ZJQZ)A ij’”) v
u = Cpap+ Dy,

(3.27)

where x, € R, y € R™, u € R".
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Theorem 3 Consider the plant (3.26). Suppose that there exist positive definite
matrices R € S " S € ST (A, Byj) € R(e=mxna 5 Rne=r)x(ny=r) 5 ¢
1[0,2™ — 1], (Cp, Di) € R™>" x R™*(w=) and (H,, H,) € R™>*" x R (=)
such that

_{ ADR + BpUkj }
_ *
+RA* + UL B
e TR o <0, j€I[0,2"™ — 1],
Apj + HTAS HTAJS"H + H'C] By
+H*CIVEBY +HTSAH + By;C,H
(3.28)
L[, H,CH
ar R H | >0 eIl n, (3.29)
_HTCPT[:I; HT Sh
'R H
> 0,
_HT Sll
(3.30)
Inw—r T = . . .
where H = [ ], S =H"SH, Uyj and Vi; are defined similarly as in Theo-
Orx(nm—'r)

rem 1.

Then, with the following controller coefficient matrices

Axj By H'N H'SB,E; H'SB,E; Ayj By H"SA,R 0
Cv Dpl=1| 0 I, 0 Cve Di| — 0 0
H, H, 0 0 I, H, H, 0 0
MT 0 1
<| o n]R 0 Cjero,2m —1],  (331)
C,R I,

where M, N € R"*"==") qre such that MN™ = I, — RS, the closed-loop system
composing of the plant (3.26) and the (n, — r)th order output feedback law (3.27) is
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asymptotically stable at the origin with the ellipsoid Q(P,n) contained in the domain

of attraction, where
—1

I, SH R H
pP— (3.32)
0 N'H| |M"™ 0
Proof. Let
R H I SH
Zl = ) Z2 = .
M* 0 0 N'H
Then PZ; = Z; and
- R H R H
Z1PZy, = = > 0,
H™ H'SH H™ Sy
which implies that Z; is nonsingular. Thus,
R H
X =z Z7t > 0.
H” 511
Similarly, we have that, for all j € I[0, 2" — 1],
A A A B ! !
R H 0 B . By
Z(PAj) Zy = | 7 ’ i I Dl I {0 [J H |,
0 H'SAH I 0] |Ugy Vi _
C.H
where
flkj Bkj H'"SA,R 0 H'N H'SB,E; H'SB,E;
Cv Di| = 0 o|+1] 0 I 0
P_[C H, 0 0 0 0 I
Ak] Bkj MT 0
<|c Do| | o 1|R 0. (3.33)
H, H, CR 1
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The fact Z; and P are nonsingular implies that Zy = PZ; is nonsingular, which result

in the nonsingularity of NH" and matrix

H™N H™SB,E; H*SB,E;
0 I 0
0 0 I

R
Also,the nonsingularity of Z; implies that the matrix [ T] is of rank n, and, as a
M

T

o I|R

result, is of rank n,. Thus, the matrix

MT 0
[0 I] R 0
CR I

is nonsingular. Therefore the controller coefficients (3.31) can be obtained from (3.33).

The rest of proof is similar to the proof of Theorem 2. Q.E.D.

Remark 1 Consider the following two extreme cases for r:

1. When r = 0, no state is measurable from the output, Theorem 3 is converted to
Theorem 2.

2. When r =n,, i.e. C, = I, the resulting controller is a zero dynamical controller.

Theorem 3 recovers the state feedback stabilization result in [25] as its special case.

3.1.5 Example

In this section, we will use an example to demonstrate the effectiveness of the proposed
output feedback stabilization approach. This example focuses on the design procedure
for an LTT system based on Theorem 2 and Theorem 3. For discrete-time systems,

one can follow the similar way by applying Theorem 4.
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Example 1. Consider the LTI plant (3.1) with

A= [0.6 —0.8] B 1] o= [_2 2} |
0.8 0.6 3

A state feedback law for this system was designed in [25]. Solving the optimization

problem (5.16) using a shape reference Q(Py,1) = {z € R* : 27z < 1}, we obtain a
quasi-LPV controller in the form of (4.2) with po(zx,y) = A\ and py(x,y) =1 — A\

and the coefficient matrices given by

[ _11.974 0.03796 | [ 016538 |
Aw] | 007215 —1177 Bi| —0.05341
Ay 47407 17155 | By, 7.1201 x 1073 |
_5.0864 —17.03 _4.4428 x 10~?
Cp = [10.010 10.323], Dy, = —0.73286.

The resulting maximum value of « is 1.11, with auxiliary matrices H,_, and H, given
by

H. = [0.38143 0.41273} ; H, = —0.64196,

and the resulting ellipsoid (P, 1) specified by

[ 39649 —2.1876 1.0 0o |

b |-2876 L7747 0 1.0
1.0 0 52856 x 102 1.3519 x 103
B 10 13519 x 10° 3.9675 x 10°

To visualize how our output feedback controller compare with the state feedback
law of [25], we plot the cross-section of Q(P,n) (solid line) and compare it with the
two dimensional ellipsoid resulting from the state feedback law (dot line in Fig. 3.1).
As can be seen, the output feedback law recovers a significant portion of the stability

region resulting from the state feedback law of [25].
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Figure 3.1: A cross-section of Q(P,n) at zx = 0, under a full order output feedback
law.

Shown in Figs. 3.2 are the responses of the closed-loop system and the control
input under a full order output feedback law. In the simulation, the initial conditions
are z,(0) = [0.81 2.11]", for which states converge towards the origin and the control

saturates at —1 during initial time.

25

L L L L L L L L L L L L
12 14 16 18 20 0 2 4 6 8 12 14 16 18 20

L L L L
0 2 4 6 8

10 10
t(s) t(s)

(a) State Trajectory. (b) Control Input.

Figure 3.2: State trajectory and control input under a full order output feedback
law.

We next modify C, matrix to [0 1], i.e., the second state is available for feedback.

In this case, one can apply Theorem 3 to design a reduced order output feedback
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law to achieve stabilization. The resulting (P, 1) is shown in Fig. 3.3, which is also
smaller than the one using state feedback control and the maximum value of « is
1.94.

The state convergence from an initial condition z,(0) = [-2 — 1.5]" is shown in
Fig. 3.4(a) and the control input is saturated at +1 during the initial time as we can

see from Fig. 3.4(b).

Figure 3.3: A cross-section of Q(P,n) at z; = 0, under a reduced order output
feedback law.

3.2 Discrete-Time Systems

Parallel with the continuous case, we consider a discrete-time linear system subject

to actuator saturation

k+1) = Ax(k)+ B k
{m +1) = A(k) + Byo(u(k)) (334
y(k) = Cyx(k).
The discrete-time output feedback controller is of the form
{ ik +1) = fe(ze(k),y(k)), z(k) € R™, (3.35)
u(k) = Cpay(k) + Dyy(k),
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I I I I I I I I - I L 1 I I I I I
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
t(s) t(s)

(a) State Trajectory. (b) Control Input.

Figure 3.4: State trajectory and control input under a reduced order output feedback
law.

Use functions p;(xy, y)s to parameterize the controller into quasi-LPV form

u(k) = Crap(k)+ Drpy(k),

(3.36)

Derivation of the controller form and the choice of functions p;(zy,y)s are similar to
those in Subsection 3.1.2.
Following similar development as in Subsection 3.1.2, we have the following results

on asymptotic stabilization of the plant (3.34).

Theorem 4 Consider the plant (3.34). If there exist positive definite matrices R, S €
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S "= and matrices f_lkj, Bkj, Cy, Dy and HC, H, of appropriate dimensions such that

—R * * *
7 — * *
_ _ <0, jeI0,2™ —1] (3.37)
APR + BpUkj Ap + Bp‘/;fjcp —R *
flkj SA, + Bijp -1 -5
% ch- HD@'CP
H R I |20, ielIln,] (3.38)
_C’PTH; I S
R I
> 0, (3.39)
S

where Ukj, ij are as defined in Theorem 1, then, the controller (3.36) asymptotically
stabilizes the plant (3.34) at the origin with the ellipsoid QU(P,n) contained in the
domain of attraction. The controller coefficient matrices and the Lyapunov matrixz P

are of the same form as (3.15) and (3.17) in coutinuous case.

Proof: Basically, the proof follows the development in Section 1. Given a Lya-
punov function V(z) = 7 Pz, the stabilization condition of the discrete closed-loop

system by output feedback control is

Q(P,n) C LH,C,,H,.) (3.41)
P>0 (3.42)

By Schur Complement, the first condition is equivalent to

—P (AP
PA; -P

J

<0 (3.43)

Taking linear combinations of equation (3.43), we have

—P AT(p)P
PA(/)) —P
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The above condition combined with equation (3.41) proves the stability of saturated
control system.

Multiplying condition (3.43) from the left-hand side by diag {Z],Z{} and its
transpose from the right, we get constraint (5.8) through the congruent transforma-

tion. The rest of proof is the same as that of Theorem 2. Q.E.D.

3.3 Summary

In this chapter, we developed a method for synthesizing output feedback laws that
asymptotically stabilize linear time systems subject to actuator saturation. The re-
sulting output feedback laws are nonlinear in nature, and are parameterized in a
quasi-LPV form. The determination of the controller coefficient matrices was formu-
lated and solved as an LMI optimization problem, with the objective of enlarging the
stability regions. A numerical example is presented to demonstrate the effectiveness

of the proposed design method.

Note that the output feedback synthesis conditions in Theorems 1-4 involve only
finite number of LMIs. This is due to the specific forms of output feedback con-
trol laws and the use of a single quadratic Lyapunov function. It is also possible
to consider more general type of output feedback LPV controllers and parameter-
dependent Lyapunov functions. However, the resulting synthesis conditions will be
infinite-dimensional and the LMI optimization problem requires functional space ap-

proximation and gridding approach [1, 4, 71, 72].



Chapter 4

Disturbance Attenuation for Saturated

Linear Systems

The result of actuator saturation that caused by the differences between the control
input demanded by the controller and the actual output of the actuator often leads
to instability of the control system and in many cases, the degradation of the system
performance. After discussing the stability problems in Chapter 3, we will furtherly
move to the issue of disturbance attenuation for linear systems subject to actuator
saturation by using output feedback. In this chapter, a nonlinear output feedback
law that attenuates the effect of the disturbance on the output of the system is con-
structed. The level of disturbance attenuation is measured in terms of the restricted
Lo (¢5) gain and the restricted Lo to L (f2 to ) gain over a class of bounded

disturbances. Both continuous-time and discrete-time systems are considered.

The chapter is organized as follows. In Section 4.1, we will establish the mathe-
matical model, compose the design objectives and provide some preliminary materials
for the analysis of the saturated linear systems. Subsection 4.1.2 contains the distur-
bance tolerance conditions under which the trajectory boundedness of the closed-loop
system under magnitude and energy bounded disturbances is guaranteed. Section 4.2

presents the output feedback laws for disturbance attenuation in terms of restricted

39
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L5 gain and restricted L to L4, gain, respectively. Section 4.2 deals with continuous-
time systems. Parallel results for discrete-time systems are presented in Section 4.3.
In both Sections 4.2 and 4.3, numerical examples are used to illustrate our design
procedure and demonstrate the effectiveness of the resulting controllers. Section 4.4

draws the conclusion to this section.

4.1 Quasi-LPV Output Feedback Laws

Given a continuous-time linear plant subject to actuator saturation,

t, = Ax,+ Bayw+ Byao(u),

Z = Cpll‘p + Dpuw + Dplga(u), (41)
Yy = Cpgl’p + nglw,

where z, € R" is the state, u € R™ is the control input, z € R"* is the controlled
output, w € R" is the disturbance, y € R" is the measurement output. The defini-
tion of o(u) is the same as in (3.2). Here, we will assume that the triple (A,, B2, C,2)

is stabilizable and detectable.

4.1.1 Design Objectives

As we discussed in Chapter 3, the saturation input o(u) can be put on a convex hull
and represented as (3.6). Assume the dynamic output feedback law is of the form
(3.3). The linear subspace L(H_,, H,) where the auxiliary feedback H_xj+ H,y does
not saturate is defined as (3.5). Then when (zy,y) € L(H., H,), we can follow the
similar way as in Subsection 3.1.3 to parameterize the controller and plant into the

following quasi-LPV form:

Ty = (Z?:E]_I pj (@, y)Akj) T + (2?::)_1 P (T, y)Bkj) Y,
u = Ckl’k + Dky,

(4.2)
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and

2nu _1
it'p = Apl'p + Bplw —+ Bpg { Ej Ck.l’k —+ Dky) -+ E;(chk -+ HDy>] } , (43)

j=

[5(
0
onu_1
z2=Cnr, + Dynw + Do { Z pj [Ej(Cre + Dry) + Ej (Howy + Hpyy)] } ;
=0

(4.4)
Yy = CPQZE + nglw. (45)
Combining the dynamics of the plant and the output feedback law, we obtain,
x A B x
[ _[4() B ] er, (4.6)
2| et D) Lw
where
l‘p
x = )
Tk
and
2nu 1
I‘:{pGRQnu: > pi=1,0<p <1, jeI[O,Q”“—l]}.
5=0
The state space matrices of the closed-loop system is given by
Alp) B(p) A, 0| B 0 By
C(p) D(p) = 0 0] O +1 71 0
p p —
C 0 \ Dy 0 Dy
2"2“:1 By 0 I| 0
0
’ ECk+EH E;Dy + E; H, Ch 0D,
onu 1
Pi 4.7
SO o

which are affine functions of scheduling parameter p.
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Our objective is to design a dynamic output feedback law of the form (4.2) that
asymptotically stabilizes the plant (4.1) and minimizes the gain from the disturbance
w to the controlled output z over a class of bounded disturbances. This objective
is achieved as follows. We will first establish conditions under which the zero state
response of the closed-loop system under a given set of bounded disturbances remains

in an ellipsoid of the form
Q(Pn) = {z e R g"Pr <n}, P eStetna)xatnn) p s,

The controller coefficient matrices are then optimized by solving an optimization
problem with LMI constraints. We are particularly interested in two measures of the

level of disturbance attenuation:

1. the restricted L5 gain, the £, gain defined over a class of bounded disturbances,

and,

2. the restricted L5 to L4 gain, also defined over a class of bounded disturbances.

4.1.2 Disturbance Tolerance

We will consider a class of energy and magnitude bounded disturbances
W, = {w R, — R"™ / (t)dt <n, \wz()|§wi,Vt20,i€I[1,nw]},

where 7 and w;’s are some positive scalars whose values are known.

For a given A > 0, with A < ol for some o > 0, we define

Q (P,A,n+a2wl-2) = {(:p,w): ZET.PlL‘—f-wTA'IUS’I]—f-(IZlU?}. (4.8)

=1 =1

The purpose of introducing Q(P, A, n + a1 @) is to overbound the set Q(P,n).

In particular, we have the following relation between these two sets.

Lemma 2 For any x € Q(P,n) and any w € W,, (z,w) € Q(P,A,n+ a ) " ©7).
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Proof. If x € Q(P,n), then 2" Px < 7. On the other hand, it is clear that

aZ@?—wTAwEO, YweWw,.

i=1

We thus have,

2" Px <n+ (aZu‘J? — wTAw> ,

i=1

which implies that

(x,w) € Q (P,A,n—kaZu‘;f) :

=1

Q.E.D.
Note that

'C(H HD) = {(xk,y) : |Hc¢xk + HDiy| <1l i€ ID?”U]}
= {(z,, x5, w) : |H,,Cpr,+ H, xp+ H, Dow| <1, i€lIl,n,l}
= £(HDCP27HC7HDD921)’

In the sequel, whenever necessary, we will replace the following relation
(wr,y) € L(H,, Hy),  V(z,w) € Q(P,n) X Wy,

with a more stringent condition

Q (P,A,n + azu—;f) C L(H,Cy,H,,H, D).
=1

Although this will introduce some conservatism, the latter condition can be readily
converted into an LMI constraint. The following theorem provides a quantification

of the disturbance tolerance ability of the closed-loop system.

Theorem 5 If there exist positive definite matrices P € Sin”nm’“)x(n”nm’“), A e

Sy matrices (Agj, Brj) € R™ ™ xR™ ™ j € 1[0, 2™ —1], (Cy, D) € R™ " x
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R™*™ (H,,H,) € R"™ " x R"™™ and a scalar o > 0 such that

ATP 4+ PA; PB;
g ’ I <0, jeTI0,2™ —1], (4.9)
BrP —I
Q <P,A,17 + azw§> C L(H,Cy9, H.,H, D,), (4.10)
=1
P >0, (4.11)
A <al, (4.12)

then the trajectory of the closed-loop system that starts from the origin will remain

inside the ellipsoid Q(P,n) for every w € W,.
Proof. From Lemma 2, we know that conditions (4.10) and (4.12) imply
(zx,y) € L(Hc, Hp)
when (z,w) € Q(P,n) x W,. Therefore, the LPV representation (4.6) is valid.
Using a quadratic Lyapunov function V(x) = 2" Pz, we have
V —ww = 2" (A%(p)P + PA(p))z + w™(B*(p)P + PB(p))w — w"w

A™(p)P + PA(p) PB(p)
B*(p)P —I

T

= [xT wT] <0,

w
where the last inequality comes from (4.9) and a linear combination argument. In-
tegration of both sides of the above inequality from 0 to 7" with x(0) = 0 leads
to
T
V(z(T)) —V(x(0) = V(z(T)) < / w (t)w(t)dt <.
0

Therefore x(T") € Q(P,n) for any T' > 0. Q.E.D.

Theorem 5 provides a bounded state region (P, n) for the closed-loop system
under an output feedback law of the form (4.2). Moreover, one can also find the max-

imum disturbance tolerance level 7., by solving the following optimization problem:

max 7,
P,A,Akj,Bk]',Clka,HC7HD704 (413)

s.t. (4.9) — (4.12).
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This determines the maximum energy 7max that the closed-loop system can tolerate,

without driving the trajectory from the origin to unboundedness.

4.2 Disturbance Attenuation

4.2.1 Restricted £, Gain Synthesis

Under the actuator saturation, the £, gain may not be well defined for sufficiently
large disturbances. With such large disturbances, the state may go unbounded un-
der any control input. This is what motivated us to consider only energy bounded
disturbances, and determine the minimum energy amplification from disturbance to
output. In this section, we will design an output feedback law that minimizes the

restricted Lo gain
[l 2|l2
2(0)=0,weWy, ||Jw]|2

The synthesis condition for a full order output feedback law is given in the follow-

ing theorem.

Theorem 6 Given scalars n < Nmax and v > 0, the restricted Lo gain of the closed-
loop system from the disturbance w to the output z is rendered less than or equal to
v if there exist positive definite matrices R,S € St="", A € St*"™  and matri-

ces (Akj7Bkj) € R =" x anxny’j € I[Oa 2" — 1]7 (C’kabk) < Ruxne Rnuxny7
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(H,, H,) € Rm*"= x R™*™ and a scalar o > 0 such that

[ AR+ B0y + RA™ + U5 BY, X
flkj + Ag + CEQVkTJ-BEQ AES + C};FQB,EJ» + SA, + Bijpg
i Cle + Dplgﬁkj Cpl + Dplg‘_/ijpg
* * |
* *
<0, jeIo,2™ —1], (4.14)
-1 *
D, + Dp12‘7ijp21 -1 ]
_ . _
WM *  K* x
HT
R RIS (N (4.15)
C’pTQH; I *
B D;le]f]gi 0 0 i
R I
> 0, (4.16)
I S
A <al, (4.17)

where Uy; = E;Cy + E’j_ﬁc and Vij = E;Dy + Ej_ﬁD. Moreover, the coefficient
matrices of an ngth order output feedback LPV controller are given by

-1

Ay By N SBpE; SBpE;

Ck Dk - 0 I 0
H, H, 0 0 I
Ié_{kj Bj” SAPR 0 e, -1
X C, Di| — 0 0 , (4.18)
o CoR T
H, H, 0

where M, N € R"**"= are such that MN" = 1,,, — RS.

Proof. The restricted £y gain of the closed-loop system is less than or equal to v if
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there exists a quadratic Lyapunov function V' (z) = 2" Pz such that
AT(p)P + PA(p) PB(p) C(p)

B*(p)P —I D%(p)| <0, VpeTl,
C(p) D(p) —*1

0 (P,A,n + a2w3> CL(H,Cy H,, H, D),

=1

47

The theoretical basis for condition (4.19) comes from (2.3). Note that condition

(4.19) implies the condition (4.9). Therefore the state trajectory of the closed-loop

system starting from z(0) = 0 remains inside the ellipsoid Q(P,n) for any bounded

disturbance w € W,).

Let
R I

M™ 0

Zy =

I s
Zy =

and specify P = Z,Z;'. Then PZ, = Z, and

R T
Z'PZ, = >0,
I s
AR+ B,U,; A, + B,Vi.C
Zip (PA]) Z1 _ p i} p2Ykj p p2_ kj~p2

[B.i + B2Vi;D,
2 (PBy) = | T
L SBpl + Bijp21

CjZI = Cle + Dplekj Cp1 + Dplgvij’pg] X

Dj = D11 + Dy12ViiDyor,

where the transformed controller data relates to the original (Ay;, By;, Ck, Di, H,, H,)
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by
Ayj By SAR 0 N SBpE; SBuE; | |Ay By VO
?k?kz 0 0|+]0 I 0 C, Dy R 1|
H, H, 0 0 0 0 I H, H,
(4.23)

Then, multiplying diag {Z], I, I} to the left and its transpose from the right of in-
equality (4.19), we obtain with inequality (4.14).

Also we have
|:HDCp2 HC HDDP21:| Zl = |:HC HDCPQ HDDp21:| .
Note that condition (4.20) is the same as

CTQHT
Naw P Dj
(77 + Z wf) [HDZCPQ H,. HDZ,DPQJ diag {P~', A"} H' <1.
=1
’ D1, HT

Di

By Schur complement, it can be rewritten as

_ ) _
n+o E?ﬁﬁ w?‘ |:HD1'CP2 HCi HDiDp21]
Cratly, >0,
Hr diag {P, A}
L D;f?lH;i i

and the above equation can be shown equivalent to (4.15) using congruent transfor-
mation.

Finally, the output feedback controller formula can be verified by inverting the
equation (4.23). The linear subspace can be determined simultaneously by solving

H_, H, matrices. Q.E.D.

Theorem 6 provides an upper bound on the restricted £, gain for energy and

magnitude bounded disturbances. In order to determine the minimal restricted L,
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gain, we will choose an 7 < 1. and solve the optimization problem

min 72,

R,S,\,Ayj,By;,Cr,Di,H H (4.24)

s.t. (4.14) — (4.17).

In the above optimization problem, the synthesis condition (4.14)-(4.17) becomes a
set of LMIs for each fixed value of a. Thus, this optimization problem can be solved

by sweeping over the values of «.

4.2.2 Restricted £, to L, Gain Synthesis

We next consider a different measure of the level of disturbance attenuation, the
restricted Ly to L gain, which is defined as
Izl
2(0)=0,weW, |lw||2
For simplicity, we further assumed that D,;; = 0, either D, ;5 or D5 is also zero
in plant dynamics (4.1). This assumption renders D(p) = 0 as desired. The control

synthesis condition under this performance measure is then given as follows.

Theorem 7 For given scalars n < Nmax and v > 0, the restricted Ly to Lo gain of
the closed-loop system from the disturbance w to the output z is less than or equal
to 7y if there exist positive definite matrices R, S € Sy, A € Sy ™ matri-

ces (Akj7Bkj) € R7 =M x anxnyaj € I[Oa 2" — 1]7 (C_’lka‘) € RwXne Rnuxny;



Chapter 4. Disturbance Attenuation for Saturated Linear Systems 50

H_, H,)) € R"™*" x R™*™ _ and a scalar o > 0 such that
C D

[ AR + B,sUy; + RAT + Uy BY, x x
Agj + AT + 03217,5352 ATS + CPTQB,;- + SA, + BjCpy x| <0,

jeTI0,2™ —1], (4.25)

1

TRYEE X % %
[7T
Hc_i S S 0, i€elll,n,, (4.26)
CoHY I S «
L D:ﬂﬁ;i 0 0 i
R I
>0, (4.27)
7S
A<al, (4.28)
v x %
RCY +UEDY, R | >0, jelIfo,2™ —1], (4.29)
Ch + CPTQX_/,SJ.DE12 I S

where Ukj = EjC'k + E;HC and ij = EjDk + E;I:[D. Moreover, the coefficient
matrices of an n,th order output feedback controller (4.2) are determined by (4.18).

Proof. Based on £ to L., gain design approach introduced in Chapter 2 Sec-
tion 2.4, we can conclude that for the closed-loop system with system matrices

(A(p), B(p),C(p), D(p)) and Lyapunov function V(z) = 2" Pz, its Ly to L gain
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is no higher than ~ if

A(p)P + PA(p) PB(p)

<0,
B'(p)P 1

Q (P,A,n+ azw§> C L(H,Cy9, H.,H,D,),

=1
P >0,
A <al,
C(p)P~'C™(p) < 71,
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(4.30)

(4.31)

(4.32)
(4.33)
(4.34)

for any p € T'. It can be seen that conditions (4.31) and (4.33) validate the closed-

loop LPV representation within the state region Q(P,n). Moreover, from conditions

(4.30) and (4.32), we get

V < ww,

integration of both sides of the above inequality from 0 to 7" with z(0) = 0 yields,

2" (T)Px(T) < [lwlf3.
Also note that condition (4.34) implies
C"(p)C(p) <~¥°P, VpeTl.
Therefore,

ZH(T)2(T) = a(T)C (p(T))C(p(T))2(T)
< %" (T)Px(T)

<7 *[lwll3-

This confirms that the restricted £, to L, gain is less than ~.

To show the equivalence between (4.30)-(4.32) and (4.25)-(4.27), we will define

matrices 21, Zs and P as in the proof of Theorem 6, and apply congruent transfor-

mations.
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For condition (4.34), first we convert it to

VI C(p)
C*(p) P

>0

by Schur complement. Then multiplication of diag {1, zr } to the left and its trans-
pose from the right of the above equation leads to condition (4.29). Q.E.D.

Similar to the restricted L, gain synthesis procedure, one can design an output

feedback law to minimize the restricted L5 to L gain using LMI techniques.

4.2.3 Numerical Examples

Consider a second order continuous-time system (4.1) with

0.6 —0.8 0.2 —3.8
) Bpl = ) Bp2 = )
0.8 0.6 0.1 0.9
C

a=[01 02, Da=01 Du=001,

A, =

Cho = [—2.2 2] , Do =—02.

We set the magnitude bound of the disturbance as 3.4636, and choose the value of « to
be 0.1. Applying Theorem 5, we obtain nyax = 12.0. This is the maximal disturbance
energy the system can tolerate. Using a smaller n = 11.997, we solve the L, gain
control synthesis by Theorem 6 and the resulting restricted Lo gain is estimated at
v* = 0.433. Therefore we obtain an output feedback controller that guarantees the
system stability and performance within a feasible region. Shown in Figs. 4.1-4.3 are
some simulation results of the resulting closed-loop system under the influence of the
disturbance w,
w(t) = { 3.464, 0 <t <1 sec,
0.0, t > 1 sec.

In particular, the state trajectory and control input are shown in Figs. 4.1 and 4.2,
respectively. As can be seen in Fig. 4.3, the ratio between the truncated norms ||z||2.r

and ||wl|sr is always less than ~*.
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t(s)

Figure 4.1: The closed-loop system: a state trajectory.

Similarly, we apply Theorem 7 to study the disturbance attenuation in terms of

the restricted £y to L4, gain for the following second order system,

0.6 —0.8 0.2 1
) Bpl = ’ Bp2 = >
0.8 0.6 0.1 3.8

Co= [0.1 0.2} ;o D=0, Dyn=0,

A:

P

Cp2 = |:—6 6:| 5 Dp21 =0.1.

Selecting the magnitude bound of the disturbance as 7.7492 and « as 0.1, we
obtain Ny, = 60.061. For n = 60.051 < nuax, the solution of the optimization
problem based on Theorem 7 results in an estimate of the restricted £y to L, gain
~v* = 0.1. Shown in Figs. 4.4-4.5 are some simulation results of the closed-loop system

under the influence of the disturbance

7.7492, 0<t<1 sec,
w(t) =
0.0, t > 1 sec.

From Fig. 4.6, it is easy to observe that the magnitude of output z is always less than

Y |wl|e = 0.77492.
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-0.6

-0.8

t(s)

Figure 4.2: The closed-loop system: the saturated control input.

4.3 Discrete-Time Systems

We consider a discrete-time plant subject to actuator saturation,

Ip(k + 1) = Apxp(k) + Bplw(k) + BPQU(u<k))7
z2(k) = Cux,(k)+ D,yw(k) + D,yia0(u(k)), (4.35)

y(k) - Op2xp k) +Dp21w(k)'

—~

As with continuous-time systems, we will consider the following discrete-time out-

put feedback law in the form of a quasi-LPV system,

nek+1) = (S0 i) n(k) + (S35 piBas ) w(k),

(4.36)
u(k) = Crar(k)+ Dry(k),

where z;, € R"* and the functions p;(zy,y)’s are defined by the same way as before.
In Q(P,n) of the state space, the discrete-time closed-loop system has its state space

data given by (4.7).
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0.3

0.2

0.1

-0.1
t(s)

Figure 4.3: The closed-loop system: the truncated L gain.

4.3.1 Disturbance Tolerance

In parallel to the development in Section 4.1, we will define the set of energy and

magnitude bounded disturbances in the discrete-time setting,

Wﬂ = {w : Z-‘r - R'flw7 ZU}T(IC)U)(]{?) < 7, |wl| < w'wl € [17nw]} )
k=0

where 7 and w;’s are known positive scalars.

Theorem 8 If there exist positive definite matrices P € Sin”nx’“)x(n”%’“), A e

St matrices (Aj, Bry), j € 1[0,2" — 1], (Ck, Dy), (H, Hy), and a positive

scalar o such that

—P PA; PB,
ATP —P 0 | <0, jelIo,2™ —1], (4.37)
BP0 I
Q (P, A+ aZw§> C L(H,Co,H,,H,D,y), (4.38)
=1
P >0, (4.39)

A <al, (4.40)
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Figure 4.4: The closed-loop system: a state trajectory.

then the trajectory of the closed-loop system that starts from the origin will remain

inside the ellipsoid Q(P,n) for every w € W,.

Proof. Again, conditions (4.38) and (4.40) validate the LPV representation of the
closed-loop system within the region (P, n). To show the boundedness of state
trajectories, we choose a Lyapunov function V(z) = 2" Px, then Vp(k) € T

V(z(k+1)) = V(z(k)) — w' (k)w(k)
= (&"(R)A™(p(K)) + w™ (k) B*(p(k)) P
X (Ap(k))x(k) + B(p(k))w(k)) — z* (k) Px(k) —w*
AT (p(k))PA(p(k)) = P AT (p(k))PB(p(k)) ] [ k]
I

= |z7k) wrin) B (p(k))PA(p(k)) BT(p(k) plk)) = g

The last inequality is due to condition (4.37). Summing the above inequality over k

from 0 to N, we get

V(z(N +1)) = V(2(0)) < > w(k)w(k) <n

k=0

Therefore, for z(0) =0, x(N + 1) € Q(P,n) for any integer N > 0. Q.E.D.
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0.8

0.6

0.4r

0.2

-0.2|

0.4

-0.6

-0.8f

t(s)

Figure 4.5: The closed-loop system: the saturated control input.

4.3.2 Restricted ¢/, and Restricted /¢, to /,, Gain Synthesis

As with continuous-time systems, the level of disturbance attenuation for discrete-

time systems will be measured by one of the following two performance indices

Izl
min :
2(0)=0,weW, ||w]|2

and
2]]s0
2(0)=0,weW, |lwll2’
where || - || and || - ||« are defined over the set Z, of non-negative integers. The

former performance index specifies restricted ¢5 gain, and the latter restricted /5 to
(+ gain. Note that we have removed the assumption D(p) = 0 from the restricted ¢,

to {4 gain synthesis condition in the discrete-time setting.

Theorem 9 Given scalars n < Npax and v > 0, we have the following two statements

on the level of disturbance attenuation:

1. The restricted €y gain of the closed-loop system from the disturbance w to the out-

put z 1s less than or equal to 7y if there exist positive definite matrices R, S > 0,
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0.8

0.7

0.6

05F

— - = v,

t(s)

Figure 4.6: The closed-loop system: disturbance attenuation from w to z.

A > 0, matrices (Ay;, By;), j € 1[0,2" — 1], (Cx, Dy.), (H,, H,) of appropriate
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dimensions, and a scalar o > 0 such that

[ —R * * *
—1I -S * *
APR + Bngk]’ Ap + Bp2‘7kjcp2 —-R *
/_1{ SA, + Bijpz —1I )
B + D§21Vk§B§2 B S + D}meEj 0 0
i 0 0 CoaR+ Dy12Us; Cot + Dy1aViiCra
* x ]
* *
* *
<0, jelf0o,2™ —1], (4.41)
* *
—1I *
Dpll + Dp12‘7ijp21 _'721 h
_WM * Kk ‘k_
[:IT
e BRl S0 e, (4.42)
CoH, I S *
L DEQII_{; 0 0 J
R I
> 0, (4.43)
s
A<al, (4.44)

where Ukj = EjC'k + Ej_ﬁc and ij = EjDk + Ej_I:ID.

2. The restricted {5 to o gain of the closed-loop system from the disturbance w
to the output z is less than or equal to v if there exist positive definite matrices
R,S >0, A > 0, matrices (Ay;, By;), j € 1[0,2™ — 1], (Cx, D), (H.,H,) of
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appropriate dimensions, and a scalar o > 0 such that

R
1
AR+ B,Us;
Ay
B, + D%, Vi BY,

_Wm N
H R *

CLHT T

i ngﬂgi 0 0

R I o

I s

A <al,

_ o1
RC?, + UijDgn
Ch + OV D

Do+ D5 Vi Dy

* * * *
-5 * * %
Ap + BpgvijPQ —R * *

SA, + ByiCy  —1I
Bng + Dngng 0 0

R
s 0, i€lll,n,,
*

*x X *-

R x ‘

>0, jelIlo,2m™ —

1 *

0 O

< 0,7 €IJ0,2™ —

1,

where Uy; and V; are as defined in Item 1 of the theorem.

60

1],

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

Moreover, the coefficient matrices of an n,th order output feedback controller are given

by (4.18).
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Proof. If there exists positive definite matrix P and A, such that
AT(p)PA(p) =P AY(p)PB(p)  C*(p)
B*(p)PA(p)  B™(p)PB(p)—1 D(p)| <0, Vpel,
C(p) D(p) 1

Q (P,A + azw§> C L(H,Cyy,H.,H,D,),

i=1

61

then the closed-loop saturated system has restricted ¢ gain less than or equal to 7.

Derivation of (4.50) is similar to the derivation of (4.19) in continuous case. By Schur

complement and linear combination argument, it is clear that (4.50) is equivalent to

P A, B 0

AT —p 0 CT

BT 0 -I DI
0 ¢ D; —

<0, jel0,2™ —1].

Now, multiplying diag {Z{ P, Z{, I, I} to the left and its transpose to the right of the

above inequality, and using the congruent transformation (4.23) as the continuous-

time case, one can show the equivalence between (4.41) and (4.50). The rest of the

proof follows closely to that of Theorem 6.
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To show the restricted /5 to /., gain is less than or equal to 7, we need

AN p)PA(p) =P A(p)PB(p) | _ 0. (4.54)
B¥(p)PA(p)  B™(p)PB(p) — I
Q0 (P, At a i w?) C L(H,C,y, H.,H, D), (4.55)
P >0, (4.56)
A <al, (4.57)
) 1 C*(p) 2
Clp) D(p)| diag {P~", 1} [DT(p) <1 (4.58)

for any p € I'. Again, from inequality (4.54), we have
V(z(k+1)) — V(x(k)) < w'(k)w(k).

Summing both sides of the above inequality from 0 to N and assuming x(0) = 0 lead

to
N

V(N +1) < 3" (kw(k).

k=0
Also, condition (4.58) implies that

[CT(puv +1))
DT (p(N +1))

P 0

[Co(V +1)) DV +1)] <72 ool

Therefore,

Z'(N+1)z(N+1)

CT(p(N+1 1

= [a" (N4 1) Wt (N ) DTEZENi 1)); (Clp(N +1)) D(p(N + 1)) . :1))
P O |z(N+1
< [xT(N +1) w(N + 1)} w((N—:— 1))

<9 (Z w (k)w(k) +w" (N + 1)w(N + 1))

< flwls,
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which means that the restricted /5 to /., gain is less than ~.

Note that due to the special structure of the discrete-time system, we can remove
the restriction of D(p) = 0, which result in the relaxation from condition (4.34) to
condition (4.58). The equivalence between (4.58) and (4.49) can be achieved by first

converting condition (4.58) to

vI C(p) D(p)
C*(p) P 0 | =0
D*(p) 0 I

by Schur complement, then multiplying diag {1, Zr I } to the left and its transpose
from the right of the above equation.

The equivalence between (4.54)-(4.57) and (4.45)-(4.48) can be shown as in the proof
of Theorem 7. Q.E.D.

4.3.3 Numerical Examples

In the first example, the discrete-time system (4.35) has its state space matrices given

by
0.8 —0.9 0.5 4
) Bpl - ) Bp2 = )
0.8 0.9 1.5 —2

Cor =04 01], Duy==03, Dyz=-11,

A:

P

Cpp = [—0.5 2] . Do =1.

The magnitude of the disturbance is assumed to be bounded by w = 1.421. For
a = 0.1, the solution of the optimization problem based on Theorem 8 results in an
estimated the maximum energy bound 7. = 8.087. For a given 1 = 8.077 < NMmax,
we obtain v* = 0.873 by solving the optimization problem based on the synthesis

condition in Theorem 9, Item 1. Shown in Figs. 4.7-4.9 are the simulation results of
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the closed-loop system with

w(k) =

1.421, 0<k<4,
0.0, k> 4.

Note that in Fig.4.9, the ratio between the truncated norms ||z||o 7 and ||w||sr is less
than ~, indicating that the energy amplification from disturbance w to output z is

less than 0.873.

o1 &%y

L L L L L L L L L L L |
5 10 15 20 25 3 3 40 45 50 55 60
Step k

Figure 4.7: The closed-loop system: a state trajectory.

In the next example, we consider the restricted /5 to ¢, gain. The discrete-time

0.6 —1 0.2 3
) Bpl = )
06 1.1 0.1 3.8

C, = [0.1 0.2} . Dy =03, D=0,

system is given by

A:

P

, Bp=

p2

Cpo = [—6 4} , Do =0.1.

Here, we assume that the magnitude of the disturbance is bounded by w = 12.925 and
estimated the maximum energy bound to be 1., = 668.20. For a given n = 668.17 <

Nmax, the lowest restricted f5 to ., gain for a is estimated at v* = 0.314 by solving
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Control input o(u)

-0.2

I I I I I I I I I I 1
5 10 15 20 25 30 35 40 45 50 55 60
Step k

Figure 4.8: The closed-loop system: the saturated control input.

the optimization problem based on the synthesis condition given in Theorem 9, Item
2. Shown in Figs. 4.10-4.12 are some simulation results of the resulting closed-loop
system with
12.925, 0<k<A4,
w(k) =
0.0, k> 4.
It is also observed from Fig. 4.12 that the magnitude of output z is always less than

v|lw||2 = 8.12, as expected.

4.4 Conclusion

Continuing with the work in Chapter 3, we furtherly take the system properties into
consideration in this chapter. Generally, there are many properties that may charac-
terize a control system. What we are interested here is the capability of disturbance
attenuation, which is reflected by the signal amplification from the disturbance to the
controlled output. A nonlinear feedback controller that has the same structure as in
Chapter 3 is constructed to achieve an optimal £y (¢5) gain and Lo to Lo, (lo to lo)

gain performance over a class of bounded disturbances. The synthesis of control laws
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1.1

*

i o

Truncate Norm

v

09

0.8

0.7

0.6

0.4

0.3F,

0.1

I I I I 1 1 I I
5 10 15 20 25 30 35 40 45
Step k

Figure 4.9: The closed-loop system: the truncated ¢, gain.

L
50

L
55

60
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are formulated into LMI optimization problems, which can be solved efficiently. Both

continuous-time and discrete-time systems are considered and several examples are

worked out to validate the proposed design approach.
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10

xpl

Xp?

-5

-15

I I I I I I I I I I
5 10 15 20 25 30 35 40 45 50 55 60
Step k

Figure 4.10: The closed-loop system: a state trajectory.

1.2

Control input o(u)

-0.4 L L L L L L L I I I I

5 10 15 20 25 30 35 40 45 50 55 60
Step k

Figure 4.11: The closed-loop system: the saturated control input.
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Controlled output z

Il
5 10 15 20 25 30 35 40 45 50 55 60
Step k

-1

Figure 4.12: The closed-loop system: the output.
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Chapter 5

Parameter-Dependent Lyapunov

Functions in Saturation Control

In this chapter, we will extend the saturation control approach for discrete-time linear
systems developed in Chapter 3 Section 3.2 and Chapter 4 Section 4.3 to a more gen-
eralized case in terms of Lyapunov functions. To be specific, the choice of Lyapunov
function will depend on a parameter, which is real time scheduled for the controller
construction and indicates the level of saturation as well. By introducing a general-
formed intermediate matrix, a nonlinear controller with the similar form as before is
obtained and the coefficient matrices of the controller are formulated and solved as
an optimization problem with LMI constraints. Since constant Lyapunov function
is a special case of general parameter-dependent Lyapunov function, the proposed
controller is expected to provide less conservative results in terms of larger domain of
attraction and better disturbance attenuation characteristics.

The chapter is organized as follows. In Section 5.1, we will reformulate the stabi-
lization and performance problems discussed in previous chapters based on parameter-
dependent Lyapunov method. Then the synthesis conditions will be derived in Sec-
tion 5.2 and Section 5.3 respectively, to guarantee a large stability region and nice
disturbance attenuation in terms of /5 gain and /5 to /., gain. In Section 5.4, the pro-

posed design procedure is validated by a numerical example and the result by using

69
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parameter-dependent Lyapunov method is compared with that of constant Lyapunov

method. Conclusion is drawn in Section 5.5.

5.1 Problem Formulation

All definitions and problems we formulate in Subsection 5.1.1 will follow the same
way as in Chapter 3 and Chapter 4. The parameter-dependent Lyapunov function
introduced in Subsection 5.1.2 is a new concept that extends the proposed design

approach to a more generalized case.

5.1.1 System Modeling

Using Lemma 1, the discrete-time linear system we consider is of the form
z,(k+1)= Az, (k) + Byw(k)

+ By pi [ Ei(Crar(k) + Diy(k)) + E (Hoaw(k) + H,y(k))] } (5.1)

+ D,1s { i pj [Ej(Crxr(k) + Dyy(k)) + E; (H (k) + H,y(k))] } (5.2)

J=0

y(k) = Cpoz(k) + Dygrw(k) (5.3)
The controller is of the form

k1) = (27 pid ) o) + (S35 piBis ) w(k),
u(k) = Crar(k)+ Dry(k),

(5.4)

where 253071 pi=10<p; <1, jelI,2™ —1].

Combine the dynamics of the plant and the output-feedback controller to obtain

the dynamics of the closed-loop system
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where x7 (k) = [xg(k;) xi(k;)} and p € I' with

2nu 1
r:{peRQ’"‘“; > pi=10<p <1, jeI[O,Q"“—l]}.

J=0

Note that the quasi-LPV form is a valid representation of the original nonlinear system
when (z4,y) € L(H,,H,) = {(zg,y) € R |H, x, + H, y| < 1,i€[1,n,]}.
The state-space data of the closed-loop LPV system (5.5) is given by

A(p) B(p i e 0B
o) D)) ||
Cu 0] Dy 0 Dy
] <2nuzlpj A By, )[ 0 I| 0 ]
— "\ ECi+ E H, E;Dy+E; H,|) | Cn 0| Dy
B 2%21 A, B,
B j=0 & O] Dj

Note that the closed-loop matrices are affine functions of scheduling parameter p;.

5.1.2 Parameter-Dependent Lyapunov Function

Now we consider a class of parameter-dependent Lyapunov matrix

2Mu —1 2nu 1
P(ﬂ): Z ijj7 Pj>07 Z pjzlvogpng ]61[072nu_1] (56)
=0 =0

where P;’s are constant matrices involved in the control synthesis process.

Remark 2 Note that {A(p), B(p),C(p), D(p)} and P(p) can be represented by the

same set of linear combination coefficients p;s. From saturation point of view, p;
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serves as a saturation level indicator, while from the control point of view, it is a
parameter that is real time scheduled for the controller construction. Later we will
see that this “same linear combination” property efficiently simplifies the derivation

by turning all terms in the objective analysis condition into affine functions of p;.

Remark 3 Once P}, j € [0,2™ —1] are set to be the same constant value, then P(p) =
P = P;. Parameter-dependent Lyapunov function is converted to a constant Lyapunov
function. From this aspect, constant Lyapunov function is a special case of general
parameter-dependent Lyapunov function and the proposed controller is expected to be

less conservative.

5.1.3 Design Objectives

One of our design objective is to construct a dynamic output feedback law of the form
(5.4) that asymptotically stabilizes the plant (5.1)-(5.3) at the origin with a domain of
attraction as large as possible. This is achieved by establishing stabilization conditions
within an ellipsoid of the form

2nu—]

Q(P(p),n) ={x: " P(p)x <n}, Plp)= > piP;, P;>0,pel, n>0
=0

contained in the domain of attraction.

Secondly, we will develop output feedback laws of the form (5.4) that establish invari-
ance property in an ellipsoid for bounded disturbances, and minimize the gain from
disturbance to the controlled output within the ellipsoid. For this purpose, we will

define the set of energy and magnitude bounded disturbances as

W, = {w : Ry — R”w,ZwT(k)w(k) <n, |lw| <w;,i€ [1,nw]} , (5.7)

k=0
where 7 is some positive number and w; is the upper bound of disturbance for each

channel.
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Remark 4 Our objectives in this chapter are exactly the same as those in Chapter
4. The difference basically lies in the derivation process of converting the analysis
condition into LMI condition which is solvable. Specifically, as we can see later, the
direct consequence of applying parameter-dependent Lyapunov functions is that P will
be shown up as P(p(k+1)) and P(p(k)) instead of a constant P in the analysis con-
dition. As a result, it inevitably introduces a P~ term, which is not easy to deal
with into the inequality. Our solution is to replace this term by a new term which
excludes the inversion term while inducting a new general-formed intermediate matrix
G. Though this replacement will cause certain conservativeness, it makes the condi-
tion easy to solve based on congruent transformation with some new transformation
matrices. Finally, in both stabilization and disturbance attenuation problems, the de-
termination of the controller coefficient matrices will be formulated as optimization
problems with LMI constraints, which can be solved efficiently using interior-point

algorithms.

5.2 Output Feedback Stabilization

For stabilization problem, we assume the disturbance w = 0. Our design goal here
is to construct a dynamic output feedback law of the form (5.4) that asymptotically
stabilizes the plant (4.35) locally.

The following theorem establishes conditions on the controller coefficient matri-
ces under which the LPV system (5.5) is asymptotically stable with a parameter-

dependent quadratic Lyapunov function.

Theorem 10 Consider the plant (4.35). If there exist positive-definite matrices
Pj, Py € 8% j 0 € [0,2" — 1] and matrices X,Y,W € R"*"= (Ay;, By;) €
R x RM € 10,2% — 1], (Cy, Dy) € R x R and (A, 1,) €
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R >ne 5 R™*™ guch that

—P] *
YTAp + Bijpg Akj — Y+Y"® * < 0,
A, + BpaViiCoy A XT + BoUy; I+W X+ X7
J, 0 € 10,2 — 1], (5.8)
1 *
n_
Cuiip] o | 20 ieln jeTo2 —1] (5.9)
Iz ’
Ci
where Ukj = Ejék + Ej_F_IC and ij = E]-Dk + Ej_ﬁD.
Then, with the controller coefficient matrices for j € 1]0,2™ — 1],
-1
Ayj By NT Y'BoE; Y'BaE;
Ck Dk - 0 Im 0
H, H, 0 0 I,
Ay By YTAXT 0 -1
I MT 0
X9 |Cx Dp|— 0 0 , (5.10)
e CoX™ I,
A, i, 0 0

where M, N € R™*"™ are such that MN = W — XY, the output feedback con-
troller (5.4) asymptotically stabilizes the plant (4.35) at the origin with the ellipsoid
Q(P(p),n) contained in the domain of attraction, where the parameter-dependent Lya-

punov matriz function P(p) is given by
2nu 1 2nu 1 I 0 -1
P(p) = piP; = pj P

Proof: 'We will show that the saturated linear system (4.35) is asymptotically

I XT]

5.11
- (5.11)

stabilized by the output feedback controller (5.4) using the parameter-dependent

Lyapunov function

2" —1

V(z)=2"P(p)z, P(p)= > p;jP;, P;>0.

J=0
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Given P(p) defined over the compact set I', its minimum eigenvalue will be strictly

larger than 0, 7.e.,
651 S Amln(P(p>) S Qg, VP S Fa

for some positive scalars aq, as.
First, from the (2,2) element of inequality (5.8), it can be seen that the matrix
Y I

W X
MN =W — XY. Let

is non-singular. This implies M, N are also non-singular from the fact

Y I
N 0

T1 = =

Y

I Xr
0 M

and specify the non-singular matrix G = Tngl, then we have that GT, = T, and

TIPT = P,
Yyt wr
TlTGTTl — T2TT1 -
I X"
YTAp + BijPQ Ak‘]

Ty (GTA) Th =

9

A, + BaViiCoo A XT + BoUy;
where the transformed controller data relates to the original (Ay;, By;, Ck, Dy, H,, H,)

in the following way

Ay By [yraxr o

Ck Dk - 0 0
A, i, 0 0
NT Y'BsE; Y"BoE; | |Ay By w0
+10 I 0 Cy Dy . (5.12)
CoX™ I
0 0 I H. H,

By multiplying diag {T -t Tfl} from the right hand side and its transpose from right
to eqn. (5.8), we obtain the following condition
—P; ATG

<0, j,¢el0,2™ —1].
G'A;, P—G-G"




Chapter 5. Parameter-Dependent Lyapunov Functions in Saturation Control 76

Taking linear combinations over j and ¢, then

—P(p) AT (p)G

<0 (5.13)
G"A(p) P(p)—-G-GT

for any p, p € I'. Since
—P7Hp) < —GTHG+G" = P(p)G™
for any non-singular G, it is clear that eqn. (5.13) guarantees that

—P(p)  A%(p)
Alp) =P (p)

by Schur complement, it is equivalent to
A™(p)P(5)A(p) — Plp) < 0. (5.14)
Next, without disturbance w, we have

L(H,, H,)={(xr,y): |Hoxr+H,y|l <1,i€ellln,l}

(g, 2) : |H,,Cooxy,+ Hy x| < 1,4 € I[1,n,]}
‘C<HDCP27HC)'

{
{

Then multiply diag {1, Tfl} from the right hand side and its transpose from left to
(5.9), and note that

|:HDCP2 Hc] Tfl - |:HDCP2 Hc] )
we get the following equivalent condition of (5.9) as

L |H,G. A

n
T IJT
CPQHD«;
T
Ci

b >0, i €I[1,n,], j€1]0,2™ —1].

J
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By Schur complement and linear combination arguments, the above equation can be
rewritten as
Cafy,

<1, ielIl,n,]
e
Ci

n|H,Co H,|P()

Therefore,
Q(P(p)ﬂ]) - ‘C(HDCp27 Hc) (515)

for all p € I'. Then we conclude that condition (5.14) guarantees the stability of the
quasi-LPV system (5.5), while the condition (5.15) validates the LPV representation
of nonlinear saturation control systems in Q(P(p),n).

Lastly, the controller formula (5.10) is derived by inverting eqn. (5.12). Q.E.D.

In Theorem 10, we use a parameter-dependent Lyapunov function to expand the
stability region in construction of a stabilizing output feedback controller. The esti-

mated domain of attraction is given by
D={zeR*™ : 2"P(p)x <n, VpeT}.

Similar with what we discussed in Chapter 3, to maximize the cross-section of the
ellipsoid in the plant state-space, one can be formulated and solved as an LMI opti-

mization problem:

max q,
1 B |1 )

s.t. FPR—[J 0]# | z0 gemoze - (5.16)
(5.8) — (5.9),

where Q(Py, 1) is a reference ellipsoid with Py € S=*"=.

If we set P} = P, = P, j,{ € [0,2" — 1] and G = P, then conditions (5.8)-
(5.9) recover the results of constant Lyapunov functions in Chapter 3 Theorem 1.
Therefore, the parameter-dependent Lyapunov method contains constant Lyapunov
functions as a special case. It will be less conservative in estimating the domain of

attraction.
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5.3 Performance Control of Discrete-Time Linear

Systems

Now, we will focus on the performance control problems for discrete-time saturated
systems under energy and magnitude bounded disturbances by using parameter-
dependent Lyapunov method. It is parallel with the content in Chapter 4 Section 4.3,
but the derivation process becomes more complicated because of the involvement of

the parameter p.

5.3.1 Disturbance Tolerance

As we argued before, for energy bounded disturbances, the trajectories of saturated
systems can not be invariant for an ellipsoid. Nevertheless, one can find a slightly
larger ellipsoid to accommodate disturbance effect. For this purpose, we introduce a

set

QP(p), An+ay @) = {(w,w) ;2" P(p)r+wThw < ta) @f, o(A) < a}
i=1

=1

to overbound the set Q(P(p),n) . The disturbance is defined as (5.7). Based on

Lemma 2, we will replace the following relation
(zr,y) € L(H,, Hy), ¥V (z,w) € QP(p),n) x W,
by a stronger condition

QP(p), An+ad w}) C L(H,Cho, H,, H,D,n).
=1

Theorem 11 If there exist positive-definite parameter-dependent matriz function P(p) €
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SFex2e positive-definite matriz A € STX™ such that

—P(p) 0 A%(p)
B*(p)

0 —I () | <0, (5.17)
Alp)  B(p) =P '(p)
Q(P(p), A n+a2w C L(H,Cy, H. H, D), (5.18)
P >0, (5.19)
A<al, (5.20)

where p,p € I, then all trajectories of the saturated control system that starts from

the origin will remain inside the ellipsoid Q(P(p),n) for every w € W,,.

Proof: We neglect the proof of conditions (5.18)-(5.20) since it is exactly the
same as before. As for condition (5.17), it comes from the trajectory boundedness
condition.

Note that by using a parameter-dependent Lyapunov function V(x) = 2" P(p)x for

the closed-loop system (5.5), the trajectory boundedness condition is

V(z(k+1)) = V(z(k)) = w' (k)w(k)

= [(Alp(k)z(k) + B(p(k))w(k)]" P(p(k + 1)) [A(p(k))2(k) + B(p(k))w (k)]
(

~— ~—
I

A%(p(k)) P << +1))B(p(k)) ”‘C<k)]<0
(k)P wik)]

It is exactly condition (5.17) by Schur Complement.

Sum up from 0 to N and assume z(0) = 0, it can be seen that

2(N+1)) <> w"(k)w(k) <
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Therefore (N+1) € Q(P(p), n) for any integer N. This concludes the proof. Q.E.D.

Theorem 11 provides a tolerable region for disturbances. Under any disturbance in
this region, the saturated system can be stabilized within a bounded state region by an
output feedback controller (5.4). Furthermore, one can find the largest disturbance
level Mpqe by solving an LMI optimization problem subject to constraints (5.17)-

(5.20).

5.3.2 /5 and /5 to /,, Gain Control Synthesis

Parallel with the results in Chapter 4 4.3.2, we consider the performance control for
discrete-time system subject to actuator saturations based on parameter-dependent

Lyapunov method. The performance indices are in terms of {5 gain and /5 to ¢, gain.

Theorem 12 Given x(0) = 0, scalars 1 < Nmae and o, there exists a stabilizing
output feedback controller (5.4) rendering ls gain of the saturated control system less
than ~ for all w € W, if there exist positive definite matrices P;, Py € ST=*", 4,0 €
0,27 — 1], and matrices X,Y,W € R"=>"= A € S™*™ (A, By;) € R=>" x
R j € 1[0,2™ — 1], (Ck, Dy) € R™*™ x R™*™ and (H,,H,) € R™*"* X
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R™*™ sych that

-P,
0
YTA, + By;Cypo Ay
A, + BaViCos A XT + Byl
I [Cp1 + Dy1oVijCha Cn X + Dp120kj]

81

*

—I

Y'B, + Bijpm]
Bp1 + BPQijngl
D11 + Dy19Vi; Doy

* * |
* *
Y 4YT * <0, jlelo,2m —1], (5.21)
““lrew x+xt|
0 —21
m * *
CgﬁH;i P, x| >0, ieI[l,n,], je[0,2™ —1], (5.22)
He,
| DL, A0 A
A<al, (5.23)

where Ukj = EjC’k + Ej_I:IC, ij = EjDk + Ej_I:ID. Moreover, the coefficient matrices

of such ngth-order output-feedback controller and its associated linear subspace are

given by (5.10), and all trajectories of the closed-loop system that starts from the

origin will remain inside the ellipsoid Q(P(p),n) for every w € W,, where P(p) is

defined by (5.11).

Proof: Conditions (5.21)-(5.23) ensure that the trajectories of saturated control
system contain in Q(P(p),n) for bounded disturbance w € W,. Within Q(P(p),n),

the ¢y gain of the closed-loop system is no more than ~ if there exists a parameter-

dependent Lyapunov function

2" —1

P(p)= > piP; P;>0

V(x) = 2" P(p),

Jj=0
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as defined in (5.11), such that

V(z(k+1)) —V(z(k))+ %ZT(/{?)Z(IC) —w'(k)w(k) <0, (5.24)
Q(P(p)vAan+a§:w1‘2) C‘C(HDCDQ’HmHDDp?l)a (5'25)
A <al. (5.26)
For (5.24)
V(z(k+1)) —V(x(k)) + %ZT(k)Z(k‘) —w" (k)w(k)
RECIE { A (p(R)) P(p(k + 1) Ap(k)) — P(p(k)) A" (p(k)) Po(k + 1>>B<p<k>>]
w(k) B (p(k)) P (p(k + 1)) A(p(k)) B*(p(k))P(p(k + 1)) B(p(F))
[ FCTNCeR) T (p(R)D(p(R) ] } z(k)
=D (p(k)C(p(k)) 52 D"(p(k))D(p(k)) — 1] } [w(k)

<0,

By Schur Complement, it is equivalent to

—P()) 0 Ap) C(p)

0 -1 B(p) D(p) “0
A(p) B(p) =P~ 'p) O
| C(p)  Dl(p) 0 el

for any p, p € I'. Use the relation
—P7H(p) < -GG+ G = P(p)G,

And note from (5.6) that P(p) depends on P;,j € I[0,2" — 1] of affine form. Then

our objective is to prove

P, 0 ATG cr |
0 —1 BiG D7

G'A; G'B; PB—G-G" 0

I C; D; 0 —721_

<0, j,0eTIf0,2™ —1]. (5.27)
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To this end, we define the congruent transformation matrices as

I X7 Y [T
T, = , - .
0o M*T N 0
Then GT; = T5 and
TPT, = P,
XT wWT
TIGT, = ,
I YT
T (GTAy) Ty Ty (G'B;)
o1 D

YTA, + Bi;Cho Ay Y™ B,1 4+ BijDy
- Ap —|— Bpg‘_/ij’pg APXT —|— Bp2(7kj Bpl —|— BpZijDp21
Co + Dp12‘_/kj0p2 Ca X™T + Dp12Ukj ‘ D, + Dp12ijDp21

P

The relation between transformed controller data and the original ones are given by
(5.12). Then (5.21) is verified by multiplying diag {71, 1,T{, I} from the left hand
side and its transpose from right to eqn. (5.27).

For (5.25), we have

CLHT
N P27 D;
(1+aY @}) |H,Co H., H,Dm|diag{P (A"} | HI |<1,
. D;f?ngi
i € I[1, n]

Based on Schur Complement and linear combination argument, it is the same as

ot (o Hel Mo Do
CLHT
P27 Dy ‘ > ()’ c I[l,nu], ] c [0,2”“ — 1] (528)
Hg diag { P;, A}
| | Doa1 Hp, |




Chapter 5. Parameter-Dependent Lyapunov Functions in Saturation Control 84

Note that,

Ty 0

|:HDC[)2 HC HDDP21i|:|:HDCP2 HC HDngl] I

)

Then multiply diag {1, Tr, I } from the left hand side and its transpose from right on
eqn. (5.28) to verify condition (5.22). Therefore the saturated control system has its
{5 gain less than 7. Q.E.D.

Theorem 13 The 5 to l, gain of the closed-loop system (5.5) is less than ~y for all
w € W, if there exist positive definite matrices P;, P, € ST=*" 4,0 € [0,2™ — 1],
and matrices X,Y,W € Rm=*"= A € ST ™ (A, By;) € R=>ms x R j €
1[0, 2™ — 1], (Ck, D) € R™*"= x R™*™ (H,_, H,) € R™*" x R"™*™  and a scalar
a > 0 such that

- _pj )
0 —I
YTAP -+ Bijpg Akj YTBpl + Bk]’Dp21
i Ap + BPQijCPQ APXT + BPQUkj Bpl + Bpgvijpgl

*
*
<0,0€]0,2™ —1], (5.29)
_ Y +YT© *
I+W X4X"
S ]
77""042:1:”1“% * *
CTLHT |
p2 Di] P, x| >0, ielIlln,], je[0,2™ —1], (5.30)
HT
Ciq
| Dy, 0 A

A <al, (5.31)
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V21 [Cpl + D,15Vi;Coa Cou X™ + Do1oUsj | Dot + Dy12Vij Do
* P; 0 >0,
* * I

jeI0,2m —1], (5.32)

where Uy; and Vi, are as defined in Theorem 12. The coefficient matrices of such
ngth-order output-feedback controller and its associated linear subspace are given by
(5.10), and all trajectories of the closed-loop system that starts from the origin will
remain inside the ellipsoid Q(P(p),n) for every w € W,.

Proof: Note that (5.29) is the first 3 x 3 elements of (5.21). It reflects condition
V(e(k+1) = V(z(k) < w”(k)w(k),

summation of which ensures all the trajectories of saturated control system starting
from the origin contain in Q(P(p),n) for bounded disturbance w € W,).
For /5 to /., gain control problem, we expect to find a parameter-dependent

Lyapunov function of the form (5.11), such that

P pk+1 0| [CT(p(k+1
(Clo(k+1)) D<p<k+1>>][ (”(O+ ) ; DE’; Ekil)))) <1 (533)
8P (o), A+ 3 ) € £, Cra, Ho, H, Dy, (534
A< al. (5.35)

Equivalence between (5.30),(5.23) and (5.30),(5.31) are the same with that in ¢, gain
case.

Condition (5.33) implies

[CT(”(k " ew+1) Dtk 1)] <7

D¥(p(k + 1))

P(p(k+1)) 0
0 Il



Chapter 5. Parameter-Dependent Lyapunov Functions in Saturation Control 86

It guarantees the {5 to ¢, norm is less than ~, since

(N +1)z(N +1)
= [C(p(N +1))x(N + 1) 4+ D(p(N + 1)w(N + D] [C(p(N + 1))z(N + 1)
+ D(p(N + 1))w(N +1)]

C*(p(N +1))

= [xT(N—i— 1) wT(N+ 1)} DT(p(N-|- 1))

z(N +1)
xk@w+D)DwN+m}wW+n
P(p(N+1)) 0| |2(N+1
<P [eT(N+1) w (N +1) wo+>>1 JN:S

=2 [27(N + 1)P(p(N + 1))x(N + 1) + w” (N + Dw(N + 1)]

<72 [Z w? (B)w(k) + wT (N + Dw(N + 1)

Applying Schur Complement and linear combination argument on condition (5.33)

leads to
v C; D
cr po0| 20 jelI0,2,, —1] (5.36)
DJT 0o I

Rest of the proof just follow the similar way as in Theorem 12. Condition (5.32) is
the result of multiplying diag {1, Tr I } to the left and its transpose to the right on
inequality (5.36).

Q.E.D.

Similar to the domain of attraction calculation, it can be shown that Theorem 12
and Theorem 13 cover Theorem 9 as special cases once setting P; = P, = P, j,{ €

I[0,2™ —1] and G' = P and they always provide smaller  value (or better disturbance



Chapter 5. Parameter-Dependent Lyapunov Functions in Saturation Control 87

attenuation) than the constant Lyapunov function approach in [75].

5.4 Example

Here, we consider a discrete-time linear system subject to input saturation (4.35)

with
0.8 —0.9 0.5 3.8
3 Bpl = ) Bp2 = )
0.8 0.9 1.5 —0.9

C,) = [0,1 0,2} . Dyi=-03, D= —08,

A —

P

Co=|-05 2|, D=1

We first compare the domain of attractions predicted using constant and parameter-
dependent Lyapunov functions. In Fig. 5.1, the larger ellipsoids are the cross-section
of the domain of attraction from parameter-dependent Lyapunov function which

clearly contains the ellipsoid achieved by a constant Lyapunov function.

15-

parame
Lyapunov function wi

// / constant Lyapunov function
0

05 1 15 2

Figure 5.1: Comparison of DOAs using constant and parameter-dependent Lya-
punov functions.

Next, we set the magnitude bound of disturbance as 1.186, and restrict the sin-

gular value of A no more than 0.1. Applying Theorem 11, we obtain the maximal



Chapter 5. Parameter-Dependent Lyapunov Functions in Saturation Control 88

disturbance energy level 7., = 5.638. Therefore, any trajectory starting from the
origin will stay within a bounded state region for the disturbances whose magnitude
less than 1.186 and energy less than 5.638. Choosing a smaller = 5.628, we then
apply Theorem 12 to solve disturbance attenuation problem with minimized ¢y gain

v = 0.5538. The obtained coefficient matrices of the output feedback controller are

) [—0.0201  0.1275 0.6453 —1.1160
k - b == b)
’ | 1.7940  —2.0792 1.6907 —2.2012
[—0.0891 0.3652
BkO — y B = y
| 14173 1.4879
Ch = [—0.2814 0.3885} . Dy = —0.0904,

and the auxiliary matrices H, and H, are given by

H, = [—0.1205 ().1676] ; H, = -0.0162
In simulation study, a disturbance trajectory with its energy of 5.628 is chosen as
w(k):{ 1186, 1<k<d4
0.0, k>4
Figs. 5.2-5.3 show the state trajectory and control input under the bounded distur-
bance. As can be seen, the disturbance effect is quickly reduced after step 15. For
verification purpose, we also draw the Lyapunov function values and truncated /5
gain in Figs. 5.4 - 5.5. Note that the V (z(k)) is always less than the energy bound 7,
which means the trajectory of the saturated system starting from the origin remains
within the bounded state region D. The second plot shows that the truncated /¢,
gain from w to z over the time interval [0, N] is no greater than - at each step N, as

expected.

5.5 Conclusion

In this chapter, We have solved output feedback stabilization and disturbance atten-

uation problems for saturated control systems using parameter-dependent Lyapunov
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p2

p1

X . &X
N
- -6 -

-1 I I I I I 1 I I 1
5 10 15 20 25 30 35 40 45 50 55 60
Step k

Figure 5.2: State trajectory.

functions. The resulting output feedback controller is nonlinear in nature, and was
parameterized in quasi-LPV form. By introducing an intermediate matrix, we formu-
lated the control synthesis problem as LMI optimization problems. The parameter-
dependent Lyapunov approach improved our previous work in [73, 75] by enlarging

the domain of attraction and reducing disturbance effect on the output.
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Control input o(u)

5 10 15 20 25 30 35 40 45 50 55 60
Stepk
Figure 5.3: Control input.
7 T T T
Vix)

61 ----n 4
o ]
4 ]

-1 L
5 10 15 20 25 30 35 40 45 50 55 60
Step k

Figure 5.4: Bounded state region.
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Figure 5.5: Truncated /5 gain.



Chapter 6

Generalized Saturation Input

In this chapter, we will extend the standard saturation input addressed in the pre-
vious chapters to a general type of input described by N(N > 1) bends piecewise
concave/convex functions. As would be shown later, by fixing the bending points
and the slopes of piecewise linear functions to certain values, it would recover the
standard saturation function as a special case. For this reason, we call such kind
of inputs as generalized saturation inputs. With the number of bends increasing,
we would expect to approximate a smoothly nonlinear input specified by piecewise
linear functions. Both of stabilization and performance synthesis conditions could be
derived by generalizing the results presented in Chapter 3 and 4.

In Section 6.1, we will introduce some basic concepts about concave/convex func-
tions and then provide the formula of N bends piecewise linear functions. In Section
6.2, we will exploit the connection between the standard saturation function and single
bend generalized saturation function and then derive three sets of synthesis conditions
to achieve stabilization, restricted Lo gain and L5 to L., gain minimizations, respec-
tively. Parallel results for generalized saturation input with multiple bends will also
be derived in Section 6.3 since a piecewise linear function with multiple bends can be
treated as the convex combination of several single bend piecewise linear functions.

In Section 6.4, we will provide a summary for the chapter.

92
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6.1 Concave and Convex Functions

The generalized saturation input we are interested in this chapter will be defined by
using a class of linear symmetric functions. First, we will provide the definitions of

concave and convex functions:

Definition 1 Given a scalar function y = F(u),u € U. Assume that
(a) F(u) is continuous, piecewise differentiable, F(0) =0 and F'(u)]y— > 0
(b) F(u) is odd symmetric, 1.e, F(—u) = —F(u)

Then,

If for any uy,us € U and any X € [0,1], we have
F(Aup 4+ (1 = Nug) > AF(up) + (1 — N F(ug)
F(u) is called a concave function.
If for any uy,uy € U and any A € [0, 1], we have
F(Aup + (1 — Nug) < AF(up) + (1 — A F(us)
F(u) is called a convex function.

Fig. 6.1 illustrates a concave function and a convex function. Intuitively, it is
clear that for a concave (convex) function F'(u), if we draw a straight line that is
tangential to F'(u) at point (ug, F'(ug)), then the straight line lies above (below) F'(u)
for all u € U.

Secondly, we will introduce a class of piecewise linear functions. For simplicity,
we take u € U = [0,00) for example to give the mathematical representation of the

N bends piecewise linear function. It can be easily generalized to (—oo,00) by odd
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F(uy)

Yy Yo ) Yy

(a) Concave function. (b) Convex function.

Figure 6.1: Concave and Convex Functions.
symmetry.

kou, if wue [0, bl]

b+, if welb,b
Fy=] Mt ouelnbd (6.1)

| kvu+cn, if we (by,o0)
where 0 < by < by < ... < by.From the definitions of concave and convex functions,

it is easy to conclude that

ko >k >...>kny,0<c <cy<...<cy, if F(u)is concave
ko <k <...<kn,0>c1 >co>...>cy, if F(u)is convex

Note that the last slope kx can be positive, negative or zero. In the case that ky = 0,
F(u) is a saturation like function with saturation bound ¢y at point by. Fig. 6.2

shows a piecewise linear concave function with N bends.
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Figure 6.2: Piecewise linear concave function with N bends.

6.2 Output Feedback Control with One Bend Piece-

wise Linear Saturation Input

Let us consider a simplest piecewise linear function with only one bend

Plu) = { kou, if u € [0,by] 62)
kiu+ ¢y, if u € (by,00)
It is very important to study the piecewise linear functions with one bend since all
the results for general concave or convex functions will be based on those for this
class of simple piecewise linear functions.

In expression (6.2), note that if F(u) is concave on the set u € [0,00), then 0 <

k1 < ko,c1 > 0 and by = kocjkl. If F'(u) is convex on this set, then k; > kg > 0,¢; <0

and by = klc_lko. By odd symmetry, it is not difficult to get the corresponding results
for u € (—00,0]. Shown in Fig. 6.3(a) are two piecewise linear functions with one
bend. The solid one represents a concave F'(u) while the dashed one represents a

convex F'(u). As can be seen, in the case of kg = 1,k; = 0 and by = 1, then ¢; = 1,
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F(u) becomes the standard saturation function o(u) (Fig. 6.3(b)).

y y
%: F()
ad y = o(u)
Koy . 1
_bl - - y
=7 u
- b, 1 1
-1
k1“_ c, Concave Functi.on
- - - Convex Function
(a) Generalized saturation functions. (b) Standard saturation function.

Figure 6.3: Generalization of Standard Saturation Function.

Therefore, one can treat such kind of piecewise linear functions with one bend as a

generalized saturation function.

6.2.1 Problem Statement

Now let us substitute the standard saturation input by a generalized saturation in-
put mentioned above and reconsider the stabilization and disturbance attenuation
problems addressed in Chapter 3 and Chapter 4.

The linear time-invariant plant subject to the generalized saturation is

j?P = Apxp + Bplw + BPQF(U),
y = Cp2xp + Dp21w7

where z, € R™, y € R™, v € R™,z € R™, w € R"™ and the matrix triple
(A,, B2, C,2) are stabilizable and detectable. F(u) is odd symmetric and of the form
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kiu— ¢y, if u € (—o0, —by)
F(u) = kou, if u € [—by, bi] (6.4)
kiu+ ¢y, if u € (b, 00)
ko —ky
Note that F'(u) is assumed to be a concave piecewise linear function described by the

k’o>k’1>0, bl

>0 (6.5)

solid line in Fig. 6.3(a). The discussion of the convex case is similar.
Consider an output feedback controller of the form
T = Tk, Y), T € R™,
k fi(@r, y) k (6.6)
u = Cyrg+ Dry,
Our design objective is to construct a dynamic output feedback law of the form

(6.6) such that the closed-loop system is asymptotically stable and have good distur-

bance attenuation capabilities. The objective is achieved as follows:

1. From (6.4) and (6.5), it can be verified that

F(U) = k:lu + (k?() - kl)bl(f (g)
1
Cyxy + D
:h@m%+waw%—hwm(—@%—Jﬁ> (6.7)
1

In this way, we convert the expression of a generalized saturation input to the
form that involves the standard saturation input. Thus, we can conveniently

use many results from the previous chapters.

2. Based on Lemma 1, we express the standard saturation part in (6.7) as

Ckxk+Dky i Cka:k+Dky _ H xk+HDy
() = X [ () (e

=0
(6.8)
with
~ HC HD . ~ HDCP HC
(xk,y)€£<b1,bl>, ie (Jcpaxk)eﬁ( b, ' by
_(H,C, H Ay, G, + He,
£( %% 5o ) ) e reoeme s PO o < e,
1 1 !
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4.

d.

for some scalars 0 < p; < 1, j € I[0,2" — 1], such that 22 o = 1.

Definition of Ej, £ and the choice of p;s follow the same way as before.

Use the functions p;(z, y)’s to parameterize the output feedback controller (6.6)

into the following quasi-LPV system,

Ty = (Z?:B 1ijkj> T+ (Z]m;) ' ijkj> Yy

u = Cpap+ Dy,

(6.9)

where the coefficient matrices Ay;’s, By;’s, C and Dy, are to be designed.

Based on (6.7) and (6.8), write the plant (6.3) in a quasi-LPV form,

(

i, = Az, + Baw+ Bk (Crry + Dyy)

+Bya(ko — k1) Z?:S_l pi |E;j(Cray + Dry) + Ej (Hoap + Hyy))
z = Cohr,+ Dyyw+ D19k (Crxy + Dyy)

+D12(ko — k1) Z?Z&fl pi |E;(Crry + Dyy) + E; (Hox + Hyy))
y = Chr+ Dw.

\

Combining the dynamics of the plant and the controller law to obtain the rep-

resentation of the closed-loop system

i { A+ B[k Dy+ 5257 s } { 2[MCh + X2 ) }
X (ko — k1)(E; Dy + E; HD)]C’pg X (ko — k1)(E;Cr + E; HC)]

= Z?m:)_l pjBi;Cy2 Z?n%_l pj Ak
{ Cor + Do [k’le i Z2nu 1 4 } { D1 [kflck + 22 u 71 i }
X (ko — k1) (E; Dy, + E HD)]C’p2 X (ko — k1) (E;Cy + E; HC)]

{ By + By [k D+ X770 pj } ]
X (ko — k1)(E; Dy + Ej HD)} ngl

Y50 PiBriDyn T

Dyi1 4 Dyis [k Dy, + 22 Y w
{ X (ko — k1)(E; Dy, + E; HD)]ngl }
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(ko — k) By H,, }Co
Z Pj By;Cya Agj
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A, + Bpo{[ki + (ko — k1) E;] Dy Bo{ k1 + (ko — k1) E; | Cy,
+(ko — k1)E; H,}

7=0 { Co1 + Dyro{ [k1 + (ko — k1) E;] Dy, } { Dyia{ [k + (ko — k1) ;] Ci, }

+(ko — k1) E; Hy, }Coo
{ Byi + By { [k + (ko — k1) E;] Dy
+(ko — k1)E; Hy, } Doy
By Dya1
{ D11+ Dp12{ [kl + (ko — kl)EJ]Dk
+(ko — k1) E; Hy, } Doy

with the definition

E]’ == l{?lf + (k’o - k’l)Ej, E; == (k'() - kl)E;

}

3

+ (ko — k:l)Ej_HC}

Ty

(6.10)

Then, the auxiliary LPV system which describes the dynamics of the closed-loop

system is
T A(p) B(p)| |z A By |«
[ ) =2 il pel,
z Clp) D(p)] [w =0 Cj Dj| [w
where
ZEP
Tr = ) pZ[po,Ph"‘ >P2nu71]a
Tk

2nu 1
T=<peR™: > p=1 OSpjgl,jGI[O,T“—l]},

j=0

(6.11)
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and
Ap O Bpl O Bp2
Aj BJ
= 0 0] O + 17 0
CJ’ DJ
Co 0] Dy 0 Dy
Ap; B 0 I| 0
X | - . - -
EjCk+Ej_HC EjDkJrEj_HD Cy 0D,

P

Remark 5 Comparing the above process with its counterpart in Chapter 4, it is clear
that the state space description of the closed-loop system under generalized saturation
input F(u) is the same as the one under the standard saturation input o(u) except
replacing Ej and E; terms by E'j and EJ_ Furthermore, the linear subspace restricting
the region that (x,,xy) could lie in varies from L(H,C,, H,) to L (ng—fp, IZ—?)
Taking a closer look at these two changes, it is not difficult to find that the relation
between Ej, E]_ and Ej, B depend on the slopes of the two piecewise linear functions
and L relates £ by a factor by. When setting kg = 1,k = 0,01 = 1, then Ej = Fj,
EJ_ = E; and L = L. Generalized saturation input recovers the standard saturation
input, as mentioned at the beginning of this section.

Therefore, we conclude that the generalized saturation input discussed in this section
can be treated as a saturation like input sweeping over a bend by tuning the bend points

and slopes of the two piecewise linear functions. Standard saturation input is just a

special case.

6.2.2 Main Results

The following theorems provide conditions that ensure the system stability and per-
formance properties under one bend generalized saturation input with F'(u) of the

form (6.7).

1. Output Feedback Stabilizing Control Synthesis
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Theorem 14 Consider the closed-loop system & = A(p)x. If there exist positive

definite matrices R, S € S " and matrices (ij,ékj) € RmexXne x Rrexny
(Cr, Dy) € R™xne sx R qnd (H,, H,) € R™*" x Rwxm | j e 10, 2™ — 1]
such that
*

<0, (6.12)

(AR + BUy; + RA” + UL BY,
ATS + C%BY, + SA, + Bi;Che

Ay + AT + CLVEBY,

% ﬁci HD7;OP2
R I >0, iclI[l,n,l, (6.13)
CRHy, TS
‘R I
> 0, (6.14)
7S

where ﬁkj = Ejék + E{ﬁc and ‘7@ = Ejﬁk + E;f[D, then, with the following

controller coefficient matrices for each j € I[0,2™ — 1],

~ ~ 7 —1 ~ ~
Ag; By N SBpE; SBpE; A By SA,R 0
Ck Dk - 0 I 0 5}€ ﬁk - 0 0
H. H, 0 0 I H, H, 0 0
- —1
M* 0
X , (6.15)
CoR 1]

where M, N € R"**" are such that MN" = I — RS, the plant is asymptotically
stabilized at the origin with the ellipsoid Q(P,n) contained in the domain of

-1

attraction.
(6. 16)

R I
M™ 0

I S
0 NT

pP=

. Restricted £, and Restricted £; to £, Gain Synthesis
Consider the closed-loop system (6.11) and a class of energy and magnitude
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bounded disturbances

Wn:{w R, - R™ / (t)dt <n, |w;(t)| < w;, ¥Vt >0,i € I[1,n,
(6.17)

with n and w;’s are given.

Theorem 15 Given scalars n < Nmax and v > 0, the restricted Lo gain of the
closed-loop system from the disturbance w to the output z is rendered less than or
equal to vy if there exist positive definite matrices R, S € S{=*"*, A € Si»>™,
and matrices (ij,ékj) € R™=xme x R (Cy, D)) € Rmxne x Rmwxny,
(H,, H,) e R x R j e 1[0,2™ — 1] and a scalar a > 0 such that

[ AR+ Bl + RAT + U BT, .
Ay + AT+ CLVEBY, ATS + C%BE + SA, + By;Ce
B + D%, Vi BY, BYS + D%, By,
I Coa R+ D,12Uy; Co1 4+ D12V Cha
* * |
* *
<0, (6.18)
—1 *
D, + Dplzvijpﬂ —2I |
ﬁn-ﬁ-azb 3 * kK
HT
R PSS N (6.19)
CoH) 1 *
| DinHp, 0 0 A
R T
> 0, (6.20)
IS
A <al, (6.21)

ﬁkj, ‘7@-, P are defined the same as in Theorem 1/ and the controller coefficient

matrices are given by (6.15).

bl
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Theorem 16 Assume that D(p) = 0, given scalars 1 < Nmax and v > 0, the
restricted Lo to Lo, gain of the closed-loop system from the disturbance w to
the output z is less than or equal to v if there exist positive definite matrices
R,S € Sy A e ST™  matrices (,kaj, Ekj) € ReXNe x RNMe*My (ék, ﬁk) €
R x RIwxny (f[c,f{fD) € R™>me x R™*™ 5 € 1[0,2™ — 1] and a scalar
a > 0 such that

AR + B,xUy; + RAT + UL BT, * *
Ayj + AT + CLVIBY, ATS + C%BL + SA, + BCye  * | <0,
BY, + D%, VBT, BY,S + DY, By, —1
(6.22)
S i
W * * X
E[T
R B TS () (6.23)
CoH, I S %
| D§21ﬁgi 0 0 A
R T
> 0, (6.24)
1S
A<al, (6.25)
V2 x  *
RCY +ULDY, R x| >0, (6.26)
Ch+CLVEDY, I S

Ukj, Vij, P are the same as above. Moreover, the coefficient matrices of an nyth

order output feedback controller (6.9) are determined by (6.15).

Proof. Based on Theorem 2, Theorem 6 and Theorem 7, we could easily list out
analysis conditions that guarantee the closed-loop system stability and disturbance

attenuation capabilities:



Chapter 6. Generalized Saturation Input

1. stability condition

ATP 4 PA; <0,

~(H., H_
QPn) C L=, =24,
b1 ~ by

P >0.

2. Restricted £, gain condition
ATP+ PA; PB; Cf

B; P I  Dj | < 0,
Cj Dj —’72]

H,Cyo H, H, Dy

QP A+ @’ cZ< , =2
(pansade) ez (%

P >0,

A <al.

3. Restricted £, to L., gain conditions

ATP + PA; PB;

by

< 0,
BJTP -1
n‘”f ~(H Co H. H_ Do

Q PA 2 L D;i P Ci Di P
(7 ,77+aizlwz)c ( by by
P >0,
A <al,

2 C.

DA I

cr P

where j € I[0,2™ — 1],i € I[1, n,).

by

)

)

104

(6.27)

(6.28)

(6.29)
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The rest of the proof directly follow the way in previous chapters by replacing

Ej, E; terms with Ej, EJ_ . Define the transformation matrices Z; and Z, as

I S
’ ZQ - )

which are both nonsingular. Choosing P with the form (6.16), we have following

R I
MT 0

Zy =

relations
Zy = PZ, (6.39)
R I
ZTPZ, = 727, = >0, (6.40)
I S
ZT(PA)Z, ZT(PB;) AR A ] B 0 B
PSS SR g sA 8By |+ T 0
C; 7 D, -
CaR Cy | Dy 0 Dy
Ay Byl ol 0
T ] (6.41)
Ukj ij 0 sz Dp21
|:HDCp2 HC HDDP21i| le [ﬁc ﬁDCPQ ﬁDDP21i|' (642)

where the transformed controller data (gkj, Ekj, Cy, Dy, f[c, ﬁD) relate to the original
controller data (Ag;, Byj, Ck, Dy, H., H,)) by
Ay By, SAR 0 N SBpE; SBpE:| |Ay By
Co Dil=1] 0 ol+|0 I 0 Cy Dy
H, H 0 0 0 0 I H, H,

MT 0
CoR 1

p

C D

Note that the set inclusion conditions (6.28),(6.31),(6.35) can be rewritten as LMI
form by observing that £ <IZ—1C, IZ—?) and £ <HDbICp2, IZ—f, HDbL: P2

mined by L(H_, H,) and L(H,C,2, H., H,D ) with a constant factor b; and there-

) are uniquely deter-

fore adopting the procedure as before.

Rest of the proof is about doing congruent transformation of (6.40)-(6.42) on
(6.27)-(6.38) to get (6.12)-(6.26). For brevity, we omit the detailed calculation.
Q.E.D.
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Theorem 14 provides conditions under which the plant actuated by a generalized
saturation input is asymptotically stabilizable. The stability region is characterized
by an ellipsoid (P, n) which is inside the domain of attraction. We may use the
similar way introduced in Chapter 3 to maximize the cross-section of the ellipsoid
in the plant state-space by a shape reference ellipsoid Q(Pg,1). When the plant is
perturbed by a class of magnitude and energy bounded disturbances, determination
of the minimized level disturbances could be rejected to are provided in terms of
the restricted Lo gain measurement and Lo to L., gain measurement, as shown in
Theorem 15 and Theorem 16.

It is worthy to mention that once restricting input to a standard saturation input
via fixing kg = 1,k = 0 and b; = 1, then one can easily verify that Theorem 14- 16
recovers the results in Theorem 2, 6 and 7, which denote the corresponding cases under
standard saturation input. This fact is consistent with the conclusion we declared

before.

6.3 Generalization to Piecewise Linear Function

Input with Multiple Bends

Now, we consider generalizing the piecewise linear function from one bend to multiple
bends. The purpose of studying such kind of functions is that in many situations,
a smoothly nonlinear function can be approximated by a bunch of piecewise linear
functions, as shown in Fig. 6.4. As more bends are specified, more accurately the

nonlinearity is characterized.

6.3.1 Preliminary Results and Problem Formulation

Fact 1: Consider a piecewise linear function with N bends as defined in (6.1) and for

illustration, we assume that F'(u) is concave. The case of convex F'(u) is similar.

As shown in Fig. 6.5, let v; = -%-. Then (vs, kov;) is the intersection of the straight
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05

0.5

~ _ _ _ Actual Nonlinearity | |

Piecewise Linear
Functions

15 I I I I 1 1 1
-40 -30 -20 -10 0 10 20 30 40

Figure 6.4: Nonlinearity approximation by piecewise linear functions.

line y = kou with the other straight line obtained by extending the (i 4+ 1)th section

of F(u).
Define another set of odd symmetric functions
k‘()u, if wue [O, Uz’]
filu) = . (6.43)
ku+ ¢, if u€ (v;,00)

Then, for all u € U,

F(u) € co{ fi(u), fa(u),..., fn(u)} (6.44)
and

fi(u) € co{F(u), kou}, i€I[l,N] (6.45)

The outline of proof is as follows. First, from the definition of f;(u), we can rewrite



Chapter 6. Generalized Saturation Input 108

> U

Figure 6.5: Illustration for Fact 1.

fl (U), if u € [O, bg]
fg(u), if u & (bg, bg]
F(u) = : (6.46)
fN_l(u), if u € (bN—17 bN]
fy(w), if e (by,o0)

\

It directly leads to
F(u) € co{ f1(u), fo(u),..., fn(u)},YVu e U
On the other hand, it is clear that for every i € I[1, N]|
Fu) < fi(u) < kou, YueU

Therefore,
fi(u) € co{F(u), kou}, YueU

By odd symmetry, it is easy to extend the construction from U = [0,00) to U =

(—00,00).
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This fact shows that a piecewise linear function with multiple bends can be treated

as the convex combination of several one bend piecewise linear functions, i.e,

N
F(u)=> 6:fi(u), Yuel, (6.47)
=1
1 ,ifuel0,b
5, = if u € [0, (6.48)
0 , else
1, ifue(b,biq],i€el2, N -1
. if u € (b biali € 1] 1 619
0 , else
1, ifue (N,
Sy = if u € (N, 00) (6.50)
0 , else

N
§=[61,00,....0n], A= {5eRN,Z(52- =1,6,=00r1,i eI[l,N]} (6.51)

i=1
Now, reconsider system (6.3) with F(u) defined as in (6.47). Note that each
fi(u) in the form of (6.43) is consistent with an one bend piecewise linear function
discussed in 6.2. Therefore, we could adopt the procedure in that section to construct
an output feedback controller for each f;(u), i.e, for each generalized saturation input
represented by a piecewise linear function with one bend at point (v;, kov;).
Moreover,(6.46) shows that F'(u) must be consistent with some f;(u) while u lies in a
certain section. Therefore, we may expect to use § defined in (6.48)-(6.51) to compose
a dynamic output feedback control law for F'(u) by constructing N sets of controllers,
each one of which works for an f;(u),i € I[1, N].

Specific results based on this idea are as follows:

F(u) = é@fz(u) = iéi {klu + (ko = ki)vior <U%>}

Crai + Dk?/)]

(%

= Z 0; [kz(okxk + Dry) + (ko — ki)vio ( (6.52)

where a set of (ko, k;,v;) determines certain one bend generalized saturation input

fiu).
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The composed output feedback controller formula is

Bo= Y 6 [(Z?:&fl ij‘%) Tk + <231071 ijlij> y] :

=L , (6.53)

where {A};j, By, Ci, Dy, j € 1[0, 2™ — 1]} determines a controller that works for the
system while F'(u) = f;(u).

The description of the closed-loop system is:

i@ _— A, + Bp{E;Di + E;H! }Cyy  Bo{E;Ci+ E;H' }

P N
T | = Z& Z Pi Bj;Cr2 Al
2 =t =0 Oy + Dyio{ EyyDy + E;H YCyy Dyio{ EyCl + B HY )
Byi + Byo{E;Di + E;H' } D,y z,
B]iij21 Tk

D11 + Dp12{Ez‘jDi + Ei}Hé}Dﬂl w

N A, 0| B, 0 By

=>4 0 0|l 0 [+|I o0

= Cyu 0| Dy 0 Dy
Ry Al B 0 I| 0 e
X(ij ~ .kj~_ S~ .kj~_ ) ]} T,
‘= " |EyCi+ E;H! E; D+ EH C 0| Dy .

where for i € I[1, N], j € I[0,2™ — 1]
Eyj = kI + (ko — ki)E;, E; = (ko — ki) E, (6.54)

Then, the auxiliary LPV system which describes the dynamics of the closed-loop sys-

tem 1s
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where
mp
T = , 0eA, pel
Ty
and
A(p) Bi(p) A, 0| B 0 By
C(p) D(p) = 0 0] O +1 7 0
7 p 1 p
Cu 0| Dy 0 Dy
2nu 1 . .
A By 0 I| O
X(ij~ z‘k&fi’* iiji) ]
§=0 E”Ck‘i‘EZch ElJDk+EszD Cpg O Dp21
- Pill i 1
J=0 Cj Dj

We could treat {A(9, p), B(d,p),C(d,p), D(5,p)} as the system matrices of the gen-
eralized saturation system actuated by F(u) and as can be seen from (6.55), it has
been put on a convex hull of a set of system matrices {A%(p), B'(p), C"(p), D'(p)}s,
each one of which characterizes a sub-system actuated by f;(u),i € I[1, N].

6.3.2 Main Results

Similar to Theorem 14-16, the following theorems present parallel results on stability
and performance guarantees in the situation of N bends generalized saturation input
with F'(u) of the form (6.52).

1. Output Feedback Stabilizing Control Synthesis

Theorem 17 Consider the closed-loop system & = A(6, p)x. If there exist posi-
tive definite matrices R, S € S " and matrices (E};j, E}w) € R s x R M,

(Cf,Dj) € R™*"e x R™*™ and (H', H') € R x R™*™ € I[1,N],j €
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I[0, 2™ — 1] such that

(AR + B,Ul. + RA™ + U BY *
Tk P kTR . _ <0, (6.56)
| A A OBV B APS + OB + SA, + By G
4H, G
H R 1 |20 (ellln,], (6.57)
o
CLHT T S
R I
>0, (6.58)
1S

where [7,% — E,;Ci+ E;f[’c and ‘7,3] — E;Di + Ez;ﬁ;, then, with the following
controller coefficient matrices for each i € 1[1, N|, j € 1[0, 2™ — 1],

-1

Ai. Bi N SBpE; SBpE; Ay Bl [SAR 0
ci Dil=1lo 1 0 Ci Di|l-| o o0
H H 0 0 I H H! 0 0
-1
MT 0
, (6.59)
CpoR I

where M, N € R™*" are such that MN™ = I — RS, the plant is asymptotically
stabilized at the origin with the ellipsoid Q(P,n) contained in the domain of

attraction. .

I S
0 NT

R 1
M™ 0

pP= (6.60)

2. Restricted £, and Restricted £; to £, Gain Synthesis
Consider the closed-loop system (6.55). The class of energy and magnitude

bounded disturbances are of the same form as in (6.17).

Theorem 18 Given scalars n < Nmax and v > 0, the restricted Lo gain of the
closed-loop system from the disturbance w to the output z is rendered less than or

equal to vy if there exist positive definite matrices R, S € S{=*"*, A € Si»>™,
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and matrices (Zi:yélzf]) € R x RWX™ | (5}1’15;;) € R™Xms x RM XM,
(ﬁé7ﬁ£) € R x R™*™ 4 € I[1, N],j € 1[0,2™ — 1] and a scalar o > 0

such that
| AR+ B,Ui, + RA™ + Uj" B, X
Al + AT+ CLVE B, ATS + CHBi. + SA, + Bi,Cyo
Bl + D'y, Vil BY, BY,S + DY, B
i CoiR + D,12Uf, Cor + Dy12 Vi Co
* * |
* *
<0, (6.61)
-1 *
D1 + Dp12‘7kijp21 -1 i
S i
P ST * Kk K
H"
P RS (RN (6.62)
CoH,, I *
Dgﬂﬁg 0 0 A
‘R T
> 0, (6.63)
IS
A <al, (6.64)

(7,@-, ‘7,fj, P are defined the same as in Theorem 17 and the controller coefficient

matrices are given by (6.59).

Theorem 19 Assume that D(d,p) = 0, given scalars 1 < Nmax and v > 0, the

restricted Lo to Lo gain of the closed-loop system from the disturbance w to

the output z is less than or equal to v if there exist positive definite matrices
R,S € St A € ST*™  matrices (Z};j, E}c)) € R x Rmexmw (Ch Di) e
R > 5 RMeXy (Hé,Hg) € R x R™*™ 4 € I[1, N|, j € 1[0,2™ — 1] and
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a scalar o > 0 such that

AR+ B,,Uj; + RAT + Ul BT, * *
Ai+ AT + CLVE BT, ATS + CLBI + SA, + Bj,C,y % | <0,
B} + Dng@;BEQ B S+ D;leé;i; —1I
(6.65)
v? T
T]+O¢ Z?g}l wJQ * * *
H R
or Tl >0, eI, (6.66)
CoH,, I *
DY, HY 0 0 A
‘R T
>0, (6.67)
7S
A<al, (6.68)
I v I x
RCH+ULDY, R x| 20, (6.69)
Ch+CLVEDY, 1S

U,ij, V,jj, P are the same as above. Moreover, the coefficient matrices of an n,th

order output feedback controller (6.53) are determined by (6.59).

Proof. Based on Section 6.2, we could list the sufficient condition that guarantee the

closed-loop system & = A%(p)z is asymptotically stable

2nu 1
AT (p)P+ PA(p) = Y pi(AT P+ PA}) <0, (6.70)
j=0
_(H H
MRmCE(C;l>, (6.71)
(% V;
P>0 (6.72)

for i € I[1, N] and p € T'. Note that these conditions ensure the open-loop system
with system matrices {A, B,2, C2} actuated by the generalized saturation input f;(u)

with one bend at point (v;, kgv;) is stabilizable.
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Firstly, we want to prove the relation between the stabilizability of sub-system

& = A'(p)z and stabilizability of system & = A(d, p)z. From Fact 1, we conclude that

F(u) € co{fi(u), fa(u), ..., fn(u)}

and the resulting closed loop system is @ = A(4, p)x = Zfil 8;A(p)x,d € A. Obvi-
ously, (6.70) and (6.72) ensure that AT (8, p) P + PA(d, p) < 0 will be satisfied due to

linear combination argument. Furthermore, in order to use the convex combination

argument to express the saturation input, we need (xy,y) € L ( <, B ) for every

fi(u),i € I[1, N]. Consequently, every point in the ellipsoid, which describes the
stability region under F'(u), must inside the intersection of all the linear subspaces

L (HZC HB) ,i € I|1, N]. Then it leads to the analysis conditions that guarantee the

’Ui7’Ui

closed-loop system & = A(9, p)x is asymptotically stable

iT i
AP 4 PAY <0, (6.73)
N . .
~(H' H
QP L|—<,—=2 6.74
e NE(GE52). (6.74)
P>0 (6.75)

for all + € I[1, N] and j € I|0,2" — 1]. The proof of the equivalence between (6.73)-
(6.75) and (6.56)-(6.58) follows the same way as in Section 6.2 by first converting
(6.73)-(6.75) into LMIs and then through congruent transformations. The resulting
set Q(P,n) outlines the ellipsoid within which the open-loop system under the gen-
eralized saturation input F'(u) is stabilizable via an output feedback controller with
coefficient matrices {4}, Bj;,C}, Dy, H., H! }, i € I[1,N],j € I[0,2™ — 1] deter-
mined by

Ai. B SA,R 0| |N SBuE; SBpE;| |AL, B

ci Dil=| 0 o|l+]0 I 0 Ci D M0
ek oMU eLR 1|
H H 0 0 0 0 I H H

(6.76)
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where Eij, El; are defined as in (6.54). As we have discussed, there will be N sets of
controllers constructed and each one works on a section of w.
The proof of Theorem 18 and 19 are trivial and omitted here for brevity. Basically

the idea is similar with the one used in stabilization problem presented above. Q.E.D.

6.4 Summary

In this chapter, we introduced the concept of piecewise concave/convex linear func-
tions. The purpose is to extend the standard saturation input o(u) to some more
generalized cases. We have studied two cases here, one is the saturation like input
described by a piecewise linear function with one bend and the other is with multiple
bends.

The resulting synthesis conditions for generalized saturation input with one bend
is based on those for standard saturation input and it is verified that the latter is
covered by the former while fixing the coefficients of the input function to certain
values.

Noticing the fact that a piecewise linear function with multiple bends is the convex
combination of several piecewise linear functions with one bend, we decomposed the
stability and disturbance attenuation problems of the whole system to several corre-
sponding problems of the sub-systems, each one of which can be solved by adopting
the results from the one bend case. As a result, for each sub-system, there exists an
output feedback controller and a linear subspace where saturation does not occur.
The stability region of the whole system lies in the intersection of these N linear
subspaces.

The importance of studying the class of generalized saturation inputs is that it
makes the exploration of continuously nonlinear inputs possible, since a continuously
nonlinear function may be approximated by a set of piecewise concave/convex linear
functions. However, it should be noted that since N controllers will be constructed,

and each one only serves for one section of u, the applicability of the control law at
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the bend points is a potential issue. Especially when N is very large, the stability of
the system while switching the control laws is not guaranteed.

The stabilization and performance optimization results can also be developed for
discrete-time systems with generalized saturation inputs, which will not be discussed

here.



Chapter 7

Conclusion

7.1 Thesis Conclusion and Contribution

In this thesis, we presented a methodology to solve the output feedback stabilization
and disturbance attenuation problems for linear systems subject to actuator satu-
rations. This method applied to general linear systems including strictly unstable
ones. Both of the continuous-time and discrete-time systems were addressed, if it is
possible.
The contributions of this thesis are summarized as following:
e Most of the literature on exponentially unstable systems pertained to state
feedback. A few exceptions where output feedback were used include |26,
50, 51]. In this thesis, we further explored the construction of output
feedback control laws, since they are applicable to broader class of sys-
tems including those that only part of the states information about the
plant are known. Both of the stabilization and performance problems
were considered and the determination of the controller coefficient matri-
ces was finally formulated and solved as optimization problem with LMI
constraints.
e The key point of this approach included putting the saturating linear feed-

back law on the convex hull involving an auxiliary feedback gain matrix.
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Though the resulting output feedback laws were nonlinear in nature, due
to this convex combination formulation of the saturating feedback law, we
could parameterize them into quasi-LPV forms. As a result, the dynam-
ics of the output feedback controller affinely depended on a scheduling
parameter, so did the closed-loop system. Synthesis conditions that en-
sured the invariance property in an ellipsoid (system stability) as well as
the disturbance attenuation capabilities (performance criteria) could be
formulated as linear matrix inequalities (LMIs) with a variable to be op-
timized. For stabilization problem, the optimized variable referred to the
largest stability region could be achieved while for performance problem,
it indicated the smallest level of a class of magnitude and energy bounded
disturbances could be rejected in terms of certain norm measure (induced
Ly gain or Ly to Lo gain).

e A class of generalized Lyapunov functions, called parameter-dependent
Lyapunov functions, made the choice of Lyapunov functions to a more
flexible form. The parameter-dependent Lyapunov matrix was expressed
as the convex combination of several constant Lyapunov matrices, each
one of which was involved in the LMI control synthesis process and how
much it contributed to the composing of parameter-depend Lyapunov
matrix depended on a scheduling parameter. From this point, it was not
difficult to see that constant Lyapunov function could be treated as a
special case of the parameter-dependent Lyapunov function. Therefore
we may get less conservative results by using this generalized Lyapunov
function.

e Generalization on the form of saturation functions broaden the applicable
scope of the proposed saturation control scheme, which is discussed in the
context of standard saturation inputs to a class of saturation-like inputs
described by piecewise linear functions with multiple bends. The gener-

alized synthesis conditions could also be solved as LMI problem. Since
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the form of the saturation-like input was determined by a set of tunable
parameters including input slopes and bend points, the generalized sat-
uration control approach was applicable to a wider class of saturation
functions and the standard saturation function was covered as a special
case.

In summary, this research has provided a new approach to solve output feedback
control problem for saturated linear systems from gain-scheduling control perspective.
Other than its theoretical interest, the newly developed output control approach
will greatly improve the applicability of saturated control techniques to practical

engineering problems.

7.2 Future Work

Besides the results presented in this thesis, there are some remaining issues as well

as promising directions that worth to be further studied in the future.

e Simulation tests in stabilization problem showed that directly applying
synthesis conditions often pushed the pole locations of the closed-loop
system far away from the origin in the left half plane. Thus the state
trajectory converged to the equilibrium point (origin) very fast such that
input sharply decreased to zero without saturating. It also caused numer-
ical problems in simulation. In the thesis, we adopted the pole placement
design approach [9] to restrict the poles of the closed-loop system lie in
a certain region that not so far from the origin in the left half plane
in order to clearly observe saturation phenomena and improve numeri-
cal condition. As a result, the domain of attraction was decreased with
pole locations moving closer to the origin. Therefore, properly adjusting
the pole locations to balance the requirements on domain of attraction
and closed loop behavior is a critical issue from implementation point of

view. Future work should address the design trade-off between these two
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conflicting requirements.

e As demonstrated in £y to L, performance control, we have considered
relaxing the requirement of D(p) = 0 since the class of disturbances dis-
cussed there was assumed to be magnitude and energy bounded. There-
fore, a magnitude unbounded controlled output z would not be produced.
For discrete-time system, we have successfully removed the condition
D(p) = 0, however, for continuous-time system, the derivation of the
synthesis condition while D(p) = 0 would involve the integration terms
which is not easy to deal with. So this problem needed to be carefully
examined in the future.

e Anti-windup approach employs a two-step design procedure by firstly de-
signing the linear controller ignoring the saturation nonlinearities and then
adding anti-windup compensation to minimize the adverse effects of the
saturation on the closed-loop performance. Some anti-windup control
schemes were proposed from different perspectives [36, 7] with the aim
of allowing for general designs with stability and performance guarantees.
Most of previous anti-windup compensator designs are only applicable to
open-loop stable LTI systems. Therefore, extending our approach within
the framework of anti-windup control is a direction worth to pursue.

e Other than linear time invariant (LTI) open-loop systems, there exist
other more complicated systems which are valuable for studying, such
as LPV systems. This generalization is well motivated because of the
relevance of LPV systems to nonlinear systems. In fact, the LPV model
can be thought of as a group of local descriptions of nonlinear dynamics.
As a special class of LPV systems, LFT systems have been well understood
and in the absence of actuator saturation, LF'T control problems have been
systematically addressed based on a scaled small gain condition and the
existence of such a gain-scheduled controller has been fully characterized

by a set of LMIs. It will be of interest to exploit output feedback control
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designs for LF'T saturating systems.
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