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The author develops non-parametric one-sample and two-sample
goodness-of-fit tests using as test statistics the Lévy and Prohorov
distance between empirical distribution functions. Computational
procedures are described for computing the test statistics. Recur-
rence equations are described for computing the distribution of the
two-sample test statistics, using results about the maximal matchings
in certain graphs. The asymptotic distribution of the one-sample
test statistic is expressed in terms of the distribution of fluctu-
ations in the sample path of the Brownian Bridge stochastic process.
Tables of these distributions are given in the appendix. The power
of the tests against certain alternatives is discussed, and the re-
sults of simulations comparing the power with that of the Kolmogorov-

Smirnov test.
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CHAPTER 1.

Introduction

1.1 Outline and Summary

Let (S,p) be a metric space. Let S be the class of Borel sub-
sets of S and let P(S) be the space of all probability measures on
(S,S). A number of ways of defining a metric on the space P(S) have
been suggested and it seems natural to use such a metric to construct
tests of statistical hypotheses. For a one-sample goodness-of-fit test,
the metric may be used to measure the distance between the empirical
measure of a random sample and the probability measure from which the
sample is hypothesized to have been drawn. (By "empirical measure" is
meant the measure which puts equal mass at all the sample points and
zero mass elsewhere.) The corresponding two-sample test for identical
distribution would use as a test statistic the distance between the
empirical measures of the two samples. The standard example is the

Kolmogorov-Smirnov test, where S is the real line and the uniform

metric on P(S) is used, i.e., the metric dK(P,Q) = sup lP(—W,t] -
~00< t <o
Q(—w,t]! . The Cramér-von Mises test is based on a directed distance

between the empirical distribution function Fn and the null distri-

bution function F, dC(Fn,F) = nf (Fn(x)—F(x))ZW(F(x))dF(x), where

y(+) is a weight function. (d, is not metric since it is not symmet-

c

ric in its arguments.) Other tests based on metrics on P(S) have

been suggested in [1] and [26].



The so-called "Levy" metric, d[ , which is defined for S = Ek
(k-dimensional Euclidean space) and has as its metric topology the
topology of weak convergence of probability measures, and the "Prohorov"

metric, d which generates the same topology on P(S) for a more

p
general class of metric spaces S, have been given little discussion in
the context of hypothesis testing. Dudley [12] remarks that there

exists no practical means for computing the value of the test statistic
for the test based on dP' Zolotarev [32] suggests that a barrier to

the use of tests based on dL is the lack of knowledge about its
characteristic function, which presumably prevents the development of

the asymptotic distribution theory along the lines of that for the
Kolmogorov-Smirnov test.

An additional difficulty is that while the statistical tests based
on dK are distribution-free for continuous null distributions, the
analogous tests based on dP and dL are not. In the case S = El,
we can construct a distribution-free one-sample test by using dP or
dL to measure the distance between the uniform measure on [0,1] and
the empirical measure of {F(Xi)} , where F is the null distribution
function and {Xi} denotes the sample. The corresponding two-sample
test would use dP or dL to measure the distance between the empiri-
cal measures of {si/N} and {ri/N} , where TiseeesT and SyseresSy
are the respective ranks of the two samples among the pooled observatioms,
and N = m+n. Alternatively, the two-sample test statistic could be the

distance between the empirical measure of {si/N} and the empirical

measure of {1/N,...,N/N} .



In what follows, we will discuss the computation of these test
statistics based on dP and dL , their distributions under the null
hypothesis, and some of their statistical properties. For dP , exact
distributions of the two-sample test statistic are computed for the
case of equal sample sizes, corresponding to the results of Massey [21]
for the Kolmogorov-Smirnov test. We are unable to give similar results
for the one-sample test, as are found by Birnbaum and Tingey [6] for
the Kolmogorov-Smirnov test. The asymptotic distributions of the test
statistics are related to the distribution of particular fluctuations
in the sample path of the ''Brownian Bridge' process. As with dK s
there is a single asymptotic distribution for the one-sample and two-
sample test statistics. We have not succeeded in finding a closed-form
expression for this distribution, although some crude upper and lower
bounds have been computed. The asymptotic distribution of the test
statistics based on dL is closely related to that of the statistics
based on d, , and can be given explicitly.

In Chapter 1, we give definitions and a brief description of weak
convergence and of the metrics dL and dP . Results and relationships
are collected here which will be of use in later chapters. Chapter 2
contains computational procedures for dP and dL' One algorithm com-
putes dP(P,Q) for measures P and Q which each have finite support.
For S = El, a more efficient algorithm computes dP(P,Q) where P has
finite support and Q is arbitrary. In Chapter 3, recurrence equations
are derived which are used to compute the exact null distribution of the
two-sample test statistic for equal sample sizes. Chapter 4 contains

the results on the asymptotic distributions of the test statistics.



Chapter 5 consists of a brief discussion of the statistical properties
of the tests, including the results of simulations comparing the power
of these tests with the power of the Kolmogorov-Smirnov test against
normal location and scale alternatives, and against ''Lehmann'" nonpara-
metric alternatives. An appendix contains tables of the distribution
of the two-sample test statistic obtained using the methods of Chapter
3, and the results of Monte Carlo estimation of the exact distribution
of the one-sample test statistic for sample sizes 5, 10, 20, 40, 60,
and 80, as well as a description of the computer programming methods

used.

1.2 Weak convergence of measures.

As before, let (S,p) be a metric space and let S be the o-field
of all Borel subsets of S. Let P(S) be the space of all probability

measures on (S,S). Let {Pn} and P be elements of P(S).

Definition 1.2.1: (a) {Pn} is said to converge weakly to P (written

Pn => P) if and only if ff dPn > ff dP for every bounded continuous
S S
real-valued function f defined on S.

(b) If S = Ek and F(x) = P{y:y<x} and Fn(x) = Pn{y:ySX} , n=1,2,.

then we say that Fn => F if and only if Pn=> P. (Note: if

X = (Xl""’xk) and y = (yl,...,yk), we write y < x if and only if

Ys <X, i=1,...,k.)

(¢c) Let T be a metric space and T the Borel subsets of T. If

{Xn} and X are random elements (i.e., measurable mappings) from a

probability space (2,A,P) to (T,T), we say that Xn =X if and only if
1

Px; => PX_1 as probability measures in P(T). 1In this case we say

that {Xn} converges in distribution to X. U



Definition 1.2.2: For each A c S, let 8A denote the boundary of

A. Let P e P(S). A e S is called a P-continuity set if and only

if P(8A) = 0. (Note that §A ¢ S, since G6A 1is closed.) U

We will usually use the following equivalent characterization of
weak convergence instead of the original definition. The next two
Propositions are found in [5], where additional equivalent conditions

for weak convergence are given.

Proposition 1.2.3: Pn => P if and only if Pn(A) - P(A) for all
P-continuity sets A. If S = Ek and {Fn} and F are defined as
before, then Fn = F if and only if Fn(x) + F(x) for every point

k . .
x ¢ E° such that F is continuous at x. 0

Proposition 1.2.4: Let T be a Separable metric space and T the

Borel o-field of T. Let {hn} and h be measurable functions from
(S,8) to (T,T). Let E be the set of all x € S for which there exists
some sequence {xn} of points of S such that x, > X but hn(xn)

+ h(x). (Since T is separable, E ¢ S.) If P =P and P(E) =0,

then P h—1=9 Ph—1 . g
nn

Proposition 1.2.4 frequently appears through its corollary that

if h 1is a continuous function from (S,S) to (T,T), then P = P

1

implies P h = = PRl .

1.3 The metrics dL and dP .

Definition 1.3.1: (a) Let S = Ek. Define the metric dK on

P(S) by dK(P,Q) = inf{e>0: P(-»,x] - € < Q(-»,x] < P(-»,x] + ¢ ;



for all erk}.

(b) Let § = Ek. Define the metric dL on P(S) by

dL(P,Q) = inf{e>0: P(-»,x-e] - € < Q(-»,x] € P(-=,x+e] + e; for

all x ¢ Ek}.

(c) Let (S,p) Dbe an arbitrary metric space. Define the metric dP

on P(S) by dP(P,Q) = inf{e>0: Q(F) = P(Fe) + g; for all closed sets

F < S}, where F® = {y € S: there exists x € F such that p(x,y) < e}.
U

(Note: the definition of dP is not apparently symmetric in P and

Q. However, suppose that Q(F) < P(Fg) + ¢ for all closed sets F c S,

Let G ¢ S be closed, then G¢ s open. Since G c S - (S—GE)e [ GE

and Q(S-G%) < P((S-G%)®) + ¢, we have the inequalities

P(G) < P(S-(S-G5)®) < Q(G*) + ¢, hence d,(P,Q) = d,(Q,P). This proof

appears in [30]. Previously the definition of the Prohorov distance

between P and Q was usually given as what, in our notation would be,

min(dP(P,Q), dP(Q,P)). This latter definition is more general since

when dealing with a larger space of measures so that P(S) # Q(S),

dP(P,Q) may not equal dP(Q,P).)

Proposition 1.3.2: (a) Let S be separable and complete. Pn => P

if and only if dP(Pn,P) -+ 0.

®) If S = E, P =P if and only if d (P_,P) » 0.

The proof of (a) first appears in [24]. A proof of (b) for k = 1
is given in [14]. Bhattacharya in [3] observes that essentially the
same proof works for k > 1. Prohorov [24] shows that the metric space

(P(s),d is separable and complete when S 1is separable and complete.

p)



These assumptions about S can be weakened (see [s1). g

1.3.2 shows that dP and dL are equivalent metrics, i.e.,

they generate the same topology on P(S), when S = Ek. However, they
do not generate the same uniformities, as shown by the following ex-
ample from [11]. Define P and Qn by Pn(Zj) = Qn(2j+1) = 1/n,
j=1,...,n. Then dL(Pn,Qn) = 1/n , while dP(Pn,Qn) = 1/2. The
topologies generated by these metrics are relevant to their statisti-
cal properties. Two examples to this effect are suggested by Hampel's
remark in [15] that dP gives a "literal quantitative description' of

"rounding of the observations' and 'the occurrence of gross errors."

Example 1.3.3: Let Xx x  be real numbers and define Yy = X + €,

100 %, 1

and Y; =X for i = 2,3,...,n. Let Pn and Qn be the empirical

measures of {xi} and {yi} respectively. Assume that

0 <e < ?;?Ixi-le . Then dP(Pn,Qn) = dL(Pn,Qn) = min(e,1/n), while

dK(Pn,Qn) = 1/n. In this case, when ¢ < 1/n , d, and dp give a

L

better idea of the size of the "error'" in the first observation. i

Example 1.3.4: Now define Y; =Xy +¢,1i=1,...,k, y. = x. for

i = k+1,...,n. Let € > k/n. Then dP(Pn,Qn) = k/n, while

dL(Pn,Qn) = 1/n. U

Neither dL nor dP generates a distribution-free test. In
particular, neither metric is invariant under transformations corres-
ponding to changes of scale in the data. This lack of invariance must

hold for any metric which generates the topology of weak convergence

on P(Ek) .



The following Glivenko-Cantelli-type result is due to Varadarajan
[31].

Proposition 1.3.5: Let P e P(S), where S 1is separable and complete,

and let Pn be the empirical measure of a sample of size n from P.
Then Pn=3 P a.s. Hence dP(Pn,P) -0 a.s., and for S = Ek,
dL(Pn,P) + 0 a.s. 0
The definitions which we have given for dP and dL are those
most often found in the literature. They are actually not the most

convenient for our purposes and the following results show that cer-

tain modifications can be made. Let FE] = {y € S: x € F such that

p(x,y) < el.

Proposition 1.3.6: (a) Let P, Q € P(S). Then dP(P,Q) =
inf{e > 0: Q(F) < P(FE)) + 5 for all closed F e S} .
(b) Let P, Q ¢ P(EX). Then a,(P,Q) =

inf{e > 0: P(-»,x-€) - € < Q(-»,x] < P(~=,x+e] + € ; for all x ¢ Ek}

Proof: (a) For each closed F ¢ S,

1
P(FE) +e < P(Fe]) + g < P(F€ ) +e', foreach € >0 and e' > ¢.

(b) For each x ¢ Ek s
P(~w,x-g'] - €' £ P(~»,x-g) - ¢ < P(-»,x-¢] - €, for each & > 0 and

e' > e . O

Definition 1.3.7: For given P, Q € P(S), define the function

VP(P,Q;e) of ¢ by VP(P,Q;e) = sup(P(F) - Q(Fe])) , the supremum

being taken over all closed F < S. Define VL(P,Q;E) =

max{ SUE(P("OO:X'E) - Q(—oo,x])’ Su&(Q(—“’,X] - P(-oo,x-{.e])}_
xeE xeE
0



Proposition 1.3.8: (a) For c ¢ [0,1], dP(P,Q) < ¢ if and only if

VP(P,Q;C) < c.

(b) For c e [0,1], dL(P,Q) < ¢ if and only if VL(P,Q;C) <

1
(¢

Proof: (a) By 1.3.6 (a), if VP(P,Q;C) < ¢, then dP(P,Q) < c.

1
Conversely, dP(P,Q) < ¢ implies for c' > ¢ that P(F) < Q(FC ])
+ ¢', for all closed F ¢ S. But for each closed set F,
1
lim Q(FC ]) = Q(FC]), so P(F) < Q(FC]) + ¢ for all closed F ¢ S,
c'dc
i.e., VP(P,Q;C) < c,
(b) Similarly, 1lim P(-e,x-c'}) = P(-»,x-¢) and 1lim P(-=,x+c'] =
c'tc c'Yc
P(-e,x+c] . 0
The next two results show that when S = E1 or S = [0,1] under
the Fuclidean metric, then in defining dP it is not necessary to

consider all closed subsets of S, but that a smaller class of sets

will suffice.

Definition 1.3.9: Let F be the class of all closed subsets of [0,1]

which can be expressed as the union of finitely many disjoint closed

intervals. Let FCZG) be the class of all members of F such that

if we write F as the union of the disjoint intervals Ij = [bj,cj] s
j=1,...,m where 0 < b1 S b2 < C,< .<bm < < 1, then
b. - ¢c. >28 fori=1,...,m-1; and if b, # 0, then b, > §;
i+l 1 1 1
and if S # 1, then ch < 1 - 6. O

Proposition 1.3.10: Let P, Q¢ P([0,1]). Then dP(P,Q) < ¢ if and

only if sup (P(G) - Q(GC]))S c.
GeF(ZC)
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Proof: Let & > 0 be arbitrary. It suffices to show that

VP(P,Q,C) = sup (P(G) - Q(GC])). For each closed set F ¢ [0,1], let
GeF(ZC)

the set G(F) be the union of F with every interval [Ci’bi+1] such
that bi+1_ci < 28, and with [O,bl] if b1 < §, and with [cm,l] if

. Z 1 - &8; where {bi} and {Ci} are as in Definition 1.3.9. Then

G = F and FeG®) L so PR - Q) = P(6) - Q6D

But G(F) € F(Zc)' B

The proof of the same result for P,Q e P(El) is similar except
that the sets of F are allowed to consist of the unions of finite
or semi-infinite intervals. As immediate corollaries to 1.3.10 it
follows that dP(P,Q) < c if and only if sup(P(F) - Q(FC])) < c,

FeF
and that dP(P,Q) =

inf{e > 0: P(F) < Q(FS]) + ¢ for all F ¢ F} =

inf{e > 0: P(F) < Q(Fe]) + ¢ for all F ¢ F(ze)} .

It follows from Definition 1.3.1 (and the fact that dP(P,Q) =
dP(Q,P)) that for P,Q € P(Ek), dK(P,Q) < dL(P,Q) and also that
dP(P,Q) < dL(P,Q), since the inequalities which must, in the defini-
tion of dP , be satisfied for all closed sets F need only be satis-
fied for sets of the form (-»,x] or [x,») in the definition of dL'

No such general inequality exists between dK and dP' However, when

dealing with measures in P([0,1]) and when P = U, the uniform meas-

ure, the following relationships hold.

Proposition 1.3.11: Let S = [0,1] and p(x,y) = |x—y|. Let U be

Lebesgue measure restricted to S. Let V e P(S) be arbitrary. Then

d, (U,V)/2 < dp(U,V) < d,(U,V)
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v

Proof: If for some X € [0,1], lufo,x]} - v[o,x]| 2¢ > 0, then either
V([0,x]) = UC[0,x])®) + e, or V(Ix,1D) > U(lx,1]7) e,
and hence dP(U,V) > €. Therefore, dP(U,V) > dK(U,V)/Z.

To show dP(U,V) < dK(U,V), suppose 0 < g < dP(U,V). Then we may
choose a closed set F such that V(F) > U(FE) + €. We may choose F
such that F ¢ F(ZE), as in Proposition 1.3.10. Write F as the union
of the disjoint intervals Ij = [bj,cj], j=1,...,m, where 0 < bl <cg <
b2 < c2<...<bm sc, < 1.

We have one of three cases

(1) e < b1 and c <1 - ¢;

1}

(ii) e < b1 and c

b and 1 = c_ .
1 m

1, or b, =0 andc_<1 -¢
1 m

(ii1) O

Then U(FE) = U(F) + Ae, where A = 2m in case (1i); A = Zm-1 in case (ii);

A = 2m-2 in case (ii); and hence

b

m
V(I.) = UF®) + e = (A+1)e + )
J—l J 3 =

J_1U(Ij)
Suppose case (i) holds. Then for some j, 1 <3j <m, V(Ij) > U(Ij) + 2¢
and hence 2g < (V—U)(Ij) < ZdK(U,V)

Suppose case (ii) holds and for definiteness that c, = 1. Then

either V([bm,l]) P U([bm,l]) + g, so that dK(U,V) >¢e, or

m-1 m-1
) V(Ij) 2(m-1)e + )

1 J

[\

U(Ij) »

j 1

and hence for some j, 1 < j < m-1, V(Ij) > U(Ij) + 2¢ , so that 2dK(U,V)22€.
Suppose case (1ii) holds. Then either V([O,cl]) > U([O,cl]) + e or
V([bm,l]) > U([bm,l]) + ¢ , so that dK(U,V) > g, or

m-1 m-1

Z V(Ij) > 2(m-2)e + -Z

u(r.y ,
j=2 ]

j=2
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and hence for some j, 2 < j < m-1, V(Ij) > U(Ij) + 2e¢  so that
ZdK(U,V) > 2¢ . In all three cases ¢ < dK(U,V). Letting ¢ 4 dP(U,V),

the proof is complete. 0

This proof is a modification of that of Dudley in [12], where it
is shown that dK(U,V)/Z < dP(U,V) < ZdK(U,V). The bounds given are
at least very nearly the best possible. Indeed, if V is the measure
in P([0,1]) which places unit mass at 0, then dK(U,V) = 1 , while
dP(U,V) = 1/2. Let k =22, If V(k) places mass 1/2k at the
points 0 and 1 and mass 1/k at 1/k,2/k,...,(k-1)/k, then
dP(V(k),U) = 1/(2k+1) , while dK(V(k),U) = 1/2k. Hence as k > « ,
dP(U,V(k))/dK(U,V(k)) + 1. We have no example in which
dP(U,V) = dK(U,V) > 0.

1.3.11 shows that if Un is the empirical measure of a sample of
size n from U, then n%E(dP(Un,U)) is bounded and bounded away from
zero. Dudley [12] also gives asymptotic upper bounds on E(dP(Vn,V)),,
where V e P(S) , for a more general class of metric spaces S, where

v, is the empirical measure of a sample of size n from V.

1.4 Asymptotic distributions based on the Wiener process.

Definition 1.4.1: (a) The probability measure W defined on C[0,1]

such that for t e [0,1], W(t) is normally distributed with E(W(t))

= 0 and var(W(t)) = t, (W(0) = 0 a.s.) and such that for 0 < tO <

tls...stk < 1, the random variables W(tl) - W(to), W(tz) - W(tl),...,
W(tk) - W(tk_l) are independent, will be called Wiener measure.

It follows that E(W(t)W(s)) = min(s,t) , for s,t ¢ [0,1].
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(b) The measure W° on C[0,1] with W°(t) normal, EW°(t)) = 0,
and E(W°(t)W°(s))= s(1-t) for s <t will be called the Brownian
Bridge. We may define W° by W°(t) = W(t) - tW(1), 0 <t < 1.
(Alternatively W(t) may be defined for t e [0,=) and then W°(s)
is defined as (1-s)W(s/(l-s)), 0 < s < 1.) The "sample path'"  W(t)
is a continuous function on [0,1], and hence W°(t)

is also. W°(t) may also be thought of as being distributed as W(t)
conditioned on the event {W(1) = 0}.

W° has an important role in deriving the asymptotic distribution
for a number of test statistics, including the Kolmogorov-Smirnov,
making use of Proposition 1.2.4. This was first recognized by Doob [10],
and the proof was made rigorous by Donsker [9]. Other examples of the
application of this method are [4] and [27]. The following results are

found in [5] and [10].

Proposition 1.4.2: (a) Let U be the uniform measure on [0,1] and

let Un be the empirical measure of a random sample of size n from
U. Then the process Xn defined by Xn(t) = n%(Un[O,t] - U[o,t]),

0 <t <1, converges weakly to W® in the Skorohod topology on
D[0,1], the space of all functions on [0,1] which are continuous from
the right and have left-hand limits. 1In particular this means by Pro-

P
position 1.2.4 that nsz(U ,U) = sup [X_(t)| converges in distribu-
n o<t<1 1

tion to sup [W°(t)]
0<t<l1

(b) Let U and V be the empirical measures of {si/N} and
{ri/N} , where {Si} and {ri} are the ranks among the pooled obser-

vations of two random samples from the same continuous distribution
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and N =m+n, m and n being the respective sample sizes. Then as
m and n approach infinity, the process Ym n defined by
Y n(t) = (mn/N) (Um([O,t])-Vn([O,t])) converges weakly to W°,
provided 0 < a < m/n < b < =, g

Proposition 1.4.3: Let M° = sup W°(t) and m° = inf W°(t).
0<t<1 Ost<1

(a) Pr{M° < b} =1 - exp(-2b%), b > 0.

)  Prl sup [Wt)] bl =1+27 D¥ap-2k®?), b >0 .

0st<1 k=1
o < o v 22 T 2
(c) Pr{a < m° < M° < b} = Z exp (-2k"c7) - Z exp (-2(b+kc)”),
k:—oo k:—oo
where ¢ = b-a, b > 0 and a < 0. 0

These results agree with earlier results proved by Kelmogorov and
Smirnov. Billingsley proves (c) by arguments about a sequence of
random walks which approximate the process W°. Doob uses a more
general result about the probabilities of various level crossings by
the W° process, using the Inclusion-Exclusion principle to obtain the

expression given for Pr{a < m® < M° < b} .

1.5 Terminology from the Theory of Graphs. Let X and Y be finite

sets. A finite simple graph, T, 1is a collection of arcs, or ordered
pairs (x,y), with initial vertex x ¢ X and terminal vertex y e Y.
A matching is a subset of T in which each element of X (resp. Y)
appears at most once as anvinitial (resp. terminal) vertex. A maximal

matching is a matching of maximum possible cardinality; there is not in



general a unique maximal matching. The number of arcs in a maximal
matching in the graph (X,Y,T) will be denoted N(X,Y,T). The
deficiency of the graph (X,Y,T) 1is defined as D(X,Y,T) =

%%ﬁ(#(F) - #(T(F))), where T(F) = {y € Y: there exist x ¢ F such
that (x,y) ¢ T'}, and for any set S, #(S) denotes the cardinality of
S.

Proposition 1.5.1: N(X,Y,T) = #(X) - D(X,Y,I'). This result is found
N

in [23].



CHAPTER 2

Computational Procedures

2.1 Computation of dP(P,Q) for general S when P and Q

have finite support.

By Proposition 1.3.8(a), we know that dP(P,Q) < ¢ if and only
if VP(P,Q;C) < ¢. For purposes of testing statistical hypotheses, we
need only to check whether a single inequality dP(P,Q) < Cy holds,
where c, is the critical value of a test of size a. If instead we
wish to compute the actual value of dP(P,Q) to any desired accuracy,
we first test whether dP(P,Q) < 1/2, then, depending on the result,
whether dP(P,Q) < 1/4 or dP(P,Q) < 3/4, etc., until finally it is
determined that dP € (i/2k, (i+1)/2k] for some value of i between
0 and 2k—1, and k chosen large enough to provide the desired accuracy.
It is therefore our purpose to compute VP(P,Q;c) for any given value
of c.

If P has finite support, i.e., P(X) = 1, where X = {xl,...,xn},

then it is clear that VP(P,Q;C) = sup(P(F) - Q(FC])). This supremum
FcX

is a maximum, so there exists a subset G ¢ X such that

pG) - QY = P(F) - QFY) for all FcS. When S =E!, we will
be able to determine the set G without placing further restrictions
on the measure Q. For general S, we are able to solve the problem

using Proposition 1.5.1, but only when Q also has finite support.
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Let Pn put mass 1/n at each of the points XyseresX, and

let Qn put mass 1/n at each point of Y = {yl,...,yn} . Define
the graph (X,Y,FC) by letting the arc (xi,yj) € FC if and only if
p(xi,yj) < ¢, where p 1is the metric on S. Then VP(Pn,Qn;c)
is just 1/n times the deficiency of (X,Y,Pc), and hence by Proposition
1.5.1, VP(Pn,Qn;c) = n-l(n—N(X,Y,FC)). There does not seem to be a
method for finding the number of arcs in a maximal matching in a graph
except by constructing a maximal matching. There are published algor-
ithms for finding a maximal matching in any graph. The standard method
has been the '"Hungarian algorithm" (see [2] or [18]). A new and more
efficient algorithm has been proposed by Hopcroft and Karp ([16]).

X and Y need not have the same cardinality. Let Pm put mass
1/m at each of the points Xpsees Xy and let Qn put mass 1/n at
each of the points yj,...,y . Then V(P Q€)= sup(m_l#(F)

FcX
_1#(FC(F))) , where the graph (X,Y,FC) is defined as in the case

i
=

m=n. Suppose m and n have greatest common factor g, soO that

3
]

P4 and n = p,q where P and p, are relatively prime. Then

P1P,aVp (P Q 5¢) = sup(p,#(F) - p# (I (F)))
FeX
Define the graph (X',Y',Pé) as follows. X' and Y' each consist

of PP,4 vertices,

x'

i

{xll’XIZ""’lez’x21’x22""

and
| .
Y - {Yll:yzz:-'-,Ylpl,Y21,Y22,---,szl,-c-,ynl,---,ynpl

Define Té as follows. For each i and j, 1 <i<m and 1 < j <n,
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t
let (Xir’yjs) € FC for all values of r and s, 1 €< 1 < P, and 1 < s < Py»
if and only if (Xi’yj) € FC. Intuitively, X' consists of P, "copies' of
each point of X and Y' consists of Py copies of each point of Y,
and the '"copies' are connected by an arc in Fé, whenever the "originals"

are connected by an arc in Fc'

Proposition 2.1.1: Max(#(G) - #(I'' (G))) = max(pz#(F) - pl#(F (F))) .
GeX!' ¢ FX ¢

Proof: Suppose G0 c X and #(GO) - #(Pé(GO)) = max{# (G) - #(Pé(G))).
GeX!

If GO contains any ''copy'" of Xs5 then GO may be assumed to contain

all "copies" of x., i.e., if {x.

i 11""’xip2} n GO # @, then

{

xil""’xipz} < GO. To see this observe that for each r, 1 < r < Pys
1 = 1! :
FC({xil,...,xi 2}) FC({xir}) and hence, if X, € GO’

#(G0 u {x,

- # '
11""’Xip2}) (FC(GO u {x.

i1r’--e ip2
# _ '
> #(Gy) - #(TL(6p)
Let G be the class of all sets G < X' such that for each i,

{ ’xipz} nG# P if and only if {xil,...,x. } < G. Then we

Xipoe e ip,

have just shown that

max (#(G) - #(T (G))) = max(#(G) - #(T''(G))) .

GeX! GeG
For each set F* c X, let G* = U {xil""’xi } , in this
{itx;eF*} Py

way defining a 1-1 correspondence between G and the class of all sub-
sets of X. That #(G*) - #(Fé(G*)) = pz#(F*) - pl#(FC(F*)) follows from
the definition of T'. Hence

D
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We can thus find the value of plpquP(Pm,Qn;c) by applying
the Hungarian or Hopcroft-Karp algorithm to (X‘,Y',Pé). However,
unless Py and p, are relatively small, the sets X' and Y' will
contain so many points that the procedure will be excessively time-
consuming, even though the special form of (X‘,Y',Fé) allows some
steps to be saved in applying the algorithms.

The procedure we have described also extends to the case where
P (resp. Q) does not give equal probability to the points in X (resp.
Y), but the probability of each point is a rational number. In this
case there exist positive integers PyseeesPp and Qpsecsdy such

that VP(Pm,Qn;c) is equal to a constant times the expression

m n
max| J p.xe(x:) - ) a:xp(:)
pexlion S0 2 52 ITFTD

where denotes the indicator function of the set F.

XE
In this case we will let X' consist of p, "copies" of X,
i=1,...,m, and let Y' consist of qj "copies" of yj,
j=1,...,n, Pé being defined as before. With the obvious modifi-
cations of the proof of 2.1.1, we can show that for this graph (X',Y‘,Fé),
n

m
- #(T! = . ) - . .
Gzif(#(c) (r.(6))) 2;§(i§1plxp(xl) j§1qJch(F)(y3))

In this case, depending on the values of PyseesPy and Qys+e+59n >
it may be impractical to find a maximal matching in (X',Y',Fé) even
for small values of m and n. In the next section we will treat the
special case S = E1 and take advantage of the total ordering on E1 to

develop a more efficient and more generally applicable algorithm.
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2.2 Computation of dP(P,Q) when P has finite support.

Let the support of P be the set X = {xl,...,xn} where
X < XZS...SXn. Let Q be an arbitrary measure on El. As described
before, we wish to find a set G c X such that P(G) - Q(GC])

> P(F) - Q(FC]) for all F c X. We shall use an equivalent charact-

erization of such a set G:

Definition 2.2.1: Let P,Q, and ¢ be given. Let G < X and F ¢ X.

If P(G-F) - P(E-6) > Q) - FYy - ) - 6%y, we shall say that ¢
is as bad as F, and if the strict inequality holds we shall say G is
worse than F. If G is as bad as every subset of X, we shall call

G a worst set. O

(Note, if the support of P 1is infinite, the worst set may not be
closed: let S = El, ¢ = 1/4, let P put mass 1/4 at the points
-1/4 and 1/4 and be equal to Lebesgue measure on the set (-1/4,1/4).
Let Q put mass 1/2 at the points -1/2 and 1/2.) A worst set must
maximize P(G) - Q(6%)).

Note that if F ¢ G ¢ X, then G is as bad as F (resp. worse
than F) if and only if Q) - FS1) < n M4 (G-F) (resp.< n l#(G-F)).
This will be the criterion of relative badness in most of what follows,

Our algorithm for finding a worst set will examine the points

X X in order to see whether they belong in a worst set. The

170

basic idea is the following.

Proposition 2.2.2: Let i range from 1 to n. Let 1' be the least

value of i such that either
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(a) Q({xl,...,xi}c]) <i/n, or

() QUxps-- x5 - g, 3N 2

(If i = n, replace {xi+1}C] by #.) (Note that either (a) or (b)
must hold for i = n.) If (a) holds for i = i', then Xy must be
included in every worst set; if (b) holds for i = i', then if G 1is
a worst set containing SE there is a subset of G which does not

contain Xy and which is also a worst set.

Proof; Assume (a) holds. Let H < X. Let I = {xl,...,xi,} . If

InH=p, then (a) implies that I n H is worse than H. Suppose
I nH#P , but Xy ¢ H. Let Xj be the smallest element 6f I n H.
Since by definition of i', Q({xl,...,xj_l}c] - {xj}c]) < (j-1)/n ,
Hu {xl,...,xj_l} is worse than H. Thus Xy ¢ H implies that H

is not a worst set.

Assume (b) holds. Let H ¢ X. Suppose x, ¢ H. If T ¢ H, then

1
clearly H - I is as bad as H. If I ¢ H, then let j' be the great-

est value of j, 1 < j < 1i', such that Xj e H and

{xl,...,xj}c] n[H - {x

If no such element exists, let j' =i'. Let J =H - {xl,...,xj,} .

oo g c] c] c]
If j' = 1i', then Q({xl,...,xj,} - J7) 2 Q({xl,...,xj,}

- {x, }C]) > j'/n , by definition of 1i', since (b) holds. (This could

j'+l
}C] >

fail unless x, ... X, because we might not have Q({xl,...,x

Q({Xl,...,xj'}c] - {x

j'
c
j'+1} ]).) It follows that J is as bad as H, since

#J =#H - j', while Q(Hc]) - j;/n > Q(Hc]) - Q({xl,...,xj,}C] - JC])

> sy | so Q(Jc]) -y <nleg -y,
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If j' < 1i', then Q({xl,...,xi}c] - Jc]) = Q({xl,...,x!}c]) > j'/n,
since (a) cannot hold for j' < i', by definition of 1i'. Again J 1is

as bad as H. 0

We next wish to define a sequence of sets GO c Glg...an such
that Grl will be a worst set. Let G0 = . Let G1 = G0 if (b) in

2.2.2 holds for i

i', and let G, = {xl} if (a) in 2.2.2 holds for
i = 1i'. 1In general we will have Gk c {xl,...,xk} .
Assume inductively that Gk is contained in any worst set and that

if G 1is a worst set, them G - ({xl,...,xk} - Gk) is also a worst set.

I.e., Gk satisfies the conditions which 2.2.2 shows are satisfied by
{xl} . Hence in seeking a worst set, we need only consider points of
Gk U {Xk+1""’xn} .

Let i range from 1 to n-k+l. Let i' be the least such value

of i such that either

(a')b Q({Xk+1,...’xk+i}C] = Gl(i]) < l/n s, OT

(1) QUxp, poeeeoxy g 3T - 6T Ut 3%y 2 am

. \ .oy L
Then if (a') holds for i = i', we let Xpe1 € Gk+1’ if (b') holds for
. sy .
i =1i', then X1 ¢ Gk+1' ((a) and (b) are really special cases of
(a') and (b') since G0 = f#.)

By the same argument as in 2.2.2 (restricting consideration to sets
H such that {xl,...,xk} nH= Gk) we can show that Gk+1 is contained
in any worst set and that there always exists a worst set which contains
no element of {xl,...,xk+1} - Gk+l' By induction, Gn will necessarily

be a worst set.
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Having defined Gk’ our algorithm will then be to check for

each point whether (a') or (b') holds for i = i', and to con-

X+l
struct the set Gk+1 accordingly. The algorithm can be improved by
noting that if (a') holds so that X1 € Gk+1’ then we will have

yel . Gill) < (i'-1)/n (provided i' > 1). Indeed,
el

e e T U

- GC]) > 1/n. Hence, x e G

i' > 1 implies that QU{x K k+1 n

implies that are all in Gn , and they need not be

X2t Mk -1
tested individually. This improvement could be significant if the
evaluation of the measure Q is time-consuming.

The algorithm described in this section is sufficiently efficient
to permit the use of Monte Carlo methods to estimate the distribution
function of test statistics based on dP when S = El. For this pur-
pose, the case of a measure P which puts mass 1/n at each of n
points is sufficiently general. If instead, P places rational-valued
probabilities at each of n points, we can compute dP(P,Q) by in
effect replacing P by a measure which places equal mass on an approp-
riate number of "copies'" of each point of the support -- here "copies"
are regarded as distinct observations taking the same value. Unlike
the case of general S , for S = E1 this does not require a signifi-
cant increase in the amount of computation since all the points in each
set of '"copies" can be tested at the same time; if any is included in
the worst set then all must be. (By contrast, in the general case our
procedure was to find a maximal matching -- in which only some of a set

of copies might appear as initial vertices -- and not to find a worst

set.)
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2.3 Computation of dL.

Let S = El, let P,Q € P(S), and let the support of P be the set
X = {xl,...,xn} where X4 < X2S...an. In this case the computation of
dL(P,Q) is simple. By Proposition 1.3.10, dL(P,Q) < ¢ if and only if
VL(P,Q;C) < ¢. Therefore, as with dP’ to be able to find out for each
¢ ¢ [0,1] whether VL(P,Q;C) < c, permits computation of dL(P,Q) to
any desired accuracy.

VL(P,Q;C) is defined as

max{ sug(Q(—m,x—c) - P(-=,x]), sug(P(-w,x] - Q(—w,x+c])}.

xeE xeE

As a function of x, Q(-»,x-c) - P(-»,x] 1is non-decreasing on the
interval (—w,xl) and on each of the intervals [Xi’xi+1)’ 1 <1 <n-1.
P(-=,x] - Q(-»,x+c] 1is non-increasing on each of these intervals. Hence

sup (Q(*W,X-C) - P(_m’x]) = max (Q(—w,xi—c) - P(—W,Xi)) s
—og X <w 1<i<n

and
sup (P(—W,X] - Q(_w’X+C]) = max (P(-W,Xi] - Q(—w,xi+c])

-0 X <0 1Si£n
Thus VL(P,Q;C) can be computed by evaluating the P-measure of 2n sets
and the Q-measure of 2n sets.

If P is not a discrete measure, it may be possible in some special
cases of P and Q to determine points x at which

sup (P(-»,x] - Q(-»,x+c]) and sup (Q(-»,x-c) - P(-=,x]) must
—~oo< X <o oo X <o

occur, provided that a simple functional form for the distribution funct-
ions associated with P and Q can be found. Specific examples can
readily be suggested, for example, the case where the two density

functions are unimodal. However, a useful general characterization of



25
cases in which the maximizing values can be readily determined is not
apparent.

If S = Ek, we can generalize the method described in this section,
although the number of points to be examined increases as nk, making
the method impractical even for moderate values of k. Write the

x), L x)
1 1

coordinates of X5 as , for each i =1,...,n. Let

y{j) < ygj) S...Syﬁj) denote the ordered values of the set

{X§J),...,xéj)} . Let Z¢ EX be the set of all points of the form

1 2 k
y = (y£ ), y£ ),---,yf ),
1 2 k
where il’iZ""’ik are integers between 1 and n.

P(-»,x] - Q(-=,x+c] is non-increasing in each coordinate of x

in any rectangle of the form

1 1) 2y (@) k) (k)
[y;"7 Ly, ) x Ly ™7 sys ) oux[y Ly )
iy i +1 i, i, +1 ST +1
where il""’ik are integers between 0 and n, Yo being given the

meaning of replacing the left-hand endpoint by -~. Hence

Sup(p("w,x] - Q(’m:X+C]) = maX(P("m’Y] - Q(—W,y+C])

XEEk yel

Likewise, Q(-»,x-c) - P(-»,x] is a non-decreasing function of each

coordinate of x 1in each of the rectangles described and hence

SUP(Q(“m;X‘C) - P(—W,X]) = maX(Q('w:Y'c) - P(‘W’Y)) .

X€Ek yel

As before, the problem is reduced to evaluating the P-measure and
Q-measure of a finite number of sets. #(Z) can be as large as nk.

If Q has finite support, the problem can be treated by the
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methods of Section 2.1, dealing separately with the two quantities

c; for all x € Ek}

IA

(a) inf{e > 0: P(=w,x] ~ Q(-»,x+c]
and
(b) inf{e > 0: Q(-»,x-c) - P(-»,x] < c; for all x € Ek} .

Let X = {x

.,xn} be the support of P and let Y = {yl,...,y }

1," n

be the support of Q. We then define a graph (X,Y,FC) by (xi,yj) € FC
if and only if y. < x. + ¢, so that nD(X,Y,T ) = max(P(F) - Q(T (F)))
j i c Fex c
= max(P(-»,x] - Q(-»,x+c]). This deals with (a). For (b), let the arc
xeZ
. . + . -
(yj,xi) € Fc if and only if yj c <X, and again nD(Y,X,TC)
max (Q(F) - P(r _(F))) = max(Q(-»,x-c) - P(-»,x)). In each case, the
FcY ¢ XeZ
deficiency may be found by the Hungarian or the Hopcroft-Karp algorithm.
The extension to the cases of unequal numbers of atoms for P and

Q, or for atoms not all the same size but rational-valued, is done in

the same way as in Section 2.1.



CHAPTER 3

Null Distribution for the Two-Sample

Test Based on d_

3.1 Introduction.

As described in Section 1.1, the null distribution of our two-
sample test statistic based on dj is, for equal sample sizes, the dis-
tribution of dp(un,vn) where L and v, are the empirical measures of
r1/2n,...,rn/2n and sl/Zn,...,sn/Zn, T <. .<Ty being a random sample with-
out replacement from {1,2,...,2n} and Sl<"'<sn being the elements in order
of {1,2,...,2n} - {rl,...,rn}. F or each ce[0,1], we define the graph
(X,Y,T)) by letting X = {r1/2n,...,rn/2n}, Y = {sl/2n,...,sn/2n}
and (ri/2n,sj/2n) e I, if and only if |ri/2n—sj/2n| <c¢c, i.e., if
and only if Iri—sj| < i.p. (2nc), where "iZ.p." denotes "integer part
of." The following can be stated immediately based on the results of

sections 1.3 and 1.5.

Proposition 3.1.1: For positive integers p,n, and z, let A(p,n,z)

be the number of distinct samples {rl,...,rn} and {sl,...,sn} such

that D(X,Y,I‘Z Then for z/2n < ¢ < (z+1)/2n,

/zn) = p'

y <22y = (70 A2

Pr{d_(u_,v.) < ¢} = Pr{D(X,Y,T
P*n’'n 0<p<z/2

z/2n
O

Proposition 3.1.1 can be generalized to the case of samples which
are not real-valued. However, for S = El, the structure of FC is

sufficiently simple to permit the evaluation of A(p,n,z); the general
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case seems unmanageable, as does the case of unequal sample sizes.

In the remainder of this chapter, we will discuss the features of FC
which permit this evaluation to be performed using the simple relation-
ship expressed in Proposition 3.1.2 below.

Let X be a countable set such that each element x of X has a
unique classification «(x) in a "classification set" C. We wish to
determine for each u € C the number K(u) of elements of X which
are classified as u, i.e., K (u) 1is defined as #(K-l(u)). To this
end we predicate the existence of a mapping a: X > X having the pro-
perty that for each u,v € C, X,y € K—l(u) implies that

#alo n el = #a ) n e L)} . Thus for each x e k()

the number of elements z ¢ X for which a(z) = x and «(2z) v
depends only on u and v, not on the choice of x. Call this number
T(u,v). (If K() = 0, let T(u,v) = 0).

Proposition 3.1.2: K(v) = Z K(uw)T(,v), for each v ¢ C.
ueC

Proof: Observe that K(u)T(u,v) is the number of elements w ¢ X such

that x(w) = v and «k(a(w)) = u. But K_l(v) = z {w: k(W) =v and
ueC

k(a(w)) = u}l . a

For a fixed % , our problem of computing A(p,n,z) for various
values of n and p can now be expressed in terms of Proposition 3.1.2.
X will be the set U {(X,Y): (X,Y) is a partition of {1,2,...,2n}

n=0 ‘

into subsets X and Y with #(X) = #(Y) = n}. The case n = 0 we

take to represent a partition of the empty set, which we will identify

with the empty set. Note that the sets X and Y are now sets of



integers, not multiples of 1/2n.

Each element u of the classification set will consist of a 5-
tuple of integers u = (k,n,d,s,t) = (k(u),n(u),d(),su),t(u)) , des-
cribing various properties which hold for each partition (X,Y) classi-
fied as u. In particular n has the meaning of the previous paragraph.
d(u) 1is the deficiency of the graph (X,Y,FZ). FZ is similar to

r and will be defined below, as will the parameters s and t.

z/2n

The mapping a: X ~ X will be defined in such a way that T(u,v) = 0

whenever n(u) 2 n(v), except when u = k(¢), in which case T(u,u) = 1,
i.e., we define a(¢) = ¢. Only for the classification u = k{$) 1is

n(u) = 0; we define K(x(¢)) = 1. Hence, if T(u,v) can be computed
for all u and v in C, then K(u) can be found for all u e C.

We then have

Alp,n,z) = ) ) } K(k,n,p,s,t) .
kst :

In the next section we define a classification set and a mapping a

in such a way that T(u,v) can be computed for all u and v.

3.2 Matchings in the graphs (X,Y,FZ_)_.

Our ultimate interest is in partitions (X,Y) of {1,2,...,2n} into
sets X and Y of equal size. For use in later proofs we wish to
describe properties which apply more generally to partitions of
{1,2,...,n+n'} into sets X and Y with #(X) = n and #(Y) = n'.

The positive integer 2z will be considered to be fixed and we will
hereafter use the convention that for any partition (X,Y) under consi-
deration, PZ will denote the graph such that (x,y) € FZ whenever

Ix—y] <z for xe X and y € Y, We write PZ(X,Y) if the partition
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is not clear from the context.

We shall deal with D(X,Y,PZ) by looking at maximal matchings in
(X,Y,FZ), using Proposition 1.5.1. Since we are really interested only
in D(X,Y,PZ), rather than the matchings, it will be convenient to
consider a single "canonical" maximal matching, uniquely defined for
each partition (X,Y), and having certain special properties, which we

will describe in Proposition 3.2.14 following some discussion.

Definition 3.2.1: Let (X,Y) partition {1,2,...,n+n'} so that

#(X) = n, #(Y) = n', and let M= N(X,Y,PZ). Let m € FZ be a maximal
matching and write m as the set of arcs {(xl(m),yl(m)),...,
(xM(m),yM(m))} , such that xl(m) < xz(m)<...<xM(m). (The elements
yl(m),...,yM(m) are not necessarily in order.) Define

X*(m) = {xy(m), ..., xy M}, Y m) = fyp@),.. Ly, X7 (m) = XXM,

and Y- (m) = Y-Y*(m). a

We will be chiefly interested in the sets X* and Y* and not
in the particular matching which produced them. In fact, we will always
be able to assume that the first element of X" is connected to the

first element of YV , second to second, etc.

Proposition 3.2.2: Let m be a maximal matching in (X,Y,Fz). Then

there exists a maximal matching m* ¢ FZ such that X'(m) = X" (m*),

Y'm) = Y'm¥) , and oy (%) <y, )<<y @)
Proof: Follows from Lemma 3.2.3.

Lemma 3.2.3: Let Vi and yj, € Y and xi,xj e X be such that

(Xi’yi') € FZ and (xj,yj,) € FZ. If x; < xj and yj' < Yiv o then
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(xi,yj,) € FZ and (xj,yi,) € PZ. (The roles of X and Y can be

interchanged.)

Proof: It follows from the inequalities Ixi—yi,l < z and
Ixj—yj,l < z and the assumption x. < X5 yj, S Yoo that Ixi—yj,l <z
and Ixj—yi,l < z. 0

Definition 3.2.4: Let M(X,Y,FZ) be the collection of all maximal

matchings m ¢ FZ such that yl(m)<...<yM(m) . d

A matching in M is uniquely determined by its sets X*(m) and
Y*(m) and vice versa. However, for a given partition (X,Y), there
may be a number of matchings in M(X,Y,PZ).

We will introduce a schematic notation to be used in describing
the partitions and matchings under consideration and use it to give
some simple examples showing considerations involved in choosing a
"canonical' matching. yxy will denote a partition of {1,2,3} 1into
the sets X = {2} and Y = {1,3}. Here n=1 and n' = 2. For
z 2 1, we have two matchings, denoted by ;;} and ;i; , by which we
mean respectively {(2,1)} and {(2,3)}. 1In using our notation we
always assume that the elements of X* and Y' are connected in order,
i.e., the matching is in M. Of the two matchings given, ;;9 will be

chosen as the '"canonical" one, because it is '"earliest'" (the +'s occur

. . . h e
earlier), in a sense to be made precise. From among yyxXy, yyxy, and
-——++ . + == . . A -t
yyXxy, the matching yyxy is the "earliest." However, in yyxy and

yyxy the matched x and y are as close together as possible,, while

—+- . . . - 4= . .
in §y§y , there is an intervening element of Y . yyxy will be said
not to be "compressed,'" while the other two matchings will be said to

be "compressed,' a notion to be made precise below. In this case, the
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"canonical" matching will be chosen to be the "earlier'" of the two
"compressed' matchings, namely §;§§ . It will later be seen that
"compressed" matchings assign +'s and -'s in a useful pattemn.

The choice of the "earliest" of the "compressed" matchings is made for
definiteness.

Corresponding to the notion of earliest matching, we now intro-
duce a total ordering on M(X,Y,PZ) which we shall call the lexico-
graphic ordering. In this ordering we say that m <m' if the vector
(xl(m),...,xM(m),yl(m),...,yM(m)) is lexicographically smaller than
(xl(m'),...,xM(m'),yl(m'),...,yM(m')), i.e., if xl(m) < xl(m'), or
xﬂm =xﬂW) but X2M)<x2mq,or ﬁ0ﬂ==xﬂw) and XZM)=

xz(m‘) but xs(m) < xs(m'), etc.

Proposition 3.2.5: Let m be the least element of M(X,Y,FZ) with
respect to the ordering just defined and let m' be any element of M,
Then x;(m) < x;(m'),...,xym) < xy(@'), yy(m) <y '), . yy(m) < yy(m').
(Note that the definition of lexicographic minimality only implies that
xl(m) < xl(m'). If mé¢ M the result may not hold, for example if m

is yxxxy , m' could be {(3,5),(4,1)} provided z 2 3.)

Proof: Necessarily xl(m) < xl(m'). Further, yl(m) < yl(m'). Indeed,
if yl(m) > yl(m') , then by Lemma 3.2.3, we can in Y+(m) replace
yl(m) by yl(m') (since yl(m') € Y (m)) and get a matching in M
which is lexicographically smaller than m.

Let j be the least index, 2 < j < M, such that xj(m) > xj(m'),
or yj(m) > yj(m'). We wish to arrive at a contradiction by assuming the

existence of such a j. Suppose first that xj(m) > xj(m'). Since j
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is the first index of its kind, Xj—l(m) < xj_l(m‘) < xj(m') < xj(m).
Hence xj(m') € X" (m). Similarly, yj_l(m') < yj_l(m) < yj(m).

We have two cases:

a) yj(m) > yj(m');

b) Yj(m) < yj(m') .
In case (b), we can apply Lemma 3.2.3 to show that (xj(m'), yj(m)) € FZ,
because xj(m) > xj(m') and yj(m) < yj(m'). Hence we can in X' (m)
replace xj(m) by xj(m'), which is in X (m), to get a lexicographically
smaller matching in M , contradicting the definition of m. In case
(a), we contradict the maximality of m, since in this case we must have
yj(m') € Y (m), as was shown above for xj(m'). Since either (a) or (b)
leads to a contradiction, we must have xj(m) < xj(m').

So assume that xj(m) < xj(m'), but yj(m) > yj(m'). Then as before
yj(m') e Y (m). By Lemma 3.2.3 we may replace the element yj(m) in
Y+(m) by yj(m'), obtaining an earlier matching than m, contradicting

the definition of m. B

We now define the class of compressed matchings.

Definition 3.2.6: Let M'(X,Y,FZ) be the class of all m e (X,Y,FZ)
such that X*(m) + Y (m) = U [min(xi(m),yi(m)), max(xi(m),yi(m))] ,

i=1
where [i,j] denotes the integers between i and j inclusive. (I.e.,

none of the intervals [min(xi(m),yi(m)), max(xi(m),yi(m))] contains any

point of X (m) + Y (m).) 0

The lexicographic ordering on M induces an ordering on M' as a

subset of M. We wish to show that the least element m of M' in this
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ordering satisfies the stronger conditions of Proposition 3.2.5 when
compared to any other element of M'. To do this we first give an
algorithm which associates with any element m € M a unique element

n" of M.

Definition 3.2.7: Let m € M(X,Y,FZ). We define the element
n° e M'(X,Y,FZ) by the following algorithm.

Let m(o) = m. Suppose m(o),...,m(i) have been defined. If
m(i) e M', let n® = m(i); we have completed the algorithm. If
m(i) ¢ M', we define m(i+1) as follows. Let j be the least index,
1 <j <M, such that [min(xj(m(i)), yj(m(i))), max(xj(m(i)),
y.(m(i)))] ¢ X+(m(i)) + Y+(m(i)). We have one of four mutually ex-

]
clusive cases:

a) there exists an x ¢ X—(m(l)) such that xj(m(i)) < x < yj(m(i))
b) there exists an x ¢ X_(m(l)) such that yj(m(i)) < X < xj(m(i))
¢) there exists a y ¢ Y_(m(l)) such that xj(m(l)) <y < yj(m(i))

d) there exists a y «€ Y-(m(i)) such that yj(m(i)) <y < Xj(m(i)) .

The cases are mutually exclusive because if, for example, (a) and (c)
both hold, then (x,y) € FZ , contradicting the maximality of m.

x (or y) need not be unique. Let x° (resp. y°) be the largest
such x (resp. y) in case (b) (resp. (c)) and the smallest such x
(resp. y) in case (a) (resp. (d)). Define m(i+1) in cases (a) and

(b) (resp. (c) and (d)) by replacing, in X_(m(i)) (resp. Y-(m(i))) ,

xj(m(i)) by x° (resp. Yj(m(i)) by y°). O

We must show that the procedure described in 3.2.7 eventually

produces an element of M'. To do this, define the function g on M
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by

gm) = )} [x;m-y; m] .

(

M
)
i=1

We claim that (unless m 1) e M")
gy > gy,

it will follow that since the function g is bounded below by O,
the algorithm will continue until g can no longer be decreased.

Our claim is an immediate consequence of the following result,

Lemma 3.2.8: (i) In case (a) above, let I 2 0 be the integer such
that
xl(m(l))<...<xj(m(1))<...<xj+z(m(l)) < x < xj+Z+1(m(l))<...<xM(m(1)) .

(i+1)

Then m consists of the pairs (xl(m(i)), yl(m(i))),...,

@y, @) anais 150, @,y e,

(x.
i+l
0y, 0,y @) and (gor 22 00,y @)y ana

my,y.

(Xj+Z+1 J+Z+1(m(i))):---,(XM(m(i)):YM(m(i)))

(1)

i+l) L. .
m( ) is identical to m except that

(ii) In case (b) above,

(i))) (i)))_

the arc (xj(m(l)),yj(m is replaced by (x°,yj(m

The cases (c) and (d) interchange the role of X and Y but are

otherwise identical.

Proof: (i)} is obvious when one follows through Definition 3.2.7.

(ii) Because j 1is the least integer such that there is an element

X € X—(m(l)) such that yj(m(l)) < x < xj(m(l)) , we cannot have

X < xj_l(m(i)) < xj(m(i)) , because then yj—l(m(i)) <X < xj_l(m(i))

The result is then obvious. 0
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Proposition 3.2.9: Let m° e M'(X,Y,FZ) be the lexicographically mini-

mal element of M'. Let m' ¢ M' be any other element. Then
) ' [ 1 ° ' ° 1
x; (%) < x; '), ., xy %) < x ),y 7)<y, m'),. ..y, @7) <y (mt).
Proof: The result will be an immediate corollary of the following.

Lemma 3.2.10: Let m' e M and m e M such that xi(m) < xi(m')

and y.(m) <y, ('), i=l,...,M. Then xi(mc) < x;(m') and
c . .
yi(m ) < yi(m ), i=1,...,M.

(1)

. c
instead of m~ ,

(1

Proof: It suffices to prove the conclusion for m

since m(2) =(m(1))(1), etc. We prove this result for m in the
cases (a) and (b) above, the cases (c) and (d) following by interchang-
ing the roles of X and VY.

Suppose (a) obtains. We distinguish two further cases:

A) Xj(m') < Yj(m')
B) Xj(m‘) > Yj(m') .
Suppose (A) holds. Let 7 be as in 3.2.8(a). Since x° is
the smallest element of X (m) between xj(m) and yj(m), there are
1+1 elements of X in the half-open interval (xj(m),x°], namely

[+ . [«]
xj+1(m),...,xj+z(m), and x°. Since x

< yj(m) < yj(m'), and because
m' € M'(X,Y,Fz), if xj(m') < x° , it follows that all elements of X
in the interval (xj(m'),x°] must be elements of X+(m'). But because
° +
Xp+Z+l(m') > xp+Z+1(m) > x° , we have at most 7 elements of X (m')
and hence of X in the interval (xj(m'),x°]. Hence, if xj(m') < x°,

then xj(m) < xj(m'). Of course, if xj(m') > x° , then xj(m) < xj(m').
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. ] 1]
In either case, then, xj+1(m) < Xj(m )""’Xj+Z(m) < Xj+Z—1(m )

and x° < xj+z(m') . Therefore, in making the replacements of arcs
described in 3.2.8(i), we have

(1) .

~
—
~—
~—
A

xj(m S Xj+Z(m') ’

and
Y+(m) = Y+(m(1))

Suppose (B) holds. Since x° < yj(m) <y.(m') < xj(m') , we

again have

~

—

~—
~—
IA

(1) < ' !
xj(m )} < xj(m ),...,xj+z(m xj+z(m ).

Suppose that case (b) obtains. Only one arc, (xj,yj) is changed

in going from m to m(l). But xj(m(l)) < xj(m) and yj(m(l)) =
yj(m) , SO xj(mcl)) < xj(m') and yj(m(l)) = yj(m'). 0
Proposition 3.2.11: m°® = m® , where m is the minimal matching in
M(X,Y,FZ).

Proof: Follows immediately from 3.2.10. 0

The matching m°® will be our canonical matching for the partition
(X,Y). For each (X,Y), the sets X' m®), Y m®), X (m°), Y (m°) are
uniquely determined. The choice of m°® as canonical matching establishes
a certain pattern in the arrangement of the elements of these sets. For

example, let z = 2 and consider XXXXKXYYYYXyxyyy . The elements of

X'+ Y are arranged in two segments of consecutive elements, namely
{5,6,7,8} and {10,11,12,13}. In general, such segments must each con-
tain as many elements of X' as of Y+, since otherwise an element of
X~ + Y would lie in one of the intervals [min(xi(m°),yi(m°)),

max(xi(m°),yi(m°))]. The segments are separated by one or more elements

of X or Y , but clearly an element of X cannot be adjacent to an
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element of Y . Other remarks can be made, but we wish to proceed more

formally and collect the results in Proposition 3.2.14.

Definition 3.2.12: For each partition (X,Y) of {1,2,...,n+n'} define

the function f = f(X Y) on {0,1,...,n+n'} by £(0) = 0 and
£(5) = #(Xn{1,2,...,i}) - #(¥n{1,2,...,31), for j=1,2,...,n+n'.

Let I be the interval of integers [j0+1, j0+Z+Z'] consisting of
7+1' consecutive integers from the set {1,2,...,n+n'}, 7 of X and
' of Y, where O < jO <n+n' -1, 220 and 7' 2 0. I will be

said to be non-switching if either

v

£(3) - £(3y)

£() - £(g)

0, for all j € [j0+1, j0+Z +1'] or if

IA

0, for all j e [j0+1, jO+Z +1']

The interval I will be said to be strictly non-switching if the strict

inequality holds for all j € [j0+1, j0+Z +71'). 0

Examples: switching xxyyyx
non-switching (not strict) xxyyxy

non-switching (strict) xxxyyy .

Note that if [j0+1,j0+22] is a non-switching interval containing 7
elements of X and I elements of Y, then j0+1 e X if and only if

jO+ZZ e Y.

Definition 3.2.13: Let (X,Y) partition {1,2,...,n+n'} as before.

The elements 1,2,...,n+n' will be divided into the sets

A < B1 < A2<...<Ar < Br < A for some value of 1r, where each set

1
A, e X+ Y™ and each set B. ¢ X"+ Y. Let q, be the least element

r+l °

of X+(m°) + Y+(m°). Let B, be the largest non-switching interval of
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X+(m°) + Y+(m°) which has q, as its left-hand endpoint. Let q,
be the first element (if one exists) of X+(m°) + Y (m°) which is
greater than the right-hand endpoint of B1 and let B2 be the largest
non-switching interval of X+(m°) + Y+(m°) which has q, as its left-
hand endpoint. Let q, and B, be defined in this manner until the
union B, + BZ+...+Br contains all the elements of X+(m°) + Y+(m°).

Let A, be defined as the interval [l,ql) and let Ai’ for

1

i=2,3,...,T, be the interval of elements of X +Y which lie between
the right-hand endpoint of B, 1 and the left-hand endpoint of B, ,

and let Ar+ be the interval of elements to the right of Br' Any

1

or all of the sets Al’AZ""’Ar+1 may be empty. U

Proposition 3.2,14:

(a) For i=1,...,r,. Bi consists of the same number of elements of
X as of Y.

(b) For i=2,...,r, if Ai = ¢ , then q; € X if and only if
9 € Y.

(¢) Either Ai

In

X" (m°) or A, < Y (m°) for i=1,2,...,r+l.
(d) 1If Ai # ¢ , then q; € X if and only if Ai c X,

for i=1,2,...,T.

Proof: (a) and (c) are as noted above. (b) holds because otherwise

Bi—l would not be the largest non-switching interval starting at 9.1

For (d) we need a preliminary Lemma.

Definition 3.2.15: Let the interval I = [j0+1,j0+22] consist of
7 elements of X and 7 of Y. I will be said to be completely
matchable under FZ if the graph (InX, InY,PZ) has zero deficiency.

a
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Lemma 3.2.16: Let I be a strictly non-switching interval which is

completely matchable under FZ. Then [j0+2, j0+21—1] is completely

matchable under FZ.

Proof: Assume for definiteness that j0+1 e X. Let f be as in 3.2.9.

Let a1 < a2

the elements of InY. Then for i=2,...,1, ai<<bi_1; otherwise

<...<aZ be the elements of InX and b1 < b2<...<bZ be

f(b - f(jo) <0 and I would not be strictly non-switching. But

i—l)

for i=2,...,1, Iai—bil <z, since I 1is completely matchable under

FZ. Hence, since a; < bi-l < bi’(ai’bi—l) € FZ. The matching

{(ai+1’bi)’ 1 <i < 1-1} is a complete matching on [j0+2,j0+2Z—1].
U

Continuation of 3.2.14: Assume that (d) does not hold for some i

and for definiteness that q; € X and Ai €Y. Let J be the largest
strictly non-switching interval starting at q - Then J ¢ Bi'

We can form a matching m which is the same as m°® except that
qa; is matched to the last element of Ai’ the last element of J is
unmatched, and the remaining elements of J are matched to each other
as in Lemma 3.2.16. Then nm ¢ M'(X,Y,Fz), but m is lexicographically

smaller than m°, contradicting the definition of m°. 0

(As an illustration of this last point, take r=2, i=1 and z=3, and

consider yyyxxyyyx. The matching shown is not m° because YIY XXy Yy X

is a lexicographically smaller compressed matching.)
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3.3 Definition of a mapping a: X » X,

Let Xn = {(X,Y) : (X,Y) is a partition of {1,2,...,2n} such that
#(X) = #(Y) = n}. Then X = U X , where XO = {¢}. Let

n=0 "

(X,Y) € Xn and let j = #(XnBr(X,Y,FZ)) = #(YnBr(X,Y,FZ)) , where
Br(X,Y,FZ) is the set Br defined in Definition 3.2.13. Then a(x)
will be that element of xn—j which is the same as (X,Y) except that

" _
il have been '"'pushed for

ward" and "relabeled" in the obvious manner. (In our schematic notation

Br has been "removed" and the elements of A
if z = 2 and x is iiii§§;;§};§ggziii with B underlined, then a(x)
will be the element XXXXXXYYYYYXYY.)

In describing the relationship of (X,Y) to a(X,Y) it will be
convenient to adopt some suggestive terminology. a(X,Y) will be said
to haye been obtained by removing Br from (X,Y). Conversely, (X,Y)
will be said to have been obtained by inserting B. (or really a copy
of B_) into a(X,Y) after the integer qr(X,Y,FZ) - 1. For purposes
of proof we shall wish to consider in the same sense '"removals" and
"insertions' of arbitrary numbers of X-type and Y-type elements, not
just completely matchable intervals.

We now return to Proposition 3.1.2. a—l(X,Y) will consist pre-
cisely of every element (X',Y') of X which we can get by inserting an
interval into (X,Y) such that the inserted interval coincides exactly
with Br(X',Y',FZ). Qur interest will be in sets of elements of X of
the form a_l(X,Y)nK_l(v) , in particular in how the deficiency of each
element of a—l(X,Y), which is given by one of the parameters of its
classification v , relates to the deficiency of elements of

1(K(X,Y)), all of which have the same deficiency.
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There is one further complication. Consider the inverse procedure
of going from a(X',Y') to (X',Y') by insertion of an interval. Depend-
ing on the location of the insert, it may be the case that not just any
interval can be inserted so” as to coincide with Br(X',Y'). For example,
we may insert xxyy into (X,Y) = xxxyyxyy after 6 to get (for z = 2)

T o2 e

(X',Y") = XXXYYXXXYYYY , and have a(X',Y') = (X,Y). But if (for z = 2)
we insert xy after 6 to get i;?;;igi}? , we then have a(X',Y') =
xxxyyy , which is not the original element (X,Y), i.e., Br(X',Y',FZ)
does not coincide with the inserted interval.

In this example, xxyy is intuitively "long enough'" to separate
element 6 (in X) from element 7 (in Y) so that after the insertion
these elements cannot be part of the same matched segment, while xy

is not long enough. However, length of the inserted interval is not a

sufficient condition for the interval to be inserted in such a location.

Definition 3.3.1: A partition (X,Y) of {1,2,...,27} with #(X) = #(Y)

will be said to be separating if

a) (X,Y) is completely matchable under FZ .

b) The partition (X',Y') obtained by inserting (X,Y) after 1
into xy (assuming for definiteness that 1 ¢ X; if 1 € Y,
then insert into yx) is not completely matchable under

r_. 0]

z

Thus for z = 2, the interval xxyy 1is separating because ii§;§§

is not completely matchable. xy is not separating because xxyy is

completely matchable. (Note that for z = 3, xxxyyy (and also xxyxyy)
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are separating but xyxyxy 1is not, although it is of the same length.)

3.4 (Classification scheme for elements of X.

Suppose that
a) (X,Y) € Xn s
b) (X,Y,PZ) has deficiency d,

c) Br(X,Y,PZ) ends with s consecutive elements of either

XorY, s 1,

Q) #A_, (XY,T)) = t.

Then «(X,Y) = u = (k,n,d,s,t), where X is divided into three sub-
sets corresponding to k = 0,1, or 2 according to which of the following

conditions is satisfied.
3k 3k -
A) For some i*, 1 = 1i* < r(X,Y,PZ), Ai* # ¢ and Ai*+1 Dyenes
Ar = ¢ and Bi*(X,Y,FZ) is a separating interval.
B) Ar+1 = ¢ , or Ar+1 # ¢ and Ar+1 c X if and only if the final

element of Br is classified as X.

C) Ar+1 # ¢ and Ar+1 c X if and only if the final element of Br

is classified as Y.

D) Ai = ¢ for all i, 1 £i < r.

k = 0 when (D) holds or (A) and (B) hold.
k = 1 when (A) and (C) hold.
k = 2 when (C) holds, but (A) does not hold.

Examples: (Br is underlined) =z = 3.

B D o D T b

k = 0: YYYYYYYXXXXXXXYYYYXXXX (A) and (B) hold. 1i* = 2,
K = 1:  JyyyxexxxxxxxxyyyyXyyy ~ (A) and (C) hold. i* = 2.

B L o T L ke

YYYYYYY XXXXXXYYXXXX (C) holds, (A) does not.

=

1]
3]
:
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The remaining case, namely {(A) and (D) fail to hold but (B) holds,
is not possible because of the nature of m°. To see this, let
— =3 h * - . -
Ai* # ¢ and Ai*+1 = ¢,...,Ar . If i T, then if Bi* is not
separating, the interval consisting of the last element of Ai* , all the

elements of B« and the first element of ALy is a completely match-

1

able interval. Thus we can construct a matching of larger cardinality

than m°. If i* < r, then the interval consisting of the last element

of Ai*’ all the elements of Bi* and the first element of Bi*+1’

is a completely matchable interval. Then, using Lemma 3.2.16, we may
+

add the last element of Ai* to X' + Y and take out the last element

of B

i%e1? except for the first

matching instead the elements of Bi*+1
and last, to each other only. The result is a matching in M' which is
lexicographically smaller than m°. This is a contradiction and so the
remaining case cannot occur.

The value of k 1is crucial in determining what can happen to

m°(X,Y,FZ) if Br(X,Y,FZ) is removed, in particular, whether the de-

ficiency will change, as will be seen in the next section.

3.5 Recurrence equations for K(u), u e C.

Definition 3.5.1: Let DO(Z,s) be the set of all non-switching intervals

consisting of 7 elements of X and I elements of Y, which start with
an element of X and end with s consecutive elements of Y. Let Dl(Z,x)
be the set of members of DO(Z,S) which are separating and let DZ(Z,s) =
DO(Z,S)—Dl(Z,s). Let Db(Z,s),Di(Z;s), and Dé(Z,s) be the corresponding

sets of intervals which start with an element of Y. d

As an example, let z = 2 and (X,Y) = XXxXxxyyyyyy. Then

k(X,Y) = (0,6,4,2,4). In this case any element of Di(S,l) may be
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inserted immediately after the 10th position to give an element (X',Y')
of K-l(l,9,4,l,2) such that a(X',Y') = (X,Y). Distinct elements of
Di(S,l) yield distinct elements (X',Y'). Further, for any element
(X',Y') in k 1(1,9,4,1,2)na t(< 1(0,6,4,2,4)), it is clear that
Br(X',Y',PZ) € Di(S,l), because Br(X',Y',FZ) must be separating when
c(X',Y') = 1, It follows that there will be a 1-1 correspondence between

1w l0,6,4,2,4)) and DI(3,1), i.e., T(u,v) = #D}(3,1),

K"1(1,9,4,1,2)na’
where u = (0,6,4,2,4) and v = (1,9,4,1,2). The general situation is

the following.

Proposition 3.5.2: Let (X,Y) e K~l(u), with the last element in Y

(for definiteness). Let v e C with n(v) > n(u). Let 7 = n(v) - n(u).
a) Suppose d(u) = d(v) >0, and t(u) > t(v). Then if k(v) =1
(resp. k(v) = 2), T(u,v) = #Di(Z,s(v)) (resp. #Dé(Z,s(v))). This corres-
ponds to the previous example.
b) Let d(u) = d(v) >0, and t(u) = t(v) > 0. Then if k(u) = 0

(resp. k(u) = 1) and k(v) = 1 (resp. k(v) = 0), T(u,v) = #DO(Z,S(V))

(resp. #Db(l,s(v))). If t(u) t(v) = 0 and d(u) = d(v) > 0, then

T(u,v) = #DO(Z,S,(V)). For example, (X,Y) = XXXXxxyyyyyy , insert an
element of Db(Z,s(v)) after the 8th position.

c) Let d(u) = d(v) = 0. Then if k(u) = k(v) = 0, T(u,v) =
#Db(l,s(v)). In this case (X,Y) is completely matched and we insert
an element of Db(Z,s(v)) (or DO(Z,S(V)) as appropriate) after the
final position. The resulting (X',Y') will have k(v) = 0, since
d(v) = 0.

d) Let d(v) = d(u) + s{u) and t(v) = t(u) + s(u) and

k(u) = k(v) = 0. In this case T(u,v) = #Dl(Z,s(v)). For example if
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(X,Y) = iiii§;§;§§§§ , insert a separating interval after the 6th posi-
P %

tion, i.e., immediately after the last element of Br(X,Y)nX.

e) If none of the above relationships holds between the parameters
of u and v, then a_l(X,Y)nK-l(v) = ¢ , i.e., there is no element
(X',Y') of X which is classified as v from which we can remove
Br(X',Y',FZ) to get an element (X,Y) in K-l(u). We postpone the

proof of 3.5.2 until after the following corollary of 3.5.2 and 3.1.2.

Proposition 3.5.3:

n-1
K(0O,n,d,s,t) = ) #D(Z,5)
=1

Z
7 K(,n-1,d,i,t)
1=

1

n-1 min§z,t)

) #D, (2,5) K(0,n-7,d-i,i,t-i)
=1

i=1

+ (if d = 0)

n z

) #D(1,5) .2 K(0,n-2,0,1,0)

l=1 i=0
(The first line includes classifications such that (b) of 3.5.2 holds;
the second includes classifications such that (d) holds; and the third
and fourth such that (c¢) holds.)

We will write below K(+,n,d,s,t) = K(O,n,d,s,t) + K(1,n,d,s,t)
+ K(2,n,d,s,t).
n-1

Z
K(1,n,d,s,t) = ) #D,(1,5) } X(0,n-7,d,i,t)
=1 i=0

i=
n-1 z
) #D, (Z,5)) ) Y K(+,n-2,d,i,t")
l=1 t'>t i=1
(The first line comes from classifications such that (b) holds. The

second comes from those for which (a) holds.)
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n-1 A
K(2,n,d,5,t) = ) #D,(1,s) Y ] K(*,n-7,d,i,t")
1=1 t'>t i=1
(Corresponds to the case when (a) holds.) 0

Proof of 3.5.2.

(a) For u and v related by k(v) = 1, d(u) = d(v), and t(u) > t(v),
we wish to show that for each (X,Y) ¢ le(u), there is only one way to
insert an interval into (X,Y) to get an element (X',Y') of K_l(V) such
that the inserted interval coincides with Br(X',Y',TZ), i.e., such that
a(X',Y') = (X,Y). This is to insert an element of Di(Z,s(v)) into

(X,Y) immediately in front of the last t{v) elements of Ar+l(X,Y,TZ).
It will be apparent from the argument that any element of DitZ,s(v))

can be so inserted into (X,Y). Necessarily for distinct elements of
Di(Z,s(v)) inserted at the same location into (X,Y), the resulting
eleménts (X',Y') are distinct. These statements hold independently of
the choice of (X,Y) for any (X,Y) € K-l(u), given the choice of v. This

1y) and

will demonstrate a 1-1 correspondence beween a_l(X,Y)nK_
Di(l,s(v)).

Given the values t(u) and t(v), provided that the inserted element
does actually correspond to Br(X,Y,TZ), it must have been inserted after
the first t(u) - t(v) elements of Ar+1(X,Y,PZ) and it must be in
Di(Z,s(v)); if it is in DO(Z,S(V)), we would violate 3.2.14(b). 1If it
is in Dé(l,s(v)) we would violate (A) above, since by the next Lemma

the inserted elements are in this case matched only to each other by

m°(X,Y,FZ) (and hence Ar(X',Y',FZ) is nonempty.)

Lemma 3.5.4: (i) Let (X,Y) partition {1,2,...,n+n'}. Let

I-= [j0+1, jo+21] be a non-switching interval containing 7 elements of
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X and 7 of Y, and starting with an element of Y (we could equally
well choose X). If no elements of Xn[jo+21+1,n+n'] are matched by
m® to elements of 1InY, then no elements of InX are matched by m°

to elements of Yn[l,jo]. (For our purposes, we will apply the Lemma

to I = Br(X',Y',PZ) -- the inserted interval.)

(ii) 1If no elements of Yn[l,jo] are matched by m° to elements of
InX, then no elements of InY are matched by m° to elements of

Yn[j0+21+1,n+n'].

Proof: Let xj be the first element of 1InX. Then Xj > j0+l. If

xj is matched to j0 or some earlier element of Y, then we must have
j0+1 € Y+(m°), since m°® is compressed. But then j0+1 must be matched
to an element Xj' of InX such that xj, > xj. Repeating this argu-
ment using xj, in place of Xj’ it will follow that since I is non-
switching, each element of InY -must be in Y+(m°). But because m°
matches X' to Y' in order, the elements of InY can only be matched
to elements of InX greater than xj , since by hypothesis no elements
of Xn[jo+2Z+1,n+n'] are mapped to InY. This implies that 1InY is

matched to a proper subset of InX, which is impossible. This contra-

diction establishes (i).

(ii) If the interval I 1is non-switching as defined above, as we run
through the elements starting at the left-hand endpoint, then it is also
"non-switching' as we run through the elements in reverse order, starting
with the right-hand endpoint. (ii)} is thus the same as (i), except that
in-the argument take the elements in réverse order, i.e, going in the

direction n+n',...,2,1. 0
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It follows that in case (a) the inserted elements can be matched
only to each other and therefore will comprise Br(X',Y',FZ). Indeed,
there are no elements of X after the inserted inverval, since it is
inserted in the middle of Ar+1(X,Y,FZ). This is true for intervals

in Dé(Z,s(v)) as well as Di(Z,s(v)), hence the result when k(v) = 2.

(b) We need a preliminary Lemma.

Lemma 3.5.5: Let (X,Y) partition {1,2,...,n+n'} into n elements of
X and n' of Y. Suppose n+n' e Y (m°(X,Y,I )). Let (X',Y') be
formed by inserting j Y-type elements at the end of (X,Y). Then

] — o t 1
m® (X,Y,T ) = m®(X',Y',T ).

Proof: It suffices to prove the result for j = 1; for j > 1 insert the
elements one at a time, using the result for j = 1.

1f N(X',Y',FZ) = N(X,Y,FZ) , then m°(X,Y,FZ) = m°(X',Y',FZ)
by Proposition 3.2.9. So assume N(X',Y',FZ) = N(X,Y,PZ) + 1. (It is
easy to see that N(X',Y',PZ) < N(X,Y,FZ) + 1, since only one Y-type
element has been added to (X,Y).)

If m°(X,Y,T) #m°(X',Y',[) , then nn'+l e Y (X', Y',1,))
and hence since m° ¢ M', (x*, n+n'+l) € m°(X‘,Y',FZ), where Xx*
is the n-th and final element of X, and hence since X = X', of X'.
The matching m' defined as m® - {(x*,n+n'+1)} 1is then a maximal
matching in M(X,Y,FZ) (but of course not in M(X',Y',FZ)), and m'
does not include x* as an initial vertex. By Proposition 3.2.5, the
minimal matching m in M(X,Y,FZ) also does not include x* as an

- - - + .
initial vertex. Then [x*+1,n+n'] c Y (m) since [x* - (n+n')| < z,
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and if one of those elements were in Y (m), it could be matched to
x* €X (m) to increase the cardinality of m. In particular
n+n' ¢ Y+(m).

c .
and therefore since m

By Proposition 3.2.11, m°(X,Y,FZ) = m
is lexicographically minimal in M and so there are no elements of
Y (m) in the interval [ m(n+n'),n+n'] (where m(n+n') denotes the
initial vertex of the arc in m with terminal vertex n+n'), then in
constructing n® (see Definition 3.2.7), n+n' will never be replaced

by another element of Y and hence n+n' ¢ Y+(m°). This contradicts our

hypothesis. u

As in (a), if the inserted elements do indeed form Br(x',Y',rz)
we can conclude that the insertion must be made at the location claimed,
i.e., right after Br(X,Y,FZ). It will thus suffice to show that the
elements of an interval inserted at this location are mapped only to
each other by m°(X',Y',PZ).

Consider now the elements of (X,Y) wup through and including
Bi*(X,Y,FZ). Suppose for definiteness that Ai* c X, so that Bi* begins
with an element of X and ends with an element of Y. Then in (X',Y‘,Fz),
the element after Bi*(X,Y,FZ) will be an element of Y' (either the
first element of Bi*+1(X,Y,FZ) or the first element of the inserted
interval, depending on whether i* =7r). By 3.5.4 (ii), if this element
of Y' were matched to an earlier element of X' by m°, some element
of Ai* would have to be also matched to an element of Bi*’ violating
the assumption that Bi* is separating. Hence by 3.5.4 (i) no Y'-
type element of Bi* or subsequent to Bi* can be matched by m° to

any element to the left of Bi*' But by 3.5.5, since Ai* #0,
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no element of XnBi* can be matched by m° to any elements to the left
of Bi*' Hence the elements of Bi*’Bi*+1""’Br(X’Y’Fz) and the
inserted interval are matched only to each other, this being the minimal
compressed matching for the whole right-hand portion of the partition
(X,Y) starting with Bi*'

The existence of a 1-1 correspondence between a_l(X,Y)nK_l(v)
and either DO(Z,S(V)) (if k(v) = 1) or Dé(Z,s(v)) (if k(v) = 0)

follows.

(¢) In this case, both (X,Y) and (X',Y') are completely matched, so
any completely matchable nonswitching interval starting with the right

type of element can be inserted at the end of (X,Y).

(d) In the previous cases, the insertion of an interval has left the rest
of the matching unchanged. In case (d) the situation is more complicated.
We first note that there are four possibilities for (xX',Y"):
1 1] 1 | | 3
(1) Ar(X LY ,TZ) and Ar+1(X ,Y ,TZ) are of the same type, 1.€e.,

both < X' or both ¢ Y' , or Ar # # and Ar+1 = f.

(ii) Ai =% fori=1,...,T+l.
(iii) Ar = f , but some earlier set Ai £ 0. Ar+1 is arbitrary in
this case.

(iv) A, and Ar+ are of opposite type, and both are nonempty.

1
Case (ii) corresponds to (c) above. Case (i) corresponds to (a)

and case (iii) corresponds to (b). Only in case (iv) have we not seen

how the parameters of k(X,Y'") and «(X,Y) are related. (Note: (e)

will have been proved when we show that (iv) corresponds to (d)).
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In case (iv), when Br(X',Y',PZ) is removed, some of the elements

of Ar+1(X',Y',FZ) will be matched to elements of Ar(X',Y',FZ) , and
will be the last s(u) elements of Br(X,Y,FZ). Hence the inserted
interval which is assumed to become Br(X',Y',TZ) must be inserted in

the location described in (d), i.e., just before the last s(u) elements
of Br(X,Y,FZ). The inserted interval must be separating if it is to
coincide with Br(X',Y',Tz), because Ar+1(X',Y',Fz) and Ar(X',Y',PZ)
are of opposite type. Further, we must have k(u) = 0 and t(v) = t(u) +
s(u). ((iv) implies that k(v) = 0, by 3.2.14 (d).)

It remains to be shown that d(v) = d(u) + s{u) and that when a
separating interval starting with the appropriate type element is in-
serted in the location described, the inserted elements are matched to
each other. The following example shows what might happen when such an

insert is made. Let 1z = 3.

R e s e

(X,Y) = XXyyxXxxxyxyyyy

Rt R o o b g

Xr,y") = xxyyxxxxyxxxxzzxyyyy

Suppose for definiteness that Br(X,Y,FZ) starts with an element of
X , so that Ar+1(X,Y,PZ) €Y. Let I denote the interval of elements

of Br(X,Y,FZ) up to and including the last element of BrnX. We argue

(1) Since the inserted interval, which we will call J, is separating,
no element of YnJ can be matched by m°(X',Y§Fz) to an element earlier
than J. This follows from 3.5.4 (ii), as shown in (b) above, since

X A pe] XHY',T) = g .

(2) Consequently, as in 3.5.4(i), we can see that no element of InY

can be matched to an element earlier than 1I.

(3) If A (X,Y,r) ¢ §, then it follows by 3.5.5 that elements of
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Br(X,Y,FZ) and later are matched only to each other. Thus the elements
of J , the #Br(X,Y,FZ)/Z - s(u) elements of YnI and the #Br(X,Y,FZ)/Z
elements of XnI are mapped only to each other by m°(X',Y',PZ), and
hence the deficiency of m°(X',Y',FZ) is increased by s(u) over that
of m°(X,Y,FZ) (the part of the matching earlier than Br remains
unchanged.) Since m° is the minimal compressed matching, it is clear
that the last element of XnI e X (m®°(X',Y',T )), and that the elements

of the inserted interval are matched only to each other.

(4) 1t Ar(X,Y,FZ) =f# , then the sets Bi*’Bi*+l""’Br are adjacent
to each other. But in this case as in (b) above, since B, is separa-
ting, no elements of Bi* or later elements can be matched by m° to
elements of A, or earlier, and hence the elements of B.,,B. ,...B
i* i*?Ti*+] r-1

are matched only to each other, giving the same conclusion as in (3).

0

3.6 Reducing the recurrence equations.

The following result places limits on the range of the indices of

summation in the equations of Proposition 3.5.2.

Proposition 3.6.1: Let (X,Y) partition {1,2,...,2n}, where n 2 2.

Then D(X,Y,FZ) <n -2, 1i.e., N(X,Y,FZ) >z, 1<z <n.

Proof: Suppose N(X,Y,FZ) < z. Then X+(m°) + Y+(m°) must contain at
least one separating interval in order to keep the elements of X~ and
Y~ from being matched to each other. Using 3.2.16, we can, as before,

show that there must be a non-switching separating interval, I. Since

N(X,Y,FZ)V< z, #(1) < 2z.
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However, a non-switching interval I of 7 elements of X and
L elements of Y cannot be separating if 7 < z. To see this, let

the elements of InX be al<...<aZ and those of 1InY be b1<...<bZ , for

1L < z. Suppose for definiteness that a; < b;. Foreach i, 2<i <7,

there are at least i - 2 elements of I to the left of ai and at

least 7 - i to the right of b,. So bil < 21 - (1-1) - (i-2) -

2517

1 <7 +1%5 z. Hence (ai 1;b‘)e FZ. If we insert an X-type element
- i

in front of I and a Y-type element at the end of I, then we can match

(in FZ) b1 to the new X-type element and a, to the new Y-type

element. Hence 1 1is not separating. u

We can reduce the number of variables appearing in 3.5.2 by collect-

ing terms in the following manner,

Z
} ) K(+,n,d,i,t")

Define Vl(n,d,t) =
t'st i=1
Z
Vy(n,d,t) =} K(0,n,d,i,t)
i=1
Z
Vo(n,d,t) = ] K(1,n,d,i,t)
i=1
min(z,t)
v,(n,d,t) = > K(0,n,d-i,i,t-i)
i=1

The equations of 3.5.2 then become:

n-1
K(,n,d,s,t) = [
1=1
n=1
ZZI#DI(Z,S)V4(n—Z,d,t)

#DO(Z,S)Vs(n—Z,d,t)

+

+

n
(if d=0) } #D,(2,5)V, (n-2,0,0)
1=0
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nil
D (1,5)V.,(n-1,d,t)
721 0 2

K(1i,n,d,s,t)

n-1

+ ) #D(Z,s)V,(n-7,d,t)
Lyl 1
n

-1
K(2,n,d,s,t) z #DZ(Z,S)Vl(n-Z,d,t)
1=1

1, corresponding to the

1

Our initial conditions are VZ(O,O,O)
case n =0 and (X,Y) = #, and Vv,(0,0,0) =0, V,(0,0,0) = 0,
V4(O,O,0) = 0. If Vi(p,d,t) are known for i=1,2,3,4 and all d and
t and all p < n-1, for some n , then once K(k,n,d,s,t) have been com-
puted for all k,d,s, and t, we can compute Vi(n,d,t) for 1i=1,2,3,4
and all values of d and t. Thus in evaluating the recurrence equa-
tions, it will never be necessary to store the values of K(n,k,d,s,t).
This reduction from four indices to three makes evaluation by electronic
computer feasible for values of n up to several hundred, once the

values of #Di(Z,s) are known.

3.7 Computation of #Di(l,s).

Using an argument based on 3.1.2 we will be able to find #Di(Z,s),
i=0,1,2, for values of I wup to several hundred and for values of z
up to 12. The limit of z = 12 is established by computer storage
facilities. The method will suffice to construct tables of our distri-
bution function up to about n = 70, after which we cannot compute the
upper tail.

After Sections 3.1 - 3.6, we have remaining only the problem of
enumerating for a given value of 2z, the completely matchable non-

switching partitions (X,Y) of {1,2,...,21} such that #(X) = #(Y) and



56
such that the interval is separating, and also those such that the
interval is non-separating. The '"separating" question will be diffi-
cult to handle directly. However, we can instead enumerate #DO(Z,S)
and #DS(Z,S), where D3(Z,s) is defined as the subset of DO(Z,S)

consisting of strictly non-switching partitions.

Proposition 3.7.1: #DZ(Z,S) = #DS(Z+1’S+1)'

Proof: For (X,Y) € D2(Z,s), let t(X,Y) be the partition of
{1,2,...,2(2+1)} formed by inserting an X-type element at the begin-
ning of (X,Y) and a Y-type element at the end. Then, since (X,Y) is
non-separating, t(X,Y) € DS(Z+1,S+1). t 1is clearly an injective
mapping onto a subset of D3(Z+1,s+1). In fact, t 1is onto all of
DB(Z+1’S+1)’ with t—1 being defined by removing the first and last
elements of (X',Y') ¢ D3(Z+1,s+1). So defined, t_l(X',Y') is com-
pletely matchable, by 3.2.16, and is clearly non-switching (though not
necessarily strictly non-switching). t"l(X',Y') is not separating since

(X',Y') 1is completely matchable. Hence t—l(X',Y') € D2(Z,s). g

If we can find #DO(Z,S) and #DS(Z,S) for all 7 and s , then
we find #DZ(Z,S) = #D3(2+l,s+l) and #Dl(Z,s) = #DO(Z,S) - #DZ(Z,S) .
Let us first address the problem of finding for a given value of z,

#DO(Z,S) for all 7 and s. We use the ideas of 3.1.2. Let VZ

be the class of all non-switching completely matchable partitions of

{1,2,...,27} such that #(X) = #(Y) and 1 e X. Let Y = U VZ .
1=0

Define the mapping a: VZ -> Vz-1 (for 1I21) by letting a(X',Y') be
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the element of yZ—l obtained by removing from (X',Y') the last

element of X' and the last element of Y'. We let VO = {@#} and

a(p) = ¢ .

Define the classification set C for elements of Y as follows.
Let (X,Y) € VZ . Suppose (X,Y) ends with s successive elements of
Y , namely yZ—s+1’yZ—s+2""’yZ . Define TiseeesT by r, =
%7 su1 ~ Yise1ls T2 Z %) ga2 = ViswaloeooiTs = |x-yq | For

i
(9]
-

example, if z = 4 and (X,Y) = xxyxxyxyyy , then 1 =25, s =

r, = 4, r, = 4, Ty = 3.} Then let (X,Y) = (Z,s,rl,...,rs).

Proposition 3.7.2: Let u = (Z,s,rl,...,rs) be a vector of positive

integers. The following conditions are necessary and sufficient for

Proof: The necessity of (1) and (2) are obvious as is the necessity of

= - >r Iz since between there are

1 27T 0sT 1° X7 s+1 and Yi-s+1
s-1 elements of X and rl—rs elements of Y. So we have located

T - T elements of Y mnot including Yi-ss10 Y - Hence 1, <
#(Y) = L.

To show sufficiency, we describe an algorithm by which an element
(x,Y) € VZ can be constructed with u as its classification vector.
Start with an X-type element, followed by s Y-type elements. Insert

in front of these elements an X-type element followed by ro_q " T

Y-type elements. In front of these elements, insert an X-type element
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followed by r Y-type elements,..., in front of these elements

s-2 ~ Ts-1

insert an X-type element followed by T, - T, Y-type elements. We now
have assembled Ty Y-type elements and s X-type elements, Insert

r) - s X-type elements in front of these. If 7 > r; , insert an ele-
ment of yZ—rl at the beginning. The regulting partition of

{1,2,...,27} is clearly non-switching and has classification vector u.
We need only show that it is completely matchable. This follows from
(2): clearly the initial element of VZ—rl is completely matchable

(to itself); the first s X-type elements inserted, one at a time, by

the algorithm can be matched to the right-most s Y-type elements;

since X
Z_.

and y are matched, then the 1r.-s elements of X
s+1 1-s+1

1
inserted at the same time (which will be immediately in front of XZ—s+1)

can be matched respectively to Yl p 412 Y7 g" o
1

For (X',Y') ¢ Y, u,v ¢ C, we have #a(X',Y') = 1. For (X,Y) in
K-l(V) , we may obtain every element of a_l(X,Y) by inserting an X-type
element after one of the last s(u) elements of Y and inserting a
Y-type element at the end. It will be clear that for each v ¢ C,

T(u,v) = #a_l(x,Y)nK_l(v) = 0 or 1, depending on u.

Proposition 3.7.3: Let u,v € C. The following are necessary and suf-

ficient conditions for T(u,v) = 1.

(1 W) I(uw) +1
(2) s(v) €£s{u) +1

(3) For i=1,2,...,s(v)-1, we have rs(v)—i+1(u) + 1= rs(v)—i(v)



59
Proof: (1) and (2) are clearly necessary (consider the definition of
a). Note that in performing the insertion described to get an element
-1 -1
' 1 .
(X',Y") € a " (X,Y)nk ~(v), for each of the elements yZ’yZ-l""’yZ-s(v)+1
of (X,Y), we have inserted exactly one X-type element between that ele-

ment and the corresponding element x sXg_qsv+es OT XZ—S(V)+1 of X.

Then given (X,Y) ¢ K_l(u) , we can make the appropriate insertion to ob-
tain an element (X',Y') € a—l(X,Y)nK_l(v), if and only if (1),(2) and

(3) are satisfied. (]

Proposition 3.7.4: Let 7 22z, Let U= {ueC: s(u) = so} for some

min(Z,z)-sg i+so—2
S0° 1 < ShE min(Z,z). Then #(U) = [ J

i=1 3

I~

Proof: #(U) = #{u e C: s(u) = h and rl(u) = j}.

J=3,
Thus for given j, o < j <z, we wish to evaluate #(Uj) , where

U, = {ueC: s(u) = s, rl(u) = j} . Let u-= (Z,SO,J,rz,...,rS ).

0
Let Jl = J_rzx J2 = r2_r3,..‘,JSO—1 = rSO‘l_SO . Then
sO—l
(*) 1 3y = dsg s oand jp 20,50 20
i=1 0

It is clear that, conversely, for any integers jl""’js 1 which

0
satisfy (*), the vector
50—1 50—1
(Z,5453555 * izz jioSg * iZS JyoeeeSg ¥ dg 1050 € Uy

by Proposition 3.7.2. It follows that #(U.) 1is the number of sequences

j*+s -2
jl""’js 1 satisfying (*). This number is ( ] , (see, for
0 j
example, [13]).
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If 1 < z, then we need only consider j such that Sg < j < 1.

Using the notation of 3.1.2, O

#DO(ZO,SO) = K(u).

{usC:s(u)=so,Z(u)=Z0}
Once the values of T(u,v) are known for all u and v, we can find
K(u) for all u € C by starting with K(K_l(ﬂ)) = 1. We will not actually
compute the values T(u,v), but will use them implicitly as follows.
Let CS be the set of all possible values of (rl(u),...,rs(u)) where
u e C such that s(u) = s. For two elements w = (rl,...,r ) and

s

w' = (ri,...,r;) of CS , we say that w < w' when the vector
(rl,...,rs) is lexicographically smaller than (ri,...,ré). For each
ue C, let j(u) denote the rank of (rl""’rs(u)) in Cs(u) in this
lexicographic ordering. A classification u e C can now be described
by three parameters, (Z(u),s(u),j(u)). Let v e C and let
i*(j(v),s,s(v)) Dbe the rank in CSO of that vector (rl,...,rso) such
that u = (Z(v)-l,so,rl,...,rs ). By 3.7.3 it can be seen that there

0

is at most one such vector; if T(u,v) 0, there will be no such vector.

1

Then

z
K(ZW),s(v),i(v)) = ) K(Z(v)-1,s,i* (3 (v),s,s(v))),
s=s(v)-1
with the convention that K{(0,0,0) = 1 and K(Z,s,0) = 0 otherwise.
The array j*(j',s,s') for 1 <s' <z and s'-1 s <z and
1 <3j' < #(US,) (US, as in 3.7.4) was determined using 3.7.3 essent-

ially by brute force, though systematically. The pattern established

by the lexicographic ordering permits this. The practical limitation
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on the value of 2z which can be handled is due to the size of this
array.

To evaluate #DS(Z,S), we use the same procedure except that in
3.7.2 we have the additional condition that s > 1 if I > 1. To see
this,consider the sequence a({X,Y), aZ(X,Y),...,aZ-l(X,Y),ﬂ . If
(X,Y) is strictly non-switching, then no element of this sequence ex-
cept az_l(X,Y) may be a partition which ends with ....xy, i.e., such
that s(u) = 1. It can then be seen that s >1 if 7 > 1 1is also a
sufficient condition for (X,Y) € D3.

The problem of enumerating DO(Z,S) can be rephrased as a problem
of enumerating the set of matrices of 0’s and 1’s which satisfy
certain conditions. However, this equivalent problem does not produce
a more satisfactory solution, and we will simply give the statement of
this problem.

To enumerate the set of Ix7 matrices M such that:

(1) M consists only of 0’s and 1°’s;

(2) The non-zero elements in each row are consecutive, with the

last 1 being on the main diagonal;

(3) For i=2,...,7, the first non-zero element in row i never

appears in an earlier column than the first element of row
i-1;
(4) The sum of the elements in each row is less than or equal to
Z.
Equivalently we may replace (4) by:

(5) M 1is symmetric;

(6) For i=1,...,7, the total number of non-zero elements in the

i-th row and i-th column (no element being counted twice) is

less than or equal to =z.



CHAPTER 4
Asymptotic Distribution of the Test Statistics

4.1 Asymptotic distribution for d,.

We use results from Sections 1.3 and 1.4 to get some preliminary
lemmas. Let F be defined as in 1.3.9. If F ¢ F and
F = [bl’cl]u"'u[bk’ck]’ 0 < b1 < ¢, < b2 < c2<...<bk ¢ < 1,
then the intervals [bi’ci] will be referred to as the '"component"
intervals of F. For each F € F, we are interested in the total number
of left-hand endpoints, excluding 1, of component intervals, plus the

number of right-hand endpoints, excluding 0. Specifically we define

I}
q(F) = 1im WEZE)L

840
. (28) . .
where u denotes uniform measure on [0,1]. Let F be defined as in
1.3.9. Note that F(26)= {F ¢ F: q(F) = q(Fé])}.

Define the function £ on D[0,1] by
1 [
£f(y) = ;?E aTFj:T-J dy(t) , for all yeD[0,1].
F

(Note: for F =

k
[bi’ci]’ we define f dY(t) = ZG’(Cl) - Y(bl))')
i i=1

1 F

o=

For each & > 0, define the function f(G) on D[0,1] by
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f(é)(y) = sup ““(*F“)l':l‘ de(t)

Lemma 4.1.1: Let Xn and X be probability measures on [[0,1] with
X{(C{0,1]) = 1, and let Xn=$ X. Let {un} be a sequence of numbers such

that o ¢ 0. Then .f(o‘n).(xn)=> £(X).

Proof: By Proposition 1.2.4, since X(C[0,1]) = 1, it suffices to show

o
that for y € C[0,1], Yo 7Y in D[0,1] implies that f( n)(yn) > f£(y).
(o)
limsup f n (y.) , i.e., that given ¢ > 0,
n-re n

IA

We first show that £(y)

for n sufficiently large,

1 1
;22 oD ( dy(t) < su%a ) T f d%ﬁt) + €
F FeF " F

This will be done by showing that for n sufficiently large depending
(a )
n

only on € and on y, then for each F e F, there exists a set G eF

such that

1 1
afijii-f dy(t) < afaj:T-J dyn(t) + e .
F G

G will be constructed from F as in Proposition 1.3.10. TI.e.,

k
if F= U [bi’ci] as above, then G is defined as the union of F
i=1
with every interval [c.,b. .] such that b, - c. € 20 and with
i’7i+1 i+l i n
[O’bl] if b1 <o and with [cm,l] if c, Z 1 - a . Then clearly
G ¢ F(Zan).

Remark 1: q(F) 2 q(G). (Clearly G ¢ F so q(G) is defined.) Indeed,
each component interval of G contains a point of some component inter-
val of F and hence must contain the whole component interval. Each

component interval of F intersects precisely one component interval of
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G. If a component interval of G contains a component interval of F
which has an endpoint at 0 (resp. 1), then that component interval of
G has an endpoint at 0 (resp. 1). Thus the endpoints in (0,1) of
component intervals of G can be placed in 1-1 correspondence with the
endpoints in (0,1) of a subset of the component intervals of F. (Of
course, a component interval of G may contain several component inter-

vals of F.)

Remark 2: G - F consists of at most q(F) intervals each of length

< 2an. (These will be referred to as component intervals although in
general they are not closed intervals and G - F ¢ F.) Indeed, it is
evident that for each component interval of G - F, at least one of its
endpoints must also be the endpoint of a component interval of F. If
that endpoint is O (resp. 1), then we must have b1 =c¢y = 0 (resp.

b1 =cy = 1), in which case the endpoint is counted once, as a right-
hand (resp. left-hand) endpoint. Therefore the number of component

intervals of G - F 1is less than or equal to q(F).

Choose n sufficiently large that

sup [Y(tl) - y(tz)l < %- and  sup |y (t) - y(t)| < %-,
tl,tze[O,l] 0<t<1
|t1—t2|<2an

‘This is possible because y € C[0,1] implies that y is uniformly contin-
uous and further that convergence to y in D[0,1] is equivalent to con-

vergence in the uniform metric.

<

But ' L

1
T | A - g |
F G
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1 1 f
TGN J dy (€] - J dy(t)| + G J dy (t) - J dy (t)
G G G F
By remark 2,
f dy - f dy| < 2q(F)  sup |y(r)) - y(t))] <2q(F)3
G P tl’t e[0,1]
ltl—t2|<2an
J dy, - J dy| < q(@) sup |y (t) - y(®)] < q(G)%-S q(F)§
G G 0<t<1

Therefore,

1 1
‘q(F)+1 f ) - GmEe J dyn(t)i se-
F G

Hence,
(*) . f dy(t) < -—1———f dy (t) + e
q(F)+1 S qm+1 | “n ‘
F G

We have two cases: (i) f yn(t) > 0 and (ii) f yn(t) <0 . In
G G

(20 )
case (ii), replace G by G' = #. Then G'e F . (ii) and (¥)
imply that
_1 g () € e = —e— | dy (t) +
qoeT | O <o =gy | Pl e
F G'

In case (i), (*) and Remark 2 imply that

1 1
a‘trﬁf e = az'c—rfi Dt +
F

In either case we thus have the necessary inequality, showing that
(o)
f(y) < limsup f (yn) .
n—>x
()
We complete the proof by showing that limsup f (yn) < f(y)

11>



As above, given ¢ and choosing n sufficiently large, then for any

FekF,
, f dy (t) - f dy(t)| < a(F)e ,
F F
S0
f dy (t) < f dy(t) + q(F)e .
F F
Consequently,
1 1
—_— < —_ | 4
ey A { Pnlt) = ey AT f (e e
FeF T F FeF F
1
o g | S0 e e
F
(o)
Since € is arbitrary, limsup f (yn) < f(y). O

n-roo

Recall from Proposition 1.3.9 that

Pr{ sup P(F) - Q%) < c}

Pr{dP(P,Q) < ¢}
FeF(ZC)

Pr{P(F) < Q(FS)) + ¢; for all reF(2¢)y

Letting p denote uniform measure on [0,1], let Mo and v, be

the empirical measures of the sets {ri/N} and {si/N} , where

T.

FERERTS and s ] are the ranks among the pooled observations

1°°°°*5n

66

of two i.i.d. random samples from u, and N = m+n. Let YN be defined

In other words, is the measure which places mass

n
n’ N
at each of the points 1/N, 2/N,...,l.

oL
zl

%
Proposition 4.1.2: nzdp(un,u)=> f(W°) as no
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Proof: Let ¢ be a continuity point of the distribution of f(W°).
1

iy L
cn 7] -5 (2en )
Pr{un(F) < u(F ) + cn “for all FeF }

-%
Pr{dp(un,u) < cn °}

1
L L ] -k
= Pr{n*(un(F) - u(F) < nfpE" 1. F) + ¢; for all peplen Ny

n_ : -%
For F€F(2Ln ) s U(Fcn I F) = q(F)en ?, since for such a set F
there will be no overlap at the ends of the component interval. Hence

the last expression is equal to

-%
Pr{“%(“n(FJ S w(F)) £ (q(F)+1)c; for all FeF(2M )y

1

= Pr{ sSup ETFTIT

.
Idxn(t) < c} = pr{£(cD )(Xn) <c}
FeF(ch_g) F

1
where X (t) = n?(un[o,t] - u[0,t]). By 1.4.2, X, = W° and hence by
-%
4.1.1 £lon )(xn) = £(W°).

Hence

c}

IN

1i { ¥
im Pr{n dp(un,u)
n—>00

(cn %)

= lim Pr{f (x)

n-e

= Pr{f(W°) < c} . 0

IA

c}

-5
.. n .
Proposition 4.1.3: (ENJ dP(um,yN) => f(W®) as m,n >

Proof: We treat separately the cases (i) 0 < a < b < o,  for some
n
constants a and b; (ii) %-»-0; (iii) 2—» © , This will suffice
n - .
to show that &Eﬂ dP(um,yN) => f(W°) as m,n - »; indeed, any sub-

sequence (mi,ni) must contain a sub-subsequence satisfying (i), (ii),

or (iii), so weak convergence would hold for that sub-subsequence.
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mx
(i) Let é&(mm) = (o) . Let c be a continuity point of the distri-
bution of f(W°). By 1.3.9,

Pr{dP(um,YN) < ¢s(m,n)} = Pr{um(F) < YN(FC6(m,n)])

+ ¢8(m,n); for all FEF(ZCS(m’n))}

c§(m,n}]

Priu_(F) - vy (F) < vy (F F) + c6(m,n); for all Fep(2c8(mm))y

Priz(u (F) - v_(F)) < q(F)(cS(m,n) + n(F))

+ c¢6(m,n); for all Fep(205(m,n))} )

where n(F) satisfies - %- <n(F) < < , since for any interval 1c[0,1],

1
N
0

]

1 1 . .
IYN(I) - u(D)| < ¥ Thus n(F) &a , uniformly in F.

Multiplying through by 6(m,n)—1 , we get

IA

Pr{(Fy) (u,(F) - v (F)) < (@(F) + e

* Q(F)(g)% O(N_%); for all FEF(ZCG(msn))}

f "
) aT?%:T-Jde’n(t) <c+ ®%n;

F

= Pr{ sup
FGF(2c6(m,n)
for all FeFCZCG(m’n))}

Pr{fccs(m’n))(Ym n) <c +( EJ%O(N_%)} s

where Ym n is defined in 1.4.2. By 1.4.2, as m,n > « in such a way that

(i) is satisfied, Y _ = W°, so by 4.1.1, f(cs(m’“))(ym ) = £(W°).

b

_ ¥ % %
Since we have assumed 0 < a < % , @Bzo(N Y= 0(N"?). Hence since c

is a continuity point of the distribution of f(W°) ,



(ii)

where

where

Hence

(iii)

69

lim Pr{é(m,n)—ldp(um,yN) < ¢}t = Pr{f(W°) < c} .

m,n->
In this case we consider

L %L
Pridy(u ) = em b = Priu (F) - u(F) < Cry (BT 1
%
- u(F)) + cm_%; for all FeF(2cm )}

Cm_;?'/ C —% —;2/
= prly (8) - w(B) = Gy G D) ¢ Ty e

-%
-5 v F (2cm )y

+ cm 7
% % (2cm-%)
= Pr{m2(um(F) - u(F)) € q(F)(c+m“n(F)) + c¢; for all FeF Y,
1 1
—N-ST'](F)SN,
1 L 1l
= pr{  sup L, QL f dx () < ¢+ wo(g)}
FeF(zcm %) E

e - -
X is as defined in 4.1.2. Since D50, O Ly o ™.

if ¢ 1is a continuity point of the distribution of f(W°), then

-%
]

1im Pr{ () dple»vy) = <]

m, n-e

. %d < 1.._ o <
= lim Pr{m P(um,yN) < ¢y = Pr{f(w ) s c} .
m,n-»o

e
Let &(m,n) = n?/m.

Pr{dp(um,yN) < ¢s(m,n)} = pr{um(F) SYN(FCG(m,n)])

+ ¢§(m,n) ; for all FeF(ZCG(m:n))} _
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Priu_(F) - vy (F) = (v (B OM]y oy @etmmly,
b @ - vy @)+ wEC ™I csmn)
for all FefF (268(mM)),y
= Pr{%(yN(F) - v (F)) < q(F)n(F) + (u(F) - yy(F)) + cd(m,n)(q(F)+1);

for all FEF(ZCG(m,n))} s

where - = < n(F) s%,

1
N

pr{%(u([:) - v (F) + %(YN(F) - u(F) < q(FIn(F) + (u(F) - vy (F))

+ ¢8(m,n) (q(F)+1); for all FeF(ZCG (m,n))}

1}

Pr{n%(u(F) - v (F)) < q(F)n(F) (2+ %)5"1(m,n) + c(q(F)+1) ;

for all FeF(Zc&(m,n))}
1 n -1
= Pr{ sup -——-——J dX_(t) < n(F)(2+ =)8(m,n) = + cl,
(2¢8 (m,n)) a(F)+1 F n ! m
FeF
n(F)(2 + —;—)c‘s(m,n)—1 = O(n%/N) = 0(1). Hence in the case %—> o

1im Pr{(=5) _%dp(um,yN) < c}

m,n-> mN
n%
= lim Pr{dp(um,yN) <c Er} = Pr{f(W°) < c} . a
m, N>
. Ny -% o
Proposition 4.1.4: (ﬁﬁ_) dP(um,vn) = f(W°) as m,n > =,

Proof: We treat separately the cases (i) 0 < a < ]1'111 <b <~ and



71

.. m m . n .
(ii) H-%'O. The case H-+ © o i.c., E—» 0, follows duc to the symmetric

roles of m and n.

Let &(m,n) = (Ega% .
(1) Pr{dp(um,vn) < cs(mn)} = Pr{u (F) < vn(Fca(m,n)])

+ ¢§(m,n); for all FeF(ZCG(m’n))}

Priu (F) - v (F) < (vn(ch(m,n)]_F) eSS mm] gy

+ U(FCé(m’n)]—F) + ¢§(m,n);

for all FeF(2C6(m’n))}

cé(m,n)]_

Pr(s on,m) ™ Guy (F) - v (1)) < s0m,m) ™Mo (F F)

S E MM gy e q(r)+1);

for all FEF(2C6(m’n))}

1
= Pri sup —~?-:T-(Y (F) - Z_  _(F)) < c} s
(2¢8 (m,n)) q(F) m,n m,n
FefF
where
Yo = s (R - v (9)
and

Zo () = S(m,n)‘l(vn(pcé(m,n)]_F) S mm gy
Yo )= 5(m’“)—1(um[0’t] - Vn[O,t]) is a random process on D[0,1]

and Yoo W® as m,n > » where 0 < a <
3

SIE

<b < » , by 1.4.2. Hence

f(cd(m,n)) —=> f(W°). We can thus complete the proof for case (i) by

showing that sup

n(F) => h(W°) , where h(y) = 0
FEF(2C6(m,n)

1
) At %,
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for y ¢ D[0,1]. For each y e D[0,1], let

hm,n(Y) = (EEJ_% sup (q(F)+1)—1 I dy .
FGF(2C6(m’n)) FCcS(m,n)]_F

It suffices to show that hm n(vn-u) = h(W°®). Since
b

() F o - | < @) [nF oo -0,

%
and nz(vn-u) = W° by 1.2.5, it suffices (as in Lemma 4.1.1) to show

that for any y € C[0,1] and {yn} in D[0,1] such that Y T Y

1

(2¢8(m,n))
q(F)+1

{ dyn +~ 0, for each F ¢ F
Fcé(m,n)_F

Let m and n be sufficiently large that sup |y [0,t] - y[0,t]]| < £
osts1 O 3

and

sup  |y(s) - y(®)| < % .
|s—t|<c6(m,n)

For any FeF (2¢8(m,n)) s

dy < q(F)  sup y($)-y(©)] < a(B)3 ,
S |s-t|<cé(m,n)
Fc (m,n)]_F

dy_ - dy < 2q(F) sup |y [0,t] - y[0,t]] < 2q(F) %,
ch(m’n)]_F FcG(m,n)]_F 0<t<1

as in the proof of 4.1.1. Hence
1
J dyn < e .

q(F)+1
pe8m,n)]_o



Vn(ch 2])

IN

(ii) Pr{dp(um,vn) < cm_%} = Pr{um(F)

2 _16
+ cm ¢, for all Fe F( cm )}

% . 3
= Priu (F) - u(F) = (“n(ch Iy o pEem ]))+ w(F gy

~%
;, 2
+ cm ~ ; for all FeF(Zcm )}

3
= Pr{X (F) - 2 (F) < (a(F)r1)c; for all pep (2m )y

where
-%

X (F) = m%(um(F) - u(F)) and Zm,n(F) - m%(vn(ch 2]) ]

We wish to show that

1 % cm—%] cm_%]
sup ai?ﬁ:i-m (vn(F ) - u(F ))

1
-%

FeF(zcm )

converges in probability to 0. But

-5 %
b, G Ny e aF) sup (v, (0,¢] - w0
<t<

2 —;2/
for any set FeF( cm ) . So

-% -1
1 % em ¥}, cm 7]
sup ggmer M (P ) o))
< (%J% (n% sup (vn[O,t] - H[O,t])) ’

0st<1
which converges in probability to 0, since %—+ 0.

Proposition 4.1.5: For p = 1,2,... define Tp(W°) as

sup . |W°(t1)—w°(t2)+...+(—l)p+1W°(t )I. For ¢ > 0,
Ogtlg...stpsl P
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Wy,

{Tl(W°) < 2c, T2(W°) < 3c,...,Tp_1(W°) < pc, Tp(W°) < pct ¢ {f(W°) <c} ¢
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{Tl(w°) < 2c,T2(W°)

IA

o o
3c,..-,TP_1(W ) < pc, Tp(W ) < (p+D)c} .

#l

Proof: {£(W°) < ¢}

T2(W°) s_3c,...,Tp < (p+1)c }. Assume that T, <2, T

< pe, Tp < pc. Then Tp < (pt+l)c. We wish to show that this implies

{Tl(w°) < 2c; T2(W°) < 3¢c,...} ¢ Tl(w°) < 2c,

2 < 3c,.;.,

that Ti < (i+1)c for all i; assume for purposes of induction that for
some j > p, Ti < (i+l)c for i = 1,2,...,j-1.

By the triangle inequality, T. <T + T. .
Y g q Yo Ty T4 T
Tj—p < (j-p+1l)c, it follows that Tj < (j+De. 0

Since Tp £ pc and

Using Proposition 1.4.3, we can evaluate Pr{Tl(W°) < 2c¢, T2(W°)
£ 2c} = Pr{TZ(W°) < 2c¢} , and Pr{Tl(W°) < 2c¢, T2(W°) < 3¢} directly
to give rough upper and lower bounds on Pr{f(W°) < c} . The joint dis-

tribution of (Tl’TZ’TS) seems intractable.

4.2 Asymptotic distribution for d._.

Proposition 4.2.1:

a) n%HL(un,u) = sup [&W°(T)]

0<t<1
Lk
b) (=5 4, ,v,) = sup |HW°(t)
(mN) . LY m’ 'N Ostsllz |
N -2
) ) dupv) = sup |8 (1)

O<t<1

Proof: We shall prove only (a), since the proofs are completely anal-
ogous to 4.1.3, 4.1.4, and 4.1.5, respectively.

a) Pr{dL(un,u) < cn_%} =
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A X5 - ks
un(x) < p-w,x+cn "] + cn °

-
—_~
=
~

1

8
%

!
2]
=

|
N

I
2]
=
IA

for all x e [0,1]}

-5 -%
Pr{-2cn ° < un(x) - u(x) € 2en ?; for all x e [0,1]}

1

I o
Pr{ sup n2|un(x) - p(x)] = 2¢} » Pr{ sup |w (t)] < 2¢},
0=<t=1 0<t<1

by 1.4.2. 0

Thus dI(un,u) has the same asymptotic distribution as ZdK(un,u).

4.3 Absolute continuity of f(W°).

Definition 4.3.1: For k 21 and i=1,...,k, define

k k
U= Uf . sup  W°(t); Vi=V£ ) . inf  W°(t)
1i1 sts% Ei;sts %
For p < k, define
M) ey = max(max U, -V, + U o (-PT
p 1<i <...<i_sk 71 2 3 'p
1 p
max V., - Ui +...+(—1)p+1V. ) if p is odd,
1<i <...<i_<k "1 2 1p
1 p
and
T(k)(w°) = max(max U; - V. + u. —...+(-1)p+1Ui )
P 1si <. .<io<k Tl 2 3 p
p
max Vi - U.l +...+(—1)p+1U. ) if p is even.
léil<...<ipsk 1 2 1p

g

Remark 4.3.2: For a continuous sample path W°(t), te[0,1], it is

10

apparent that p

(W°) may be defined in the same way as Tp(W°) with
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the restriction that no two of the points tl,tz,...,tp {(in the defini-
. . . J 3l .
tion) are in the interval [t , —E—J , for any j. 0

Definition 4.3.3: For ¢ > 0, let A(k,c) denote the event that

max ( sup [We(s) - We(t)!]) < c. ]
1<i<k lilgssts%

We will establish the absolute continuity (with respect to Lebesgue

measure) of f(W°) by showing the following.

(D Ték)(w°) is absolutely continuous for 1 < p < k.
(I1) For p 22 if T (W®) - T _,(W°) > c and A(k,c) occurs then
P p p-2

T;k)(wo) = Tp(wo) , where T0 = 0. Of course, Tik) = T

1
(III) As c + 0, Pr{Tp(W°) - Tp_z(W°) > c} > 1. For fixed ¢, as

k - «, Pr(A(k,c)) » 1.

(Note: It is not hard to show that Ték)(w°) =§Tp(w°) as k + «», in
particular that ]Tp(W°) - T;k)(w°)| is arbit®arily small with prob-
ability arbitrarily close to 1, for k sufficiently large. However,
even when combined with (I), this weak convergence does not imply the
absolute continuity of the distribution of TP(W°).)

(I1) and (I11) together imply
(IV) Given e > 0 , for k sufficiently large, Pr{Ték) = Tp} >1 - €.

(Indeed, choose ¢ first, then choose k.)

Proposition 4.3.4: (I) and (IV) together imply that f£(W°) is absolutely

continuous.

Proof: We need the following lemmas:



Lemma 4.3.5: Let X be a random variable on some probability space.

Let Xl’XZ"" be absolutely continuous random variables such that

Pr{Xk # X} >0 as k - o, Then X 1is absolutely continuous.

Proof: Let A have Lebesgue measure zero. Then Pr{Xk ¢ A} = 0,
for all k. Choose e > 0. Pr{X e A} < Pr{Xke A} + Pr{Xk # X} < e,

for k sufficiently large. Since € 1is arbitrary, Pr{X € A} = 0.

0

It follows that if (I) and (IV) hold, then TP(W°) is absolutely

continuous for each p.

Lemma 4.3.6: Let Xl’X2""
probability space and N a positive integer-valued random variable.

each random variable Xi is absolutely continuous, then XN is

absolutely continuous.
Proof: For any Lebesgue-measurable set A,

PriXy e A} = n§1pr{xn e A,N=n} .

But if A has Lebesgue measure O, Pr{Xn ¢ A, N=n} = 0 for each n.

O

Lemna 4.3.7: (p+1)-1Tp(W°) +~0 a.s. asp > .

Before proving 4.3.7, we show that it will imply that f(W°) is
absolutely continuous, assuming (I) and (IV) are true. Indeed, by
4.3.7, with probability one, f£(W°) = sup (p+1)-1Tp(W°) =

-1 1Sp<oo
(n+1) Tn(W°) for some n, depending on W°.

77

be a sequence of random variables on some

If
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Let N = N(W°) be the least such value of n (define N in any manner
onthe probability zero set where there may not be such a value of n).
Then by 4.3.5 and 4.3.6, f(W°) = (N+1)‘1TN(W°) is absolutely contin-

uous. We complete the proof of 4.3.4 by proving 4.3.7.

Proof of 4.3.7: Let M (W°) = sup lwe(s)-w°(t)|, 0 <s, t < 1.
0<|s-t|<1/k

Since W°(t) is almost surely a uniformly continuous function on [0,1],
Mk(w°) -~ 0 a.s.

Let 0 2 t, <t,<...<t_ £1. The n points t

1 2 n ’tn can be

17

partitioned into pairs and singletons such that for each pair,
(ti, ti+1)’ both points ti and ti+1 are in one of the intervals
j j . k-1
[l-, l%l), j=0,...,k-2, or [—E—3 1], and such that there are at most

k singletons. It easily follows that for any n 2 k

n-k
Tn < Tk + >

Mk(W°) .

X
n+1

finite and Mk(W°) -~ 0 a.s., it follows that (n+1)—1Tn(W°) + 0 a.s. as

Hence (n+1)—1Tn < Tl(W°) + %—Mk(w°). Since Tl(W°) is a.s.

n > o D

We will prove (II) first and then (I) and (III).

Proposition 4.3.8: If Tp(w°) - Tp_z(w°) > ¢ and A(k,c) occurs, then

(k) o °
T W =T (W a.s.

b W™ p( )
Proof : Since W°(t) is a.s. a uniformly continuous function on [0,1],

assume that W°(t) is uniformly continuous. Then we may choose points

0 < t,<...£t £ 1 such that

-3
ae}
~
=
o
—
1}

(-l)S(W°(t1)—W°(t2)+...+(—1)p+lw°(tp)) for s=0 or 1.
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Since by hypothesis, Tp(w°) - T .(W°) > ¢, we must have

p-2
t1<...<tp. From the triangle inequality applied to the expres-
. o . o o [ [}
sion for Tp(W ), it follows that Tp(W ) < Tp_z(W )+ [Wo(t)-W (ti+1)|

for 1 < i < p-1. Thus if Tp(W°) - T _,(W°) > ¢, then

p-2
min |W°(ti)-W°(ti+1)l > ¢. If in addition A(k,c) occurs, this implies

1<i<p-1

that for no values of j and 1 are

Then by

remark 4.3.2, Ték)(w°) = Tp(w°). a

Proposition 4.3.9: Ték)(w°) is absolutely continuous for each p < k.

Proof: Since the maximum of finitely many absolutely continuous random
variables is itself absolutely continuous, it suffices to fix the values

1 € i,<...<i_ <k and (if p 1is even) show that U. - V. + U. -...
P hh 2 13
+(-1)p+1Vi is absolutely continuous. (It will be seen that the same

P
proof applies for V. - U. + V. —...+(-1)p+1U. , and for both cases when
i i i i
1 2 3 P
p 1is odd.)
Let 1 < il<...<ip < k be fixed for the remainder of the proof.
We wish to consider the conditional joint distribution of Ui ,Vi ,Ui s
il—l il 12—1 12 1 72 73
. o * O -+ o 0_
.,Vip given W(k )’w(k)’w(k )’w(k),--',
i -1 i i, i.+1—1
W°(—E~—0, W°(—{9 . The values ~%» and _QT?___ might not be distinct.
Let Zl . Zr be the points in order of the set
» i, i.-1
{1:= —%-= L or —%——-= Z, j=1,...,p} , where p < r < 2p.
Y(W®) = (W°(Zl),...,W°(Zr)) has a (non-singular) r-variate normal

distribution with density ¢(X1,...,Xr). For any Lebesgue-measurable

set A,
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Pr{U.1 - V. + U, *---+('1)p+1V e A}
1 2 13 P
= [...] peiu, -V, U, Py A
11 12 3 p
/W (Z.'l) = bl,...,W (Zr) = br}¢(b1""’br)
dbl""’dbr .

We complete the proof by showing that if A has Lebesgue measure

+]1 °
0, Pr{Uil—Vi2+...+(—1)p vip € A/WO(7)) = by,... . W(Z) =b}=0

for each b ,b

172 Ppe

Lemma 4.3.10: Let O < c; < ¢ <1 and let Z(t) =

- - t-
o e o .. We(c,) + "2 W (c,)
Wilep) + c2—c1[w (cy)-W (el = - cy=Cy 2 c, -t 1

Then for c, <t <c W°(t) - Z(t) 1is a normal random variable and

1 2’
is independent of W°(s) for each s ¢ [0,c1] U [c2,1].
(Note: this result bears out the intuitive notion that in the plane,

the point (t,E(W°(t)/W°(c1),W°(c2))), for cp <t <cy, lies on the

line segment joining the points (cl,w°(c1)) and (cz,w°(cz)),)

For s € [0,cl] and t e (¢q,c,), E We(s) = 0 = E[W°(t)-Z(t)],
and it is easy to check (using the relationship E W°(t1)w°(t2) =
tl(l-tz) for 0 <t;, <t,<1) that E We(s)(We(t) - Z(t)) = O.

W°(t) - Z(t) is a linear combination of normal random variables and

therefore normal, so W°(t) - Z(t) is independent of W°(s). Simi-

larly for s € [cl,l]. 0
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. o Z o Z
It follows that given W"( 1),...,W ( r), Ui ,Vi ,Ui ""’Vi

1 72 73 P
are mutually independent. If we can show that the conditional dis-

tribution of Ui is absolutely continuous, the absolute continuity

1
of Ték)(W°) will follow.

Lemma 4.3.11: Pr{ sup W°(t) < A/W°(c1) = b, W°(c2) = b2} =1 -

CIStSCZ

A

-2 ( C2 ) %
- _ t = _ = -

e , where b b2 bl’ A A bl’ c (c2 cl) .

-

Proof: Conditional on the event {W°(c1) = b1 and W°(c2) = b2} ,

for ¢, <t <c W°(t) is the sum of the normal random variable

1 2’

c,-t t-c
b. -
c2—c1 2 c2 1

W°(t) - Z(t) and a constant

It is easy to compute that for ¢, <s st sc¢

1 2
(s-c;) (cy-t)
E(W°(s) - Z(s))(W°(t) - Z(t)) = Making the change
(cz-cl)
5-¢q t—c1
of variables s' = —77— and t' = P , 0<st <t <1,
€27 271

. s 43 t - o - ] - _ 1
and writing X(s') W ((c2 cl)s +c1) Z((c2 cl)s +c1) , we have
EX(s")X(t') = (cz—cl)s'(l-t') , for 0 < s' < t' < 1. Hence
. E . .
X(t'), 0 <t' <1 1in (cz-c1)2 times a "Brownian Bridge' random

process as defined in 1.4.1.

U. = sup W°(t) - Z(t) = sup X(t")

1y ¢ stsc, 0<t'<l

Hence

Pr{ sup W°(t) < A/W°(c1) =b., W(c,) = b,}

Clﬁtﬁcz 1’
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Pr{ sup (X(t') + Z((cz—cl)t'+cl)) < A/W°(c1) = by, W(c,) = b2}
0<t<1

A

Pr{ sup (X(t') + (bz—bl)t') + b1 < Al
O<t'<l

i
Pr{ sup (cW°(t') + t'b) < A'} , where c = (cz—cl)z, b = b,-b,,

!
0st'<1 A= A -b. |
1

= Pr{ sup (cW°(E§T- + Eéi-b) < A'}

0<st<w

A'-b At . .

= Pr{ sup (W(t) - —E-—t - S 0} , where W is the Wiener process

0<t<w

(see 1.4.1). By a result in [10], this last probability is equal to

A! A'-b
-2 - . ( - ) .

1l - ¢

We next prove IIL in two parts.

Proposition 4.3.12. For each ¢ > 0, Pr(A(k,c)) -1 as k » =,

where A(k,c) is as defined in 4.3.3.

Proof: We will consider W°(t) = W(t) - tW(1), 0 <t < 1. Then

z? = sup [we(s) - we(t)|
1 def i:l <5<t<;
k 77k
o o, i-1 . 0 o, 1-
= sup (W'(s) - W (li_g) - inf  (W°(t) - W (EEEJ)
i-1__ i i-1 i
5% % Stsp
- i-1 i-1
= sup [(W(S)-W(—E—J) + (s —E—DW(I)]
————1_1 <s _]_‘.
k Tk
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If LTk sup |W(s)-W(t)| , then it is clear that
1 def 5.1 <S<t<i
k 7k
lz. - z2| < ZW() >0 as ke
i Mk P ‘

Hence it will suffice to show that Pr{ max Z. < c} »>1 as k » = .
1<is<k

By the reflection principle, sup (W(s) - W(lilﬂ) and

|-

o

inf (W(t) - W(iilﬂ) are each distributed as twice a normal random
i-1 i

ot
variable with mean zero and variance %—. Then
z, <2| sup (W(s)-W(iilp + 2| inf (W(t)-W(lila)
i-1 i i-1 i
— < — S < —
K 5% PR

is stochastically smaller than 8 times the absolute value of a normal

. . . 1 .
random variable with mean zero and variance ik Since Zl""’zk

are mutually independent,

P
ck®. .k
) -

Pr{ max Z. < c} = (Pr{Z. < c})k 2 (9
1<i<k * *

I
We claim that (@(ckz))k + 1, which will complete the proof. Indeed,

it is well known that

%
c2k2
. ¢k
sckB) > 1 - —re ° (P,
(2.")2 2 ;/Ckz
S0 . _ck
;, 2
@kt >1- K 2,
(2m)”

I
for k sufficiently large. Hence (@(ckz))k +~1 as k » =, B



Proposition 4.3.13. For p 2 2, Pr{Tp(W°) - Tp_l(w°) >c}l >1

as ¢ + 0.

Proof: Let A(K) = { max |W°(1%1- W° ( )I_ K} . For fixed
1<i<2p P
e > 0, choose K sufficiently large that Pr(A) > 1 - §~.

Let 0 < tls...st -2 < 1 be chosen so that for s = 0 or

_ oy _(_13Srwe _w° _ P']-o N .
s =1, Tp_z(w )y =(-1)°(W (tl) Wo(t)+ oo+ (-1)7 W (tp_z)) ; this
can be done whenever W°(t) is a continuous function of t, i.e.,

almost surely.

For some i' and j', 1 <i' <p-1 and 1 <j' <2p,

ti'—l < iéi—-< %%—s ti , where we define tO = 0, tp—l = 1. Indeed,
if p 2 2, for some i=l,...,p-1, ti—ti_1 > E%T .

We wish to show that when A occurs, then for c¢ sufficiently
small, with probability greater than 1 - %— each interval [sz 2p]
j=1,...,2p , contains points u and v such that u < v and
W°(u) - W°(v) > ¢ and points u' and v' such that u' <v' and
We(v') - W°(u‘) > C. Since such points therefore can be found in
the interval [~—5— pl s %éﬂ defined in the last paragraph, then either

84

CGDST-DY @@ - Nl > e oor (DYDY WY - W)l > e,

S0 T wW°) - T 2(W°) > c.

1]
Assume for definiteness that W°(J —=) = and W°(—la = b, with
2p 2p 2

b1 < bz. As in 4.3.11, for XA 2 b2 s

od-1 o JY -
Pri_ sup WO(t) < MW (L P W63 = by
il J
T ~4p(A-b,) (A-b,)

1 -¢e
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] -1
] R . o J'l - - - oc J 1
Under the assumptions W (~§EJ b1 < b2 Y (Zp) ,» 1f

sup  WO(t) > b, + ¢, then points u and v , u' and v' as
‘1 it

-1 .. J
sztSZP

-1 .1
described may be found; indeed in the interval [15%3 5%— , the process

starts at bl’ goes up to b2+c and back down to b2' Then
i1 33
P [} orJ "L - Or Jdy -
r{-' sup _lw (t) < b2 + c/W°( 2p) bl’ W (Zp bz}

Il
2p  2p

-4p c(c+b2—bl) -4p c(c+K)

=1 -e€ <1 -e

3

under the assumption that A(K) occurs. If ¢ 1is chosen sufficiently

small, this value may be made smaller than %—. g

We have now proved (I), (II), and (III), showing by 4.3.4

that f(W°) is absolutely continuous.



CHAPTER 5

Statistical Properties

5.1 Related test statistics.

From among the metrics which generate the topology of weak conver-
gence on P(S), we have elected to examine dP and dL because they
are the ones which have appeared most often in the literature. As an

alternative, we may consider, for any b > 0, d;b)(P,Q) = inf{e>0:

P(F) < Q(FS) + be ; all closed FeS} or dP(P,Q) = infle>0:
P(-»,x-€] - be < Q(-»,x] < P(-»,x+e] + be ; for all x e Ek} , which

are topologically equivalent to dP and dL and have respectively the
same uniformities. (Indeed, if b > 1, déb)(P,Q)/b < dP(P,Q) <

ba 2,Q) , and dL(b)(P,Q)/b < d (P,Q) < bd (?,Q) 5 if b <1, Teverse
the inequalities.)

The two-sample test (for equal sample sizes) based on déz)(un,vn)
seems to have advantages over that based on dP(un,vn) because of dif-
ferences in the null distribution for finite sample sizes.

Pr{d;{un,vn) < ¢} is constant in the intervals [i/2n, (i+1)/2n),
1 < i <€ 2n, because un(F) - vn(FC) is always a multiple of 1/n, and the
points at which the atoms of My and v, are located are separated by

multiples of 1/2n. Thus, intuitively, there is more ""going on'" at the

points 2/2n, 4/2n,...,1 than at the points 1/2n, 3/2n,...,{(2n-1)/2n.
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For déz)(un,vn) the interval between atoms is the same as the common
divisor of the possible values of the test statistic and so there is no
such distinction between points of the form 2i/2n and those of the form
(2i+1)/2n. This difference between dp and déz) can be seen in the
tables in the appendix. The result seems to be a faster, or at least more
uniform convergence of déz)(un,vn) to its asymptotic distribution. A
further difference is that given our restriction on the values of z , as
described in Chapter 3, we can construct more extensive tables of the

af?

distribution of , using the same methods as for dP' Indeed, in

place of 3.1.1, we have

2n)—1

1 Z A(p,n,z)

Pr{déz)(un,vn) < c} = (
Osp<z

The rate of convergence to the asymptotic distribution for the one-
sample dp test statistic seems roughly on the order of that of the
Kolmogorov test judging from empirical distribution functions based on
actual randomly-generated samples. Our exact distributions show that the
convergence for the two-sample dP test is slower than for the two-sample
Kolmogorov-Smirnov test. The proof of Proposition 4.1.1 may give some
explanation for this, but we have not been able to give a precise explana-
tion.

The Monte Carlo one-sample distribution functions indicate that the
upper bound given by Pr{Tl(W°) < 2c, T2(W°) < 3¢} is fairly close to
the true asymptotic distribution and the lower bound, Pr{Tz(W°) < 2c¢}
is not as good.

In [26], Rosenblatt suggests a test based on the metric

dZ(P,Q) = sup |p(1) - Q(I)| , stating that it has somewhat better
I an interval
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power than dK against certain alternatives. The asymptotic distribution
s g ¥ .

for this test statistic, multiplied by n*® , is Pr{Tz(W°) <c¢c} . As a

generalization of d2 , We suggest:

(1) dk(P,Q) = suplP(F) - Q(F)I s the supremum being taken over all
k
Fe U Fi , where Fi = {F e F: q(F) = i}, q(F) being
i=1

defined as in Chapter 4, and
(2) d5(P,Q) = inffe > 0: for k=1,2,..., |P(F) - Q(F)| =(k+l)e ;

all F e F} .

*
dP is thus the same as dp except that the "end effects'" for each inter-

val are ignored; d; and dP put a '"penalty" of a factor of (k+1)
on the number of component intervals (more precisely on q(F)) allowed
for the set F wunder consideration. Some such penalty is necessary if
the metric is to take into account all F e F; indeed,
Pr{Tk(W°) < ¢} > 0 as ks (because W°(t) a.s. has infinite total varia-
tion). Intuition does not indicate why the factor should be k+1. How-
ever, a factor of k would not be appropriate, since by the triangle
inequality, IP(F) - Q(F)| < e for all F e Fl implies that for
k=1,2,..., |P(F) - Q(F)| < ke for all F e F.

It should be noted that d; does not generate the same topology
on P(S) as dP and dL' However, we would expect tﬁat the power pro-

perties of dP (relative to dK) which will be described in the next

section, would be shared by d; .

5.2 Power of the test based on d_.

We first show that the tests based on dP and dL are consistent.

Let U be the uniform measure on [0,1]. Let V e P([0,1]), V # U, and



89
let V, be the empirical measure of a sample of size n from V. We
test the hypothesis that V =1U by using one of the test statistics
dL(Vn’U) or dP(Vn,U). By Proposition 1.3.5, dP(Vn,U) - dP(V,U) >0
a.s. and dL(Vn,U) - dL(V,U) a.s. Since, if F is a continuous dis-
tribution function, {F(Xi)} will be a sample from U if and only if the
sample {Xi} actually comes from F, our one-sample test is consistent
against all alternatives to a continuous null distribution.

To show consistency for the two-sample test, we use the following

result related to Proposition 1.3.12.

Proposition 5.2.1: Let P~ put mass 1/n on n of the points

{1/2n, 2/2n,...,1} and let Qn put mass 1/n on the other n points.

Then dP(Pn,Qn) > dK(Pn,Qn)/S - 1/n.

pProof: If for some x e [0,1], an[O,x] - Qn[O,x]l > 3¢ > 0, then either

v

Pn([O,x]) Qn([O,x]E) +¢-1/n, or

P_([0,x])

A%

Q ([x,11%) + ¢ - 1/n .
Indeed, Qn([x,x+e]) < (2ne+l)/n, and Qn([x—e,x]) < {2ne+1)/n. Hence

dP(Pn,Qn) >e- 1/n . B

(By using a more laborious argument along the lines of 4.1.5, dK(Pn,Qn)/S
can be replaced by dK(Pn,Qn)/Z.) The consistency of the dp and dL
two-sample tests now follows from the consistency of the Kolmogorov-
Smirnov test.

Massey [20] has given an example to show that the Kolmogorov-
Smirnov test is not unbiased. Similarly, we can show that the one-sample

test based on d, is not unbiased. Suppose we take a sample {Xi} of
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size n from the probability measure V which equals Lebesgue measure

%

on (can_%, l—can_ ) , where <, is the critical value for the size «

test, and which places mass cn = at the points c n and 1 - c n

% -%
(Assume that n is sufficiently large that c n <1 - c.n °.) We may

generate such a sample {Xi} by "trimming" a sample {Xi} from
-% %
. . oy . % ) L
u[o,1], i.e., by letting Xi X1 if Xi € (can , 1 c,n ),
%

. - : ' ";2' ';2’ .
and letting Xi = c.n if Xi < ct s and )(.1 =1 - cn if

-4
Xi 21 - c . Let U; be the empirical measure of such a trimmed
sample from U and let Un the the empirical measure of the original
sample from U.

-%
For any sample {Xi} from U, dP(U;,U) > c ° implies that

.
dP(Un,U) zcn . Indeed, for any closed set F ¢ [0,1],

cn %] c n‘%]
VNG B ¢ I
S0
c n—%] c n—%]
sup UCE) - U_(F LA I sup UF) - U ¢ .
closed Fec[0,1] closed Fc[0,1] n

. - o -% * -%
With positive probability, dP(Un,U) > cn but dP(Un,U) <cn .

%
For example, if Un has about n - 4cun+2 points close to being uni-

formly distributed on the interior of (2can—%, 1—2can_%) and the
remainder evenly divided between small intervals about 0 and 1, then

d,(U ,U) 1is close to %~can—% (worst set is the union of the small inter-
vals about 0 and 1) and dP(l%tlD is close to %can_%(worst set

iy -1
2 2 N
{can ,l—can }). Hence the one-sample test based on dP is not unbiased.

With additional complications, a similar example can be constructed

for the two-sample case.



91

To attempt to gain some insight into the power of the dP test
against various kinds of alternatives we have made some empirical com-
parisons of power of the one- and two-sample tests based on dP with
that of the test of the same size based on dK . For the one-sample
test the dP critical value was taken from the distribution functions
which were estimated in a separate Monte Carlo simulation. For the
sake of convenience, for the two sample tests the size was chosen so
that a non-randomized test could be used for both dK and dP .
Random samples were generated from several alternatives to the null

distribution. The results of these comparisons are given in the

following table.
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One-sample tests a = .05
Description {sample Number Number Proportion
size) Trials Rejected Rejected
dK dP dK dP
ulo0,1] vs. U[0,1] (40) 4000 189 194 .047  .048
Uu[0,1] vs. u? (40) 2000 1899 1900 .950  .950
U[0,1] vs. 2-sided U2 (40) 2000 743 1445 .371 .722
U[0,1] vs. bimodal (40) 2000 287 358 .143  .179
U{0,1] vs. trimodal (40) 2000 173 195 .086  .097
U[0,1] vs. U[0,1] (100) 1000 47 53 .047  .053
Uf{0,1] vs. 2-sided U2 (100) 1000 923 999 .923  .999
U[0,1] vs. bimodal (100) 1000 293 672 .293  .672
U[0,1] vs. trimodal (100) 1000 150 239 .150 .239
Two-sample tests a = .25
N(0,1) vs. N(0,1) (30) 200 46 48 .230  .240
N(0,1) vs. N(.5,1) (30) 1000 703 694 .703  .694
N(0,1) vs. N(.75,1) (30) 1000 914 913 .914  .913
N(0,1) vs. N(1,1) (30) 1000 987 983 .987  .983
N(0,1) vs. N(0,2) (30) 1000 369 438 .369  .438
N(0,1) vs. N(0,4) (30) 1000 693 825 .693  .825
U[o,1] vs. U (30) 1000 808 798  .808  .798
u[o,1] vs. U> (30) 1000 988 988  .988  .988
U[0,1] vs. 2-sided U2 (30) 1000 562 657 .562  .657

Explanation: U[0,1] denotes the uniform distribution on [0,1]. N(u,oz)

denotes the normal distribution with mean

the '"'Lehmann" alternati?e generated as max(Ul,...,Uk), where Ul""

and variance

is

Uy
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are uniform random variables. ''2-sided U2”, "bimodal' and '"'trimodal"
are random variables with respectively unimodal, bimodal, and trimodal
distribution functions generated by taking appropriate mixtures of
random variables with distribution U2; specifically if B1 and B2
are independent Bernoulli random variables mutually independent of
V, a random variable with distribution U2, then Vl = B1V/Z +
(1-B1)(1—V/2) is our "2-sided" random variable, and V2 = BZV1/2 +
(l~Bz)(.S+V1/2) is our "bimodal" random variable. The''trimodal"
random deviates were generated as follows. Let B take the values
0,1, and 2 with equal probability. Then V3 = %—+ Vl/S. Only uniform
random numbers were used in the one-sample tests, because the time
required to evaluate ®(Xi) for the normal distribution function ¢
threatened to become excessive for the large samples and large number
of trials involved. The '"2-sided", "bimodal" and ''trimodal’ alterna-
tives were suggested by the examples given below, as being potentially
favorable to dP , because dP can "look at'" several intervals simul-
taneously, not just at one as does d2. The evidence is not sufficient

to substantiate or refute such a conjecture.

It can be seen that in general dP performed better than dK s
except in the case of alternatives which were stochastically greater
than the null distribution, in which case the differences are not signi-
ficant.

Rosenblatt [26] gives examples comparing d2 and dK which are

useful for our purposes, shedding some light on the above results. An

example in which d2 performs better is an alternative V to U[0,1]
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which has distribution function

F(x) = .03, 0 < x < .06
F(x) = x, x 2 .06 ,
where the sample size n = 1600 and o = .05. In this case the accept-

ance region for the dK test is (using [29]) dK(Vn,U) > 1.36/40 = .034,
and for d2 is (from Rosenblatt's results) dz(Vn,U) > 1.75/40 = .044.

A sample from V will always satisfy dz(Vn,U) > .06, since there are
no observations in (0,.06), and hence the d2 test rejects with probab-
ility 1. On the other hand, the d, test has power close to .05, since

K
it can be shown (for example as Rosenblatt suggests, using a result of
Uspensky cited in [25]) that Pr{ sup |U[0,t] - Vn[O,t]| >.034} is
0<t<.06
small for this value of n.

The dramatic difference between d2 and dK in this case is due
to the proper choice of n and, of course, V. d, is also similarly
superior to d, in this case; the critical value for the d, test is
at most .7/40 = .0175, based on our Monte Carlo tables, but
dP(Vn,U) > ,02 (consider the set (0,.06)), so the dP test rejects
with probability 1. However, if F = .0225 on [0,.045], then dp also

has poor power, while d2 rejects a.s. (Rosenblatt also gives an

example,
F(x)

1}
»
o
IA
el

A
(23]

|

[oc]

5+ 6

n
wn
'
o]

-
v
'
2]
IA
bed
IN

IA

X; .5+ 8 <x 1,

for which dK is superior to d2 and also to dP , for proper choice of
§ and n.

As an example of the same type in which dP performs better than



95

either d2 or dK’ let n = 1600, o = .05, and let V place mass
.01 at the points 0 and .04 and mass .02 at the point .02, and be
equal to Lebesgue measure on (.04,1]. Then if Vn is the empirical
measure of a sample of size n from V, dP(Vn,U) > ,02 (consider
the set {0,.02}), so dP rejects with probability 1. However,
dK(V,U) = .02 = dZ(V,U), while their critical values are .034 and .044
respectively, so as in the previous examples, it can be shown that the
dK and d2 tests have low power for the values of n and o chosen.

Massey [20] gives a lower bound for the power of the Kolmogorov-
Smirnov test against a class of alternatives to the null distribution
P of the form {P' € P(S): dK(P,P‘) = c}. The result provides an

alternative proof of consistency of the test. We give a similar result

for dp.

Proposition 5.3.2: Let P and Q be elements of P(S) and Prl and

Qn be the empirical measures of samples of size n from P and Q

respectively. Let Pr{dP(Pn;P) = Ca} = o . If Qe {P'eP(S): dP(P,P') =
. n

c} for some c¢ > c, then Pr{dP(QﬁP) 2 cu} > 1 - pr{y- E-S —n(c-ca)},

where Y 1is a B(n,%ﬂ (i.e., binomial based on n trials with probab-

ility-% of success on each trial) random variable.

Proof: Since dP(Q,P) = ¢, there exists a closed set FO < S such that

Q(Fgy) = P(Fg]) + c.

Pr{dP(Qn,P) > cu}
c ]

Q

1 - Pr{Qn(F) <P(F 7 ) +c ; all closed F ¢ S}

c ]
1 - PriQ, (Fy) < p(FO“ ) + ¢}

\%



\%

nQn(FO) is a B(n,Q(FO)) random variable.
: .. !
—n(c—ca)} is maximized for Q(Fj,) = 5

variable has maximum variance in this case.

1 - Pr{Qn(FO) < Q(Fy) - c+ ca}

1 - Pr{n(Qn(FO) - Q(FO)) < —n(c—ca)} .

Prin(Q (Fy) - Q(Fy)) <

since the binomial random

96



APPENDIX

A.1 Tables of the one-sample distribution function.

The distribution function of n%dp(un,u) has been estimated for
n = 5,10,20,40,60 and 80, where u is uniform measure on [0,1] and
wy is the empirical measure of a sample of size n from wp. Our
procedure was to generate 4000 random samples of size n, to compute
for each sample the value of dp(un,u) and record the number of
samples for which the value fell in the interval [.001i, .001(i+1))
for i=0,...,199 and [.2,®). (For n = 5 and n = 10, we used
[.002i, .002(i+1)).) To get the tables which give Pr{n%dp(un,u) < ¢}
for values of ¢ which are multiples of .01, we interpolated lin-
early between the values estimated for Pr{n%dp(un,u) < .001i-n%}
and Pr{n%dp(un,u) < .001(i+1)n%} for i = 0,...,199.

The random samples from u were generated using a program from
the UNC Computation Center's "'Scientific Subroutine Package.'" The
program uses the "congruential' method, as explained in [Maclaren
and Marsaglia, J.A.C.M. 12, 83-84]. It is noted in this article
that the random numbers produced by such a method may not be mutually
independent, and a correction suggested in the article has been used:
100 numbers generated by this method are placed in a table and labeled
00,...,99; two digits from an additional random number are used to
determine which location in the table to take the next "observation"

from, and the observation used is replaced by a new random number.
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The same procedure was used to generate the U[0,1] random sample
for the power comparisons of Chapter 5. The Box-Mueller method
(see Bell C.A.C.M. 11, 498 and Knop C.A.C.M. 12, 281) was used to
generate the normally distributed random numbers for the power
comparisons.

Several computer programs were written to compute dp using
the methods of Chapter 2: one to use the Hungarian algorithm in the
general two-sample case; one for the case of two discrete measures
on El , and one for the one-sample test statistic on E1 . The pro-
grams have been checked by using them to find dp in a number of
cases which can be computed by hand, involving various arrangements
of the points of the "worst set.'" The two-sample programs provide
a check on each other.

The programs for El take on the order of 75 seconds to perform
4000 evaluations of dp(un,u) for n = 80. The program written for
the Hungarian algorithm is considerably slower, taking on the order
of 30 seconds to perform a single evaluation for n = 30, and the time
required increases rapidly with n. The Hopcroft-Karp algorithm pre-
sumably will permit the evaluation for general metric spaces for

larger values of n.



One-sample distribution: Pr{vn dP(un,u) < x}

X n=5 10 20 40 60 80

.21 .000 . 000 . 000 .000 . 000 . 000
.22 . 000 . 001 .001 . 000 . 000 . 000
.23 . 002 . 002 . 003 . 001 . 000 .001
.24 . 007 . 005 .004 .003 .002 .001
.25 .012 .010 . 008 .006 .003 .002
.26 .021 .018 . 015 .011 .008 .005
.27 .035 .028 .022 . 015 .012 .012
.28 .052 .038 .033 . 021 .017 .017
.29 .070 . 056 .052 .031 .026 . 029
.30 .095 .081 . 069 .054 .037 . 046
.31 .124 .103 . 096 .071 .063 . 060
.32 .156 .131 .120 . 098 . 083 .078
.33 .194 .158 . 145 . 119 .103 .109
.34 .236 .194 .184 . 140 .141 .131
.35 .279 .235 .219 .180 . 165 .157
.36 .322 .282 .262 .208 .199 . 209
.37 . 358 .318 . 301 .253 .236 .240
.38 . 400 . 356 . 336 .286 . 264 .271
.39 .445 . 392 . 384 . 332 . 307 . 319
.40 .487 .440 .421 . 368 . 360 . 362
.41 .527 . 476 . 457 .416 . 392 . 392
.42 .560 .513 .501 .448 .431 .444
.43 .592 .552 .530 .481 .482 472
.44 .628 .592 .568 .526 . 509 .501
.45 . 655 .627 .604 .555 .561 .541
.46 .684 . 660 .630 .588 .589 .590
.47 .709 .688 .659 .622 .613 .618
.48 .731 .712 .687 . 660 . 655 .641
.49 .753 .738 .712 .685 .676 .678
.50 .774 .764 .739 . 706 .710 .701
.51 .794 .784 .760 . 737 . 736 .720
.52 . 815 . 804 . 784 . 756 .754 .758
.53 . 833 .828 . 801 .776 .776 .770
.54 .848 . 841 . 818 . 795 . 804 .785
.55 .863 . 855 . 837 . 820 .818 . 807
.56 . 877 . 869 . 850 . 834 . 843 . 828
.57 . 889 .881 . 863 . 855 . 854 .842
.58 .901 . 894 .877 . 867 . 866 .863
.59 .913 . 905 .888 .878 .884 .877
.60 .923 . 915 . 899 .893 . 892 .884

99



n=5 10 20 40 60 80
.61 .933 .922 .907 .902 .899 . 894
.62 . 941 . 930 .915 .912 .911 .909
.63 .947 .938 .925 .919 .920 .915
.64 . 952 .944 .932 . 927 .928 .926
.65 .958 .951 . 940 .934 . 935 .936
. 66 . 962 .958 .950 . 941 .941 .942
.67 .967 .963 .954 .950 .948 917
.68 .970 . 967 .959 . 956 .955 .954
.69 .973 .970 .963 .959 . 960 .960
.70 .974 .973 .968 .963 . 966 . 964
.71 .978 .978 .972 .968 .968 .969
.72 . 981 .980 .974 .970 .971 .973
.73 .983 .983 .976 .975 .974 .975
.74 . 986 . 984 .978 .978 . 977 . 979
.75 .988 .985 .980 .982 .980 .982
.76 . 990 .988 .983 .984 . 982 . 984
.77 .991 .990 . 986 .986 .983 . 985
.78 . 992 . 991 .988 .988 . 986 . 987
.79 . 994 .992 . 989 .988 .987 .988
. 80 . 995 .994 . 990 .989 .989 .990
.81 .996 . 995 . 992 .990 .990 .992
.82 .996 . 996 .993 .991 . 991 . 992
.83 .996 .996 . 994 .992 .993 .994
.84 .997 . 997 .995 .993 .993 . 995
.85 .998 .997 .996 .994 .994 . 996
. 86 . 999 .997 . 996 .994 .995 . 996
. 87 .999 .998 . 997 . 995 .996 . 996
. 88 . 999 .999 . 997 . 996 . 997 . 997
.89 .999 .999 .998 .996 .997 . 997
.90 . 999 .999 .999 . 996 .998 .998
.91 .999 .999 .999 . 996 .998 . 998
.92 . 999 .999 . 999 . 997 .998 . 999
.93 .999 .999 .999 . 997 .998 .999
.94 . 999 .999 . 999 . 998 .998 . 999
.95 .999 .999 .999 .998 . 999 . 999

100
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A.2 Tables of the two-sample distribution function.

The values of K(i,n,p,s,t) were computed for i = 0,1,2;
z =0,1,...,12; and n = 1,2,...,100, for each value of d,s, and t,

0<p<z, 0<s <min(z,p), using equation 3.5.2 with the simplifi-

cations described in Section 3.6. A(p,n,z) as defined in 3.1.1 is
2.z

then computed as z Z E K(i,n,p,s,t), where as described in
i=0 s=0 t=0

Section 3.1, K(i,n,p,s,t) depends on z.

In the following tables we have listed (Zn)—l ) A(p,n,z) ,
0sp<z/2

which is Pr{d_(u_,v.) < z/2n} , and also (Zn)-l ) A(p,n,z) ,
p-n’'n " o<psz

which is Pr{déz)(un,vn) < z/2n} , where déz) is defined as in Section
5.1.

Because of the recursiveness in equations 3.5.2, there is reason to
suspect that rounding errors will affect the results. To check for this,
the computations were repeated with values of n up to 50 for larger
values of z , using "double precision' storage in the computer memory.
Storing the K(+,*,*,*,*) values in double precision did not affect the
result while storing the D(+,+) values in double precision made a dif-
ference in the fourth decimal place of the computed probabilities.
(There was no marked effect for smaller values of =z.) The tables
presented here were computed with the Di(-,-) values in double preci-
sion Storage limitations preclude the use of doubie precision for all
the numbers for the full range of parameters.

The Di(Z,s) values can be checked by hand for moderately small
values of &, s and z , sufficient to test the operation of all parts

of this segment of the program. The probabilities in the table have
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been checked for n = 6, 7 and 8 for several values of 1z, by generating
all permutations of the two samples and using the two-sample program for
El to find dp(un,vn) for each permutation. An additional check on

the correctness of the programming (although not necessarily of the

z
theory) is that for =z 1large enough ) A(p,n,z) =(22)
p=0
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A.3 Bounds on Pr{f(W°) < c}.

Proposition 4.1.6 gives as upper and lower bounds on
Pr{f(W°) < c} the values Pr{Tl(w°) < 2¢, TZ(W°) < 3¢} and
Pr{TZ(W°) < 2c}. Equivalently, we may write Pr{(m°,M°) ¢ B}

and Pr{(m°,M°) ¢ A} where

A={(x,y): x<0, y>20 and y-x < 2c} and

B={(x,¥5): -2¢ £x <0, 0 <y <2 and y-x < 3c},

where m° and M° are as in 1.4.3. 1.4.3(c) permits the evaluation
of Pr{(m°,M°) € {(x,y) =0>=x2>a, 0 <y <b}l}. (The conditions
0 2x and 0 <y are unnecessary since m® < 0 and M® 2 0.)

A and B can be approximated arbitrarily closely by sets of
the form {(x,y) = x 2 a, y < b} . For example

2n

Acfvulxy): e o x < :Li:llf_; <y <2 - (i-1) ¢}
i=1 n n
- {-2¢c £ x < 0, - <y < 0} .
2n-1 . ) .
A 2 [ u {(X9Y): - L(E' <X £ - -_——-(1-1) C; -0 < y < 2¢ - (1+1) }]
i=1 n n -
_{—ZC <x £0, o <y < 0} .
Bach set of the form {- i—c =X = (1;1) C; -~ <y <2 Liﬁll c}

may be expressed as

{- %—c < X; -o <y < 2 - Llﬁll-c} - {- Llill~c < x < 0;

(i-1)c },

-~ <y < 2¢c - 0

so that 1.4.3(c) can be used to compute its probability. The set B

can be approximated in a similar manner.
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We give the upper and lower bounds computed in this way for
selected values of c¢. The intervals between values of ¢ are
chosen to be smaller where the distribution functions are increas-
ing most rapidly. Compare the upper bound for Pr{f(W°) < c} with

table Al for n = 40, 60 and 80.



Pr{TZ(W°) < 2c¢}

(lower bound)

Pr{Tl(W°) < 2c, TZ(W°) < 3c}
(upper bound)

1

.225

.25

.275

.325

.35

.375

.425

.45

.55

.65

.75

.85

.95

.00

.000

.002

.009

.021

.043

.075

.178

.314

.465

.609

.728

.821

. 889

.934

.963

.979

.989

.001

.006

.022

.054

.107

.178

.263

.356

.447

.536

.690

.802

.879

.929

.959

.977

.988

.994

.997

.999

.999
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