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ON HADAMARD DIFFERENTIABILITY OF STATISTICAL FUNCTIONAL PROCESSES

JIAN-JIAN REN AND PRANAB KUMER SEN
University of North Carolina at Chapel Hill

Robust (M-) estimation in linear models generally involves statistical
functional processes. For drawing statistical conclusions (in large
samples), some (uniform) linear functional approximations are usually needed
for such functionals. In this context, the role of Hadamard

differentiability is critically examined.

1. INTRODUCTION
In nonparametric models, a parameter 6 (= T(F)) 1is regarded as a
functional T(+) on a space ¥ of distribution functions (d.f.) F. Thus, the
same functional of the sample d.f. Fn (i.e., T(Fn)) is regarded as a natural
estimator of 6. Using a form of the Taylor expansion involving the

derivatives of the functional, von Mises [7] expressed T(Fn) as

T(F_) = T(F) + Tp(F -F) + Rem(F_-F: T(*)) (1.1)
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where TF is the derivative of the functional at F and Rem(Fn-F; T(+)) is the
remainder term in this first order expansion. Note that

Fn(x) (= n ! E?=1 I(Xi € x)) is based on n independent and identically
distributed random variables (i.i.d.r.v.) Xl,....Xn. each having the d.f. F,
and Tﬁ(Fn—F) is a linear functional. Hence, T%(Fn—F) is an average of n
i.i.d.r.v.’s. For drawing statistical conclusions (in large samples), T%
plays the basic role, and in this context, it remains to show that Rem(Fn-F;
T(*)) is negligible to the desired extent. Appropriate differentiability
conditions are usually incorporated towards this verification.

We also observe that a statistical functional induces a functional on
the space D[0,1] (of right continuous functions having left hand limits) in
the following way:

7(G) = T(G o F), G € D[0,1]. (1.2)
Thus, (1.1) can be written equivalently as

T(Un) = 7(U) + Tﬁ(Un—U) + Rem(Un-U; 7(*)). (1.3)

where Un is the empirical d.f. of the Yi (= F(Xi)). 1 <i<n, and U is the
classical uniform d.f. on [0.1] (i.e., U(t) = t, 0 ¢ ¢t ¢ 1). Since the
expansion in (1.1), rewritten in (1.3). is based on some kind of
differentiation, it is quite natural to inquire about the right form of such
a differentiation to suit the desired purpose. The current literature is
based on an extensive use of the Fréchet derivatives which are generally too
stringent. Less restrictive concepts envolve the Giteaux and Hadamard (or
compact) derivatives (viz., Kallianpur [4]. Reeds [6] and Fernholz [2].
among others). Using the Hadamard differentiability (along with some other

regularity conditions), Reeds [6] has shown that




n%{Rem(Un-U: 7(*)} BO. as n oo (1.4)

so that noting that Tﬁ(Un—U) = n_l 2?=1 IC(Xi;F.T). where IC(x;F,T) is the
influence function of T at F, and assuming that 02 = V'a.rF IC(Xi;F.T) { o,

one obtains that
n*(T(F_)-6) Lo ryu_-u) 3 N0.6%) (1.5)

In the context of the law of iterated logarithm or some almost sure (a.s.)
representation for T(Fn), one may require a stronger mode of convergence in
(1.4), and this, in turn, may require a more stringent differentiability
condition. However, in a majority of statistical applications, Hadamard
differentiability suffices, and we shall explore this concept in the context
of functional process arising in roubst (M-) estimation in simple linear
models.

Consider the simple linear model:

Xi = Q'gi +e,. i2 1. (1.6)

where the g are known p-vectors of regression constants, B = (ﬁl.....Bp)'
is the vector of unknown (regression) parameters, p 2 1, and e, are
i.i.d.r.v. with d.f. F(€ ¥). Based on a suitable score function ¥ : R =R,
an M-estimator én of B is defined as a solution (with respect to 8) of the
following equations:

n

31 g WX-8'g;) =0, (1.7)

where "= 0" accommodates the possibility of left hand side being closest to
0 when equality in (1.7) is unattainable (such a case may arise when y is
not continuous everywhere). Setting Zi = Xi—Q'gi (i.i.d. with d.f. F), we

shall see that the following empirical function



2 _ -1 . o] ‘l.
S (t.y) = z?=1 Sy 12y $F (1) +u'c ), te€[0,1], u€RP, (1.8)

arises typically in the study of the asymptotic properties of En' where the

C,i are suitably normalized version of the c For example, we may set for

i

every n 2 p,

n .
Cn =218 & (anj')lgj,j'gp' (1.9)
c® = Diag(c £ ) (1.10)
~n 11° " “npp’’ )
0,-1
Shi = (gn) € 1=1,....n (1.11)
Thus, letting
o
=c28 - B) (1.12)
and
n ‘
Ba(2) = 25 gny W(Zimu'e ). (1.13)
we see that (1.7) is equivalent to ‘
Mn(g) =0 (with respect to u). (1.14)

The solution of this implicit (set of) equations is greatly facilitated by
the following type of (Jureckova-) linearity for M-processes: For every

finite K : 0 (K <(®, as n - o,

sup{HMn(g) - ﬂn(g) + Qn u ~lt;  llult € K} g»O. (1.15)

where ll*ll stands for the Euclidean norm, v = fy'dF and Qn = 2?=1 Sni Sni
(Co)_1 C (Co)—l. Under various conditions on the c¢_,, the score function '
~“n ~n- ~n ~ni

and the d.f. F, (1.15) has been established (Jureckova [3]), and this
provides an easy access to the study of the asymptotic properties of the

M-estimator En'

We consider a different approach here. For simplicity of presentation,



we consider explicitly the case of p=1, i.e., the c,q are real numbers. We
»*

SACRY
z!.;=1°nj

given in (1.2). and for this statistical functional process, the results

consider a statistical functional process {T[ ]: u €R }. where T is

corresponding to (1.4) are shown in this paper. Since for each u € R. Mn(u)

-1
i I(Zi CF "(t) + ucni). viz.,

n
is a linear functional of S*(t,u) = 3 c
n jo1 P

M (u) = J W(F1(1)) d Si(t.u) (1.16)

Mn(u) could be the Hadamard derivative of a certain functional 7. Thus,

using the results of this paper, for a proper functional 7T, we have, for any

K>oO,
n S*('.u) S*(°.0 ] '
sup S ¢ .[‘r o o2 - ) - w03 Bo. (11
lul¢k | i=1 ni [ E?:lcni ] [ 1=1%ni ] n n

Therefore, (1.15) follows from showing

sup 14 0. (1.18)

lu]<K gl c“i[T['S'M] - T[iﬁ(—i)']] + ur

El;:lcni 2f;:lcni

i

Some notation along with the basic assumptions are presented in Section
2. In the same section, the notion of statistical functionals and the
concept of Hadamard differentiability are also introduced. The main results
along with part of their derivations are considered in Section 3. The proof

of Theorem 3.1 is given separately in Section 4.



2. PRELIMINARY NOTIONS
Consider the D[0,1] space (of right continuous real valued functions
with left limits) endowed with the uniform topologyt. The space C[0,1] of
real valued continuous functions, endowed with the uniform topology, is a

subspace of D[0,1]. For every u € R, denote by

2 -1
S (t.u) = z?=1 ng 12y <F (1) +uc )., te[o0.1], (2.1)

where the C,i are all given real numbers, and the Zi are i.i.d.r.v. with the

d.f. F. It is easy to see that for every u (€ R), S:(t;u) is an element of
D[0.1]. The population counterpart of the I(Zi < F—l(t) + ucni) are the

F(F-l(t) + ucni). and this leads us to consider the following:

S (tw) =37 ¢ F(Fl(t) + u c.)- t € [0,1]. u €R. (2.2)

i=zl "ni
We also write for every i 2 1,

+ - +

®hi = ni T Snit Spg = mex{0. cni}’ C i = —min{O.cni}; (2.3)
-+ + ~1 +
S "(t.wu) = z?zl cpy 1Z; SF (1) +ucl) (2.4)
S (tu) =30 ¢ I(Z, < Fl(t) - u e,y (2.5)
n ’ i=1 "ni i ni ’
So that
S (t.u) = S (t,u) - S (tu), te [0.1]. u € R. (2.6)
n n n
Let then

W (t.u) = S)(t.(2u-1)K) - S (t.(20-1)K). (t.u) € [0.172,  (2.7)

TAlthough D[0.1] is endowed with the Skorohod-J topology, in view of our
uniformity result in (1.15), we shall use the uniform topology.




where K is a positive real number, and let

Wo(t.u) = S_(t. (-1)K) - £ 3 ¢ (t.u) € [0.112. (2.8)

i=1 “ni’
We also denote by

@)% =37, (cr)? and ()7 = 3] (e % (2.9)

and for any function f on [0.1]2,

we(8) = sup{ |[f(t.u) - £(s.v)|: |t-s| ¢ 6. |u-v| < &) (2.10)

Some assumptions, which may be required for our main results, are given

below:

(A1) c . 20

ni =
n 2 - 2
(A2) i=1 Sni = 1, limn max c . (w

n-% 1<i<n
(B) F is absolutely continuous with density function F' which is

positive and continuous with limits at 1 «.

In order to prove our main results in Section 3, some basic concepts

about statistical functional and Hadamard differentiability are needed.

DEFINITION. Let Xl""'xn be a sample from a population with d.f. F

and let T = T (X,....,X ) be a statistics. If T_ can be written as a
n n'1 n n

functional T of the empirical d.f. Fn corresponding to the sample Xl.....Xn,

i.e., Tn = T(Fn), where T does not depend on n, then T will be called a

statistical functional.

We actually consider an extended statistical functional, or a

S*(F(*).
T =T[ L(F().u)
3

=1 “ni

statistical functional process:

]. u € R. The domain
n,u

of definition of T is assumed to contain S:(F(').u)/E?_1 € g for all n 2 1



and u € R, as well as the population d.f. F. Usually, the range of T will

be the set of real numbers.

Any statistical functional T induces a functional T on D[0,1] by the
relation in (1.2). In Section 3 and Section 4, we will always assume
functional T is induced by a statistical functional T.

DEFINITION. The influence function (IF) or influence curve (IC) of a

statistics T at a d.f. F is usually defined by
IC(x:F,T) = L T(F + t(5_-F))]
T dt X t=0

where 6x is the d.f. of the point mass one at x.

Let V and W be the topological vector spaces and L(V,W) be the set of
continuous linear transformation from V to W. Let o« be an open subset of V,

DEFINITION. A functional T : o - W is Hadamard-differentiable (or
compact differentiable) at F € o if there exists TI;‘ € L(V.W) such that for .
any compact set I’ of V,

T(F+tH) ~ T(F) - Ty(tH)
=0 (2.11)

lim
t-=0 t

uniformly for any H € I'. The linear function T:

F is called the Hadamard

derivative of T at F.
For convenience sake, in (2.11) we usually denote
Rem(tH) = T(F + tH) - T(F) - TI'_.(tH) (2.12)
then, correspondently in Section 3 and Section 4, we always use

Rem(tH) = 7(U + tH) - T(U) - 'rl'J(tH). (2.13)

By the two previous definitions, we can easily see that the existance

of Hadamard derivative implies the existance of the influence curve and we

also have .
TI}(GX-F) = IC(x;F,T) (2.14)



3. MAIN RESULTS
THEOREM 3.1. Suppose 7 : D[0,1] » R is a functional and is Hadamard

differentiable at U. Assume (Al), (A2) and (B). Then, for any K > O,

50, as n=®, (3.1)

sup
Jul<k

n S*(-.u) ”
.21 Cni [T[ _2_—_] - T(U(.))] - l'l(sn(.'u) - U(.)zli;lcni) go_
1=

(3.2)

The proof of Theorem 3.1 will be given in Section 4. When (Al) is not

satisfied, we have the following theorem.

THEOREM 3.2. Suppose T D[0,1] - R is a functional and is Hadamard

differentiable at U. Assume (A2) and (B), and assume

lim n max (C;i)2/(d;)2 (o limn max (c;i)zl(d;)2 { @, Then, for any
n—xo 1<i<n n—x° 1{i<n

K>O0, asn-oo®

36—
RN RN Sh(-)
lal<k | iz1 i Tl ¥ o1 mL s
- - i=1"ni - i=1"ni
n
n e Rir P
- 7(U) 2i=1 cni-TU(Sn( Ju)-U( )1§1 cni) - 0. (3.3)

Proof. Denote ol = c+./d+ and ¢, = c_.,/d_. By the assumptions on
ni ni" n ni ni" n

¢, and ¢ .. we have

ni ni
— -+ 2 — -— 2
lim n max (Cni) (o, and limn max (cni) = ®,

n-¥o 1<i<n n—-x° 1<i¢n



- 10 -

n
-+ .2 — 2 2 +.2 -2
Note 1§1 (cn)” =13, (c.)°=1 and 3 oy = @)+ (d)° = 1.,

hence, for E;i and E;i' (A1) and (A2) are satisfied, and
+,2 -2
0« (dn) . (dn) < 1.
We also observe, for |u| < K,

o1 o HZ, < F (o) + et u)

%4
Sp (Bw) 3y ey
n + —+
2i=lcni El;:l “ni
n -+ -1 -+
~ 2421 Cng 12 SF () + ey u)) la.| < K
= — , u | <K
i=1 °ni
Therefore, by Theorem 3.1, we have, as n - o,
¥4 kon
n __ Sn (¢,u) ' Sn (+.u) n _, P
swp | 357 Ir [ 2 | - e | - | 2wy 3 o, )| B
lu|<k] 1=1 ™ st ot vl ¢t 1=1 ™
= i=1"ni n
Since 0 < d; <1, we have, as n - o,
4
n . Sn (-.u) L no, P
sup 3 ChilTl 33— | - TN - TU(Sn (e.u) - U() = Cni) - 0.
[ul<k]| i=1 I, .c_. i=1
i=1"ni
(3.4)

Similarly, as n - o,

n S*-(' u) n
- n P P -4 B
I:TgK 151 °ni[' [ §§:I;§;_ ] - 7(U( ))] = T5(8, (s.u) - U( )151 c i) =0
(3.5)

Therefore, (3.3) follows from (3.4) and (3.5).
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OOROLLARY 3.3. Suppose T : D[0,1] - R is Hadamard differentiable at U.

Assume (A2) and (B), and assume

limd’ >0 and  limd > 0.
n—o n—xe

Then, we have (3.3).
Proof. By the assumptions on d; and d;, there exists a real number
¢ > 0 such that d; 2> ¢ and d; 2 ¢, for all n. By (A2), we have

limn max (C;i)z/(d;)2 < %-lim n max c 2 (o
n—» 1<i<n n®» 1<{i<n

and

A

limn max (c;i)zl(d_)2 < %-lim n max cn? (@
n  1<i¢n n e 1<in

Therefore, (3.3) follows from the proof of Theorem 2. o
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o

In this section, (A1), (A2) and (B) are assumed. First, we notice that

4. PROOF OF THEOREM 3.1

(A1) and (A2) imply three facts: there exists M > O such that for n large

enough
n
[ 2 ome ] o e (+.1)
max cn? - 0, as n = «; (4.2)
1<{i<n
and further
n
ifl Chi = ™ as n - ®, (4.3)

The result (3.1) will first be proved on C[0,1], and then be extended to

D[0.1].

Consider .

3 n -1
S (t.,u) = i§1 €y 1(Zg <F (1) + ¢ ,u), lu| < K.
For each i:

-1 1 if F(Zi-c iu) {t
H(Zy SF (1) +c u) = n

0 otherwise

The curve eni ot = F(Zi-cniu) is nonincreasing in u. Hence, for each n and

Zl""'zn' [0.1]x[-K.K] is divided into finite pieces by curves En veenl

1 nn
shown as the following (for n=3):

t

1
| ? 7
1,0,0) 32 (1'1'03\\\ 33 (1.1,1)

-K

| P
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and in region (0,0,0): S:(t.u) = 0;
fon (0,1,0): S (t.u) =c_:
region (0,1,0): n( ,u) = € o
fon (0.1,1): S-(t.u) =c_, +
region (0.1,1): n( ,2u) = C o * C3i
ion (1,0.0): S-(t.u) =c_,;
region (1,0,0): n( ,u) = Chp
fon (1.1,0): S (t.wu) =c, +c .
region (1.1,0): n( ,u) = €1t Cof
fon (1.1,1): S- =c ., +c g+
region (1.1,1): n(t.u) =c, *Co*+Ca
-3¢ L 3
Let SB(t.u) be a bivariate continuous version of S3(t.u). Generally,

§:(t.u) can be got easily by smoothing S:(t.u) through the above regions.

Since §:(t,u) is bivariate continuous, §:(t.(2u—1)K) is an element of
c[o.172.

If 331. 832. 833 intersect at one point shown as the following,

K K

%
the biggest jump of 83 is c3; + 3o + C33- But, we will show in Lemma 4.1
that, with probability one, no more than two curves will intersect at one
point in [0,1] x [-K,K].

LEMMA 4.1. For each n, no more than two €'s intersect at one point in

[0.1] x [-K.K] with probability one.
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Proof. Suppose enl. en2 and en3 intersect at one point (to.uo). Since .
F is increasing, we have

Z, - ¢

1 =12

u =2, - 3-cn:3uo

nl Yo = %27 %2 Y

and Chi # Cnj for i # j in (4.4) because, with probability one, Zi # Zj for

i # 3. Therefore, enl. 8n2 and en3 intersect at one point iff

2,72, Z)724

u = = .
° %%i1™%2 ©n1"%3

Since F is continuous,

2172 21723 “n2”
P -c = c .-—c =P Z2 =
°n1"%n2  “n1"%n3

For each n, the probability that more than two &'s intersect at one point
only depend on Ch1* *Con Hence, with probability one, no more than two

¢’'s intersect at one point. a .

Lemma 4.1 implies that, with probability one, no more than two &'s

intersect at one point among {enl.... em | n > 1}. Therefore, with

probability one, the biggest jump of S:(t,u) is no larger than 2 max ¢
1<i<n

-3 %
Since Sn(t,u) is a bivariate continuous smoothing of Sn(t.u). we have

ni’

—3€ .3
IS (+,+) =S (*.*) € 2 mx c
n n 1<i¢n

ni' a-S- (4.5)

LEMMA 4.2. Let G(t.u) = (2u-1)K F'(F }(t)). Then,

sup 2IWO(t.u) - G(t,u)| 20, as n - o,
(t,u)ef0,1]° ™

Proof. By (2.8), we notice
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-u F-(F'l(t))l; t € [0,1], |u| <K }.

sup 2 |Wg(t.u) - G(t,u)]

n
-1
3 F(F “(t)+ -t
. - 2 c [F(F “(t)+c ,u)-t]

noo
Since X ¢ . =1,
i=1 ni

S e [FE ) + cu)-t] - u F'(F (1))
=1 ni ni

i

N M3

w3 EirE - e o] < zl 2 IF'(E_)-F (F (o)

i 1

where Eni is between F_l(t) and F_l(t) +c ju. The proof follows from (4.2)

and the uniform continuity of F'. o

Let E, = [0.1]%, and let

L(r) = {r'(e).....) e, =0.1.....r, i=1,....k} (4.6)

LEMMA 4.3.(Neuhaus [5]). Let & > O, m(6) = max{r|62r < 1}, m > m(6)
. . . m
and f : Ek-4 R be given. Then, for points e b € Lk(2 ) with
|£1—£2| < 2_m(5). the following inequality holds
m k -r
l£(t) - f(ex)] €4k 3 3 suplf(y) - f(j+e, 27)]

r=m(8) p=1

where the "sup” is to be taken over all j € Lk(2r) with

3+ eu 2T e Ek (eu denotes the p-th unit-vector of Ek) and

It = [(ty. oty )] = max |t |.
1 k 1<i<k i
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PROPOSITION 4.4. For any € > 0, lim Iim P(oy (8) 2 €) = 0. .
60 no n

Proof. By (2.7), we can see that Wn(t.u) is a function from E, to R.

2
For any (t,u), (s.v) € [0.1]2 with |t-s| < &, |u—v| ¢ 6, there exist t', t",
u', u", s', s, v', v" € L1(2m) where m is an arbitrary positive integer,
such that

t" <t <t u ¢u¢(

u", s' {s{s", v  {v¢v"

and

max{(t-t'), (t"-t), (u-u'), (u"-u). (s-s'), (s"-s)., (v-v'), (v'-v)} ¢ o™,
We can write
Wn(t.u)—Wn(s.v) =

[V, (tu) = W (etout)] + [H (7 u') = W (s"v™)] + [W_(s".v") - W_(s.v)].

First, we notice that .
[s"=t'| < |s"-s| + |s=t| + |t-t'| ¢ 6 + 27™1
and

[v'-u'| ¢ lv'-v| + [v-u| + Iu—u‘l <6+ 2—m+1.

We consider [Wn(t.u) - Wn(t'.u’)]. Since

n

Wo(t.u) + S (e (20-1K) = 3} ¢ I(Z, € Fi(e) + e (2u-1)K)

is a nondecreasing function in each component of (t.u), we have

Wn(t.u) - Wn(t'.u') = [Wn(t,u) - Wn(t'.u)] + [Wn(t',u)—wn(t'.u')]
2 —[Sn(t.(2u-1)K) - Sn(t'.(2u—l)K)] - [Sn(t'.(2u—1)K) - Sn(t',(2u'—1)K)]
= —[Wg(t.u) - Wg(t'.u) + (t-t') 2?:1 c ;1 - [W;(t'.u) - W::(t'.u')].

and we also have
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W (t.u) - W (t'.u') < W (e7u) - W (t'.u) - S (t.(20-1)K) + S (t".(2u-1)K)
# W_(t'.u") - W_(¢',u") - S (¢'.(2u-1)K) + S (¢, (2u"-1)K)
S W (t"u") - W (t7,u') - S (".(2u-1)K) + S (t".(2u"-1)K) + § (t'.(2u-1)K)
- s_(t'.(20'-1)K) - S (t.(20-1)K) + S (¢".(2u-1)K)
+ W (t',u") - W (t'.u') - S (t'.(20-1)K) + S (t'.(2u"-1)K)
= W (£"u") - W (e u)] + [W (e u7) = W (¢".u')]
+ [S_(t".(20"-1)K) - §_(t.(2u-1)K)] + [S (t".(2u"-1)K) - S (t".(2u'-1)K)]
= [W,("u") = W (eu)] + [W (£ .u7) = W (e u)]

+ [WO(e".u") = Wo(tu) + (£°=0)3]_) e )] + [Wo(e'.u™)-Wp(e u')],
Hence,
IWn(t.u) - Wn(t'.u')l
< 2 sup{lwn(t,u) - Wn(s,v)I; (t,u).(s.v) € L2(2m).

1

lt-s| < +2™ 1, |u-v]| < s+27™1)
+ 2 sup(|W§(t,u)—Wﬁ(s,v)|; (t.u), (s.v) € [0.1]2, |t—s| < 2—m+l.
lo-v| ¢ 27™%)
+ 27 ?:1 ni

We can treat [Wn(s".v") - Wn(s,v)] in the similar way. Therefore, we have

wwn(a) ¢ 5 sup{[W_(t.u) - W (s.v) |z (o), (s.v) € Ly(@"). le-s] ¢ peo 1
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luv] <6+ 2™ 4 40 (@™ 4 o™l (4.7)
Ww° i=1 ™ni
n -
Since,
o ™) <200 - il + o (2™ -
Ww° n G
n
by Lemma 4.2 and the uniform continuity of G in [0.1]2. we have
—mn+1
o (2 ) 20, as n oo, (4.8)
Ww°
n
vhere
m = max{m|( max cn‘il/a)_1 2 2m} (4.9)
1<i<n
so that m —® asn-® and by (4.1),
-m n m -1 -m 3(mn+1)/4
2 2 c_. < M(2 mx c .) < M2 < 2 -0, as n-ow .
j=1 i ni

1<i<n .

So, by virtue of (4.7), it suffices to show that

m
lim Tim P(sup{|W (t.,u) - W (s,v)|; (t.u), (s.v) € Ly(2 ),
650 n- n n
[t-s| < &, |u-v|<s) 2 €) =0
Let m(8) = max{r|6 2" » 1}, then

52"%) (1 and m(5) > as & o0.

By Lemma 4.3, we have

n 2!1 21’1 2]’1
m Ik, -k, | |e.-e,|
k. 8 =0.1,....2" is1,2, —L 2 L2 ¢
m m
2 2
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i i Tt m - m

™ Ik, -k, | ¢ om(8) |2,-¢, | ¢ 5(8) }
2 2"

;ogkg2’-1.05e32’}+

+sup{|wn[k—r. f}-] - ¥ [‘—‘; ﬂ]l; 0¢kg2l, 0¢e¢2™1 }

174 _6
a

Choose a€(0,1) such that 2 > 1. Since,

m m_-m(5)+1
n r-m(6) e __ (l-a)e (1-a n ) ¢ &

) 1- = s .
rem(5) (1-a)a 16 16 (1-a) 16

n "n
2

k 2 k 2 Ik —kzl le.-e, |
1 1 2 2 1 1 °2

wn[‘—‘—.”—]-w[ﬂ."—]lzosuz’-noseszr}

16
+Plsupifw [ X & -w | &l ll.o¢k¢of o¢eg2m -1
n 2!‘ 21' n 21" 2!’
mn
> (1-a)a" ™) %‘6] = 3 (I_+1I) (4.10)
r=m(0)

¥We notice that if a r.v. £ satisfies
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then, for & > 2

e
EE -0 = 5 (&) melen)®t -

e
3 (HEDHE + &p)?
i=0 =

i=1

= Ee[(1 + E6)® - (&) + (&0)¢ 71T
Let

A1 = E[Wn(t.u) - wn(t * 2‘P‘u)]6 = E[z?zl cni(fni—E Eni)]s

where £ = I(F '(t) + c_ (2u-1)K < Z_ < F }(¢t + 2F) + c_ (2u-1)K). For
ni ni i ni

£ ., we have
ni

1

Imf.—Eg.ﬁl={o
nil nli S C Efni

1l
o

N o
AN
31
%
(<)

where C is a constant. By the choice of m . we have

max c ., £ 2-3r/4'

ni $ for r € m .
1<i<n

So,

0 CEE = F(F (t427") + c_,(2u-1)K) - F(F 1(¢) + ¢ (2u-1)K)
=t+2 7 + F'(§)e,; (2u-1)K-t-F'(n) c_.(2u-1)K

2T e M e <M 2T/
ni 2

where Ml and M2 are constants. Hence,

k k k

6! 1 n 1
4 = 2 k Tk n1 -+ Spn E(€n,7EE )

k
... E(E_-EE )"
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D6 6 6! 4 2 4 2
= i cni E(Eni-EEni) + 4127 iij cni cnj E(Eni - Efni) E(fnj-EEnj)

_6! 2 2 2 2 2
2 212127 i#?#@ “ni © nj ne E(E Efni) E(Enj—Efnj) E(Ene_Efne)
6! 3 3 3 3
+ 313! iij “ni cnj E(Eni_EEni) E(fnj-Efnj)
(c s B E O szl & EE ¢ EEps
jo1 P nid 42! 5 ni mj
6! 3 3
* 3137 ¢ f ? ni “nj Eni Fnj
6! 2 2 2
212121 c 3 f ‘z Chi °nj °ne Eni Eny EE
4 _-3r/4 6! 2 —3r/2 CBHB -Or/4
$CHMy max cp; 2 + qror O My mex oo, 2 + sToTaT 2
1<{i<{n 1<i<n

C2 M max 02. 2—3r/2 < M3 2—9r/4'

| 1
3 3 lgign ni

where MB is a constant. Therefore,

r 2r 5 of 2r 16
r T
2 2 -1
<3 3 P[Iwn[l—‘—r—.f—r-]-wn[l‘-‘;—l.ir—]l>(1a)”“(5)%]
&=0 k=0 2 2 2 2

T T
A 16 GEW[LL]_w[ﬂe_]G
2=0 k=0 | e(1- a)ar -m{5) n{ or° 4T nl or ' oF



2f 2T 6 6
<3 3 16r—m(6) M o-9r/4 <2 [ lsr-m(b) ] o T/4 .
8=0 k=0 | e(1-a)a e(l-a)a
(4.11)
Similarly, let
r..6 n 6
A2 = E[Wn(t.u) - Wn(t.u+2 )] =E i§1 cni(nni - Enni)
where
no= IF (1) + e (2u-1)K < Z, < Fl(e) + e (2us2 ™ o))
ni ~ ni i ni ’
Then,
En, = F(F ' (t) + ¢ (202 ™ o1)K) - FFEI(e) + o (2u-1)K)
ni ni ni
where M4 is a constant. Therefore, ’
16 6 -r/4
IIr {2M [ — ] 2 (4.12)
e(l-a)a

where Ms is a constant.

From (4.10), (4.11) and (4.12), we have

le.-e_|
|; <6, 22 ¢ ze]

1

"n ™n
2 2

E
—
x‘
l ]
[y
—
|
=
o]
—~
| 3
\V]
®
|
—
=
HI
P
[\

n

3
r=m(6)

n [ 16r—m(6) ]6 o T/4

< 2(M3+M
e(l-a)a -

=)

2(M,+M,) 6 w
< —71 m?é) eé?—a) ] 2 P20, as 50,
2% k=0 o
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because p = (a

) <1and m(6) »», as 6 -0. D

n
PROPOSITION 4.5. Let T _(t,u) = §*(t.(2u—1)K) -t 2 ¢
n n 1=1 ni

{Pn: n 2 1} be the sequence of probability measures corresponding to Tn.

, and let

n 2 1. Then, {Pn} is relatively compact.

Proof. Note that Tn(t,u) € C[O.l]z. n > 1. Hence, it suffices to show that

for any ¢ > O,

lim TTE’P(GT (6) 2€) =0 (4.13)
60 n-w n
Since,
=% — n
|Tn(t.u) - Tn(s.v)l = [[8_(t.(2u-1)K) - §_(s.(2v-1)K)] - (t-s) 1§1 cni|

< I8} (. (20-1)K) - §)(s.(2v-1)K)] - [SL(t.(2u-1)K) - S (s.(2v-1)K)]|

+ |W (tu) =W (s.v)| + [WO(t.u) - W(s.v) |
by (4.5). we have

Op (6) £ 4 max ¢ .+ oy (6) + v o(6), a.s.
n 1<{i<n n Wn

Therefore, (4.13) follows from (4.2), (4.8) and Proposition 4.4.

Since S:(O.—K) = 0, by (4.5). we have

=3
|Tn(0.0)| = |Sn(0.-K)l {2 max C, @a-s-
1<i<n
Hence,
Pg =P ng converges in distribution. (4.14)

By virtue of Neuhaus [5] (discussion on pp. 1290-1291), (4.13) and

(4.14) imply that (Pn} is relatively compact. 8]
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LEMMA 4.6. Suppose I' = {szk € A} is a compact set in C[O.1]2. let

Fl = {TA(~.u):A € A, u € [0,1]}, then Fl is a compact set in C[0,1].

Proof. It suffices to show that any infinite sequence in Fl contains a
convergent subsequence in Fl.

Suppose {TA (-,un)} is a sequence of ), then {TA (*.*)} is a sequence
n n

of ' Since I' is compact, {TA (-.*)} contains a convergent subsequence also
n

denoted by {TA (*.*)} such that
n

IT, - T, Il >0, as n oo (4.15)
n (o]

where Ao € A. Since u € [0,1], there exists a convergent subsequence also
denoted by u such that

u, Su € [0,1], as n & ®, (4.16)

For any t € [0,1], we have

IT)\ (tw) - T, (t,uo)l < I’I‘A (tu) - T, (t,un)| + |T)\ (twu) - T, (t.uo)l
n (o] n (o] (o] (o}

Therefore, by (4.15), (4.16) and the uniform continuity of TA in [0,1]2. we

o
have
T, ("Un) - Ty ('.uo)"'ﬂ o, as n
n o
where Tk (°.uo) € Fl. a
o
PROPOSITION 4.7. If for any compact set Fo in C[0,1]




1im Rem(tH) _ 4 (4.17)
-0

uniformly for H € To. then for K > O,

s

*(-.u)

- —U(o)]ll’.o. as n-ow  (4.18)

ni

Proof. From Proposition 4.5, we know that {Pn) is relatively compact

in C[O.1]2. where
P_(A) = P(T_ € A).

Since C[O.l]2 is complete and seperable, by Prohorov’'s theorem (Billingsley
[1]. Theorem 6.2), {Pn} is tight, i.e., for any € > O, there exists a

compact set I' in C[O.l]2 such that
P(Tn €T) > 1-e, for n 2 1. (4.19)

Use the same definition about Tl in Lemma 4.6 with respect to I', we

know that Fl is a compact set of C[0,1]. By (4.3) and (4.17), there exists
N such that
g H
2 c_. Rem[ ———— ]l <€ forn2N, HeTrT (4.20)
jo1 M n 1

., +C_.
i=1"ni

If Tn € I', then, Tn(°.u) €T, for any u € [0,1] and by (4.20),

n Tn(-.u)
| 3 c_. Rem[ —_— ]I <€, forn2N, ue€]/[01]. (4.21)
iz1 ™ n 1%ni
i=1"ni

(4.21) implies

n Tn(°.u)
2 c_. Rem[ —_— ]I <€, forn2N. (4.22)
Sul =1 c

i=1"ni
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Equivalently, (4.22) is written as

n §:(-.u)
sup l 3 ¢ i Rem[ o - U(-)]I €, for n 2 N. (4.23)
|U|SK =1 " i=1%ni

Therefore, from (4.19) and (4.23), we have, for n > N,

cecraen oo mn | 3o, a2 uiy [ <o)

ni
lul<k? 1=1 i=1%ni
a
Let I' be a set in D[0,1] and H € D[0,1], define
dist(H,T') = inf HH-GII (4.24)

Ger
LEMMA 4.8. Let Q : D[0.1] x R - R and suppose that for any compact set
I in D[O,1]

lim Q(H.t) = O (4.25)
t-0

uniformly for H€ T'. Let ¢ > O and let o . Bn be sequences of real numbers
such that a - 0, Bn - 0, as n - @, Then, for any compact set I' in Dfo0,1].

there exists N such that, for n > N, if dist(H,I') £ a. then

l(H.B )| < e.

Proof. Suppose not. Then, for € > O, there exists a compact set I’ in

D[0,1] and sequence {Hk} C D[0,1] with dist(Hk.F) < ank such that
la(H, . Bnk)l 2e. (4.26)

Since dist(Hk.F) < ank. we can choose H; € I' such that

H, - HNl < a .
k Hk £ nk
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Since {H:} CTand T is a compact set, then {H;} has an accumulation point
H € I'. Therefore, we can choose a subsequence of (H;} also denoted by {H;}
such that

H:-e H as k = o,

Since a = 0, we also have

1&4f as k »
and the set

ry={H:k21}U (1

is compact. By (4.25), we have

Q(Hk.t) -0, as t - 0.

uniformly for Hk € I'. This contradicts (4.26). 1]

From the discussion by Fernholz [2], we know that

n
[S:(°,u) - U(-) 2 cni] are not random elements of D[0,1] with uniform
i=1

topology. Next, we will use the inner probability measure P* corresponding
to P to deal with this problem.
LEMMA 4.9. Under the assumption of Proposition 4.7, for € > O, there

exists a compact set I' in D[0,1] such that for all n 2 1

P*(dist([S:(-.(zu—l)K) - U(+)%]_jc 1. T) €2 max c .. Vu€[0,1]) > l-e.
= 1<i<n

Proof. As the proof of Proposition 4.7, there exists a compact set T

in C[0.1]% such that for all n > 1,

t
m

P(T_€T) > 1



By (4.5), we have, for n > 1, .

P(T_ €T, "§:(.,.) - s:(-,-)u <2 12?§n cy) 21 -e. (4.27)

By Lemma 4.6, we know that I' induces a compact set Fl in C[0.1], which
is also a compact set of D[0,1] because C[0.1] is a subspace of D[0,1]. We
also know that if Tn €I, then Tn(°.u) € Fl for any u € [0,1], i.e.,

[S[(.(2u-1)K) - U(*)%{_; e, ] €T,. for any u € [0,1].  (4.28)

-3¢ .3 N
Also, HSn(',') - Sn(°.°)H {2 max Chi implies
1<i¢n

157 (¢, (2u-1)K) - S{(+.(2u-1)KI € 2 max c_.. V u € [0.1]. (4.29)

1<i<n ni
Since (4.28) and (4.29) imply
dist([S:(-.(2u—1)K) - U3 e 1. T)) € 2 1?a§ c,y+ Vuer[o1], o
<i<n

by (4.27). we have, for n > 1,
. ¢ n
P*(dlst([Sn(o.(2u—1)K)-—U(°)Ei=1 cni]' Fl) €2 max i Yue€([0,1]) > 1-e.
1<i<n
a

Proof of Theorem 3.1. Since T : D[0,1] - R is Hadamard differentiable

at U, (4.17) holds.
By Lemma 4.9, for e > 0, there exists a compact set I' in D[0,1] such

that, for n > 1

P*(dist([S:(-.(2u—l)K)—U(°)2?=1 c;1.T) <2 12?§n°“i' Vue€[0,1]) > 1-e/2.

Therefore, we can find measurable sets En for all n such that



E_ C{dist([S:(°.(2u—l)K) - U()3_; ¢ 1. 7) €2 max ¢

Y, ni’ Vue€([O0,1]}
<i¢n

and

P(E) > 1-e. (4.30)

By Lemma 4.8, consider Q(H,t) = BSE%EEL . For the compact set I', there

exists N such that, for n 2 N, if dist(H,I') { 2 max C i then
1<i<n
n
| 3 Chi Ren[ ;ﬁ—g———— ]|  e.
i=1 i=1 “ni

Therefore, for n > N, take H = S:(-.(2u-1)K) - U(*)Eli)__1 € q for any

u € [0.1]. {dist([S:(*.(2u-1)K) - U(+)3]_j ¢, J. 1) <2 max c

1¢isn P
Vu € [0,1]} implies
n S} (. (2u-1)K)
I 3 i Rem[ = - U(*)]| (e, foruc€f(0,1]. (4.31)
i=1 2, C_.
i=1 "ni
Since (4.31) implies
n S:(-.u)
sup 3 3 Rem[ - U(°)]| {e,
Jul¢k ti=1 2?=1 € i

by (4.30), we have, for n 2 N,

1-¢e<CPE)( P[ sup
n lu <k




Remark (1). In the proof of Theorem 3.1, we assumed that
( S.(+.u)

. Cc_.
i=1 "ni

Rem - U(-)] is measurable, even though S:(°.u) is not a random

element of D[0,1]. This is because that T is measurable, and by

(262 )
i=1 “ni
Lemma 4.4.1 of Fernholz [2], we know that Tﬁ(S:(',u) - U(°)2?_1 cni) is also

S1(-.u)

measurable, hence Rem[ - U(')] is measurable.

._1 C_.
i=1 "ni
Remark (2). By Lemma 4.4.1 of Fernholz [2]. we have

0 tad n - . - -1
TS ew) ~ U2 e ) = 3] “ni TU((5(zi—cniu) Fy eF )
n
= f c IC(Zi—cniu: F, T). ’

1=1 ni

Note that this is true without any assumptions on (cni} and F as long as r

is Hadamard differentiable at U.

Remark (3). If in Theorem 3.1 and Proposition 4.7,

»*
n Sn(.’u)
W et Ol
= i=1 "ni
or
—3%
n Sn(.'u)
sup l2i=1 i Rem[ _—- U(°)]|
[ul<k 2? L c
=1 "ni

is not measurable, we replace Iul ¢ Kby ue QK' where QK = {all rational
numbers in [-K,K]}, then, they both are measurable. The results will be

slightly different, but still good enough for the study of (1.15).
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