
ABSTRACT

SMITH , FOUCHÉ. A High Order Compact Scheme for Interior/Exterior 3D Wave
Equation by the Method of Difference Potentials . (Under the direction of Dr. Semyon
Tsynkov).

In this work we develop several high order compact schemes for solving the
three dimensional acoustic wave equation with variable speed of sound. We consider
when the domain is an open and connected subset with finite measure, all of R3, or
the complement of some open and connected subset of finite measure. Each initial
boundary value problem (IBVP) will be solved with the method of difference potentials
(MDP). The later two problems will be truncated with a finite computational domain
with a high order artificial boundary condition imposed on its surface to absorb any
outgoing waves.

First, we discretize the wave equation in time using the θ-scheme. This produces
a one parameter family of elliptic PDEs on the upper time level whose RHS term
is composed of known quantities from the previous two time levels and boundary
condition is inherited from the wave equation on the upper time level. The parameter
θ is chosen to produce fourth order accuracy in time.

Advancing the time marching scheme amounts to solving an elliptic boundary
value problem at every time step via the MDP. The MDP has the ability to use
finite difference (FD) schemes while using a spectral representation of the boundary
condition to handle the curvilinear geometry of BVP. The MDP embeds the domain of
the BVP into a cubic domain auxiliary domain where a FD scheme can flourish. The
solution to the elliptic PDE on the original domain is constructed with a difference
potential, which is the discrete counterpart to Calderón-Seeley potentials which
reduces an elliptic PDE on its domain to an equivalent expression on its boundary.
This difference potential is constructed from the solution operator to the discrete
elliptic PDE on the cubic auxiliary domain.

The most computationally intensive portion of the scheme involves the solution
operator needed to construct the difference potential. So we want to compute it ef-
ficiently. We discretize the elliptic PDE on the cubic auxiliary domain with fourth
order accuracy in space using a compact finite difference scheme. We use an equation
based approach to obtain scheme which only uses 19 points on a 3× 3× 3 stencil. The



high order accuracy acts as a hedge against numerical dispersion, the compact stencil
produces a sparse linear system, and the elliptic PDE can be solved in O(N log N)

operations with geometric multigrid.

Keywords: Unsteady acoustic waves, High order accuracy, compact finite difference
scheme, Cartesian grid, Non-conforming geometry, Multigrid, High order artificial
boundary conditions, unbounded domains, scattering problem, method of difference
potentials
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Chapter 1

INTRODUCTION

1.1 Motivation and Objectives

The acoustic wave equation presents a simplified yet relevant model for a broad
variety or problems in electrodynamics, acoustics, solid mechanics, fluid mechan-
ics, geophysics, oceanography, meteorology, and other areas. We are interested in
solving both interior and exterior initial boundary value problems (IBVP) for the 3D
inhomogeneous variable speed acoustic wave equation:

∂2u
∂t2 − c2(x )∆u = F(x , t). (1.1)

We will solve equation (1.1) with fourth order accuracy in space and time by means
of a compact implicit finite difference scheme that employs only three consecutive
time levels (Section 1.2.1). Advancing one time step of this scheme requires solving
an elliptic partial differential equation (EPDE) on the upper time level. This is done
by multigrid iterations, which converge rapidly (Section 1.2.5). In fact, multigrid is
the only solver comparable in complexity to the fast Fourier transform (FFT) but not
limited to constant coefficients.

An important advantage of compact schemes is that they employ narrow sten-
cils and thus require no additional boundary (or initial) conditions beyond those
needed for the differential equation that they approximate. The scheme that we are
using is constructed on a uniform Cartesian grid in space. Hence, it offers a most
straightforward and economical venue toward high order accuracy, which is of cen-
tral importance for reducing the numerical pollution. However, it requires a special
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treatment for non-conforming (curvilinear) boundaries.
The non-conforming boundaries will be handled using the method of difference

potentials (MDP, Section 1.2.4). This method can be thought of as a discrete counter-
part to the method of Calderon’s operators for PDEs. It has the capacity of treating
the general shape boundaries on regular structured grids with no deterioration of ac-
curacy and no adverse implications for either well-posedness or stability. The original
development of the MDP targeted the steady-state and time-harmonic problems. To
use this method for time-dependent problems, such as those based on equation (1.1),
one can adopt one of the two approaches. The first approach is to apply the MDP
directly to the time-dependent formulation in (3+1)D space-time. It has proven very
efficient, especially when combined with the (strong) Huygens’ principle. In particular,
it offers a sub-linear complexity and automatically accounts for the radiation of waves
toward infinity. However, it cannot be adapted easily to the scenarios that involve the
variable speed of wave propagation.

The second approach is to apply the MDP to the EPDE on the upper time level of an
implicit discretization scheme in 3D (as opposed to (3+1)D). This strategy lacks certain
benefits that come with the one that employs the Huygens’ principle. For example,
one needs an artificial boundary condition (ABC, Section 1.2.2) or an absorbing layer
(Section 1.2.3) to enable the reflectionless propagation of outgoing waves through
the outer boundary. However, this approach can easily account for the variation of c:
c = c(x), see equation (1.1), which is a major advantage.

Therefore, our overall objective is to develop and implement a methodology for
computing the solutions to equation (1.1) that would combine an implicit compact
high order accurate scheme with the MDP on the upper time level and allow one to
solve several different types of unsteady IBVPs with variable speed of propagation
and non-conforming geometry, as indicated in Sections 1.1.1, 1.1.2, and 1.1.3.
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1.1.1 Interior Problem

Let Ω ⊂ R3 be a bounded simply-connected domain. Consider the following interior
IBVP:

∂2u
∂t2 − c2(x )∆u = F(x , t), (x , t) ∈ Ω× (0, T],

u(x , 0) = ϕ0(x ), x ∈ Ω,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ Ω,

lΓ(u) = ϕΓ(x , t), x ∈ Γ = ∂Ω,

(1.2)

where the operator lΓ that defines the boundary condition is given by

lΓ(u) =
(

au + b
∂u
∂n

) ∣∣∣∣
Γ
, (1.3)

and may correspond to a Dirichlet ((a, b) = (1, 0)), Neumann ((a, b) = (0, 1)), or
Robin (a, b) 6= (0, 0)) boundary condition. The interior problem (1.2) is discussed in
Chapter 3. Specifically, in Section 3.1 we show the semi-discrete approximation in
time of the interior problem (1.2). This results in a one parameter family of elliptic
PDEs which needs to be solved at every time step. In Section 3.2, we detail how the
method of difference potentials as applied to the elliptic PDE mentioned above. In
Section 3.3, we present the solution to several test problems where Ω is a ball and
demonstrate that the scheme is fourth order accurate.

1.1.2 Radiation of Waves by a Known Source

Consider

∂2u
∂t2 − c2(x )∆u = F(x , t), (x , t) ∈ R3 × (0, T],

u(x , 0) = 0, x ∈ R3,
∂u
∂t

(x , 0) = 0, x ∈ R3,

(1.4)

where the source term F is compactly supported in space. In addition, assume that
the propagation speed c is constant on the complement of some ball. To truncate the

3



wave radiation problem (1.4), we can use either a high order artificial (non-reflecting)
boundary condition (Section 1.2.2) or a sponge layer (Section 1.2.3). The sponge layer
truncates the domain to a rectangular prism and adds an additional damping term to
the wave equation. This damping term is positive inside the sponge layer to attenuate
any waves which enter the sponge layer and is zero otherwise to coincide with the
wave equation. A high order non-reflecting boundary condition (NRBC) truncates
the problem to a ball. On the spherical outer boundary Γ, we impose a pth order
artificial boundary condition to absorb the outgoing waves. To represent the trace of
the solution ξξξΓ = (u, ∂u

∂r )|Γ, we use the spherical harmonics, which allows us to greatly
simplify the tangential derivatives contained in the ABC.

Solution of the wave radiation problem (1.4) is presented in Chapter 4. Section 4.1
discusses the methodology with the sponge layer, while Section 4.2 introduces the
version with the high order NRBC. Both Section 4.1 and Section 4.2 contain the results
of the corresponding numerical simulations.

1.1.3 Exterior Scattering Problem

Let Ω ⊂ R3 be a bounded simply-connected domain. Consider the following exterior
IBVP:

∂2u
∂t2 − c2(x )∆u = 0, x ∈ R3 \Ω× (0, T],

u(x , 0) = ϕ0(x ), x ∈ R3 \Ω,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ R3 \Ω,

lΓ(u) = ϕΓ(x , t), x ∈ Γ = ∂Ω,

(1.5)

where the operator lΓ that defines the boundary condition is given by

lΓ(u) =
(

au + b
∂u
∂n

) ∣∣∣∣
Γ
,

and may correspond to a Dirichlet ((a, b) = (1, 0)), Neumann ((a, b) = (0, 1)), or
Robin (a, b) 6= (0, 0)) boundary condition. We will assume that the initial data and
source term are compactly supported on R3 \Ω. In addition, we assume that there
exists a bounded region Υ ⊇ Ω̄ such that c(x ) = c∞ whenever x /∈ Υ.
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Numerical solution of the scattering problem (1.5) is described in Chapter 5.
We truncate the exterior problem (1.5) using a spherical artificial outer boundary.
The sphere is chosen sufficiently large to fully enclose Υ, so that the propagation
speed beyond the outer boundary can be considered constant. The computational
domain thus becomes a spherical shell. At the outer boundary, we set a high order
artificial boundary condition (Section 1.2.2). The inner boundary of the spherical shell
coincides with the surface of the scatterer Ω. Section 4.2.1 describes the semi-discrete
approximation of the truncated problem in time. This process produces an elliptic
PDE on the upper time level which needs to be solved in order to advance the time
marching scheme. Section 5.2 describes how to solve the aforementioned elliptic PDE
on the spherical shell using the method of difference potentials. Finally, Section 5.3
shows numerical simulations of the scattering problem (1.5).

1.2 Main Components of the Method

1.2.1 Compact Finite Difference Scheme

A compact finite difference scheme achieves high order accuracy while utilizing the
minimum width stencil. A number of approaches to building such schemes have been
proposed in the literature, including those based on the Padé approximation and
Hermite polynomials [1, 27, 64]. Examples of compact schemes applied in practice
include those for the Poisson equation [55, 76, 104], Maxwell’s equations [59, 94, 110,
117], Navier-Stokes equations [33, 34, 66, 77, 112], and Schrödinger equation [30, 35,
41, 69].

Our goal is to approximate the problems described in Sections 1.1.1, 1.1.2, and 1.1.3
with high order accuracy so as to reduce the adverse effect of numerical dispersion,
known as the pollution effect [8]. To discretize the acoustic wave equation (1.1), we
first apply the θ-scheme in time [23, 68]. This produces a discretization on three
consecutive time levels. On the upper time level, the θ−scheme yields a one parameter
family of elliptic partial differential equations (modified Helmholtz equations):

∆u− κ2u = f , (1.6)

where κ = κ(θ) and the RHS f is composed of known quantities on the middle and
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lower time levels. The parameter θ is chosen so as to guarantee fourth order accuracy
in time. Time marching with the θ-scheme amounts to solving the modified Helmholtz
equation (1.6) at every time step where the RHS term depends on the previous two
time levles.

To solve the modified Helmholtz equation (1.6) on each time level, we discretize it
in space using an equation based fourth order compact scheme (EBFOCS) on a uniform
in all directions Cartesian grid. Equation based compact schemes have previously been
developed for the original Helmholtz equation [16, 40, 102]. Their advantages include
no need for additional boundary conditions beyond those required for the underlying
PDE itself and narrow-band matrices of the resulting linear systems. An equation
based fourth order compact scheme for equation (1.6) is derived in the following
manner:

♦ Discretize (1.6) with second order accuracy using central differences.

♦ Identify the leading terms of the error expansion using Taylor’s formula.

♦ Differentiate equation (1.6) to replace the fourth order unmixed derivatives in
the leading terms of the error with mixed partial derivatives of maximum order
two with respect to any one variable.

♦ Approximate the mixed derivatives using their respective central difference
formulae. Since the leading error term is O(h2), the resulting scheme will be
fourth order accurate overall.

The development of the scheme and its numerical verification are discussed in
Chapter 2. In Section 2.1, we show how to approximate equation (1.1) in time using
the θ-scheme [23, 68]. In Section 2.2, we show how to discretize the resulting modified
Helmholtz equation (1.6) on the upper time level in space using an equation based
fourth order compact scheme that employs a 3× 3× 3 stencil. In Section 2.3, we show
how to compute the CFL number using the energy based argument due to [18]. In
Section 2.4 we describe the full time marching. This includes how to initialize the
scheme and produce a high order initial guess for the multigrid solver on the upper
time level. In Section 2.5, we argue that the multigrid iterations converge with optimal
rate. Finally, in Section 2.6 we implement and test the resulting fourth order accurate
compact scheme by solving a simple interior problem with a homogeneous Dirichlet
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boundary condition:

∂2u
∂t2 − c2(x )∆u = F(x , t), (x , t) ∈ D× (0, ∞),

u(x , 0) = ϕ0(x ), x ∈ D,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ D,

u = 0, x ∈ ∂D,

(1.7)

where D is a Cartesian cube in R3. Besides providing a framework for testing the
scheme, the Dirichlet problem (1.7) serves another important role. It leads to a zero
Dirichlet boundary value problem (BVP) for the elliptic equation (1.6) on the upper
time level. This elliptic BVP provides a key building block for the method of difference
potentials, known as the auxiliary problem, see Section 1.2.4 (and also Section 3.2).

1.2.2 Artificial Boundary Condition (ABC)

Both the radiation problem of Section 1.1.2 and scattering problem of Section 1.1.3 are
formulated on unbounded domains. To solve these problems numerically, we need to
truncate the original unbounded region and introduce a finite computational domain
Ω bounded with a smooth surface S which encloses the support of the initial data
and source term of the given exterior problem. On the surface S, we will impose an
ABC that should account for the proper behavior of the solution outside S.

Work [45] summarizes why designing ABCs is difficult in practice. On the con-
tinuous level, the truncated problem on Ω with the ABC imposed on S should be
well-posed and the spurious reflections generated by the ABC should be small. On the
discrete level, the ABC should be numerically stable and (easily) compatible with the
interior solver on Ω. These are the minimum requirements of an ABC. Other desirable
properties include:

� Preserving the sparsity pattern of linear systems.

� Not adding substantial cost to that of the interior solver on Ω.

� Accommodating a broad range of geometries, angles of incidence, and types of
waves (high/low frequency, propagating/evanescent, etc.)
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� Allowing for approximation with high order accuracy.

� Allowing for parallel implementation.

The survey paper [43] outlines the trade-offs between exact ABCs and approximate
ABCs. An exact ABC (on the continuous level) produces a solution, for all t > 0,
which coincides with the solution to the original exterior problem restricted to Ω.
An approximate ABC is often derived in an ad-hoc manner taking into account the
underlying physics in the exterior domain R3 \Ω. One way to construct an ABC
is to consider the far-field behavior of the solution, i.e., the behavior as ‖x‖ → ∞.
An approximate ABC can also be derived by approximating an exact ABC on the
surface S that is too complicated to be used in practice. Generally speaking, exact
ABCs are more robust than approximate ABC. However, exact ABC are typically
limited to simple surfaces due to being derived with integral transforms or separation
of variables along the boundary. Achieving accurate results with an exact ABC is
simple once the implementation is available. One only needs to refine the grid because
the only source of error is the discretization. Approximate ABCs depend on the
diameter of the computational domain. For example, when using a far-field condition
as an approximate ABC, increasing diam(Ω) improves its accuracy. However, as the
diameter of Ω increases, the interior solver becomes more expensive. Since we wish
to solve a three dimensional PDE in space, we want to avoid this route entirely.
Instead we will fix the domain Ω and increase the accuracy of the ABC, i.e., its order,
which is the number of leading terms in the far-field expansion of the solution that
the boundary condition cancels. Increasing the order of the ABC helps decrease the
spurious reflections from the artificial outer boundary. Yet higher order ABCs are
more difficult to implement than lower order ABCs.

The survey paper [101] provides an extensive overview of the methods for con-
structing the ABCs. It outlines the trade-offs between nonlocal ABCs where all the
nodes on the surface are coupled, and local ABCs where nodes on the surface are only
coupled to adjacent nodes. Exact ABCs are typically nonlocal. Generally speaking,
nonlocal ABCs are more robust and accurate but also are more computationally expen-
sive and sometimes limited to simple geometry. Local ABCs are easy to implement,
numerically cheap, and geometrically universal, but not nearly as accurate. It is also
shown in [101] that, for steady-state problems one can use the DPM to set global highly
accurate ABCs on an artificial boundary of an arbitrary shape. This reduces the size
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of the computational domain and speeds up the convergence of multigrid iterations,
which helps offset the additional cost associated with nonlocal ABCs. However, the
governing PDEs outside the computational domain must be homogeneous, which is,
in fact, a universal requirement for most ABCs.

For the modified Helmholtz equation (1.6), this requirement won’t hold though,
because the RHS f depends on the solution at the previous time levels. This will be the
case even if the original wave equation (1.1) is homogeneous outside the computational
domain, i.e., if the physical source term F is zero there. Therefore, the ABC for the wave
equation (1.1) is more convenient to formulate in the full time-dependent framework
rather than using the elliptic equation (1.6).

In the time dependent case, an exact ABC is normally expected to be nonlocal in
both time and space. Nonlocality in time would require the entire time history of the
scheme, which clearly becomes demanding on memory for long-time runs, especially
for a three-dimensional problem. The required temporal history of the solution can be
restricted to a finite and non-increasing level with the help of the Huygens’ principle
[81, 79]. In this work, however, our intention is to build a numerical methodology
that would be fully local in time (up to the extent of the finite difference stencil).
Therefore, for our subsequent development we chose to use local non-reflecting
boundary conditions for the wave equation (1.1).

According to [44], the two important requirements for high order NRBC are:

♦ The accuracy of the NRBC must increase its order increases.

♦ The NRBC needs to be practically implementable for an arbitrarily high order.

Ideally, one should be able to adjust the order of the NRBC to meet the specific
accuracy needs. If, for example, a pth order NRBC provides insufficient absorption of
outgoing waves, it should be possible to increase the order to overcome this deficiency.
Likewise, by increasing the order of the ABC one should be able to compute the
solution on a smaller domain. However, the practical implementation of local high
order ABCs may encounter difficulties. To illustrate that, consider the family of NRBCs
due to Bayliss and Turkel [10]:

Bpu =

[ p

∏
j=1

(
1
c

∂

∂t
+

∂

∂r
+

2j− 1
R

)]
u = 0, (1.8)

9



where the outer boundary S is a sphere of a given radius R. We will refer to (1.8)
as the Baylis-Turkel ABC of order p (BTp) which are derived by writing the far-
field expansion of a solution to the wave equation, then producing a family of
differential operators which annihilate more terms of the expansion as the order of
the ABC increases. In other words, BTp applied to the far field expansion yields
the residual Bpu|r=R = O( 1

R2p+1 ). For a fixed value of R, lim supp→∞ Bpu|r=R = 0.
Ideally, we would like to choose p sufficiently large for a fixed R so that the residual
is much smaller than the discretization error from approximating the interior of the
computational domain. We see, however, that as the order p increases, the boundary
operator Bp in (1.8) contains both radial and temporal derivatives of increasingly high
order. This is what makes the practical implementation of the BTp ABCs difficult for
orders p > 2.

The Higdon NRBC (on the planar artificial boundary x = a)

Bpu =

[ p

∏
j=1

(
cos(θj)

∂

∂t
+ c

∂

∂x

)]
u|x=a = 0, (1.9)

suffers from a similar problem. The Higdon NRBC (1.9) is designed to annihilate all
plane waves that propagate with the given angles of incidence ±θ1, . . . ,±θp to the
planar boundary. Similar to (1.8), the Higdon NRBC (1.9) produces high order time
derivatives and high order normal derivatives on the hyperplane x = a as its order p
increases. Those derivatives are difficult to implement for large values of p.

Hagstrom and Hariharin [49] introduced a family of NRBCs which completely
avoid the high order derivatives in time and space by incorporating several auxiliary
variables. These boundary conditions are defined as follows:(

1
c

∂

∂t
+

∂

∂r
+

1
R

)
u = v1, (1.10a)(

1
c

∂

∂t
+

j
R

)
vj =

1
4R2

(
j(j− 1) + ∆θ,ϕ

)
vj−1 + vj+1, (1.10b)

where j = 1, 2, . . . , p, v0 = 2u, and vp+1 = 0. One can show that (1.10a)–(1.10b) are
equivalent to the Bayliss-Turkel ABC of order p + 1. The implementation of (1.10a)–
(1.10b) does not encounter the same difficulties as (1.8) or (1.9). Assuming that the
artificial outer boundary S, which is a sphere of radius R, is sufficiently far away
from the sources and initial data, the finite speed of propagation guarantees that
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the auxiliary variables will be identically zero when initializing the scheme. The
time derivatives can be handled with an implicit multistep method which is at least
fourth order accurate. The tangential derivatives can be handled using a spectral
representation of the auxiliary variables and the trace (u|r=R, ∂u

∂r |r=R) on the sphere
S via spherical harmonics. Since the spherical harmonics are eigenfunctions of the
Laplace-Beltrami operator ∆θ,ϕ, the tangential derivatives are converted to algebraic
expressions. (See Appendix B for more detail on spherical harmonics.) As an added
benefit, the spectral form of NRBCs will make it easy to incorporate the boundary
conditions with the MDP (see Section 4.2.2 for details). This NRBC is further developed
in [56].

1.2.3 Sponge Layer

The sponge layer is an alternative to ABCs for damping the outgoing waves. The
earliest sponge layer was developed in [22] directly at the discrete level. It could
significantly damp the outgoing waves regardless of the angle they penetrate the layer.
Our development of a sponge layer has roots in work [97] that we generalize [58].
We add the first order time derivative to the wave equation (1.1), which introduces
damping into the model:

∂2u
∂t2 + σ(x, y, z)

∂u
∂t

= c2(x)∆u + F(x, t). (1.11)

Equation (1.11) is considered on a cubic computational domain D = [−(M + `), M +

`]3 in R3. In doing so, the central part [−M, M]3 represents the vacuum region where
the true physical phenomena take place, while the rest, D \ [−M, M]3, is the damping
layer of thickness `. The damping term σ, see equation (1.11), is positive in the layer to
attenuate the waves and zero on [−M, M]3. In Section 4.1, we present the development
of a compact fourth order accurate finite difference scheme for the dissipative wave
equation (1.11) discuss the application of the sponge layer for the truncation of the
wave radiation problem.

1.2.4 Method of Difference Potentials

The key strength of finite difference methods (FD) is that they provide inexpensive
and efficient algorithms for computing the smooth solutions to differential equations
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on regular domains/grids. Their primary disadvantage is in dealing with more
complicated geometries and solutions with low regularity. The issue of geometry is
partially alleviated by the immersed boundary [78] and related methods [65, 113, 67,
115]. In our work, we shall employ the method of difference potentials by Ryaben’kii
[88] to handle the non-conforming curvilinear geometries while still using uniformly
spaced Cartesian grids.

Prior to describing the MDP [88], let us briefly review other existing methods.
The finite element method (FEM) [98, 28, 13] and its extensions (see, e.g., [36, 37]),
as well as the discontinuous Galerkin (DG) methods [51], are well established and
powerful. Their strength is in dealing with complex geometries and low regularity of
the solutions.

In practical problems of wave propagation, especially in 3D, both FD and FEM have
serious limitations because of their relatively high “points-per-wavelength” require-
ment, as well as numerical pollution, see [9, 8] and [57, Section 4.6.1]. The numerical
phase velocity of the wave in these methods depends on the wavenumber k, so a
propagating packet of waves with different frequencies gets distorted in the simulation.
Furthermore, the numerical error depends very strongly on k, particularly via the
stability constant [57].

This drawback can be (partially) overcome by high order accurate schemes. They
do not introduce additional unknowns per grid node and thus remain inexpensive.
Moreover, compact schemes, such as those outlined in Section 1.2.1, reduce pollution
while keeping the treatment of the boundary conditions simple. However, geometry
still remains a hurdle. In FEM, on the other hand, a high order approximation can be
built for arbitrary boundaries, but only in fairly sophisticated and costly algorithms
with isoparametric elements. In DG, discontinuous enrichment methods, and GFEM,
high order accuracy also requires additional degrees of freedom.

In traditional boundary integral methods (BEM), linear boundary value problems
are reduced to integral equations with respect to equivalent boundary sources. These
methods impose no limitations on the shape of the boundary and automatically
account for the correct far-field behavior of the solution. However, the matrices that
appear in the context of BEM are full, as opposed to the sparse FD/FEM matrices.
Significant progress in fast multipole methods (FMM) [47, 26, 70, 111, 39] has helped
alleviate this issue. The treatment of the boundary conditions in BEM requires care in
the choice of the boundary sources. For example, to maintain well-posedness of the
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boundary representation, i.e., to obtain a Fredholm integral equation of the second
kind, a double layer potential should be used for the Dirichlet boundary condition,
and a single layer potential should be used for the Neumann boundary condition.
The evaluation of singular integrals presents problems in practice, especially in the
vicinity of the boundary. The most serious shortcoming of BEM though is that these
methods require explicit knowledge of the fundamental solution and hence are limited
to constant coefficients, i.e., to homogeneous media.

Our goal is to construct a high order accurate method that offers geometric
flexibility equivalent to that of BEM, yet is not limited to constant coefficients and does
not involve any singular integrals. We also wish to avoid the extensive redundancy
inherent in high order FEM and discontinuous enrichment methods (e.g., additional
unknowns such as Lagrange multipliers enforcing weak continuity). In the regions of
smoothness, it is therefore natural to approximate the solution using high order finite
differences on regular grids, see Section 1.2.1. To accommodate general boundaries
not aligned with the grid, we use the MDP [87, 88], see also [71, 15, 72] for subsequent
developments. This very general approach can be viewed as a discrete analog of
Calderon’s potentials and Calderon’s boundary equations with projections [20, 93].

The method of difference potentials provides the same geometric flexibility as
BEM does, yet involves no singular kernels and handles variable coefficients. The
computational procedure changes drastically compared to BEM. The differential
problem is first discretized and then converted to a boundary problem. Finally, the
resulting boundary equations are solved as a system. The key advantages of the MDP
are as follows:

♦ Maximum generality of handling the boundary conditions. The entire class of
functions satisfying the underlying differential equation is characterized by an
equivalent boundary equation (Calderon’s boundary equation with projection).
Only later are specific boundary conditions imposed. Any type of boundary
conditions can be handled with equal ease, see [15], including mixed, nonlocal,
discontinuous, etc.

♦ The problem can be discretized on a regular structured grid, yet the boundary
can have an arbitrary shape and need not necessarily conform to the grid. This
causes no loss of accuracy and there are no adverse effects due to staircasing
[21, 53].
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♦ Boundary representations inherit the accuracy of the core discretization. Hence,
high order approximations for problems with non-conforming boundaries can
be easily obtained.

♦ Variable coefficients of the governing equation(s), or equivalently, heterogeneous
media, can be handled as easily as constant coefficients. Constructs of Calderon’s
operators stay unchanged, except that convolutions with the fundamental solu-
tion, which essentially represent application of the inverse operator, are replaced
by alternative inverse operators.

♦ The methodology does not require numerical approximation of singular integrals.
For both constant and variable coefficients, inverse operators can be used that
do not involve singularities and allow fast numerical computation.

♦ Well-posedness of the boundary formulation is guaranteed automatically.

Consider a time-independent second order linear PDE Lu = f on the domain
Ω with the boundary Γ = ∂Ω. In our subsequent analysis, L will be the modified
Helmholtz operator specified on the left-hand side of (1.6). We will reduce Lu = f to
an equivalent operator equation on the boundary Γ only. To do so, consider a larger
region Ω0 ⊃ Ω and assume that for any g there is a unique solution of Lv = g on Ω0

that satisfies a given boundary condition at ∂Ω0. Denote the resulting inverse operator
for L by G so that v = Gg.

A generalized potential of Calderon’s type [87, 88] with vector density ξξξΓ =

(ξ0, ξ1)|Γ is defined as follows. For a given ξξξΓ, take an arbitrary smooth function w(x )

that satisfies Trw = ξξξΓ, where Tr w def
=
(

w, ∂w
∂n

)∣∣∣
Γ
. Let g =

Lw, x ∈ Ω,

0, x 6∈ Ω.
. Then, the

potential is given by

PΩξξξΓ = w−Gg ≡ w−G
(
Lw
∣∣
Ω

)
, x ∈ Ω. (1.12)

The Calderon projection PΓ is the trace on Γ of the potential PΩ of (1.12):

PΓξξξΓ = Tr PΩξξξΓ. (1.13)

One can show that P2
Γ = PΓ. The key property of the operator PΓ of (1.13) is the

following [87, 88]. Those and only those ξξξΓ that satisfy the boundary equation with projection
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(BEP):
PΓξξξΓ +TrG f = ξξξΓ, (1.14)

are traces of the solution u to the equation Lu = f on Ω: ξξξΓ = Tru. If, in particular, the
original equation is homogeneous, Lu = 0 on Ω, then a given density ξξξΓ belongs to
the range of the projection, ξξξΓ ∈ ImPΓ, iff it is the trace of a solution u to Lu = 0.

The problem of solving equation Lv = g on Ω0 subject to the chosen boundary
condition at ∂Ω0 is referred to as the auxiliary problem (AP). In our implementation,
the AP will be formulated on the cubic domain of the Dirichlet test problem (1.7):
Ω0 = D. In general, however, the projection PΓ can be constructed using different APs.
Therefore, if the AP changes so does the operator G, and hence PΓ, but the range
ImPΓ remains unaffected. This is similar to changing the projection angle onto the
same subspace [88]. The flexibility in choosing the AP allows one to pick a formulation
that is convenient and easy to solve. For example, for constant coefficients one may
use the FFT. If L has constant coefficients and G is given by convolution with the
fundamental solution of L, then (1.12) reduces to the classical Green’s formula. In our
case, the coefficients are not constant, because κ2 in (1.6) depends on c. Therefore, we
will be solving the AP by multigrid iterations, see Section 1.2.5.

Once the BEP (1.14) holds, the corresponding solution u is given by u = PΩξξξΓ +

G f . If u is to satisfy some boundary condition on Γ: lΓu = φ, then this boundary
condition is recast as

lΓ (PΩξξξΓ +G f ) = φ, (1.15)

and the system of equations (1.14), (1.15) is solved with respect to ξξξΓ. In doing so, the
boundary condition lΓu = φ can be very general (e.g., mixed, discontinuous, etc.) yet
the system (1.14), (1.15) on Γ is still equivalent to the original boundary value problem
on Ω, including variable coefficients.

Assume that the original problem is uniquely solvable and well-posed. Then, the
equivalent boundary problem (1.14), (1.15) is also well-posed. For example, consider
the homogeneous case: Lu = 0 on Ω and lΓu = φ on Γ, for which the equivalent
boundary formulation is PΓξξξΓ − ξξξΓ = 0 and lΓ(PΩξξξΓ) = φ. If the original problem is
well-posed, then ‖u‖ 6 c‖φ‖. Consequently, ‖ξξξΓ‖ 6 c1‖φ‖, because ξξξΓ = Tru. Let ψψψΓ

be a perturbation, so that instead of the true unperturbed boundary problem we are
solving PΓξξξΓ − ξξξΓ = ψψψΓ and lΓ(PΩξξξΓ) = φ. Then, we have ‖ξξξΓ‖ 6 C(‖φ‖+ ‖ψψψΓ‖),
where the constant C depends on ‖PΩ‖ and ‖PΓ‖, but does not depend on φ or ψψψΓ, see [88,
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Part II, Chapter 1].
The actual discrete implementation of the MDP is discussed in Section 3.2.

1.2.5 Multigrid Methods

Multigrid methods are a family of fast iterative methods for solving systems of linear
algebraic equations derived from discretizations of elliptic PDEs. Multigrid methods
are extremely flexible in their application. They can be used for problems with constant
or variable coefficients, problems that are linear or nonlinear, problems with simple or
complicated geometry, scalar problems or systems of equations or any combination of
the above. Unlike Krylov subspace methods, multigrid methods theoretically achieve
rates of convergence that are independent of the condition number. In other words, the
rate at which the error improves is constant regardless of grid size. As a consequence
the computational complexity of multigrid methods scales similarly to that of FFT i.e.
O(N ln N) floating point arithmetic operations. The leading constants that characterize
multigrid floating point operators methods are usually larger than those for FFT, but
multigrid methods apply to a much broader class of formulations including, in
particular, equations with variable coefficients.

For a concrete example, consider Poisson’s equation ∆u = f on the cubic domain D
with Dirichlet boundary conditions discretized uniformly in space using second order
central differences. Since the resulting linear system is symmetric positive definite,
there exists an orthonormal basis of eigenvectors. Therefore we can write our error
as a linear combination of these othonormal eigenvectors. Multigrid methods rely
on the smoothing principle and the coarse grid principle. A smoother is an operator
which rapidly damps the high frequency components of the error. Once the high
frequency components of the error are small, the error is said to be smooth since a
linear combination of low frequency components can be visually represented by a
smooth graph. Note that a smooth error isn’t necessarily small, just that the high
frequency components of the error are small. For the coarse grid principle, suppose
we have two nested grids uniformly discretized by h and 2h respectively and a smooth
error on the fine grid. The coarse grid property states that a smooth error on the fine
grid is well approximated on the coarse grid. Note that the coarse grid has roughly
one-eighth as many nodes as the fine grid. The coarse grid principle will be used to
create a divide and conquer approach to eliminate the smooth error from the fine grid.
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Next we will consider the given EPDE

Lu = f on Ω ⊂ R3,

lΓ(u) = g on Γ = ∂Ω,

whose discrete counterpart is

Lhuh = fh on Ωh,

lΓh(uh) = gh on Γh = ∂Ωh ∩ Γ,

using a uniform grid size of h. Let G(Ωh) denote the space of all grid functions defined
on Ωh. Then a standard multigrid method consists of the following components:

♦ Coarse Grids: Multigrid methods require nested grids in order to work. The
simplest choice to obtain a nested grid is to double the grid length along each
axis. As a consequence the nested grid |Ω2h| ≈ 1

8 |Ωh| where Ω ⊂ R3.

♦ Smoother: smoothν(Lh, vh, fh) : G(Ωh) → G(Ωh) applies ν applications of an
iterative solver given the linear system Lh, initial guess vh, and RHS term fh. A
smoother must have the smoothing property, meaning that the error becomes
smooth (not necessarily small) after a few iterations. In other words the smoother
damps the high frequency components of the error, leaving the low frequency
components intact. Jacobi iterations, Gauss-Seidel iterations, or successive over
relaxations are commonly used as smoothers.

♦ Restriction operator: RH
h : G(Ωh) → G(ΩH) Transfers a grid function from

the fine grid to the coarse grid. Given a grid point on the coarse grid, the
restriction operator computes a weighted average of neighboring nodes of the
fine grid. Injection and full weighting operators are commonly used as restriction
operators.

♦ Prolongation operator: Ph
H : G(ΩH) → G(Ωh) transfers a grid function on the

coarse grid to the fine grid. For any node belonging to Ωh \ΩH the prolongation
operator uses polynomial interpolation from the neighboring nodes of the coarse
grid to define the grid function at this node on the fine grid. If the node belongs to
ΩH

⋂
Ωh, then the value of the grid function is unmodified. Linear interpolation
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along each axis (tri-linear interpolation) or cubic interpolation along each axis
(tri-cubic interpolation) are commonly used for polynomial interpolation which
define the prolongation operator.

♦ Coarse grid operator: LH : G(ΩH) → G(ΩH) is the discrete EPDE utilizing a
stepsize of H. Since we are using FDM over a cube this is sufficient. In the context
of unstructured grids we may want to use the coarse grid operator defined by the
Galerkin condition LH = Ph

HLhRH
h where RH

h = a(Ph
H)

T for some real number
a.

Algorithm 1 One iteration TGC for solving Lhuh = fh.

1: vh ← smoothν1(Lh, u(j)
h , fh) . Apply smoother ν1 times to initial guess.

2: rh = fh −Lhvh . Compute the residual.
3: r2h = R2h

h rh . Restrict the residual to the coarse grid.
4: e2h = L−1

2h r2h . Solve the coarse grid system directly.
5: vh ← vh + Ph

2he2h . Coarse grid correction.
6: vh ← smoothν2(Lh, vh, fh) . Apply smoother ν2 times.
7: u(j+1)

h ← vh . Obtain the next approximate solution to Lhuh = fh.

To see how the above components are used, consider one iteration of the simplest
multigrid method, the two grid cycle (TGC). The two grid cycle is depicted in Al-
gorithm 1. First, a smoother is applied ν1 times on the fine grid to damp the high
frequency components of the error. The remainder of the algorithm is spent removing
the smooth error (remaining low frequency components of the error). If the error
satisfies eh = uh − vh, then discrete EPDE satisfies the residual problem

Lheh = rh = fh −Lhvh, on Ωh,

lΓh(eh) = g̃h = gh − lΓh(uh) on Γh = ∂Ωh ∩ Γ.

We will use the coarse grid property to solve the residual system for the error on the
coarse grid where the solver will be less expansive to compute. To accomplish this
end, we compute the fine grid residual, rh, then transfer it to the coarse grid using the
restriction operator. In other words the coarse grid residual r2h = R2h

h rh. Assuming
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the high frequency components of the error are small, the coarse grid principle states
that rh ≈ r2h on the coarse grid. Similarly the residual system on the coarse grid

Lhe2h = r2h, on Ω2h,

lΓh(e2h) = g̃h = g2h − lΓh(u2h) on Γ2h = ∂Ω2h ∩ Γ.

Note that |Ω2h| ≈ 1
8 |Ωh| if we neglect the boundary. Its less expensive to solve the

residual problem on the coarse grid and transfer the coarse error to the fine grid
with the prolongation operator than solve the residual system on the fine grid. We
eliminate the smooth error on the fine grid using coarse grid correction. In other
words uh = vh + eh ≈ vh + Ph

2he2h. Finally, we apply the smoother ν2 more times to
damp any remaining errors.

The TGC gives an incisive view of how the smoothing principle and coarse grid
principles are used to solve the discrete EPDE and how the components interact.
However, the TGC is impractical for problems with very fine grids. If |Ωh| is very
large, then solving for the coarse grid error on Ω2h will be expensive despite the
coarse grid Ω2h having about an eighth of the nodes in the fine grid Ωh. However,
we can use the TGC recursively to construct an efficient multigrid method. Note that
residual system on the coarse grid L2he2h = r2h can be solved with the TGC as well if
we treat r2h as a given RHS. This begets another residual system on an even coarser
grid. Preceding in this fashion produces an additional grid with roughly an eighth
of nodes from the previous grid fine grid. This method can be used to construct a
family of fast multigrid methods. Suppose we predetermine the ` nested grids Ω2i−1h

for i = 1, 2, . . . , ` where |Ω2`−1h| � |Ωh|. We will refer to any recursive application of
the TGC which visits each nested grid at least once as a multigrid cycle (MGCYC).
Multigrid cycles are used in practice over the TGC because we can solve for the
smooth error directly on the coarsest grid (Ω2`−1h) where computational costs are
small relative to the fine grid (Ωh), then use coarse grid correction to remove the
smooth errors as we work our way back to the finest grid. While there are an infinite
number of MGCYC we could employ, we only consider the V, F, and W cycles. The
V-cycle is derived by applying the TGC on each level once and only once per cycle.
The W−cycle is similar to the V−cycle except that the TGC is applied recursively
twice on each level. The F−cycle is a mixture between between the V and W cycles.
Algorithm 2 and 3 depict the V(ν1, ν2) cycle and the F(ν1, ν2) cycles respectively using
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for loops.

Algorithm 2 The V(ν1, ν2) cycle for solving Lhuh = fh when using ` nested grids
given the approximate solution u(j)

h .

1: Let bh = fh, vh = u(j)
h , and v2i−1h = 0 = b2i−1h for i = 2, 3, · · · , ` . Initialize on

each level.
2: for i = 1 to `− 1 do
3: v2i−1h ← smoothν1(L2i−1h, v2i−1h, b2i−1h) . Apply smoother ν1 times.
4: b2ih ← R2ih

2i−1h(b2i−1h −L2i−1hv2i−1h) . Restrict residual to the next grid.

5: for i = ` downto 1 do
6: if i = ` then
7: L2`−1hv2`−1h = b2`−1h . Direct solve or fast iterative solver on the `th grid.
8: v2`−2h ← v2`−2h + P2`−1h

2`−2h v2`−1h . Correct the iterate on (`− 1)th grid.
9: else if ` < i < 1 then

10: v2i−1h ← smoothν2(L2i−1h, v2i−1h, b2i−1h) . Apply smoother ν2 times.
11: v2i−2h ← v2i−2h + P2i−1h

2ih v2i−1h . Correct the iterate on (i− 1)th grid.
12: else if i == 1 then
13: vh ← smoothν2(Lh, vh, bh) . Apply smoother ν2 times on the finest grid.
14: u(j+1)

h ← vh . Obtain the improved solution to Lhuh = fh.

In Figure 1.1 we depict diagrams of the V, F, and W cycles respectively when
using a total of ` = 4 nested grids. The southeast arrow indicates that the smoother
has been applied, the residual has been computed on the fine grid, the restriction
operator has been applied to residual from the fine grid, and the restricted residual is
recorded as the RHS of the coarse grid. The northeast arrow indicates that the error
from the coarse has been interpolated to the fine grid and coarse grid correction has
been applied on the fine grid. Ranking the MGCYC on convergence rates from best to
worst is W, F, and V cycles respectively. However, W cycles do incur the most floating
point operations per cycle since its spends more time on the coarse grids.

Algorithm 4 depicts our termination criteria when calling the MGCYC. Table
1.1 lists our settings for MGCYC. All of our simulations will use these settings. For
introductions to multigrid methods see [14, 89]. For a more advanced treatment of
multigrid methods see [100].
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Algorithm 3 The F(ν1, ν2) cycle for solving Lhuh = fh when using ` nested grids given
the approximate solution u(j)

h .

1: Let bh = fh, vh = u(j)
h , and v2i−1h = 0 = b2i−1h for i = 2, 3, · · · , ` . Initialize on

each level.
2: for i = 1 to `− 1 do
3: v2i−1h ← smoothν1(L2i−1h, v2i−1h, b2i−1h) . Apply smoother ν1 times.
4: b2ih ← R2ih

2i−1h(b2i−1h −L2i−1hv2i−1h) . Restrict residual to the next grid.

5: L2`−1hv2`−1h = b2`−1h . Direct solve or fast iterative solver on the `th grid.
6: v2`−2h ← v2`−2h + P2`−1

2`−2hv2`−1h . Correct the iterate on (`− 1)th grid.
7: for j = `− 1 downto 2 do
8: for i = j to `− 1 do
9: v2i−1h ← smoothν1(L2i−1h, v2i−1h, b2i−1h) . Apply smoother ν1 times.

10: b2ih ← R2ih
2i−1h(b2i−1h −L2i−1hv2i−1h) . Restrict residual to the next grid.

11: for i = ` downto j do
12: if i = ` then
13: L2`−1hv2`−1h = b2`−1h . Direct solve or fast iterative solver on the `th grid.
14: v2`−2h ← v2`−2h + P2`−1h

2`−2h v2`−1h . Correct the iterate on (`− 1)th grid.
15: else if ` < i ≤ j then
16: v2i−1h ← smoothν2(L2i−1h, v2i−1h, b2i−1h) . Apply smoother ν2 times.
17: v2i−2h ← v2i−2h + P2i−1h

2ih v2i−1h . Correct the iterate on (i− 1)th grid.

18: vh ← smoothν2(Lh, vh, bh) . Apply smoother ν2 times.
19: u(j+1)

h ← vh . Obtain the improved solution to Lhuh = fh.

Algorithm 4 Termination Criteria of MGCYC when solving Lhuh = fh given the
initial guess u(0)

h . Take the absolute tolerance, relative tolerance„ cycle type, maximum
iteration count, and pre/post sweeps (ν1, ν2) as given parameters.

1: Compute the residual of the initial guess: rh = r(0)h = fh −Lhu(0)
h .

2: numCycles = 0
3: if ‖rh‖ > relTolerancer(0)h + absTolerance AND numCycles ≤ maxIterations then
4: Update approximation: uh ← MGCYC(Lh, fh, uh, ν1, ν2, cycleType)
5: Compute new residual: rh = fh −Lhuh
6: Count the addition cycle: numCycles = numCycles+ 1
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Figure 1.1: Schematic of three common MGCYC. The symbols (•) denote pre-
smoothing steps, (◦) — post-smoothing steps, (�) — direct solver, (↘) — restriction,
and (↗) — prolongation + coarse grid correction.

1.3 Potential Applications

Mathematical models for the various imaging scenarios that range from medicine
to seismology are formulated as inverse problems that involve the acoustic wave
equation (1.1). Therefore, numerical solution of this equation becomes an important
component of the corresponding image processing algorithms and the efficiency of
the latter depends on the efficiency of the wave equation solvers.
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Table 1.1: Given the cube D = [xl, xr]3, we use the following settings for MGCYC.

Multigrid Component Setting
# auxiliary grids `

# grid points per axis (w/o boundary points) (N) 2` − 1
uniform step size fine grid (h) xr−xl

2`
Smoother Gauss-Seidel

Restriction Operator Full-Weighting
Prolongation Operator Tri-Cubic Interpolation

absolute tolerance 10−12

relative tolerance 10−12

1.3.1 Electrical Impedance Tomography (EIT)

Electric Impedance Tomography (EIT) is a method for determining the electrical
properties of a body, Ω. The time varying electrical properties are of interest for
medical applications including: detecting blood clots or accumulating fluid in the
lungs, monitoring internal bleeding, determining the boundary between living or
dead flesh, or measuring the local internal temperature associated with hyperthermia
treatments. For a survey of EIT, see [25].

In [42], the authors give a mathematical description of the EIT. The EIT is performed
by applying a voltage on the surface Γ of the body Ω which induces an electric
potential in the body Ω. One then measures the current on Γ and reconstructs the
conductivity in the body using the current and voltage measured on Γ. On its own,
the EIT is ill-posed. To overcome this limitation, we can combine EIT with another
imaging technique such as ultrasound tomography. In addition to applying a voltage
on the surface of the body Γ, ultrasound applied to the body Ω induces pressure
changes which can also be recorded on Γ. These pressure can be used to determine the
absorbed energy. Assuming the electric potential reaches equilibrium almost instantly,
the voltage is applied for a short time, the stimulating effect on the nerves is small,
and the change in temperature is large enough to produce ultrasound waves, the
governing equations are given by

∇ · (σ(x )∇u) = 0, x ∈ Ω,

u(x ) = ϕΓ, x ∈ Γ,
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and

∂2p
∂t2 − ∆p = 0, ∈ R3,

p(x , 0) = σ(x )|∇u(x )|2, x ∈ R3,
∂p
∂t

(x , 0) = 0, x ∈ R3,

where ϕΓ(x ) is the time-invariant voltage applied to the surface of the body, σ(x ) is
the conductivity, and u(x ) is the electric potential. The current satisfies j(x ) = σ(x ) ∂u

∂n .
The inverse problem of impedance-acoustic tomography consists of reconstructing the
conductivity σ from the knowledge of the voltage ϕΓ, current j(x ), and pressure, p.
If we take advantage of the time reversal of the acoustic pressure field [19], we can
utilize our time marching scheme to solve the acoustic wave equation.

1.3.2 Photoacoustic Tomography (PAT)

Photoacoustic Tomography (PAT) also known as thermoacoustic tomography is an
ultrasound technique augmented with electromagnetic effects to increase image
contrast. The technique works by emitting an electromagnetic pulse to irradiate some
biological tissue. By the thermoacoustic effect, acoustic signals are emitted. These
acoustic signals can be measured along the boundary of the tissue using transducers.
The image is constructed using the acoustic measurements along the boundary of the
tissue. The electromagnetic energy and initial pressure are much higher in cancerous
tissue than in healthy tissue so determining this initial pressure can serve as a
diagnostic tool.

Assume that our tissue is given by Ω ⊂ R3 and our point like omni-directional
transducers are located on Γ. Then we can formulate the PAT problem as an inverse
problem

∂2u
∂t2 = c2(x )∆u, (x , t) ∈ Ω× [0, T],

u(x , 0) = f (x ), x ∈ Ω,
∂u
∂t

(x , 0) = 0, x ∈ Ω,

u(x , t) = ϕΓ(x , t), x ∈ Γ,
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where the objective is to find the initial pressure f given the known measurements on
the surface of the tissue [91]. If we utilize the time reversal of the acoustic pressure
field [19], then our time marching schemes can be used for solving the wave equation.
For more on PAT, see [3, 106, 107, 108, 109].

1.3.3 Full Waveform Inversion (FWI)

Full-waveform inversion (FWI) is an inverse problem which seeks to minimize the
discrepancy between the observed measurements and synthetic measurements gener-
ated from solving a seismic wave equation. More specifically, FWI seeks to minimize
some objective function which depends on the discrepancy between the observed and
synthetic measurements in an iterative approach. For every iteration, a seismic wave
equation must be solved in order to correct the discrepancy. Therefore, the ability
to solve the FWI depends on the ability solve a seismic wave equation accurately
and efficiently. When the synthetic measurements are modeled by the acoustic wave
equation, we believe our scheme can accomplish this goal for large scale applications
in 3D.

Recall that, our scheme solves the acoustic wave equation by solving an elliptic PDE
at every step. This elliptic PDE is solved fast (O(N log N) floating point operations)
with geometric multigrid. Another notable feature of multigrid is that the rate of
convergence is independent of the condition number (hence, the number of grid
points). Both of these features suggest that our scheme will scale well for large-
scale applications in R3. Next consider that, our scheme can be sped up with parallel
computing. The most computationally intensive portion of our scheme is the multigrid
solver, and geometric multigrid is a sequential algorithm (see Section 1.2.5 for a short
description). However, components of the multigrid methods can be sped up. One
of the most expensive portions of multigrid is the application of the smoother which
is Gauss-Seidel in all of our simulations. Among the standard stationary iterative
iterative methods: Jacobi, Gauss-Seidel, and successive over-relaxation (SOR), Jacobi’s
method is the most parallelizable, but has the worst smoothing properties. Conversely,
Gauss-Seidel has the best smoothing properties but is a sequential algorithm. So
how can we exploit the good smoothing properties of Gauss-Seidel while making
it parallelizable? We can use a multicolor Gauss-Seidel as a smoother. The compact
scheme stencil has 19 grid nodes in total if you consider a full 3 × 3 × 3 stencil
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with the corner nodes removed. This means our scheme is four colorable [114], i.e.,
can partition the grid into four non-overlapping sets of grids which can be treated
separately. Instead of performing lexicographic Gauss-Seidel, we will perform a sweep
of Gauss-Seidel within one of these non-overlapping grid sets before moving onto
the next. For a given sweep, we can assign multiple processors to each grid set.
For more on multicolor smoothing, see [2]. For a complete description of parallel
computing and multigrid, see [100]. Third, our scheme is capable of using high order
artificial boundary conditions to truncate an unbounded problem in seismology such
as required in oil and gas exploration or seismic hazard mitigation where the area
of interest is hundreds of kilometers while the truncated part is the rest of the earth.
And finally, our scheme has high order accuracy, which helps reduce the dispersion
errors. For a complete description of FWI in 3D seismology, see [24]. Examples of FWI
in large scale application are given in [11, 31, 38, 48, 73, 74, 120, 103, 105].

1.3.4 Reverse Time Migration

Seismic imaging in general is a method of mapping subsurface structures and prop-
erties using seismic data. Reverse time migration is a seismic imaging technique
which extrapolates seismic data from recording receivers on the surface to subsurface
reflectors. Reverse time migration requires three components in general. The first one
is a a forward wave field generated by an acoustic wave equation with an estimated
source wavelet. The second one is a backward wave field generated by an acoustic
wave equation using the time reversed wave field from the forward problem source
functions. The last component needed by the reverse time migration is a an image
condition, which is a quantity which accounts for the time history of the forward wave
field and backward wave field and best matches the data to produce a high fidelity
image. Our time marching scheme can be employed to generate the two wave fields
fast. Since our scheme is high order accurate, it will reduce the numerical dispersion.
This will aid in producing a better image. One of the biggest drawbacks of the reverse
time migration for three-dimensional problems is the large memory requirements
since the image condition requires the time history of two wave fields. One way we can
mitigate these storage costs is to choose a computational domain just “tight" enough
to contain the receivers and reflectors and choose an artificial boundary condition
of sufficiently high order to guarantee the spurious reflections are small. Another
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option to save storage costs is to store the forward wave fields around the boundaries,
then use these stored values for backward propagation. Since our scheme uses the
method of difference potentials, all points which straddle the continuous boundary
can be represented by an extension operator written in terms of the spectral form of
the trace (u, ∂u

∂n ). Provided the solutions are smooth and we choose an orthonormal
basis properly, the number of coefficients needed to represent the trace will be much
smaller than the total number of nodes which straddle the continuous boundary.
We believe our fourth order compact scheme has the capacity to alleviate some the
memory demands of reverse time migration under suitable assumptions. For a survey
of reverse time migration, see [116].

1.3.5 Time Reversal

Time reversal is a method for solving a class of inverse problems in wave propaga-
tion. Specifically, time reversal aims to determine the initial source in an acoustic
medium using recorded values on the boundary of the domain. Time reversal exploits
the reversibility of wave propagation in nondissipative media by “time marching
backwards" to determine the location of the source that initially generated them.

Consider the finite domain Ω which contains the support of the source term we
wish to identify. In addition, assume we place several receivers on the boundary Γ of
Ω to record the acoustic wave which emanate from the source. After some time, T, the
waves will encounter our receivers on Γ. The time reversal method solves an acoustic
wave equation with respect to the reversed time t̃ = t − T treating the measured
values on Γ as “source" terms until t̃ = T. We then use the backwards propagated
waves in time to determine the support of the initial source term which generated the
waves measured on Γ.

In addition to source identification, the time reversal method can be used to identify
obstacles. This works because the scattering of incident waves act as a “source" with
respect to the reflected waves. So the logic of the source identification applies to
the obstacle. As an added benefit, the time reversal method works better the more
heterogeneous the medium.

Our fast time marching scheme can perform this time marching scheme efficiently
with high order accuracy. For a survey of time reversal method see [46]. For applica-
tions of of time reversal to source identification see [5, 61, 62, 63, 84]. For applications
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to identifying obstacles see [6, 29, 60, 83]

1.3.6 Hybrid Solver for Seismic Wave Motion

The survey paper [82] defines a hybrid method loosely as a combination of “standard"
techniques to exploit their advantages to construct a more powerful method. These
techniques include finite difference methods, finite element methods, spectral element
methods, and boundary element methods. Finite difference methods have low compu-
tational costs and are simple to implement provided the domain is regular. However,
extending finite difference methods to irregular domains is not trivial. In addition, the
grid size on the entire computational domain needs to be adjusted depending on the
wave speed. A smaller grid size will increase the computational costs and memory
demands. Finite element methods offer more geometric flexibility than finite differ-
ences. However, finite element methods are slower than finite differences, especially if
unstructured grids are employed. Spectral element methods also have more geometric
flexibility than finite differences and achieve high order accuracy. In addition, the mass
matrices formed by spectral element methods are diagonalizable. However, spectral
element methods are typically limited to quadrilateral or hexahedral elements due to
employing Gauss-Lobatto-Legendre quadrature nodes. Boundary element methods
reduce the dimension of the problem by one. Unfortunately, BEMs are limited to linear
homogeneous formulations for which Green’s functions are available. We therefore
see that the standard approaches clearly have their trade-offs. Our scheme is able to
exploit some of the good qualities of all these standard techniques making it a hybrid
method. We obtain our scheme by discretizing the acoustic wave equation in time
using the θ-scheme [23, 68] on three consecutive levels. This results in an elliptic PDE
on the upper time levels that needs to be solved at every time step. The coefficients
of the elliptic PDE do not depend on time. We solve this elliptic PDE by embedding
the elliptic BVP into a simple cubic auxiliary domain via the method of difference
potentials (Section 1.2.4) and discretizing the PDE using compact finite differences.
Since our auxiliary domain is a cube, the finite differences are straightforward to
implement. Since we discretize the elliptic PDE with a compact scheme, we are able to
obtain high order accuracy without using any additional nodes. In addition, the linear
system obtained by discretizing the elliptic PDE can be solved fast with multigrid.
This is especially important because our problem is in R3. The method of difference
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potentials also reduces our elliptic PDE to an equivalent expression defined on the
boundary of the domain similar BEM. However, our scheme applies to a much wider
class of problems as it doesn’t require a Green’s function. As such, our scheme has
the capacity to solve problems with variable coefficients which BEM does not permit.
One of the most important features of our scheme is the capacity to handle complex
geometries. Unlike FEM, it does not rely on unstructured meshes. The method of dif-
ference potentials can handle curvilinear boundaries on uniform Cartesian grids with
no deterioration of accuracy due to “cut cells.” In doing so, the boundary conditions
are accommodated using a spectral representation of solution at the boundary and
do not need to be approximated on the grid. In summary, our scheme can achieve
many of the benefits of the “standard" solution approaches while avoiding some of
the drawbacks.

1.4 Outline of the Thesis

Several of the results demonstrated in the subsequent chapters were published or have
been accepted for publication. For example, the contents of Chapter 2 were based on
the results of [96], and the contents of Chapter 4 were based on the results of [58] and
another paper which has been accepted by the ICOSAHOM 2020/2021 Conference
Proceedings. Below we will give a short summary of the subsequent chapters of the
thesis.

♦ Chapter 2: COMPACT FOURTH ORDER ACCURATE SCHEME. This chapter
lays the foundation for interior and exterior initial boundary value problems.
We considers the acoustic wave equation on a cubic domain with homogeneous
Dirichlet boundary conditions. We show how to discretize the wave equation on
a cubic domain using a 3× 3× 3× 3 stencil in space-time, demonstrate how to
compute the Courant-Friedrichs-Lewy number, and show numerical simulations
to see that high order accuracy is met.

♦ Chapter 3: INTERIOR PROBLEM. This chapter considers the acoustic wave
equation on a general domain Ω using the method of difference potentials.
We use a cubic auxiliary domain which contains Ω and has homogeneous
Dirichlet boundary conditions. As a consequence we can use the scheme derived
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in Chapter 2 despite the uniformly discretized auxiliary domain having non-
conforming geometry with Ω.

♦ Chapter 4: RADIATION OF WAVES BY A KNOWN SOURCE. This chapter
considers the acoustic wave equation on R3. We take two approaches. The first
approach is to terminate the wave equation with a sponge layer on a cubic
computational domain. The second approach is to terminate the domain with a
high order artificial boundary condition on a spherical outer boundary. Then we
use the method of difference potentials on a cubic auxiliary domain to solve the
problem. Both approaches utilize the same methodology as Chapters 2 and 3.

♦ Chapter 5: EXTERIOR SCATTERING PROBLEM This chapter considers the
acoustic wave equation on the complement of some domain Ω. We will truncate
the problem with a high order artificial boundary condition with a spherical
outer boundary which contains Ω. We will choose a cubic auxiliary domain so
we can use the same methodology as Chapters 2, 3, and 4.

♦ Chapter 6: CONCLUSIONS. Here we summarize our accomplishments in this
thesis and some ways to build on the work we have done.

1.5 Mathematical Contributions

The following is a very short summary of our contributions towards the numerical
simulation of partial differential equations. This thesis lead to the following journal
articles listed in reverse chronological order:

♦ Smith F, Tsynkov S, Turkel E. High Order Solution to Exterior 3D Wave Equa-
tion by the Method of Difference Potentials. To appear in the Proceedings of the
International Conference on Spectral and High Order Methods 2020/2021. 2022

♦ Kahana A, Smith F, Turkel E, Tsynkov S. A high order compact time/space
finite difference scheme for the 2D and 3D wave equation with a damping layer.
Journal of Computational Physiscs. 2022;460

♦ Smith F, Tsynkov S, Turkel E. Compact High Order Accurate Schemes for the
Three Dimensional Wave Equation. Journal of Scientific Computing.
2019;18:1181–1209.
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In addition parts of this work were presented at the conferences:

♦ “3D Scheme for the Interior or Exterior Initial Boundary Value Problems for the
Wave Equation," International Conference on Spectral and High Order Methods
2020/2021, Vienna

♦ “A Fourth Order Compact Scheme for the 3D Wave Equation with Variable Prop-
agation Speed," International Conference on Spectral and High Order Methods
2018, London
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Chapter 2

COMPACT FOURTH ORDER
ACCURATE SCHEME

In this chapter we will discretize the acoustic wave equation

∂2u
∂t2 − c2(x )∆u = F(x , t), (x , t) ∈ D× (0, T),

u(x , 0) = ϕ0(x ), x ∈ D,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ D,

u = 0, x ∈ ∂D,

(2.1)

with fourth order accuracy in time both time and space on the cubic domain D. We
will accomplish this high order discretiztion using only three levels in time and three
levels along the x, y, and z axes respectively. The acoustic wave equation (2.1) will
lay the foundation for solving interior and exterior problems with the method of
difference potentials. We will also use the benchmark problem (2.1) to guarantee that
our fast solver is converging at the appropriate rate. This is important because this fast
solver will be the most computationally intensive portion used for our analogous for
interior and exterior problems. In Section 2.1 we discretize the acoustic wave equation
(2.1) in time using the θ-scheme [23, 68]. The θ-scheme uses three consecutive levels
in time and produces a one parameter family of elliptic PDEs on the upper time
level where the RHS term contains known quantities from the previous time levels.
The parameter θ is chosen to produce fourth order accuracy in time. In Section 2.2
we show how to discretize the elliptic PDE from the θ-scheme with fourth order
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accuracy in space using an equation based compact finite difference scheme (See
Section 1.2.1 for description). In Section 2.3 we show how to estimate the CFL number
using an energy based argument. In Section 2.4 we depict the algorithm for the fourth
order time marching scheme needed to solve (2.1). In Section 2.5 we demonstrate
empirically and quantitatively that our multigrid method achieves the optimal rate
of convergence. Finally, Section 2.6 provides several simulations to demonstrate the
fourth order compact scheme achieves the desired order of accuracy.

2.1 Semi-Discrete Approximation in Time

Let τ denote the uniform time step. Consider the acoustic wave equation (2.1) at the
nth time level tn = nτ for a given x ∈ D. Applying the θ-scheme [23, 68] to (2.1)
produces the semi-discrete scheme

δ2
t un = c2∆un + θτ2δ2

t ∆un + Fn + θτ2δ2
t Fn, θ ∈ R \ {0}, (2.2)

where the central difference formula

δ2
t un =

un+1 − 2un + un−1

τ2 . (2.3)

We ignore the case θ = 0 since it produces the second order explicit discretization in
time. Substituting (2.3) into (2.2) and rearranging yields the semi-discrete approxima-
tion in time(

∆un+1 − un+1

θτ2c2

)
= 2

(
∆un − un

θτ2c2

)
−
(

∆un−1 − un−1

θτ2c2

)
− ∆un

θ

− 1
c2

(
Fn+1 +

(
1
θ
− 2
)

Fn + Fn−1
)

. (2.4)

If we define the variables

f n = ∆un − κ2(x )un, (2.5)

κ2(x ) =
1

θτ2c2(x )
, (2.6)

33



then (2.4) simplifies to the modified Helmholtz equation (MHE)

∆un+1 − κ2(x )un+1 = f n+1, x ∈ D,

un+1 = 0, x ∈ ∂D,
(2.7)

where the RHS (def. (2.5)) on the upper time level satisfies the recursive formulas

f n+1 = 2 f n − f n−1 − 1
θ

∆un − F̃n+1 (2.8a)

=

(
2− 1

θ

)
f n − f n−1 − κ2(x )un

θ
− F̃n+1, (2.8b)

and the augmented source term

F̃n+1 =
1
c2

(
Fn+1 +

(1
θ
− 2
)

Fn + Fn−1
)

.

If θ= 1
12 , the implicit semi-discrete approximation in time (2.7) is fourth order accurate

in time. Solving the acoustic wave equation (2.1) simply amounts to solving a MHE
(2.7) at every time step where the RHS term is assembled according to (2.8a) or (2.8b).
Of course (2.8b) is more straightforward to implement since it doesn’t contain any
derivatives which need to be approximated with fourth order accuracy. This is the
version we will use for numerical simulations. Furthermore, the coefficients of MHE
(2.7) don’t vary with time. This implies that the solver associated with the MHE can
be pre-computed once in the pre-processing stage and re-used at every time. Since the
MHE (2.7) takes place over a cubic domain, we have two fast methods (O(N) log N)

to solve the MHE (2.7). If the “wavenumber" (2.6) is constant we can use the fast
Fourier Transform (FFT). Otherwise a geometric multigrid method (See Section 1.2.5)
can solve (2.7) efficiently. In the later case we can use the data from previous time
steps to provide a very good initial guess to the multigrid method. Using Taylor’s
Theorem

un±1 = un ± τ
∂un

∂t
+

τ2

2
∂2un

∂t2 ±
τ3

6
∂3un

∂t3 +
τ4

24
∂4un

∂t4 ±
τ5

120
∂5un

∂t5 +O(τ6).
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Adding the above and rearranging implies

un+1 = 2un − un−1 + τ2 ∂2un

∂t2 +
τ4

12
∂4un

∂t4 +O(τ6).

Using the acoustic wave equation (2.1) to replace the second order time derivative in
the above implies that

un+1 = 2un − un−1 + τ2
(

c2∆un + Fn
)
+

τ4

12
∂4un

∂t4 +O(τ6).

Accordingly

ũn+1 = 2un − un−1 + τ2
(

c2∆hun + Fn
)

, (2.9)

where ∆hun is the central difference approximation to the Laplacian can produce a very
good initial guess to the multigrid solver for (2.7). Note that κ2 is not the wavenumber
which describes the variation in linear wave propagation. The notation merely indicates
that the coefficient is non-negative and the governing PDE resembles a Helmholtz
type equation. The negative sign in front of the “wavenumber" (2.6) is beneficial to
solving the MHE (2.7). When discretizing (2.7) in space the “wavenumber” enhances
the diagonal dominance of the discrete linear system. When we refine our grid the
“wavenumber" only enhances this diagonal dominance since the “wavenumber" (2.6)
is inversely proportional to the square of uniform time step τ. This is in stark contrast
to the Indefinite Helmholtz Equation (∆ + κ2)u = f which isn’t amenable to iterative
methods for sufficiently large values of κ2 [32].

2.2 Discrete Modified Helmholtz Equation

In this section we will show how to discretize the generic modified Helmholtz equation

∆u− κ2(x )u = f , x ∈ D,

u = 0, x ∈ ∂D,
(2.10)

for a given RHS f with fourth order accuracy in space. The conventional approach
to constructing fourth order accurate schemes would require fourth order central
differences or, equivalently, a stencil that contains at least five nodes along each
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axis of R3. Instead we will utilize a compact finite difference scheme (Section 1.2.1)
to obtain a narrower stencil. In particular we will use the equation based fourth
order compact scheme (EBFOCS) described in 1.2.1 to construct a scheme built on a
3×3×3 stencil in space. Notice that the conventional approach necessitates additional
modification near the boundary due to the width of the stencil, while the EBFOCS
need no additional treatment near the boundary for Dirichlet boundary conditions.
For some examples of compact finite difference schemes applied to the Helmholtz
equation see [40, 50, 95, 102].

Given the cubic domain D = [x̄l, x̄r]3 ⊂ R3 and the positive integer N, define the
uniform step size h = x̄r−x̄l

N+1 and the coordinates

xi = x̄l + ih yj = x̄l + jh zk = x̄l + kh, 0 ≤ i, j, k ≤ N + 1.

Accordingly, the uniformly discretized cube D with step size h is given by the set

Dh = {(xi, yj, zk) ∈ D | 0 ≤ i, j, k ≤ N + 1}, (2.11)

and the interior grid points of the uniformly discretized cube D are given by

D0
h = {(xi, yj, zk) ∈ D | 1 ≤ i, j, k ≤ N}. (2.12)

Consider the 3× 3× 3 stencil depicted in Figure 2.1 centered at the node (xi, yj, zk) ∈
D0

h (def. (2.12)). We will refer to grid points demarcated by (�), (•), and (�) as the
side-side, side-corner, and corner-corner nodes respectively. In order to write the
equation based fourth order compact scheme economically suppose ui,j,k≈u(xi, yj, zk),
then define the quantities:

uss = ui+1,j,k + ui−1,j,k + ui,j+1,k + ui,j−1,k + ui,j,k+1 + ui,j,k−1,

usc = ui+1,j,k+1 + ui−1,j,k+1 + ui,j+1,k+1 + ui,j−1,k+1 + ui+1,j+1,k + ui+1,j−1,k

+ ui+1,j,k−1 + ui−1,j,k−1 + ui,j+1,k−1 + ui,j−1,k−1 + ui−1,j+1,k + ui−1,j−1,k,

ucc = ui+1,j+1,k+1 + ui−1,j+1,k+1 + ui+1,j−1,k+1 + ui−1,j−1,k+1

+ ui+1,j+1,k−1 + ui−1,j+1,k−1 + ui+1,j−1,k−1 + ui−1,j−1,k−1,

where the subscripts ss, sc, and cc correspond to the side-side, side-corner, and corner-
corner stencils respectively. Let δ2

v, denote the second order central difference operators
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for the derivative ∂2

∂v2 . If we define the central difference operators

∆h
def
= δ2

x + δ2
y + δ2

z ,

and
Ah

def
= δ2

xδ2
y + δ2

xδ2
z + δ2

yδ2
z ,

they can be written economically as

∆hu =
uss − 6ui,j,k

h2 Ahu =
usc − 4uss + 12ui,j,k

h4 . (2.13)

z
x

y

�

�

�

�

(xi−1, yj−1, zk+1) (xi+1, yj−1, zk+1)

�

�

�

�

(xi+1, yj−1, zk−1)

(xi+1, yj+1, zk−1)

•

•
• • •

•

•

• • •
•

•

�

� �

�

� �

◦

Figure 2.1: The nodes adjacent to the center of the stencil (xi, yj, zk) denoted by (◦).
The symbols are the side-side nodes (�), side-corner nodes (•), and corner-corner
nodes (�).

Now we will discretize the generic modified Helmholtz equation (2.10) with fourth
order accuracy using our equation based methodology (See 1.2.1). The first thing we
will do is discretize the Laplacian with fourth order accuracy. By Taylor Theorem

∆u = ∆hu− h2

12

(
∂4u
∂x4 +

∂4u
∂y4 +

∂4u
∂z4

)
− h4

360

(
∂6u
∂x6 +

∂6u
∂y6 +

∂6u
∂z6

)
+O(h6). (2.14)

Next we will differentiate the MHE (2.10) to replace the high order unmixed partial
derivatives in the ∼ h2 term of (2.14). Applying the Laplacian to the MHE (2.10) and
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combining like terms yields the expression

∂4u
∂x4 +

∂4u
∂y4 +

∂4u
∂z4 + 2

(
∂4u

∂x2∂y2 +
∂4u

∂x2∂z2 +
∂4u

∂y2∂z2

)
− ∆(κ2u) = ∆ f . (2.15)

Substituting (2.15) into (2.14) produces

∆u = ∆hu− h2

12
∆( f + κ2u) +

h2

6

(
∂4u

∂x2∂y2 +
∂4u

∂x2∂z2 +
∂4u

∂y2∂z2

)
− h4

360

(
∂6u
∂x6 +

∂6u
∂y6 +

∂6u
∂z6

)
+O(h6). (2.16)

Notice that all the fourth order derivatives in (2.16) contain partial derivatives with at
most two derivatives with respect to any one variable. At this point we would replace
all the derivatives in the ∼ h2 term of (2.16) with their analogous central difference
formulas and obtain a fourth order compact scheme. Unfortunately this approach
produced an unstable scheme [96]. We didn’t to a rigorous analysis to find the origin of
this instability. However, we suspected this instability was due to the RHS operator of
the fourth order compact scheme being symmetric positive semi-definite. The reason
we came to this conclusion is our inability to apply the the energy based stability
argument outlined in [18]. The stability argument applied to the fourth order compact
scheme defines a weighted inner product with the inverse of the RHS operator from
the fourth order compact scheme. Since the RHS operator was positive symmetric
positive semi-definite, its smallest eigenvalue is zero. In order to fix this instability we
modified our scheme so that the energy based stability argument could apply. When
we made our modification, the RHS operator would be symmetric positive definite, so
the stability argument could apply. In [118, 119] they derive a family of fourth order
compact scheme to approximate a more general class of wave equations in Rn and run
into a similar problem where the minimum eigenvalue of certain difference operator
(in space) vanishes when the scheme takes place in R3. They resolved their issue
by replacing this degenerate difference operator with a similar difference operator
which had more favorable spectral properties. In fact [119] compares their fourth order
compact scheme (under simplifying assumption) to our eventual “Canonical Equation
Based Scheme" derived in [96]. They conclude that their LHS operator ends up being
the same (up to scalar multiplication) as ours while their RHS operator uses a smaller
stencil than our RHS operator. We suspect that the same degenerate behavior was
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being observed in both cases. We will modify our EBFOCS by incorporating some
additional terms to improve the spectral properties of the final scheme.

Applying the differential operator ∂4

∂x2∂y2 +
∂4

∂x2∂z2 +
∂4

∂y2∂z2 to (2.10) and combining
like terms produces

∂6u
∂x4∂y2 +

∂6u
∂x2∂y4 +

∂6u
∂x4∂z2 +

∂6u
∂x2∂z4 +

∂6u
∂y4∂z2 +

∂6u
∂y2∂z4 + 3

∂6u
∂x2∂y2∂z2

−
(

∂4

∂x2∂y2 +
∂4

∂x2∂z2 +
∂4

∂y2∂z2

)
(κ2u) =

(
∂4

∂x2∂y2 +
∂4

∂x2∂z2 +
∂4

∂y2∂z2 .
)

f . (2.17)

Taylor formula yields:

∆(κ2u) = ∆h(κ
2u)− h2

12

(
∂4

∂x4 +
∂4

∂y4 +
∂4

∂z4

)
(κ2u) +O(h4), (2.18)

and

∂4u
∂x2∂y2 +

∂4u
∂x2∂z2 +

∂4u
∂y2∂z2 = Ahu− h2

12

(
∂6u

∂x4∂y2 +
∂6u

∂x2∂y4 +
∂6u

∂x4∂z2

+
∂6u

∂x2∂z4 +
∂6u

∂y4∂z2 +
∂6u

∂y2∂z4

)
+O(h4). (2.19)

Substituting (2.17) into (2.19), we have:

∂4u
∂x2∂y2 +

∂4u
∂x2∂z2 +

∂4u
∂y2∂z2 = Ahu− h2

12

(
∂4 f

∂x2∂y2 +
∂4 f

∂x2∂z2 +
∂4 f

∂y2∂z2

)
− h2

12

(
∂4

∂x2∂y2 +
∂4

∂x2∂z2 +
∂4

∂y2∂z2

)
(κ2u)− h2

4

(
∂6u

∂x2∂y2∂z2

)
+O(h4)

= Ahu− h2

12
Ah(κ

2u)− h2

12

(
∂4 f

∂x2∂y2 +
∂4 f

∂x2∂z2 +
∂4 f

∂y2∂z2

)
− h2

4

(
∂6u

∂x2∂y2∂z2

)
+O(h4).

(2.20)

Combining (2.16), (2.18), and (2.20) with the modified Helmholtz equation (2.10) we
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obtain:

∆hu +
h2

6
Ahu−

[
1 +

h2

12
∆h +

h4

72
Ah

]
(κ2u)

=

(
1 +

h2

12
∆ +

h4

72

(
∂4

∂x2∂y2 +
∂4

∂x2∂z2 +
∂4

∂y2∂z2

))
f + R, (2.21)

where the remainder

R =
h4

360

(
∂6u
∂x6 +

∂6u
∂y6 +

∂6u
∂z6

)
− h4

144

(
∂4

∂x4 +
∂4

∂y4 +
∂4

∂z4

)
(κ2u)

+
h4

24
∂6u

∂x2∂y2∂z2 +O(h6).

The ∼ h4

72 term on the right-hand side of (2.21) is incorporated into the EBFOCS to
improve the spectral properties of the final FOCS. This additional term will result in a
RHS operator that is symmetric positive definite. Applying the differential operator
∂4

∂v4 for v = {x, y, z} into (2.10) produces

∂6u
∂x2∂v4 +

∂6u
∂y2∂v4 +

∂6u
∂z2∂v4 −

∂4

∂v4 (κ
2u) =

∂4 f
∂v4 .

As a consequence

f +
h2

12
∆ f +

h4

72

(
∂4 f

∂x2∂y2 +
∂4 f

∂x2∂z2 +
∂4 f

∂y2∂z2

)
= f +

h2

12
∆h f +

h4

72
Ah f − h4

144

(
∂4 f
∂x4 +

∂4 f
∂y4 +

∂4 f
∂z4

)
+O(h6)

=

(
1 +

h2

12
∆h +

h4

72
Ah

)
f − h4

144

(
∂6u
∂x6 +

∂6u
∂y6 +

∂6u
∂z6

)
+

h4

144

(
∂4

∂x4 +
∂4

∂y4 +
∂4

∂z4

)
(κ2u)

− h4

144

(
∂6u

∂x2∂y4 +
∂6u

∂x4∂y2 +
∂6u

∂x2∂z4 +
∂6u

∂x4∂z2 +
∂6u

∂y2∂z4 +
∂6u

∂y4∂z2

)
+O(h6). (2.22)

Combining (2.21) and (2.22), we have:

∆hu +
h2

6
Ahu−

[
1 +

h2

12
∆h +

h4

72
Ah

]
(κ2u) =

(
1 +

h2

12
∆h +

h4

72
Ah

)
f +O(h4). (2.23)

Finally, rescaling (2.23) by a factor of h2, dropping the error term, and replacing the
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difference operators with (2.13), yields the EBFOCS:

Lh[κ
2]u = h2Rh f = fR, (2.24)

where the LHS operator

Lh[κ
2]

def
= −4ui,j,k +

uss

3
+

usc

6
− h2

(
2
3
(κ2u)i,j,k +

(κ2u)ss

36
+

(κ2u)sc

72

)
, (2.25)

and the RHS operator

Rh f def
=

(
2
3

fi,j,k +
fss

36
+

fsc

72

)
. (2.26)

We will refer to (2.24) as the discrete Modified Helmholtz equation (DMHE). Now
that we have finally discretized the MHE (2.10) with fourth order accuracy in space
we have the capacity to advance the time marching scheme.

Remark: Parallel Pointwise Smoother Since the LHS operator (2.24) doesn’t con-
tain any of the corner points of the 3× 3× 3 stencil, the scheme is four colorable [114].
In other words consider the four non-overlapping grid sets labeled red, black, yellow,
and green given by

D0
h,R = {(xi, yj, zk) ∈ D0

h | i, j, k are all odd or all even },
D0

h,B = {(xi, yj, zk) ∈ D0
h | i, k are both odd/even and j even/odd },

D0
h,Y = {(xi, yj, zk) ∈ D0

h | j, k are both odd/even and i even/odd },
D0

h,G = {(xi, yj, zk) ∈ D0
h | i, j are both odd/even and k even/odd },

and depicted in Figure 2.2. The non-overlapping grid sets satisfy

D0
h = D0

h,R ∪ D0
h,B ∪ D0

h,Y ∪ D0
h,G.

Given the grid point (xi, yj, zk) ∈ D0
h,A for any A ∈ {R, B, Y, G}, none of the 18 sur-

rounding grid points (side corner and side side nodes shown in Figure 2.1) which
define the LHS operator (2.24) will be contained in D0

h,A. That means if we apply a
pointwise smoother, we can update every node in D0

h,R, then update the nodes in
D0

h,B, then update the nodes in D0
h,Y, then update the nodes in D0

h,G or any other order
we wish. We can use parallel computing to divide up the nodes of D0

h,A for each
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Figure 2.2: A four coloring of the grid set D0
h. The left/right grids indicate when the

z-plane is oddly/evenly indexed.

A ∈ {R, B, Y, G} to several processors to speed up the smoothing in each grid set.
Even though multigrid is a sequential algorithm, parallel computing can speed up the
smoother which is the most expensive component of the multigrid method. For a more
complete description of multigrid methods with parallel computing [100][Chapter 6].

Remark: Parallel Blockwise Smoothing Instead of updating each grid point one
at a time, suppose we wanted to solve for all the grid points ui,j,k where k is given
and 1 ≤ i, j,≤ N simultaneously using Gauss-Seidel as a smoother. Assuming lexi-
cographic ordering, the resulting N2 × N2 linear system will be a block tridiagonal
system where each subordinate matrix is tridiagonal since our scheme is a compact
3× 3× 3 stencil in space. Given the index 1 ≤ k ≤ N, this matrix would produce a
block tridiagonal system of the form

Aj−1,k~uj−1,k + Bj,k~uj,k + Cj,k~uj+1,k = ~gj,k for 1 ≤ j ≤ N, (2.27)

~uj,k = [u1,j,ku2,j,k . . . uN,j,k]
T, ~gj,k is a block vector of RHS terms for the Gauss-Seidel

smoother, and and Aj,k, Bj,k, Cj,k ∈ RN×N are tridiagonal matrices where A0,k = 0 =

CN+1,k for k = 1, 2, . . . , N. The block system (2.27) can be solved fast with the divide
and conquer algorithm known as block cyclic reduction or cyclic reduction shown in
[52, 92, 99]. For parallel computing we would use zebra plane smoother when solving
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the block systems (2.27). That means all the odd numbered planes will be updated
before all the even numbered planes are updated. For a more complete description of
multigrid methods with parallel computing [100][Chapter 6].

2.3 Stability Criteria

Let λ = λ(x ) denote the CFL number:

λ(x ) =
c(x )τ

h
,

where h is the uniform grid size in space and τ is the uniform grid size in time. We
will show the energy based stability argument proven in [18].

Theorem 2.3.1. Suppose 1
h2Lh ≈ ∆ and satisfies

� Lh is negative definite, so there exists a real inner product (·, ·) where
(−Lhu, u) ≥ 0 and there exists two positive numbers 0 < Llower < Lupper such
that

0 < Llower‖u‖2 ≤ (−Lhu, u) ≤ Lupper‖u‖2,

where the norm ‖u‖ =
√
(u, u).

� Lh is self-adjoint, i.e. (Lhu, v) = (u,Lhv).

Then discretizing the homogeneous wave equation 1
c2

∂2u
∂t2 = ∆u in time with the

θ−scheme and approximating the Laplacian with 1
h2Lh produces a scheme which is

unconditionally stable if θ > 1
4 and conditionally stable when 0 ≤ θ ≤ 1

4 . In the later
case the CFL number satisfies

max
x

λ2(x ) ≤ 1
(1

4 − θ)Lupper
.

Proof. The θ−scheme applied to the homogeneous wave equation produces

un+1 − 2un + un−1

τ2c2 =
Lh
h2

(
θ(un+1 − un)− θ(un − un−1) + un

)
. (2.28)
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Define the variable vn+1 = un+1 − un which satisfies

vn+1 − vn = un+1 − 2un + un−1,

vn+1 + vn = un+1 − un−1.

Taking the inner product of h2(vn+1 + vn) with (2.28) produces

h2

c2τ2 (v
n+1 − vn, vn+1 + vn) = (Lhun + θLh(vn+1 − vn), vn+1 + vn)

1
λ2 (‖v

n+1‖2 − ‖vn‖2) = (Lhun, vn+1 + vn) + θ(Lh(vn+1 − vn), vn+1 + vn)

= (Lhun, vn+1 + vn) + θ(Lh(vn+1, vn+1)−Lh(vn, vn)),

where we have used the self-adjoint property of Lh to eliminate the cross terms.
Rearranging the above

1
λ2‖u

n+1‖2 − θ(Lhvn+1, vn+1) =
1

λ2‖u
n‖2 − θ(Lhvn, vn) + (Lhun, vn+1 + vn), (2.29)

Substituting the identity

(Lhun, vn+1 + vn)− (Lhun, un+1 − un−1) =
(Lhvn, vn)

4
− (Lhvn+1, vn+1)

4

− (Lh(un + un−1), un + un−1)

4
+

(Lh(un + un+1), un + un+1)

4
,

into (2.29) and rearranging yields the non-increasing formula

En+1 = En,

where the quantity

En =
1

λ2‖v
n‖2 +

(
1
4
− θ

)
(Lhvn, vn)− 1

4
(Lh(un + un−1), un + un−1). (2.30)

In the case where θ > 1
4 , all the terms which define (2.30) are non-negative due to

Lh being negative definite. In this case, define En as the energy norm. Then energy
conservation implies unconditional convergence. When 0 ≤ θ < 1

4 , the assumption
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0 < Llower‖u‖2 ≤ (−Lhu, u) ≤ Lupper‖u‖2 implies that(
1

λ2 −
(

1
4
− θ

)
Lupper

)
‖vn‖2 +

Llower

4
‖un + un−1‖2 ≤ En ≤(

1
λ2 −

(
1
4
− θ

)
Llower

)
‖vn‖2 +

Lupper

4
‖un + un−1‖2.

Therefore En is equivalent to ‖un − un−1‖2 + ‖un + un−1‖2 which is equivalent to
‖un‖2 + ‖un−1‖2 if and only if 1

λ2 − (1
4 − θ)Lupper ≥ 0. Taking the supremum of the

above over all x completes the proof.

Now we want to adapt Theorem 2.3.1 to our fourth order compact scheme. Recall
that the parameter θ = 1

12 produces the fourth order accurate discretization in time
and the discrete modified Helmholtz equation with (2.24) with κ2 = 0 discretizes the
Laplacian with fourth order accuracy in space. According to Theorem 2.3.1, the CFL
number of (2.24) satisfies

max
x∈D

λ2(x ) ≤ 6
Lupper

.

All that’s left to do is compute the quantity Lupper. First we will assume the speed in
the acoustic wave equation is constant. To apply Theorem 2.3.1 define the weighted
inner product (u, v)R = (R−1

h u, v) since the matrix form of the RHS operator (2.26) is
symmetric positive definite. To estimate Lupper take the Fourier transform (in space)
and apply the Parseval equality to conduct the analysis in the frequency domain.
Negating the Fourier Transform of the discrete Laplacian R−1

h Lh[0] ≈ ∆ (i.e. apply
the Fourier Transform to (2.24) with κ2 = 0, then divide by the coefficient of the RHS
operator, then negate) yields

−L(ξ, η, ζ) =
4− 1

3 X(ξ, η, ζ)− 1
6Y(ξ, η, ζ)

2
3 +

1
36 X(ξ, η, ζ) + 1

72Y(ξ, η, ζ)
, (2.31)

where (ξ, η, ζ) ∈ [−π, π]3 and

X(ξ, η, ζ) = cos(ξ) + cos(η) + cos(ζ),

Y(ξ, η, ζ) = cos(ξ) cos(η) + cos(ξ) cos(ζ) + cos(η) cos(ζ).
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Using the built-in function maximize of Mathematica on (2.31) over the domain [−π, π]3

produces

Lupper = max
(ξ,η,ζ)∈[−π,π]3

|L| = 48
5

.

As a consequence the CFL number of the fourth order compact scheme satisfies

max
x

λ(x ) ≤
√

5
8

. (2.32)

2.4 Full Time Marching Scheme

In this section we will explicitly depict the algorithm for solving the time marching
scheme for the acoustic wave equation (2.1). Accordingly, the time marching scheme
amounts to solving the discrete ellptic PDE

Lh[κ
2]un+1 = f n+1

R =

(
2− 1

θ

)
f n
R − f n−1

R − h2Rh

(
κ2(x )un

θ
+ F̃n+1

)
, in D0

h,

un+1 = 0, on ∂Dh ∩ ∂D,
(2.33)

where the LHS operator Lh is defined in (2.25) and the RHS operator Rh is defined in
(2.26). The algorithm for the time marching scheme depicts the preprocessing phase of
Algorithm 5 depicts the preprocessing phase of the time marching scheme. Algorithm
6 depicts how the FOCS is initialized. Algorithm 7 shows how to advance the FOCS
on the given upper time level.

2.5 Multigrid Convergence Rate

From our previous discussion in Sections 2.1 - 2.4, we know advancing the time
marching scheme amounts to solving an elliptic PDE at every step. This is easily the
most expensive portion of our time marching scheme. Therefore we want to solve
the elliptic PDE as efficiently as possible. Since the coefficients of our elliptic PDE
may vary in space, multigrid methods are the fastest available methods for solving
an elliptic PDE. We will demonstrate that our multigrid method achieves the optimal
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Algorithm 5 Preprocessing phase of the full time marching scheme for solving (2.1).

1: function PreprocessingFOCS(x̄l, x̄r, `, cmax)
2: N = 2` − 1, h = (x̄r−x̄l)/N+1, and τ = h

√
5/8/cmax

3: for i = 1 to ` do
4: Ni = 2`+1−i − 1 and hi = (x̄r−x̄l)/Ni+1

5: if i = 1 then
6: allocate space for seven grid function on Dh.
7: precompute coefficients of Lh[κ

2] and Rh (2.24).
8: else
9: allocate space for three grid functions on Dhi (2.11)

10: precompute coefficients of Lhi [κ
2] (2.24).

11: Store all the above in the multigrid data structureM.

Algorithm 6 Initialization phase the full time marching scheme for solving (2.1).

1: function InitializeFOCS(h, τ,Lh)
2: For each xh ∈ D0

h compute u0 with the initial data of (2.1).
3: For each xh ∈ D0

h compute u1 using the Taylor expansion (C.1).
4: For each xh ∈ D0

h compute the terms f i
R = Lh[κ

2]ui for i ∈ {0, 1}.

Algorithm 7 Advancement portion of the full time marching scheme for solving (2.1).

1: function AdvanceFOCS(h, τ, tn+1, T,M)
2: For each xh ∈ D0

h compute gn+1 = −144un

τ2c2 − 1
c2 (Fn+1 + 10Fn + Fn−1).

3: For each xh ∈ D0
h apply the RHS operator i.e. gn+1

R = h2Rhgn+1.
4: Assemble the recursive RHS f n+1

R = −10 f n
R − f n−1

R + gn+1
R on D0

h.
5: Compute ũn+1 = 2un − un−1 + τ2(c2(x )∆hun + Fn).
6: Solve DMHE withM using ũn+1 and f n+1

R as the initial guess and RHS.
7: if tn+1 < T then
8: tn+1 = tn+1 + τ
9: For every xh ∈ D0

h un−1 = un, un = un+1, f n−1
R = f n

R, f n
R = f n+1

R
10: else
11: STOP the scheme.

convergence rate. Let Mh denote the multigrid operator i.e. the linear operator which
contains the smoother, restriction operator, prolongation operator, direct solve on
the coarsest grid, . . . We loosely state that the multigrid method has an optimal rate
of convergence if the spectral radius ρ(Mh) ≈ 1

10 . In this section we will describe
how to obtain sharp estimates for the spectral radius of the multigrid method. Given
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the hierarchical construction of MGCYC (see Figure 1.1 for depictions of the V, F,
or W cycles) directly computing the spectral radius is impractical. Instead we will
explore two methods to estimate the multigrid convergence rate, then compare the
results. In Section 2.5.1 we will describe how to approximate this convergence rate by
looking at the error history after a large number of iterations. In Section 2.5.2 we’ll
estimate the multigrid convergence rate quantitatively using Local Fourier Analysis
(LFA). In Section 2.5.3 we compare both estimates for the multigrid convergence rate
of the discrete modified Helmholtz equation (2.24) and show for a small number of
pre-smoothing and post-smoothing steps, the methods agree.

2.5.1 Empirically Derived Convergence Rates

A simply way to estimate the rate of multigrid convergence is to approximate the
convergence factor ρ̂ = lim

m→∞
‖r(m)

h ‖/‖r
(m−1)
h ‖, where r(m)

h is the residual r(m)
h = Rh f −

1
h2Lh[κ

2]v(m)
h , v(m)

h is the mth approximate solution to the modified Helmholtz equation
(2.33) and the LHS and RHS operators are defined in (2.25) and (2.26) respectively. To
approximate this quantity we will compute the two quantities

q(m)=‖r(m)
h ‖/‖r

(m−1)
h ‖,

q̂(m0,m)= m−m0

√
q(m0+1) · q(m0+2) · · · q(m) =

m−m0

√
‖r(m)

h ‖/‖r
(m0)
h ‖,

where m0 and m are sufficiently large enough to observe the asymptotic rate of
convergence.

2.5.2 Local Fourier Analysis

Local Fourier analysis (LFA) provides sharp estimates of the multigrid convergence
rate for a large class of linear elliptic PDEs [12]. A detailed account of LFA can be
found, e.g., in [14, 100].

Let ω denote the amplification factor of the Gauss-Seidel smoother Sh applied
to the EBFOCS 2.24. It depends on the frequency θ = (θ1, θ2, θ3) ∈ [−π, π]3 on
the grid and on the quantity h2κ2. In the context of time marching scheme, κ2 is
inversely proportional to the square of the time step τ given in (2.6). Hence, the
quantity h2κ2 is inversely proportional to the CFL number ((2.32)) squared, as follows
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from the discussion of stability in Section 2.3. In the case of a variable κ2 = κ2(x ),
the amplification factor is introduced by freezing the coefficient κ2(x ) and thus, in
addition to θ, it depends on the location x where the coefficient κ2 is frozen.

The smoothing factor is defined as

µ = µ(h2κ2) = max
θ∈ΘH

|ω(θ, h2κ2)|, (2.34)

where ΘH = [−π, π]3 \ [−π
2 , π

2 )
3 is the subset of high frequencies on the grid. In the

simplest case of a constant κ2 where µ of (2.34) does not depend on bix, the smoothing
factor immediately provides an estimate of how slowly the high frequency modes on
the grid may decay when damped by a smoother. This, in turn, allows one to estimate
the multigrid convergence rate (Recall from Section 1.2.5 that the smoother damps the
high frequency components of the error). For example, if we perform V(ν1, ν2) cycles,
then the error should be expected to decrease by a factor of µν1+ν2 provided that
ν1 + ν2 is small. In the case of a variable κ2 where µ of (2.34) depends on the location x

at which κ2(x ) is frozen, the slowest decay (i.e., the worst case scenario) corresponds
to the maximum value of µ across all x . For the Gauss-Seidel smoother applied to to
the EBFOCS((2.24).), this translates into µ = µ(h2κ2

min), where κ2
min = minx κ2(x ). To

obtain the amplification factor we will substitute a grid function of the form

ϕ(θ,x ) = eιθ·x/h = eιθ1xi/heιθ2yj/heιθ3zk/h,

into the smoother. We were unable to find an explicit formulas for this amplification
factor over the set ΘH. Instead we fixed the value κ2 and approximated the smoothing
factor numerically. In [96][Fig. 5] we plot the smoothing factor as a function of h2κ2.
Generally speaking LFA is an asymptotic estimate. As a consequence we would only
expect the smoothing factor to agree with the multigrid convergence factor for a
couple of digits of accuracy anyway. For more detail on implementing local Fourier
analysis see [14, 100].
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2.5.3 Validating Multigrid Convergence Rates

In this section we will estimate the multigrid convergence rates described in Sections
2.5.1 and 2.5.2. Consider the test problem

∆w− κ2(x )w = 0, x ∈ D =
[
−π

2
,

π

2

]3
,

w = 0, on ∂D,
(2.35)

The MHE (2.35) is convenient because the solution is clearly w = 0. As a consequence
we don’t need to worry about ‖r(m)

h ‖ stalling near machine precision for large values
of m and m0. We feed an initial guess which is zero along the boundary and one
otherwise. See Table 1.1 for the settings of our multigrid method.

Table 2.1 compares the estimated convergence rates for various wavenumbers
κ2. We chose κ2 = 0 to get the worst case estimate for the rate of convergence,
κ2 = 103 + 50 sin(x2 + y2 + z2) to see how a wavenumber with large maximum and
minimum values affects the rate of convergence, and 5000 · exp

(
8

π2 (x + π
2 )

2
)

to see
how a wavenumber with small minimum and large maximum affects the rate of
convergence. When the total number of smoothing steps ν1 + ν2 ≤ 2, then both
estimates for the convergence rate agree (albeit roughly). When ν1 + ν2 = 3, the
convergence rate predicted by LFA are somewhat optimistic. However, when the
total number of smoothing steps exceeds three, the convergence rate predicted by
LFA are much too optimistic. This makes sense because the LFA predicts the rate
at which the high frequency components of the error decays. The smoother damps
the high frequency components of the error, while having negligible effects on the
low frequency components of the error. Once the high frequency components of the
error are damped, there’s no added benefit to additional applications of the smoother.
Instead, it’s better to proceed with coarse grid correction. Based on the results shown
in Table (2.1) we recommend using V(1, 1), F(0, 1), F(1, 1), W(0, 1), or W(1, 1) cycles if
we want to use the convergence rates predicted by LFA.
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Table 2.1: Comparison of empirically derived convergence factors versus the smooth-
ing factor predicted by LFA and the empirically derived convergence factor using
(2.35) as a test problem. We employ V(ν1, ν2) cycles with a step size of h = π

256 .

κ2(x, y, z) (ν1, ν2) µ(h2κ2
min)

ν1+ν2 q(50) q̂(10,50)

(1, 1) .1232 .1187 .1160
0 (1, 2) .0433 .0556 .0520

(2, 2) .0152 .0370 .0370

(1, 1) .1120 .1082 .1008
103 + 50 sin(x2 + y2 + z2) (1, 2) .0375 .0502 .0479

(2, 2) .0125 .0258 .0257

(1, 1) .0770 .0859 .0780
5000 · exp

( 8
π2 (x + π

2 )
2) (1, 2) .0214 .0556 .0520

(2, 2) .0059 .0370 .0370

2.6 Numerical Simulations

In this section we show the EBFOCS is fourth order accurate overall. We will measure
the error of our scheme using the infinity norm

‖u− uh‖∞ = max
n

max
(xi,yj,zk)∈D0

h

|u(xi, yj, zk, tn)− uh(xi, yj, zk, tn)|,

where u is the smooth solution to the acoustic wave equation (2.1) and uh is the
approximate solution from the EBFOCS using a uniform step size of h and a uniform
time step of τ. The rate of convergence is measured by recording the quotient

rate = log
(
‖u− u2h‖∞

‖u− uh‖∞

)
/ log(2). (2.36)

If our scheme is correct the quotient (2.36) should approach four as we refine the grid.
The following test problems will be used to solve the acoustic wave equation (2.1):
Example 1 Consider the constant speed wave equation

∂2u
∂t2 − c2∆u = 0, (x, y, z) ∈ [−2, 2]3, 0 ≤ t ≤ 2, (2.37)
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with c(x, y, z) = 1, generated by the test solution

u(x, y, z, t) = sin (2πx) sin (πy) sin (3πz) cos (tπ
√

14).

The initial data u(x, y, z, 0) = sin (2πx) sin (πy) sin (3πz) and ∂u
∂t (x, y, z, 0) = 0. Please

see Table 1.1 for the specific settings for our multigrid method.

Example 2 Consider the variable speed wave equation

∂2u
∂t2 − c2∆u = F, (x, y, z) ∈ [−2, 2]3, 0 ≤ t ≤ 2, (2.38)

where the speed c(x, y, z) = exp (−2(x2 + y2 + z2)) cos (2π(−x + y− z))2. The source
term F(x, y, z, t) is generated by substituting the test solution

u(x, y, z, t) = sin 2πx sin πy sin 3πz cos t,

into the LHS portion of the above. Differentiate the above with respect to t and evalu-
ate at zero to obtain the initial conditions. Please see Table 1.1 for the specific settings
for our multigrid method.

Example 3 Consider the variable speed wave equation

∂2u
∂t2 − c2∆u = F, (x, y, z) ∈ [−2, 2]3, 0 ≤ t ≤ 2, (2.39)

where the speed c(x, y, z) = 1/2 + cos2 (x) cos2 (y) cos2 (z). The source term F(x, y, z, t)
is generated by substituting the test solution

u(x, y, z, t) = 2 sin πx sin πy sin πz exp (−t2/5),

into the above. Differentiate the above with respect to t and evaluate at zero to obtain
the initial conditions. Please see Table 1.1 for the specific settings for our multigrid
method.
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Example 4 Consider the variable speed wave equation

∂2u
∂t2 − c2∆u = F, (x, y, z) ∈ [−2, 2]3, 0 ≤ t ≤ 2, (2.40)

where the speed c(x, y, z) = 1 + x2

8 . The source F(x, y, z, t) is generated by substituting
the test solution u(x, y, z, t) = 5 sin πx sin πy sin πz cos (t− y) into the above. Differ-
entiate the above with respect to t and evaluate at zero to obtain the initial conditions.
Please see Table 1.1 for the specific settings for our multigrid method.

Tables 2.2, 2.3, 2.4, and 2.5 each demonstrate fourth order accuracy for the test
problems (2.37) - (2.40) respectively since the convergence rate (2.36) approaches 4.00
as the grid is refined. Notice how the mean number of multigrid cycles needed to
reach the prescribed termination criteria decreases as we refine the grid. We attribute
this to our termination criteria being fixed for all grids and (2.9) providing an initial
guess in a neighborhood of the solution on the upper time level. Since the error of
this the initial guess is O(τ2h2 + τ4), refining the grid only improves the initial guess.
Since the multigrid convergence rate is independent of the step size (see Section 2.5
for a description of this quantity) we reach the termination criteria in fewer steps
on average as we refine the grid. Also notice that the runtime per multigrid cycle
increases by a factor of 10 as the grid is refined.

Table 2.2: Grid refinement analysis for the test problem (2.37) when the time step τ
is 95% of the maximum CFL shown in (2.32).

h error rate mean # V(1,1)-cycles CPUTIME (sec.)/V(1,1)-cycle
1/8 9.320e-02 —– 4.050 0.019
1/16 5.873e-03 3.988 4.439 0.169
1/32 3.992e-04 3.879 3.988 1.770
1/64 2.499e-05 3.998 3.870 14.406

1/128 1.564e-06 3.998 2.991 139.65
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Table 2.3: Grid refinement analysis for the test problem (2.38) when the time step τ
is 95% of the maximum CFL shown in (2.32).

h error rate mean # V(1,1)-cycles CPUTIME (sec.)/V(1,1)-cycle
1/8 3.181e-02 —– 4.950 0.0196
1/16 1.893e-03 4.071 5.00 0.181
1/32 1.169e-04 4.017 4.857 1.820
1/64 7.280e-06 4.006 3.994 16.995

1/128 4.547e-07 4.000 3.902 138.405

Table 2.4: Grid refinement analysis for the test problem (2.39) when the time step τ
is 95% of the maximum CFL shown in (2.32).

h error rate mean # V(1,1)-cycles CPUTIME (sec.)/V(1,1)-cycle
1/8 4.384e-03 —– 6.467 0.026
1/16 2.725e-04 4.007 6.000 0.196
1/32 1.702e-05 4.001 5.929 1.769
1/64 1.066e-06 3.998 5.000 16.248

1/128 6.644e-08 4.003 4.000 137.537

Table 2.5: Grid refinement analysis for the test problem (2.40) when the time step τ
is 95% of the maximum CFL shown in (2.32).

h error rate mean # V(1,1)-cycles CPUTIME (sec.)/V(1,1)-cycle
1/8 8.054e-03 —– 6.000 0.019
1/16 4.965e-04 4.020 6.000 0.193
1/32 3.108e-05 3.998 5.000 1.856
1/64 1.940e-06 4.001 5.000 15.625

1/128 1.212e-07 4.000 4.000 135.678
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Chapter 3

INTERIOR PROBLEM

In this chapter, we discretize the interior problem (1.2) with fourth order accuracy
in time and space using the method of difference potentials [88]. In Section 3.1, we
show the semi-discrete approximation of (1.2) in time using the θ-scheme [23, 68]. This
yields a one parameter family of elliptic PDEs which need to be solved at every step.
The resulting elliptic PDEs are the same as (2.10), with the exception of replacing the
cubic domain D with a curvilinear domain Ω, making it more challenging to solve at
every time step. In Section 3.2, we use the method of difference potentials to solve the
aforementioned elliptic PDEs. Recall from Section 1.2.4 that, if Lu = f is an elliptic
PDE on Ω, then the pair ξξξΓ = (ξ0, ξ1) satisfies the inhomogeneous BEP (1.14) if and
only if ξξξΓ = Tru. We will discuss the discrete counterparts to the projection and the
trace and how they help obtain the finite difference solution on Ω. In Section 3.3, we
show several numerical simulations to corroborate that (1.2) can be solved with fourth
order accuracy subject to Dirichlet, Neumann, or Robin boundary conditions on a
spherical domain.

3.1 Semi-Discrete Approximation in Time

Consider the interior problem (1.2). For any given x ∈ Ω and time t = tn, the θ-scheme
[23, 68] produces the modified Helmholtz Equation (MHE)

∆un+1 − κ2(x )un+1= f n+1, x ∈ Ω,

lΓ(un+1) = ϕn+1
Γ , x ∈ Γ,

(3.1)
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where the “wavenumber" κ2(x) is defined in (2.6), the boundary condition lΓ(un+1) is
defined in (1.3), and the RHS is defined recursively in (2.8a) or (2.8b). For a complete
description for how the modified Helmholtz equation (3.1) was derived, see Section
2.1.

Advancing the time marching scheme amounts to solving the elliptic boundary
value problem (BVP) (3.1) at every time level where the RHS is assembled from
known quantities from previous time levels. In Section 2.1, we discretized the acoustic
wave equation (2.1) using a similar approach on a cubic domain with homogeneous
boundary conditions. Because of the simple geometry we could solve the modified
Helmholtz equation efficiently with geometric multigrid. However, the BVP (3.1) for
the modified Helmholtz equation which results from discretizing (1.2) has curvilinear
geometry and a more general boundary condition. Our claim is that we can solve
(3.1) efficiently with geometric multigrid on a cube with homogeneous boundary
conditions despite having curvilinear geometry and a general boundary condition.
The method of difference potentials is what facilitates this approach. In Section (3.2),
we will adapt the MDP to solving (3.1).

3.2 Method of Difference Potentials (MDP)

The method of difference potentials [88] is a method for solving interior and exterior
problems which combines the advantages of finite difference methods and boundary
elements methods while avoiding some of the shortcomings inherent in both methods.
For example, the method of difference potentials embeds the governing PDE, which
may be formulated on a domain with curvilinear geometry, into a domain with
simple geometry where finite difference methods flourish. The embedding helps
reduce the governing PDE to an equivalent expression defined on the boundary of
the domain, similar to boundary element methods. However, the method of difference
potentials uses a difference potential which is constructed with the help of a finite
difference scheme instead of a Green’s function. As a consequence the method of
difference potentials applies to a wider class of problems since Green’s functions
are only available for problems with constant coefficients. In addition, the method
of difference potentials utilizes a spectral representation of the boundary condition
to avoid differentiating near the boundary of the curvilinear domain altogether. For
a complete description of method of difference potentials see the monograph [88].
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For the remainder of the chapter, we will apply the method of difference potentials
to solve (3.1). In Section 3.2.1, we describe the auxiliary problem and its discrete
counterpart. We will construct an auxiliary problem whose domain contains the
closure of Ω which can be solved using our fourth order compact scheme derived
in Section 2.2. In Section 3.2.2, we describe the various grid sets needed to apply the
method of difference potentials. In particular, we construct the discrete boundary
γ, which consists of all the grid points which straddle the continuous boundary Γ.
These grid sets are necessary to construct the discrete counterparts of the trace of
the solution on Γ, the Calderón’s potential, and the Calderón’s projection. In Section
3.2.3, we introduce the discrete generalized Calderón-Seely Boundary Equation with
Projection. This equation which is defined on the boundary of Omega is equivalent
to the finite difference approximation of (3.1) on Ω. In Section 3.2.4, we discuss the
extension operator, an affine operator which uses the spectral representation of the
trace ξξξΓ = (u, ∂u

∂n )|Γ in order to obtain a grid function on γ that the discrete projection
operates on. In Section 3.2.5, we present a solution algorithm for (3.1).

3.2.1 Auxiliary Problem (AP)

In this section, we will define the auxiliary problem (AP) needed to solve (3.1). The
auxiliary problem must satisfy the following criteria:

♦ The PDE of the auxiliary problem must coincide with the PDE on Ω.

♦ The AP is to be formulated on a larger domain Ω0 ⊃ Ω̄ that has simple shape.

♦ The boundary condition on ∂Ω0 should guarantee existence and uniqueness of
the solution to the AP and its well-posedness.

♦ The AP should admit an easy numerical solution.

In general, Ω0 could be a rectangular prism, cylinder, sphere, or any other region
that admits a regular grid. For our purposes we will only consider cubic domains
for Ω0 discretized with Cartesian grids. We will choose Ω0 sufficiently large so that
the nodes of γ which straddle Γ all belong to the interior of Ω0. In addition, we will
only consider homogeneous boundary conditions on ∂Ω0. These choices are to remain
consistent with our methodology in Chapter 2.
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We will define the auxiliary problem for the generic MHE as

∆wn+1 − κ2(x )wn+1 = gn+1, x ∈ Ω0,

wn+1 = 0, x ∈ Γ0 = ∂Ω0,
(3.2)

where Ω0 is a cube that contains Ω and gn+1 is an arbitrary right hand side function
on the upper time level. It’s of the utmost importance that the AP (3.2) be uniquely
solvable for an arbitrary RHS gn+1, not just the physical RHS f n+1 coming from the
MHE (3.1). The discrete counterpart to the auxiliary problem (3.2) is given by

Lh[κ
2]wn+1 = gn+1, xh ∈ Ω0

h,

wn+1 = 0, xh ∈ Γ0
h,

(3.3)

where the LHS operator of the fourth order compact scheme is defined in (2.25). Let
Gh denote the solution operator (Green’s operator) of the discrete auxiliary problem
(DAP) (3.3). In other words,

wn+1 = Ghgn+1, (3.4)

is the unique solution to (3.3) for any given RHS gn+1.

3.2.2 Grid Sets on the Auxiliary Domain

Prior to discussing the solution of (3.1) with the MDP, we will define several grid sets
within the auxiliary domain. Given the grid point (xi, yj, zk), consider the neighboring
nodes

N 18
i,j,k = {(xi+ī, yj+ j̄, zk+k̄) | (ī, j̄, k̄) ∈ {−1, 0, 1}3 and 1 ≤ |ī|+ | j̄|+ |k̄| ≤ 2} (3.5)

The set N 18
i,j,k of (3.5) consists of the 3× 3× 3 stencil depicted in Figure 2.1 with the

central and corner nodes removed.

Definition 3.2.1. Let Ω denote the domain of the elliptic PDE and Ω0 denote the
auxiliary domain, Ω̄ ⊂ Ω0. Define the grid sets

♦ N0 = {(xi, yj, zk) | (xi, yj, zk) ∈ Ω̄0}

♦ M0 = {(xi, yj, zk) | (xi, yj, zk) ∈ Ω̄0 \ ∂Ω0}
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Figure 3.1: Subset of the discrete boundary γ when Ω is a ball of radius 1.65 centered
at the origin.
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♦ M+ = M0 ∩ Ω̄

♦ M− = M0 ∩ (Ω0 \ Ω̄)

♦ N± = M± ∪ {∪N 18
i,j,k | ∀ (xi, yj, zk) ∈M±}

♦ γ = N+ ∩N−

♦ γ± = M± ∩ γ

♦ γproj is the orthogonal projection of (xi, yj, zk) ∈ γ onto the boundary Γ

N0 is a uniform Cartesian grid that discretizes the auxiliary domain Ω0. The
grid set M0 consists of all the grid points which belong to N0 except those on the
boundary ∂Ω0. The grid sets M± consist of the interior/exterior nodes with respect to
Ω̄. As a convention, we assume that the nodes on Γ are included in M+. The grid set
M+ will serve as a discrete counterpart to the volume Ω when defining the discrete
Calderón’s potential analogous to (1.12). The grid sets N± are the unions of every
interior/exterior grid node along with the adjacent nodes of the fourth order compact
scheme. The most important grid set is γ, the discrete counterpart of Γ. We need
this grid set to define the discrete Calderón’s projection analogous to (1.13) and the
inhomogeneous boundary equation with projection analogous to (1.14). We are always
assuming that, the domain Ω0 is sufficiently large to contain all nodes of the grid
boundary γ. Figure 3.1 depicts a portion of the discrete boundary γ when Ω is a ball
while Figure 3.2 depicts the orthogonal projection of γ onto Γ, namely γproj. We will
use the projected points to establish the relationship between the trace of the solution
on Γ to the trace of the solution on γ.

3.2.3 Discrete Generalized Calderón-Seely Projection

In this section, we will formulate the main Theorem needed to solve (3.1). Recall
from Section 1.2.4 that, Trun+1 = ξξξn+1 where un+1 is the solution (3.1) if and only if
ξξξn+1 satisfies the inhomogeneous boundary equation with projection (1.14). Now that
we have defined the various grid sets in Section 3.2.2, we can introduce the discrete
counterpart to the above statement.

Definition 3.2.2. A density, wγ, is a grid function defined on the grid boundary γ.
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Figure 3.2: Example of the grid sets γ−, γ+, and γproj which straddle the continuous
boundary Γ. The discrete boundary γ = γ+ ∪ γ−.

Definition 3.2.3. Let wN0 be a grid function defined on N0. The trace of wN0 is the

restriction of wN0 to the discrete boundary γ. In other words, TrγwN0
def
= wN0 |γ.

Definitions 3.2.2 and 3.2.3 allow us to introduce the difference potential and
difference projection which are the discrete counterparts of the Calderón’s potential
and Calderón’s projection, respectively.

Definition 3.2.4. The difference potential with density vγ (see Definition 3.2.2) is a grid
function defined on N+:

PN+vγ = wN0 −Gh[Lh[κ
2]wN0

∣∣
M+ ],

where wN0 is an arbitrary grid function such that TrγwN0 = vγ. The difference projection
is the trace of the potential: Pγvγ = TrγPN+vγ.

The following Theorem uses the difference projection to define a discrete coun-
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terpart of the inhomogeneous boundary equation with projection (1.14) and uses the
difference potential to construct an approximate solution to (3.1).

62



Theorem 3.2.1 (Boundary Equation with Projection).
Consider the discrete modified Helmholtz equation

Lh[κ
2]un+1

N+ = f̃ n+1
R , (3.6)

where the solution un+1
N+ is defined on N+ and the right-hand side f̃ n+1

R is defined
on M+. Then, the density un+1

γ coincides with the trace of a solution un+1
N+ : un+1

γ =

Trγun+1
N+ , if and only if it satisfies the inhomogeneous BEP

un+1
γ = Pγun+1

γ +TrγGh f̃ n+1
R . (3.7)

If equation (3.7) holds, the approximate solution un+1
N+ can be constructed using the

generalized Green’s formula:

un+1
N+ = PN+un+1

γ +Gh f̃ n+1
R |N+ . (3.8)

To solve the modified Helmholtz equation (3.1) with the help of Theorem 3.2.1,
we need to find the density un+1

γ which satisfies the inhomogeneous BEP (3.7), where
the right-hand side of (3.6) is f̃ n+1

R = h2Rh f n+1 on M+. Once the density is known,
we can use the generalized Green’s formula (3.8) to construct a discrete solution to
(3.1) on N+. In Section 3.2.4, we introduce the extension operator that relates the
continuous density ξξξΓ (see Section 1.2.4) with the discrete density un+1

γ and in Section
3.2.5, we incorporate the extension operator into (3.7).

3.2.4 Extension Operator on a Sphere

In this section, we will show how to approximate the discrete density un+1
γ via ξξξn+1 in

the case where Ω is a ball. Substituting un+1
γ represented this way into the BEP (3.7),

we can solve the resulting equation with respect to ξξξn+1. Once un+1
γ is known, we

substitute it into the generalized Green’s formula (3.8), obtaining the discrete solution
to (3.1) on the grid N+.

For every xh ∈ γ, there exists an orthogonal projection onto the continuous
boundary Γ, i.e., x̃h ∈ γproj (See Figure 3.2). We shall use Taylor’s theorem about this
projected point to approximate the density on the discrete boundary γ. The extension
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operator on the ball is defined by

Ex (ξξξn+1)
def
= un+1∣∣

x̃h
+ $

∂un+1

∂r
∣∣
x̃h
+

IEx−1

∑
i=2

$i

i!
∂iun+1

∂ri

∣∣
x̃h
+ O($IEx), (3.9)

where ξξξn+1 = Tr (un+1, ∂u
∂r ) and the signed distance from the continuous boundary Γ

$ =

|xh − x̃h|, if xh ∈ γ+

−|xh − x̃h|, if xh ∈ γ−
,

We need to choose the order of the extension operator, IEx, sufficiently high to maintain
fourth order accuracy overall. Of course, the accuracy of the extension operator may
not be lower than that of the fourth order compact scheme. This implies IEx > 4,
because $ ≤ Ch, C = const > 0, where h is the grid size of the discrete AP. According
to Reznik’s Theorem [85, 86], a sixth order extension operator (IEx = 6) is sufficient to
maintain fourth order accuracy overall when a second order PDE is discretized with
fourth order accuracy. However, Reznik’s Theorem isn’t always necessary in practice.
For example, the authors of [17] solve the two dimensional acoustic wave equation
with the MDP using a fourth order compact scheme. They use a fourth order accurate
extension operator in each of their simulations. This proved sufficient for Dirichlet
boundary conditions, but insufficient for the Neumann boundary conditions since the
scheme dropped to third order accuracy. Keeping this in mind, we will consider a
fifth order accurate extension operator (IEx = 5).

We can use an equation based approach to eliminate the high order normal
derivatives of (3.9). Since Ω is a ball, we will consider the acoustic wave equation
in spherical coordinates and differentiate this formula to obtain expressions for the
high order normal, i.e., radial, derivatives. The Laplacian in spherical coordinates is
∆w = ∂2w

∂r2 + 2
r

∂w
∂r +

∆θ,ϕw
r2 where ∆θ,ϕ is the Laplace-Beltrami operator which contains

the tangential derivatives on the sphere. Differentiating (1.2) in spherical coordinates
with respect to the radial coordinate yields the high order derivatives

∂2u
∂r2 = −

(
2
r

∂u
∂r

+
∆θ,ϕu

r2

)
+

1
c2

(
∂2u
∂t2 − F

)
(3.10a)

∂3u
∂r3 = −2

r
∂2u
∂r2 +

2− ∆θ,ϕ

r2
∂u
∂r

+
2∆θ,ϕu

r3 − 2
c3

∂c
∂r

(
∂2u
∂t2 − F

)
+

1
c2

(
∂3u

∂t2∂r
− ∂F

∂r

)
(3.10b)
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∂4u
∂r4 = −2

r
∂3u
∂r3 +

4− ∆θ,ϕ

r2
∂2u
∂r2 +

4∆θ,ϕ − 4
r3

∂u
∂r
−

6∆θ,ϕu
r4 +

1
c2

(
∂4u

∂t2∂r2 −
∂2F
∂r2

)
− 4

c3
∂c
∂r

(
∂3u

∂t2∂r
− ∂F

∂r

)
+

(
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)(
∂2u
∂t2 − F

)
. (3.10c)

Next, we want to eliminate all the high order unmixed normal derivatives of u which
appear on the right hand side terms of (3.10a), (3.10b), and (3.10c). To illustrate our
approach, consider the third order normal derivative. We will substitute the expression
(3.10a) into (3.10b) and combine like terms. This new expression will only contain
zeroth and first order unmixed normal derivatives of u as a result. Similarly, for
the fourth order normal derivative we will substitute (3.10a) and (3.10b) into (3.10c)
and combine like terms. The new expression will only contain zeroth and first order
unmixed normal derivatives of u as a result. Then,

∂2u
∂r2 = −

(
2
r

∂u
∂r

+
∆θ,ϕu

r2

)
+

1
c2

(
∂2u
∂t2 − F

)
(3.11a)

∂3u
∂r3 =

4∆θ,ϕu
r3 +

6− ∆θ,ϕ

r2
∂u
∂r
−
(

2
c3

∂c
∂r

+
2

c2r

)(
∂2u
∂t2 − F

)
+

1
c2

(
∂3u

∂t2∂r
− ∂F

∂r

)
(3.11b)

∂4u
∂r4 =

∆2
θ,ϕ − 18∆θ,ϕ

r4 u +
8∆θ,ϕ − 24

r3
∂u
∂r

+

(
8

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)(
∂2u
∂t2 − F

)

−
(

4 ∂c
∂r

c3 +
2

rc2

)(
∂3u

∂t2∂r
− ∂F

∂r

)
+

1
c2

(
∂4u

∂t2∂r2 −
∂2F
∂r2

)
− ∆θ,ϕ

(
1

c2r2

(
∂2u
∂t2 − F

))
.

(3.11c)

Next we will eliminate the fourth order mixed derivative of u contained in (3.11c).
Differentiating (3.11a) twice with respect to t yields

∂4u
∂t2∂r2 = −

∆θ,ϕ

r2
∂2u
∂t2 −

2
r

∂3u
∂t2∂r

+
1
c2

(
∂4u
∂t4 −

∂2F
∂t2

)
. (3.12a)

Substituting (3.12a) into (3.11a) produces the high order normal derivatives

∂2u
∂r2 = −

(
2
r

∂u
∂r

+
∆θ,ϕu

r2

)
+

1
c2

(
∂2u
∂t2 − F

)
(3.13a)

∂3u
∂r3 =

4∆θ,ϕu
r3 +

6− ∆θ,ϕ

r2
∂u
∂r
−
(

2 ∂c
∂r

c3 +
2

rc2

)(
∂2u
∂t2 − F

)
+

1
c2

(
∂3u

∂t2∂r
− ∂F

∂r

)
(3.13b)
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Table 3.1: Contains the coefficients of the one sided difference schemes backwards in
time for several derivatives using a uniform time step τ. Rescale the coefficients of the
pth order derivative by a factor of 1/τp.

Derivative Accuracy 0 −1 −2 −3 −4 −5

2

1 1 −2 1
2 2 −5 4 −1
3 35/12 −104/12 114/12 −56/12 11/12

4 45/12 −154/12 214/12 −156/12 61/12 −10/12

4 1 1 −4 6 −4 1
2 3 −14 26 −24 11 −2

∂4u
∂r4 =

∆2
θ,ϕ − 18∆θ,ϕ

r4 u +
8∆θ,ϕ − 24

r3
∂u
∂r

+

8− ∆θ,ϕ

c2r2 +
4 ∂c

∂r
c3r

+
6
(

∂c
∂r

)2

c4 −
2 ∂2c

∂r2

c3

 ∂2u
∂t2

−
(

4 ∂c
∂r

c3 +
4

rc2

)
∂3u

∂t2∂r
− ∆θ,ϕ

(
1

c2r2
∂2u
∂t2

)
−
(

8
c2r2 +

4 ∂c
∂r

c3r
+

6
(

∂c
∂r

)2

c4 −
2 ∂2c

∂r2

c3

)
F

+

(
2

c2r
+

4 ∂c
∂r

c3

)
∂F
∂r
− 1

c2
∂2F
∂r2 +

1
c4

(
∂4u
∂t4 −

∂2F
∂t2

)
+ ∆θ,ϕ

(
F

c2r2

)
. (3.13c)

Notice that all the normal derivatives of u contained in (3.13a), (3.13b), and (3.13c) are
either zeroth or first order. Next we will approximate the second order time derivatives
of u contained in (3.13a) - (3.13c) on the upper time level.

Substituting the one sided difference formulas

∂2+iun+1

∂ri∂t2 ≈ dn+1
i

∂iun+1

∂ri +
Ji

∑
k=0

dn−k
i

∂iun−k

∂ri , for i ∈ {0, 1} , (3.14a)

∂4+iun+1

∂ri∂t4 ≈ d̃n+1
i

∂iun+1

∂ri +
J̃i

∑
k=0

d̃n−k
i

∂iun−k

∂ri , for i ∈ {0, 1}, (3.14b)
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whose coefficients are defined in Table 3.1 into (3.13a) - (3.13c) yields

∂2un+1

∂r2 ≈
(

dn+1
0
c2 −

∆θ,ϕ

r2

)
un+1 − 2

r
∂un+1

∂r
+

1
c2

(
J0

∑
j=0

dn−j
0 un−j − Fn+1

)
(3.15a)

∂3un+1

∂r3 ≈
(
−dn+1

0

(
2

c2r
+

2
c3

∂c
∂r

)
+

4∆θ,ϕ

r3

)
un+1 +

(
dn+1

1
c2 +

6− ∆θ,ϕ

r2

)
∂un+1

∂r

−
(

2
c2r

+
2
c3

∂c
∂r

)( J0

∑
j=0

dn−j
0 un−j − Fn+1

)
+

1
c2

(
J1

∑
j=0

dn−j
1

∂un−j

∂r
− ∂Fn+1

∂r

)
(3.15b)

∂4un+1

∂r4 ≈
{

dn+1
0

(
8− ∆θ,ϕ

c2r2 +
4 ∂c

∂r
c3r

+
6
(

∂c
∂r
)2

c4 −
2∂2c

∂r2

c3

)
+

d̃n+1
0
c4 +

∆2
θ,ϕ − 18∆θ,ϕ

r4

}
un+1

− dn+1
0 ∆θ,ϕ

(
un+1

c2r2

)
+

{
−dn+1

1

(
4

c2r
+

4∂c
∂r

c3

)
+

8∆θ,ϕ − 24
r3

}
∂un+1

∂r

+

(
8− ∆θ,ϕ

c2r2 +
4∂c

∂r
c3r

+
6
(

∂c
∂r
)2

c4 −
2∂2c

∂r2

c3

)
J0

∑
j=0

dn−1
0 un−j −

J0

∑
j=0

dn−j
0 ∆θ,ϕ

(
un−j

c2r2

)

−
(

4
c2r

+
4∂c

∂r
c3

)
J1

∑
j=0

dn−j
1

∂un−j

∂r
−
(

8
c2r2 +

4∂c
∂r

c3r
+

6
(

∂c
∂r
)2

c4 −
2∂2c

∂r2

c3

)
Fn+1

+ ∆θ,ϕ

(
Fn+1

c2r2

)
+

(
2

c2r
+

4∂c
∂r

c3

)
∂Fn+1

∂r
− 1

c2
∂Fn+1

∂r2

+
1
c4

(
J̃0

∑
j=0

d̃n−j
0 un−j − ∂2Fn+1

∂t2

)
(3.15c)

where the one sided difference stencils in time (3.14a) - (3.14b) are chosen with
sufficiently high order of accuracy to obtain the desired order of accuracy. For example,
the second order normal derivative is the lowest order normal derivative which
contains the derivative ∂2un+1

∂t2 . Since the second order normal derivative contained
in the Taylor series expansion (3.9) is multiplied by a factor of $2, we need to use a
third order backwards difference approximation. Since $ ≈ τ, the extension operator
will be fifth order accurate overall. By similar reasoning, the lowest order normal
derivatives which contains ∂3un+1

∂t2∂r , is the third order normal derivative. Since this term

is multiplied by a factor of $3, the time derivative ∂3un+1

∂t2∂r needs to be approximated
with at least second order accuracy in time. Using similar reasoning, the derivative
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∂4un+1

∂t4 needs to be approximated with at least first order accuracy in time so the
extension operator remains fifth order accurate overall. Keeping the above in mind,
substituting (3.15a), (3.15b), and (3.15c) into the extension operator (3.9) produces the
general form

Exξξξn+1
Γ = ExHξξξn+1

Γ +Ex n+1
I , (3.16)

where

ExHξξξn+1
Γ =

[
1 +

$2

2

(
dn+1

0
c2 −

∆θ,ϕ

r2

)
+

$3

6

(
−dn+1

0

(
2

c2r
+

2
c3

∂c
∂r

)
+

4∆θ,ϕ

r3

)

+
$4

24

(
dn+1

0

(
8− ∆θ,ϕ

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)
+

d̃n+1
0
c4 +

∆2
θ,ϕ − 18∆θ,ϕ

r4

)]
un+1

+

[
$− $2

r
+

$3

6

(
dn+1

1
c4 +

6− ∆θ,ϕ

r2

)
+

$4

24

(
− dn+1

1

(
4

c2r
+

4
c3

∂c
∂r

)
+

8∆θ,ϕ − 24
r3

)]
∂un+1

∂r

−
$4dn+1

0
24

∆θ,ϕ

(
un+1

c2r2

)
, (3.17)
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and

Ex n+1
I =

[
$2

2c2 −
$3

3

(
1

c2r
+

1
c3

∂c
∂r

)
+

$4

24

(
8− ∆θ,ϕ

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)] J0

∑
j=0

dn−j
0 un−j

+

[
$3

6c2 −
$4

24

(
4

c2r
+

4
c3

∂c
∂r

) ] J1

∑
j=0

dn−j
1

∂un−j

∂r
− $4

24
∆θ,ϕ

( J0

∑
j=0

dn−j
0 un−j

c2r2

)

−
[

$2

2c2 −
$3

3c2r
+

$4

24

(
8

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)]
Fn+1

−
[

$3

6c2 −
ρ4

24

(
2

c2r
+

4
c3

∂c
∂r

) ]
∂Fn+1

∂r
− $4

24c2
∂2Fn+1

∂r2 +
$4

24
∆θ,ϕ

(
Fn+1

c2r2

)
+

$4

24c2

(
J̃0

∑
j=0

d̃n−j
0 un−j − ∂2Fn+1

∂t2

)
. (3.18)

The remaining step is to replace the trace ξξξn+1
Γ in the extension operator (3.16)

with its spectral representation. To be more specific, we will represent the trace
using spherical harmonics as basis functions. The spherical harmonics have several
desirable properties: they are complete over the space of continuous functions on
the ball, they form an orthonormal basis with respect to a weighted inner product,
they are eigenfunctions of the Laplace-Beltrami operator, and the spherical harmonics
representation converges rapidly for smooth functions. For more details on these
properties, see Appendix B.1. For a complete description of the spherical harmonics,
see [7]. Since the spherical harmonics satisfy ∆θ,ϕYm

l = −l(l + 1)Ym
l on the sphere,

we can simplify the tangential derivatives in the extension operator to algebraic
expressions. Consider the 2(1+ L)2 complex valued dimensional vector space spanned
by the basis vectors

ψψψ
(0)
lm =

(
Ym

l , 0
)

ψψψ
(1)
lm =

(
0, Ym

l
)
, 0 ≤ l ≤ L and |m| ≤ l. (3.19)

As a consequence, the trace ξξξn+1
Γ can be approximated by

ξξξn+1
Γ ≈

L

∑
l=0

l

∑
m=−l

c(0,n+1)
lm ψψψ

(0)
lm +

L

∑
l=0

l

∑
m=−l

c(1,n+1)
lm ψψψ

(1)
lm , (3.20)
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where the individual basis functions are defined in (3.19), the Fourier coefficients are
given by

c(0,n+1)
lm =

〈
un+1, Ym

l

〉
c(1,n+1)

lm =

〈
∂un+1

∂r
, Ym

l

〉
, (3.21)

and the weighted inner product is defined in (B.1). Suppose that the trace is ξξξn+1
Γ =

(ξn+1
0 , ξn+1

1 ), where ξn+1
0 and ξn+1

1 are arbitrary smooth functions. Substituting the
basis functions (3.19) into the homogeneous portion of the extension operator (3.17)
yields

ExHψψψ
(0)
lm =

[
1 +

$2

2

(
dn+1

0
c2 +

l(l + 1)
r2

)
− $3

6

(
dn+1

0

(
2

c2r
+

2
c3

∂c
∂r

)
+

4l(l + 1)
r3

)

+
$4

24

(
dn+1

0

(
8 + l(l + 1)

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)
+

d̃n+1
0
c4

+
l2(l + 1)2 + 18l(l + 1)

r4

)]
ψψψ
(0)
lm +

L

∑
l′=0

l′

∑
m′=−′l

l′(l′ + 1)
〈

1
c2 Ym

l , Ym′
l′

〉
ψψψ
(0)
l′m′ ,

(3.22)

ExHψψψ
(1)
lm =

[
$− $2

r
+

$3

6

(
dn+1

1
c4 +

6 + l(l + 1)
r2

)
− $4

24

(
dn+1

1

(
4

c2r
+

4
c3

∂c
∂r

)
+

8l(l + 1) + 24
r3

)]
ψψψ
(1)
lm , (3.23)

where we have used the approximation

(
∆θ,ϕ(Ym

l /c2), 0
)
≈ −

L

∑
l′=0

l′

∑
m′=−l′

l′(l′ + 1)
〈

1
c2 Ym′

l′ , Ym
l

〉
ψψψ
(0)
l′m′ .

Substituting (3.20) into the extension operator (3.16) (along with (3.22) and (3.23) while
exploiting the linearity of ExH), we have:

Exξξξn+1
Γ = ExHξξξn+1

Γ +Ex n+1
I . (3.24)

The homogeneous portion of the extension operator is written as

ExHξξξn+1
Γ = A0c

n+1
0 +A1c

n+1
1 ,
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where the Fourier coefficients (see formula (3.21)) can be arranged as column vectors

cn
i =

[
c(i,n)0,0 c(i,n)1,−1 c(i,n)1,0 c(i,n)1,1 · · · c(i,n)L,L ,

]
i ∈ {0, 1}, (3.25)

and the matrices A0, A1 are constructed as follows

Ai =
[
ExHψψψ

(i)
0,0, ExHψψψ

(i)
1,−1, · · · ,ExHψψψ

(i)
L,L

]
, (3.26)

whose columns are given by (3.22) or (3.23). The inhomogeneous term (3.18) satisfies

Ex n+1
I =

L

∑
l=0

l

∑
m=−l

{[
$2

2c2 −
$3

3c2r

+
$4

24

(
8 + l(l + 1)

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)]
ψψψ
(0)
lm

J0

∑
j=0

dn−j
0 c(0,n−j)

lm

+

[
$3

6c2 −
$4

24

(
4

c2r
+

4
c3

∂c
∂r

) ]
ψψψ
(1)
lm

J1

∑
j=0

dn−j
1 c(1,n−j)

lm

+
l(l + 1)$4

24r2 ψψψ
(0)
lm

(
L

∑
l′=0

l′

∑
m′=−l′

〈
1
c2 Ym′

l′ , Ym
l

〉 J0

∑
j=0

dn−j
0 c(0,n−j)

l′m′

)

+
$4

24c2 ψψψ
(0)
lm

(
J̃0

∑
j=0

d̃n−j
0 c(0,n−j)

lm − 1
τ2

〈
Fn+2 − 2Fn+1 + Fn, Ym

l

〉)}
+F n+1,

(3.27)
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where the contribution of the source term is

F n+1 =

[
$2

2c2 −
$3

3c2r

+
$4

24

(
8

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)] L

∑
l=0

l

∑
m=−l

〈
Fn+1, Ym

l

〉
Ym

l

−
[

$3

6c2 −
ρ4

24

(
2

c2r
+

4
c3

∂c
∂r

) ] L

∑
l=0

l

∑
m=−l

〈
∂Fn+1

∂r
, Ym

l

〉
Ym

l

− $4

24c2

L

∑
l=0

l

∑
m=−l

〈
∂2Fn+1

∂r2 , Ym
l

〉
Ym

l

−
L

∑
l=0

l

∑
m=−l

l(l + 1)$4

24r2

(
L

∑
l′=0

l′

∑
m′=−l′

〈
1
c2 Ym′

l′ , Ym
l

〉〈
Fn+1, Ym′

l′

〉)
Ym

l .

3.2.5 Solving the Interior Problem

In this section, we will demonstrate how to solve the BVP (3.1) for the modified
Helmholtz equation on the domain Ω using the MDP. In Section 3.2.3, we defined the
discrete counterparts to the Calderón potential and Calderón projection. These discrete
counterparts reduce the discretized BVP (3.1) to an equivalent expression defined
on the boundary, called the inhomogeneous boundary equation with projection (3.7).
According to Theorem 3.2.1, we can obtain a discrete solution to the BVP (3.1) by
substituting the density, un+1

γ , into the generalized discrete Green’s formula (3.8).
We will use the extension operator (3.24) to approximate the density un+1

γ . In other
words, substituting un+1

γ = Exξξξn+1
Γ (defined in (3.24)) into the discrete BEP (3.7) we

arrive at the linear system

Q0c
n+1
0 +Q1c

n+1
1 = −TrγGh f̃ n+1

R − qn+1
I , (3.28)

where the matrices Qi and vector qn+1
I are given by

Qi = (Pγ − Iγ)Ai ∈ C|γ|×(1+L)2
, i ∈ {0, 1}, (3.29a)

qn+1
I = (Pγ − Iγ)Ex n+1

I ∈ C|γ|, (3.29b)

the matrices Ai ∈ C|γ|×(1+L)2
for i ∈ {0, 1} are defined in (3.26) and the inhomoge-

neous term Ex n+1
I is defined in (3.18). Note that the matrices (3.29a) only need to be
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computed once since they don’t vary with time. This is especially important because
computing the matrices Q0 and Q1 is computationally intensive. These matrices re-
quire a total of 2(1 + L)2 applications of the operator Pγ − Iγ where each application
Pγ − Iγ requires one call to the (complex valued) solution operator Gh (3.4). Or we
could use the relationship Y−m

l = (−1)m(Ym
l )∗ to reduce the number of time we need

to call Gh by a factor of approximately two. The spherical harmonics representation
of the trace ξξξn+1

Γ converges rapidly (Appendix B.1) provided the solution to (3.1) is
smooth. This implies that even for sufficiently small L, the accuracy of the spectral rep-
resentation of ξξξn+1 on Γ exceeds the accuracy on the grid, which enables fourth order
grid convergence. Moreover, the number of columns of Q0,Q1 appears much smaller
than the number of grid points contained in the discrete boundary, i.e., (1+ L)2 � |γ|,
which enables efficient solution of (3.28) in the sense of least squares. The RHS term
(3.29b) needs to be computed on the upper time level at every step.

Note that, (3.28) contains two vector variables cn+1
0 and cn+1

1 which need to be
computed at the upper time level. We will combine (3.28) with the given boundary
condition to provide enough equations to compute each set of Fourier coefficients. If a
Dirichlet boundary condition is specified on Γ, we can use the fast spherical harmonics
transform (FSHT, see Appendix B.3) to compute the Fourier coefficients cn+1

0 directly.
Then, (3.28) simplifies to

Q1c
n+1
1 = −Q0c

n+1
0 −TrγGh f̃ n+1

R − qn+1
I ,

where we need to solve for the remaining unknown vector cn+1
1 . If a Neumann

boundary condition is given, (3.28) simplifies to

Q0c
n+1
0 = −Q1c

n+1
1 −TrγGh f̃ n+1

R − qn+1
I ,

where we need to solve for the remaining unknown vector cn+1
0 . If the Robin boundary

condition aun+1 + b ∂un+1

∂r = ϕn+1
Γ is given, the Fourier coefficients satisfy

acn+1
0 + bcn+1

1 = cn+1
Γ =

[
〈ϕn+1

Γ , Y0
0 〉 · · · 〈ϕn+1

Γ , YL
L 〉
]T

, (3.30)

Substituting (3.30) into (3.28) and eliminating the Dirichlet Fourier coefficients cn+1
0
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yields (
Q1 −

b
a
Q0

)
cn+1

1 = −1
a
Q0c

n+1
Γ −TrγGh f̃ n+1

R − qn+1
I .

Once cn+1
1 is known, we can use the relationship (3.30) to determine the remaining

set of Fourier coefficients cn+1
0 . As an alternative approach, we can eliminate the

Neumann Fourier coefficients cn+1
1 to obtain the system

(
Q0 −

a
b
Q1

)
cn+1

0 = −1
b
Q1c

n+1
Γ −TrγGh f̃ n+1

R − qn+1
I .

However, we will utilize the previous implementation in all of our simulations. For
more general types of boundary conditions adapted to the BEP, see [15].

In summary, combining the boundary condition with (3.28) yields the linear system

Q weakc weak = g weak, (3.31)

where the matrix

Q weak =


Q1 , if lΓ(u) = u

Q0 , if lΓ(u) = ∂u
∂r

Q1 − b
aQ0 , if lΓ(u) = au + b ∂u

∂r

,

the unknown

cweak =


cn+1

1 , if lΓ(u) = u

cn+1
0 , if lΓ(u) = ∂u

∂r

cn+1
1 , if lΓ(u) = au + b ∂u

∂r

,

and the RHS

gweak =


−Q0c

n+1
0 −TrγGh f̃ n+1

R − qn+1
I , if l(u) = u

−Q1c
n+1
1 −TrγGh f̃ n+1

R − qn+1
I , if l(u) = ∂u

∂r

−1
aQ0c

n+1
ϕΓ
−TrγGh f̃ n+1

R − qn+1
I , if l(u) = au + b ∂u

∂r

.
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Since the matrix Qweak ∈ C|γ|×(1+L)2
and (1 + L)2 � |γ|, we can solve the overdeter-

mined linear system (3.31) in the least squares sense using QR factorization. In our
implementation, we use LAPACK [4] to compute the QR factorization and solve the
least squares problem (3.31). Once the Fourier coefficients cn+1

0 and cn+1
1 are known,

the discrete density can be computed un+1
γ = Exξξξn+1

Γ (def. (3.24)). Finally, we will use
(3.8) to construct the discrete solution to (3.1) on the upper time level and advance the
time marching scheme.

3.3 Numerical Simulations of the Interior Problem

In this section, we show that the interior problem (1.2) can be solved with fourth order
accuracy using the MDP. We will measure the error of our scheme using the infinity
norm

‖u− uh‖∞ = max
n

max
(xi,yj,zk)∈M+

|u(xi, yj, zk, tn)− uh(xi, yj, zk, tn)|,

where u is a given smooth solution to the interior problem (1.2) and uh is the approxi-
mate solution to (1.2) on a uniform Cartesian grid with size h and time step τ. The
rate of convergence is measured by recording the quotient

rate = log
(
‖u− u2h‖∞

‖u− uh‖∞

)
/ log(2).

The following test problems will be used for simulations of the interior problem (1.2).
Example 1 Consider the test problem

∂2u
∂t2 − c2∆u = F, (x , t) ∈ Ω× [0, T], (3.32)

where Ω is a ball of radius 0.9 centered at the origin. The test solution is u(x, y, z, t) =
sin (πr2) sin (t) where the radial coordinate r(x, y, z) =

√
x2 + y2 + z2 and one of the

following speeds are employed: c(x, y, z) = 1, c(x, y, z) = 1
2 +

1
4 sin r, or c(x, y, z) =

e(y+z)/10. The source term is the result of substituting the test solution and speed
c(x, y, z) into the left hand side of (3.32). We consider the Dirichlet boundary condition
lΓ(u) = sin (πr2) sin (t), the Neumann boundary condition lΓ(u) = 2πr cos (πr2) sin (t),
or the Robin boundary condition lΓ(u) = (sin (πr2) + 2πr cos (πr2)) sin (t) for r = R.
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Algorithm 8 The Full Time Marching Scheme for solving the interior problem (1.2)
when Ω = {x | ‖x‖2 ≤ R} for a given R > 0, the number of auxiliary grids is `
(multigrid), the terminal time is tFinal.

1: Choose a cubic auxiliary domain Ω0 which contains Ω such that dist(∂Ω0, Ω) >
3h.

2: Build the grid sets M+, M−, N0, N+, N−, γ, γproj described in Definition 3.2.1.
3: There exists of a set Ω ⊂ Ω̃ ⊂ Ω0 such that the grid set N+ ⊂ Ω̃. Compute the

time step τ using the CFL number (2.32) over Ω̃.
4: Precompute the components of the FSHT (see B.3).
5: Precompute the matrices which define ExHξξξΓ and Ex n+1

I of (3.24).
6: Compute the matrices Q0,Q1 of (3.29a).
7: Compute the QR factorization of the matrix Qweak of (3.31).
8: Precompute the structures associated with multigrid and FOCS.
9: Initialize u on M+ and γ+ using (C.1) and (C.5) respectively. Use these values to

compute f̃R = h2Rh on M+.
10: Initialize the Fourier coefficients c0, c1 for the initial time steps using the FSHT

along with (C.1) and (C.3) and/or the given boundary condition.
11: Evaluate the speed c(x ) on M+. Use Taylor series expansion to approximate the

speed on γout.
12: Set tn+1 = 2τ.
13: while tn+1 < tFinal do
14: Assemble f̃ n+1

R , using (2.33) and f̃ n+1
R = h2Rh f n+1 on M+.

15: Apply the solution operator Gh of (3.4) to the RHS f̃ n+1
R given the initial guess

ũn+1 = 2un − un−1 + τ2(c2(x )∆hun + Fn) on M+.

16: Compute Ex n+1
I of (3.27), then apply the operator Pγ − Iγ of Definition 3.2.4.

17: Compute the Fourier coefficients as outlined in Section 3.2.5.
18: Compute the density un+1

γ using the extension operator (3.24).
19: Use the generalized Green’s formula (3.8) to advance the scheme.
20: Reindex the variables u, f̃R and the Fourier coefficients c0, c1, and tn+1.

The initial data is obtained from the test solution as well.

Example 2 Consider the test problem

∂2u
∂t2 − c2∆u = F, (x , t) ∈ Ω× [0, T], (3.33)
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where Ω is a ball of radius 1.50 centered at the origin. Consider the generating function

v(x, y, z, t) =
(

1− e−
4
5 r9
)(

2 sin (t) +
3
2

sin (t
√

3)
)

, (3.34)

where the radial distance r(x, y, z) =
√

x2 + y2 + z2. The test solution to (3.33) is given
by differentiating the generating function (3.34) with respect to x. In other words the
solution to (3.33) is

u(x, y, z, t) =
36
5

xe−
4
5 r9

r7
(

2 sin (t) +
3
2

sin (t
√

3)
)

,

where the radial coordinate r(x, y, z) =
√

x2 + y2 + z2 and one of the following speeds
are employed: c(x, y, z) = 1, c(x, y, z) = 1

2 +
1
4 sin r, or c(x, y, z) = e(y+z)/10. The source

term is generated by substituting the test solution into (3.33). The Dirichlet boundary
condition is

lΓ(u) =
36
5

xe−
4
5 r9

r7
(

2 sin (t) +
3
2

sin (t
√

3)
)

,

the Neumann boundary condition

lΓ(u) =
36
5

xe−
4
5 r9

r6 (1 + 9(4r9/5− 1)
) (

2 sin (t) +
3
2

sin (t
√

3)
)

,

and the Robin boundary condition

lΓ(u) =
36
5

xe−
4
5 r9

r6 (r + 1 + 9(4r9/5− 1)
) (

2 sin (t) +
3
2

sin (t
√

3)
)

,

whenever (x, y, z) ∈ Γ.
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Table 3.2: Grid refinement analysis for the test problem (3.32) where the auxiliary
domain Ω0 = [−1.5, 1.5]3 and the terminal time T = 5. Here the speed is c(x, y, z) = 1,
the uniform time step τ is 90% of the maximum CFL shown in (2.32), and the order
of the spectral representation L = 20. See Table 1.1 for the specific settings for our
multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 1.076e-03 —– 1.012e-01 —– 1.628e-02 —–
65× 65× 65 6.114e-05 4.133 7.853e-03 3.687 1.221e-03 3.736

129× 129× 129 3.761e-06 4.028 4.531e-04 4.115 7.049e-05 4.115
257× 257× 257 2.382e-07 3.981 2.664e-05 4.088 4.164e-06 4.082

Table 3.3: Grid refinement analysis for the test problem (3.32) where R = 0.90
and the auxiliary domain Ω0 = [−1.5, 1.5]3. Here the speed is c(x, y, z) = 1

2 +
1
4 sin

√
x2 + y2 + z2. The order of the spectral representation L = 20. The uniform time

step τ is 90% of the maximum CFL shown in (2.32). See Table 1.1 for the specific
settings for our multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 1.592e-03 —– 4.388e-02 —– 1.111e-02 —–
65× 65× 65 1.023e-04 3.960 3.336e-03 3.717 8.320e-04 3.746

129× 129× 129 6.346e-06 4.011 1.857e-04 4.167 4.686e-05 4.150
257× 257× 257 3.998e-07 3.989 1.015e-05 4.194 2.593e-06 4.176

Table 3.4: Grid refinement analysis for the test problem (3.32) where R = 0.90 and
the auxiliary domain [−1.5, 1.5]3. Here the speed is c(x, y, z) = e(y+z)/10. The uniform
time step τ is 90% of the maximum CFL shown in (2.32). The order of the spectral
representation L = 20. The maximum speed was taken on the smallest ball which
contains the grid set N+ on the coarsest grid used in our simulations. See Table 1.1
for the specific settings for our multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 1.025e-03 —– 1.048e-01 —– 1.674e-02 —–
65× 65× 65 6.159e-05 4.057 8.022e-03 3.708 1.249e-03 3.744

129× 129× 129 3.928e-06 3.971 4.616e-04 4.119 7.221e-05 4.113
257× 257× 257 2.489e-07 3.980 2.707e-05 4.092 4.253e-06 4.089
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Table 3.5: Grid refinement analysis for the test problem (3.33) the auxiliary domain
[−2.0, 2.0]3, and the order of the spectral representation L = 20. Here the speed is
c(x, y, z) = 1. The uniform time step τ is 98% of the maximum CFL shown in (2.32).
See Table 1.1 for the specific settings for our multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 3.687e-01 —– 3.687e-01 —– 3.687e-01 —–
65× 65× 65 2.052e-02 4.167 2.052e-02 4.167 2.052e-02 4.167

129× 129× 129 1.162e-03 4.143 1.162e-03 4.143 1.162e-03 4.143
257× 257× 257 7.086e-05 4.036 7.086e-05 4.036 7.086e-05 4.036

Table 3.6: Grid refinement analysis for the test problem (3.33) where R = 1.5, the
auxiliary domain [−2.0, 2.0]3, and the order of the spectral representation L = 20.
Here the speed is c(x, y, z) = 1

2 +
1
4 sin

√
x2 + y2 + z2. The uniform time step τ is 98%

of the maximum CFL shown in (2.32). See Table 1.1 for the specific settings for our
multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 3.735e-01 —– 3.735e-01 —– 3.735e-01 —–
65× 65× 65 2.077e-02 4.169 2.077e-02 4.169 2.077e-02 4.169

129× 129× 129 1.181e-03 4.136 1.181e-03 4.136 1.181e-03 4.136
257× 257× 257 7.244e-05 4.027 7.244e-05 4.027 7.244e-05 4.027

Table 3.7: Grid refinement analysis for the test problem (3.33) where R = 1.5, the
auxiliary domain [−2.0, 2.0]3, and the order of the spectral representation L = 20. Here
the speed is c(x, y, z) = e(y+z)/10. The uniform time step τ is 98% of the maximum CFL
shown in (2.32). The maximum speed was taken on the smallest ball which contains
the grid set N+ on the coarsest grid used in our simulations. See Table 1.1 for the
specific settings for our multigrid method.

Dirichlet Neumann Robin
Grid error rate error rate error rate

33× 33× 33 3.773e-01 —– 3.733e-01 —– 3.727e-01 —–
65× 65× 65 2.055e-02 4.199 2.034e-02 4.198 2.033e-02 4.196

129× 129× 129 1.158e-03 4.150 1.161e-03 4.131 1.160e-03 4.131
257× 257× 257 7.090e-05 4.029 7.099e-05 4.032 7.094e-05 4.032
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Chapter 4

RADIATION OF WAVES BY A
KNOWN SOURCE

Consider the exterior problem (1.4) on the entire R3. In order to solve this exterior
problem with a conventional approach such as a finite difference or finite element
method, one needs to truncate the domain of (1.4). We will consider two approaches.

The first approach is to use a damping layer (or sponge layer). We will consider a
sufficiently large cubic vacuum region Dvac that contains the support of the source
term F. Then, we will surround this cube with a layer of thickness ` on all sides. The
purpose of this layer is to damp any outgoing waves from Dvac. Finally we will replace
the exterior problem (1.4) with the damped acoustic equation

∂2u
∂t2 + σ(x )

∂u
∂t

= c2(x )∆u + F, x ∈ D,

u = 0, x ∈ ∂D,
(4.1)

where Dvac = [x̄l, x̄r]3 and D = [x̄l − `, x̄r + `]3. By construction, the damping profile
σ is zero in the vacuum region Dvac and positive in the damping layer D \Dvac (while
for the source term F it is the other way around). In the layer, the damping profile
σ steadily increases from zero at the boundary of Dvac to some maximum value at
the edge of the computational domain D. The damped acoustic wave equation (4.1)
clearly coincides with (1.4) in the vacuum region Dvac. However, replacing (1.4) with
(4.1) introduces artificial reflections from the boundary of the computational domain
D. We will show that if the profile σ is chosen carefully and the damping layer is
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sufficiently thick, we can attenuate these artificial reflections. See Section 4.1 for our
discussion of the sponge layer.

The second approach is the use of an artificial boundary condition on a spherical
artificial outer boundary. We will choose a sufficiently large spherical domain (a ball)
to contain the support of the source term F. On the boundary of the ball, we will
impose the pth order ABC Bpu = 0, see Section 1.2.2, where p is chosen so as to
provide high level of absorption for any outgoing waves. In other words, we will
replace the exterior problem (1.4) with

∂2u
∂t2 − c2(x )∆u = F(x , t), x ∈ Ω× (0, ∞),

u(x , 0) = 0, x ∈ R3,
∂u
∂t

(x , 0) = 0, x ∈ R3,

Bpu = 0, x ∈ Γ,

(4.2)

where one can take R > 0 such that Ω = {x | ‖x‖2 ≤ R}. In Section 4.2, we will
discuss the implementation of the high order artificial boundary condition Bpu = 0
(1.10a) - (1.10b).

4.1 Sponge Layer

In this section, we will discuss the damped acoustic wave equation (4.1). To be more
specific, Section 4.1.1 will discuss how to approximate (4.2) in time and space with
fourth order accuracy. We discretize (4.2) in time using the θ-scheme [23, 68]. This
produces a one parameter family of elliptic PDEs using only three levels in time.
This elliptic PDE is discretized in space using a 3× 3× 3 stencil. In section 4.1.2, we
perform a stability analysis of the scheme. We demonstrate that the CFL number is not
affected by the damping profile σ(x ). In Section 4.1.3, we will show how the damping
profile σ(ξ) is constructed from the arc tangent function. Finally, Section 4.1.4 presents
the results of numerical simulations for the sponge layer. We show that the fourth
order grid convergence takes place provided that the sponge layer is sufficiently thick.
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4.1.1 High Order Discretization of the Damped Wave Equation

We will mimic the semi-discrete approach employed in Chapter 2. This means, we will
discretize (4.1) with fourth order accuracy in time using only three time levels. This
will produce a modified Helmholtz equation on the upper time level which needs
to be solved at every time step. Then, we will use the fourth order compact scheme
derived in Section 2.2 to discretize the modified Helmholtz equation in space.

Consider the damped wave equation (4.1) at the nth time level for a given x ∈ D.
Applying central differences on the nth time level to (4.1) yields

δ2
t un + σδtun − τ2

12

(
∂4un

∂t4 + 2σ
∂3un

∂t3

)
+O(τ4) = c2∆un + Fn, (4.3)

where

δ2
t un =

un+1 − 2un + un−1

τ2 , δtun =
un+1 − un−1

2τ
.

Next, we will replace the high order derivatives contained in the ∼ τ2 term of equation
(4.3). Differentiating (4.1) once and twice with respect to t yields the third and fourth
order derivatives:

∂3u
∂t3 = c2∆

∂u
∂t
− σ

∂2u
∂t2 +

∂F
∂t

, (4.4a)

∂4u
∂t4 = c2∆

∂2u
∂t2 − σ

∂3u
∂t3 +

∂2F
∂t2 . (4.4b)

Combining (4.4a) - (4.4b) implies that

∂4un

∂t4 + 2σ
∂3un

∂t3 = (c2∆− σ2)
∂2un

∂t2 + σc2∆
∂un

∂t
+ σ

∂Fn

∂t
+

∂2Fn

∂t2

= (c2∆− σ2)δ2
t un + σc2∆δtun + δ2

t Fn +O(τ2), (4.5)

where σ ∂F
∂t = 0 since the source vanishes in the damping layer and the damping profile

vanishes in vacuum region Dvac. Substituting (4.5) into (4.3) produces

(
1 +

τ2

12
(σ2 − c2∆)

)
δ2

t un + σ
(
1− τ2c2

12
∆
)
δtun = c2∆un + Fn +

τ2

12
δ2

t Fn +O(τ4). (4.6)

Expanding (4.6), gathering terms on the upper time level, and dropping the error term
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O(τ4) yields

1
12

(
12
τ2 + σ2 +

6σ

τ

)
un+1 − c2

12

(
1 +

τσ

2

)
∆un+1 =

1
6

(
12
τ2 + σ2

)
un +

5c2

6
∆un

− 1
12

(
12
τ2 + σ2 − 6σ

τ

)
un−1 +

c2

12

(
1− τσ

2

)
∆un−1 +

1
12

(
Fn+1 + 10Fn + Fn−1

)
.

(4.7)

Rearranging (4.7) leads to the modified Helmholtz Equation

(∆− κ2)un+1 = f n+1, (4.8)

where

κ2 =
12
τ2 + σ2 + 6σ

τ

c2(1 + τσ
2 )

, (4.9)

will be referred to as the “wavenumber" and the RHS term is given by

f n+1 = −
12
τ2 + σ2

6c2(1 + τσ
2 )

un +
12
τ2 + σ2 − 6σ

τ

12c2(1 + τσ
2 )

un−1 − 5∆un

6(1 + τσ
2 )
−

1− τσ
2

1 + τσ
2

∆un−1

− Fn+1 + 10Fn + Fn−1

12(1 + τσ
2 )

. (4.10)

Discretizing (4.8) in space produces the discrete modified Helmholtz equation

Lh[κ
2]un+1 = h2Rh f n+1, (4.11)

where the left- and right-hand side operators are described in (2.25) and (2.26),
respectively. Note that, equation (4.8) implies ∆un+1 = f n+1 + κ2un+1 where the
“wavenumber" κ2 is defined in (4.9). This allows us to express the fourth order accurate
Laplacian ∆un+1 on the upper time level via the solution un+1 and the quantities that
pertain to the previous two time levels, including the Laplacian, see (4.10). Moreover,
∆u is zero on ∂D because the source term has compact support, u = 0 on ∂D, and the
propagation speed c(x ) > 0 for all x ∈ D. Therefore, we can treat the Laplacian as
an additional quantity to keep track of in our time marching scheme. For a complete
description of how to discretize the modified Helmholtz equation with fourth order
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accuracy in space, please see Section 2.2.
The fourth order compact scheme (4.11) will be solved using a multigrid method.

See (1.2.5) for a short description of multigrid and Table 1.1 for our particular settings
for multigrid. We can use the data from the previous time steps to provide a very
good initial guess to our multigrid method. According to the Taylor’s formula, we
have:

un±1 = un ± τ
∂un

∂t
+

τ2

2
∂2un

∂t2 ±
τ3

6
∂3un

∂t3 +
τ4

24
∂4un

∂t4 ±
τ5

120
∂5un

∂t5 +O(τ6).

Therefore,

un+1 = 2un − un−1 + τ2 ∂2un

∂t2 +
τ4

12
∂4un

∂t4 +O(τ6).

Replacing the second order time derivative in the previous formula with the expression
derived from damped wave equation (4.1), we obtain:

un+1 = 2un − un−1 + τ2
(

c2∆un + Fn − σ
∂un

∂t

)
+

τ4

12
∂4un

∂t4 +O(τ6).

Approximating the first order time derivative in this equation with central differences
and rearranging, we arrive at(

1 +
τσ

2

)
un+1 = 2un − (1− τσ

2
)un−1 + τ2

(
c2∆un + Fn

)
+O(τ4).

Then, we can use the initial guess

ũn+1 =
2un

1 + τσ
2
−

(1− τσ
2 )un−1

1 + τσ
2

+
τ2

1 + τσ
2

(
c2∆un + Fn

)
, (4.12)

for the multigrid solver for (4.11).

4.1.2 Stability Criteria

Let λ = λ(x ) denote the CFL number:

λ(x ) =
c(x )τ

h
,
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where h is the grid size in space and τ is the grid size in time. The following proof
was first presented in our work [58]. It is a generalization of the proof previously
published in [18], see also [96]. We will see that the additional damping term σ ∂u

∂t
incorporated into the wave equation doesn’t decrease the CFL number described in
Section 2.3.

Theorem 4.1.1. Let the discrete operator 1
h2Lh approximate the Laplacian ∆ and satisfy

� Lh is negative definite. In other words, there exists a real inner product (·, ·)
where (−Lhu, u) ≥ 0 and there exists two positive numbers 0 < Llower < Lupper

such that
0 < Llower‖u‖2 ≤ (−Lhu, u) ≤ Lupper‖u‖2,

where the norm is induced by the inner product.

� Lh is self-adjoint. In other words (Lhu, v) = (u,Lhv).

Then discretizing the homogeneous damped wave equation 1
c2

∂2u
∂t2 + σ ∂u

∂t = ∆u in time
according to (4.6) (or (4.7)) and approximating the Laplacian with 1

h2 Lh produces a
scheme which is conditionally stable provided

max
x

λ2(x ) ≤ 6
Lupper

.

Proof. After expanding (4.6) and replacing the Laplacian with Lh/h2, we obtain(
1

c2τ2 +
σ2

12c2

)
(un+1 − 2un + un−1) +

σ

2c2τ
(un+1 − un−1)

=
Lh

12h2

(
un+1 + 10un + un−1)+ τσLh

24h2 (un+1 − un−1)

=
Lh
h2

(
1

12
(un+1 − un)− 1

12
(un − un−1) + un

)
+

τσLh
24h2 (un+1 − un−1). (4.13)

Define the variable vn+1 = un+1 − un which satisfies

vn+1 − vn = un+1 − 2un + un−1,

vn+1 + vn = un+1 − un−1.
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Taking the inner product of h2(vn+1 + vn) with (4.13) yields

h2

c2τ2

(
1 +

τ2σ2

12

)
(vn+1 − vn, vn+1 + vn) +

h2

2c2τ

(
σ(vn+1 + vn), vn+1 + vn

)
=

(
Lhun +

1
12

Lh(vn+1 − vn), vn+1 + vn
)
+

τ

2

( σ

12
Lh(vn+1 + vn)vn+1 + vn

)
.

Since the CFL number λ = cτ/h, the previous equation simplifies to

1
λ

(
1 +

τ2σ2

12

)
(‖vn+1‖2 − ‖vn‖2) +

h2

2c2τ

(
σ(vn+1 + vn), vn+1 + vn)

=
1
12
(
(Lhvn+1, vn+1)− (Lhvn, vn)

)
+ (Lhun, un+1 + vn)

+
τ

2
( σ

12
Lh(vn+1 + vn), vn+1 + vn),

where we have used the self-adjoint property of Lh to eliminate the cross terms.
Rearranging the last equation, we have

1
λ2

(
1 +

τ2σ2

12

)
‖vn+1‖2 − 1

12
(Lhvn+1, vn+1) +

h2

2c2τ

(
σ(vn+1 + vn), vn+1 + vn)

=
1

λ2

(
1 +

τ2σ2

12
)
‖vn‖2 − 1

12
(Lhvn, vn) + (Lhun, vn+1 + vn)

+
τ

2
( σ

12
Lh(vn+1 + vn)vn+1 + vn). (4.14)

Substituting the identity

(Lhun, vn+1 + vn)− (Lhun, un+1 − un−1)

=
1
4

(
(Lhvn, vn)− (Lhvn+1, vn+1)− (Lh(un + un−1), un + un−1)

+ (Lh(un + un+1), un + un+1)

)
,

into (4.14) and rearranging, we arrive at

En+1 = En −
h2

2c2τ

(
σ(vn+1 + vn), vn+1 + vn)+ τ

2

( σ

12
Lh(vn+1 + vn)vn+1 + vn

)
,
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where the energy

En =
1

λ2

(
1 +

σ2τ2

12

)
‖vn‖2 +

1
6
(Lhvn, vn)− 1

4
(Lh(un + un−1), un + un−1).

Note that the inner product satisfies the inequality

σmin‖vn+1 + vn‖ ≤
(
σ(vn+1 + vn), vn+1 + vn) ≤ σmax‖vn+1 + vn‖,

and
(

σ
12Lh(vn+1 + vn), vn+1 + vn) ≤ 0 when σ is constant. Therefore, {En}n≥0 is a

non-increasing sequence. All that’s left to show is that En is equivalent to some norm.
Using the property 0 < Llower‖u‖2 ≤ (−Lhu, u) ≤ Lupper‖u‖2 one can show that(

1
λ2 −

1
6

Lupper

)
‖vn‖2 +

Llower

4
‖un + un−1‖2 ≤ En ≤(

1
λ2 −

1
6

Llower

)
‖vn‖2 +

Lupper

4
‖un + un−1‖2.

Therefore En is equivalent to ‖un − un−1‖2 + ‖un + un−1‖2 which is equivalent to
‖un‖2 + ‖un−1‖2 if and only if 1

λ2 − 1
6 Lupper ≥ 0. Taking the maximum over all x

completes the proof.

Thus the addition of the damping term to the acoustic wave equation doesn’t affect
the size of the CFL number. So the CFL number predicted in Section 2.3 will remain
the same. In other words the CFL for the time marching scheme of the sponge layer is

max
x

λ(x) ≤
√

5
8

.

4.1.3 Damping Profile

In this section, we will explicitly define the damping profile σ(x ) described in (4.1).
Recall that, the damping profile needs to be zero inside the vacuum region Dvac where
the damped wave equation is supposed to coincide with the original wave equation
of (1.4). However, the damping profile is positive inside the damping layer D \ Dvac.
We will construct the overall damping profile as a linear combination of individual
damping profiles that vary along the x, y, and z axes, respectively. Consider the shape
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function

s(x) =
1
2
+

arctan α(2x− 1)
2 arctan α

, x ∈ [0, 1], α > 0, (4.15)

which we show in Figure 4.1 for several values of α. The shape function (4.15) is a

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0 = 1.0
= 2.0
= 4.0
= 8.0

Figure 4.1: Plots of the shape function (4.15) for several values of α.

monotonically increasing function over [0, 1] with the maximum value of one and
minimum value of zero. We will use this shape function to construct a damping profile
that varies along one direction. Accordingly,

σ(x)(x) =


σmaxs (|x−x̄r|/`) if x̄r < x ≤ x̄r + `

0 if x̄l ≤ x ≤ x̄r

σmaxs (|x−x̄l |/`) if x̄l − ` ≤ x < x̄l

, (4.16)

where the shape function s is defined in (4.15) and σmax > 0. Figure 4.2 shows several
examples of the profile (4.16). By construction, the univariate damping profile (4.16) is
non-zero in the damping layer, but zero in the vacuum region. Finally we will define
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Figure 4.2: Plots of the univariate damping profile (4.16) assuming x̄l = −5.0, x̄r = 5.0,
` = 5.0, and σmax = 1.0 for several values of α. The interval between the two vertical
blue lines represents the vacuum region. The interval between the vertical blue line
and vertical red line is the damping region.

the overall damping profile as follows

σ(x, y, z) = σ(x)(x) + σ(y)(y) + σ(z)(z),

where the univariate damping profiles are given by (4.16). In principle, (4.15) is not
the only choice and we could use any increasing function s(x) satisfying s(0) = 0 and
s(1) = 1 where 0 ≤ s(x) ≤ 1 for each x ∈ [0, 1]. However, we observed in [58] that the
sensitivity of the error to the shape of the profile was low. In addition, we observed
that increasing σmax did not substantially improve the error either. Hence, we will
only consider σmax = 1 and focus on increasing the sponge layer thickness ` to reach
the desired level of accuracy.

4.1.4 Numerical Simulations with the Sponge Layer

In this section we show that the exterior problem (1.4) truncated with the sponge layer
can be solved with fourth order accuracy provided that the sponge layer is sufficiently
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thick. We will measure the error of our scheme using the infinity norm

‖u− uh‖∞ = max
n

max
(xi,yj,zk)∈Dvac

|u(xi, yj, zk, tn)− uh(xi, yj, zk, tn)|, (4.17)

where u is a smooth solution to the exterior problem (1.4) and uh is a discrete solution
to (4.1) on a uniform grid with spatial size h and time step of τ, The vacuum region
in (4.17) is Dvac = [−x̄, x̄]3, while the uniform grid with size h extends over the entire
computational domain D = [−(x̄ + `), x̄ + `]3. The rate of convergence is defined as

rate = log
(
‖u− u2h‖∞

‖u− uh‖∞

)
/ log(2). (4.18)

The performance of the algorithm will be tested by solving a constant-coefficient
wave equation subject to the homogeneous initial conditions, which is a particular
realization of (1.4):

∂2u
∂t2 − ∆u = F(x , t), (x , t) ∈ R3 × (0, ∞),

u(x , 0) = 0, x ∈ R3,
∂u
∂t

(x , 0) = 0, x ∈ R3,

(4.19)

The specific test solutions to (4.19) that we are going to use are as follows.

Test solution 1. The solution u = uTest
7,1.5 (see formula (A.3)) and source term F = FTest

7,1.5

(see formula (A.5)) are generated by the wavelet S(t) = 5(1− 12t2)e−6t2
centered at

the origin (x0, y0, z0) = (0, 0, 0) with the translation t0 = 3.

Test solution 2. The solution u = uTest
7,1.0 (see formula (A.3)) and source term F = FTest

7,1.0

(see formula (A.5)) are generated by the sinusoidal pulse S(t) = 3 sin
(
8t
)
e−6t2

cen-

tered at (x0, y0, z0) =
(

15
100 , 15

100 , 15
100

)
with the translation t0 = 4.0.

Recall that, there are two sources of error: the reflection error due to replacing the
exterior problem (1.4) with the damped wave equation (4.1) and the discretization
error due to approximating (4.1) with the fourth order compact scheme. The total error
E(h,`) = ẼSponge + Ẽh where the discretization error Ẽh = O(h4) and the reflection error
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ẼSponge decreases as the thickness of the sponge layer, `, increases. If |ẼSponge| � |Ẽh|
the quotient log

(
E(2h,`)/E(h,`)

)
≈ 4. Once |ẼSponge| ≈ |Ẽh|, refining the grid no longer

improves the error since the reflection errors don’t depend on the grid size h. This
behavior is clearly demonstrated in Figure 4.3. When t < 5.0 there’s a clear separation
between the graphs which appear to be fourth order convergent up to that point.
However, when t ≈ 7.0 the graphs on the two finest grids begin to overlap. Beyond
this point in time the graphs are nearly identical. As a consequence the convergence
rate (4.18) is nearly zero on the two finest grids.

0 5 10 15 20 25 30 35
Time

10 6

10 5

10 4

10 3

10 2

10 1

100

Er
ro

r

65x65x65
129x129x129
257x257x257

Figure 4.3: Plots of the error history for Test Solution 1 (page 90) when Dvac =
[−2.0, 2.0]3 and the sponge thickness ` = 5.0.

There is a delicate balancing act that needs to be considered when trying to
demonstrate fourth order accuracy. On one hand, we should choose a sufficiently thick
sponge layer to guarantee that |ẼSponge| � |Ẽh| where h is the grid size of our finest
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grid. If the sponge layer is sufficiently thick

log
(

E(2h,`)/E(h,`)
)

/ log 2 ≈ 4.

However there is a penalty making the sponge layer too thick. Suppose the vacuum
region Dvac is fixed and we discretize the computational domain using an N × N × N
grid on our finest grid. If we increase the sponge layer thickness beyond what is neces-
sary to produce fourth order convergence, the diameter of the computational domain
concomitantly increases the discretization error. We will need to experiment with the
sponge layer thickness to strike the right balance. Table 4.1 and 4.2 demonstrate fourth
order accuracy for the test problems.

Table 4.1: Error of Test Solution 1 (page 90) where Dvac = [−2, 2]3, the sponge
thickness ` = 19

2 , and the terminal time T = 35.

grid error rate avg # MGCYC
65× 65× 65 7.145e-01 —– 4.81

129× 129× 129 1.526e-02 5.55 3.99
257× 257× 257 9.477e-04 4.01 3.79

4.2 High Order Non-Reflective Boundary Condition

In this section, we will discuss the truncated exterior problem (4.2). To be more specific,
in Section 4.2.1 we present the discretization of (4.2) in time by means of the θ-scheme
[23, 68]. It produces a one parameter family of elliptic PDEs which require only three
levels in time with an artificial boundary condition (Section 1.2.2) imposed on the

Table 4.2: Error of Test Solution 2 (page 90) where Dvac = [−2, 2]3, the sponge
thickness ` = 17

2 , and the terminal time t = 35.

grid error rate avg # MGCYC
65× 65× 65 3.935e-01 —– 4.17

129× 129× 129 3.179e-02 3.63 3.76
257× 257× 257 6.992e-04 5.51 3.39
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boundary of the spherical domain. In Section 4.2.2, we discuss how to solve the
aforementioned elliptic PDE using the method of difference potentials. Finally, Section
4.2.3 shows that if the order of the artificial boundary condition is sufficiently high
our simulations are fourth order accurate.

4.2.1 Semi Discrete Approximation in Time

When applying the θ-scheme [23, 68] to (4.2) we obtain the modified Helmholtz
equation on the upper time level subject to the chosen ABC at the outer boundary:

∆un+1 − κ2un+1= f n+1, x ∈ Ω,

Bpu = 0, x ∈ Γ,
(4.20)

where the wavenumber κ2(x ) is defined in (2.6) and the RHS f n+1 is defined recur-
sively in (2.8a) (or (2.8b)). Section 2.1 gives the details on how the modified Helmholtz
equation was derived. The NRBC Bpu = 0 is given by (1.10a) - (1.10b). In the subse-
quent section, we will discuss how to solve the elliptic boundary value problem (4.20)
with fourth order accuracy in space using the method of difference potentials.

4.2.2 Advancing the time marching scheme with MDP

In this section, we solve the boundary value problem (4.20) using the MDP (see
Section 3.2 for detail). The method of difference potentials first embeds Ω into a
simple auxiliary domain and construct an auxiliary problem which coincides with
(4.20) on Ω. By solving the AP, we compute difference potentials that are the discrete
counterparts of Calderón’s potentials. The discrete solution to (4.20) on the grid
boundary γ (a fringe of nodes around the continuous boundary Γ) satisfies the
inhomogeneous boundary equation with projection. On the other hand, it can be
represented with the affine operator known as the extension operator. Substituting the
spectral representation of the extension operator into the inhomogeneous boundary
equation with projection and the artificial boundary condition, can solve the BEP and
obtain the discrete solution on γ. Once it is known, the overall solution of (4.20) is
obtained in the form of a difference potential.
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First, we will consider a continuous auxiliary problem

∆wn+1 − κ2(x )wn+1 = gn+1, x ∈ Ω0,

wn+1 = 0, x ∈ Γ0,
(4.21)

where Ω0 is a cube which contains Ω and gn+1 is an arbitrary right-hand side function
on the upper time level. In order to solve (4.20) using the MDP, we need the capacity
to solve the AP (4.21) for a number of different RHSs, not just the RHS term which
comes from (4.20). The discrete counterpart to the auxiliary problem (4.21) is given by

Lh[κ
2]wn+1 = gn+1, xh ∈ Ω0

h,

wn+1 = 0, xh ∈ Γ0
h,

where the LHS operator of the fourth order compact scheme is defined in (2.25) and
Ω0

h (Γ0
h) is the discretization grid on Ω0 (Γ0). The discrete solution to (4.20) is obtained

with the help of Theorem 3.2.1. First, we represent the unknown discrete density un+1
γ

using the extension operator derived in Section 3.2.4. Then, we solve the discrete BEP
(3.7) to find the density un+1

γ and employ the generalized Green’s formula (3.8) to
compute the solution un+1

N+ once the density un+1
γ = Trγun+1

N+ is known.
The domain Ω of problem (4.2) is chosen so that the source term F is compactly

supported on Ω. Therefore, with no loss of generality we can assume that the source
term vanishes in the vicinity of Γ. In addition, there exists a ball contained in Ω such
that the propagation speed is constant on its compliment. Hence, there exists c∞ > 0
such that c(x ) = c∞ for all x ∈ Γ. If we follow the same approach as Section 3.2.4
(assuming the speed is constant and the source term is zero near Γ), then the extension
operator satisfies

Exξξξn+1
Γ = ExHξξξn+1

Γ +Ex n+1
I , (4.22)

where the linear portion of the affine operator (4.22) can be written as follows

ExHξξξn+1
Γ = A0c

n+1
0 +A1c

n+1
1 . (4.23)
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For the matrices A0 and A1 in (4.23) we have

Ai =
[
ExHψψψ

(i)
0,0 ExHψψψ

(i)
1,−1 ExHψψψ

(i)
1,0 ExHψψψ

(i)
1,1 · · · ExHψψψ

(i)
L,L

]
, i ∈ {0, 1} (4.24)

where the columns are given by

ExHψψψ
(0)
lm =

[
1 +

$2

2

(
dn+1

0
c2

∞
+

l(l + 1)
r2

)
− $3

6

(
2dn+1

0
c2

∞r
+

4l(l + 1)
r3

)

+
$4

24

(
dn+1

0

(
8 + 2l(l + 1)

c2
∞r2

)
+

d̃n+1
0
c4

∞
+

l2(l + 1)2 + 18l(l + 1)
r4

)]
ψψψ
(0)
lm ,

ExHψψψ
(1)
lm = $ +

$2

r
+

$3

6

(
dn+1

1
c2

∞
+

6 + l(l + 1)
r2

)
− $4

24

(
4dn+1

1
c2

∞r
+

8l(l + 1) + 24
r3

)
ψψψ
(1)
lm ,

and the vectors of Fourier coefficients cn+1
0 , cn+1

1 are introduced in (3.25). The inho-
mogeneous term of the extension operator (4.22) is given by

Ex n+1
I =

L

∑
l=0

l

∑
m=−l

{[
$2

2c2
∞
− $3

3c2
∞r

+
$4

24

(
8 + 2l(l + 1)

c2
∞r2

)]
ψψψ
(0)
lm

J0

∑
j=0

dn−j
0 c(0,n−j)

lm

+

[
$3

6c2
∞
− $4

6c2
∞r

]
ψψψ
(1)
lm

J1

∑
j=0

dn−j
1 c(1,n−j)

lm +
$4

24c2
∞

ψψψ
(0)
lm

(
J̃0

∑
j=0

d̃n−j
0 c(0,n−j)

lm

)}
. (4.25)

Using the extension operator (4.22), we can represent the discrete density as un+1
γ =

Exξξξn+1
Γ , where ξξξn+1

Γ is given by the truncated series (3.20) with the coefficients cn+1
0 ,

cn+1
1 .

We know the discrete density must satisfy the inhomogeneous BEP (3.7). Therefore,
substituting un+1

γ = Exξξξn+1
Γ into (3.7), we have

Q0c
n+1
0 +Q1c

n+1
1 = −TrγGh f̃ n+1

R − qn+1
I , (4.26)

where

Qi = (Pγ − Iγ)Ai ∈ C|γ|×(1+L)2
, i ∈ {0, 1}, (4.27a)

qn+1
I = (Pγ − Iγ)Ex n+1

I ∈ C|γ|. (4.27b)

The matrices Ai ∈ C|γ|×(1+L)2
for i ∈ {0, 1} are defined in (4.24) and the inhomoge-
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neous term Ex n+1
I is defined in (4.25). In order to determine the Fourier coefficients

cn+1
0 , cn+1

1 we will supplement (4.26) with the high order NRBC. Substituting the
spectral representation

vj =
∞

∑
l=1

l

∑
m=−l

v(j)
lmYm

l (θ, ϕ),

into the pth order NRBC (1.10a) - (1.10b), we obtain

1
c∞

∂u
∂t

+
∂u
∂r

+
u
R

=
∞

∑
l=1

l

∑
m=−l

(vlm · e1)Ym
l (θ, ϕ), (4.28a)

∂vlm
∂t

= Blvlm −
l(l + 1)c∞

2R2

〈
u, Ym

l

〉
e1, (4.28b)

where each Bl is a tridiagonal matrix

Bl =



− 1
c∞R 1 0 0 · · · 0

2(1)−l(l+1)
4R2 − 2

c∞R 1 0 · · · 0
... . . . ...

0 · · · 0 (p−1)(p−2)−l(l+1)
4R2 − (p−1)

c∞R 1

0 · · · 0 p(p−1)−l(l+1)
4R2 − p

c∞R


∈ Rp×p,

(4.29)
the vector of auxiliary variables is

vlm = [v(1)lm , v(2)lm , · · · , v(p)
lm ]T ∈ Cp, (4.30)

the first canonical basis vector is e1 = [1, 0, · · · , 0]T ∈ Rp, and the weighted inner
product 〈·, ·〉 is defined in (B.1).

We would like to rewrite (4.28a) - (4.28b) completely in terms of the spherical
harmonics. To do this, we will approximate the first order derivatives in time with
an implicit multistep method on the upper time level and subsequently replace
the trace with its spectral representation. Then, we will exploit the fact that the
spherical harmonics are orthogonal to simplify the final expression. Specifically, we
will discretize (4.28a) - (4.28b) in time using the implicit linear multistep method
known as backward differentiation formula of order q (BDFq) which approximates
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the ODE dw
dt = g and is written as

wn+1 +
q

∑
i=1

aiwn+1−i = τb0gn+1. (4.31)

Applying (4.31) to (4.28a) - (4.28b), we arrive at

−
q

∑
i=1

aiun+1−i =

(
1 +

τb0c∞

R

)
un+1 + τb0c∞

(
∂un+1

∂r
−

∞

∑
l=1

l

∑
m=−l

(
vn+1

lm · e1

)
Ym

l (θ, ϕ)

)
,

−
q

∑
i=i

aiv
n+1−i
lm =

(
Ip×p − τb0Bl

)
vn+1

lm +
τb0l(l + 1)c∞

2R2 〈un+1, Ym
l 〉e1.

Substituting the spectral representations

un =
∞

∑
l=0

l

∑
m=−l

c(0,n)
lm Ym

l (θ, ϕ)
∂un

∂r
=

∞

∑
l=0

l

∑
m=−l

c(1,n)
lm Ym

l (θ, ϕ),

into the above then taking the inner product with Ym′
l′ yields

−
q

∑
i=1

aic
(0,n+1−i)
l′m′ =

(
1 +

τb0c∞

R

)
c(0,n+1)

l′m′ + τb0c∞c(1,n+1)
l′m′ − τb0c∞(1− δl′0)

(
vn+1

l′m′ · e1

)
,

for l′ = 0, 1, 2, · · · and m′ = −l′, · · · , l′. Then, (4.28a) - (4.28b) can be approximated
with

−
q

∑
i=1

aic
(0,n+1−i)
lm =

(
1 +

τb0c∞

R

)
c(0,n+1)

lm + τb0c∞c(1,n+1)
lm − τb0c∞(1− δl0)

(
vn+1

lm · e1

)
,

(4.33a)

−
q

∑
i=i

aiv
n+1−i
lm =

(
Ip×p − τb0Bl

)
vn+1

lm +
τb0l(l + 1)c∞

2R2 c(0,n+1)
lm e1, (4.33b)

where l = 0, 1, 2, · · · and m = −l, · · · , l. Finally we can combine (4.33a) - (4.33b) to
obtain

−
q

∑
i=1

aic
(0,n+1−i)
0,0 =

(
1 +

τc∞b0

R

)
c(0,n+1)

0,0 + τc∞b0c(1,n+1)
0,0 , (l, m) = (0, 0), (4.34a)

−
q

∑
i=1

aiṽ
n+1−i
lm = B̃lṽ

n+1
lm + τc∞b0c(1,n+1)

lm ẽ1, l = 1, 2, · · · , m = −l, · · · , l, (4.34b)
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where

B̃l =

(
1 + τb0c∞

R −τb0c∞eT
1

τb0c∞l(l+1)
2R2 e1 Ip×p − τb0Bl

)
∈ Rp+1×p+1, (4.35)

is a tridiagonal matrix where Bl (def. (4.29)) is a p× p real tridiagonal matrix, Ip×p is
the identity matrix of rank p, the canonical unit vector ẽ1 = [1, 0, · · · , 0]T ∈ Rp+1, and

ṽn+1
lm =

(
c(0,n+1)

lm
vn+1

lm

)
,

where the auxiliary variables vlm are defined in (4.30). We will only consider the
Fourier coefficients associated with the indices (l, m) for l = 0, 1, · · · , L and m =

−l, · · · , l. For numerical simulations, we assume that v(j)
0,0 = 0 for j = 1, 2, · · · , p on

every time level. There are three sets of Fourier coefficients that we need to keep track
of: the Fourier coefficients of the Dirichlet data, cn+1

0 , the Fourier coefficients of the
Neumann data, cn+1

1 , and the Fourier coefficients of the auxiliary variables, vn+1
lm , for

l = 1, · · · , L and m = −l, · · · , l. However, a simple rearrangement of (4.34a) - (4.34b)
can eliminate the auxiliary variables on the upper time level from the Dirichlet and
Neumann coefficients on the upper time level. As a consequence (4.34a) - (4.34b) can
be rearranged to produce

−
q

∑
i=1

aic
(0,n+1−i)
0,0

1 + τc∞b0/R
= c(0,n+1)

0,0 +
τc∞b0

1 + τc∞b0/R
c(1,n+1)

0,0 , (l, m) = (0, 0), (4.36a)

−B̃−1
l

(
q

∑
i=1

aiṽ
n+1−i
lm

)
= ṽn+1

lm + τc∞b0c(1,n+1)
lm B̃−1

l ẽ1, l = 1, · · · , L, m = −l, · · · , l.

(4.36b)

Notice how (4.36a) and the first block component of (4.36b) only depend on the
Fourier coefficients of the Dirichlet and Neumann data on the upper time level, while
the RHS terms are composed of known quantities from previous time levels. We will
use this to construct a condition which resembles of Robin boundary condition. If
we take (4.36a) and first component of (4.36b), it produces the "Robin-like" boundary
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condition

M0c
n+1
0 +M1c

n+1
1 = cn+1

NRBC, (4.37)

where cn+1
0 and cn+1

1 are defined in (3.25), the matrices M0 and M1 are diagonal, and
cn+1

NRBC contains known Fourier coefficients from previous time steps. Solving (4.37) for
cn+1

0 and substituting the expression into (4.26), we obtain(
Q1 −Q0M

−1
0 M1

)
cn+1

1 = −Q0M
−1
0 cn+1

NRBC −TrγGh f̃ n+1
R − qn+1

I , (4.38)

where the matrices Q0,Q1 ∈ C|γ|×(1+L)2
are defined in (4.27a), the vector qn+1

I is
defined in (4.27b), the RHS term f̃ n+1

R is defined in (3.6), and the solution operator,
Gh, is defined in (3.4). Since the total number of columns (1 + L)2 � |γ|, we can
solve the over-determined system for cn+1

1 using QR factorization of the LHS matrix
of (4.38). Then we can compute the Dirichlet Fourier coefficients cn+1

0 with (4.37).
Finally, we can compute the Fourier coefficients of the auxiliary variable vn+1

lm for
l = 1, · · · , L and m = −l, · · · , l with (4.34b). Once the Fourier coefficients are obtained,
we can compute the density un+1

γ = Exξξξn+1
Γ using the extension operator (4.22),

then substitute the result into the generalized Green’s formula (3.8) to solve the
discrete modified Helmholtz equation at every time step. The proposed computational
procedure is summarized in Algorithms 9, 10, and 11.

4.2.3 Numerical Simulations with NRBC

In this section, we show that the exterior problem (1.4) truncated with the NRBC(p)
given by (1.10a) - (1.10b) can be solved with fourth order accuracy using the MDP. We
will measure the error of our scheme by means of the infinity norm

‖u− uh‖∞ = max
n

max
(xi,yj,zk)∈M+

|u(xi, yj, zk, tn)− uh(xi, yj, zk, tn)|,

where u is a smooth solution to the exterior problem (1.4) and uh is a discrete solution
to (4.2) with high order NRBC(p) of (1.10a) - (1.10b) on a uniform grid with spatial
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Algorithm 9 Preprocessing phase of the full time marching scheme for solving (4.2).

1: function PreprocessingNRBC(x̄l, x̄r, `, cmax, c∞, L, q, p)
2: N = 2` − 1 and the uniform step size h = (x̄r−x̄l)/N+1.
3: Compute the uniform time step τ using the CFL number 2.32.
4: Create structure associated with the FSHT.
5: Create structure associated with the complex valued multigrid with ` levels.
6: Store the grid sets N0, M0, N±, M±, γ, γ±, γproj (def. (3.2.1)) assuming Ω0 =

[x̄l, x̄r]3.
7: Store the spherical harmonics

(
Ym

l (θ, ϕ)
)

0≤l≤L,|m|≤l for every node in γproj.
8: Store the matrices A0,A1 (def. (4.24)).
9: Store the matrices needed to construct Ex n+1

I (def. (4.25)).
10: Store Q0,Q1 (def. (4.27a))
11: Precompute the tridiagonal matrices B̃l (4.35) for l = 0, · · · , L assuming BDFq.
12: Store the diagonal matrices M0 and M1 (4.37).
13: Compute the QR factorization of

(
Q1 −Q0M

−1
0 M1

)
Algorithm 10 Initialization phase of the full time marching scheme for solving (4.2).

1: function InitializeNRBC(c(x ), N+, M+, γ+, γproj)
2: For each xh ∈N+ let u0 = 0 and u1 = 0.
3: For each xh ∈M+ let f 0

R = 0 and f 1
R = 0. u1.

4: For each xh ∈N+ store the speed c(xh).
5: Compute nΓ = max

(
q + 1, J0 + 2, J1 + 2, J̃0 + 2, J̃1 + 2

)
6: Set the Fourier coefficients 0 = cn

0 = cn
1 for n = 1, 0,−1, · · · ,−(nΓ − 2).

7: Set the Fourier coefficients 0 = vn
lm for n = 1, 0,−1, · · · ,−(nΓ − 2)

size h and time step τ. The rate of convergence is defined as in (4.18):

rate = log
(
‖u− u2h‖∞

‖u− uh‖∞

)
/ log(2).

We will demonstrate the performance of the algorithm by solving the wave equation
subject to the homogeneous initial conditions. In the case of a constant propagation
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Algorithm 11 Advancement portion of the full time marching scheme for solving
(4.2).

1: function AdvanceFOCS(h, τ, tn+1, T, N+, M+, γ)
2: For each xh ∈N+ compute gn+1 = −144un

τ2c2 − 1
c2 (Fn+1 + 10Fn + Fn−1).

3: For each xh ∈M+ apply the RHS operator i.e. gn+1
R = h2Rhgn+1.

4: Assemble the recursive RHS f̃ n+1
R = −10 f̃ n

R − f̃ n−1
R + gn+1

R on M+.
5: Compute Gh f̃ n+1

R using the initial guess ũn+1 = 2un − un−1 + τ2(c2(x )∆hun +
Fn).

6: Compute Ex n+1
I and qn+1

I = (Pγ − Iγ)Ex n+1
I

7: Assemble the Fourier coefficients cn+1
NRBC

8: solve
(
Q1 −Q0M

−1
0 M1

)
cn+1

1 = −Q0M
−1
0 cn+1

NRBC −TrγGh f̃ n+1
R − qn+1

I with
QR factorization.

9: Compute cn+1
0 knowing cn+1

NRBC = M0c
n+1
0 +M1c

n+1
1

10: Compute the density un+1
γ = Exξξξn+1 with cn+1

0 , cn+1
1 , and Ex n+1

I .
11: Compute the solution un+1

N+ = PN+un+1
γ +Gh f̃ n+1

R |N+ .
12: if tn+1 < T then
13: tn+1 = tn+1 + τ.
14: For every xh ∈N+ un−1 = un, un = un+1.
15: For every xh ∈M+ f̃ n−1

R = f̃ n
R, f̃ n

R = f̃ n+1
R .

16: Reindex the Fourier coefficients in a similar manner
17: else
18: STOP the scheme.

speed we have:

∂2u
∂t2 − ∆u = F(x , t), (x , t) ∈ R3 × (0, ∞),

u(x , 0) = 0, x ∈ R3,
∂u
∂t

(x , 0) = 0, x ∈ R3,

(4.39)

The following three test solutions for problem (4.39) will be used.

Test Solution 1. The solution u = uTest
7,1.5 (see formula (A.3)) and source term F = FTest

7,1.5

(see formula (A.5)) are generated by the wavelet S(t) = 5(1− 12t2)e−6t2
centered at

the origin (x0, y0, z0) = (0, 0, 0) with the translation t0 = 3. Since the test solution is
radially symmetric and centered at the origin, the direction of propagation is normal
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to the spherical artificial boundary. This is the best case scenario for an absorbing
boundary condition. We take Ω to be the ball of radius 1.5 centered at the origin and
the auxiliary domain is a cube [−2, 2]3.

Test Solution 2. The solution u = uTest
7,1.0 (see formula (A.3)) and source term F = FTest

7,1.0

(see formula (A.5)) are generated by the sinusoidal pulse S(t) = 3 sin
(
8t
)
e−6t2

cen-

tered at (x0, y0, z0) =
(

15
100 , 15

100 , 15
100

)
with the translation t0 = 4.0. This test problem is

more demanding than Test Solution 1 since the solution is not centered at the origin.
As a consequence, the direction of propagation is not always normal to the spherical
artificial boundary and the absorption may be weaker. In addition, the current test
solution is more oscillatory than than Test Solution 1. We take Ω to be a ball of radius
1.5 centered at the origin and the auxiliary domain is a cube [−2, 2]3.

Test Solution 3. The solution u =
∂2uTest

12,.75
∂x∂y (see formula (A.3)) and source term F =

∂2FTest
12,.75

∂x∂y (see formula (A.5)) are generated by the function

S(t) =

sin11 (πt
5

)
+ 1√

3
sin11

(
πt

5
√

2

)
t > 0

0 t ≤ 0
, (4.40)

centered about the point (x0, y0, z0) =
(

1
2 , 0, 1

4

)
with the translation t0 = 0.20. This

test problem was deliberately chosen to produce additional spurious reflections. Dif-
ferentiating (A.3) and (A.5) and translating the center (x0, y0, z0) away from the origin
creates asymmetries which makes the absorbing boundary less effective. In addition,
the function S(t) of (4.40) does not vanish as t→ ∞ and is not periodic in time. As a
consequence the source term provides continuous output in time once it “activates."
We take Ω to be a ball of radius 1.5 centered at the origin and the auxiliary domain is
a cube [−2, 2]3.
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Test Solution 4. Here, we consider a variable-coefficient wave equation:

∂2u
∂t2 − c2(x )∆u = F(x , t), (x , t) ∈ R3 × (0, ∞),

u(x , 0) = 0, x ∈ R3,
∂u
∂t

(x , 0) = 0, x ∈ R3,

(4.41)

where the propagation speed is given by c2(x, y, z) = 4
5 +

1
5 e−20(x2+y2+z2). The solution

of (4.41) u = uTest
7,1.0 (see formula (A.6)) and source term F = FTest

7,1.5 (see formula (A.7))
are generated by the wavelet S(t) = 3 sin

(
8t
)
e−6t2

centered at the origin (x0, y0, z0) =

( 15
100 , 15

100 , 15
100) with the translation t0 = 3. This is a variable speed counterpart to Test

Solution 2.
Recall from the discussion in Section 1.2.2 that, there are two sources of error:

the reflection error due to replacing the exterior problem (1.4) with the truncated
problem (4.2) and the discretization error from approximating the truncated problem
(4.2) on the grid. Suppose that the overall error of the scheme satisfies E(h,p) =

ẼNRBC(p) + Ẽh where the discretization error Ẽh = O(h4) and the reflection error
ẼNRBC(p) = O

(
|diam(Ω)|−2p−1) for a given Ω. For the discretization error we have

lim sup
h→0

|Ẽh| = 0,

while for the reflection error on a given Ω we can write

lim sup
p→∞

|ẼNRBC(p)| = 0.

To conduct a grid refinement analysis of our test problems, we will choose a sufficiently
large p so that |ẼNRBC(p)| � |Ẽh|. As a consequence, log (|E(2h,p)|/|E(h,p)|)/ log (2) ≈ 4
for all sufficiently small h, which implies fourth order grid convergence. However,
for a given p, there exists a sufficiently fine grid size h0 such that |ẼNRBC(p)| ≈ |Ẽh0 |.
Hence, E(h,p) ≈ E(h0,p) whenever h ≤ h0, which implies that refining the grid further
does not improve the overall error. We observe this behavior in Figure 4.4. Indeed, the
graphs on the top and middle plots overlap for several stretches in time. However,
the bottom plot of Figure 4.4 shows fourth order convergence since the order of the
ABC is sufficiently large. The main takeaway is that we should choose p sufficiently
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large so that the reflection errors are much smaller than the discretization error on
our finest grid.

Table 4.3 demonstrates fourth order convergence (in the sense described above) for
the Test Solutions 1, 2, 3, and 4.
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Figure 4.4: Error History for Test Solution 3 assuming L = 25 for several different
NRBCs.
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Table 4.3: Error of Test Solutions 1 – 4 when using NRBC(8). The uniform time step τ
is 98% of the maximum CFL shown in (2.32) and the terminal time is T = 10.0. The
order of the spherical harmonics expansion is L = 25. The setting of the multigrid
method is summarized in Table 1.1.

CPUTIME (sec.) Average # MGCYCs
h error conv. rate Preprocessing Avg Solve MHE Gh f̃ n+1

R qn+1
I PN+un+1

γ

Ex
am

pl
e

1 4/33 4.979e-01 —– 1.801e+01 7.765e-02 4.30 3.91 3.85
4/65 3.262e-02 3.93 2.676e+02 6.522e-01 3.94 3.47 3.39
4/129 2.281e-03 3.84 3.852e+03 5.988e+00 3.66 3.25 3.21
4/257 1.698e-04 3.75 2.089e+04 3.201e+01 3.36 2.96 2.92

Ex
am

pl
e

2 4/33 5.332e-01 —– 1.802e+01 7.182e-02 3.74 3.43 3.39
4/65 4.166e-02 3.68 3.090e+02 6.082e-01 3.40 3.07 3.07
4/129 2.594e-03 4.01 3.345e+03 5.360e+00 3.31 2.94 2.91
4/257 1.707e-04 3.92 2.114e+04 2.868e+01 3.09 2.70 2.69

Ex
am

pl
e

3 4/33 9.410e-01 —– 1.800e+01 1.620e-01 4.64 4.47 4.51
4/65 7.361e-02 3.68 2.775e+02 1.514e+00 4.63 4.42 4.44
4/129 4.616e-03 4.00 3.353e+03 1.331e+02 4.64 4.40 4.41
4/257 2.841e-04 4.02 2.099e+04 8.590e+02 4.63 4.39 4.39

Ex
am

pl
e

4 4/33 7.366e-01 —– 1.904e+01 9.212e-02 3.87 3.64 3.59
4/65 7.708e-02 3.24 2.901e+02 8.242e-01 3.99 3.53 3.52
4/129 4.453e-03 4.11 4.144e+03 6.801e+00 3.96 3.35 3.28
4/257 3.097e-04 3.85 2.288e+04 4.125e+01 3.61 3.21 3.05
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Chapter 5

EXTERIOR SCATTERING
PROBLEM

Consider the exterior problem (1.5). To solve this problem with a conventional ap-
proach such as a finite difference or finite element method, one needs to truncate the
domain of (1.5) so that the computational domain becomes finite. We use a spherical
artificial outer boundary for truncation. Accordingly, the truncated domain is a spher-
ical shell. The inner boundary of the shell coincides with the scattering surface while
an ABC is to be imposed on the outer boundary of the shell to absorb any outgoing
wave. If the spherical shell is defined as

Ω = {x | R1 ≤ ‖x‖2 ≤ R0}, (5.1)

then the truncation of (1.5) yields

∂2u
∂t2 − c2(x )∆u = 0, x ∈ Ω× (0, T],

u(x , 0) = ϕ0(x ), x ∈ Ω,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ Ω,

Bp(u) = 0, x ∈ Γ0 = {x | ‖x‖2 = R0},
lΓ1(u) = ϕΓ1(x , t), x ∈ Γ1 = {x | ‖x‖2 = R1},

(5.2)
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where the operator lΓ1 that specifies the boundary condition on the scattering surface
has the form

lΓ1(u) =
(

au + b
∂u
∂n

) ∣∣∣∣
Γ1

, (5.3)

and may correspond to a Dirichlet ((a, b) = (1, 0)), Neumann ((a, b) = (0, 1)), or
Robin (a, b) 6= (0, 0)) boundary condition. The relation Bpu = 0 is a generic pth order
artificial boundary condition, see Section 1.2.2. The wave propagation speed c(x ) in
the exterior problem (1.5) is constant outside some bounded region. Here we assume
that the radius R0 is taken sufficiently large so that the speed is constant on Γ0 and
beyond.

5.1 Semi Discrete Approximation in Time

When applying the θ-scheme [23, 68] to (5.2), we obtain the modified Helmholtz
equation on the upper time level

∆un+1 − κ2un+1= f n+1, x ∈ Ω,

Bpun+1 = 0, x ∈ Γ0,

lΓ1(u
n+1) = ϕΓ1(x , tn+1), x ∈ Γ1,

(5.4)

where Ω is the spherical shell defined in (5.1), the “wavenumber” κ2(x ) is defined
in (2.6), and the RHS f n+1 is defined recursively in (2.8a) (or (2.8b)). The operator Bp

defines a pth order ABC on the artificial outer boundary Γ0 and the operator lΓ1 of
(5.3) specifies the boundary condition on the scattering surface Γ1. Section 2.1 gives
the details on how the modified Helmholtz equation was derived. In the subsequent
section, we will discuss how to solve the elliptic boundary value problem (5.4) with
fourth order accuracy in space using the method of difference potentials. In Section 5.3,
we present the results of numerical simulations for the truncated scattering problem.
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5.2 Solution on the upper time level by MDP

In this section, we solve the boundary value problem (5.4) using the MDP (see
Section 3.2 for detail). The method of difference potentials first embeds Ω into a
simple auxiliary domain where an auxiliary problem is formulated for the same
governing equation as that in (5.4). By solving the AP, we compute the difference
potentials that are the discrete counterparts of Calderón’s potentials. The discrete
solution to (5.4) on the grid boundary γ (a fringe of nodes around the continuous
boundary Γ) satisfies the inhomogeneous boundary equation with projection. On the
other hand, it can be represented as an extension of the boundary trace of a continuous
solution (by means of an affine operator known as the extension operator). Substituting
a spectral representation of the extension into the inhomogeneous boundary equation
with projection and the artificial boundary condition, can solve the BEP and obtain
the discrete solution on γ. Once it is known, the overall solution of (5.4) is obtained
in the form of a difference potential. All of these components are described in detail
in Section 3.2 where the MDP is applied to the interior problem (1.2), as well as in
Section 4.2.2 where the MDP is adapted to the exterior problem (1.4). For the sake
of brevity, in this section we will only emphasize the major differences between the
implementation for problem (5.4) and the previous implementations.

First, we will need the auxiliary problem described in Section 3.2.1. To solve
the modified Helmholtz equation (5.4), we need the capacity to solve the auxiliary
problem (3.2) on a cube Ω0 sufficiently large to contain the spherical shell Ω defined
in (5.1). The discrete counterpart of the AP (3.2) is given by (3.3). The solution to (3.3)
is obtained by applying the solution operator, Gh of (3.4), to the RHS term of (3.3).
The next component needed are the grids sets on the auxiliary domain Ω0. They are
given explicitly in Definition 3.2.1. The only difference is that Ω of (5.1) is a spherical
shell rather a sphere. In addition, we will introduce the discrete boundaries γi as
the nodes that straddle Γi = {x | ‖x‖2 = Ri} for i = 0 or 1. The discrete boundary
of the spherical shell is γ = γ0 ∪ γ1. We will also assume that the uniform grid h
is sufficiently fine so that γ0 ∩ γ1 = ∅. The final piece needed to solve (5.4) is the
solution to the inhomogeneous boundary equation with projection (3.7). According
to Theorem 3.2.1, once the trace of the solution (5.4) on the discrete boundary γ,
un+1

γ , is known we can use the generalized Green’s formula (3.8) to solve (5.4) on
N+ (the discrete version of Ω). We shall use the extension operator to represent the
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trace un+1
γ . Upon substituting the spectral form of the extension into (3.7), we obtain

a linear system which can be solved in the least squares sense. This approach was
taken for the interior problem (1.2) in Sections 3.2.4 and 3.2.5 and for the exterior
problem (1.1.2) in Section 4.2.2. However, in those cases the continuous boundary Γ
only consists of one contiguous set. For the truncated scattering problem (5.2), the
continuous boundary Γ = Γ0 ∪ Γ1 consists of two disjoint subsets. We shall spent the
remainder of the section constructing the extension operator on γ = γ0 ∪ γ1 and the
resulting linear system when substituting the extension into (3.7) .

5.2.1 Extension Operator

In this section, we represent the trace of a discrete solution un+1
γ on the grid boundary

γ = γ0 ∪ γ1 of the spherical shell Ω as the extension of the trace of a continuous
solution on Γ. We need to be especially careful since the boundary consists of two
disjoint parts, Γ = Γ0 ∪ Γ1 where Γ0 = {x | ‖x‖2 = R0} and Γ1 = {x | ‖x‖2 = R1}.

We shall start with finding the extension operator about Γj for j = 0 or 1. Since Ω
given by (5.1) has spherical symmetry, we will use the spherical coordinates (r, θ, ϕ)

where r is the radial distance from the origin, θ is the the zenith angle which varies
from the north pole of the sphere to the south pole, and the azimuthal angle ϕ wraps
around the equator. If the continuous trace is defined as ξξξn+1

Γj
= (un+1, ∂u

∂r )|Γj for j = 0
or 1, then the extension operator about Γj is given by the Taylor expansion

Exj(ξξξ
n+1
Γj

)
def
= un+1∣∣

x̃h
+ $

∂un+1

∂r
∣∣
x̃h
+

IEx−1

∑
i=2

$i

i!
∂iun+1

∂ri

∣∣
x̃h
+ O(ρ

IExj ), (5.5)

where xh ∈ γj and x̃h is the orthogonal projection of xh onto Γj. The quantity $ the
signed distance: $ = |xh − x̃h| if xh is not in the solid sphere which has Γj as its
boundary and $ = −|xh − x̃h| otherwise for j = 0 or 1. We can replace the high order
radial (normal) derivatives using equation based differentiation. That is, we can obtain
expressions for the high order normal derivatives contained in (5.5) by differentiating
the acoustic wave equation in spherical coordinates. Following this process we can
rewrite (5.5) as an expression containing the trace, as well as its various tangential and
time derivatives, on the upper time level. Next, we discretize the time derivatives on
the upper time level using one sided backward time differences. Assuming that τ ≈ $,
we choose the order of this time discretization so that the resulting scheme maintains
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the same order accuracy as (5.5). This process is detailed explicitly in Sections 3.2.4
and 4.2.2 using a fifth order accurate extension operator (IExj = 5 for j = 0 or 1) in
both cases. Accordingly, the extension operator can be written as

Exjξξξ
n+1
Γj

= ExHjξξξ
n+1
Γj

+Ex n+1
Ij

, (5.6)

for j = 0 or 1. The homogeneous term on Γ0 satisfies

ExH0ξξξ
n+1
Γ0

=

[
1 +

$2

2

(
dn+1

0
c2

∞
−

∆θ,ϕ

r2

)
+

$3

6

(
−

2dn+1
0

c2
∞r

+
4∆θ,ϕ

r3

)

+
$4

24

(
dn+1

0

(
8− 2∆θ,ϕ

c2
∞r2

)
+

d̃n+1
0
c4

∞
+

∆2
θ,ϕ − 18∆θ,ϕ

r4

)]
un+1

+

[
$− $2

r
+

$3

6

(
dn+1

1
c4

∞
+

6− ∆θ,ϕ

r2

)
+

$4

24

(
−

4dn+1
1

c2
∞r

+
8∆θ,ϕ − 24

r3

)]
∂un+1

∂r
, (5.7)

where c(x ) = c∞ for all x ∈ Γ0, the homogeneous term on Γ1 satisfies

ExH1ξξξ
n+1
Γ1

=

[
1 +

$2

2

(
dn+1

0
c2 −

∆θ,ϕ

r2

)
+

$3

6

(
−dn+1

0

(
2

c2r
+

2
c3

∂c
∂r

)
+

4∆θ,ϕ

r3

)

+
$4

24

(
dn+1

0

(
8− ∆θ,ϕ

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)
+

d̃n+1
0
c4 +

∆2
θ,ϕ − 18∆θ,ϕ

r4

)]
un+1

+

[
$− $2

r
+

$3

6

(
dn+1

1
c4 +

6− ∆θ,ϕ

r2

)
+

$4

24

(
− dn+1

1

(
4

c2r
+

4
c3

∂c
∂r

)
+

8∆θ,ϕ − 24
r3

)]
∂un+1

∂r

−
$4dn+1

0
24

∆θ,ϕ

(
un+1

c2r2

)
, (5.8)
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the inhomogenous term on Γ0 satisfies

Ex n+1
I0

=

[
$2

2c2
∞
− $3

3c2
∞r

+
$4(8− 2∆θ,ϕ)

24c2
∞r2

] J0

∑
j=0

dn−j
0 un−j +

[
$3

6c2
∞
− $4

6c2
∞r

] J1

∑
j=0

dn−j
1

∂un−j

∂r

+
$4

24c2
∞

(
J̃0

∑
j=0

d̃n−j
0 un−j

)
, (5.9)

and the inhomogeneous term on Γ1 is

Ex n+1
I1

=

[
$2

2c2 −
$3

3

(
1

c2r
+

1
c3

∂c
∂r

)
+

$4

24

(
8− ∆θ,ϕ

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)] J0

∑
j=0

dn−j
0 un−j

+

[
$3

6c2 −
$4

24

(
4

c2r
+

4
c3

∂c
∂r

) ] J1

∑
j=0

dn−j
1

∂un−j

∂r
− $4

24
∆θ,ϕ

( J0

∑
j=0

dn−j
0 un−j

c2r2

)

+
$4

24c2

(
J̃0

∑
j=0

d̃n−j
0 un−j

)
. (5.10)

Notice that, the inhomogeneous terms Ex n+1
Ij

for j = 0 or 1 can be assembled

from known quantities: the trace ξξξΓ = (u, ∂u
∂r )|Γ from previous time levels, tangential

derivatives of the trace via the Laplace-Beltrami operator, and normal derivatives of the
propagation speed. Also notice that, the homogeneous terms Ex n+1

Hj
ξξξn+1

Γ depend on
the trace on the upper time level. We will formally think of (5.6) as an affine operator
where the trace is replaced with a general smooth pair of functions ξξξΓj = (ξ

j
0, ξ

j
1).

This formulation will be convenient when representing the trace ξξξn+1
Γj

in the form of a
spectral expasnion.

Consider the 2(1 + Lj)
2 dimensional linear space spanned by the basis functions

ψψψ
(0,j)
lm = (Ym

l , 0) ψψψ
(1,j)
lm = (0, Ym

l ), 0 ≤ l ≤ Lj, and |m| ≤ l. (5.11)

Then, the trace on Γj has the spectral representation

ξξξn+1
Γj
≈

Lj

∑
l=0

l

∑
m=−l

(
c(0,j,n+1)

lm ψψψ
(0,j)
lm + c(1,j,n+1)

lm ψψψ
(1,j)
lm

)
, (5.12)
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where c(0,j,n+1)
lm and c(1,j,n+1)

lm are the Fourier coefficients of the Dirichlet and Neumann
data, respectively, on Γj on the upper time level corresponding to the spherical
harmonics Ym

l (θ, ϕ) (see formula (3.21)). We will substitute (5.12) into (5.6) to obtain a
spectral representation of the extension operator along Γj. If we substitute the basis
functions (5.11) into (5.7) and (5.8) then

ExH0ψψψ
(0,0)
lm =

[
1 +

$2

2

(
dn+1

0
c2

∞
+

l(l + 1)
r2

)
− $3

6

(
2dn+1

0
c2

∞r
+

4l(l + 1)
r3

)

+
$4

24

(
dn+1

0

(
8 + 2l(l + 1)

c2
∞r2

)
+

d̃n+1
0
c4

∞
+

l2(l + 1)2 + 18l(l + 1)
r4

)]
ψψψ
(0,0)
lm ,

(5.13)

ExH0ψψψ
(1,0)
lm =

[
$− $2

r
+

$3

6

(
dn+1

1
c4

∞
+

6 + l(l + 1)
r2

)
− $4

24

(
4dn+1

1
c2

∞r
+

8l(l + 1) + 24
r3

)]
ψψψ
(1,0)
lm , (5.14)

ExH1ψψψ
(0,1)
lm =

[
1 +

$2

2

(
dn+1

0
c2 +

l(l + 1)
r2

)
− $3

6

(
dn+1

0

(
2

c2r
+

2
c3

∂c
∂r

)
+

4l(l + 1)
r3

)

+
$4

24

(
dn+1

0

(
8 + l(l + 1)

c2r2 +
4

c3r
∂c
∂r

+
6
c4

(
∂c
∂r

)2

− 2
c3

∂2c
∂r2

)
+

d̃n+1
0
c4

+
l2(l + 1)2 + 18l(l + 1)

r4

)]
ψψψ
(0,1)
lm +

L0

∑
l′=0

l′

∑
m′=−′l

l′(l′ + 1)
〈

1
c2 Ym

l , Ym′
l′

〉
ψψψ
(0,1)
l′m′ ,

(5.15)

ExH1ψψψ
(1,1)
lm =

[
$− $2

r
+

$3

6

(
dn+1

1
c4 +

6 + l(l + 1)
r2

)
− $4

24

(
dn+1

1

(
4

c2r
+

4
c3

∂c
∂r

)
+

8l(l + 1) + 24
r3

)]
ψψψ
(1,1)
lm , (5.16)

where we have used the formula(
∆θ,ϕ

(
1
c2 Ym

l

)
, 0
)
=

∞

∑
l′=0

l′

∑
m′=−l′

〈
1
c2 Ym

l , Ym′
l′

〉
ψψψ
(0,1)
lm .
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Using the linearity of ExHjξξξ
n+1
Γj

, the extension operator (5.6) along Γj can be written as

ExΓjξξξ
n+1
Γj

=

Lj

∑
l=0

l

∑
m=−l

(
c(0,j,n+1)

lm ExHjψψψ
(0,j)
lm + c(1,j,n+1)

lm ExHjψψψ
(1,j)
lm

)
+Ex n+1

Ij
. (5.17)

Now that we have defined the extension operator along each individual Γj for j = 0
or j = 1, we can construct the extension operator from the full continuous boundary
Γ = Γ0 ∪ Γ1 to the full discrete boundary γ = γ0 ∪ γ1:

ExΓξξξn+1
Γ =

(
ExΓ0ξξξ

n+1
Γ0

,ExΓ1ξξξ
n+1
Γ1

)
. (5.18)

If we substitute (5.17) into (5.18), then the extension operator on Γ satisfies

ExΓξξξn+1
Γ =

1

∑
j=0

 Lj

∑
l=0

l

∑
m=−l

(
c(0,j,n+1)

lm ẼxHjψψψ
(0,j)
lm + c(1,j,n+1)

lm ẼxHjψψψ
(1,j)
lm

)
+ Ẽx

n+1
Ij

 ,

(5.19)

where i = 0, 1, j = 0, 1. The terms ExHjψψψ
(i,j)
l,m are defined in (5.13), (5.14), (5.15), and

(5.16),

ẼxHjψψψ
(i,j)
lm =

ExHjψψψ
(i,j)
lm , on γj

0, on γ \ γj

, (5.20)

and

Ẽx
n+1
Ij

=

Ex n+1
Ij

, on γj

0, on γ \ γj

. (5.21)

The inhomogeneous terms Ex n+1
I0

and Ex n+1
I1

are defined in (5.9) and (5.10) respec-
tively. The spectral representation of Ex n+1

I0
and Ex n+1

I1
is similar to (4.25) or (3.27).

5.2.2 Inhomogeneous Boundary Equation with Projection

Recall from Theorem 3.2.1 that, the trace of the solution on the discrete boundary
satisfies the inhomogenous BEP (3.7). If we substitute the extension un+1

γ = ExΓξξξn+1
Γ
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given by (5.19) into (3.7), then we obtain the linear system

1

∑
j=0

Lj

∑
l=0

l

∑
m=−l

(
c(0,j,n+1)

lm (Pγ − Iγ)ẼxHjψψψ
(0,j)
lm + c(1,j,n+1)

lm (Pγ − Iγ)ẼxHjψψψ
(1,j)
lm

)
= −TrγGh f̃ n+1

R −
1

∑
j=0

(Pγ − Iγ)Ẽx
n+1
Ij

, (5.22)

which contains four sets of Fourier coefficients on the upper time level. Define the
matrices

Q
(j)
i =

[
(Pγ − Iγ)ẼxHjψψψ

(i,j)
0,0 · · · (Pγ − Iγ)ẼxHjψψψ

(i,j)
Lj,Lj

]
∈ C

|γ|×∑1
j=0(1+Lj)

2
, (5.23a)

qn+1
I =

1

∑
j=0

(Pγ − Iγ)Ẽx
n+1
Ij
∈ C|γ|, (5.23b)

for i = 0, 1 and j = 0, 1, where ẼxHjψψψ
(i,j)
l,m are defined in (5.20), the difference projection

Pγ is given by Definition 3.2.4, and the RHS contributions Ẽx
n+1
Ij

are defined in (5.21).

We can assemble the matrix Q
(j)
i by applying the operator Pγ − Iγ to each of the

(1 + Lj)
2 columns given by ẼxHjψψψ

(i,j)
l,m for l = 0, · · · , Lj, m = −l, · · · , l. To reduce

the number of applications of Pγ (which requires an application of the the solution
operator Gh) to nearly one half, we can use the relationship Y−m

l = (−1)mYm
l which

implies that PN+ψψψ
(i,j)
l,−m = (−1)mPN+ψψψ

(i,j)
l,m , where the overline indicates complex

conjugation. Using (5.23a) and (5.23b), we can rewrite the linear system (5.22) as
follows

1

∑
j=0

Q
(j)
0 cn+1

0,j +Q
(j)
1 cn+1

1,j = −TrγGh f̃ n+1
R − qn+1

I , (5.24)

where the Fourier coefficients (see formula (3.21)) on the nth time level are

cn
i,j =

[
c(i,j,n)0,0 c(i,j,n)1,−1 c(i,j,n)1,0 c(i,j,n)1,1 · · · c(i,j,n)Lj,Lj

]
. (5.25)

The last remaining step is to substitute the boundary condition of the truncated
exterior boundary value problem (5.2) on Γ. We will use the spectral form of the ABC
specified on Γ0 and the spectral form of the boundary condition on the scattering
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surface lΓ1(u) = ϕΓ1 (see formula (5.3)).
Let’s assume that the pth order non-reflecting boundary condition (NRBC(p))

(1.10a) - (1.10b) is imposed on Γ0. If we discretize NRBC(p) in time with the qth order
linear multistep method (backwards differentiation formula), replace the variables
with their spectral representation, and exploit the orthogonality of the spherical
harmonics with respect to the weighted inner product (B.1) then we arrive at the
system of equations

−
q

∑
i=1

aic
(0,0,n+1−i)
0,0

1 + τc∞b0/R0
= c(0,0,n+1)

0,0 +
τc∞b0

1 + τc∞b0/R0
c(1,0,n+1)

0,0 , (l, m) = (0, 0), (5.26)

−B̃−1
l

(
q

∑
i=1

aiṽ
n+1−i
lm

)
= ṽn+1

lm + τc∞b0c(1,0,n+1)
lm B̃−1

l ẽ1, l = 1, · · · , L0, |m| ≤ l,

(5.27)

where the tridiagonal matrix B̃l is defined in (4.35), the auxiliary variables are as
follows

vn
lm = [v(1,n)

lm , v(2,n)
lm , · · · , v(p,n)

lm ]T ∈ Cp,

the complex vector of Fourier coefficients is given by

ṽn
lm = [c(0,0,n)

l,m , v(1,n)
lm , v(2,n)

lm , · · · , v(p,n)
lm ]T ∈ Cp+1,

and ẽ1 ∈ Rp+1 is the unit canonical vector in the first position. For more details on
the derivation, see our discussion of NRBC(p) in Section 4.2.2. Combining (5.26) and
the first component of (5.27) for (l, m) 6= (0, 0), we obtain a “Robin-like" boundary
condition for the Fourier coefficients on Γ0:

cn+1
0,0 +M1,0c

n+1
1,0 = cn+1

NRBC(p),0, (5.28)

where M1,0 is a diagonal matrix and cn+1
NRBC(p),0 contains known coefficients from the

previous time levels.
Now that we have derived the spectral form of the boundary condition on Γ0, let’s

do the same for Γ1. The spectral representation of the boundary condition lΓ1(u) = ϕΓ1 ,
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where lΓ1 is given by (5.3), can be written as

acn+1
0,1 + bcn+1

1,1 = cn+1
Γ1

=
[〈

ϕΓ1 , Y0
0

〉
,
〈

ϕΓ1 , Y−1
1

〉
, · · ·

〈
ϕΓ1 , YL1

L1

〉]T
. (5.29)

If a Dirichlet boundary condition is specified on Γ1 ((a, b) = (1, 0)), then cn+1
0,1 = cn+1

Γ1
.

If a Neumann boundary condition is specified on Γ1 ((a, b) = (0, 1)), then cn+1
1,1 = cn+1

Γ1
.

Otherwise, (5.29) can be used to eliminate one of the subsets of Fourier coefficients,
cn+1

0,1 or cn+1
1,1 . Substituting (5.28) and (5.29) into (5.24), we arrive at

Qc = Q̃c̃ −TrγGh f̃ n+1
R − qn+1

I , (5.30)

where c ∈ C∑1
j=0(1+Lj)

2
is a combined vector of unknown Fourier coefficients, c̃ ∈

C∑1
j=0(1+Lj)

2
is a vector of known Fourier coefficients, and the matrices Q , Q̃ ∈

C
|γ|×∑1

j=0(1+Lj)
2

are the matrices which result from substituting the spectral repre-
sentation into (5.24). Since the solutions to (5.2) are smooth, the spectral expansions
converge rapidly. Therefore, |γ| � ∑1

j=0(1 + Lj)
2. Hence, the overdetermined system

(5.30) can be solved in the least squares sense using QR factorization. Note that, the
matrices Q and Q̃ do not depend on time. Therefore, only one complex valued QR
decomposition of Q needs to be taken. Once the coefficients c are obtained from
solving (5.30) with QR factorization, we can use c along with (5.28) and (5.27) to
obtain the remaining set of Fourier coefficients on Γ0 and the Fourier coefficients of
the auxiliary variable on the spherical outer boundary. Similarly, if a Robin boundary
condition is specified on Γ1, then c along with (5.29) can be used to determine the
remaining set of Fourier coefficients on Γ1. Once all the Fourier coefficients (5.25) on
the upper time level have been determined, we can use the extension operator to
compute the trace of the discrete solution on γ, i.e. un+1

γ = ExΓξξξn+1
Γ (see formula

(5.19)). Then, we substitute the trace of the solution on γ into the generalized Green’s
formula (3.8) and obtain the overall discrete solution to (5.4) on the upper time level.

5.3 Numerical Tests for the Scattering Problem

In this section, we present the results of numerical simulations that corroborate the
design fourth order accuracy when solving the scattering problem (1.5) with the help
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of the MDP. We will measure the error of our scheme using the infinity norm

‖u− uh‖∞ = max
n

max
(xi,yj,zk)∈M+

|u(xi, yj, zk, tn)− uh(xi, yj, zk, tn)|,

where u is a given smooth solution to the exterior boundary value problem (1.5) and
uh is the approximate solution to (1.5) on a uniform Cartesian grid with size h and
time step τ. The rate of convergence is given by the quotient

rate = log
(
‖u− u2h‖∞

‖u− uh‖∞

)
/ log(2).

The following test case will be used for simulations of the scattering problem (1.5).
Example 1 Consider the following initial boundary value problem for the wave
equation on the spherical shell Ω = {x | 1.5 ≥ ‖x‖2 ≥ 1.0}:

∂2u
∂t2 − ∆u = 0, (x , t) ∈ Ω× (0, T],

u(x , 0) = 0, x ∈ Ω,
∂u
∂t

(x , 0) = 0, x ∈ Ω,

Bp(u) = 0, ‖x‖ = 1.5,

u
∣∣
‖x‖=1 = ϕ,

(5.31)

The solution to (5.31) is taken as u = uTest
7,1.0, see formula (A.3). The corresponding

source term F = FTest
7,1.0 is given by formula (A.5). It vanishes on the spherical shell Ω so

that the wave equation is homogeneous. The test solution is generated by the wavelet
S(t) = 5(1− 12t2)e−6t2

centered at the origin (x0, y0, z0) = (0, 0, 0) with the translation
t0 = 3. The Dirichlet data ϕ on the scattering surface ‖x‖ = 1 are derived directly
from u = uTest

7,1.0. Since the test solution is radially symmetric and centered at the origin,
the direction of propagation is orthogonal to the spherical artificial boundary. This is
the best case scenario for the absorbing boundary condition Bp(u) = 0.

The error history curves for the test problem (5.31) are shown in Figure 5.1 (for
the settings described in the caption). The fourth order grid convergence can be
observed for the terminal time T = 15

2 . However, for longer simulation times the
convergence may get disrupted. We attribute this to the possible imperfections of the

117



implementation, although the true reason still remains not known.
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Figure 5.1: Error history for (5.31) where the computational domain is the spherical
shell Ω = {x | 1.0 ≤ ‖x‖2 ≤ 1.5}, the auxiliary domain Ω0 = [−2.0, 2.0]3, the order of
the spherical harmonics expansions L0 = L1 = 18, and the terminal time T = 15

2 . The
overall error from the coarsest to the finest grid is 2.865e-01, 4.691e-03, 2.674e-04, and
1.703e-05.
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Chapter 6

CONCLUSIONS

This dissertation presents several high order compact schemes for both interior and
exterior boundary value problems for the three dimensional acoustic wave equation.
In every scenario we discretize the acoustic wave equation in time using the θ−scheme.
This produces a one parameter family of elliptic partial differential equations on the
upper time level. We solve this elliptic partial differential equation using a combination
of geometric multigrid and the method of difference potentials. In the case of exterior
problems we terminate the unbounded domains using a high order artificial boundary
condition.

In Chapter 2, we solve the acoustic wave equation on a cubic domain with homo-
geneous boundary conditions. This benchmark problem lays the foundation for our
more complicated interior and exterior problems which all use the method of differ-
ence potentials. In Chapter 3, we consider the acoustic wave equation on a general
domain Ω with a smooth boundary. Here we use the method of difference potentials
with a cubic auxiliary domain which contains Ω. This lets us use the same uniformly
discretized scheme derived in Chapter 2. For our numerical implementations we
considered when Ω is a sphere since we know the spherical harmonics are good
basis on the surface of the sphere. We demonstrate that if the speed of propagation is
constant, radially symmetric, or varies in general and the given boundary condition
is of Dirichlet, Neumann, or Robin type, then fourth order accuracy is achieved. In
Chapter 4 we consider the acoustic wave equation when the domain is all of R3

and the speed is uniform outside outside of a sufficiently large ball. We consider
two different approaches. The first approach is to terminate the unbounded domain
with a spherical outer boundary using the artificial boundary condition attributed to
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Hagstrom and Hariharan. We then use the method of difference potentials in the same
capacity as Chapter 2. Our second to approach is to truncate the unbounded domain
with a sponge layer on a cubic computational domain. Under suitable conditions both
approaches produced fourth order accuracy overall.

In every problem described above, advancing the scheme amounts to solving an
elliptic PDE fast using multigrid as the primary solver. If Ω is a cube with homoge-
neous boundary boundary conditions we solve the elliptic PDE with multigrid directly.
Otherwise we solve the elliptic PDE with the method of difference potentials which
relies primarily on the same multigrid solver as the previous case with a cubic domain.
As a consequence advancing the time marching scheme can be done in O(N log N)

floating point operators per time step. This is especially important because each
problem takes place in three dimensional domains.

For future work we need to fix the long run stability issues we discovered in 5. We
suspect the problem is an implementation issue due to boundary of the scattering
consisting of two disjoint subsets. If we can fix this issue, that means we can solve
interior BVP, exterior IVP on R3, and exterior IBVP on the complement of some
bounded domain all with the method of difference potentials despite using a uniformly
discretized grid in every case.

Another direction we can take this research is to adapt our methodology to a wider
class of wave equations in acoustics, electromagnetics, or seismology. For example
we could consider the wave equation ∂2u

∂t2 −∇ · (c2∇u) = F. We can approximate the
term ∇ · (c2∇u) on a 3× 3× 3 stencil using the same methodology as [16]. Another
wave equation we could consider is the electromagnetic wave equation which derives
from Maxwell’s equation when the divergence of the magnetic field and electric field
are both zero. The results of Chapters 2, 3, and 4 could immediately carry over, albeit
to a system of wave equations. Finally, we could consider the elastic wave equation
in inhomogenous anisotropic media. The elastic wave equation would represent the
largest deviation from our dissertation since the elastic wave equation is a system of
coupled wave equations. However, we believe this would yield the largest returns
since the elastic wave equation is a more realistic model in seismic wave propagation,
scheme would be have a narrow bandwidth and could be solve fast, and have the
capacity to handle variable coefficients.

Another direction we can take this research is to solve the interior IBVP with
more general geometry. In our work we considered the sphere. We could extend the
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results to other elementary shaped domains which admit a nice coordinate system
and/or admits a nice orthogonal basis. To further push the geometric capabilities of
our scheme, we can consider general domains parameterized with computer aided
design. This approach has been successfully implemented in [80] for 3D acoustic
scattering about a submarine shaped region with constant speed of propagation. If we
can utilize the same methodology we could solve problems with variable coefficients.
This would demonstrate that the method of difference potentials could compete with
finite elements and finite volumes with regards to geometric flexibility.

The last direction we would consider is incorporating a perfectly matched layer
into our scheme. Similar to our sponge layer, the perfectly matched layer modifies the
acoustic wave equation inside the damping region, but coincides with the ordinary
acoustic wave equation in the vacuum region. Unlike the sponge layer, the damping
region contains additional auxiliary variables which must be kept track of in our
scheme. Generally speaking a perfectly matched layer absorbs outgoing wave better
than a sponge layer, but are harder to implement in practice. Our problem would
be especially challenging since the scheme is implicit in nature. However, we beleive
we can use this perfectly matched layer and preserve the fast solver despite the
complications. In the vacuum region we would use the same discretization described
in Chapter 2. In the damping region we could discretize the modified acoustic wave
equation in time using the θ-scheme and the auxiliary equations in time using a
Padé based approach. This guarantees that the PML modified system produces fourth
order accuracy in time using only three levels. In space we can discretize using a
Chebyshev polynomial of sufficiently high order. To solve the resulting system we
could use a combination of substructuring or domain decomposition with multigrid
in the vacuum region. This hybrid solver can be used as a preconditioner to a Krylov
subspace method. We believe this could produce a robust solver which performs
similarly to our schemes shown in Chapters 2 - 4 in terms of floating point operations
and convergence rate.
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Appendix A

Generating Test Problems

Consider the wave equation with point source

∂2u
∂t2 − c2∆u = δx(x− x0)δy(y− y0)δz(z− z0)S(t), (x, y, z, t) ∈ R3 × (0, ∞),

(A.1)

where the wave speed is constant, the initial conditions are zero, δξ(ξ) is the one
dimension Dirac delta function, (x0, y0, z0) ∈ R3 is the center of the source, and S
is a smooth real valued function supported on (0, ∞) or a smooth rapidly decaying
function on R. The analytic solution to (A.1) is given by

u(x, y, z, t) =
S(t− t0 − r/c)

4πr
with r =

√
(x− x0)2 + (y− y0)2 + (z− z0)2, (A.2)

which is clearly singular at (x, y, z) = (x0, y0, z0). We would like to generate a smooth
analogue to the above by employing the same strategy as [79, Section 8.2]. We will
modify the solution of (A.2) to suppress the singular behavior at (x0, y0, z0), but
recover (A.2) outside of a sufficiently large neighborhood of (x0, y0, z0). Consider a
general solution of the form

uTest
m,ε (x, y, z, t) =

φm(r/ε)S(t− t0 − r/c)
4πr

, (A.3)
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where the smooth step function

φm(x) =


0 if x ≤ 0

xm+1 ∑m
k=0 (

m+k
m )(2m+1

m−k )(−x)k if 0 < x < 1

1 if x ≥ 1

, (A.4)

which satisfies dlφm
dxl (0+) = 0 = dlφm

dxl (1−) for l = 1, . . . , m. As a consequence the
acosutic wave equation generated by (A.3) produces the test problem

∂2uTest
m,ε

∂t2 − c2∆uTest
m,ε = FTest

m,ε (x, y, z, t), (x, y, z, t) ∈ R3 × (0, ∞),

uTest
m,ε (x, y, z, 0) =

φm(r/ε)S(−t0 − r/c)
4πr

, (x, y, z) ∈ R3,

∂uTest
m,ε

∂t
(x, y, z, 0) =

φm(r/ε)S′(−t0 − r/c)
4πr

, (x, y, z) ∈ R3,

where the source term

FTest
m,ε (x, y, z, t) ,

cφ′m(r/ε)S′(t− t0 − r/c)
2πεr

− c2φ′′m(r/ε)S(t− t0 − r/c)
4πε2r

, (A.5)

is compactly supported in space on the ball of radius ε centered at (x0, y0, z0) ∈ R3

and t0 is chosen sufficiently large enough that the initial data is zero (up to machine
precision).

We also want to generate a solution which is similar to (A.3) where the speed is
allowed to vary with position. Suppose there exists a bounded connected set Υ ⊂ R3

where the speed c is allowed to vary smoothly in Υ, but there exists c∞ > 0 such that
c(x ) = c∞ whenever x /∈ Υ. Given the point (x0, y0, z0) ∈ R3, consider the general test
solution

uTest
m,ε (x, y, z, t) =

φm(r/ε)S(t− t0 − r/c∞)

4πr
. (A.6)

where the radial distance r =
√
(x− x0)2 + (y− y0)2 + (z− z0)2 and the smooth step

function is defined in (A.4). If we substitute the test solution (A.6) into the LHS of the
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wave equation (1.4) produces the source term

FTest
m,ε (x, y, z, t) =

c2φ′(r/ε)S′(t− t0 − r/c∞)

2πc∞εr
− c2φ

′′
(r/ε)S(t− t0 − r/c∞)

4πε2r

+
φ(r/ε)S′′(t− t0 − r/c∞)

4πr

(
1− c2

c2
∞

)
. (A.7)

Note that the first two terms of (A.7) vanish outside the ball of radius ε > 0 centered
at (x0, y0, z0) since the smooth step function is constant in this region and the third
term vanishes on the complement of Υ. Assuming the function S is rapidly decaying
or compactly supported [0, ∞), we will choose the translation t0 sufficiently large
enough that the test solution (A.6) and source term (A.7) satisfies the exterior problem
(1.4) up to machine precision and the domain Ω is sufficiently large enough to strictly
contain the union of the ball of radius ε > 0 centered at (x0, y0, z0) and Υ.

.
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Appendix B

Spherical Harmonics

We will use the spherical harmonics as the basis of the trace
(

u
∣∣
Γ, ∂u

∂n

∣∣
Γ

)
. In Appendix

B.1 we summarize the most pertinent properties when applying the spherical har-
monics to the extension operator Section 3.2.4. In Appendix B.2 we show how to
numerically evaluate the spherical harmonics using the associated Jacobi polynomials.
In Appendix B.3 we will show how to evaluate the Fourier coefficients associated with
the spherical harmonics using a quadrature rule.

B.1 Properties Spherical Harmonics

The following properties of the spherical harmonics are the most pertinent to the
MDP:

♦ The spherical harmonics are orthonormal with respect to the weighted inner
product〈

Ym
l , Ym′

l′

〉
=
∫ 2π

0

∫ π

0
Ym

l (θ, ϕ)Ym′
l′ (θ, ϕ) sin(θ)dθdϕ = δl,l′δm,m′ . (B.1)

♦ The spherical harmonics are dense in L2(S2) and C(S2).

♦ Let SL( f ) , ∑L
l=0 ∑l

m=−l〈 f , Ym
l 〉Y

m
l . If there exists an integer k and µ ∈ (0, 1] such

that f ∈ Ck,µ(S2) and k + µ > 1/2, there exists c > 0 such that ‖ f − SL( f )‖∞ ≤
c

Lk+µ−1/2 .
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♦ The spherical harmonics are eigenfunctions of the Beltrami operator, i.e.

∆θ,ϕYm
l (θ, ϕ) = −l(l + 1)Ym

l (θ, ϕ) on S2.

For a complete description of spherical harmonics see the textbook [7].

B.2 Generating the Spherical Harmonics

The spherical harmonics written explicitly

Ym
l (θ, ϕ) = P|m|l (cos(θ))eimϕ, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π,

where the associated Legendre Functions satisfy

Pm
l (cos(θ)) = sinm(θ)J(m,m)

l−m (cos(θ)),

and the normalized associated Jacobi polynomials are computed recursively using the
three term recurrence

J(m,m)
−1 (x) = 0,

J(m,m)
0 (x) =

√
1
2

m

∏
j=1

√
1 +

1
2j

,

J(m,m)
l (x) = 2xaml J

(m,m)
l−1 (x)− bml J

(m,m)
l−2 (x),

and the coefficients are given by

aml =

√(
1 +

m− 1/2
l

)(
1− m− 1/2

l + 2m

)
,

bml =

√(
1 +

4
2(m + l)− 3

)(
1− 1

l

)(
1− 1

l + 2m

)
.

According to [75, Chapter 3.2] the above recurrence formula is poorly conditioned for
large values of m. However, we deliberately ignored this warning. Since we utilize a
FOCS, were assuming that our solution is at least six times continuously differentiable
in space. The third property of Appendix B.1 guarantees rapid convergence. Since
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our numerical experiments never exceeded m = 30 we avoid the poor conditioning
altogether. For alternatives to evaluating the normalized Legendre functions see [54].

B.3 Fast Spherical Harmonics Transform

The following method describes how to compute the Fourier coefficients of the given
function f on the sphere of radius R centered at the origin. In other words how to
compute 〈 f , Ym

l 〉 efficiently. By definition

〈
f , Ym

l
〉
=
∫ 2π

0

∫ π

0
f (R cos ϕ sin θ, R sin ϕ sin θ, R cos θ)P|m|l (cos(θ)) sin θe−imϕdθdϕ.

By Fubini’s Theorem and change of variables

〈
f , Ym

l
〉
=
∫ 1

−1
fm(cos−1(z))Pm

l (z)dz, (B.2)

where the quantity

fm(θ) =
∫ 2π

0
f
(

R cos ϕ sin θ, R sin ϕ sin θ, R cos θ

)
e−imϕdϕ. (B.3)

We compute (B.3) using the Fast Fourier Transform with 2L + 1 uniformly distributed
points. We compute (B.2) using using a 2L + 1 point Gauss-Legendre quadrature
rule. We use the Glaser-Liu-Rokhlin method written by John Burkardt in Fortran 90
distributed under the GNU LGPL license to compute the nodes and weights of the
Gauss-Legendre quadrature. If the reader wishes to further optimize the fast spherical
harmonic transform see [90, Section 3.1].
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Appendix C

Initiate Scheme

Assume the acoustic wave equation satisfies

∂2u
∂t2 − c2(x )∆u = F, (x , t) ∈ Ω× (0, T],

u(x , 0) = ϕ0(x ), x ∈ Ω,
∂u
∂t

(x , 0) = ϕ1(x ), x ∈ Ω.

By Taylor series expansion

un = u0 + nτ
∂u0

∂t
+

(nτ)2

2
∂2u0

∂t2 +
(nτ)3

6
∂3u0

∂t3 +
(nτ)4

24
∂4u0

∂t4 +
(nτ)5

120
∂5u0

∂t5 +O((nτ)6),

(C.1)
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where the time derivatives

u0 = ϕ0,

∂u0

∂t
= ϕ1,

∂2u0

∂t2 = c2∆ϕ0 + F0,

∂3u0

∂t3 = c2∆ϕ1 +
∂F0

∂t
,

∂4u0

∂t4 = c2∆(c2∆ϕ0 + F0) +
∂2F0

∂t2 ,

∂5u0

∂t5 = c2∆
(

c2∆ϕ1 +
∂F0

∂t

)
+

∂3F0

∂t3 .

Similarly, if Ω is a ball, then Taylor series expansion of the normal derivative implies

∂un

∂r
=

∂u0

∂r
+ nτ

∂2u0

∂t∂r
+

(nτ)2

2
∂3u0

∂t2∂r
+

(nτ)3

6
∂4u0

∂t3∂r
+

(nτ)4

24
∂5u0

∂t4∂r
+O((nτ)5), (C.3)

where the time derivatives

∂u0

∂r
=

∂ϕ0

∂r
,

∂2u0

∂t∂r
=

∂ϕ1

∂r
,

∂3u0

∂t2∂r
= 2c

∂c
∂r

∆ϕ0 + c2∆
∂ϕ0

∂r
+

∂F0

∂r
,

∂4u0

∂t3∂r
= 2c

∂c
∂r

∆ϕ1 + c2∆
∂ϕ1

∂r
+

∂2F0

∂t∂r
,

∂5u0

∂t4∂r
= c2∆

(
c2∆

∂ϕ0

∂r
+

∂F0

∂r

)
+

∂3F0

∂t2∂r
.
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Next suppose that x̃ ∈ γout and x ∈ γproj is the orthogonal projection of x̃ onto Γ. If
$ = |x̃ − x |, then the multivariable Taylor’s Theorem

un(x̃ ) =

(
ϕ0 + $

∂ϕ0

∂r
+ nτ∂ϕ1 +

$2

2
∂2ϕ0

∂r2 + $(nτ)
∂ϕ1

∂r
+

(nτ)2

2
(
c2∆ϕ0 + F0)

+
$3

6
∂3ϕ0

∂r3 +
$2(nτ)

2
∂2ϕ1

∂r2 +
$(nτ)2

2

[
2c

∂c
∂r

∆ϕ0 + c2∆
∂ϕ0

∂r
+

∂F0

∂r

]
+

(nτ)3

6

[
c2∆ϕ1 +

∂F0

∂t

]
+

$4

24
∂4ϕ0

∂r4 +
$3(nτ)

6
∂3ϕ1

∂r3

+
$2(nτ)2

4

[
2

(
c

∂2c
∂r2 +

(
∂c
∂r

)2
)

∆ϕ0 + 4c
∂c
∂r

∆
∂ϕ0

∂r
+ c2∆

∂2c
∂r2 +

∂2F0

∂r2

]

+
$(nτ)3

6

[
2c

∂c
∂r

∆ϕ1 + c2∆
∂ϕ1

∂r
+

∂2F0

∂t∂r

]
+

(nτ)4

24

[
c2∆(c2∆ϕ0 + F0) +

∂2F0

∂t2

] )
|x

+O
(
$5 + (nτ)5) , (C.5)

where the high order time derivatives are defined above.
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