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CENTRAL LIMIT THEOREM AND CONSISTENCY IN LINEAR REGRESSION

by

Friedhelm Eicker

Summary .
Several asymptotic properties of the least squares estimat@rs for the

parameters in the linear regression model with non-identical, independent
errors are derived with regard to infinitely increasing sample size.

The notion of convergence of a sequence of random varlables bv on a
set ¢ F is introduced and applied. That 1s, the bv depend functionally on
an arbitrarily chosen sequence of random variables eu all of which are
elements of the set F, and they converge for esch such sequence. If F is any
set of random variables with zerc means and bounded variances which contains
at least one normal variable then there exists a simple necessary and suf-
ficient condition for the regression matrix X such that the estimators sare
consistent on F (theorem 1). Furthermore, for asymptotic normality of
essentially these estimators on any subset flin the szt of all zero-mean
random variables whose variances exist, necessary and sufficient conditions
are given both for X and the set F simultaneously to be fulfilled (theorem 2).
This is the central limit theorem for the linear regression model as des-
cribed above. For the case of unknown error variances a statistic is con-
structed and sufficient conditions for X and ﬁ are given to assurs its
asymptotic normality on F (theorem 3). One important aspect of the theory
developed is its non-parametric character and the width of the range of

admitted error distributions. Some examples and illustrations are given.

1. Notations and definitions.

The model used for linear regression 1is described by the equations

1. This research was supported by the Office of Naval Research under Contract
No. Nonr-855(06) for research in probability and statistics at Chapel Hill.
Reproducticn in whole or in part is permitted for any purpose of the United

States Government. ]



I

{1) y,= X B.+...+ xq ﬁq+ €

or in vector notation:

(2) y=X + 6,

where the vector of observed values is for a sample of size N
y = (yl,ye,...,ym)'.* The vectors of the known regression constants
= (x

are X .,xiN)', their matrix is X = (51,...,§q). Further let

1 it’ "’
B = (al,...,aq)' and € = (el,...,eN)' where the €'s are uncorrelated and
have zero mean. The €'s need not be distributed identically. The

least squares (LS) estimators b of B which are considered here are deter-

mined by the normal equations

(3) X'y = b, where P = X'X.

S

By B we denote the g-dimensional space of all poseible parasumeter vectors

B(usually the entire q-dimensional real space).

5. A necessary and sufficient condition for consistent estimatoers.

Let in this paragraph F be any set of random variables (r.v.) with
zero means and uniformly bounded variances which contains at least one
normal r.v..

The following definition proves to be very appropriate in the sccpe
of this paper. It takes into account that very often the errors € are
not identically distributed and that the sequence of their distributions

Gl(z), GE(Z)"" is not known. The definition given here is a special

% Prime denotes the transpose of a vector or watrix.



casc of the general one stated in 3.

Definition l: The LS-estimasor b is called consistent on BxF if

it tends for N—>co in probability to the estimated perameter for any par-
ticular value of B € B and for each sequence € of errors € e F.
(B here may be understood as a l-dimensional subspace of § as defined in
1). B x F is the product space of B and F.

The following simple theorem brings forth a basic property or
the regression matrix X resp. of P = X'X:

Thecrem 1: The LS-estimates b of B are consistent on BxF if and only if

A . (P)=>> oco. A . (P) is the minimum characiteristic value of P.
min min

Remark: The theorem holds also on the product srace Bx§ {(in an obvious
extension of definition 1}.

The space g of sequences {et} of errorc with countably many
dimensions may be taken to be more general then the above product space

FxFxF X ..., nanely as F = le F2x F5x Cee
The error €, shall lie in Ft’ and Ft may be taken different for each

t =1,2,3,..., Each of the sets Ft is submitted uniformly to the re-

guirements stated above for F.

Proof: From (2) and (3) comes X'€ = P(b-3).b can be uniquely deterained

if and only if for almost all N, [P| # 0. Hence for N > N_

(%) Plxe=b-3.
(I) Sufficiency: Clearly E(P™*X'e) = Q for all N. The variance of each

2

component of the vector P-lx'g tends to zero if and only if E(¢'XP “X'€}-> 0.

Because of Eei < const: the left side is

o(tr XP-QX') = O{%r P’l) = 0(1/Amin(P))——> 0.



Hence with the Tchebycheff ineguality b — B uniformly on B x F.
i.p-
(II) Necessity: If b —=> p on B x F then this holds especially for
i.p.

€, ™~ N(O,Ue), t =1,2,...,60 >0. If gi denotes the i-th row in P'l then

b,- By= piX'E ~ N(O,p}X'ZX )

T

i
. . 2 2 2

where £ is a diagonal matrix with Tys Opreces On in the diagonal. Hence

with two positive constants

-1 -1
const (P )ii < var (bi- Bi) < const (P )ii’*

(P-l)ii being the i-th diagonal element of P ). This term as well as

their sum for i = 1,2,...,q which equals T 1/K1(P), must tend to zero
i
because of the consistency of b. Hence

A . Q.e.d.
min(P)—-> co; Q.e.d

3. Some applications and remarks.

' 2
A } o= “en
(I) As P> mim(P), i1t follows that Ej—*’ o for all § = 1,...,Q,
for N-= 0. Kmin(P) is a non-negative, non-decreasing sequence in N.

(II) Applying Gershgorin's method we have lhin(P)——> co if for all i

2 g I |
x, - x! x,|- 00.
= 321 =3 =
J#

(III) The definition of the minimum characteristic value for
symunetric matrices

2 2
}\ = -
min(P) min(Xu)® , u'= 1,

u

*const means any constant, independent of t.



is used in the following example:

c
Ir ;4= t i, ey > e’ (polynomial regression) then because of

N c c+l

£ t=0(N ), the order of Xu is determined by the first non-zero
t=1

component of u. The slowest growth of Xu is therefore of order
2c +1 o

min (XE)E =o(v ¢ ), =1
u

Hence consistent estimates are obtained, also for non-integers ci,if

and only if wmin ci = cq > - % . Similarly, regression vectors may be
i

treated in which exponentials, or exponentials plus polynominals occur.

(IV) One obtains consistent estimators also in trigonometric re-

gression. Let

sinaw,t, 1=1,2,...,4q,

= COSs mit s x?i, £ = 3

*21-1, t

if aa% w; and mi% 2n - w, for 1 # J, further w, < 2r for all i. P tends

in this case to a diagonal matrix whose non-zero elements are o(N).

(V) 1In the theorem it is required that F contains a norwally
distributed r.v.. This is certainly not necessary. We do not, however,
pursue the question whether simultaneously necessary conditions for X and
F can be found for consistency on F as is done in section h for conver-
gence to the normel law. One would nave to consider the convergence of
b, to a unit step function (compare / 5/, p. 116). On the other hand,

a generalization of the theorem for certain classes of dependent errors

seems to be easily possible.



(VI) As the above proof shows, (P-l)ii-—> co is a necessary

and sufficient condition for bi-——> Bi on BxF.
i.p.

(VII) It is also possible to give sufficient conditions for consis-
tent LS-estimates in a linear model of time series analysis where regres-

sion with regard to lagged variables is included, according to the

equation: 1_27

= + ... + + X + ... + X + E
Yg = OVgy A Yip ¥ Br¥ie By

The €'s are uncorrelated, but need not be identical. The Xy are the
exogenous regression constants. The theorem given in 2. is a certain

specialization of the result for this general equation.

L. Conditions for asymptotically normal LS-estimators.

To obtaln conditions for the errors ek which are henceforth aséumed

to be independent,and for the regresslon vectors in X, assuming the
asymptotic normelity of the LS-estimates b of B as defined in 1. we use
the central limit theorem in either of the two following versions ZE.g.
4, 27:

(A) Lindeberg-Feller version:

In order that the distribvution functions of the sums

of independent random variables § with

Nl’gNQ’ e ’gNN

(8) E gNk =0 for k¥ =1,2,...,N, and
N
(7 L var g =1

=1 L



converge to the normal distribution N(0,1):

1 ﬁ 2t
B(x) = (20)Z e az
-

it is necessary and sufficient that Lindeberg's condition

N r
Z“ 1

z
k=1 ri|> B

be satisfied for every & > O. FNk(z) is the distribution function of §Nk'

(8) 2

d FNk(z) —> 0 for N—> @

The second version makes a stronger assumption concerning the moments
of the gNk:
(B) Sufficient for the convergence of the QN as given by (5}, (6) and (T),

to the normal distribution is the condition of Lyapunov that
R 247
(9) by [2] d FNk(z) — 0 for N—-> ®,
k=l

7 being some positive number.

We apply these theorems to our problem by putiing for any fixed i out of
1,2,...,4

N -1
¢y =By By X £=3y (b, - B;)

where p, is the i-th row or column in P-l, and

(10) Bi = var p,' X' €.
Putting

(11) u=Xp,
and £ = B&l w €, we have from E € = 0, that condition (6) is satisfied,
and by definition of BN and the independence of the ¢'s also condition (7).
(To simplify the nqtation and where confusion is unlikely the subscript

N is omitted on various symwbols).



If Gk(e) is the distribution of € , ve then have in (8)

r
(12) J zedF (z) = B -2 i JF e ac (e)
= > lelpeny fur?|

We now first proceed in & somewhat heuristic wanner to find out what
kind of conditions ‘have t0 be placed upon the regression matrix X and the
errors. Preliminary results are given in two corollaries. They prepare
the questioning answered by the main result {theorem 2}. With (12) we

get the inequality for (8)

N N
(1}) zedF (z) < BN (z u® )ma.x [Je a6, (e)_/ .
= fjl>a

1,...,N |e|>6B Iu |

J=1

It ci: E ei >wm > O for 211 k then for all N
-2 5 2 -1
BN Zu k <m .
k=1

By definition we have E?= p; X'X By = (P-l) > Kil(P) where (P—l)ii

1 it

is the i~th diagonal element of P'l and kk means the k-th largest character-

istic root. Furthermore, let Elj be the j-th row in X. Then we have in

the expression for the integration interwval
2
w > o hq(P)

(1) B2y @ > U
- B 5

A
Ty By e M (P)

We want these expressions for all k to tend to +0o in order to satisfy (13).

Hence we may require

A
(15) max re 1(P)

Ty 5 — () as N—» 00.
=}1,...,N Kq(P)




Let us furthermore assume about the error distribution that there exists

for ¢ > O a bounded function g(c) with lim g{c) = O such that for each
C=» 00 .

error ek with distribution function Gk holds

(18) J[‘ 27 de(z) < g{c).
12y > ¢
We observe that this requirement is stronger than that of uniform
boundedness from above of ell v, . From (15) and (16) we see that {13)
tends to gzero, thus satisfying the Lindeberg condition. S0 we have
Corollary: In order that B&l(bi- B,)> 1 = 1,...,q, tends to the mormal

distribution N(0,1) where B is given by (10), it is sufficient that

N

(al) Ee=0, O<m<E ei for all k,

(a2) there exists a function g(c) with 1im g(c)} = O such that
C—=> QO

(16) holds for all errors.

A (P) °
max . — 0 as N —» 00,

h?(P) k=l,..., N %

(b)

all quantities as defined above.

Remark: Condition (b) necessarily requires A (P)K (P)—-> 0 and

Kq(P) —> @ . The first statement follows from the fact that ..

max r2
~Kk

> const > 0, the second from the further fact that hl(PN) is
k=1, .. ,N

positive and a non-decreasing function of N (here we have explicitly

written P instead of P to indicate that X is (NxXq)). We have namely with

N
unimedular characteristic wvectors Ek:
N N+1 N+1 5
A = = A .
l(PN) bX (r vN) < E (rJ v ) < Z (r'j VN+1) l(PN+l)

J=1 J=1 J=1
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Similarly, hq(PN) can be shown to be & non-decreasing function of N for
any choice of the Ek‘s.

In going through the proof of this corollary one observes that it
holds alsc given any particular i, for a weaker assumption than (b)
which moreover can be shown to be even necessary in assuming asymptotic
noxrmality of Bﬁl(bi- ﬁi) on the underlying set F of error random variables
defined by conditions (al)and (a2). To be precise we write down the

Definition 2; B&l(bi-Bi) is said to be asymptotically normally

distributed on the space F if its distribution converges to the standard

normal distribution N{(0,1) for each choice of an error sequence gek }

whose elements €, lie in F.

k

This definition can be generalized to

Definition 3: Let {bN} , N=1,2,..., be any sequence of random

variables in which each bN is a function of other random variasbles

€ k=1,2,.... All the ek's are elements of a set F. Then the bN are

said to converge (in some particular sense) on the set F (shortly: on F)
if this convergence holds for each possible cholce of the sequence €
A further geherslization can -be made as follows:. -
Definition 3': Let bN be random variables for N = 1,2,... each of

which depends in a certain functional manner on at most countably many

Other random variables el, € et ei be an element of the set Fi

prree

for each 1 = 1,2,.... All of these sets may be different. Then the bN
are said to converge (in some particular sense) on the product space
TT: le Fex Fax . « » 1if this convergence holds for each possible choice

of a seguence {eifs'yf, i.e. for each selection ei € Fi’ i=1,2,...

17 0o
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Corollary: Convergence on F for the r.v- bN of the above structure
is identical with their convergence on the product space)( =F xF x F x....

Clearly definitions.land 2 are special cases (with regard to the by
as well as to the kind of convergence) of definition 3.

If the bN still depend on a set of parameters which lie in a set B,
say, as is the case in oﬁr application then we will consider convergence
on the set BxF resp. Bxf( thereby extending the above definitions in
a trivial menner.

Corollary: A necessary and sufficient condition that B&l(bi- Bi)
be asymptotically normally distributed on the set F is (i=1,2,...,q)

{22) 1

T max (r! p.)e-——> 0 as N—> co.
- ) -k =i

;i kL., N

Proof: Sufficiency: from (22) follows that the left side in

we (zt p,)°
k _ "'k - l ] 2
= < mex (r' p, )
B2 B2 - m(P’l) k =
N N ii

tends to zero as N—> . Hence, using (16), (13) tends to zero for any

§ > 0 wherewith Lindeberg'e condition is satisfied.

Necessity: We take a sequence € 1} of identically distributed

'k

‘errors with variance M and distribution function G(e). Assume there is
a subsequence of (22) whose terms rewain > Mp@>0, say. The corresponding

sequence of N's may be denoted by'{NJ} , say. Then (8) becomes for N=NJ:

N_.
ZJI[ 22 aFy (z) > CEJ 2 46(e) >0
k=1 z|>8 e{>8/c

for & > O small enough. As J— oo, the left side should tend to O which



is impossible. By this contradiction the corcllary is proved.

One may ask whether the assumptions about the set F can be relaxed
so that still asymptotic normality on the set F holds, especially, whether
there ére necessary conditions simultaneously for X and F to be fulfilled.

We assume now without loss of generality that in any series of error
sdistributions all tgeir variances are . pogitlve If namely for soume k the .
error €, in equation (1) would have zero veriance, we would not have a sto-
chaatic equation. This then- gives a 1inear relatidn between the coefficlents N

Bidnlesq‘gké 0, and-the problem can be reduced to one ‘which contains one. zero
variance error less (and also one parameter Bi lese) than the original
problem. As a matter of fact the number of independent iinear relations
of this kind cannot exceed q, in which case either all the parameters 51
are uniquely determined or the problem is unsolvable.

We notice that this property of F of positive variances for all its
r.v.-s, has in the case of convergence already the consequence that for any
(fixed) k

(30) Qey = Iuk/BN| - 0 ag N—> 00.

Otherwise there would exist an infinite sequence of positive integers
{HJ} such that q . >c¢ >0, and (8) had the lower bound
c2+/\ € d G (e) which remains positive for 211 j and a suitably small

€| > 8/c

&, end because of Ui > 0. But this a contradiction.

On the other hand, the assumption sbout F that all its r.v.-s have
finite variances 1s required because otherwise there may not be a finite
variance for the limiting normal distribution, or alsc there-may not be

.any convergence in distribution at all.

The qguestion about necessary and sufficient properties of & subset
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of F is ansvwered by the following basic

Theorem 2: Let F be the space of all random variables whose means
are zero and whose variances are positive and finite. Let F be any non-
empty subser ¢ F. Then it is necessary and sufficient for the conver-

gence of B&l(bi-ﬂi) on F to the standard normal law N(0,1) for N—> o

that the following conditions for X and % be simultaneously satisfied:

max (rL E-)2
(1) k=1,...,N &

(P-l)ii

v
o

ags N=—s 00

(II) There exists a bounded function g(c) for ¢ > O with lim g(c) = O
C =0

guch that for each r.v. € € F with distribution function G{¢), sey,

N

e dc(e) < gl(e)
lel> e
holds.
(III) fThere exists a positive constant m such that for each € ¢ F

var € >
holds.

As the theorem shows, uniform boundedness of all variances from

above is not sufficient.

Proof: 1) Sufficiency: Let {ekf be any sequence of r. v.g out of

. N
F, satisfying (II) and (ITII). Let var € = o, B2= £ u° oo ,
¥ kK N T KN Ok

= ' t . <
Uen™ I By (earlier denoted just by uk) Then for any k < N

u
qiN = --ékE < —%—-i—-———-— max uiN —> 0 a5 N—> oo by (I). Here
By u(P )ii K=l,...,N
-1 ¥ 5 -1
(p )ii= Zug 18 the i-th diagonal element of (X'X) ~, X = (N x q).



1k

We now see that the necessary and sufficient condition (L) of the
Lindeberg-Feller central limit theorem is satisfied because for any
5 >0 -1
yo~o2 (P54 2
(35) 2 2= aF, (z) < ——= max €€ ac, (€)
=1 fj Ne'™ = g2 ka1 N]'/ K
= Jz|>6 N T e]> 8/

which tends to zero. We have namely B&Q(P-l)ii <u? and by (II), with

G. the distribution function of € for any k < N

k k’
2
€ de(e) < g(B/qu) —_ 0
lel> 8/ayy
because mAX Qg — 0,
k=1,...,N

2) The necessity of both of the conditions (II) and (II1) 1s proved
in several steps. First we show the mecessity of {(I) by chooeing all errors

to be identically distributed, €, ~ G, G erbitrarily chosen in any ﬁ@;F.

k
By assumption on F, ¢ = var € > 0. For (8) we have
N - )
(37) kN lj 2 46(e) > —-'12=— Uﬁ C & ac(e)
> 6/ g e|> 8 c/|UN|
where
2 -1
(38) v - mx /()
=1, ...

As the left side of the inequality tends for any & > O to zero so must

UE . (Paragraphs 1) and 2) are evidently the proof of the last corollary).

3) Given any F ¢ F. Let the distribution function of & € F be

Ge(z). let f€(c) =I/h 22 dGe(z) and consider for ¢ > O the non-increasing
z|> ¢
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function

M(c) = lim sup £ (c).
;€
€€

¥ nas property (II) if and only if lim M(e) = O . Ue assume
Cw> QO

henceforth that F does not have property (II). We will then construct
a sequence of errors which are elements of F such that (8) does not
tend to zero, thus coming to a contradiction. Obviously, F must have
infinitely many elements, and for any sequence cv-> oo we can find a

sequence of r.v-s €, e ﬁland functions fv(c) such that for all v=1,2,...

2
fv(cv) = z de(z) >C>0

z|> c
v

where lim M{e) > C > 0.
C= D

We' congider first the case where there exists an infinite subset
among the ev‘s in which all r.v.-s have bounded variances < M, say. To
avoid double subscripts we will assume that we had selected the Ev right

from the beginning in this way; hence for v=l,2,...

(41) Cc < o = var € < M.
v v

By selection of a suitable sequencegev : for the errors in (1) from

k
these ev we show that at least for a subsequence Np, p=1,2,... of the

set of positive integers (B) is not true. Because of (41) we have

u 2 ‘Ll2
__EQ%T___ < qim < __}Sgi___
M(P )ii c(p )ii

which tends necessarily to zero because of 2). Let M be a positive constant

< ¢, Let for each N 'k be the largest integer such that
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Ky

L z u2 < 7,

ePly,. k1 &
11

yet such that kN is non-decreasing. Evidently RN-4> co.

Now determine an infinite sequence NINE,...——> oo such that for

p=1,2,.
N, <
Let now €, be the same r.v. for k.=kN +1""’Rp’ say €y with
k p o

MY,

cv =y > min ]u [
k . N

S

Here j runs from kN +1 to Npexcept those j for which ujN = Q. Because
p

of Cv-> ® ac, < oo can always be found.
k

For each Np can any & > 0, & < 1 we now get for (&) a contradiction:

Np . N

z qu 2 ac (z) > z 2 [ dG (z)

k=1 k—kN p r/ p
|> a/qu +1' [> cy

p

"N oy
> M(l - Z ————9——) > C(1 - C ) > const > 0.
k=1 (P~ )

4) We consider now the case that the variances of the r.v.-s in F are not

bounded and select & sequence ]ev} such that

2
T - Q0 ,
v

One can determine these Ui in such a way, for the variances of the
errors in our model (1)}, that (8) is bounded away from zero for all N for

which uNN% 0. We write (8) ae
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N-1 o o
r qiN L de(z) + qﬁN [] 2 dGN(Z)
k=1 : '

|2]> 8/ay 2|> &/ay,

and, assuming 82 < % , we determine the last integration interval so thati -

2
2 N-1 u
£ 2 _ 1 W 2 2 _ 2 2
=z By < 3 (k_l 2 &’ o) < F Iy
NN =L Y

vhich is always possible for uNN% O and a constant kK < 1 and already fixed
ck's, k=1,...,N-1 by making o
the N-th term, (8) is larger than

2 uﬁmg2 2
“w ' ]/“22 ac.(z) > (1 - ¥°) LN 1'; > 0.
Z

sufficiently large. Then, taking only

2 N
BN > KUN BN 2K

With this the proof of the necessity of (11) for eny F is completed.

j) It remains to prove the necessity of (III). We now assume that an
arbitrary subset F < F does not have property (III) and construct a
contradiction by showing that (8) remains above a positive constant for

a sequence of positive numbers Np——> oo. Any such set ¥ contains necessarily

infinitely wany r.v.-s and especially sequences {ev twith lim inf cv= 0.
v—=> 00

We first give the proof for a special countable set § of this kind,
88y §,with r.v.-s whose distributions are 2-step functions Sv(z) each
having steps at + and - 0 with weight 1/2 each. Let there be given

any non-singular regression matrix XN X q for N—> 00; hence the numbers

Uy e k=1,...,N are given. The k-th term in (8):
N ~
{
L -dhy 2 as,(z)
k=1

lz] > 8/q,y
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gives the contribution

2
g, u
k kN 2
(50) —_—

if only we have for the integration interval o, > 6/qu, which 1s

the same inequality as (50). If we can construct an error sequence fevj
with e ¢ 8 such that (50) holds for some 8,> 0 and for infinitely wany

Np and for at least o?e k at each Np then we have a contradiction. Clearly,
if (50) folds for some 5,> 0 it holds also for any positive & < &,-

We write {50) in the form, putting 65: n:

N
22 2 2
(51) (1 - Mojuy - JElGJ wy > 0.
JFK

Subcase 5 a): Suppose there are (finite) constants ¢ and k,0 such that
for an infinite sequence Np——> o and for at least orek at each Np, say

k < k , holds:
p— ©

(52) u 2 se U2 , where U2= max u2 .
k N N N KN
PP P - k=1,...,8
Then (51) is for N = Np, k = kp, any p, greater than
00
2 2y
((l-n)ckc-anJ) >0
o J=1 p
T 2
if we choose L o, < oo and 0_= 0= ...= 0, = constant; also let 1 not
=1 J 1 2 kO

be greater than a suitably small positive comstant. Hence under our

assumption about the u , condition (III) is necessary for the set g.

kN



Subcase 5b): Suppose now that for any pair of constants_dnund-kbLQSQ)
holds only for finitely many Np. With other words, we can find for any

k & monotonically decreasing sequence of numbers with lim dN(k) =0
N—->w

such that

(5k) uiN < k-ldﬂ(k)U§ for j=1,2,...,%; N=1,2,... ,

Furthermore, there exists even & segquence mN~—> oo such that for any

given constant D which we assume to be < 1 end for all N > Nd,_say,

o 2 2
z Upny < DU.
k=1

This follows immediately from (54), and we choose for instance

<wm' = wmax Jk|da(k)<D}.
= K=l,...,N N

Clearly mﬁ is non-decreasing because the dN(k) are decreasing sequences

of N, and 1lim mﬁ = 00 because the dN(k) tend to zero for all k. Consider

N—=00
now a pair of sequences of integers Lo - 00, Np—-> oo for p — co such
P

that N =

P mNp +1
Let 2 2 U2

KN te defined by uKﬁN = max Uy = Yy Then because of D < 1
k=1,...,N

certainly mN < KN' Assuming now that cl, a o for N equal to

Dl 2

some Np be any given constants.

We determine inductively crmN+]_, UmN+2,...,UN such that we have for

(51), taken at N=Np and k=KN , the lower bound
p

N
02 (1-1) o - 1D max U? -M = U? >0 .
N RN J=1 J = 'l'lJI
ye e ooy J=my

Iy
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This can be done by choosing (i) ckN= const > O for N=N,,N,,...

N
(i1) = cr‘é < const <  agaein for N= N,,N,,..., (ii1) n < 1, sufficiently
'j_

o]
small. Fence also in subcase 5b) condition (III) proves to be necessary
for the set S.
6) We now turn back to an arbitrary subset F not having property (III).
There are sequences of r.v.-s with distributions Gv(z) in ¥ such that
for their variances liT$i§f o= 0 holds. Consider for each Gv(z) a step
v

function Sv(z) as defined in 5) which has the same variance T, We then

have for any v, any & > O and any number I

- 1 [ 2 -
| ]j z /de(z) >5 J z dsv(z)
2 2 B/q. t
kN lz] > 8" /ayy
t
with 8'= y25 . It is sufficient to prove this for qi =g, - 0. The
kN

2
left side is not smaller than cv(l - %) which is also the value of the

right side. Tt now follows from 5) that for any set {u,.| we can find

a sequence of errors with d.f.-s Gk such that for N=Np, p— 0

N
P o 1 P n 2
L quy 22 de(z) >3 £ qiN 2 dSk(z) >28 > 0.
E P Tape/ay, S
P p

This completes the proof of theorem 2.

As the Lyapunov form of the central limit theorem glves only a
sufficient condition for the cenvergence wewannotyexpect weaker conditions
on X and F than those given in theorem 2. One can easily shov e.g. the

sufficiency of the conditions on F as stated in the
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Corollary to theorem 2: For the convergence in law of B&l(bi- Bi)

on any F ¢ F it is sufficient that (I) and (III) holds besides:

(11)! E(le|2+“) < const for all € € F.

Procf: We have in {9)

2 [lel**has, (o),

[ 1P Targ (2) = 15w

and hence there is by (II)}' and (III) for the .sum (9) the upper bound

2+1
N S |uy gl
const Bﬁ?'n b |ukN'2+n < const il const IUNIn
k=1 o \1+1/2
(= ukN‘)

which tends to zero by (I) for any n > O.— This proof also shows that
(I1) in theorem 2 must follow from (II}'.
Theorem 2 makes a statement about the quantities Bﬁl(bi-ﬁi). Here

BN is a function of the varisances O of the errors €, In many cases,

however, the Ty

sequence of errors {€ | that might arise we could consider (b.- B )/(P'l) .
v i i ii

are unknown. If we knew that BE would converge for any

This is a statistic and tends evidently to a normal distribution with zero
mean and a variance which is known and equals Q§= (Bﬁ/(P-l)ii)z if the
limit of this expression is known. (Clearly, it always must lie between
2° and M?). But there is no hope for convergence of Qg (to be equal ]QNI)
cn any set F which contains at least two r.v.-s with different variances
between m and M > m, say. In this case namely we can construct a segquence
QN which has at least two limit values. Because of (I) there is a sequerice

of integers mN-4> cc with the property
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@
7 F

1 2 ] M-m
— - — > 0.
5 I uyy<yg + B >0 >0
u, k=1
-
N, uqu
Hence for any choice of {Uk } B z crk - < N. Determine now & sequence
k=1 u

=N

N —> oo such that >N. Thenput og., j=N+1,...,8 aqual to

m resp. M alternating with p odd or even. Then either QN<m + 1 for

N = Np, p odd, say, or

IILN

QN>M(l-lQ- by uiN)>M-Tl forN=Np, p even.

Yy k=1

In order to have a statistic for the case of an arbitrary set ¥

we can replace B_ by the estimate given in

N
. Theorem3 : Let
N
2 2 2
Ce= = (pjr) e
N k=1 1 =k k

where ey is the k-th component of e = y - X b. Then it is sufficient for

cn']l(b i Bi), i=1,...,q; to have asymptotically the standard normal

distribution for any sequence of errors €, which are elements of any sub-

k
set FEF, that (I) and (II) are satisfied:
max  (r, p,)°
k=1,...,N &1
(1) 2112 > 0 as N—> oo

(see also remark (3)),

(II) The fourth moments of all r.v.-g in F exist and lie between two

positive constants.

o . .
. Proof: 1) We show first that Cy BN2 tends to 1 in probability. With
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e=y-M=g+X@-b)withp-b=-P"X ¢ ve have

5. 2 2., -1
E(ek) <o+ (M - Bck) Iy P Ty

where M is an upper bound for all 02, existing by (II). With

k
N -1 -1
L r' P r =+trXP X' =g, further by (I) and
. k=1 =k =k

(II) we have for N—

n(c2) mex(x) p,)°
=k =i
—5— =1+

By By

) — 1.

In determining the variance it is convenient to introduce Xk= XP-lEk,

. o
and with ukN £k Ei we have

2 N
o2 2% w yNo oo o 2 .
E{C-Bf_BN Bl 5 ug(e) - oy (vie)™- 2 e vie) ¢

2 -2 -
var(Cy By") < B v - By oy i

N

Because of E eh < const < ¢o, the contribution of the pure quadratic terums

k 2
. 4Ny MEX Wy
in the squared sum is < const BN z Upn < const =

k=1 BN
N

=]
Use is made of X !i = q. Simllarly in the mixed quadratic terms, one may
k=1
take out of the occurring double sum the factor B&Emax uiN which makes the
k

remaining double sum(which is bounded)tend to zero.

> 0 by (I).

2) Now by theorem 2, B&l(bi— Bi) is a sequence of random variables whose
distributions tend on F for N—> co to N(0,1). By 1) ]chBI‘\Tl is a
sequence of r.v.-s which tend to 1. Hence their -quotient Cﬁl(bi-ﬁi) tends
to N(0,1), taking for C, the positive root of Cg /T, p. 254 7. Thus

theoren 3 is proved.

) 2
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Remarks: e
mix 193
(1) Condition (I) includes that N & < k“l":i’N K This follows
(P Dy
a1, ¥ op 2
follows from (P ),i= £ u, <N max ) -
el | k=1,...,N

(2) From the earlier corollaries it is seen that condition (1) in
theorems 2 and 3 can be replaced by the following stronger assumptions

(which of course no longer can be necessary):

(#"%)
v ii 2
(1") ——g - waX r, — 0 for N—> 00 ,
(P )ii k=1l,...,N
or even stronger
. () 2
(") me.x r. —> 0 as N—>

Ai(P) Kel,...,N X

which includes hl(P)/hi(P) —> 0 and hq(P) —> o0 (remark to the first

corollary).

(3} Clearly condition {II)' of the above corollary arising from the
Lyapunov theorem does not add anything new to theorem 3 whose condition
(II) is much stronger than.(II)'.
(4) Theorem 2 suggests itself for a generalization in the sense that the
ukN are replaced by more general doublﬁéequences (work in this direction
is under way). This would mean that limit theorems over certain sets
or r.v.-s can be established, utilizing thereby mainly definition 3.
Also convergence against any limit law, not only the normal one, can be
taken into consideration.

Examples(1): If q = 1, there is only one regression vector x,say.

As i assumes only the value 1, we have P (P'l)ii= p;= L, and

x 2
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max
and condition (I} reduces to 5— ~—> 0 which is equivalent with the
X
pair of conditions -
x§ 2
x? —> 0 and Xy — 0

for N —» co. A regression vector of this kind is called slowly

increasing / 6/.

(2) 1In the case where q = 2 one may put p,, = X} X /(x? x?)% the
N =1 = ‘=12 ?

correlation coefficient between the N-vectors 51 and 52. Then one

easily computes that (I) is equivalent with

1
5 max (x
X (1 - pN) k=l,...,N

plus a similar equation in which subscripts 1 and 2 are inter-changed.
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