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ABSTRACT

FRASER B. SMITH. Mixed Model Analyses of Censored Normal Distributions via
the EM Algorithm. (Under the direction of Ronald W. Helms.)

The analysis of censored data from repeated measures and crossover studies is
a frequently occurring problem. The purpose of this work is to develop a method
to estimate parameters in general linear mixed models with fixed censoring,
noninformative random censoring, or informative random censoring. The proposed
method is an extension of maximum likelihood estimation and is applicable to
normal data from longitudinal studies where the effects of serial correlation are
negligible. Current methods dealing with such topics are limited in that no
methods are available to address parameter estimation in general linear mixed
models with nonterminal informative censoring and the methods developed for

fixed and noninformatively censored data are computationally infeasible.

General convergence properties of the EM algorithm described in Cox and
Oakes (1984) for general linear univariate models are discussed. Cox and Oakes
restricted their discussion to fixed censoring where censoring values were considered
to be predetermined constants. These results are extended to the case of general

linear univariate models with noninformative and informative random censoring.

Subsequently this approach is extended so that it can be used for parameter
estimation in general linear mixed models. Unlike previous approaches, this
method has the advantages of not requiring computations of high-dimensional
integrals, not requiring the inversion of large matrices, and is not restricted to
random intercept models or studies with noninformative or fixed censoring. This

method is applied to data from a placebo-controlled, double-blind crossover, dose-
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ranging study to assess the short-term efficacy of an antianginal drug in patients
with chronic stable angina. Censoring was informative and nonterminal, i.e., was

not due to death or withdrawal from the study.
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I. INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

The analysis of incomplete data from repeated measures and crossover studies
is a frequently occuri‘ing problem. Data can be incomplete due to:
(a) missing observations where no information is available about the response
of interest, and

(b) truncation or censoring of the response of interest.

Data can be missing or censored for reasons that are either related or unrelated
to the outcome of interest and for reasons that are either planned or accidental.
Unavailable data are said to be missing if the expérimental protocol specifies that
the data are to be collected but, for reasons beyond the control of the investigator,

the data could not be obtained. Censored data are a special form of incomplete

data in which there is some information about the missing value, namely, that the
data if available, would have been outside a specified bound. For example, if a
device for measuring blood pressure could not measure blood pressure lower than 30
mm Hg or higher than 200 mm Hg, a blood pressure value outside the interval [30,

200] would result in an (unavailable) censored data value.

Censored data problems are common in follow-up studies. For example, in a



clinical trial investigating the efficacy of a new treatment for lung cancer the event
of interest could be the survival time of lung cancer patients. Right-censoring
occurs when patients withdraw from the study, die from another cause, or when
they are alive at the end of the study. Note that this is an example of terminal
censoring where censoring is due to death or withdrawal from the study and

patients are no longer available for subsequent observation.

Several categories of censoring are important in the context of follow-up
studies: fixed censoring, noninformative random censoring, and informative random

censoring. Fixed censoring occurs when the termination of follow-up for each

individual is predetermined in advance. Consequently the censoring values (times
of termination of follow-up) are predetermined constants and censoring occurs if
the event of interest does not occur prior to the scheduled end of follow-up. Note
that censored data values are typically survival times but in some cases the
“schedule” is based on a variable other than time. For example, in a dose-response
study of the dose required to obtain a 20% reduction in pulmonary function,

censoring typically occurs after a patient reaches a predetermined maximum dose.

Random censoring occurs when the termination of follow-up for each
individual is not predetermined and observation is terminated by a randomly
occurring event prior to the occurrence of the event of interest. The censoring
value is the time to cemsoring. For example, in a follow-up study of cancer
patients, the censoring time could be the observation time recorded until
observation is terminated because the patient withdraws from the study, as for

example, due to death from a cause other than cancer.

Random censoring is poninformative when the failure values and censoring




values are stochastically independent and their distributions depend on two sets of
functionally independent parameters. If the failure values and censoring values are
correlated and/or depend on the same parameters, then the censoring is
informative: the value of the censoring variable carries information about the
distribution of the time-to-failure distribution. In the previous example, censoring
due to withdrawal from the study is informative if patients withdrew because they
were not doing well because of an effect of the treatment or if the probability of

dying from competing causes depends upon whether the subject has cancer.

Data that are missing but not censored can be missing at random, missing
completely at random, or not missing at random. A missing data value is missing

at random if the probability of response is independent of the outcome variable of

interest that would have been observed if the value were not missing (Little and
Rubin 1987, p. 13). A missing data value is missing completely at random if it is
missing at random and if the probability of response is independent of any

predictor variables of the outcome variable of interest.

For the purpose of making likelihood-based inferences, the missing-data
mechanism is ignorable (Little and Rubin 1987, p. 15) if the missing data values
are missing at random. Some examples of ignorably missing data might be: data
that was missing due to laboratory errors, to unrelated illness, or because the
subject moved out of town. Fixed left censored data are clearly not ignorable since
the data values are missing when they féll below a known threshold. Therefore

analysis of a reduced sample excluding the censored data is subject to bias.

To illustrate the difference between missing and censored data, consider an
example in Wei, Lin, and Weissfeld (1989) of a randomized clinical trial to evaluate

the effectiveness of ribavirin, a drug used to treat AIDS patients. Patients were



randomized into one of three treatment groups: placebo, low-dose ribavirin and
high-dose ribavirin. Blood samples for each patient were collected after four, eight,
and twelve weeks of treatment. Measurements of P24 antigen levels, important
markers of HIV-1 infection were repeatedly taken for a period of four weeks. The
response of interest was the “viral load” in each blood sample, which was the
number of days until virus positivity (P24>100 picograms/ml) was detected.
Ideally each patient in the study would have had three such event times. However
some observations were missing because patients did not make the scheduled
number of visits or because serum specimens were inadequate for laboratory
analysis. Censoring occurred when the culture required a longer period of time to
register as virus positive than was achievable in the laboratory or when the serum
sample was contaminated during the assay procedure before virus positivity was
detected. The authors assumed that censoring was noninformative and that

missing data were missing at random. Censoring was nonterminal as it was

possible to obtain further blood samples after censoring occurred.

A classic approach used to analyze incomplete longitudinal data is to delete
the entire observation vector (row of Y) for any subject with missing or censored
data and to use multivariate techniques. This process is known as. “casewise”
deletion (Timm 1970). When the proportion of subjects with incomplete data is
high a great deal of information is lost. When the data are not missing at random
this can also be a source of bias. Casewise deletion is still practiced by popular

software for multivariate model analysis as, for example, SAS PROC GLM.

Another commonly used approach is to delete observations with censored data
and to analyze the remaining data using mixed model techniques which
accommodate uncensored missing and mistimed data and covariates that change

over time. Using this approach it is no longer necessary to delete the entire



observation vector whenever the data are incomplete. However the deletion of

censored observations still results in a loss of information and can lead to biased

results if censoring is informative.

An alternate approach is to impute missing or censored data values. For
example, Lam, Chaitman, Crean, Blum and Waters (1985) conducted a placebo-
controlled, double-blind crossover, dose-ranging study to assess the duration and
extent of antianginal effects of Nisoldipine in patients with stable angina pectoris.
Efficacy was determined by assessing the results of treadmill exercise tolerance
tests, in which the time to onset of angina was the primary response of interest. In
some cases, right censoring occurred when patients became exhausted and had to
stop running on the treadmill before they got angina. Instead of excluding the
censored data, peak exercise duration was used to calculate mean exercise time to
angina. However, if censoring occurred peak exercise time underestimated the time
to angina.  Therefore, if the treatment was effective, this approach was
conservative because it underestimated the duration of the drug’s antianginal
effects. However because peak exercise duration time and time to onset of angina
were highly correlated, it is plausible that individuals were censored when they
were at unusually high risk of failure (i.e., censoring was informative). Therefore
it may have been preferable to impute censored data values rather than delete

these observations entirely.

Note that in this example the censoring was nonterminal: censoring was not
due to death or withdrawal from the study and censored patients returned for
subsequent treatments. If patients died because of unrelated illnesses or withdrew

from the study, data for subsequent visits were assumed to be missing at random.

Previous work by Wu and Carroll (1988), Wu and Bailey (1988, 1989), and



Schluchter (1991) considered a specific case of terminal informative censoring where
there was interest in comparing rates of change of a series of measurements of a
single continuous response variable (e.g., one-second forced expiratory volume,
tumor growth, decline in renal function) between two treatment groups in a
longitudinal study. Each individual received only one treatment. Right censoring
caused by death or withdrawal made any subsequent measurements impossible.
For example, when steeper slopes were correlated with longer periods of observation

this was symptomatic of informative censoring.

These techniques are not applicable to the crossover example because:

(i) censoring was not due to death or withdrawal,

(ii) censoring did not affect subsequent measurements, and

(iii) each patient received multiple treatments.
In addition, Lam et al. (1985) were interested in the main effects of treatment,
period and sequence at one or more time intervals rather than comparing rates of
change over time between treatments. Problems of this type involving nonterminal

censoring will be considered in this dissertation.

Maximum likelihood estimates for general linear models with incomplete data
frequently cannot be obtained analytically. Instead it is usually necessary to use
iterative procedures. Literature pertaining to the use of these procedures will be
summarized chronologically in Section 1.2. Likelihood functions for general linear
univariate models with noninformative right censoring are derived in Section 1.2.1.
The behavior of the EM algorithm and theory applicable to general linear
univariate models with fixed right censoring will be reviewed in Section 1.2.2,
followed by a review of the literature pertaining to mixed models with
noninformative censoring in Section 1.2.3. Two papers will be discussed in detail.

Pettitt’s (1985) paper used a frequentist approach in conjunction with the EM



Algorithm to obtain parameter estimates in mixed models with noninformative
right censoring while Carriquiry, Gianola, and Fernando (1987) used a Bayesian
approach in conjunction with the Newton-Raphson algorithm to obtain parameter
estimates in random intercept models with fixed left censoring. The discussion will
highlight computational problems associated with these approaches. In many
problems computations using these approaches are difficult or intractable involving
high-dimensional integration or the inversion of large matrices. Finally after
reviewing the existing literature, the objectives of this research will be outlined in

Section 1.3.

In order to remain clearly focussed, this dissertation will deal specifically with
the use of the general linear mixed model to obtain parameter estimates for normal
or lognormal data containing censored observations. (Normal distribution theory
can be used for both distributions if logarithms of the response are used instea.d of
actual data values when the dependent variable is lognormally distributed.) The
purpose of this work is to simplify existing computational approaches used to
estimate parameters in mixed models with fixed or noninformative random
censoring and to extend these techniques to parameter estimation in mixed models
with informative censoring (e.g., data from the crossover study by Lam et al.
1985). It will be assumed that correlations between measurements within an
individual are not dependent on time between measurements. This is a reasonable
first approach for longitudinal studies where the effects of serial correlations are

negligible.

Cox and Oakes’ (1984) application of the EM algorithm to data from regular
exponential families with fixed censoring and discussion of general convergence
properties is reviewed in Section 1.2.2 and, as part of this research, is extended to

random noninformative and informative censoring in Chapter 2 with emphasis on



the general linear univariate model. Applications of the EM algorithm for
parameter estimation in mixed models with noninformative and informative right

censoring are discussed in detail in Chapter 3.



1.2 Literature Review

Several papers have been written outlining parametric methods for the analysis
of univariate normal or lognormal failure time data. Sampford and Taylor (1959)
developed an iterative procedure to obtain parameter estimates for right censored
data from randomized block experiments. =~ When censoring occurred, the
conditional expected value of the dependent variable was substituted for the
unknown value in the usual maximum likelihood formulae for complete data.
Wolynetz (1974) examined the problem of making statistical inferences from
normally distributed Type I right censored data. Sampford and Taylor’s (1959)
method was found to be an efficient procedure for finding maximum likelihood

estimates.

After reading Dempster, Laird, and Rubin’s (1977) paper, Wolynetz (1979a, b)
wrote a FORTRAN program using the EM algorithm to compute maximum
likelihood estimates in linear models with censored normal data and normal data
confined between two finite limits. Wolynetz (1979a, b) also used the EM
algorithm to obtain maximum likelihood estimation techniques for grouped normal
data, i.e., where for i=1, ..., m, Y, is known but for i=m+1, ..., n, Y; is only known
to lie between two constants, a; and b;. Similarly, Swan (1969a, b, 1977) obtained
maximum likelihood estimates for grouped normal data using the Newton-Raphson

algorithm.

Subsequently Wolynetz and Binns (1983) reanalyzed dairy cattle survival data
using Weibull and lognormal distributions after an inconsistency in published
results was attributed to the authors’ incorrect assumption that an exponential

distribution fit the data. The choice of an exponential distribution was probably
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made because, as Breslow (1974) noted, researchers often prefer to use other
parametric distributions such as the exponential, Weibull, and Gompertz to fit
survival data because they are perceived to be mathematically more tractable and
conceptually and computationally simpler than the normal or log normal

distribution.

Schmee and Hahn (1979) and Chatterjee and McLeish (1986) proposed
iterative least squares procedures similar to the method proposed by Sampford and
Taylor (1959) whereby censored observations were replaced by their conditional
expectations given current parameter estimates. Following Schmee and Hahn’s
suggestion, Aitkin (1981) outlined a computational procedure used for maximum
likelihood estimation using the EM algorithm and compared variance estimators

obtained by both methods.

Other parametric distributions (e.g., the exponential distribution), semi-
parametric distributions (e.g., the Cox propbrtional hazards model) and
nonparametric procedures have been proposed in the literature for analyzing
univariate survival data and are too numerous to review here. [See, for example,
Elandt-Johnson and Johnson (1980).] Attempts have also been made to analyze
correlated failure time data with noninformative censoring using these techniques.
For example, Wei, Lin, and Weissfeld (1989) proposed a semiparametric method
for the analysis of incomplete failure time data that used the Cox proportional
hazards model to formulate marginal distributions of failure times and estimate
regression parameters in the Cox models by maximizing failure-specific partial
likelihoods. No specific structure of dependence among the distinct failure times

for each subject was imposed.

Bissette, Carr, Koch, Adams, and Sheps (1986) used weighted least squares
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methods to analyze incidence density rates from two-period crossover studies. The

incidence density rates were defined as

number of people experiencing the event

A= total time at risk

where time to event is the maximum likelihood estimator for the hazard (scale)

parameter when time to event data have an exponential distribution.

Only a few papers have been written about the use of mixed model techniques
to analyze correlated survival data, perhaps due to the perception that other
methods were mathematically and computationally more tractable. These include
Pettitt’s (1985) paper that used the EM algorithm to analyze data from mixed
models with noninformative right censoring and work by Carriquiry (1985) and
Carriquiry, Gianola, and Fernando (1987) that used a Bayesian approach to
estimate fixed effects and variance components for random intercept models with

fixed left censoring.

Papers that are relevant to this dissertation will be discussed in subsequent
sections. Cox and Oakes’ (1984) application of the EM algorithm to data from
regular exponential families with fixed censoring and discussion of general
convergence properties is réviewed in Section 1.2.2 and extended to random
noninformative and informative censoring in Chapter 2. Section 1.2.3 reviews
~ Pettitt’s (1985) paper and work by Carriquiry (1985) and Carriquiry, Gianola, and
Fernando (1987).
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1.2.1 Likelihood Functions: General Linear Univariate Models with
Noninformative Right Censoring

Consider a random sample of K individuals with 1 observation per subject
from a normal population with common parameters § and ¢2. The General Linear
Univariate Model is

Y =Xp+e,

where

Y*is a K x 1 vector of failure values which may or may not be observed,
X is a K x p known constant matrix of rank r <p,

B isap x 1 vector of unknown constant ‘fixed’ population parameters,

€ is a K x 1 vector of unobservable random errors,

g~ N(Q ’ lK"'z),

and ¢2 is an unknown within-subject variance component.

Therefore Y*~ N (Xg,1o2)
with density K
BT g oD=[a?  ewp [4- (- x8) Ud)'(x- 55 )]

p ~

and log likelihood of the complete data Y*
(8, o | Y*)=log £,(Y* | 8, o?)

= -4 [log(2r)+log(s?)] -1 (X" -X8) QoD (x*-%x8) .

Note that Y* denotes the complete data vector in the absence of censoring.

Similarly let C*=H a +¢

~ A~ A



where

C*isa K x 1 vector of censoring values which may or may not be observed,
His a K x p, known constant matrix of rank r, < p,,

a 1s a p, x 1 vector of unknown constant ‘fixed’ population parameters,

£ 1s a K x 1 vector of unobservable random errors,

£~ N(Q, I xod),

and o2 is an unknown within-subject variance component.

Therefore C* ~ N(Hg, 1 6?)
with density K
go(g* l g,”f)z[—li2 X exp [—%—(Q*-EQ),Q."Z)—I(C*_E

14

R

A
| S}

2moy

and log likelihood
10(3 ’ ”3 I g*)=1°g 80(9* l e, ‘73)

=~ [log(2r)+log(s2)] - - [(C* - Ha )’ (1 o2)"(C* -He ).

Define: Y; =min(Y}, C})
5;=3(Y;=Y7) = {

3

1if Y=Y? }

0 otherwise

13

where 3 is the Boolean function (Helms 1988). Observations Y; for which §,=0 are

called censored values and observations for which é;=1 are called uncensored values

or failures (i.e., Y;=Y} when 5;=1).
Yi-X:8

Let @ denote the cumulative distribution function of Z}= ——5 =~

[

and G denote the survival distribution function of C;" .
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Theorem 1.2.1: Assuming that

1. Y* and C* and independent and
2. Parameters of the distribution of Y* are functionally independent of the
parameters of the distribution of C*

then the likelihood used to obtain maximum‘ likelihood estimates of g and ”3 is

1-6

If[ (i1 8, 3)1=[-o(“’2?"é)] i

* Proof: [This is a greatly expanded version of a proof by Lawless (1982, pp. 37-38).

This likelihood function is also derived in Kalbfleisch and Prentice (1980).]

The mixed p.d.f. of (Y, 6) is

fy. (v, 6=1)=lim P(y <Y <y+ay, 6=1)

ay—0* Ay
—lim B YT <y+ay, CT>YY)
Ay—>0+ Ay
—iim DL Y <yt+ay) n {(C*>y+4y) U (Y*<C*<y+ay) } ]
Ay—0 7t ay

-1 1 * *
Z;n-nm ay Pl{ (y s Y* <y+ay) n (C*>y+ay) }

U {(y<Y*"<y+ay) n (Y*<C*<y+ay) } ]

=] L * *
Zi;_xf_lw ay Pl (7 < Y* <y+ay) n (C*>y+ay) |

+ ;1m0 Ay P[(y<Y*<y+ay) n (Y*<C*<y+ay)].
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- lim LP [ (y <Y* <y+ay) n(C*>y+ay)n (Y*<C* <y+ay)].
ay
ay—0*

However P[ (y < Y* <y+Ay) n (Y*<C* <y+ay) ]

<P[(y<Y*<y+ay) n (y<C*<y+Ay) ]

and P [(y<Y*<y+ay) n(C*>y+ay)n (Y*<C* <y+ay) ]
=P [ (y < Y* <y+ay) n(y+ay<C* < y+Ay) |=0.

Since Y7 is independent of C}

: 1 * *
A:{}fo + Ay Pl (yY* <y+ay) n (C*>y+ay) ]

iy P(y < Y* <y+ay) .
s ) ey

= Y*(y) P(Cf>y)=fy*(}’) Gc:()’)

and lm 1

* * "
Ay +BY P[(y <Y*<y+ay) n (Y*<C* <y+ay) ]

: 1 * *
< Aifino +Ay Py Y <y+ay] Ply < C* < y+ay]

Therefore fy s §=1)=f_4(y) GC;’(Y)’

Similarly

ty, s(v, 8=0)=gq-(y) P(Y*>y)
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Therefore the joint density of Y and 6 is

fy 5 (v, )= f,4(y) Goe(y) I [gon(y) {1-9(2) 1 ¢,
§€{0,1}, —co<y<oo

and the joint density of the sampling distribution of (Y}, §;) is

K 6; 1-6.
]._-Il[ fy*(yi) Gc*()’i) ] [gc*(}’i) {1-9(z;}] i’

If G(y;) does not involve 8 or o2 censoring is noninformative, terms involving g and

G can be neglected, and the likelihood is

1-6.

K 5. y;— X8 :

L(g,azl X)ocH [fY*(YiI £7”Z)] ! ':1“°< : 7, z~)J .
1i=1

Q.E.D.

Type I censoring, i.e., when Cl=y;=c;, a predetermined fixed constant can be
considered to be a special case in which each C} has a different degenerate
distribution with probability mass at the fixed point y;=c; (Lawless 1982, pg. 38).
This is because censoring is noninformative and therefore terms involving g and G,

whether they are fixed or random, do not involve the parameters of interest.
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1.2.2 EM Algorithm

The theory behind the EM algorithm for regular exponential families is given
in Dempster et al. (1977). This will be discussed in Section 1.2.2.1. Subsequently
in Section 1.2.2.2 general convergence properties of the EM algorithm described in
Cox and Oakes (1984) will be discussed. Finally Sections 1.2.2.3 and 1.2.2.4 will
focus specifically on applications of the EM algorithm to right censored survival

data.

1.2.2.1 EM Algorithm for Regular Exponential Families

The distribution of the complete-data vector, Y*~ N (Xg,102)

with density
LY oD= 5 < e [t -xp) W) - x2)]

2
2mo;

and log likelihood
L8, oc | Y)=log £,(Y* | 8, o2)

=-5 [log(2n)Hog(eD)] -5 [(X* - X8) QLoD "'y -x8)]

is a member of the exponential class of distributions. The density has the regular
exponential-family form

(Y71 £)=b(Y") exp [ (X" ] / a(2) (12.1)
where §={g, 02} denotes the parameter vector that is restricted to a (p+1)-
dimensional convex set ¥ such that (1.2.1) defines a density for all ¢ in ¥ and

a(@)= [b(Y") exp [# t(Y")] dY"
qJ*
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where 9* denotes the set of every possible value of the random variable Y* ie q*

is the sample space of Y* (Dempster et al. 1977, p. 1).

For a given Y*, maximizing
1,(81Y*)=log £,(Y*| 8 )= ~log a(g }+log b(¥*)4¢’ t(¥*)

is equivalent to maximizing —log a(g )+4' t(Y*).

The log likelihood of the incomplete (i.e., observed) data can be obtained in the
form
(g IY)=log f(Y| ¢)
where Dempster et al. (1977) define the marginal density of the observed data as
f(Y1g)= [ £(Y*Ig)dy*

V(YY)
where the Y are a subset of the sample space Y* and the corresponding Y* in *
are not observed directly but only indirectly through Y. Alternatively,
Carriquiry(1985) partitions Y* into an observed data vector (Y) and a missing data
vector (M) and integrates out the missing data. The marginal density of the

observed data is defined as

(Y 18)= [ £(¢"1¢) dM.
M

~

It is interesting to note that

(Yle)=gly [ bY™) exnlg (¥")] dy*
v(Y)
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Q
=
15)
<
~—

and where a(¢ [Y)= [ b(Y*) exp[ ¢ t(Y")] dY™
YY)

Dempster et al. (1977, equation 2.7) and Carriquiry (1985, equation 4.18) define the

conditional density of Y* given Y and § to be

£.(X*9)_ b(Y™) exp[ g t(X")]
f(X1g) a(@gly)

Both f,(Y*| 8) and m(Y*| Y, §) are from exponential families with the same
natural parameters § and the same vector of complete-data sufficient statistics
t(Y™) but with different sample spaces, where the sample space of Y is a subspace
of Y*.
Therefore the log likelihood of the observed data
i8] Y)=log £(¥| ¢)

=log £,(Y*| ) ~log m(Y*| Y, 2)

= ~log a(g }+log a(¢ [Y).

Differentiating with respect to ¢ ,

a7 @1 Y)=-F log alg )+ log a(¢ | Y)
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+a(0} ) / b(Y*) 37 exp[ £1(Y*)] dY*
TN

<

— 1 * y) * * *
=~ %bm expl £H(Y*)] t(Y*) dY

P

Yty [ P el gy Y ay”
v(Y)

=-E[t(X") | g]+E[t(Y") | ¥, 8],

where E[ t(Y™) | 9] is an integral over the whole domain of Y*and E[ t(Y*) | Y, 9]
is an integral over the whole domain of the unobserved data. For details see

Dempster et al. (1977, pp. 1-5).

As a result the EM algorithm can be expressed in two steps:
E Step: Compute t)(Y*)=E[ ¢(y*) | Y, 2"~V
M Step: Obtain 8" as a solution to E[ t(Y™*) | 8)=t(Y*)

Convergence of §; to §, the maximum likelihood estimator of 9 therefore implies
that
E[t(Y") | Y; £]=E[t(Y*) | §]

since
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1.2.2.2 Behavior of the EM Algorithm

Cox and Oakes (1984) show how the log likelihood 1,(811 Y, § ) never decreases
at any iteration of the EM algorithm. Although they specifically use the EM
algorithm to obtain maximum likelihood estimates for right censored distributions
that are members of regular exponential families, this proof is more general in that
it applies to other distributions as well as those from regular exponential families.
Their proof uses the function
Q@ 8)=Eli(8, Y | X, 5. 8], |
the conditional expectation of the log likelihood of Y* given the observed data (Y,
4 ), where §;=3(Y;=Y}) and Y and § are assumed to be fixed and known. This
function was defined in Section 3 of Dempster et al. (1977). Q has two arguments;
g, is an argument of the full likelihood L, while g is the parameter of the
conditional distribution of Y* given (Y, § ) which is used in computations involving
the conditional expectation. The EM algorithm obtains a value 8* that maximizes
fY% ).

Recall from Section 1.2.2.1 that i(8,] Y, § )=log (Y, s | 6)

(Y*[s
and m(Y*|Y, s, ~1)_f(Y(',~6 ||~‘1’~1))

Therefore i(g,] Y, 8 )=log £,(Y" | 8,) ~log m(Y* | Y, £, 8,)
=18 X*) - (8 Y 1Y, 8)

Therefore (4,)=E{ 1,(&/ Y*) | Y, 8, 2]~ El 4(&l Y*) | Y. £, 8]
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=Q(g:, £) - R(
where R(g;, ¢ )=E[ ,(g]

LQ:
D
-~

g

*
o
<
o
>

Consequently, I(g..l) = 1(2’, )=[Q(Q.lv [ ) - Q(,(’, 8 )] - [R(g.l, [4 ) - R(ﬁ ' 8 )]

Using Lemma 1 from Dempster et al. (1977), for any pair (8,8)in¥ X ¥,
R(91, 8)<R(8, 8). This follows because the expected value of a concave density
function is maximized at the true value of the parameter. Because §, is chosen in
the M step to maximize Q(8:, 8) for a previously given value of 8, Q(8;,8)>Q(,
8). Therefore 1(8,)-1(9)>0, so each iteration of the EM algorithm cannot
decrease the log likelihood function. Note that when the maximum likelihood
estimate of ¢ is obtained, the maximum likelihood estimate § must satisfy the
self-consistency condition Q(g;, 8)<Q(8, 8), and it is therefore impossible to
increase the value of the log likelihood function at subsequent iterations. Cox and
Oakes (1984, p.165) point out that concavity of I, with respect to the parameters of

interest (8 and o2) does not necessarily imply concavity of /.
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1.2.2.3 Derivation of the EM Algorithm;
General Linear Univariate Models with Fixed Right Censoring

Cox and Oakes (1984) describe how the EM algorithm can be used to compute
maximum likelihood estimates of B and o? for right censored data from univariate
exponential families. The censoring mechanism they consider is fixed, i.e. Cl=c;,
a predetermined constant. They make the point that the EM algorithm is very
useful when the likelihood of the complete data, Y* has a much simpler form than
the likelihood of the observed data (Y, §), which is the case with the right

censored normal data described above.
When Y* is a member of the exponential class of distributions,

fo(X*| 2)=b(Y") exp [¢ t(Y*) ]/ a(g) and

0,(8)
96

~

=t(Y*) ——log a(g)

=t(¥*) -E[t(Y¥") 1 ¢].

For a right censored sample (Y, § ) the function
Q(.Ql’ [ )=E[ (~1l Y*) l Y’ 9> ~]
=E[ g1t(Y*) -log a(6,) | Y, ¢, g ]+log b(Y™)
=E[81t(Y*) | Y, §, 8] -log a(4,)+log b(Y™).

For a concave function /,, Q is maximized with respect to §, when

9 log a(g,)

0= M_E[ YD I1Y, 8, 8]-—55
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=E[t(Y*) | Y, 8, 8]-E[t(Y*) | 8]
or B[ 6(Y*) | Y, 4, 2]=E[ ¢(¥") | &) (1.2.2)
The corresponding E and M steps are:
E-step: Compute t (Y*)=E[ t(Y*) | Y, 5;8]
M-step: Obtain ¢, as the solution to E[ t(Y*) | g;]=t (Y*). (1.2.3)

In the r-th iteration these correspond to:
E-step: Compute t(Y*)=E[ (Y") | Y, 5, ¢ V)

M-step: Obtain §(7as the solution to E[ t(Y*) | g(')]=t(')(¥*).

In the expectation step,
E[t(Y]) | Y=y, 6, 0]=
SE[E(YD Yi=y;, 6=1, g+ (1-§)E[t(Y]) | Y;=c;, ;=0, g]

=SE[8(YD)| Yi=y;, 0]+ (1-6)E[ t(Y]) | YI>c;, 6]
=84(y:)+(1-8)E[ t(Y}) | YI>c;; 8]
with corresponding density function

fo(Y* I Y*>C)=oo fo(Y‘) — fi(z(‘z))

/ £,(Y*) dY*

Ci -
where z,=—

i

i

o
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Therefore

E[4(Y]) | Y{>c; 8]

o0
= YD (Y] ) avy,
Ci

Recall that the likelihood function for the observed data (Y, § ) can be expressed as
(8] Y, 8)=10 X 46, Y* 1Y, 5)

where 1, is the log likelihood for the complete data Y* that would be observed if
there was no censoring and I, is the log likelihood of the conditional distribution of
Y* given (Y, §).

When Y* ~N(X4, L o%),

1-6.
i . X, 1
L(g, o2 1 X, &) I [4(¥ | g, D) [lo( ﬂ)] .
i=1 ~ e
Therefore I(Q, ol Y,s)

& X,
x Z { §; log fo(Yﬂ B, 03)+(1-—6i)log ,:1_°( Ci a:zg):l}
i=1

K K £.(Y¥ 8,2
=2110g fo(Y:‘I g, 0’3) —-‘ E (1 —51')103 ( 1 I é 4 )
1=

e

fo(le Ea ‘7:)

9]

is the conditional density of Y given Y}>c; with the same form as the

where [

unconditional density of Y} except that the range of the density is restricted to
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As befo‘re

£,(Y? 9)
0 o\ il X/ * * *>c., 0].
o9 log [1—F(c,~| 8) ] HYD) - YD IY; > 2]

ol8;Y,8)
Therefore _‘Ta—

=§1{ 6(YD)—E[ t(Y})| ¢] }

-}Ifl St (YD) =E[t(Y]) | Yi>c; 0] )

1=1

=§1 LE[6(Y]) [ Y=y, 8, 8]-E[t(Y)] 9]}

the difference between the conditional and unconditional expectations of the

-~

complete-data sufficient statistics and when §,=¢ =f in (1.2.2) then § is also a

A~ A

solution of the

likelihood equation —(’a“}’—)—O .

~
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1.2.2.4 EM Computations;
General Linear Univariate Models with Fixed Right Censoring

EM Computations are summarized in this section. In the E step, the
conditional expected values of the ‘complete-data’ sufficient statistic are computed
from the observed data and current estimates of the parameters, while in the M
step, new estimates of the unknown parameters are computed using the conditional
expected values of the ‘complete-data’ sufficient statistics in the maximum

likelihood equations.

E Step:

In the r-th iteration, the estimation step computes the conditional expected
values of the complete-data sufficient statistics given the observed data Y and the
estimated values of the parameters from the (r—1)-st iteration. Not all of the Y*
are observed so the E step will estimate the compléte—data sufficient statistics that
involve Y*.

A set of complete-data sufficient statistics for this problem is
X'Y* and Y¥Y*.
The expected values of the complete-data sufficient statistics may be denoted,

L l(r)=)$’ E[Y*|Y,s, E(T-l)v "ir-l)zl and
to=E[YY* 1Y, g, 8770, oV

When 6,=0 expectations involving the i-th element of the complete-data sufficient

statistics can be computed as:

- r-1)2
E[Y | Y;=c;, §;=0, g" D or=1
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=E[Y} | Y}>c;, g0, ol =17

£,(Y?] ﬂ(r n (r—1)2)
1- <I>(z(" )

dy?

o'\.g

sz V)

=X. (r-l)+ (r—=1) _¥\& )
~1£ O 1_‘}(221'—1))

;- X80

where zﬁ'"1)= ey
ae

and

2
E[Y;2 I Y1=y1, 6i=07 g(f—l), Ugf—l) ]

=E[Y} | YI>c;, gD, o0 -1

o0 £,(Y? ﬂ(r D, 4lr= 1)?
/ ,.,2 ( l )de
c;

1- qs(zy 1>)

#(z ")
1-9(z" ")

S L T et
Both of these expectations appear in Aitkin (1981).

M Step:

The r-th iteration of the M step obtains g(') and ag')2 as solution to equation
1.2.3. For the complete-data problem the maximum likelihood estimates are:
B=(X'X)"' XY

and
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Initial values of maximum likelihood estimates are obtained by treating the
censored data as if they were uncensored. Convenient initial estimates are:

FO=(X'%) " XY

In the r-th iteration maximum likelihood estimates which maximize the likelihood
function using the expected values of the complete-data sufficient statistics
obtained from the previous iteration of the E step are:

E(r)z(?g}é) “ly 1(r)

and

2
o.g") =%[t2(r) _2é("-—1)’ £ l(r)_{_g(r—l),zl)sé(r—l)].
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1.2.3 Mixed Models with Noninformative Right Censoring
or Fixed Left Censoring

Consider a random sample of K individuals with n; observations for the i-th
subject such that n= i n;. The n observations are assumed to be a sample from a
normal population v:'i?hl common parameters §, D, and ¢2. The General Linear
Mixed Model is

Yi=Xi8+Bd ites (1.2.4)
where
Y!isann; x 1 vector of failure values which may or may not be observed,

X;is an n; x p known constant matrix of rank r <p,

is a p x 1 vector of unknown constant ‘fixed’ population parameters,

W ™

;1s an n; x q known matrix corresponding to the random effects,

=W

;18 a q x 1 vector of unknown individual parameters,

€ ;1s an n; x 1 vector of unobservable random errors ,

d;~N(Q

, D) independent of ¢~ N(Q, lniaz),
D is a positive-definite symmetric q x q covariance matrix of

random effects,d ;,

and o2 is an unknown within-subject variance component.

- Therefore Y ~ N(X;8, &), each with marginal density

; 1
2 -3

LY 8 E)=[£]2 |5 2 x exp [—%—(z?—zig)'(z,-)"(x;-"—af,-g)]

and log likelihood of the complete data subvector Y!
Io(g’ Z; | Xf)zlog fo(X? | B, Z;)



n; , _
= - log(2m) - 5-log| &;|- 4 (X - X:8) (Z) "X -X:8)]
where £;=B,DBi+Lq0:

is the positive-definite symmetric covariance matrix of Y.

Note that Y* denotes the complete data vector in the absence of censoring.

Similarly let Ci=Ha +J ;v ;+¢,,

i~

where
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Ciisann; x 1 vector of censoring values which may or may not be observed,

H;is an n; x p, known constant matrix of rank r, < p,

@ is a p, x 1 vector of unknown constant ‘fixed’ population parameters,

J;is an n; x q known matrix corresponding to the random effects,

¥ ;1s a q; x 1 vector of unknown individual parameters,

£iis an n; x 1 vector of unobservable random errors,

¥v;~N(0, V) independent of ¢;~ N(Q, Lnidg),

V is a positive-definite symmetric g, x q, covariance matrix of
random effects, v ,

and ¢? is an unknown within-subject variance component.

Therefore C* ~ N(H;e, ;)
with density 0.
1

(G| & D)=L |1~

BO|—
X
[¢]
»
ge
r
|
R\T—A
~
@)
*
|
fas
®
~
~~
3
p
|
-
o~
Q
%
|
bias]
1)
g
| SOv—— )

and log likelihood

Io(g, L; I Q?)=l°g go(g}: l &, Lz)

n. , _
=—tlog(27) ~3 log | L ;|- (G} -H;a)' (L;) " HCF-Ha))

~ I~
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where [ ,=J V] i+] niaf

is the positive-definite symmetric covariance matrix of cl.

X _ * *
Defie:  Y;; =min(Y};, C}))
5,‘j=93(Yij=ij)
where B is the Boolean function (Helms 1988) and let § ; denote the vector of
indicator variables for non-right censoring in the i-th individual, where right

censoring occurs when the log censoring time C is less than the log survival time

*
Y3

Pettitt (1985) assumes that censoring is noninformative, i.e. that
1. Y} and C} and independent and
2. Parameters of the distribution of Y are functionally independent of the
parameters of the distribution of C
and defines the likelihood used to obtain maximum likelihood estimates of g, D,

and o2 to be

L(ﬂ D 0' |~ HLz(g’Q"U Xz)

where
o0
Lig: 1Y) I [ 6(¥7 12,2 TT avy
~ Y ~ lec

and € denotes the set of missing or right censored observations in Y
Alternatively, after partitioning Y} into an observed data vector (Y;) and a
missing data vector (M;) (Carriquiry 1985), the likelihood function for the i-th

individual can be written in more compact notation as

L8 D, 2 1Y)« [ (Y7 18,D, 0% dy;.
M.

~ 1
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Pettitt (1985) solved this problem using the EM Algorithm. Using his
approach it is necessary to estimate the random effects (d ) in the E step. As a
result the complete-data sufficient statistics involve functions of Y} and d; and
expected values of the complete-data sufficient statistics are computed given 8, D,

and o2 but not d ;.
Recall that Y} ~ N(X;8, ;) where

;=B

and consequently the Y are not conditionally independent.
Some of the complete-data sufficient statistics involve functions of Y?. Given

B, D, o? the expectations of Y;‘J- and Y7 jY:k are

~

/Y:] f(X:’ E’ D, 0_'3) sz

M.
E[v}| Y., 6.8,D, = =2 (1.2.5)
Yoy 8 2 |G
M;
and
[V Y8 £ oD A,
M.
E[YIYL|Y. ,Y.,6.., 6. 8,D,c = =
ihakl Tap ik Vip Vi L /f(Xf,ﬁ,Q,vi) dMi

where the denominator of (1.2.5) is the likelihood of the observed data.

Consequently, using Pettitt’s approach, in order to obtain the expected values
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of the complete-data sufficient statistics which are functions of Y it is often
necessary to carry out high-dimensional integrations. This is computationally

infeasible for many real-data problems.

A mixed model procedure for the analysis of multivariate normal survival data
using a Bayesian approach was developed by Carriquiry (1985) and Carriquiry et
al. (1987). They described how to estimate fixed effects and variance components
for a random intercept model when records were left censored at time c, a
predetermined fixed constant. Unlike Pettitt (1985) they estimated the random
effects as well as fixed effects. Given a random sample of K individuals with n,
observations for the i’th individual such that n=§n,~, the n observations are

=1

assumed to be a sample from a normal distribution with common parameters 8, D,

and 2.

Stacking the Y} matrices defined in (1.2.4), let

Y =Xp + Bd +e¢, |

where

Y*is an n x 1 vector of failure values which may or may not be observed,
X is an n x p known constant matrix of rank r <p,

B is a p x 1 vector of unknown constant ‘fixed’ population parameters,

B is an n x Kq known block-diagonal design matrix corresponding to

~

the random effects,

l{o ]

is a Kq x 1 vector of unknown individual parameters,

200

is an n x 1 vector of unobservable random errors,
d -N(Q, Ac?) independent of ¢ - N(0, I2),
A is a positive-definite symmetric Kq x Kq covariance matrix,

and o2 and o? are the unknown between- and within-subject variance components.

Therefore
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Y ~ N(Xg, 5)
where
£ =B AB + 1,0

is the positive-definite symmetric covariance matrix of Y.
For a given individual

g;‘:gig +B.d. +e., i=1,.. K,
1987) suggest conditioning on both the fixed and random effects

~—~

Carriquiry et al.

so that
(X*18,d)~NXF+Bd, L .02

and the elements of (Y* | g, d) are conditionally independent, eliminating the

need to compute multi-dimensional integrals.

The likelihood function can be simplified by partitioning Y into a vector of n,
uncensored observations and n, censored observations,

y*= [Y3].
Yi

~

The likelihood of the conditional distribution of (Y, | g,d)is:

o 1,
L[gv Q,Uzl (Xl IE’Q)] =[21r102] 2 exp,:—%z = ;2 } (126)
e | =

while, for censored observations,
Pr(Yo<c|g,d, o2)=%(z), I=n;+1,..,n
where

c-Xi8-B;d,

ZI= F

e

and

®(z;) is the probability of the I-th observation being left censored at c.
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Therefore

n
Pr(Y, n,+1<6 - Yo p<c|g,d, )= [ e(z) (1.2.7)
’ ’ I=n;+1

which is the joint probability of all observations in Y, being left censored. The
product of (1.2.6) and (1.2.7) gives the likelihood function for the whole sample
(Carriquiry 1985, Carriquiry et al. 1987):

L[E’Q’UZI (ylé’g)aﬁl o« f[Y,8 | E?Q’UZ]

3 (Y -Bd n
=[27r—10_,:,:| exp[ Z L Iﬂ Bid )" ] x ] e(z) (1.2.8)

o I=n;+1

Prior Distributions:

Unlike the mixed model approach where B is assumed fixed, the Bayesian
approach assumes that all parameters are random variables. Harville (1974, 1976,
1977) shows that restricted maximum likelihood estimation of variance components
is equivalent to Bayesian procedures with flat priors for B and the components of
o} using all the data. Suitable prior distributions for this problem are:

O,(8) « constant,
,(d | 03) = Nk, (0, Acd), and
4(03, 02) « constant.
This leads to the joint prior distribution
H(E, d, 0}, o) Hl(é) - (| ”:21) - (o3, o?) (1.2.9)

Posterior Distribution:

The joint distribution of Y, §, 8, d, o2, and o2 is equal to the product of the
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conditional likelihood in (1.2.8) and the joint prior distribution in (1.2.9), i.e.

p(Y,$ g,g,ad, o2)=f(Y, § | 8,d , 02, o2) x (8, d , 0%, 02) .

' 9

Using Bayes Theorem

Since p(Y, § ) does not depend on any of the parameters, maximizing p(3, d, o2,
o2 | Y, $ ) is equivalent to maximizing p(Y, §, 4, d, o3, o) with respect to 4, d,

o3, or 2.

Therefore the posterior distribution of g, d, ¢3, and ¢2 is

_p(¥7 ,é.a £7 Qv 037 ‘73)
p(Y,4)

& p(X’é’g’ g’o’?i’ 03)

_n _Kq
= (o2 2|s%2| 2

1 3 -B,d K
N exp{ [ (yl Sl T RIS I) Zd’(Aad ~i:]}

=1 o
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x ﬁ ®(zp). (1.2.10)
l=n;+1

It is usually not practical to perform the integrations needed to obtain
parameter estimates from (1.2.10) directly. Instead Carriquiry (1985) and
Carriquiry et al. (1987) developed an iterative approach using the Newton-
Raphson algorithm to obtain estimates of fixed and random effects assuming
variances were known and then used these to estimate variance components. This
involved estimating the posterior modes or maximum a posteriori values of g and
d of the joint posterior distribution in equation 1.2.10 using a procedure that is
referred to as “ma.ximum a posteriori” estimation (Beck and Arnold 1977) which
can be viewed as a Bayesian extension of maximum likelihood estimation.
Posterior mode estimators are equivalent to maximum likelihood estimates for
parameters with flat priors (Laird and Ware 1982), but in this case we do not have
flat priors for the random effects.

Newton-Raphson algorithm:
Let L(8, d)=log p(8, d, 0%, v? | Y, §). The Newton-Raphson algorithm is used to

obtain estimates of 4 and d where

g+0] <[5
dr+n| | o

oL¥(g,d) orL*g,d)
B agagf' 68od”

oL*(g,d) or*g,d)
" adapT T Taded”
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For large samples, this requires the inversion of very large matrices of the order of

the number of subjects in order to obtain estimates of fixed and random effects.
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1.3 Statement of the problem and outline

The mixed model procedures described in Section 1.2.3 are summarized in
Table 1.3.1. The use of the EM algorithm is often preferable to gradient methods
(e.g., Newton-Raphson algorithm, Method of Scoring) when maximum likelihood
solutions are more easily obtained for the likelihood of the complete data
conditional on the observed data than for the likelihood of the observed data alone.
The likelihood of the complete data for the General Linear Mixed Model has a
much simpler form than the likelihood corresponding to the General Linear Mixed
Model with censored data. Using the EM algorithm, computations involved in
obtaining parameter estimates in the M step are straightforward. However, using
Pettitt’s (1985) approach, computations in the E-step involving estimation of the
random effects and censored data can involve high-dimensional integrations when

censoring occurs.

This was not a problem for Carriquiry et al. (1987) because they used an
extension of maximum likelihood estimation known as maximum a posteriori
estimation. However, using this approach in conjunction with the Newton-Raphson
algorithm other coﬁiplications arose because parameter estimates had to be
obtained using the likelihood of the observed data. Although they eliminated the
difficulty of having to perform high-dimensional integrations this was offset by the
fact that their method required the inversion of very large matrices, of the order of
the number of subjects, in order to obtain estimates of fixed and random effects.
For example, it would be necessary to invert a 41 x 41 matrix to estimate the
fixed and random effects in the example from Wei, Lin, and Weissfeld (1989)
described in Section 1.1. In this example, there were only 36 patients. If there had

been ten times as many patients, the dimension of the matrix would be 365 x 365.
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Similarly, for 1000 patients, it would be necessary to invert a 1005 x 1005 matrix.
However, in the M-step of the EM algorithm the dimensions of the matrices
required to estimate fixed and random effects would always be 5 x 5 and 1x1,

respectively, for each subject regardless how many subjects there were.

Carriquiry, Gianola, and Fernando’s (1987) method was also restricted to
random intercept models. In fact, if they had attempted to fit a model with a
random intercept and a random slope, the dimension of the matrices they would
have to invert would be almost double the dimensions for the random intercept

model.

The approach taken in this dissertation is to use maximum a posteriori
estimation instead of maximum likelihood estimation in order to avoid the problem
of having to compute high-dimensional integrals and to use the EM algorithm
instead of the Newton-Raphson algorithm. This approach takes full advantage of
the simple computational form of the likelihood for the complete data and avoids

having to invert large matrices.

Unlike Pettitt’s (1985) approach, the EM algorithm for noninformative right
censoring proposed in Section 3.1 uses maximum a posteriori estimation to obtain
parameter estimates of the random effects in the M-step, eliminating the need to
compute multi-dimensional integrations in the E-step. This is because
expectations involving the responses for the i-th individual are conditionally

independent given estimates of both fixed and random effects.

This approach is also not restricted to study designs with fixed or
noninformative random censoring. The approach developed in Section 3.1 for

noninformative random censoring mechanisms will be extended to informative

censoring in Section 3.2.
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TABLE 1.3.1
SUMMARY OF MIXED MODEL PROCEDURES

PETTITT CARRIQUIRY et al. PROPOSED
PARAMETER ESTIMATION  (1985) (1987) METHOD

Maximum Likelihood Estimation X

Maximum a Posteriori Estimation X X

COMPUTATIONAL ALGORITHM
EM Algorithm X X

Newton-Raphson Algorithm , X

TYPE OF CENSORING

Fixed Censoring X X
Noninformative Random Censoring X X
Informative Censoring : X
LIMITATIONS

High-Dimensional Integrations X

Inversion of Large Matrices X

Restricted to Random
Intercept Models X
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TABLE 1.3.2

DIMENSIONS OF MATRICES THAT MUST
BE INVERTED IN ORDER TO ESTIMATE
FIXED AND RANDOM EFFECTS

Fixed Random Pettitt (1985) and Proposed Method
Effects  Effects Carriquiry et al.! Fixed Random
(#) (#) (1987) Effects Effects
5 36 41 x 41 5x5d 1x1
) 360 365 x 365 9 x5 1 x1
) 1000 1005 x 1005 5x5 1x1

1. Carriquiry et al. (1987) estimate fixed and random effects simultaneously.
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II. GENERAL LINEAR UNIVARIATE MODELS
WITH RANDOM CENSORING

The Cox and Oakes (1984) method assumes that the censoring values are
predetermined constants (c,) that are known to the investigator in advance. In
practice the c; usually are not known in advance and cannot be treated as fixed
constants. In this chapter the Cox and Oakes (1984) method is extended to
random noninformative right censoring in Section 2.1 and further extended to

informative censoring in Section 2.2.

2.1 General Linear Univariate Models with Noninformative Right Censoring

In Section 2.1.1 the EM algorithm is derived for the general linear univariate
model with noninformative right censoring. Corresponding EM Computations are

described in Section 2.1.2.

2.1.1 General Linear Univariate Models with Noninformative Right Censoring;
Derivation of the EM Algorithm

The method of Cox and Oakes (1984) described in Section 1.2.2.3 can easily be
extended to noninformative right censoring. In the expectation step,

E[t(Y]) | Yi=y;, 6, 0]=

~

SELH YD Yi=y,, 6=1, 814+(1-6)E[ t(Y}) | Y=y, 6,=0, 4]

=SE[ (YD) Yi=y,, 8 14+(1-6)E[ t(Y}) | YI>y,, 4]



=6t(y;)+(1 - )E[ t(Y]) | Yi>y;; 4]
with corresponding density function

(Y™ | Y*>y)=fo(Y* | Y=y, 6=0)

fo(Y*=y*, Y=y, 6=0) f,

*=y*, C*=y)
f,( Y=y, 6=0) '

(Y*, C*) dY*

(
f

(4]

<—gs

The last step follows from an argument analogous to the one in Section 1.1.

If Y* and C* are independent,

«(y) £,(Y* .
fO(Y* I Y*>Y)= gC 0(3) ( ) =1fa_(¥(z))
go(y) [E(Y7) ay*
Yy

?
where z;= 7.

Therefore

E[4(Y]) | Yi>y, 4]

o0
=l [HYD (Y] 1) aYr.

. —X.8
1—o(y‘ ;'*) Y;
ae
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Recall that the likelihood function for the observed data (Y, § ) can be expressed as

I(.Qll X? ,‘5.):10(2.1’ X*) _Il(f.l’ X* I X7 é)
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where , is the log likelihood for the complete data Y"* that would be observed if
there was no censoring and I, is the log likelihood of the conditional distribution of

Y* given (Y,4). When Y~ N(Ké y1o2),

16,
i . . ¢ 1
Mot g, 1o SEE))

Therefore i(3, o2 Y, §)

K x
« 2 { 5; log £,(¥7] 8, 02)+(1-6;)log {1 _ Q( Vi a:,éﬂ}

1=1

K K (Y7 8, 02)
=) log £(Y} 8,02~ Y (1-4)log o~ C
igl o ig‘l ' [1 Q( Yi=Xif )J
T %
fo(Y?I B, ‘73)

) Q(ﬂ'%ié)]
o TR

is the conditional density of Y} given Y?!>y; with the same form as the

where I:

unconditional density of Y? except that the range of the density is restricted to

As before
a fO(Y:l g.) - * * *
39 log 1-F(y )] t(YF) - E[ t(Y?) | Yi>y, 0]

g: é
Therefore ‘_91(;’6}(#2

=§{ 8(Y)-E[4(Y])] 8] }
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K
-,21(1 =6 t(Y) -E[t(Y]) | YI>y;, 8]}

1=

K
=3 (B | Y=y, 4. 21-Bl (YDl g])
1=
the difference between the conditional and unconditional expectations of the

complete-data sufficient statistics and when g,=¢ =§ in (1.2.2) then § is also a

solution of the

g ; [}
61(~10¥7 ~)=Q.

likelihood equation —

~
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2.1.2 General Linear Univariate Models with Noninformative Right Censoring;
EM Computations

EM Computations are summarized in this section. In the E step, the
conditional expected values of the ‘complete-data’ sufficient statistic are computed
from the observed data and current estimates of the parameters, while in the M
step, new estimates of the unknown parameters are computed using the conditional
expected values of the ‘complete-data’ sufficient statistics in the maximum

likelihood equations.

E Step:

In the r-th iteration, the estimation step computes the conditional expected
values of the complete-data sufficient statistics given the observed data Y and the
estimated values of the parameters from the (r - 1)-st iteration. Not all of the Y*
are observed so the E step will estimate the complete-data sufficient statistics that
involve Y*.

A set of complete-data sufficient statistics for this problem is
XY* and YY"
The expected values of the complete-data sufficient statistics may be denoted,

2
817=X"E[Y* | Y, 5,677, ol "7 and
tpM=BIYY* Y, 8, 607D, o,
When 6,=0 expectations involving the i-th element of the complete-data sufficient

statistics can be computed as:

2
E[Y? | Y=y, 6;=0, g(r-l), a,gr—l) ]



=E[Y] | Y{>y, g0, o0 )

00 fo Y* (r—l), (r--l)2
iy Rt L A

i _ (r-1)
¥ 1-9(z; )

#(z{" 1)

=X. (r—l)+ (r—1)
~z£ Oe l—Q(ZST—l))

.-X ﬁ(r -1)
r- 1)__y1 ~ 1,
where z§ ===
and

2
E[Y;z I Yi=Yi, 61':0, é(r—l), o,gr—l)]

=E[Y}" | Yi>y;, gD, o0 -1

r— r—1)2
iy e Wi ais

) dy*
: 1—<I>(z£'"1)) :

Yi

r— r-1)2 r— r—
=[X:8" P 4ol D ol Dy X 8 )

M Step:

o(z{" ")

1-a(z{"~Y) "

49

The r-th iteration of the M step obtains g(') and aﬁ')z as the solution to

equation 1.2.3. For the complete-data problem the maximum likelihood estimates

are:
F=(XX)"' XY

and
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=g (Y'Y =20 XY +6X'XB).

Initial values of maximum likelihood estimates are obtained by treating the
censored data as if they were uncensored. Convenient initial estimates are:
FO=(X%)"1 XY

and

A=Y - X8OV (Y -X5)

e

In the r-th iteration maximum likelihood estimates which maximize the likelihood
function using the expected values of the complete-data sufficient statistics
obtained from the previous iteration of the E step are:

E(')=(7$'3$) -1 3 1(r)

and

a,gr)2=%[t2(r) - 2£(r ~-1) t l(r)+g(r - 1)/X/)Sé(r - 1)]'
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2.2 General Linear Univariate Models with Informative Right Censoring

In Section 2.2.1 the EM algorithm is derived for the general linear univariate
model with informative right censoring. Corresponding EM Computations are

described in Section 2.2.2.

2.2.1 General Linear Univariate Models with Informative Right Censoring;
Derivation of the EM Algorithm

Consider a random sample of K individuals with one observation per subject from a
normal population with common parameters v, G, and Q. The General Linear

Univariate Model is

2
»*

I
HoRa
L * *I
il
| maa— |
o 4
b el lent
—
)
R

1§
>
22

.+.
®

where

W*is a2n x 1 vector of failure and censoring values which may or may not

be observed,

P>
il
o 4
=)

jl is a 2n x2p known constant matrix of rank 2r < 2p,

i

2
Il

£ is a 2p x 1 vector of unknown constant ‘fixed’ population parameters,
[4 4

1A
il

€1l .
~ | is a 2n x 1 vector of unobservable random errors,
€
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14 ~N(Q’ Q ®,I,n)7 and

ae paeac . . . .
Q= consists of the unknown within-subject
~ 2

(1o 4 g .

PoeTe € variance components, where
l noe l nPOl¢
Qeln= )
l nPTI ¢ I n¥

Define: 6,,;=3(Y;=Y}), 65.=3(C,=C}),
and W to be the observed values of W*,

where B is the Boolean function (Helms 1988).

The joint bivariate normal distribution of the complete-data vector,
W*~ N(A7, 28l
with density

LW |3, 0=[£]" Jaf”

and log likelihood
L(z, 8 W*)=log £(W* | 7, 2)

=-K log(2r) K log| o -3 [(W*- A7) (2 "'01) (W*-A7y)]

~ N A~ ~ ~

is a member of the exponential class of distributions. The density has the regular

exponential-family form

£o(W*| £)=b(W*) exp [ ¢ t(W*) ]/ a(¢) and
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=t(W*) -E[+(W") | 2]

where § —{ﬂ, a, o, p} denotes the parameter vector that is restricted to a

e,

(p+1)-dimensional convex set ¥ such that f,(W*| ) defines a density for all § in

¥ and

~

a(g)= [ B(W*) exp [# 4(W*)] dW*
W*

where W* is the sample space of W*.

For a right censored sample (W, § ) the function

Qe £)=ElL, (& | W*) | W, 8, ¢] |
B[ t(W*) ~log a(8,) | W, £, ¢ ]-+log b(W"*)

=E{ 4(W") | W, , 8] ~log a(g,)+log b(W").

For a concave function I,, Q is maximized with respect to §, when

o log a(g,)

O0=—755—== (~1,~) [ (W*)|W’~a~]_ 321

]
or E[4(W*) | W, &, 4]=E[ (W") | &,

The corresponding E and M steps are:

E-step: Compute t"(W*)=E[ t(W*) | W, § 6" 1)

’~’~

M-step: Obtain §("as the solution to E[ t(W*) | g =t (W), (2.2.1)
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With bivariate right censoring, there are three cases to be considered:
(1) 6;;=65;=1, i.e., both Y} and C} are known,
(2) 6;=1 and 6,;=0 which implies that CIH>Yr=Y,;
and (3) 6,;=0 and é,;=1 which implies that Yi>Cri=C,.
It is assumed that at least one of the Y; or C; is observed. If both are missing (i.e.,

81;=04;=0), this observation is assumed to be ignorably missing.

In the expectation step,

E[4(W}) | Wi=wy, 5, 8]=
+(1-61)69,;E[ t(W}) | W;=w,, §1,;=0, 69;=1, 4]

=6150:E[ t(W})| Wi=w,, 3]

+(1-61,)69,E[ t(W}) | YI>y;, Cl=y,, 8]
+61(1 =69 )E[ t(W}) | Yi=y,, Ct>y;, 8]

+(1 —51i)52iE[ t(W7) 1 Yi>y;, Ci=y; 8]
+61(1 =6 )E[ t(W]) | Y}=y;, Ct>y;, 8]

with corresponding density functions

fo(Y* I Y*>y, C*=y)=f0(Y* , Y=y, 61=O, 62=1)



_H(Y*'=y*, Y=y, §;=0, 6,=1) _{,(Y*=y*, C*=y)

fo( Y=y, 6;=0, 6,=1 X
ol Y=, 8,=0, &5=1) / £,(Y*, C*) dY*
y

gox(y) £.(Y*] C*=y)

gox(y) 4 £,(Y"| C*=y) dY*

(Y C'=y)  _£,(Y"] C*=y)

T - —P(Zyu |

JH07] C*=y) ay? e
y

=3
——

[ g
- X8 +Pa—zﬂ(}’i -Hia )J

O'Yt(]. "p2)

where Zyx|c* i

0]

Similarly,
fo(c* I Y*=y, C*>y)=fo(c* I Y=y, 61=1, 62-:0)

_B(C*=c", Y=y, §;=1, 6,=0) {(Y*=y, C*=c*)
Y=y, §;=1, 6,=0 )
blY=, 81=1 6=0) Juvs, ¢ ace
y

fy«(y) 8,(C*| Y*=y)

O
fy+() [ 8(C7| Y*=y) aC*
y

g,(C* Y*'=y)  g,(C*| Y*=y)

< _1—¢Z >y %
[eicrl Y=y ace 1)
y

where Zox|yr, i



Therefore

E[ t(W:) | Y:>Yi’ C;r:}’iv 2]

RS P / HW]) (Y | Ci=y;,¢) Y}

and

E[ t(W]) | Y]=y;, CI>y;, 8]

th | Y', :

(e 0]
= 1 5 }[ t(W}) g,(C} | Yi=y, g) dC?.
1

o6
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2.2.2 General Linear Univariate Models with Informative Right Censoring;
EM Computations

EM Computations are summarized in this section. In the E step, the
conditional expected values of the ‘complete-data’ sufficient statistic are computed
from the observed data and current estimates of the parameters, while in the M
step, new estimates of the unknown parameters are computed using the conditional
expected values of the ‘complete-data’ sufficient statistics in the maximum

likelihood equations.

E Step:

In the r-th iteration, the estimation step computes the conditional expected’
values of the complete-data sufficient statistics given the observed data W and the
estimated values of the parameters from the (r-1)-st iteration. Not all of the W*
are observed so the E step will estimate the complete-data sufficient statistics that
involve W*.

A set of complete-data sufficient statistics for this problem is

A'(g Tel) W, (Y*-X8)(Y*-X8),

(C*-He) (C*-Hg), and (Y*-X8) (C*-Ha).

~ ~ ~ ~ ~

The r-th iteration of the E-step consists of evaluating the expectations:

£ 0= A @V Tel) E[W* | W, 5,470, 0]

~

o= E[(Y* -X8)(Y*-X8) | Y, 8, 801, o~

~r R0 8



=E[Y™Y* 1Y, 8,870, ol =V —2g -V B Y* | ¥, 8, g0, o -1

~

£4(r)= E[ (X*_}sg)/(c*_gg) Y, C,s, g(r—l)’ Ugr-l)z, o

=E[ X*lg* l X’ g, ,é,a ﬂ(r—l), agr—1)2’ g(r-l)’ O'Sr_l)2]
_’B(r—l)xl [ C* I C, 5 , a(r-l)’ Uﬁr—l)z]

_g(r—l)/g, E[ X* l X’ .é,’ E(r—l), agr—1)2]

+4 (r—-l)'z‘(/ I;Ig (r—l).

(r=1)

’0'5

(r— 1)2]

38

When §1;=0 and é,,=1 expectations involving the i-th element of the complete-data

sufficient statistics can be computed as:

E[Y: I Y:>yz', C;'.K:yv z(r—l)]
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%% LW E(YH CE=y,, 80V
=) Yi T a0 dY;
y; (ZY“]C* )
( -1) 2 1 ¢(z(r.—l)* )
r—1 r— e r-1 r—1 r— 2 Y*|cr,
=X 4o e (7, - Hig O )40l (1501 el 1. )
e y*ic, i
where
(r-1), (r—-1)% 1(3 -y (r-1)
Xﬂ +p (_1)( Ijlg )
Lr=1 i
Zysic*, i 1 )
| agr—l)(l_p(r—l)2)2
and

2 -
E[Y}" | Yi>y, Cr=yy 4771

~

7 v L0 i £

? (r-1
1- (I)(Zym I C?', 1)

dY?
Yi

AT 2 2
—-[X ﬂ(r l)+ (r—l) E -5 ( -H a(r 1))]2+0_£r 1) (l_p(r—l) )

~ I~
UC

(r
[y +X ﬂ(" 1)+ (r-1)% (r_ )( H.a('—l))]

Te

(&1

+a£r—l) (1 _ p(r-—l)2 )

o2y e 1)

1~ ¢(Z§:t_| lc)" t) )

Similarly, when 81;=1 and é,;=0 expectations involving the i-th element of the

complete-data sufficient statistics can be computed as:



E[C} | Yi=y;, C1>yy 477V

=7 or 8(CHl Yi=y,, 87°7)

i r—-1
yz l—Q(Z(C:IY)t’ l) :
. _ (r 1) _ 2\ 1 ¢(ZC:"—;’)" )
=gi2( Dy plr 1) c )(yz Xﬂ(r )+ (r 1)(1 pr=1) )2 — (1-1)
- (ZC‘IY“, )
where
(r—1) (r-x)a(rnl) (r=1)
yi-| Hig" "+ T_—l)( Xi87)
2r-1)
Zom 1y, is 21 )
air—l)(l_p(r—l) )2
and
2 e
E[C}" | Yi=y;, Ci>y; g0 Y]
_/ *2 go C*l Y*_YU ~("-1)) dC*
1 @(th_li,)t, 1) ¢
=[H. (r-1) (1‘—1) £" Y (r—1)\12 (1'—1)2 (r-—l)2
A U & ) S R (B e
[

r- 12\ 3 =1
+of 1)(1_p( 1) )2 . [Yi"'I;Ii R RIS (R VP I :r 1)( Xﬂ(r—l))]

#(z8 - )

r—1 ¢
1-9(z (c'n’)‘, )

60
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M Step:
The r-th iteration of the M step obtains ﬂ('), g('), af;)z, agr)z, and p{" as the
solution to equation 2.2.1. For the complete-data problem the maximum likelihood

estimates are:

72=4(C*~Hz)'(C*-Ha),
and
P=s (X" - X3)(C" - Hg)

Initial values of maximum likelihood estimates are obtained by treating the
censored data as if they were uncensored. Convenient initial estimates are:

O=(4'4) 7 AW,

[] €
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In the r-th iteration maximum likelihood estimates which maximize the likelihood

function using the expected values of the complete-data sufficient statistics

obtained from the previous iteration of the E step are:

=[a @V T el) AT X 4,0,
r)? r
=L ),

(P?_1, (r)
O, - K t3 )
and

(Ve 1 L (r)
p —Ka_gr—l)agr—l) t4
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III. MIXED MODELS WITH RANDOM CENSORING

In this chapter, the methods discussed in Chapter 2 for general linear
univariate models with random censoring are extended to mixed models with
noninformative censoring in discussed in Section 3.1 and extended further to

informative censoring in Section 3.2.
3.1 Mixed Models with Noninformative Right Censoring.

Likelihood functions for complete data are derived in Section 3.1.1, and theory
and applications of the EM algorithm to mixed models with random

noninformative right censoring are discussed in Sections 3.1.2 and 3.1.3.

3.1.1 Mixed Models with Noninformative Right Censoring; Likelihood Functions

If there is no censoring, the probability density function (pdf) of ¥* given g

and d is:
f(Y*1 8,d, o2

K
=H1f(¥f | g’ ,d;iv 0'3)
1=
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i 112 1 * 1 (22 —-1fy * |
=11 522 * om[-3 100t -3 - By (2 1n) " (x7-X38 - 2id)) ]

Suitable flat prior distributions for this problem are:
II,(8) « constant, and
I,(D, 02) « constant,

and a convenient prior for d;is

I4(d: | D) = N,(0, D).

This leads to the joint prior distribution

K
08, d, B, 0?) « M(B). [] Iy(di | D) . my(D, o?). (3.1.2)
i=1

The joint p.d.f. of the distribution of ¥* 8,d, D, and ¢? is equal to the product of
the conditional density in (3.1.1) and the joint prior distribution in (3.1.2), i.e.

P(Z*yg, <~1, Q,ag)zf(}": l £7 Q, Q,UE) X H(E,Q, Q,"'g) .

Using Bayes Theorem

P(Z*, Q,Q, Qy ”3)
S ] [ps g e, atap ag 45
74D
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~

Since p(Y*) does not depend on any of the parameters, maximizing p(g, d, D, o? |

Y*) is equivalent to maximizing p(Y{*, g,d, D, o?) with respect to g,d,D,orql

d,
Therefore p(8, d, D, 02 | Y*)= (';,*)

Therefore the logarithm of the posterior distribution for the parameters 3, d, D,

and o2 is:

(g, d, D, 02| X*) x -4 {nlog(s?)+K log |D|

The maximum a posterior estimators (Beck and Arnold 1977) of g, d, D, and
o are the coordinates of the mode of the posterior distribution, treated as an

analog of a likelihood function (i.e., the parameters are variables and the data are

constants). Posterior mode estimators are equivalent to maximum likelihood
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estimates for parameters with flat priors (Laird and Ware 1982), but in this case

we do not have flat priors for the random effects.

An equivalent derivation using a frequentist approach is given in Fairclough
and Helms (1984) for an artificial General Mixed Model which treats the
unobserved d,’s as missing data, thus facilitating the use of the EM algorithm.

The model is defined as:

SRR I A IS e P P L3
M [QJ“LH“‘L[QJ

The log of the likelihood function can then be written as:

r; BD
DB! D

~~ 1

—1
r; B.D Yi-X481
DB; D d;-0 |

= _%{ (n+Kq) log(27)-+n log(s2)+K log | D|

K
I,(8,4,D, )= ‘%‘ { (n+Kq) log(2x) +.Z log

i=1

~

Y*"Ki.ﬂ

f: :
+ A
i=1 di—g

Ve

Q'Q—léi}-

!
1
1

K
+2 (6] - %38 - Bidy) Ao, oD T - %38 - Bidy) +
i=1
Therefore the posterior distribution of the parameters B,d, D, and ¢? given Y*,
assuming flat priors for fixed effects and variance components and normal priors for

random effects is proportional to the likelihood of g, D, and ¢? given Y* and d.

Fairclough and Helms (1984) showed that the maximum likelihood estimates of the

parameters §,d:, D, and ¢? are:
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xR,

1

Z "gQg then

m

g

~

and if D
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3.1.2 Mixed Models with Noninformative Right Censoring;
Derivation of the EM Algorithm

The EM Algorithm (Dempster et al. 1977) can be used to compute maximum
a posteriori estimates of g, d, D, and 2. The distribution of the complete-data

vector,
(X*18,d)~ N(Xg+Bd, Lno?)

with density
f,(Y* | B, d, ln"z)

270, ~

n K
=[¢2}2 x exp[-% S (XF-Xi8-Bdy) Qaed) (X1 -X8 -Big,-)J
i1=1

is a member of the exponential class of distributions. The density has the regular
exponential-family form

(X" 2)=b(Y") exp [ & H(Y") ] / a(g)

where § ={3, d, D, o2} denotes the parameter vector that is restricted to a (p+1)-
dimensional convex set ¥. Applications of the EM Algorithm to densities from
Regular Exponential Families were discussed in Section 1.2.2.1. The behavior of
the EM Algorithm was previously discussed in Section 1.2.2.2 for the General
Univariate Model. The proof is similar for General Linear Mixed Models except
that § ={g, d, D, ¢} instead of {8, 2} and 5;;=3(Y;;=Y},) instead of B(Y;=Y?).
In addition, the posterior distribution function contains prior information about d.
For mixed models, the function

Q(g,l’ (4 )=E[lo(ﬁla X*)'Hog W(Q 1| ]21) l Y, g, 2]’

the conditional expectation of the logarithm of the posterior distribution function of
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Y* given the observed data (Y, §), where 61-j=‘.B(Yij=ij) and Y and § are
assumed to be fixed and known. Q has two arguments; g, is an argument of the
full likelihood L, while § is the parameter of the conditional distribution of Y*
given (Y, § ) which is used in computations involving the conditional expectation.

The EM algorithm obtains a value §* that maximizes f(Y*; ¢ ).

For this problem the logarithm of the posterior distribution function of g , is

Therefore p(%| Y, 5 )=log £,(Y" | 8,) -log m(Y* | Y, 5, 82)+ log =(d, | D)

~ ~

=Io(g.17 X*)_Il(g.l, ¥* | X, .é,)+ log 7"(dl I Dl)

~ ~

W(g, Y* 1Y, 8)=logm(Y* | Y, 4, &)

Therefore p(g3)=E[ L,(&:| Y*)+log x(d1 D1) | Y, 8, 41 -E( 48] Y) | Y, 4, ]
=Q(£lv [ ) - R(g.l? [ )

where R(g;, 8 )=E[ 4,(&| Y*) 1Y, ¢, 28]

Consequently,

P(81) -P(£)=[Q(8:, £)-Q(&, 8)] - [R(&:, ¢) -R(g, ¢))-

Using Lemma 1 from Dempster et al. (1977), for any pair (¢,,4)in ¥ X ¥,
R(8;, 8) <R(8, ). This follows because the expected value of a concave density

function is maximized at the true value of the parameter. Because ¢, is chosen in
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the M step to maximize Q(8:, 8 ) for a previously given value of 9,Q(4,8)>Q(,
g)- Therefore p(8,)-p(¢)>0, so each iteration of the EM algorithm cannot
decrease the posterior distribution function. Note that when the maximum a
posteriori estimator of § is obtained, the maximum a posteriori estimator, § must
satisfy the self-consistency condition Q(8;, §)< Q(g, 8), and it is therefore
impossible to increase the value of the posterior distribution function at subsequent
iterations. Note that concavity of P, With respect to the parameters of interest

(ﬂ d, D, and ¢?) does not necessarily imply concavity of p.

The method of Cox and Oakes (1984) can easily be extended to
noninformative right censoring in mixed models. When Y* is a member of the

exponential class of distributions,

B(X™| 2)=b(Y™) exp [& t(Y*) ]/ a(g).
For mixed models, p,(¢ | Y, § )=log £,(Y,5 | ¢) + log r(d | D) and
ReB)=(v*) - f1og a(g 14108 +(d | D)
=t(Y*)-E[ t(Y™) | o]+ log =(d | D).
For a right censored sample (Y, ¢ ) the function
Q(41, £)=Ell,(&:] Y*)+log ~(d 1| D;) | Y, &, 8]
=E[g1t(Y") -log a(&1) | Y, ¢ , ¢ ]+log b(Y*)+log =(d, | D,)

=E[&t(Y") | Y, 5, 2] -log a(g,)+log b(Y*)+log =(d, | D,).

For a concave function p,, Q is maximized with respect to §; when

0Q(8,, 8 d log a(#
0____55;_)=E[ t(Y*) Y, 8,8]- gﬁl(d)i,agllog m(d1 | D)



=E[t(Y") | Y, 5, 2]-E[t(Y") | gi]+55-log x(d: | D)
or E[t(Y*) | Y, s, 0]=E[t(Y*) ] 8,] - 2log =(d, | D,). 3.1.3)
~ ~NYRYA ~ ~l 321 ~ ~

The corresponding E and M steps are:

E-step: Compute t (Y*)=E[ t(Y*) | Y,4; 8]

M-step: Obtain ¢, as the solution to E[ t(Y*) | 4] ~2 log =(d, | D,)=t (Y¥*).
1

In the r-th iteration these correspond to:
E-step: Compute t(')(g*)=E[ t(Y)1Y,$, g(r-l)]

M-step: Obtain g(')as the solution to

E|[ t(Y*)]e(')]—  log x(d ™ | DY=t(Y™). (3.1.4)

~

By conditioning on both the fixed and random effects,

( Iﬂ dz) ~ N(Xﬂ+~1~vln"z

In the expectation step,

E[ t( )IYz]_yU7 11,
5 BLUYE) Yi=yij =1, 81+(1 -8, )BL (Y] | Yi=vij =0, 2]

81=

=6ijE[ t( | Y,J—YU; ~]+(1 6 )E[ t(Y:) I Y >Y1]’ 0]
=6;8(yi)+(1 -6, )E[ ¢(Y) | Yi;>yi5 4]

with corresponding density function

71
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B(Y* | Y*>y)=fo(Y* | Y=y, 6=0)

fO(Y*zy*’ Y=y’ 6=0)_ fO(Y*=y*’ C*=Y)
fo( Y=y, 6=0 e '
o Y=y, 6=0) / £(Y", C*) dY*
y

The last step follows from an argument analogous to the one in Section 1.1.
If Y* and C* are independent,

() £,(Y* ]
fo(Y* | Y>y)= gcg) ) =1f°_(§(z))

gory) [E(Y7) dY?

h _ 1
wihere Zl]— o,

Therefore
E[t(Y3;) | Yi>yi5 8]

[0 ¢}
= ——— [ty g ) avy;

Recall that the likelihood function for the observed data (Y, §) can be expressed as
(el Y2 8)=1,(8, Y*) - 12(6:, Y* 1 Y, 8) '

where [, is the log likelihood for the complete data Y* that would be observed if
there was no censoring and I, is the log likelihood of the conditional distribution of
Y* given (Y, §).

When (Y7 | 8,d,) ~N(X;8+Bd,, 1o2),
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Therefore p(8,d, D, 02 Y, §)

~

K
Z{ Zémlogf( B, dy o)

i=1

+Z log =(d;| D)
1=1

fo( ?'l ﬂ’ SH ‘72)

1_@<yi3 >~(11ﬂ -Bij d)}

is the conditional density of Y’{ given Y7 >Yij with the same form as the

where [

unconditional density of Y;‘j except that the range of the density is restricted to

Yi>yij
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As before
0 1og (Y35 2)
B 8- F(Y,Jlez)]

= WY;) -E[t(Y]) | Y>yi5 0.4

Therefore w—ﬁw

" {60V~ B (Y, 18]+ o x(d D) )

M=
T\g

i=1 j=1
-fl Zil( i) =B 6(Y5) | YI>Yi5 8]+ 50-log «(d;| D) }
1= Jj= ~1

K n )
=,Zl Z {E(t(Y) Y=y, 5, 6]1-E[t(Y})| ]+ 50-log x(d;| D) }
1= j=1 ~1

the difference between the conditional and unconditional expectations of the
complete-data sufficient statistics plus the partial derivative of the log prior
distribution for the random effects (d). When 9:=8 =8 in (3.1.3) then § is also a
solution of the

op8; Y, ¢

equation ———9——)=0 .

~
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3.1.3 Mixed Models with Noninformative Right Censoring; EM Computations

EM Computations are summarized in this section. In the E step, the
conditional expected values of the ‘complete-data’ sufficient statistic are computed
from the observed data and current estimates of the parameters, while in the M
step, new estimates of the unknown parameters are computed using the conditional
expected values of the ‘complete-data’ sufficient statistics in the maximum a

posteriori estimating equations.

E Step:

In the r-th iteration, the estimation step computes the conditional expected
values of the complete-data sufficient statistics given the observed data Y and the
estimated values of the parameters from the (r—1)-st iteration. Not all of the Y*
are observed so the E step will estimate the compléte-da,ta sufficient statistics that
involve Y*. Note that the random individual parameters d; are estimated in the M
step, not the E step. This is in contrast to the usual application of the EM
algorithm for situations where all of the Y are known and complete-data sufficient
statistics involving d; are estimated in the E step. By conditioning on both the
fixed and random effects

(X{18,d;) ~N(x;5+8d;, 1ned)

~

and the (y¥ | 8, d,), i=1, 2, ..., N, are conditionally independent, eliminating the

~1 ~

need to compute multi-dimensional integrals.

A set of complete-data sufficient statistics for this problem is

Xkt (BiYrL-K, and (YFYILK

1A~1 1~ 1 Al
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The expected values of the complete-data sufficient statistics may be denoted,

tu"=X{E[YT 1 Y

~

2
,é,i’ E(r—l), ggr-l)’ Q(r-—l), dgr—l)]

- r—- r—- 2
£ "=BIELYS | Yo £0 670, 477, DY, oY) and

~

2
tgV=E[YI'Y? | Y5 85 8070, U0, DUY, LY,
When 4;.=0, Y;;>Y,;;=C}; and expectations involving the (i,j)-th element of the
complete-data sufficient statistics can be compﬁted as:

r— r - r- r-1)>2
E[ Y:J l YJ=Y;]’ 63']':0) g( 1)7 Qg 1)7 ]2( l)a ‘7;(3 l)]

i
r— r— r— r—1)2
=E[ Y;j | Y;j>yij7 Q( l)v El.$ 1)’ 12( l)’ "'£ Y ]

~1

T-a(af; ")

%9 &(YL| grY, gf-y, peon, gr-n?
=/ v; SH1E- T Dy,

‘- R G
=X By 4+ ey
1j

~ ~1) A~

where zg-' V= , and

a_gr—l)

2 r- r—- r- r-1)2
E| ij | Yij=yij’ 51,],:0, ?.( ), Q£ 1 12( 1 cr£ 1)]

2 r— r— r— r—1)2
SE[ Y] | Yioy;, 8070, 400, DY, oV

1



o Y3 | ﬂ(r . d{r-1, pr-v, a_(r—l)2)

¢ *
—/ Y 1-a(z{57Y) dYij
Y1J

2
=[X;;8" V4B, 4 Polr Y

#(2{;~")

+U£r—l)(yij+x ﬂ(r—1)+BIJ ~£"—1) ) —_(_(T.-I—S .
ij

M Step:

The r-th iteration of the M step obtains E('), Q('),

D™, and o’

7

as the

solution to equation 3.1.4. Initial values of maximum a posteriori estimates are

obtained using unweighted regression and by treating censored data as if they were

uncensored. Convenient initial estimates are:

and if D= Z o535 then

s=1

Z(O)=l. .

In the r-th iteration maximum a posteriori estimates which maximize the posterior

distribution function using the expected values of the complete-data sufficient
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statistics obtained from the previous iteration of the E step are computed:
1 K
(r — (r) (r-1)
5 [Zﬂﬂ] ,Zl(ilir')f{ Bidi"™),
1=
-2 (r1)-1 _ e
dn=lel "R BB e - BLx T Y),
o1 &, o (r=1), (g -1 _(hyqir-1 (r-1)
o) =g .E[tm -2(p b+ T o, )+ TV BB ]
m
IfDp=) 73S then

s=1

_ _ -1
1.‘(')=71",[ < trace (D"~ Y 1§ sp Y 1§ h)>sh]

~

K - -
. [ Zdr 1)'Q(r—l) 1§SQ(r-1) lggr-l)%J
=

(For details, see Fairclough and Helms 1984).
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3.2 Mixed Models with Informative Right Censoring

Informative censoring is discussed in Section 3.2. Likelihood functions for
complete data are derived in Section 3.2.1, and theory and applications of the EM
algorithm to mixed models with random informative right censoring are discussed

in Sections 3.2.2 and 3.2.3.

3.2.1 Mixed Models with Informative Right Censoring; Likelihood Functions

Consider a random sample of K individuals with n; observations for the i-th
K
subject such that n= Z n;. The n observations are assumed to be a sample from a

i=1
normal population for which the corresponding the General Linear Mixed Model is

SEREE T HUHE A HH

W
t{==2lvs]
<
I

1 O

where

W*is a 2n x 1 vector of failure values and censoring values which may or may
not

be observed,

bias

>
Il
O A
=)

:’is a 2n x2p known constant matrix of rank 2r < 2p,

W T»

J is a 2p x 1 vector of unknown constant ‘fixed’ population parameters,



B 0
M= 6 3 i1s a 2n x 2q known matrix corresponding to the
" " random effects,
d]|. o
g=|" | 1s a2Kq x 1 vector of unobservable individual parameters,
= v

is a 2n x 1 vector of unobservable random errors,

14N
I

PLL I {¢]

g;~N(Q, G) independent of y ; ~ N(0, Q®ln.),

G is a positive-definite symmetric 2q x 2q covariance matrix

of random effects, g ;, and

Ue paea{ . . . .
Q= consists of the unknown within-subject
2
po.o, O '
variance components,
where
2
.I, n,de .I, n'-pa'ea'c
Qel,=
~ ~ ]

Define: 81;;=B(Y;;=Y7), 52,-J-=?B(Yij=crj)’

and W to be the observed values of W*,

80
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where B is the Boolean function (Helms 1988).

If there is no censoring, the joint bivariate pdf normal of W* given v and g is:

~

f(W*IZ’gv Q)

< exp| -3 (Wi-Ag - Mg (2 0Ln) (W) -4 -Msg) |

~

K
X exp l:—% Z (W;—é‘zz _Mi§ ) (Q "1®ln-) (W;‘éi‘/ —M,’g i) ] (3.2.1)

Suitable flat prior distributions for this problem are:
I,(y) « constant,
I,(G) « constant,
I4(02) o constant,
| M,(s?) x constant,
O,(p) o« constant,
and a convenient prior for g; is
(g | G) = M,(0, G).
This leads to the joint prior distribution
N(y, g, G, o2 o2 »)
* T(y) - To(o?) . my(e?) n5<p).iﬁln6(§,- 16) . 1,(G) (3.22)

Let §={y, g, G, 0%, o2, p} denote the parameter vector that is restricted to a

~ o~

——
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(p+1)-dimensional convex set ¥. The joint p.d.f. of the distribution of W* and ¢
is equal to the product of the conditional density in (3.2.1) and the joint prior
distribution in (3.2.2), i.e.

p(W*, £)=f(W* | 8) x 1(g).

Using Bayes Theorem

p(W*, 4 ) _p(W*9)

W)—/ p(W* ) dg p(7)

Since p(W*) does not depend on any of the parameters, maximizing p(g | W*) is

equivalent to maximizing p(W*, § ) with respect to 9.

(W* 0) o p(W*, 0)

Theref 9] W* =28 L8)
erefore p(g | W*) (W) W*, ¢

o K
21g| 2

K
xexp{-} 3| (WI-Az -Mg) (@ 'oL,) (Wi-40 -Mgo+gG;) }.

1=1

Therefore the logarithm of the posterior distribution for the parameters v, g, G,

~

o2, 02, and p is:

P(7,8, G 0% o 0 | W)

oc—% {nlog|Q|+Klog |G|
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+3 | (Wi-A-Migd' (@ oln) (Wi-Ag -Mg+giGls; | ).

i=1

The maximum a posterior estimators (Beck and Arnold 1977) of 189 G, o2,
o?, and p are the coordinates of the mode of the posterior distribution, treated as
an analog of a likelihood function (i.e., the parameters are variables and the data
are constants). Posterior mode estimators are equivalent to maximum likelihood
estimates for parameters with flat priors (Laird and Ware 1982), but in this case

we do not have flat priors for the random effects.

As in Section 3.1 the log likelihood function can also be derived using a
frequentist approach for an artificial General Mixed Model which treats the
unobserved g.’s as missing data, thus facilitating the use of the EM algorithm.

The model is defined as:

Wi _ (A + Migi+ il
gi 0 Lq|™ 0

The log of the likelihood function can then be written as:

1w}

o)
iR e
) =

0D

-~y

K
(18, G 02, 02, p)= —%{ (20+2Kq) log(27) + " log

~ i=1

+
M=
=
. ﬁ.*
|
o U
3
l\g]
L=

o Wy
D ;C)
| —a
o
| |
o B>
g
———

o)



= --% { (20+2Kq) log(2r) + n log| @ | + K log |G|

.N.w oy
ep)}
2

gq ﬂu*

| |
o W
P
H./_—/

-+
Il S
oy
| —E
w =
o

té
WY w1
2=

gvz: M:g _ I':"-[11 H12 =H—1
GM; G Hoy Hoo )
-1
_ |4 Eo
Eg1 Eg
where J=H ;- H g Hop ™' Ho1=F,, - - M,GG ~1GM!
~ 1
=Z w;‘MzGM#Q ®ln,-a
—1 _ "o _
Epp=-J 7 HyyHo 1—[§W;*Mi§1\~’[i] MGG !
=[Q —1®.I.n,] M;,

Therefore
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’
~:‘_~l7 g"z: Mlg W:_~l7
gi-0 | | GM! ¢ gi—0
_Wz_‘éz')’, [~—1®In:] -[Q—1®Int] M’ Wz_éz‘)’
gi -Milg " leln)  GTM4MIle lelnIM;|| &:

=(Wr -4 -Mg) (@ eLa) (Wi-A,y -Mg)+giGle, .

Therefore

L(x: 85 G, o 0% p)=-1{ (2n+2Kq) log(2r) + n log| @ | + K log |G|
K * / -1 / —1

+> |(Wi-4Ap -Mgy) (@ " eln) (W ~-Ar -Mg; )+Zg G }
&

Therefore the posterior distribution of the parameters v, g, G, o2, 0% and p given
W*, assuming flat priors for fixed effects and variance components and normal
priors for random effects is proportional to the likelihood of 1 G o2, o and p

given W* and g .

Theorem 3.2.1: Maximum a posteriori estimates of the parameters v, g G, o

o2, and p satisfy the following equations:

Tw)

-1 g
[Z {@ e n,-)éi] S AL@eln) (W -MZ)),

i=1

-2
I

IR

E=[M/ (@ 'oLln) MAG 1M/ (@ 'oln )(W -A),



ap(Z? %v gv ‘73, ”Zv p I W*)
0y

69(7, g, g’ ‘-"31 ‘72, P I W*)
9y

Therefore =0 implies that

K -1
= [Zéi' @ 'eln) éi}
i=1 :

ap(:!" g, g'a 03, ‘73’ P I W*)

2
)

M=

[ [

207

=1

[(Wf—éiz Mg (@7 eln) (Wi-Ay -Mg)+g!

86
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op(y, 8, G, 03, o2, 0 | W¥)

Therefore =0 implies that

351'
giz[Mi,(Q_l‘gln,-)Mi'*'g_l]_lMi,(g-l@ln,)(W;_‘ézz)
ap(Z’ ga (~;7 ”3’ 03’ P l W*)

5
=_1 a
-} {fgals|a
o) X ",‘ W* A M / -1 W* M
+ ZzE—:I JZI(~11 ~ijz—~zj§i) Q (~11_~1J7—~z]gz) }
=—%{2n9 1—-ndla.g(Q 1y
—lK o * * t—1
-2Q Zl ZI(WIJ éij7—MzJ gz)(Wij A-z]7_Mijgz) Q
1= J=
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. 3P(7,g, g,037”3’plw*)
Setting =~ 30 =0 implies that

=0
| @ weas
—»Q:
o, @
1 X o * *
=1 Z Z (WU—éijZ —sz gz ) (sz_ézjz _MU gz)l

1 f: Z ij 1],9.11) (Y:‘] Xijg szdz)
=5
i=15=1|(C-Hye -dix)|| (C5-Hije -1 %))
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3.2.2 Mixed Models with Informative Right Censoring;

Derivation of the EM Algorithm

The EM Algorithm (Dempster et al. 1977) can be used to compute maximum
a posteriori estimates of 18 G, 0%, o2, and p. The complete-data vector,
(W*1,8) ~ N(Ay+Mg, Q)
has a bivariate normal density function

£(W* 11,8, 9)

~ ~

=[4]" |g|'% x exp [-f- (W*-A7-Mg) (2) (W -4y -Mg)]

This distribution is a member of the exponential class of distributions. The density

has the regular exponential-family form
£,(W*| 4 )=b(W*) exp [ ¢ t(W*)]/ a(g) and

1,8 .
o)) - 1og a(e)

~ ~

=t(W*) -E[t(W*) [ ¢].

where 9 ={y, g, o2, o2, p} denotes the parameter vector that is restricted to a
(p+1)-dimensional convex set ¥ such that f,(W*| 4 ) defines a density for all 8 in

¥ and

a(g)= [ b(W*) exp [¢ t(W*)] dW*
. w*
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where W* is the sample space of W*.
For a right censored sample (W, § ) the function
Q(d1, 2)=E[i,(&: | W*)+log (g, | G1) | W, ¢, 8]
—E[ g1t(W*) - log a(@y) | W, 8, 8 ]+1og b(W*)+log (g, | G,)

=E[ 01t(W*) | W, §, 8] -log a(g,)+log b(W*)+log (g1 | Gi)-

For a concave function p,, Q is maximized with respect to §, when

8Q(8, 8 d log a(8;
0= _%_E[ (W) | W, 5,6]- §g1(~‘) + 507 log (g1 | Gu)

=E[t(W") | W, £, £]-E[4(W") | &il+55~ log «(g.1 | Gu)
or BLUW | W2, ¢1=E[t(W") | &) - 59~ log (g1 | Gu).

The corresponding E and M steps are:

E-step: Compute t("(W*)=E[ t(W*) | W, g, 001

a~a~

M-step: Obtain 0(')as the solution to
E[ t(W") | 9(')]— 5 log (g ) | G)=tO) (W) (3.2.3)

With bivariate right censoring, there are three cases to be considered:
(1) §1i=69;;=1, i.e., both Y‘-‘- and C’-“- are known,

(2) é;;;=1 and 89;7=0 which implies that C};>Y}; =Y;;

d (3) 6;;;=0 and 89;;=1 which implies that Y”‘~>C;‘~=Cij.

It is assumed that at least one of the Y or C is observed. If both are missing

(ie., 6;; =09 J-=0), this observation is assumed to be ignorably missing.



In the expectation step,

E[ t(W} 3) | Wi=w; ip Sijp 81=

51135211E[ t(W} )|W =1, 8y;;=1, ¢]

Wij» 1

+51U(1 62”)E[ t(W )|W Wi 1 =1, 89;;=0,

1170]
(1= 813080, BLUWE) | Yii>y4j, C=v:5 8]

+611_](1 —62”)E[ t( ) I Yz] va C* >y117 ~]

=51ij52U [ (W) W};

=51ij52ijt(wij)
+511](1 _62¢J)E[ t(Wz ) I YzJ_yz:p C* >y1]’ 0]

with corresponding density functions

fo(Y* | Y*>y, Cr=y)=f,(Y* | Y=y, §,;=0, 5,=1)

=f0(Y*=Y*, Y=y, 61=0, 52=1)_ fo(Y*=y*, C*=y)

Y=y 5.20, 5.=1) =
ol Y=, 8,=0,8,=1) / £(Y", C*) dY*
y

8ox(y) L.(Y"| C*=y)

o0
go+(¥) [L(¥7 C*=y) av?
y

L,(Y*| C*=y)  f(Y"] C*=y)
x T1-9(z
[a(v7] C*=y) ay*
y

Y*| c*)

gl

A

91



where Zyx ot if=

T
ay.(l -p%)2
and
fo(C* | Y*=y, C*>y)=£,(C* | Y=y, 6;=1, 6,=0)

—fo(c*zc*, Y=y, 51=1, 62=0)_ fo(Y*=y, C*=C*)
) Y=y, §,=1, 6,=0 T
ol Y=7, 8=1, 6,=0) Jax, 0 ac
y

fy+(y) 8,(C*| Y*=y)

&3]

fys(y) [ £(C"| Y*=y) dC*
y

L &(CTIV"=y)  _g,(C| Y*=y)

1""@ * =
[elCY*=y) dc* o)
) |

[y
Yij —[E,-jg +1i ¥ i'*'l’?—,c:.[yij -(X;;8+B;; d i)]
where Zon px (5= .
1Y%, 13 1
O'Cu(l —p2)2

Therefore

E[ t(ij) | Y’-“]->y,-j, ij=y,-j, 9]

?

[0 o]
- 1 * —
T80 1) /t(Wij) (Y3 1 Cij=vij 8) dY};
Yij.

[~
Yij —[?&jﬁ +Bij diterlyij~ (Hijg +14; Xi)]J

92



and

E[t(W}) | Yi=vij, CI>vij» 8]

00
= 1 t(W) g,(C: | Y
I—Q(ZC.IY‘, 'J)}{J ( 1]) t]

*.
ij

=Yij 8) dC};.
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3.2.3 Mixed Models with Informative Right Censoring; EM Computations

EM Computations are summarized in this section. In the E step, the
conditional expected values of the ‘complete-data’ sufficient statistic are computed
from the observed data and current estimates of the parameters, while in the M
step, new estimates of the unknown parameters are computed using the conditional
expected values of the ‘complete-data’ sufficient statistics in the maximum a

posteriori estimating equations.

E Step:

In the r-th iteration, the estimation step computes the conditional expected
values of the complete-data sufficient statistics given the observed data W and the
estimated values of the parameters from the (r—1)-st iteration. Not all of the w*
are observed so the E step will estimate the compléte-da.ta. sufficient statistics that
involve W*.

A set of complete-data sufficient statistics for this problem is

M=

AL@ " ela) (Wi-Mg)),

~

i=1

{M/ (@ ela) (W -Am)K,

(Y*-X8 -Bd)(Y*-Xp5 -Bd),

~ ~



The expected values of the complete-data sufficient statistics may be denoted,

2
—
3
[
b
-
-
W09
-~
-
|
b
—
-
)}
—
-
1
-
A
-
NQA
-
|
—
s
[
-
Q
™~~~
-
i
—
S’
(€]
-
©
—
™
[
—
—
=
-

| Y, 8, 6779, gUh, Doy, -1
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When 61ij=0 and 6, ]-=1 expectations involving the i-th element of the complete-

data sufficient statistics can be computed as:
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Similarly, when 611.].:1 and é; j=0 expectations involving the i-th element of the

complete-data sufficient statistics can be computed as:
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the solution to equation 3.2.3. Initial values of maximum a posteriori estimates are

obtained using unweighted regression and by treating censored data as if they were

uncensored. Convenient initial estimates are:

1
(0)_[Z~1~]J’ Z~1~1’

g {O=[MiM;]

TIMHW - A7),
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In the r-th iteration maximum a posteriori estimates which maximize the posterior
distribution function using the expected values of the complete-data sufficient

statistics obtained from the previous iteration of the E step are computed:
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IV. EXERCISE TOLERANCE TESTS OF PATIENTS WITH
CHRONIC STABLE ANGINA

4.1 Introduction

Calcium channel blocking drugs have been found to be useful in the treatment
of patients with chronic stable angina. Nisoldipine, a dihydropyridine slow channel
calcium blocker is a potent coronary vasodilator and could be beneficial for patients
with angina. Lam et al. (1985) conducted a placebo-controlled, double-blind
crossover, dose-ranging study to assess the short-term efficacy of nisoldipine as an
antianginal drug in humans. Maximal treadmill exercise tests at 1, 3 and 8 hours
after ingestion of a single dose of a placebo or a 5, 10, or 20 mg. oral dose of

nisoldipine were used to assess the duration of its effects and the effective oral dose.

The efficacy of nisoldipine was assessed in terms of time to onset of angina
(denoted by Y*), the primary response of interest, and other response variables.
Because the greatest effects occurred 3 hours after oral ingestion, we shall examine

the 3-hour data.

The dataset described in Lam et al. (1985), reproduced in Appeﬁdix A, was
used to obtain parameter estimates assuming that no censoring occurred. Those
parameter estimates were used as parameter values in a program that generated
artificial data for 80 subjects. (The details are described in Section 4.3.) Fixed and
informative right censoring were induced artificially and resulting parameter
estimates are compared to those obtained without censoring in Section 4.4. Fixed
censoring occurs when time to onset of angina exceeds a predetermined value.

Informative right-censoring occurs when time to onset of angina exceeds maximal
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exercise time (denoted by C*), the censoring variable. In this situation, patients
become exhausted and have to stop running on the treadmill before they get
angina. However because peak exercise duration time and time to onset of angina
are highly correlated, it is plausible that individuals are censored when they were

at unusually high risk of failure.
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4.2 Description of the Experiment and Data

The study population consisted of 12 male or female patients with a mean age
of 58 years (range 46 to 66) who had a history of angina pectoris which had been
stable for at least three months. Prior to acceptance into the study, exercise-
induced angina occurred during upright treadmill exercise tests in all of these
patients, with specified associated ECG changes. Three patients had a previous
myocardial infarction and one patient had prior coronary bypass surgery. Patients
were excluded from the study if thgy had a history of predominant rest angina or
ST segment elevation during an episode of chest pain, severe hypertension, valvular
heart disease, congestive heart failure, intraventricular conduction disturbances or

severe ventricular arrhythmias on the electrocardiogram at rest.

Patients were randomized to one of four treatment sequences and received a
different dose each visit. Prior to entering the study, each patient had had at least
two exercise tests and were familiar with the test énvironment. All cardiovascular
medications were stopped at least 48 hours before the study with the exception of
nitroglycerin, which was stopped at least eight hours before the exercise test.
Patients also refrained from smoking and drinking coffee or tea at least eight hours
before the exercise test. A single oral dose consisting of four tablets was given at
8:00 AM. The placebo dose consisted of four placebo tablets, the 5 mg. dose
consisted of one 5 mg. tablet of nisoldipine and 3 placebo tablets, the 10 mg. dose
consisted of two 5 mg. tablets of nisoldipine and two placebo tablets, and the 20
mg. dose consisted of four 5 mg. tablets of nisoldipine. =~ Modified Naughton
treadmill exercise tests were performed at 9:00 AM, 11:00 AM and 4:00 PM.
Exercise tests were terminated due to severe angina or extreme fatigue. The series
of tests involved four study days per patient and were completed within 2 weeks for

each patient. There was a 48 to 72 hour washout period after each visit. Previous
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data had indicated that a 48-hour washout period was sufficient to eliminate

carryover effects.
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4.3 Computational Issues

Recall that the mixed model for W is given by

AR b

Wis a2n; x 1 vector of failure and censoring values which may or may not

Wi=Aiy+Mig 4y,

JYI O X 0
el oo

where
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be observed,
:’ is a 2n; x2p known constant matrix of rank 2r < 2p,

g . .
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G is a positive-definite symmetric 2q x 2q covariance matrix

of random effects, g ;, and

Q= “ | consists of the unknown within-subject

variance components.

The formulae given in Sections 3.1.3 and 3.2.3 were used to obtain parameter
estimates, with the exception of initial starting values. These were estimated
assuming noninformative censoring and using the EM algorithm to compute
maximum likelihood estimates of 8, D, and #%.. The same initial estimates of B,
D, and o2 were used in the informative censoring program. It was assumed that
g(o)zg ©) Y(°)=]~) ) a£0)2=a'£0)2, cov(y(ov), Q(O))=O.5, and p=0.5. These estimates

were then used to obtain initial estimates of the random effects.

Convergence was assumed to have occurred if the maximum relative change
(over all estimators) in one iteration was less than 0.001 for all of the structural
parameters. Using the values of the parameters at convergence, the observed log
posterior distribution functions aséuming fixed or noninformative censoring and

informative censoring were:
p(8,4,D,42Y,¢)

£

1=1

n;
215:'1 log £,(Y;; | 8,d; 02)
] —

n; .. -X..3-B..d.
+.El(1—6,-j)log[1—o(y" —5 ’)] + log =(d | 12)}
J:

and
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Estimates of the within-subject variance components, ¢? and ¢2, are biased, in
part due to the large number of fixed and random effects that had to be estimated.
After convergence, “reduced-biased” estimates were computed by multiplying both
components by c—i%: and %{-, where the error degrees of freedom for o2,
df,=n -rank(X, B), while the error degrees of freedom for o?, df,=n -rank(H, J).

These “reduced-biased” estimates were used to compute Qi I+ and estimates of

~1

K
variance of fixed effects, Viy )='Zléli, gw;_.‘l Aq; where A, consists of the
rows in A; that correspond to uncensored data in W. Consequently, standard

errors of fixed effects are usually lower when censoring occurs. When comparing
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approximate standard errors of fixed effects with and without censored data, it may

be preferable to use all the rows of A; instead of using 4 ;.



110

4.4 Generation of Data

The values of the dependent variables Y} and C} were generated using a
mixed model with linear covariance structure as described in Section 3.2 using

parameter estimates obtained from the dataset from Lam et al. (1985).

In this example, there were two random intercept parameters for each subject,

one for Y} and one for C} (i.e., g=1). In addition, the design matrices for both Y
and C} were equal, ie., X;=H; and B;=] ;~ The estimated parameter vector of
fixed effects for Y * consisted of the following:
Elz[ﬁint’ ES mg.’ EIO mg.’ 320 mg.’ 32’ ' 33’ B4]

=[376.6, 74.6,  93.3,  78.8, -10.0, -43.3, 167
where ﬂint denotes the intercept for Y*, ﬂs mg.’ ﬂlO mg.’ and 520 mg. denote
incremental effects of 5, 10, and 20 mg. doses of nisoldipine, respectively, on Y*,
and By, Bg, and By denote incremental effects of the second, third, and fourth
periods on Y*. |

Similarly, the estimated fixed effects parameter vector for C* was estimated to be

=

W)

Fntr &5 mg.’ 10 mg.’ 99 mg.’ a9, A

=[429.2, 64.2, 72.9, 92.9, -5.8, -30.4, -T7.1].

The vector of between-subject variance components z consisted of the following:

[ 1, =Var(d) =27750,
I =97y =Var(v) =26729,
73 =Cov(d,v)=26538.

The “reduced-biased” estimates of the within-subject variance components for Y*
and C* and correlation coefficient were

02=3395, ¢2=2653, and p=0.771.

Using the SAS function RANNOR with fixed seeds chosen from a table of random
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digits, g; and y; were generated for each subject. Because g;~NID(0, G), data

can be generated by setting

1 1
2 2

8i=G%Z g, and W, =A,v +M, g +Q%Z

where Zg, and Z;; are 2 x 1 NID(0, 1) random variables and g% and Q% are the
Cholesky square roots of G and Q. Data were generated for 80 subjects with up to
four visits per subject (Appendix B). One of four treatment sequences was
randomly assigned to each subject with equal probability using the SAS function
RANUNI. To ensure that some data were rﬁissing at random, observations were
deleted with a 15% probability. This would reflect a situation in which, on

average, subjects failed to show up for their scheduled appointments 15% of the

time.

This data were analyzed with and without censoring. Right censoring was
induced by censoring either the time to onset of angina or the maximal exercise
time, whichever was greater if they exceeded the seventy-fifth percentiles. In this
dataset, the seventy-fifth percentiles were 540 seconds for time to onset of angina
and 556 seconds for MET. Ten percent (28) of the 273 observed angina times and
19% (53) of the 273 realized values of maximal exercise time were censored. Note
that computations that assume censoring is informative will make adjustments for
30% of the observations that have either censored angina or maximal exercise
times. If censoring is assumed to be fixed, maximal exercise time is irrelevant and

adjustments only need to be made for 10% of the censored angina times.
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4.5 Results

As a first step, the dataset described in Lam et al. (1985) was used to obtain
parameter estimates for Y*, assuming no censoring occurred. Parameter estimates
were obtained (1) using maximum likelihood estimation whereby random effects
were estimated in the E-step of the EM Algorithm, and (2) using maximum a
posteriori estimation and estimating the random effects in the M-step. Parameter
estimates are given in Table 4.5.1. Because random effects are computed
differently in the two methods, different estimates for fixed intercept and random
intercepts were computed. Fixed effects for the 5, 10, and 20 mg. doses of
nisoldipine and for the second, third, and fourth periods weré identical, but had
slightly different estimates of approximate standard errors. The estimates of D
were similar while the “reduced-biased” estimates of within-subject variances were

3272 (error df=41) and 3370 (error df=30).

Subsequent computations involved the randomly generated dataset consisting
of 80 fictitious subjects with up to 4 visits per subject. Structural parameter
estimates (i.e., parameter estimates excluding the incidental parameters, 5)
obtained from the model are given in Table 4.5.2 along with corresponding
estimates obtained with fixed and informatively right-censored data. Parameter
estimates obtained using the complete data were compared with those obtained

using the censored data assuming censoring was informative and fixed.

Parameter estimates are given in Table 4.5.2. Unlike the previous example,
this example was an incomplete design in which approximately 15% of the visits
were missing at random (noninformatively). Parameter estimates for fixed effects
for the uncensored and informatively censored data were very similar, but not

identical. When censoring was assumed to be fixed there were more discrepancies
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between parameter estimates obtained for uncensored data and censored data.

This is not surprising because the correlation between Y* and C* was ignored.

The estimated variance components that were computed assuming fixed
censoring were somewhat smaller than those that were computed using uncensored
or informatively censored data. This resulted in somewhat larger estimates of
approximate asymptotic standard errors for fixed effects. Approximate asymptotic
standard errors of fixed effects parameters obtained using informatively censored

data were smaller than those obtained using the uncensored data.

Results in Tables 4.5.1 and 4.5.2 indicate that time to onset of angina and
peak exercise time were both prolonged by each dose of nisoldipine. In these data,
the 10 mg. dose was optimal for prolonging time to onset of angina while the 20
mg. dose was optimal for prolonging maximal exercise time. Period effects were
minimal in the original 12-patient dataset but appeared to be present in the larger
80-patient dataset, most likely due in part fo the larger sample size and

corresponding smaller standard errors.

Maximum a posteriori informative censoring estimates and maximum
likelihood estimates and approximate asymptotic standard errors from Tables 4.5.2
and 4.5.3 are plotted in Figure 4.5.1, along with the population estimates (i.e, the
original parameter values, denoted by *, that were used to generate the larger
sample). The predicted response, Time to Angina (seconds), is plotted against
estimates of fixed effects parameters for incremental effects of the 5, 10, and 20 mg.
doses of nisoldipine and incremental effects of the second, third, and fourth test
days. Approximate 95% confidence intervals for incremental effects of the 5, 10,
and 20 mg. doses do not include zero. The largest incremental effect corresponded

to the 10 mg. dose where the predicted increase in time to onset of angina was 95.3
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seconds using all the data, 83.5 seconds after deleting censored observations, and
91.0 seconds using the casewise deletion method. The overlap of the approximate
confidence intervals suggest that the treatment effects are not significantly different
from one another but do seem to be significantly different from the placebo.
Incremental effects due to the second and fourth test days do not appear to be
statistically significant at the «=0.05 level. However, patients appeared to perform
poorly on the third test day with predicted decreases in time to angina of about 60

seconds.

Maximum likelihood estimates in Table 4.5.3 were computed using mixed
model techniques for complete data after (1) deleting 10% of the 273 observations
with censored values of time to onset of angina and (2) “Casewise Deletion”, where
patients were excluded from the analysis if any of their angina times were either
censored or missing. Casewise deletion resulted in the greatest loss of information -
46 of the 80 patients (58%) were excluded from the analysis. As a result, one
would expect these confidence intervals to be the most inaccurate and to have the

largest standard errors.

The discrepancies between the confidence intervals appear to be particularly
evident for the 20 mg. dose. Using the casewise deletion method, the predicted
increase in time to onset of angina was only 31.2 seconds compared to 63.0 seconds
using the informatively censored angina times and 53.3 seconds using the mixed
model approach assuming that censored angina times were missing at random.
Note also that the confidence intervals for the casewise deletion method are wider
and would lead one to believe that the incremental effect of the 20 mg. was the

least effective dose.



PARAMETER ESTIMATES USING DATA FROM LAM ET AL.
(K=12 PATIENTS) ASSUMING THAT NO CENSORING OCCURRED

Parameters

Fixed Effects:
A int

Py mg.
510 mg.

P2 mg.

TABLE 4.5.1

Dependent Variable=Time to Onset of Angina

Maximum Likelihood

Estimation
(80 iterations)

Estimate (a.s.e.)
386.0 (52.8)
74.6 (23.4)
93.3 (23.4)
78.8 (23.4)
~10.0 (23.4)

—43.3 (23.4)

1.7 (23.4)

Estimate
91.3
13.6

-118.8
239.4
101.0

-305.7

0.2
~53.2

-26.5

-143.0

Maximum a Posteriori

Estimation
(91 iterations)

Estimate (a.s.e.)
381.6 (52.8)
74.6 (23.7)
93.3 (23.7)
78.9 (23.7)
~10.0 (23.7)
-43.3 (23.7)
(

1.7 (23.7)

Estimate
95.4
17.8

-114.4
2434
105.1

-301.2

4.5
-48.9
-22.2
-138.7

115
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Parameters Maximum Likelihood Maximum a Posteriori
Estimation Estimation
(80 iterations) (91 iterations)
dll 43.9 48.1
d12 335.4 339.2

Variance Components:
D 27754 27545
o? 3272 3370

a.s.e. = approximate asymptotic standard error
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TABLE 4.5.2
MAXIMUM A POSTERIORI PARAMETER ESTIMATES
USING SIMULATED DATASET (K=80 PATIENTS)

Dependent Variables=Time to Onset of Angina,
Maximal Exercise Time.

Informative Censoring Fixed Censoring*

Complete Data
(80 iterations) (52 iterations)

(83 iterations)

Parameters

Fixed Effects: Estimate (a.s.e.) Estimate (a.s.e.) Estimate (a.s.e.)

B 382.2 (17.3) 383.5 (10.0) 386.8 (15.0)
85 mg. 60.5 (11.5) 61.8 (10.5) 57.2 (12.0)
810 mg. 94.3 (11.1) 95.3 (10.4) 96.5 (12.2)
P20 mg, 62.5 (10.7) 63.0 (9.3) 58.1 (11.3)
By ~13.8 (11.2) ~15.2 (10.0) ~16.7 (12.1)
By -57.9 (11.3) -59.0 (10.2) -59.4 (12.1)
B, -4.6 (10.9) —4.6 (9.5) ~9.0 (11.6)
o . 438.8 (15.6) 438.9 (8.9)
%5 mg. 53.4 (9.8) 48.0 (9.2)
°10 mg, 59.2 (9.4) 55.9 (8.7)
%90 mg, 74.7 (9.1) 70.5 (8.6)
o ~13.6 (9.5) ~14.7 (8.7)
ag -38.6 (9.6) -38.4 (8.9)
ay ~23.4 (9.2) ~24.7 (8.3)
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Parameters Complete Data  Informative Censoring  Fixed Censoring*
(83 iterations) (80 iterations) (52 iterations)

Variance

Components: Estimates Estimates Estimates

D 16759 17072 16348

\% 14360 13264

cov(D, V) 14798 14478

a2 3850 3909 3835

a? 2781 2754

P 0.790 0.791

a.s.e.=approximate asymptotic standard error

* Note: Censoring was informative but parameter estimates in the third column
were obtained assuming fixed censoring.



TABLE 4.5.3

MAXIMUM LIKELIHOOD ESTIMATES
USING SIMULATED DATASET

Dependent Variable=Time to Onset of Angina

Censored Observations

Deleted (K=78)
(38 iterations)

Parameters

Fixed Effects: Estimate (a.s.e.)

Bint 383.2 (17.2)
B5 mg. 53.8 (11.9)
A10 mg. 83.5 (12.1)
Bap mg. 53.3 (11.1)
By -15.8 (11.9)
B -57.7 (12.0)
By -9.7 (11.4)
Variance Components:

D 15549
ol 3650

a.s.e. = approximate asymptotic standard error

Casewise Deletion

(K=34)
(91 iterations)

Estimate (a.s.e.)

368.0 (26.8)
59.6 (16.5)
91.0 (16.5)
31.2 (15.0)
~16.1 (16.5)
~62.4 (16.5)

)

~12.0 (15.0

17551
3540

119
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Figure 4.5.1
Approximate 95% Confidence Intervals for
Incremental Effects of Dose and Visit
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4.6 Summary

Results from a demonstration of this method using the treadmill exercise data
from the cross-over study by Lam et al. (1985) and the simulated dataset generated
using this data were summarized in this chapter. In each example, the algorithm
was monotonic: the logarithm of the posterior distribution function increased
monotonically until the parameter estimates converged within the specified
tolerance. Estimates of fixed effects and variance components obtained after
censoring approximately 10 to 30% of the data were reasonably close to the original

complete-data estimates and were well within two standard errors of one another.

Parameter estimates for incremental effects of dose were somewhat higher
when right-censoring was taken into account than when censored observations were
deleted. This would always be the case if censored data had been analyzed as if
they were uncensored. The least accurate method was casewise deletion, where

58% of the patients were excluded from the analysis.
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V. SUMMARY AND RECOMMENDATIONS FOR FUTURE RESEARCH

5.1 Summary

The purpose of this work was to simplify existing computational approaches
used to estimate parameters in general linear mixed models with fixed or
noninformative random censoring and to extend the use of these techniques to
include parameter estimation in mixed models with informative censoring. This
method is applicable to normal data from longitudinal studies where the effects of

serial correlation are negligible.

For this type of problem, the EM algorithm was preferable to gradient
methods (e.g., Newton-Raphson algorithm, Method of Scoring) because the
likelihood of the complete data for the General Linear Mixed Model has a much
simpler form than the likelihood corresponding to the General Linear Mixed Model
with censored data. The EM algorithm also does not require the inversion of large
matrices.  Using the Newton-Raphson algorithm, this problem can become
overwhelming when the number of subjects is large and gets worse when there are

multiple random coefficients for each subject.

Using an extension of maximum likelihood estimation known as maximum a
posterior: estimation, computations involved in obtaining parameter estimates in
the M step of the EM algorithm are straightforward. Unlike the maximum
likelihood approach, random effects are estimated in the M step instead of the E

step of the EM algorithm and do not require the computation of high-dimensional



123

integrals.

In an example, parameter estimates obtained using informatively censored
data were generally quite similar to estimates obtained using complete data (i.e.,
data that were generated before being artificially censored). The extent of
agreement was usually greater if censoring was correctly assumed to be informative
than when it was assumed to be fixed. Parameter estimates obtained from the
complete data set using maximum likelihood estimation and maximum a posteriori
estimation were also quite similar with the exception of the within-subject variance

components.
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5.2 Future Research

Procedures have been developed for maximum g posterior: estimation for a
General Linear Mixed Model for the analysis of censored normal or lognormal data,
whether or not the censoring is informative. These procedures have led to a great
reduction in computational complexities in comparison to previously available
methods for data with noninformative or fixed censoring mechanisms. Parameter
estimates obtained using informatively censored data were found to be similar to
estimates obtained using complete data. Simulation studies are needed to assess
large- and small-sample properties of the pa%arneter estimates. Exact asymptotic
distributions of the parameter estimates under general regularity conditions also
need to be derived. This could include an evaluation of some approximate F

statistics and their small sample distributions.

“Reduced-biased” estimates of the within-subject variance components were
proposed in this dissertation and used to compute approximate standard errors of
fixed effects. It would be useful to derive approximate asymptotic estimates of the
standard errors of random effects and variance components and to derive restricted
maximum likelihood or analogous “restricted maximum a posteriori” estimates of

variance components.

The methods developed in this dissertation are applicable to longitudinal
studies where the effects of serial correlation are negligible. These methods are
applicable when V(e ,)=l¢? As an extension, onelcould attempt to model other
types of covariance structures that occur in studies of longer duration (e.g.,
;) having AR(1)

irregularly-timed, inconsistently-timed longitudinal data with V(e

~

covariance structures).
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Zeger, Liang, and Albert (1988) describe how generalized estimating equations
can be used to analyze uncensored longitudinal data. They consider two
approaches: the first approach is the “subject-specific” approach where the
covariance structure is explicitly modeled, while in the second approach, the
“population-averaged” approach, the marginal expectation is the focus and the
covariance matrix is regarded as a nuisance. It may be possible to extend these
approaches so they can be used for parameter estimation in general linear mixed

models with censored data.
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