ABSTRACT

WANG, YoNG. Theory and algorithms for shape-preserving bivariate cubic L splines.

(Under the direction of Shu-Cherng Fang.)

A major objective of modelling geophysical features, biological objects, financial pro-
cesses and many other irregular surfaces and functions is to develop “shape-preserving”
methodologies for smoothly interpolating bivariate data with sudden changes in magnitude
or spacing. Shape preservation usually means the elimination of extraneous non-physical

oscillations. Classical splines do not preserve shape well in this sense.

Empirical experiments have shown that the recently proposed cubic L; splines are ca-
ble of providing C'-smooth, shape-preserving, multi-scale interpolation of arbitrary data,
including data with abrupt changes in spacing and magnitude, with no need for node ad-
justment or other user input. However, a theoretic treatment of the bivariate cubic L;
splines is still in lack. The currently available approximation algorithms are not able to

generate the exact coefficients of a bivariate cubic L; spline.

For theoretical treatment and the algorithm development, we propose to solve bivariate
cubic L spline problems in a generalized geometric programming framework. Our frame-
work includes a primal problem, a geometric dual problem with a linear objective function
and convex cubic constraints, and a linear system for dual-to-primal transformation. We

show that bivariate cubic L splines indeed preserve linearity under some mild conditions.

Since solving the dual geometric program involves heavy computation, to improve com-
putational efficiency, we further develop three methods for generating bivariate cubic Ly
splines: a tensor-product approach that generates a good approximation for large scale
bivariate cubic L splines; a primal-dual interior point method that obtains discretized bi-
variate cubic L; splines robustly for small and medium size problems; and a compressed
primal-dual method that efficiently and robustly generates discretized bivariate cubic Ly

splines of large size.
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Chapter 1

Introduction

The theory of spline functions with applications is a relatively recent development. As late
as 1960, there were no more than a handful of papers explicitly mentioning spline functions
by name. Today, there are well over 1000 research articles on the subject, and it remains
as an active research area [3].

The rapid development of spline functions is due primarily to their great usefulness in
applications. Classes of spline functions possess many nice structural properties as well as
excellent approximation powers. Since they are easy to store, evaluate, and manipulate
on a digital computer, a myriad of applications in the numerical solution of a variety of
problems in applied mathematics and engineering have been found. These include computer
aided geometric design (CAGD) [17], data fitting [7], function approximation [25], numerical
quadrature, numerical solution of operator equations [9], integral equations, optimal control
problems [32], etc.

The term of spline comes from drafting where splines were flexible strips guided by

points on a paper, used to draw curves. Splines are a convenient method for drawing curves



in two or three dimensional spaces.

According to the type of functions used, conventional splines ([1, 7, 23, 25, 32]) can be

roughly classified as

1. Polynomial-based splines. There are a variety of polynomial-based splines, which are

widely used in real life. Several classic polynomial-based splines are listed below:

(a)

Piecewise-linear splines. Such a spline is a piecewise-linear function passing
through every given point. The coefficients of piecewise-linear splines can be
easily calculated. No extraneous oscillations occur for this kind of splines. But

piece-wise linear function is not differentiable in general [32].

Lagrangian splines. Lagrangian spline is a Lagrangian interpolating polynomial
defined over a given set of data points [9]. The coefficients of Lagrangian inter-
polating polynomial can be easily determined. It has the continuous derivatives
of every order. However, the degree of the polynomial depends on the number
of knots. The change of one point in the give data causes the recalculation of all

the coefficients of the Lagrangian interpolating polynomial.

Bézier curves. For a given array of vertices P = {P;(z;,v;,2:), t =0,1,...,m}, a
Bézier curve of degree m is defined by the vector equation R(t) = > " ) BI"(t)P;,
where B["(t) = ﬂ(lel),tz(l — t)™=% [7]. Bézier curves are very popular approxi-
mating curves, since they can be parameterized and drawn. Bézier curve allows
any number of control points. The shape of the spline can be easily controlled
and adjusted. The change of a single point does not require total recomputation

of the curve. The curve is constrained to be within a convex hull. But the de-

gree of the equation that computes the Bézier curve depends on the number of



vertices in P.

(d) B-splines. The B-spline N; ;11 of degree of k with knots x;, ..., ;4441 is defined

' o okt (zips—t) Y
as Nij11(t) = (Tith1 —23) D520 0, @ —air0) where (i1 —1)§ = (ziy;
OF i miy >t (24 — t)i = 0, otherwise [7]. B-spline is another popular
approximating spline curve. B-spline lies in the convex hull generated by data
points. It is easy to control the shape of the spline. Adjusting a single point

does not require total recomputation of the curve. However the computation

complexity of B-spline is high.

2 Nonpolynomial-based splines. There are many kinds of nonpolynomial-based splines,

such as trigonometric splines, complex splines, etc [32].

Based on the number of variables in a spline, people also classify splines as univariate
splines, bivariate splines and higher dimensional splines.

Bivariate splines are potentially useful in many real life applications, for example,

e Fast recognition of faces and objects. A lot of security applications require that faces
or other complex objects be recognized quickly. In these areas, bivariate splines may

provide an efficient way to realize it.

e Virtual space simulation. Dangerous environments or vulnerable objects need to be
virtually simulated so that people can be safely trained with low cost. Bivariate splines

are powerful tools in these applications.

e Terrain description. Many military applications require that various terrains be
quickly outlined. Due to the excellent capability of describing shapes, bivariate splines

are widely used in such applications.



e Fast 3-D zooming. Using bivariate splines representing data instead of storing all
of them can save computer memory and provide another efficient way to realize fast

zoom-in and zoom-out in 3-D space.

e 3-D haptic devices design. In order to control machines or robots remotely and easily,
many 3-D haptic devices which can simulate human senses are designed. Bivariate

splines may be used in these applications.

In these applications, one important requirement for splines is that they should be “shape
preserving”, i.e., no “nonphysical” or “extraneous” oscillations are involved. From the
geometric point of view, “shape-preserving” means the resulting curves retain geometric
properties of the initial data, such as positivity, monotonicity, convexity, linear and planar
sections [26]. From the computational perspective, conventional splines such as B-splines
are ideal, since their coefficients can be calculated by using efficient, banded-matrix-based
algorithms and their locally polynomial nature ensures efficient evaluation [33, 34]. However,
experience has shown that conventional smooth splines often do not preserve shape well.
In particular, none of them preserves shape well for arbitrary data with arbitrary changes
in magnitude and in node spacing due to extensive extraneous oscillations.

Recently, Lavery [22] proposed a new kind of splines called bivariate cubic L splines.
Experiments have shown that bivariate cubic L; splines preserve shape well even for irregu-
lar data [21, 22]. Bivariate cubic L; splines are calculated by minimizing the L; norm of the
second partial derivatives of a piecewise bivariate cubic polynomial under the C'' smooth

constraints i.e.

0z2

8z (z,y)
0x0y Oy?

2 2
‘+2‘3 Z(w,y)‘+‘8 z(fv,y)H dedy

arg min{ 2(z,y) € Cl} (1.1)
z(z,y) '
(z,y)eD



where z(z,y) is piecewise bivariate cubic polynomial defined over a tensor-product grid with
triangulations (see Definition 2.4.2) and D is the domain for z(z,y).

Solving a bivariate cubic L; spline problem turns out to be equivalent to solving a non-
smooth convex optimization problem [19, 12, 16]. For a nonsmooth optimization problem,
we can either (i) use smoothing techniques to make the objective function differentiable,
(ii) apply subgradient based algorithms, or (iii) use derivative-free global optimization tech-
niques, such as the Genetic Algorithms or simplex based direct search method, to tackle
the problem . However, unless the special structure of the bivariate cubic L splines is fully
exploited, these algorithms will not be efficient enough for real applications.

Lavery proposed a primal affine scaling method to solve the bivariate cubic Ly problem
[22]. In his approach, the explicit expression of the integral in the objective function (1.1)
is not computed. Instead, this integral is approximated by numerical integration.

In order to develop an algorithm for finding exact solutions and analyze the properties
of bivariate cubic L splines, it is necessary to establish a tractable analytical framework.
In this dissertation, we transfer the nondifferentiable optimization problem to a convex
programming problem by using the generalized geometric programming theory.

Geometric programming was originally developed for solving optimization problems in
posynomial form [8]. E. L. Peterson [27, 28, 29] further generalized this approach for
convex analysis. Generalized geometric programming theory provides strong existence,
uniqueness, and characterization theorems, which are useful for parametric analysis and
algorithm design.

We are able to formulate the bivariate cubic L; splines problem as a generalized ge-

ometric program. This framework includes a dual convex programming problem with a



linear objective function and cubic constraints, plus a linear program for dual-to-primal
transformation. It provides a platform for theoretical treatment of the bivariate cubic Ly
splines.

According to the numerical experiments, the bivariate cubic L splines preserve linearity
well. This means if the four corner points of a rectangle are on a common plane, then the
corresponding bivariate cubic L; spline over this rectangular area must be linear, i.e., a
plane geometrically. Based on the generalized geometric programming framework, we can
show this shape-preserving property under some mild condition.

Since no efficient algorithm for the generalized geometric programming framework has
been specifically designed, we have to solve it by using a general purpose nonlinear pro-
gramming solver. As expected, current commercial solver cannot solve large size bivariate
cubic L splines problems. Therefore, a tensor-product approximation approach using the
efficient active set algorithm for univariate cubic L splines is proposed. This tensor-product
approach can generate approximate bivariate cubic L splines very efficiently for large scale
problems. But in some cases, the difference between a tensor-product spline and the true
bivariate cubic L spline could be large.

Minimizing the L; spline functional is a non-smooth nonlinear program. Designing
robust and efficient methods for this nonlinear program is not easy at all. Therefore, we
restrict our attentions to the task of minimizing a discretized L, spline functional, which is
a linear program. In this dissertation, two interior-point methods, the primal affine method
and the primal-dual methods, are studied to solve this linear program to generate discretized
bivariate cubic L; splines. Both methods can work well, but the primal-dual method also

demonstrates its fast convergence and robustness for small and medium size problems. In



order to handle large size problem, a “compressed” primal-dual method is also developed
in this dissertation. It dramatically reduces the computational time as well as the storage.

This dissertation is organized as follows. In Chapter 2, we review the definitions of
conventional bivariate splines. After that, the shape-preserving bivariate cubic Lq splines
are introduced.

In Chapter 3, we provide a generalized geometric programming framework for the bi-
variate cubic L splines. The framework includes three parts, the primal problem, dual
problem and a primal to dual transformation. At the end of this chapter, we report some
computational results obtained by using a general purpose solver for true bivariate cubic
Ly splines.

In Chapter 4, we show that bivariate cubic L; splines preserve linearity under some mild
conditions.

In Chapter 5, we design a tensor-product approximation approach for the bivariate cubic
L1 splines. Computational results are also reported.

In Chapter 6, we develop two interior-point methods, the primal affine scaling method
and the primal-dual method, for generating discretized bivariate cubic L1 splines.

In Chapter 7, a compressed primal-dual method is developed to efficiently generate large
scale discretized bivariate cubic L; splines.

Finally, we conclude this dissertation with discussions and point out some directions for

future research in Chapter 8.



Chapter 2

Bivariate Splines

This chapter provides introductory information of bivariate splines. After the presentation
of conventional bivariate splines, we introduce a new shape-preserving bivariate cubic L

spline.

2.1 Polynomials

Polynomials have played a central role in approximation theory and numerical analysis for
many years. Using the notation of Schumaker [32], we introduce the following definition of

polynomial space.

Definition 2.1.1 (Polynomial Space ) [32] Given positive integers m and d, we define

=1

d
P4 = span {H z
i=1

d
(z1,...,29)" € RY, Zai<m, o; € 2y, izl,...,d} (2.1)

to be the d variate polynomial space of total order m, where Z, is the set of all the nonneg-

ative integers and span {Hle xf‘l} means the set of all linear combinations of {Hle :rf”}

Notice the following attractive features:



1. IP’%) is a finite dimensional linear space with a convenient basis;
2. Polynomials are smooth functions;
3. Polynomials are easy to store, manipulate, and evaluate on a digital computer;

4. The derivative and antiderivative of a polynomial are again polynomial whose coeffi-

cients can be found algebraically;

5. Given any continuous function on an area [a,b] X [a, b], there exists a bivariate poly-

nomial that is uniformly close to it.

From this list, we can see polynomials possess many properties that are ideal for ap-
proximation. However, in reality, the curves generated by polynomial approximation may

oscillate wildly in general.

2.2 Piecewise polynomials

7(721) of polynomials

As mentioned in the previous section, the main drawback of the space P
for approximation is that severe oscillations often appear, particularly when the length of
interval [a,b] or [@,b] is large and m is bigger than 3 or 4 [32]. This observation suggests
that in order to achieve flexibility, we should work with polynomials of relatively low degree,
and should divide the rectangular area into smaller rectangles.

Given a tensor-product grid A = {x;,y;}, for i =0,--- , T and j =0,---,J, it forms a

. . " . A .7
strictly monotonic partition of the finite rectangle area D = [a, b] X [a, b], such that

a=ro <1 <--<xr1<xr=">0
(2.2)

A=y <y <-<yj1<ys=Db



The nodes, x;, i« = 0,---,I and y;, j = 0,---,J, need not to be uniformly spaced. The
set A partitions the rectangle D into I x J subrectangles, Ti; = [z, Ziy1] X [yj, Yj+1],

i=0,,I—1,j=0,--,J—1.

Definition 2.2.1 (Piecewise Bivariate Polynomials Over Tensor-Product Grid) Let
A be a tensor-product grid described in (2.2) such that the set A partitions the rectan-
gle [a,b] x [a,b] into I x J subrectangles, [xi,ziv1] X [Yi,yj41), for i = 0,....,1 —1 and

j=0,...,J —1. Given a positive integer m, let

PP&%)(A) = {f(X)|f(X) = pz’j(x) for x = (3«"ay)T SMPES [T, 2i11] X [yz‘,yj+1],

(2.3)
where p;;(x) EIP’g), 1=0,---,1—-1;57=0,--- ,J—l}
be the space of piecewise bivariate polynomials of order m with knots {x;,y;}, i =0,...,1,

7 =0,...,J, over tensor-product grid.

While we have gained much flexibility, piecewise polynomial functions are not necessarily

smooth.

2.3 Conventional bivariate cubic L, splines

In order to maintain the flexibility of piecewise polynomials and to achieve some degree of

global smoothness, we define the following class of functions:

Definition 2.3.1 (Piecewise Bivariate Smooth Polynomial) [32] Let A be a tensor-
product grid over the rectangle [a,b] X [a, lN)] as in Definition 2.2.1, and m be a positive

integer. Define

S (A) = PPA(A)YNC™ 2([a,b] x [, b)), (2.4)

10



where C"([a, b] x [a, b)) is the space of functions whose first 1™ derivatives are continuous on
[a, b] x [a, l~>], for a given positive integer r. We call Sg)(A) the space of piecewise bivariate

smooth polynomial of order m with knots {x;,y;}, i1 =0,...,1, 7 =0,...,J.
The conventional bivariate cubic Lo spline is introduced as follows.

Definition 2.3.2 (Conventional Bivariate Cubic L, Spline) Let A = {(x;,y;)}, i =
0,---,1,7=0,---,J, be a partition of the rectangle D 2 [a,b] % [a, 0], Tij = [xi, Tig1] ¥
[Yj,yj+1] be the rectangle partitioned by A over D, and {(xi,yj, 2i5)}, @ = 0,--- ,I,j =
0,---,J, be the given data set. A piecewise cubic polynomial Z(x,y) is called a bivariate
cubic Lo spline, if

L 0?z(z,y) Ozz(my)Q
Z(x,y—argmm{zz // U 92 '+2‘ 81:8;; ‘

z,y) 0 ()
I 7y)eT’LJ

0%2(z,y) |
R ’ dxdy

‘z(aﬁ,y) € SAEQ)(A) and z(z,y;) = 245, 0 =0,---,1,7=0,--- ,J},
Although this kind of splines may reduce some degree of nonphysical oscillation, their

performance in practice is not all satisfactory from the shape-preserving point of view.

2.4 Bivariate cubic L; splines

Conventional bivariate cubic Ly splines are calculated by minimizing the Ly norm of the
second partial derivatives of the piecewise bivariate smooth polynomial. Computational ex-
perience has shown that they often exhibit excessive “nonphysical” oscillation and therefore
do not preserve shape well. For this reason, variants of bivariate cubic splines that may
preserve shape well are sought.

In order to generate shape preserving splines over an arbitrarily spacing grid, Han and

Schumaker [16] interpolate data on rectangular grids by C! splines defined on a triangulation

11



of each subrectangle T;;, by dividing it into four subtriangles formed by drawing the two
diagonals. The subtriangles are labelled 1,2,3,4, respectively, as shown in Figure 2.1 and

denoted as T

i k=1,---,4. This subdivision is called the Sibson split.

(1) D, E v
4 XA | 2 s

o B (I,my/)

Figure 2.1: The Sibson split of rectangles.

Define the space of piecewise bivariate polynomials of total order m over Sibson split

with knots (x;,y;), i=0,---,1,j=0,---,J, as follows,
P2 () = { 16 =l | x € T ) < B,
i:Q~WI—Lj:&~WJ—Lk:LZ&4}
By using piecewise bivariate cubic polynomials, Han and Schumaker [16] introduced a

C' smooth spline function over the Sibson split, called Sibson element. This forms the base

of the bivariate cubic L,, splines.

Definition 2.4.1 (Sibson element) Given a rectangle Ti; = [xi, xit1] X [yj,Yj41], di-

vide it into four triangles by drawing the two diagonals. The Sibson element, z(x,y), is a

1

piecewise bivariate cubic polynomial such that it is (1) C* on the lines separating the four

12



triangles, (i) C' on the boundary of the rectangle that match with adjacent piecewise bi-

Oz(x

variate cubic polynomials, (iii) has derivative T’Y) being linear along the edges r = x; and

x = xiy1 of the rectangle, and (iv) has derivative %’;y) being linear along the edges y = y;

and y = y;+1 of the rectangle.
Lavery proposed the so-called bivariate cubic L, splines in [22] as follows:

Definition 2.4.2 (Bivariate cubic L, splines) Let A = {(z;,y;)}, i = 0,---,I and
j=0,---.,J, be a partition of the rectangle D 2 [a, D] x [a, D], Tij = [xi, i) ¥ [Yj,yj4+1] be
the triangle partitioned by A over D, and {(xi,y;,zij)}, ¢t =0,---,1,57=0,---,J, be the
given data set. A piecewise cubic polynomial Z(x,y) is called a bivariate cubic L, spline,

if, for 1 <p < oo,

oS5 ] [%42]

z,y) 0 ()
U= 7y)ETz]

0*z(z,y)
0xdy

p 82 p
_|_2 + ‘ Z($7y)

Oy?

} dxdy

’ z(x,y) € IP’IF’EE)(A) N C'[a,b] x [a,b]is a Sibson element on each Tj;,
and z(q;i’yj) = Zij, lZO, 7]’j:(]’... 7J}’

and for p = oo,

I-1J—
Z(x,y) = argmm{ 1 1[ (xz Y) ’ +2 max W'
( 7y i=0 j=0 ,y)GT” 81“ (I,y)GTij axay
82Z(1‘ Y) () 1 -
— 5| |dxd Jy) € PPY(A) N CY [a,b] x [a, b
+($%%}%ij Dy H T y‘ z(x,y) 1 (A) [a,b] x [a, b

is a Sibson element on each Tj; and z(x;,y;) = 2,

Note that when p = 1, we have the bivariate cubic L1 splines.
Lavery proved the existence of the bivariate cubic L, splines for 1 < p < oco. The

computational results in [21, 22] show that the properties of L, splines depend strongly

13



on p. The smaller the p is, the better the bivariate cubic L, splines preserve the shape.
Moreover, experiments show that bivariate cubic L; splines preserve shape better than
conventional bivariate splines. We focus on bivariate cubic L; splines in this dissertation.
If z(x,y) is a Sibson element defined on Tj; = [x;, xi+1] X [y, y;j+1] in Figure 2.1, then
on each triangle Tilj- of the rectangle Tj; , there exists a bivariate cubic polynomial 2% k(z,y)
such that z(x,y) = 29%(z,y), Vz € TZIE Fori=0,---,1—1,7=0,---,J—1, 27%(2,y) can

be expressed as

2 (z,y) = cff (r— )’ + ! (@ — ) (y — yy)
e (@ — ) (y— )+ el (- yy)°
+ogy (m—m) o (- 2) (y—v) + oty (—y;)°
+ el (@ —2) + e (=) + o
292 (z,y) = i (v — 2:)° + 5 (@ — 23)” (y — i)
+ofy (v —2) (y — Y1)’ + sy (v —i1)°
b (@ — i)+ P (@ —2) (Y — yyan) + iy (Y — Y1)’
+ i (2 — @) + o (y — Y1) + S »
2 (@,y) = e (1= 2i1)* + & (2 = 2i1)? (y — yj41)
+ois (@ — i) (v — yi1)* + o (0 — yi)”
A (= wi1)” + P (@ — 1) (y — yja1) + iy (Y — Y1)

o 3 o
+ o (T = mivn) + cor (¥ = yj+1) + Coo

14



2 (2, y) = i (2 — 2ip1)® + ) (2 — 2i0) (y — )

ety (@ = ziv1) (y = ) + <y (v — )’
+ ey (= win)? + ) (@ = wi) (y —y)) + i (v — 5)°
+ ¢y (2 —ain) + ) (y = y3) + oy
where the ten coefficients of each bivariate cubic interpolation function z¥*(z,y) are un-

known variables.

Let us consider z¥!(z,y) first. The first order partial derivatives of 291 (z,vy) are

az’ijl z,y .. - i7
855) =3ciy (@ —z:)* + 265 (z — @) (y — ) + ¢th (v —u;)°

+ 265y (2 — ) + ¢ (y = y5) + iy

and

927 (z,y) _ ipn 71 51
oy e (@ —2)* + 260 (x —a) (y — ;) + 3¢y (v —y5)°

+ ey (@ — ) + 26y (= y5) + gl

171
By the construction of Sibson element, ‘%Jaigc’y)

is linear along the edge y = y;, i.e.,
8Zij1(3?;y) ij1

=cC
21
8y Y=Yj

(@ —2)* + ey (@ — i) + e

is a linear function. Hence,

gt =o. (2.5)

It is obvious that

Cé](} = Zij- (2.6)

15



The second order partial derivative of 2! (z,y) can be written as

0?27 (z,y)

1 71
o = 6 (x—x) + 265,

022 (2, y) 1 1

o2 2c (z — ;) + 60 (3! Yi) + 2655 5

9?29 (z,y) j1 j1

~owdy 2¢% (y —yy) + ¢y

Focus on z¥2(x,y). The first order partial derivatives of 22 (x,7) are

027%(z,y)

12 172
O =3c Z] ( _xi)2+2022J1 (v —x;) (y — yj+1) +012 (y— y]—l-l)

i
+20” (- )+011 (y — ya+1)+010=

and

0272(z, y 3
AP 2 o+ 26 (o =) 0~ gea) + 3 (0 — )

N ” .
+ A2 (@ — @) + 2cy (y — Y1) + cor -

92 (z,y)

By the construction of Sibson element, &T

02" (z,y) 2
B = (y—yj)” + 2 (y — y) + iy

r=x;
is a linear function. Hence,
ij2
cry = 0.
And it is easy to see
12 _
€0 = Zij+1-
Therefore, the second partial derivative of 292 (z,y) are

0°27%(z,y)

j2
Ox2 - 66” (z — @) + 2021 (y = yjv1) + 2020 )
8292z, y) o .
o2 6cgs (¥ — yjr1) + 2¢55
022992 (x,

16

is linear along the edge = = z;, i.e.,

(2.8)



Similarly, the corresponding second order derivatives of 2%3(z,y) and 294(z, y) can be
obtained as follows.

For 293 (z,y)

924103 (5 5 g
T = ol o o) + 26

Ox?
52 ) " "
ay(2) = 2y (@ — mig1) + 6cgy (y — yja1) + 25,
822ij3(x7 y) i3 73
ooy = 2B -y + e
@ o= o 29
06%3 = Zit1,j+1- (2.10)

For 2i4(x,y):

0%z (z,y)

Ox? - 60%4 (x — xiy1) + 25 (y — y;) + 20%4’
W = 6cgy (y—y5) +2ch
W - 262].14 (T — wip1) + 071]'14.
e (2.11)
A= (2.12)

Denote the coefficients of these bivariate cubic polynomials (2.4) as

ijk _ g ijk ijk gk ijk ijk ijk ijk ijk ijk ijk
e = {5y, ¢51 5 Cin 5 €G3 5 C50 5 €11 » Caa » Cio + €61 » €0

withi=0,---,I—1,57=0,---,J—1, k=1,--- ,4.

Then the objective function of bivariate cubic L; splines can be written as
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I-1J-1

2—324: (HaQ gk Ha2zijk Ha2zz’jk >
ik 0 — = Ox? 1 0xdy oy? |,
I-1J-1
= min / (‘60”1 — )+2c”1)+2)2c”1 y —y;) + ! ‘
cwk ~ -
=090 G yyery,
‘20”1 — @) + 664 (y — ;) + 26, dedy

+ // ( 60%2 (x — ;) + 20?12@ — Yj+1) + 20%2‘

+2 2633'12 (x — ’ + ‘GCW Y —yji1) + 2c02 Dd:cdy

// ( 63 (2 — xi1) + 20”3’ +2 ’20”3 y—yjr1) + ¢ )
(z,y) €T3

)20”3 —xiy1) + 606]:'33 (y — yjt1) + 206323‘) dxdy
1]4 2]4
6! (2 — 2i1) + 265 (y — yj) + 265
(z,y) €T4

’60”4 Y — y])+20 ‘+2’26 (2 — 2i41) + 2 dedy]

smooth constraints for bivariate cubic L splines.

2.5 (' smooth constraints

crossing at point C. Then the C'' smooth condition requires that

18

(2.13)

Note that this function is not differentiable. In the next subsection, we will derive the C!

According to the definition of Sibson element, bivariate cubic L; splines are required to
satisfy the C'! smooth conditions on the boundary of each triangle. We check the rectangle

[€i, Tiv1] X [¥isyit1] in Figure 2.1. Note that (A, E) and (B, D) are the two diagonals



=z

19

272 (z,v) }(AC)
9272 (x,y)
ox
9272 (x,y)
dy

(A4,0)

(A4,0)

ij4(x’ Y) }(370)

92" (z,y)
ox
02" (x,y)
Oy

(B,C)

(B,C)

Zijg(xv y) ‘ (C,D)

02" (z,y)
ox
02" (z,y)
0y

(C.D)

(C.D)

274 (z,9) }(C,E)
0294 (z, y)
ox
9294 (z, y)
Jy

(C.E)

(C.E)



z',j—l,?)(

ig1
2" (x’y)’(A,B) =z ‘T’y)’(A,B)

029 (z,y) 029713 (z,y)
oz (A,B) N Ox (A,B)
8,2’71(:16,3/) B 8zi’j_1’3(a:,y)
o lus % lap
2z, y) }(B7E) = 2" TH2(z,y)] (B,E)
62ij4(x, y) _ 8zi+1,j2(x’ y)
ox (B.E) N oz (B.E)
824 (2, y) 04 LI2 (g y)
¥ lem W e
Zijs(x’y>‘(D,E) _ zi7j+171(x’y)‘(D,E)
029 (z, y) _ 029N (4 y)
Ox (D,E) a O ‘(D,E)
923 (2, y) _ 92 (2, y)
Ay (D,E) a Ay ‘(D,E)
272 ()| (A,D) — 2 ()| (A,D)
0292 (z,y) 024z, y)
ox (A,D) N ox (4,D)
0292 (z,y) 0714z, y)
O lup % b

From these C'! smooth constraints, we get the following linear homogeneous constraints

for the coefficients of the cubic L splines. For ¢ =0,..., ] —1and j=0,...,J — 1,

20



i1 i1 i1 2 i1
iy b + I hTPhY 4y WY + s b

12 12 12 2 127 y3
—ciyhy® — PhEPRY — PRI RY? — e hY

zglhm2+ Ulhxhy—f- 8321h§/2 z]2hx2hy+2 2]2hmhy2
nghyS z]2hx2 z]2hxhy z]2hy2
i1 j1
i hE + Y — ETRTRY — 3cgihY?
1]2 .Y 21 Y2 j21 j21 Y
h; h + 2¢45 h —cyg by —COlhj

z]l 232 y3 1]2 y2 zg2 y ij2

3¢ ljlhx2 +2 Zjlhzhy + z]lhyQ 3¢ z]?h:pQ _9 1]2hxhy m2hy2
2y hE + P hY + 2¢hEhY + 20700 — 2ci Y — PR

ij1 ij2 y2 ’Lj2 y ij2

S hE? 4 20 hERY + Befly B — PRI — 2077 hERY — 3l hY?
LT + 2y BY + 20T WERY + 67 Y — PEhE — 2cy B

j1 27 y2 j2 j2
07671 _3 Z] hy +2 ZJ hy ZJ

21

=0

(2.14)



tjly x3 ijly 221y ijly xqy2 ijly y3
g0 hi” — Co1 hi“hy + ey hihs™ — co3 b
4 4 j4 2 4
_ ngo hz3 +e zg h:c2hy w hxhy +e Z] hy3
z]lhx3_2 zglhz2hy+ z]lhxhyZ_l_ z]lhw2 1]1hmhy+ ZjlhyZ
j4 j4 47 y2
z] hx? +c l] hxhy ZJ hy
i1 i1 1 i1
3cky hi® — e hiPhY + 2c) hi? — ) hThY
z]l T ijlyy ijd 1 x ijd,y
h; —cOlh—cloh + ¢y h
i1 1 1 i1 4
C?’)JO hx3+CZ] hx2+clj hx—FCU 6]0
3¢ Zjlha:2 _9 wlhxhy + mlhy2 — 3¢ zJ4hx2 +9 1J4hxhy Z]4hy2
i1 i1 i1 i1 4 4
Gy h? — 265 hEhY + 205y he — ¢ hY — 2050 h? + cthY
i1 i1 i1 4
” h¥? 4 26” hi + c” czljo
e hE — 20 hERY + 3efly B — ) he? + 205 hERY — 3y hY?

2c8 hi? — 2cfh YRS + hE — 2cy hY — o) By + 2cfy hY

i1 1 i1 j4
z] th—i-C” ha:_'_czj _ Zojl

22

=0

(2.15)



1531 23 1J31 221 Y 133 a; y2 173 y3

_CgJOthS + ZJQha:th _ 011]22hzhy2 + zﬂhy?) —0
f3clj3hz3 +92¢ lJ3ha:2hy lJ3hmhy2 + 1]3ha:2 . Czljlghfhg + é];hg?
z]2hx2 + zg2hxhy z]2hy2 -0
3clj3hz3 ZJ3hx2hy B 202]3h:c2 + CZJthhy + CZ]3hx . 06313}134
—2hg + cg?ht =0
—cgjo3hx3 + c”3hx2 - c%3hf + 06%3 - 66]02 =0 (2.16)
3 133hz2 _ 92 U3hxhy + Z]3hy2 — 3¢ l]2hac2 +9 ZJQhIhy la2hy2 -0
Z]?’hx2 + 2czj3hxhy + 20”3hx — clljl?’hy — 20”2hx + c”zhy =0
37 22 i3 i3 2
3InF? — 20T I3 — 2 = 0
PRI — 260 hERY + 3l WY — PR + 2 hIRY — B hY? =0
—2c5 B2 + 26, hERY + PR — 2 1Y — PR + 27 hY = 0

z]3hx2 mma +e 2]3 6]12 -0

23



2
cInES 4 c”?’h“hy + i hThY? + 33331133

ijdyp 3 zg4 21y Z]4 TpY2 2]4 y3
— he2h hehY n
z]3hm2+ zgthhy+ 6]23th

1J4 hwz hy — %2 114 hE hy2 1]4 hy3 114 hx2 114 hE hy 2J4 hy2
cib b + g hY

—cHRERY = 3y hY? — L hERY — 2¢, B — i hE — )R

06303 z]4hy3 z]4hy2 zg4hy o 06]04

3 Z]3h:v2 +9 zy3hmhy + lj3hy2 — 3¢ zJ4hx2 _9 zy4hxhy Z]4hy2

2]3hx + C'Lj3hy _9 zg4hxhy _9 z]4hy2 _9 ’L]4hgj o zj4hy

773 1]4 y2 ijdiy 54
cio — crp " — e by —cxg

I + 20 hERY + 3efly B — ) ha? — 2c5 hERY — 3y hY?
I hT + 2y hY — 205 ERY — 6y hY? — e hE — 2cy B

4,42 4 4
133_3why _2Uhy Z]

€01
%,j—1,3 z]l
C3h — =0
4,j—1,3 zgl T gl
€20 hi —c5 =0

1,5—1,3 1]1 2 zgl x ij1
clo —3cg0 hi” — 2¢50 hy —cjp =0

ij—1,3 l]lhx?) ljlth zjlhx il _

€00 )
4,j—1,3 z]l

Col ¢ =0
,j—1,3 2]1 T ijl

ey hi —cip =0

4,j—1,3 il a2 ijly gl
Co1 —cy hi” —epy by —cgp =0

24

=0
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i+1,5,2 ij4
Co3 —cgg =0

i+1,5,2 z]4 Yy ij4
Coo —3cgg hj —cgy =0

z+1,]2 2]4 y2 1]4 Y ij4
Co1 hi™ = 2c5 b —cgp =0

i+1,5,2 134 y3 1]4 y2 1,]4 y ij4

i+1,7,2 ij4
C12 —cpp =0

+1,5,2 1]4 Y 174
e hi —crp =0

+1,5,2 1]4 y2 1]4 y ij4

ngoii C3,é+1 1 -0
612303 303]4-1 lhx CQ,é—i—l ,1 -0
611]03 _ 3C ,J+1 lhx2 — 2 ,]+1 lhx o Cl,(]]Jrl S 0
6]03 . ,]+1 lhx3 J-‘rl 1h:1:2 7]+1 1h$ _ Cérg+171 =0 (220)
012]13 . C;,{'Jrl,l -0
611113 ,J+1 1hx - Cif{H’l -0
e’ — TR = Ty — it =0
06332 - CO?,LJ4 0
et — 3ch ’]4h§/ o =0
06312 — 3 ’]4hy2 2002 ’34hy — 6811734 0
CBJOQ — 003 ’J4hy3 Coa ’J4hy2 Z_ ’J4h§’ — 0661’34 0 (2.21)
- ez =0
c’ijf 2012 ’j4hy — ci Lit — o
&l — el ’]4hy2 Ay Y — gt =0

25



The above C! smooth constraints (2.14)-(2.21) together with the objective function (2.13)

give us an explicit mathematical model of the bivariate cubic L; splines.
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Chapter 3

Generalized Geometric
Programming Approach for

Bivariate Cubic L Splines

In this chapter, we introduce the basic theory of generalized geometric programming. Af-
ter that, a generalized geometric programming framework for bivariate cubic L; spline is
proposed. The computational results obtained by using a general nonlinear programming

solver are also reported.

3.1 Generalized geometric programming

Geometric programming [27, 28, 29| is an optimization theory with a wide range of appli-
cations. In this section, we briefly introduce the the basic theory of generalized geometric

programming.
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3.1.1 Primal program

In generalized geometric programming, the primal problem is to find the minimizer of a
real-valued convex function g(z) over a given subset §, which is the intersection of the

function domain € C R™ and a cone X C R", i.e.

(Primal) i (3.1)

xelnNx

3.1.2 Conjugate transform

Definition 3.1.1 (Conjugate Transform) Given a function w(z) with domain W C R™,

the congugate transform of w(z) is a function w(¢) with domain Q C R™, where

Q:{CGR”

sup[(¢,z) —w(z)] < —i—oo}
zeW

and

w(¢) = sup[(¢,z) —w(z)], V(e
zeW

For a given function w, if the domain of its conjugate transform is empty, we say that
its conjugate transform does not exist. It is know that the conjugate transform of a convex

function always exists.

Theorem 3.1.1 [27, 28] Given a function w(z) with domain W C R"™. If w(z) is a convex

function and W is a nonempty convex set, then there exists a conjugate transform of w(z).

The above theorem and the definition of the conjugate transform give us the following

important inequality:
Theorem 3.1.2 (Conjugate Inequality) [28] For each z € W and ¢ € Q,

(¢ 2) <w(z) +w(() (3.2)
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with equality holding if and only if ¢ € Ow(z).

3.1.3 Dual program

Given a convex function g(z) over domain €, denoted by g : €, the primal problem is given

by (3.1). The conjugate transform of g : € is h with domain ©, denoted by b : ©, where

0= {y e " suplly.x) - go)] <+ |

and

hly) = sgré[<y,><> -g(x)], Vye®D

The feasible region of the primal problem is the intersection of domain € with some cone

X C R"™. Let 2 be the dual cone of X, which is defined by
Y={yeR"[{y,;x) >0, VzeX}

Then the dual problem becomes

(Dual) minhiy) (3.3)

yeongy
3.1.4 Optimality conditions

Theorem 3.1.3 (Optimality Conditions ) [28] x* and y* are optimal solutions of the
primal problem (3.1) and the dual problem (3.3), respectively, if and only if
(I) x*eenXy €e®ny

(I)  (x*y") =0

(I) y* € dg(x*) 2 {y € R |g(x") + (y,x — x*) < g(x), ¥x €}
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Optimality condition (I) indicates primal and dual feasibility. Optimality condition (II)
is called the “orthogonality condition”. If the primal cone X is actually a vector space, then
its dual cone = X¥1. Hence, the orthogonality condition is automatically satisfied and
can be omitted. Optimality condition (III) is called the “subgradient condition”. When
both function g: € and cone X are convex and closed, the primal problem (3.1) and the

dual problem (3.3) are symmetric and the optimality condition (III) can be restated as

(ITIa) x* € Ih(y™) and y* € dg(x*)

Theorem 3.1.4 [28] If x and y are feasible solutions of the primal problem (3.1) and the

dual problem (3.3), respectively, then

0 <g(x)+h(y),

with equality holding if and only if the optimality conditions (II) and (II1) are satisfied. In
this case, x and 'y are optimal solutions of the primal problem (3.1)and dual problem (3.3)

respectively.

Let us denote the relative interior of convex set ® by ri(D) = {x € aff(D)[Je >
0,(z 4+ eB) Naff(D) C D}, where aff (D) is the affine hull of © and B is the Euclidean unit

ball in R, i.e., B={z|||z|2 <1, x € R"} [30].

Theorem 3.1.5 If the dual problem (3.3) has a feasible solution y* € ri(D) and infyepng b(y) <

+o0, then the primal problem (3.1) has a nonempty solution set and

0= inf inf .
ot o)+ Inf h()
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3.2 Geometric programming approach for bivariate cubic L;
splines

3.2.1 Primal problem

Note that the objective function (2.13) is not separable, i.e. some variables appear in more
than one terms in the objective function. In order to make the objective function g(c)
separable so that we can calculate the conjugate transform of the objective function more

. _ _ il i i
easily, we introduce four variables ¢i} , é5y, 621323 and ¢ on each rectangle T;; such that

i
-
o=
g

or
&y —&h = 0 (3.4)
G-’ =0 (3.5)
&y =&y = 0 (3.6)
- =0, (3.7)

Denote the modified coefficients of the bivariate cubic function 2% (z,y) as

ijk _ ¢ ijk ijk ijk ijk ijk ijk ijk ijk ijk ~ijk ijk
" = {cgp €51 5 €l 5 Ca1 » C30 5 €30 » C12 5 €63 » Caa » i 5 CT1

iZO,"',I—l,j:O,"',J—l,
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for k=1, 3, and

ijk _ ¢ ijk ik ijk ijk ijk ijk ijk ijk ijk ~ijk ijk
e ={cgp 5 C1a 5 €l 5 €61 5 C30 5 €31 5 C30 5 €63 » Cia » Co1 5 CT1

iZZOf",I—-l,jZZOf",J-—l,
for k = 2,4.
Moreover, denote the coefficients of the bivariate cubic L; spline as

(COOI 002 003 004, 011 _012 013 014

C = 7c ’C ’c 7C 7C 7C ’C ;
eI I 12 (11,18 CI—l,J—1,4)T
Fori=0,...,] —1and j=0,...,J — 1, define ¢!, ¢¥2, ¢”3 and c¥* on the subsets

¢l = {2} x {0} x R ¢ R

€92 = {2z 41} x {0} x R? ¢ RM
€93 = {21501} x {0} x R ¢ RY
9t = {211} x {0} x R ¢ RM

Then, c is defined on the Cartesian product of €% i.e.,

I-1J-1 4

¢ — H H H gidk — RAAIxJ

i=0 j=0 k=1

In this case, the constraints of (2.6) (2.8) (2.10) (2.12) and (2.5) (2.7) (2.9) (2.11) are

automatically satisfied for any ¢ € €. Moreover, the C! smooth constraints (2.14)-(2.21)

and (3.4)-(3.7) can be treated as a cone constraint, since they can be expressed as

Ac =0

where A is the coefficient matrix of (2.14)-(2.21) and (3.4)-(3.7). We define the cone X to

be the null space of matrix A for the primal problem, i.e.

X={c|Ac=0}

32



The primal objective function now becomes

g(c)

where

1]1
87 (c

1]1
gyy

z]l

232
9, (c

z]2
‘gyy

132
gxy

133
87y (c

1]3
gyy

’le

Ul

2]1

1]2

1]2

1]2 =9 // ‘2&12]12

’Lj3

1]3

I-1J-1 4
Zgwk zgk
=0 7=0 k=1
I-1J-1 4
(28 (%) + gl (%) + g (7)) (3.9)
=0 j=0 k=1

)+ 20”1 dxdy

= ] o~

acy)ETl
// ’20”1 +6003 (y — yj)—|—2co2 dxdy
:z:y)eT1
/ / ‘2 21 ( i dwd
éry (Y —yj) + ¢ty | dedy
z,y)€TY

// ‘60”2 T —x;) + 2021 (Y — yj+1) + 2020 dxdy

(z,y) €T2

// ‘60 (y — yj+1)+2c ’dajdy

(z,y) €T2
x;) + czijlz) dxdy

(z,y) €T2

// ‘6c30 T —Tiy1)+ 20%3‘ dxdy

(z,y)€T

]

(z,y)€TH

— 2i1) + 665 (y — yja1) + 2¢5 | dady

a2 [[ |2 - ) + 7 dndy

(zy)ET,
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g2 (et // ‘6030 (x — mip1) + 20?14(3; —yj) + 20%4 dxdy

(z,y) €T4
z]4 l]4 6 ZJ4 ”4
ey (y—yj) + 2¢gy | dedy
(z,y) €T4
~ij4 /4
gz]4 7,]4 _ 2 // 202]1 l‘ — xl—’—l) + 611]1 ‘ d$dy
(z,y) €T4

Consequently, the modified objective function (3.9) becomes separable and the primal

problem becomes

(Primal) winele)

ce¢CniXx

3.2.2 Dual problem

For simplicity, we introduce more notations. Let h] = z;11 — x; and hg = Yj+1

width and height of T;;. Denote K = 1—12hfh3]/

For k = 1,3, denote the dual vector corresponding to c“* as

ijk _ ijk  qijk  jijk  qijk  jijk  qijk gk qijk gk Fijk  jigk
d {dOO ’d21 7d10 ’d01 ’d30 ’d20 ’d12 ’d03 7d02 ’d12 ’d }
ik

for k = 2,4, denote the dual vector corresponding to c* as

ijk _ gqiik gidk gidk gidk gigk gidk gigk  gidk  gigk gidk o ik
d”" = {dgy , dyy , dig » dgy > dsg  dsy 5 dsg  dgg 5 doe » dsy > diy )

where : =0,---, I —1land 0=1,---,J — 1.

Thus dual variables can be expressed as a vector

d = (dOOl7 dOOZ, dOOS, d004; dOll7 d012, d013, d014;

CqI-1,0-11 I-1,J-12 31-1,J-1,3 qI-1,J-1,4\T
:d ,d ,d ,d ).

Let us denote the conjugate transform of g(c) : € as h(d) : ® and g¥*(c¥*) :
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bk (dY*) . DYk, By the definition of conjugate transform, we have

I-1J-1

4
D " pik(d) (3.11)

k=1

I\
o

=0 j

where h7%(d¥*) needs to be further defined.

Now, for k =1,
hz]l(dzjl) — sup [<d231,0”1> . 91]1(6131)}
ciilegiil
o ij1 ij1 ij1 ij1 ijl 451
= sup {doo Coo} + sup {dm ¢y | + sup |dyg cip
g1 51
ot =7 €1 = crp €R
il 451
+ sup {dm 01}
cgjlleR
ij1 zgl igl ijl igl/ qijl
+ sup [dso c3p +dyg 50 — G (A7)
i eR
ijl 15l ij1 z]l 151 ’le il qi51
+ sup [dm cry + doz cg + dgy Cy — Gy, (A7)
zgl 7,]1 ’L]leR
€12 €03 o2
igl ~i51 ijl zgl il 3151
+ sup [d12 Cry +dyy cfy — g, (d77) (3.12)

Gl dleR
In order to make h(d”!) < +oo, each of the seven terms in (3.12) should be finite.
Since Cool = z;; is a fixed real number, the first term is always finite and the supremum
is given by déjblzij For the second term, since 021 = 0 and d can be any real number,
this term becomes 0, and supijicp [dgll 12]11} = 0. In the third term, since ¢/ can be
any real number, the only value of diljo1 which makes this term finite is 0, correspondingly
SUpP ity [d%lc%l} = 0. Similarly, in the fourth term, déjll =0 and SUP il o [dfﬂlcgf] =0.

Consequently,
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iglyigly  _ qigl. gl il gidl gl i1 il
b7 (dV") = dgg 2ij + 151111 dso cs0 + dsg c50 — 823, (A7)
ij ij

C30 »C30 €N
ijl ijl ij1 z]l 351 zgl ijly qi51
+ sup [du cry +dgg coz + dg Sy — Gy (A7)
2]1 7,]1 ’LJIER

€12 »C03 »Co2

151 ~ig1 ij1 zgl 5l 3i51

+ sup [d12 iy +dip ey — g, (d7)
il cileRr

= ey R (@) + 28 (@)
From the Appendix, we see b2, (d91) = 0, b%l(diﬂ) =0, [)?;(diﬂ) = 0. Thus.
) = i

Similar to the case of h1(d*¥!), we see that

o o
b3 (d7?) = dgp 2
L "
h73@7) = di zig1541
o »
b7 (@) = dgyzirg

(3.13)

(3.14)
(3.15)

(3.16)

By substituting (3.13), (3.14), (3.15) and (3.16) into (3.11) we get the dual objective

function

I-1

4
hd) = > > > b7Hd™)

0 k=1
-1

<
—

~.
|

T
»_Ao

N
K4

. il 052 ij3 ijd
= (Zijdoo +2ij+1dgo + Ziv15+1dio + Zit1idoo

I
o
W.
[e=]

whose domain is
I-1J-1 4

D — H H HfDijk C RMIX.

i=0 j=0 k=1

where

D7F = R x R x {0} x {0} x Q4F x Qi x QiF

Ty
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fori=0,...

and

I-1,5=0,...,0-1, k=1,...,4,

25\ _ (3
h’fhy —\2

il :{ d?ol,d”l e R (1

zjl ij1 z]l 3

351 351 171 2
1+ d2jo 2dgjo _ L2JO 3
h“hy hxzhy hxhy 2/’
dz]l 3 dz]l
1 20 <[z 30
( + hmhy> (2 + hﬂhy ’
271 151 171 2
L 25 205y 6dy) L 3
hachy thhy hzhy ’

t<—y+2z-3K+3Y(-2K)(y+ K) (2 — K),

x> —y+ 243K -3Y/(-2K) (y - K) (= + K),

y<—x+4+2—-3K+3Y(-2K)(z+K) (z — K),

y>—x+2+3K -3/ (—2K) (r — K) (2 + K),

z2<z+y—3K+3Y2K (- K)(y— K),

zzx+y+3K—3€/2K(a:+K)(y+K)},

where y = dry dgs

hf T GhY
dijl Jiit gt
2= g+~ %
4 . ™
il — ( Jiit dz]l c R3 1 4dl1J1 _ 6y 67
Ty 12> 11 2 hxhy — hgphy2 hfh?
'Yy
2
1adit’ 6d7  6d? 1
2 hZhY heh ~ hehY T3l

37
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02 = { (452, ai, )  ’?|

t<—y+2z-3K+3Y(2K)(y+ K) (2 — K),

x> —y+ 243K -3V/(-2K) (y - K) (= + K),

y<—x+42—-3K+3Y(-2K)(z+K) (z — K),

y>—x+2+3K -3/ (—2K) (r — K) (2 + K),

z2<z+y—3K+3Y2K (- K)(y—K),

z2x+y+3K—3§”/2K(a:+K)(y+K)},

ij2
T = dsg
— 3h%>
K
d;jl2 déj2 d”z

where 1y = 2h7 T Ghy +

dz]? dzj?
2hy + Ghz’

ij2 ij2 \ 2
132 z]2 €R2 d] 3+ 2d6]3
03 ’ h:):hy — 2 hfth ’
2

- 2
Cadi} ediy 3
heht?  hihy ’

.. 3 e .. 2
y 1 4d7? 6d7% 649 1
02 — (dm? du?) 3|1 11 N o, t
& { 2 ) SR g T gy | S\ ey P 2)

.. 3 e .. 2
Loyt _(6dy 6y 1
2wkt ) =\ nPhl o R 2) [
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.. 3 . 2
2433 3 2493
3 i3 d”3> ceRr?[1-2820 ) (2
{ 307 hehd ) =\ 2 hPPhY ]
i3 i3 ij3 2
2R\ (2 el s
h“hy -\ ARy hRy o 2) 7
.. 2
- 245\ 3 24
hmhy —\2 hgﬂhg ’
i3 i3 7 2
- 2d; _2dy) 6d;O .3 3
nent )=\ hERh! hl’hy ’

17 173
Q:E]y3 = { (dlj27

(>

1

2

z]3 273 z]3 3

r<—y+z2—-3K+3Y(2K)(y+ K) ( — K),
x> —y+2z+3K -3Y(2K)(y - K) (2 + K),
y< —x+2-3K+3Y(2K)(z+K)(z - K),

y> -2+ 2+3K -3/ (—2K) (r — K) (2 + K),

z<x+y—3K+3Y2K (z - K)(y— K),

ZZ:U+y+3K3€/2K(:U+K)(y+K)},

133
T =—%7,
3h;4
d’Lj3 dZJS
where y = 2hT + Ghy’
PR S
2h7 6h-” 2
i3 553 i3 2
de E R3 1 4d11]1 6d7i]2 6d21]1 + 1
2 hxhy hxhyQ h:r:hy ’
dZJ3 dzgi’y d’L_]3 1 2
hxhy hxhy2 hxhl/ ’
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0 = { (a5, a), a') e ’?|

t<—y+2z-3K+3Y(2K)(y+ K) (2 — K),

x> —y+ 243K -3V/(-2K) (y - K) (= + K),

y<—x+42—-3K+3Y(-2K)(z+K) (z — K),

y>—x+2+3K -3/ (—2K) (r — K) (2 + K),

z2<z+y—3K+3Y2K (- K)(y—K),

z2x+y+3K—3§”/2K(a:+K)(y+K)},

dz]4 d1]4
T =% +
j4 j4 4
where _ d§]1 Cdg dg)
Y= 35p7r —Ghr — T4
d1]4 dz]4 dzy4
2= 2 4
2h 6 4 >

174 z i4 174 2
1— 2d0]2 < ] . 6d0J2 + §
hxhy hxhlﬂ hixh? 2 ’
o 2
1 4dit 647 1
Qm (d”4 d”4 3|1 11 21 1
{ 21 E R 2 + hxhy hm2hy 2 ’

1_ dz]4 _ 6d”4+1
2 hfh]y “\m2n? 2] [

From the Appendix, we see the sets Q?ﬁ , Q?yk and sz are all convex.
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Therefore, the dual problem becomes

min b(d
(Dual) 9l (3.18)

de®nyY
where the dual cone ) is the row space of the matrix A defined in (3.8). This dual prob-
lem is a convex programming problem with a linear objective function and convex cubic

constraints.

3.2.3 Dual to primal transformation

If a dual optimal solution d* is obtained by solving problem (3.3), according to Theo-
rem 3.1.3, a primal optimal solution can be obtained by solving the following optimality

conditions:

(I) ceenx,d e®nyY
(IT) (c*,d*) =0
(IIT) c* € ah(d).

This means that the primal optimal solution c* is a vector such that
ctenXxnon(d) (3.19)

Now we try to find 8h(d) for any given dual vector d. For any d € ® and ~ € dh(d),

let

014

001 .002 .003 .004,.011 _012 _013 )
”7 ’7 77 77 77 77 77 ?

v = (v

o I-1,J-11 _I-1,J-12 _I-1,J-13 _I-1,J-14
ce sy Y Y Y )

where

ijk _ g gk _ijk _ijk _ijk _ijk _ijk _ijk _ijk _ijk ~ijk _ijk
Y7 = {60 » Va1 » V10 1 Vo1 V30 2 V30 2 V12 2 Vo3 0 Vo2 0 V12 s V11 b
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for k=1, 3, and

ik _ (o ijk _ijk _ijk _ijk _ijk _ijk _ijk _ijk _ijk ~ijk _ijk
Y = {00 > 12 0 V10 0 Vo1 V30 5 V21 0 V90 5 Vo3 0 Vo2 0 V21 5 V11 b

fork=2,4,andt=0,---,I -1, 5=0,---,J — L.

From the definition of subgradient, ~ satisfies
<7,d - &> < p(d) - h(d), vdeD. (3.20)

Since d%k and d’ojlk can only be zero, fyijok and ’yéjlk can be any real number. Assume d
is a vector whose elements are the same as the given vector d, except for the component

déjbl = ‘Zéjbl + 0, where 0 can be any real number. Then

(v, =d)=nil's,

~

h(d) — h(d) = 2;6.

Since ¢ can be either a positive or a negative number, we have 5, = zi;.

Based on a similar argument, we have

g2 _

Yoo = ij+1
g3 _
Yoo = Fi+1,j+1

ij4 _
Yoo = Ri+1,j

Assume d is a vector whose elements are the same as the given vector 61, except for the

component dgjll = cigff + 9, where ¢ can be any real number. Then

(v,a-d)=nil's,
b(d) — b(d) = 0.
4 =0.

Since § can be either a positive or a negative number, from (3.20) we have v5" =
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Similarly, we also have ’yijf =0, 73]13 =0 and ’)’?24 =0.

Assume d is a vector whose elements are the same as the given vector a, except for the
components déjbl and dé{)l. Then
; i1 ijl i1 i1 (il il
(v d—d) =il (diff = dif)) +dh' (d) — d)).
h(d) —b(d) =
Formula (3.20) now becomes
2 () - i) + s (s - ds) <o, v (df, ) e il (3.21)
If we consider the above condition in the two-dimensional <d3]01, d” 1) space, then (7:%1, 7;101>
must lie in the normal cone of Q%«l at point (déjbl, dé%l)

Recall that <d§£, d%l) is defined on the set
03 N 2
.. .. .. 2d7ﬁ71 3 2d’bj1
il 71 51 2 20 30
i = | (dhdh) e r G_@@>S<2‘w%g’

.. 3 .. 2
241 2430 6dy 3
1 20 < 30 _Z 3.22
<+h%9 ‘(W%ﬁ hen? 2 ) (3.22)
i1\ 3
( L2 )

. 2
(3 . 2%} >
Y — 9 x21L,Y ’
neh 2 hEh
i1\ 3 i1 il 2
L2\ (2 Gdyy 3
hehy ) = \ hi?hY  hihy 2 ’

which is a convex set bounded by four cubic curves:

i1\ 3 i1\ 2
ciil L2\ _ (3 2dg
zal heh 2 nPhY )
371 371 171 2
Cvl . 1+ 2d2jo 2dgjo . 6d2]0 _ §
T2 hx hy hz2 hy h:}c hy 2 ’
y 2d} 3 249!
o9l . 1 20 _ |2 30
xx3 ( + h;z:hél 2 + thhy ’
g 2diit\’ 2d9l 6d%) 3 ?
Owl . 1 - =720 _ 30 20
xxd hz; h? h:p2 hy hx hy
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If <(i%1, ci%l) is an interior point of Q% then obviously
e
(750" ) = (0,0).

If (cfé%l, cigol) is a boundary point on the curve C;",;ll but not on the curve Cijg'ﬂlz, C;J;?) and

ij1 il .
C'”M, then one normal vector of QY is

X
~iil il 9 T
(4 (3 2 6 (| o
Hence

ij1

730 o -
= A?xl ?7;];1 for some )\;Jml > 0.

ij1

Y20

If (d%l, cf%) is a boundary point on the curve C;];Q but not on the curve Ci];l, C;J;S

- -
and C_,. then one normal vector of QY is

xxd’
il = - 4 2d30 B 6dag 3
rr2 h22hl \ hE2hY hEhY 2 )7

17" 1)
~ R e 2
12 2dsq 6dag § 4 6 - 2d12]01 )T
hihi; \ B2y, By 2 hEh; h¥hY
Hence

ij1

Y30 o B
= piimly, for some i} > 0.

i1

20

If (dé%l, ci%l) is a boundary point on the curve C’;ﬁ,’ but not on the curve C’ijg'ﬂll, C’;];Q

™ 1
and C’;J then one normal vector of Y, is

x4
5ig1 S 2\ L
SR R Ty . B ¢ 6 (14240
Hence

ij1

730 o -
= ;&1?7;];3 for some l/g?ml > 0.

ijl

Y20

44



If (dgjol, d3 1) is a boundary point on the curve C2 but not on the curve C7} €%}

i1
and C); 4, then one normal vector of Qm is

i1 < 4 2d30 6dz0 3

Meza =\ — - +5
v h;g?hﬁ.’j hgj?h?j h&hl 2
5 5 2
12 2d30 6dsg N 3 6 - 2dz]1 >T
hi; b hfj?h% hihy, 2 h&h, he h?;{
Hence
ij1
730 -
= 7'”17796;4 for some 71 > 0.
ij1
Y20

In summary, 730 ,fy ! should be in the form of

ij1
730 ;
7,]1 nit i1, ij1,,451 g1, %51
= Ay Wyt THe Mo T Vi Wy + Tl Ty
ij1
Y20
iyl il gl 'le
for some N, it vt ot >0,
ig1 ij1 if 7i51 dzgl h C]l h 0 0 7,]1 _
where n, = n;, if (d3y, is on the curve , otherwise n = (0,0); n?., =
ijl . ijl 71 gl T. i1 _ iyl
Moo, if <d30,d is on the curve C'MQ, otherwise n./, = (0,0)"; n2, = n. .5, if

(dgjol, d”l) is on the curve Cm3, otherwise nm3 (0,0)”; and n”1 77;:]3}47 if (dgjol, d”l>

. i1 gl T
is on the curve C, ), otherwise ., = (0,0)
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. g1 _ijl ij1 .
Now let us consider vi% , v} and 7@, . Assume d is a vector whose elements are the

same as the given vector &, except for the components dilj;, dgjél and déj;. Then
(yod— ) = (= ) ot (= ) i () — ).
h(d) —h(d) =0.
Formula (3.20) now becomes

i () o (a5~ )+ (d - ) <o
(3.23)
v (i dif ai) e ot
If we consider the above condition in the three-dimensional <d§j21, dé];, df)j;) space, then
ij1

(fygl, Y03 ,fyéél) must lie in the normal cone of Q?[fyl at point (d?;, ciéj;, cféjél>.

Recall that <d§j21, dgjél, df)];) is defined on the set

gt = { (a3 ag) e

t<—y+z2—-3K+3Y(2K)(y+ K) (2 — K),

x> —y+2+3K -3 (—2K) (y — K) (z + K),

y< —x+2—3K+3Y(-2K)(z+K) (2 — K),

y> -2+ 2+3K -3V (—2K) (z — K) (2 + K),

z<z+y—3K+3Y2K(z - K)(y— K),

z2x+y+3K—33/2K(:U+K)(y—|—K)},

where y =
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which is a convex set bounded by six cubic curves:

C’;jyll t=—-y+2-3K+3Y(2K)(y+K)(z - K),
Cpo:  w=-y+2+3K-3{/(-2K) (y - K) (z + K),
Cly:  y=-v+2z-3K+3{/(-2K) (x + K) (z — K),
C’;ﬁ: y=—-x+2+3K—-3Y(-2K)(z — K) (z + K),
Cle:  z=a+y—3K+3{2K(@—K)(y—K),
Cls:  z=x+y+3K 332K (z+K)(y+K).

It (dﬁl,d‘%, (féj;> is a boundary point on the curve C’;Jyll but not on the curves C?jj;?’

gl ~ijl gl ij1 ijl
ny3, C’yy4, ny5 and C’yyﬁ, then one normal vector of 2, is

(—at [27(-2K) (2 = K) = 3w +y — 2 + 3K)?]
—gnz [27(=2K)(y + K) +3(2 +y — 2+ 3K)°]
g (@ +y =2+ 3K)?

(1) oy [27(=2K)(z = K) = 3(z +y — 2 + 3K)?]

yyl )5 fﬁgj [27(—2K)(y + K) + 3(z +y — 2 + 3K)?]

L27(=2K)(y+ K) +3(x +y — 2+ 3K)2]) .

Hence

ij1

Y12

3 - 1

ij1 — \Wlw ]

o Agy Nyt for some Ay > 0.
ij1
o2

If (dﬁl,ciéél, cfg;) is a boundary point on the curve C’;Jle but not on the curves C’;J;l,
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gl ~ijl gl ij1 ijl
ny3, C’yy4, ny5 and nyﬁ, then one normal vector of 2, is

(_ﬁ% [27(_2K)(2’+K) —|—3($+y oy 3K)2]

—gnz [27(=2K)(y = K) = 3(w +y — z = 3K)°],

()
vy
i1 i1 1 _3;9,(95"‘3/_2_3[()2
’l’]yy2 = <,rl';]y2> = (%]

a gy [27(-2K)(z + K) + 3z +y — 2 — 3K)?]

o), )
yy2) o
—ﬁ [27(—2K)(y — K) — 3(z +y — 2 — 3K)?],

L[27(=2K)(y — K) = 3(z+y — 2 — 3K)?])" .

Hence
i1
Y12

- — 1
i71 — gl U ij
v Pty Mygyy2 for some w7, > 0.

ijl
Vo2

jigl gl i1\ . . ij1 ij1
If <d12 g  dgo ) is a boundary point on the curve Cy 5 but not on the curves Cy ;,

gl ~ijl gl ij1 ijl
nyQ, C’yy4, ny5 and nyﬁ, then one normal vector of 2y, is

(%%(y%—:c—z—kBK)Q

_ﬁfj [27(—2K)(z + K) 4+ 3(y + = — z + 3K)?]

ij1
(ny93)1 1 )
i1 1 — g7 [27(=2K)(z = K) = 3(y + @ — 2 + 3K)?]
MNyys = (n;]y?:)z = J
- —ﬁ(m—i-y—z—i-BK)?
1] ij
(nyy3)3 . )
—gr [27(-2K)(z + K) +3(y + 2 — 2 + 3K)?],
ij

2 [27(—2K)(z + K) —|—3(y+x—z—|—3K)2])T.

Hence

i1
Y1

. — -
ij1 — 410 ij
vk Viy Myys for some v~ > 0.

ijl
Y0
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If (dﬁjzl,dégl, ciéj;) is a boundary point on the curve C;j;l but not on the curves C';];l,

ijl gl gl i1 ijl
C'ny, ny37 ny5 and nyG, then one normal vector of €1y, is

<—%(y+x—z—3K)2
i

—gnr [27(=2K)(z = K) +3(y +« — 2 = 3K)?],

ij1
(nyy4>1 1 )
ij1 " — g 2T(2K) (2 + K) = 3(y + « — 2 — 3K)?]
_ _ v
Myya = (77;]%)2 - , ,
i1 +@(x+y—z—3K)
(nyy4)3 1 )
—gir [27(—2K)(z — K) = 3(y + 2 — 2 — 3K)?],
ij

3 [27(—2K)(z — K) —3(y+:c—z—3K)2DT.

Hence

ij1
71

= - 1
ij1 — il ]
Yok vy Myya for some 77" > 0.

ij1
Vo2

51 5ig1 3ig1\ . . ij1 ijl
If <d12 g, dgo ) is a boundary point on the curve nys but not on the curves nyl,

ijl  ~igl il i1 ijl
ny27 nyg, ny4 and nyﬁ, then one normal vector of Qy, is

<_ﬁ [272K)(x — K) +3(z — # — y + 3K)?]

+2,::’ (z —x—y+3K)3?,

(nijl > i
yys )
it » —ﬁ [272K)(y — K) +3(z — z — y + 3K)?]
Myys = (n;]y5> - '
L 2 +oir [272K)(z — K) +3(2 — 2 — y + 3K)?]
ij ij
)
(yy53 +i(2’ff1j* +3K)2
6hY, Yy ’
-z —y+ 3K)2)T
2 )
Hence
4
Nl | = w;éln;j;g) for some w?2' > 0.
Voo
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If (dlljzl,dgél, d” 1) is a boundary point on the curve C j ¢ but not on the curves cl yl,

Cyly, Cis, Cy and C)

w2 Cyya then one normal vector of ny is

y5’

( 2h3” 272K)(z + K) = 3(2 —x — y — 3K)?]

i (2 — 2 —y = 3K)?,

(nij16> R
e [272K)(y + K) — 3(z — 2 — y — 3K)?]

nijl6 _ (nijl ) _ 3hy
vy yy6
1 2 oy [27E)(x + K) = 3(z — 2 —y = 3K)’]
ij
(nyyb’)
3
—gir (2= v —y = 3K)?,
T
%(z—a:—y—SK)Q)
Hence
"y
’Yéél = w” 1nyy16 for some w” 1> .
i1
"

In summary, fygl, fyéél and fyé]; should be in the form of

ij1
Y12
i j1 i1 zjl 371 ljl ijl, 151 371 zyl a5l zjl
ijl — il lJ ij J J J J
Y03 )‘yy yyl +'“yy yy2 +v vy Tyy3 +T y yya +wy Tyys +¢ yy6
ij1
02
Z_]l zgl igl a5l 451 a9l
for some Ap', fgys Vit s Ty s Wiy > Yy > 0,
ij1 . gl gl 3igl ij1
where ng; = nyyl, if <d12 +dgg »dgy ) 1s on the curve Cp ), otherwise nyy = (0,0)T;
n'! G (d9) diE, dY)') is on the curve C7L, otherwise nl = (0,0)T; nl, =
yy2 = Myy2 12,703 » yy?’ yy2 - Nyys =
Gl if (d9)dig, dY)') is on the curve C7L, otherwise nY = (0,0)T; n'! Gt
Myy3s | A1y, dg3 y3’ yy3 = Ryya = Tyyas 1

1 51 5ijl i1 i1 il 1 51 5igl
(dzlj2 ,dBJS ,d” ) is on the curve C j4, otherwise n,; u 1= (0, 0)7; ;]y4 n;fy5, if (clzl]2 ,dé@ ,d” >

is on the curve CYL. otherwise n’

. gl . ijl 7ig1 3igl\ -
y57 yy5 = (0,0)"; and nyy4 = N6, if (d12 ydgs ,dgy ) is on

the curve nyG, otherwise nyy6 (0,0).
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' il 1 '
Let us consider 775 and ~;} . Assume d is a vector whose elements are the same as the

given vector &, except for the components JZF; and diljll. Then

R il [ il %41 i1 i1 il
(yod—d) =33 (d - diy') + i (ad! - di'),
h(d) —h(d) = 0.
Formula (3.20) now becomes
S (A ) o (4 ) <0, v (E ) comt o
If we consider the above condition in the two-dimensional (Jiljél, d’ijf) space, then <’yg1, 'yﬁl>
must lie in the normal cone of Q% at point (Jij;, cZ?f)

Recall that (a?ij;, dijll) is defined on the set
o\ 3 "y y 2
- s - 1 4491 641 641 1
il — (dwl dul) 3L 11| - _ Y2 n o, 1+
2 { i) SN G Ry | =\ T T T2)

. 3 e . 2
Vo' (edd el 1
2 hfhi ) T \RER¥? R 2 ) )

which is a convex set bounded by two cubic curvers:

.. 3 e .. 2
Cijl . 1 n 4d21J11 _(_ 6dZ1921 N 6d21]11 . 1

.. 3 . .. 2
Oijl ' 1 B 4d21j11 _ 6 dzl‘721 B 6 dlljll N 1
wy2 " 2 hfhY hehd® o hEhy 2

If (d?;, lejll) is an interior point of Q%,, then obviously

il
(581") = (0,0
If (dﬁf;, cizﬂl) is a boundary point on the curve C*! but not on the curve C7}, then one

zyl Ty’

1
normal vector of Q?y is

b (12 (e e
nxyl - h-z-hyQ hf hg]/Q hlz hg 9]

Y]
A - . 2
12 6d"%) N 6d! RN G 4d?P\ N\
gkl \ hent® o REhD 2 ) T hERE A\ 2 hih] '

o1



Hence
~171

Y12 g
_ il ij1
= Ny for some /\wy > 0.
ij1

1

If (dﬁl,dﬁl) is a boundary point on the curve C;]le but not on the curve C;2°, then

one normal vector of Qxy is

nz]l . ( 12 6dw1 _ 6d2]1 +1
2 T )
Y hfjhff h%iﬁ hihY 2
12 6d”1 6d"7! 1 12 (1 4d?! >T
hfjhfj h;.vh?f hfh? 2 hfjhgjj 2 hfhé?’ '
Hence
~ij1
712
= 773;]3/12 for some ,um > 0.
ij1
M1

In summary, 'Nygl, *yﬁl should be in the form of

~ij1
e )\”1 Gl iln il g1 some Nl ot >0
- xyl M :cy2 7:u’zy ’
ij1
M1
i1 i1 %l 5ig1
where ny, = n,;,, if < 5 ,df; ) is on the curve Cmyl, otherwise ngﬁy1 = (0,0)7; and
n'l L e (1 @91 is on the curve C; 7% otherwise n'2}, = (0,0)7.
ay2 = Mzy2: 125011 Y2 oy 2 =
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Based on the similar argument, let

2
<Ir];ztjz1> 1
2 _
nzzjzl>2 -

2
(773773:1) 3

152
Nez1 =

/N

2
(n?ﬂ) 1
2 -
e = (n;’j‘é) |

2
("7?,;];,;2) 3

9
(nzvjx3>

52 2 o
Nyx3 = (T]?ij?)) -

2
(ngx?’ > 3

( zhy [27(—2K)(z — K) = 3(z + y — z + 3K)?]
2hy [27(—2K)(y + K) + 3(z +y — 2 + 3K)?]
%fj(:c—i-y—z—i-SKf
+ﬁ [27(—2K) (2 — K) — 3(z +y — 2 + 3K)?]
—air [271(2K)(y + K) +3(x +y — =+ 3K)7],

—L1[27(=2K) (2 — K) = 3(z +y — 2 + 3K)?]) ",

( 2hy [27(—2K)(z + K) + 3(z + y — 2 — 3K)?]
th [27( )(y—f()—3(1=_|_y_z_3K')2]7

—gir (T 4+y— 2z —3K)?
ij

+6,§% [27(—2K)(z + K) + 3(z +y — z — 3K)?]
th [27(—2K)(y — K) — 3(z +y — 2 — 3K)?],

~3 [27(=2K)(z + K) + 3(z +y — = = 3K)?]) ",

<2hy (y+x—2+3K)?

th [27(—2K)(z + K) + 3(y + = — 2 + 3K)?] ,

3ha: [27(—2K)(z — K) = 3(y + = — 2z + 3K)?]
—Ghi%(:c+y—z+3K)2
6%% [27(—2K)(z 4+ K) 4+ 3(y + © — z + 3K)?]

S(y+x—2+3K)2)"
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<—2,§j;_,_(y +z—2z—3K)?
ij

( Z]2> 2h” [27(=2K)(z — K) +3(y + = — 2 — 3K)?]
Ngza
i52 i ! B 3h1 [27(—2K) (2 + K) = 3(y + = — z — 3K)?]
( m) +6,%%(x+y—z—3K)2
Nz
3 ~gir [2T(-2K)(z = K) = 3(y + = — 2 = 3K)?],
ij

—3(y+x—2—3K)?2)"

< 2hy [27(2K)( K)+3(z—x_y+3K)2]

+52- (2 —x —y + 3K)?,

2 k¥}

2
(TI;JJJS)

152 ) o
Nyzs = <T];Jm5) -

o
(n?xs):&

gt [272K)(y — K) +3(z — = — y + 3K)?]
+oaz [272K) (@ — K) +3(z — 2 — y + 3K)’]
+$fj(z —x—y+3K)2,

—} [27K) (@ — K) +3(z =z =y +3K)?))"

< th [27T(2K)(z + K) — 3(z —z — y — 3K)?]

__3 o ay 2

<ij2) 2h$.(z r—y—3K)%,
Nzz6

52 3hz [272K)(y + K) = 3(2 — 2 —y — 3K)?]

2
Neze = Y

nxmﬁ) - 1 2
+o [272K)(x + K) = 3(2 —  — y — 3K)?]

ij2 ij
(n:mﬁ)
3

— (2 —x—y — 3K)?,
g (7 =@ —y = 3K)

/N

—127T2K)(z + K) —3(z —z —y — 3K)2])T
Then, 751127%27;]02 should be in the form of

72
21

i2 2]2 i2 1]2 i2 2]2 i2 z]2 i2 1]2

P _ 232 152 ij z] 1] z] ij
o )\ + Hga Tz + Vaz M3 + Tox Mrrd + Wz Nyys + w N oz6

730 Q?.Z‘l

52
20
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ij2 g2 g2 ij2 ij2 g2
for some N7, il vl mds wiE ape >0,

T TxT

J

2 02 . (5152 5i52 5i52) - ij2 . ij2 T.
where n;5 = n.7, if (d dsy . d is on the curve C})7, otherwise ;> = (0,0)";

21> @30 » 420
G2 ij2 e (42 G2 Gif2) . 2 o2 T, , ij2
no = n.5, if <d21 ,dsy > dsg ) s on the curve C.l5, otherwise n.% = (0,0)"; n %

2 e (5032 5i52 552\ - i52 . ij2 T, 2 g2
Nonas if (d21 ,dgy ,dsy ) is on the curve C)ls, otherwise ns = (0,0)"; n.> = .,

2 ij2

552 5ij2 5032 . ij c Qg2 T. 2 o [ 5iJ2 3ij2 5152
<d21 ,dsq > dsg ) is on the curve C))7, otherwise n;y = (0,0)"; n25y =m0, if (ds), dsg s dsg

30

if

. i52 . ij2 T. 2 ij2 e [ 5ig2 752 552\ .
is on the curve C,755, otherwise n_ "z = (0,0)"; and n_, = 0., if (ds,ds,dgy ) is on

the curve C72  otherwise njﬁG = (0,0)7.

6’

Let

. . N T
nijgl [ 4 3 N 2d6J32 6 1 2d6322
vy K, h%’f 2 pe h?f hi;h; hih
% = < 4 < 2dps  Gdop 3)
2 2 2 Yy ’
W hERE\ Y Gl 2
~ ~ e 2
12 2dp3 6dp2 3 6 2d6]22 g
R\ ey RERY 2 e (T ey ’
LYY 519 Y 1] ) v ]
549 549\ 2 T
gz _ (A (3 2dg 6 (., 2dis
3 — T2 P 9 )
vy hER?\2 hehY? ) R hihY
4 2 2 Y ’
W W& R\ hERYE hihiy 2
~ ~ e 2
12 2dg3 6doo n § 6 1 2d6]22 )T
R \ Rz RV RGRY T2 ) b, hih! '
Then, 5, ~&7 should be in the form of
fyijQ
o - )‘;J]y2nlyjy21 + “gy2nzyjy22 TV zZJJyZ";JJy% + T?%f"gy%l for some A, g, vyi?, 2 > 0,
ij
Vo2

95



ij2 g2 .o (552 5i52) . ij2 . ij2 T. 2
where n, 5 = ng5, if <d03 ;dgy ) is on the curve Cp 5, otherwise n,; = (0,0)*; Ny =

ij2 .o (5152 5i52) - ij2 o 02 T ii2 052 .o [ 5ij2 3if2
Nyyo if <d03 , o ) is on the curve C; 5, otherwise n; o = (0,0)"; Nys = Myys, if (d03 , o )
is on the curve C7%, otherwise n’2%, = (0,0)T and n/? = 7% if (d4?, d%?) is on the curve
yy3’ yy3 — \ yyd = Myyas 03 » 462

o L i
Cyy, otherwise n2" = (0,0)7.

Let
y 12 6492 647 1
77112 _ _ %21 2% -
Wb \RE2RY \ O hT2RY  hTRY 2 )7
2. . s e 2
12 6d52  6d?* 1 12 (1 4d?2\\T
- ] T3 x2 y+h:phy+§ +hxhy §+hmhy ’
hizhiy \ hihy — hih; 1l o
and

or (12 (odf e 1
xy2 hg;?hfj hgﬂhg hghg 2/’

2. . e e 2
12 [ 6dy}  6d7? 1L 12 (1 4di?\\"
hEhl \ B2hY  hERY T2 ) hERL \ 2 hEhY '

1 g 1j g

Then, '?éjf, fyﬁQ should be in the form of

~i52
21 N2 20002 oo yig2 032 s )
- Tzy TPyl :U'xy xy2 r 111 Ty :U’xy -
i52
M1
where n'2 = 97 if (dU2,d72) is on the curve C2, otherwise n'/2 = (0,0)7; and
Tyl — nxyl’ 21 > %11 zyl’ zyl — ’ ’

ij2 652 .o (752 552 . ij2 : ij2 T
My = My, if <d21 »dyy ) is on the curve Cpys, otherwise ng 5 = (0,0)".

Let
. . 2 T
nijgl [ 4 3 N 2d§303 6 1 2d22J03
e h22h! \ 2 hT2RY h&h, hehY
i3 = 4 _ 2d30 B 62 3
w2 \RZ2R\ REERY hEhl 2 )7
~ ~ e 2
12 2y G6d 3\, 6 ( 2438 >T
h&hl \ o RE2RY hERY 2 hZhY, hehY ’
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T

i3 %43 2
g (4 (3 2di 6 [, 2dx
w8\ w2l \ 2 hE?hY ) gk, heh! ’

s _ (4 2dyn  6dy L3
Nyzd hfffh% thQh% hE.hY. 2]

i7"
R R . 2
12 ( 20z Gdy 3) 6 ( . 2d’2303> >T
T 1Y T 1121y px pY o | 1z py T pxpy .
nehd \RZRY RGRY 2 )RRy, hEn

Then, *y:%g, 7%3 should be in the form of

ij3
B0 2 N i, + v, 4 S for some N2, g2, vl mi > 0,
v
where n'7? = 03 if (dg?,d%’) is on the curve C73 | otherwise n'72 = (0,0)7; n?3, =
n'3, if (JQ%B,J%B’) is on the curve C73 otherwise n2, = (0,0)7; n?ji,) = 77?5’3, if
<cz%3, cf%)’) is on the curve 0;3;33, otherwise nyj?) = (0,0)7; and 073, = 073 if (32%3, ci%g)

. ij3 7 T
is on the curve C}, otherwise n;~, = (0,0)".

Let
(ﬁ 27(—2K)(z — K) = 3(x +y — 2 + 3K)?]
s o [27(-2K)(y + K) +3(z +y — 2+ 3K)?]
(nyy1>1 1 )
ij3 s —gr (T +y — 2+ 3K)
'r] f— ) — 17
yyl (nyyl)z _ 1 [27(—2K)(Z ~K)-3(x+y—2z+ 3K)2]
i73 Ghi-/j Y
(nyy1)3

+6i1y [27(_2K)(y+K) +3(x+y— Z+3K)2] ’

1[27(-2K)(y + K) +3(x +y — 2+ 3K)?]) ",
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(2}19” [27(—2K)(z + K) + 3(z + y — 2 — 3K)?]

o [27(-2K)(y = K) = 3(z +y — 2 = 3K)?]

73
(nyy2>1 1 )
ij3 3 3h9_(m+y_z_3K)
i _ ij
Myy2 = (mjy2>2 -
3 Ghy [27( 2K)(z+K)+3(:U+y—z—3K)2]
] (%]
(nyy2>3 . )
g [27(-2K)(y — K) = 3(z +y — 2 = 3K)?],
ij
T
$[27(—2K)(y — K) = 3(z +y — 2 — 3K)?])
(—%fj(y—i-x— z+ 3K)?
i3 +2l1f [27(—2K)(x + K) +3(y + = — 2 + 3K)?]
(nyy3)1
ij3 3 3hy 27(—2K)(z — K) = 3(y + = — 2 + 3K)?]
( 3> +6hy($+y—z+3K)
ij
Myy3
+aar [27(=26) (2 + K) +3(y + 2 — 2+ 3K)?]
3 [27(—2K)(z + K) +3(y+x—z—|—3K)QDT
(%%(y%—:c—z—BK)z
s +ﬁ [27(—2K)(z — K) +3(y + = — 2 — 3K)?]
) |
ij3 5 3hy [27(—2K) (2 + K) = 3(y + © — z — 3K)?]
Tyt = (’7%4)2 N
3 Ghy(ﬁ—i-y—Z—BK)
ij
(nyy4)3 1 )
o [27(-2K)(z — K) = 3(y + 2 — 2 = 3K)?],

1 27(=2K)(z — K) = 3(y + & — 2 — 3K)2])"
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(ﬁ [272K)(z — K) + 3(z — 2 — y + 3K)?]

—%(Z—ar,*—y—i-3K)27
ij

(i),
ni3 — ( ij3> _ 3;1% [272K)(y — K) +3(2 — @ —y + 3K)?|
ws Myys o
; 2 _6}}% [272K)(z — K) +3(z —z — y + 3K)?]
(nyy5>3

3 2
—=5(z—z—y+3K)~,
Ghiyj( Y )

~3z—ax—y+3K))",
(ﬁ [27(2K)(1’+K) —3(z—x—y_3K)2]

( ij?))
Myy6 1 1
i53

03 — ij3 _ 3hy
yy6 — (nyy6> -
2 L [272K)(x + K) — 3(z —x — y — 3K)?]
ij3
(nyy6>3

+%fj(z—x—y—3]{)2,

[27T(2K)(y + K) — 3(z —x — y — 3K)?]

B 6h,

+61§§j(2_$_y_3K)27

%(z—m—y—SK)2)T.

Then, vgsvéésvéés should be in the form of

"y
VB3| = N el vt Tt win gl i
vy

for some NJP, pify’, via?, Tt Wil vt > 0,

ij3 g3 .o (533 5ij3 i3\ - ij3 .
where n, 1 = 1y, if <d12 sdgg’,dgy ) 1s on the curve Cp 5, otherwise n

173

yyl = (O’ O)Ta

g3 53 .o [ 5if3 353 7053\ . ij3 . ij3 T. . ij3 _
Myo = My, if <d12 sdgs s dgy ) s on the curve Cy o, otherwise n, 5 = (0,0)"; Mys =

ij3 .o (533 5ij3 353\ .. ij3 . ij3 T. i3 _ . ij3 .
Nyyss if <d12 sdgg s dgy ) 1s on the curve Cy s, otherwise n, 5 = (0,0)"; Ny = Mgy i

533 5ij3 5ij3Y . ij3 T T. ij3 _ _ij3 .o ( 53 353 53
<d12 s dgs 5 dis ) is on the curve Cy 4, otherwise n, ) = (0,0)"; Myy = Myys, i (d12 ydgs 5 do )

. ij3 . ij3 T. ij3 i3 .o (553 533 5i53) -
is on the curve Cy 5, otherwise n, 5 = (0,0)"; and Ny = Myye, i (dys s dgs's dgy ) is on

ij3 N7 T
the curve C ¢, otherwise n, o = (0,0)".
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Let

- (-2 (6&%” 6dﬁ3+1>
2

nxyl - hff] hi{f hzl.hyQ hzhy
2. s 2
12 ( 6d'% Gdﬁ?’ . 1) . (1 . 4d’1]13) >T
x LY T 2 ThY 9 T 1Y 9 zhY ’
S hghg \ hen® " hghY 2 ) T RERG \ 2 heh

and

s < 12 (_ 6dyy  6d . 1)
2 b

nxy2 x Y2 zp Y2 xpY
hEhi2 \ heRY? hEh
2. e N 2
12 ( 645 6d7° . 1) (1 4d’ﬂ3> >
T 1Y T i z1y2 hrpy 9 z 1Y 9 pxpy
G\ hen® T RpRY T2 ) T hpR \ 2 gl

Then, 52,43 should be in the form of

~ij3
V12 ,
= )\”3 ;];1 + /ﬂ3 ;;];2 for some )\”3, ,u’x]; >0,
i3
7
where "2;];,31 17?;1, if ((Z%?’, dﬁ?) is on the curve C:c]yl? otherwise "%31 = (0,0)T; and
nfgy?’Q = 77;];2, if (Jg’, cif’) is on the curve C’w]y2, otherwise TL_,Ey2 = (0,0)7.
Let
( th [27(—2K)(z — K) = 3(z + y — 2 + 3K)?]
th [27(—2K)(y + K) + 3(z +y — 2 + 3K)?]
1 — 2
- 3,1%(9;—1—3/ z+3K)
(nmml) 1 1 )
i - _ —1—67% [27(—2K)(z — K) — 3(z + y — 2 + 3K)?]
Nz = (nle)z
A —mir [27(-2K)(y + K) +3(z +y — 2+ 3K)?]
1,
<nxjx1)3
Sr+y—z+3K)?

+1 [27(—2K)(2 = K) = 3(z + y — 2 + 3K)?]

+1[27(—2K)(y + K) +3(x +y — 2+ 3K)%])"

60



( th [27( 2K)(Z+K)+3(Qj—‘,—y_z_3K)2:|

2h” [27(—2K)(y — K) = 3(z +y — z — 3K)?],

— g (z+y — 2 — 3K)?
ij

4
<n‘z"’j“2> 1

i [27(=2K)(z 4+ K) + 8(c + y — 2 = 3K)’]

= (nih) | =
zx2 |,
(77@]4) Ghz [27( 2K)(y—K)—3(x—|—y_Z_3K)2]7
rr2
3 —3(z+y—2—3K)?
2K e )~y = 3]
+L[27(=2K)(y+ K) + 3(x +y — 2 — 3K)2]) ",
(th (y+$_2+3K)
th [27( 2K)($—|—K) +3(y+m—z+3K)2] 7
(771]4 ) 3hx [27( QK)(Z - K) — 3(y +x—2z+ 3K)2]
rx3
3 2
T BhT. — 3K
7’[1]4 ij4 — 6h7; (.CU +y—z+ )
zx3 — {1 ot )

( M) - [27(—2K)(z + K) + 3(y + v — 2 + 3K)?]

N ?

>3 —1[27(—2K)(2 = K) = 3(y + © — 2 + 3K)?]
—3(y+a—2+3K)?

1 [27(=2K) (0 + K) + 3(y + @ — 2 + 3K)?])”
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< g (y + 7 — 2 = 3K)

gy [27(-2K)(x — K) 4 3(y + 2 — 2 = 3K)?]

ij4 3h1 [27( 2K)(Z+K)—3(y+a:—z—3]{)2]
(nxjﬁl) 1

ij4 y _

Meat = (”5514)2 -

S
(771]44) GhZ;
T
3
—5 [27(-2K)(z + K) = 3(y + @ — 2 — 3K)?]

i (1 +y — 2 = 3K)’

[27(—2K)(z — K) = 3(y + = — 2 — 3K)?]

+3(y+x— 2 - 3K)?

+1 [27(—2K)(x — K) = 3(y + = — 2 — 3K)?])",

< th [27(2K)( K)+3(Z—£L'—y—|—3K)2]

+2;:’1,(z —z —y+3K)?%

ij4 3h1 [272K)(y — K) +3(z —z — y + 3K )?]
(nasj$5>

ij4 4 _
= | (), | -

4
(nlz]mf)) 3

i [212K) (2 — K) +3(z — 2 — y + 3K)?]

+6f?fj (z—x—y+3K)?%
—1[27T2K)(y — K) + 3(z — 2 — y + 3K)?]
1[272K)(z — K) +3(z —z —y + 3K)?]

_%(Z—x—y+3K)2)T7

62



< 2hy [272K)(z+ K) = 3(z —z — y — 3K)?]

—giy (-2 —y = 3K)?,
ij

gt [2TRK)(y+ K) = 3( — 2 — y — 3K)?]
(nxjxﬁ)

ij4
naca:ﬁ

(771146) “a e
3 —3 [27CK)(y + K) = 3(z —w —y — 3K)?]

it _ +ﬁ [272K)(z + K) — 3(z — 2 — y — 3K)?]
zxb —

/N
\_/

—x—y—BK)Q,

+1[272K) (2 + K) = 3(z — & — y — 3K)?]
Sz—z—y—3K)?)"

Then, 7;%47?047%4 should be in the form of

Va1
7;)]04 )\2]4 lml_i_’uljll :213];12_1_]/7,]4 :61;13_‘_7_134 ;];14_1_wz]4 ;?;15+¢2j4 ;];16
Voo
for some )\”4, M?ﬁ, V;Jf, T;Jf,w;]f, %4 >0,
where nx]fl 77;];117 if (d;]14,dg]04,d”4> is on the curve le, otherwise nml = (0,0)T;
n?ﬁQ 77;];?2: if (d§j14,d§]04,d”4) is on the curve C; W4 5, otherwise n 2 = (0,0)7; ?f;; =
n;j;%, if (d;]14,d§704,d”4> is on the curve Ca:a:37 otherwise nm3 = (0,0)7; ?;4 = 77%14, if

4 Gija sigd j4 j4 4 54 sigd
(dgjl LA d ) is on the curve C7}, otherwise n'2%, = (0,0)7; n'}, = n'7% if (dgjl LAt )

. 154 . ij4 T. 54 154 734 ji34 qigd\ .
is on the curve C,; -, otherwise n.) . = (0,0)"; and n_ , = 1. ., if (d3),ds,,ds ) is on

the curve C%, otherwise n'2% = (0,0)7.

Let
T

2
gt (4 (3 2dg, 6 [, _ 2dg)
wl ™ h, hff 2 pe h?Q " hEhY, h¥ hg ’
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i (4 2dps  6doy 3
Myy2 = pe 2 \ pepv2  hERY 2 )0

17" "ij ij g 1571
. . AN 20 T
12 <2d03 ~ 6de _3>+ 6 <1+2d62> )
T 1Y y2 T 1Y T 1Y ThY ’
hihi; h&h; hihi; 2 hiihi; hih;
T
i N 2
554 174
nz’j43_ 4 <3+ 2d3 ) 6 <1+2d02>
yy3 y2 y2 Y rx BY THY ’
hihd \2 0 hERY ) hhy hih;
and
ij4 4 2dos  6dpe 3
77yy4 -\~ hE hy2 he hy2 - hx.hY. T 5 ’
ij Vi ij'Vij 1501
. . siid\ 2 T
12 <2d03 ~ 6doy +3> 6 (1_261632) )
z 1Y y2 z Y z 1Y zhY :
hihi; heh; hihi; 2 hiihi; hih
Then, 76%4, ’yé]; should be in the form of
i
03 ijA, i34 | ijA, ij4 4 ijd 4, ij4
— \u J ¥ J 1) J 1] J
e Ay Mgyt T hgjy Togya + Vijy Ty + Ty Ty
ij
702
4 i i i
for some Ay’ p v, T > 0,

4 N 4 ‘ 4 4
where n;]yl = n;]yl, if (dgjg ,d6]2> is on the curve C;]yl, otherwise nly]y1 = (0,0)T; n;]yQ =
772@42, if (cié];, cigg") is on the curve C;glz, otherwise ng;é = (0,0)T; ng;:s = 77;]‘;,437 if (czgl, déj;)
is on the curve Cg;, otherwise ng;‘g = (0,0)T; and n%44 = 17;];4, if (cfé?,cfé];) is on the

ijd co o ih T
curve Cp7y, otherwise n, , = (0,0)".

Let

ij "1

%44 siga\ \ -
" 12 (6dit 1 12 (1 4d¥
Ney2 = | — 72279 21 Y t5 ]~ T LY 9  1xpy
Y hfj hz’j hi hj 2 hz‘jhij 2 K hj
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ijd 12 (eddt 1\ 12 (1 4di!
Moyt =\ 329 \ 5227 ~ 2 ) et \ 2 T pent )
v h2hy \ hi?hY 2 ) T hERY A\ 2 hEh!

and




Then, ’yéjfl, 734 should be in the form of

S
21 o o g .
__\ij4, 174 ij4, 174 ij4  ij4
= Ady Mgyt T Hgy Mgy for some A, pl > 0,
ij4
M1
ija o ijd .o [ Figd Gigd\ ij4 . ij4 T.
where ny; = ., if (d21 .dpy ) is on the curve Cpyy, otherwise n;; = (0,0)"; and

ijA _ ijd o (Gija 5iga\ - ij4 o ijd T
Mo = My, if <d21 .dyy ) is on the curve Cpy 5, otherwise ng » = (0,0)".

Therefore, we know that any v € dh(d) must be of the following form
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Vyy 1 yy3 Tyy nyy4
g1 451

i1 __ijl
Wiy N5 + Py Ny

Tyy2

ig1 z]l

zx T Vix Mg T Tox My

J2 152 1j2 12
+WCEJQZ n:cJ:cS_'_w] j

xl X2

172 1]2 1]2 1]2 + 172 132

Tyy T yyd

152 1]2

iJ3,_ 173 173 z]3 + 153 1]3

Tox Mypy

73 j3 z]3 73 2]3 3153
yy n yyl + Hayy + +

Vyy 1 Tyy My

73 1]3 173 z]3
TWyy Tyys + Yyjy yy6

j3 1]3

154 ’Lj4 ij4 2]4 ij4 154
xl + Mz Typ0 + Vg m T3 + Tax N

74 154 ij4 154
‘HA)mjm 'nlmjz5 "‘@ijjxn]

ij4 ’Lj4 ij4 1]4 Z]4 zy4
Tt Mgy Mo + Vyjy T3 + Tyy Ty

ij4 z]4

iyl 951 45l gl gl e51 a5l z]l
9y > Bajy s Vajy > Tyy > Wiy » Yoy > Azy » fa

2 452 )\ZJZ 2 132 152 )\1]2 1]2 >

Tz > Wax s Ayy s Hyy > Vyy » Tyy » Azy » Hay

33 433 133 133 133 153 )\133 ij3 >0

vy Mgy s Vyy » Tyy  Wyy Yy 5 Acy 5 Hazy

ij4 154 )\2]4 g4 134 _ij4 )\114 134 >0

Zx , Wax s Mgy » Hyy > Vyy » Tyy »
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On the other hand, it is easy to show that any vector ~ of the above form is a subgradient

of h(d), since

)
S o ) e (0 - )
=0 j

F2i15+41 (déjb d”3> + Zit1 (dzﬂ dm)}
I-1J-1

S5 {0 ) o o)
[ 2k( diik _ z]k) + z]k: (dz]k dmk) 6]2k (dwk dz]k)}

(5 = ) i (- )]+
i

a0 4
e (8 — ) o (a2 — )]
< h(d) — h(d).

Thus, we have an explicit expression for 8[](&) at any given dual vector d.

Fori=0,---,I—1and j=0,---,J—1, let

igl 4yl gl Z]l gl a5l z]l z]l z]l igl yigl | ijl T
()\ Humaﬂya,‘x? xac>)‘ ’Myy’ yy yy? wyy7)‘:vy7 y) 9

172 92 192 432 132 |, 132 152 132 172 1]2 1]2 132 192 T
Tr (A b /’fo[/‘ ) V,’L‘a’,‘ 7 Txx ) wl‘l‘ ) xrx A ) /’Lyy ) yy ) yy ) A b //ny ) )

173 33 133 13 133 3 453 z]3 1]3 2]3 i3 133 153
" (Ax y Mgz s Vg » wmv)‘ ,,U,yy, Yy yy7 I/Jyya)\ 7:U’zy) )

ij4 g4 igd | ij4 134 zg4 ij4 zg4 ij4 1]4 2]4 2]4 154 T
7T ()\ ) /"[/,],’],‘ 9 V(EI‘ Y I‘$ ) ,'1,’],‘ ? 77/)${,U 9 )\ ) /"l/y/y ) ’yy 9 yy 9y >\ ) /’L]}y )

Now putting the geometric programming primal solution ¢ together with (3.25), a vector

c is in the set € N X N dh(d) if and only if there exist some w¥* i = 0,---,I — 1 and
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j=0,---

1>

T ij2 ij3 ij4
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ﬂ-wk>07 i=0,---
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+Mj J
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ij1l
yy2

j2 2 152
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+
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,J — 1, such that the following set ® is not empty,
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L,

il 451
+ Taw Mg

ij1 ’le z]l ig1
Tyys T T

z]l ij1 ij1 'L]l
yynyy5+w

vy nyy4

yy6

ij2 1]2
+ Taz N zxd

2 2
+ w” 1]

132 z]2
T Ty Myya

173 153
+ mjrnj4

Tyy nyy4

yy6

ij4 234 ij4 154

Nye3 Tz
74 154
Txd

rxd

14 4
+ wzgﬂj Z]

ij4 __ij4
+ Tyy Nyya

(3.26)



In this dissertation, we solve (3.26) by solving the following optimization problem

min [c[;
(T) et (3.27)
sit. ¢,k c ®
where | o |1 is the vector 1-norm. The objective function of (3.27) is the regulation term as
mentioned in [22]. Of course, other different objective functions could also be considered.

The above optimization problem can be transformed to a linear programming problem

easily.

3.3 Computational experiments

We tested seven examples for the generalized geometric programming framework. For each
example, we solve problem (3.18) to obtain a dual optimal solution d*. After that, we solve
problem (3.27) to obtain a corresponding primal optimal solution x*. The solver we used
to obtain the solutions is MINOS 5.5, which runs on parallel workstations with more than

20 CPUs located in Northwestern University, Evanston, Illinois.
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Example 3.3.1 (Single peak 1) The data set is [ =5,J =5, z; =1,i=0,1,...,1 — 1,

yj:jvj:()?l?"'a‘]_l;
00 0 00O

00000
{zit=100 1 0 0

00000

00000

MINOS took 1680 iterations to solve the dual problem (3.18)and 1608 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.1: Example 1.
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Example 3.3.2 (Single peak 2 ) The data setisI =5,J =5, z; =14,i=0,1,...,1—1,

yj:jvj:()717"'a*]_1;

{2} =

2 3 4 _
4 5 6
8 7 8
8 9 10
10 11 12 |

MINOS took 3484 iterations to solve the dual problem (3.18)and 1216 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.2: Example 2.
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Example 3.3.3 (Step jump) The data set is I =5,J =5, v; =4,1=0,1,...,1 — 1,

yj:jvj:()?l?"'a‘]_l;

{zijb=11110 0

11111

MINOS took 5676 iterations to solve the dual problem (3.18)and 1296 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.3: Example 3.
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Example 3.3.4 (Step jump, mirror reflect) The data set is I =5,J =5, x; =i,1 =

0,1,...,01 =1, y;=4,j=01,...,J—1,

zisgb=10 011 1

00011

MINOS took 2554 iterations to solve the dual problem (3.18)and 2007 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.4: Example 4.
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Example 3.3.5 (Bowl) The data set is [ = 5,J =5, x; =4,1=0,1,....,] -1, y; =

J,3=0,1,...,J—1,

{zi} =

8 5 4 5 8

MINOS took 8354 iterations to solve the dual problem (3.18)and 2516 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.5: Example 5.
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Example 3.3.6 (Portion of a ellipsoid) The data set is I = 5,J = 5, x; = 1,1 =

0,1,...,01 =1, y;=74,j=01,...,J—1,

16 18 24 34 48
9 11 17 27 41
{zij}=14 6 12 22 36
1 3 9 19 33

0 2 8 18 32

MINOS took 8519 iterations to solve the dual problem (3.18)and 2203 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.6: Example 6.
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Example 3.3.7 (Pillar) The data set is [ = 6,J =6, ; =1,1=0,1,...,1 —1, y; =

J,3=0,1,...,J—1,

{zi;} =

00 0O0O00O0

MINOS took 4686 iterations to solve the dual problem (3.18)and 2103 iterations to solve

the dual to primal transformation problem (3.27).

Figure 3.7: Example 7.
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Numerically, the outcomes of the geometric programming framework for these seven

examples are exact solutions of corresponding bivariate cubic L; splines.

Visually, the

splines generated from the geometric programming framework keep shape well.

Example | Dual variables | Dual constraints | # of iters | D-to-P iters | Time (sec)
3.3.1 1000 2620 1680 1608 73
3.3.2 1000 2620 3484 1216 212
3.3.3 1000 2620 5676 1296 351
3.3.4 1000 2620 2554 2007 143
3.3.5 1000 2620 8354 2516 560
3.3.6 1000 2620 8519 2203 570
3.3.7 1440 3765 4686 2103 2102

Table 3.1: Summary of numerical experiments of GP framework

The performance of the numerical experiments is summarized in table 3.1. From the

table, it is easy to see that since the problem size is very large even for small grid size such

as 5 x 5 and 6 x 6, it is prohibitively hard to solve the problem using a general purpose

solver like MINOS.
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3.4 Conclusion

We have developed a generalized geometric programming model for generating bivariate
cubic L; splines. We have also shown that solving a bivariate cubic L; spline problem is
equivalent to solving a convex programming problem whose objective function is linear and
constraints are differentiable almost everywhere.

The geometric programming formulation provides a theoretical framework for calculat-
ing the coeflicients of bivariate cubic L; splines. Based on this framework, we may as well
derive various properties of the bivariate cubic L splines.

In this chapter, we use the general-purposed solver, MINOS, to solve seven examples
to verify the geometric programming framework. We note that it is almost impossible
for MINOS to solve a bivariate cubic L spline problem with a scale larger than 10 x 10.
However, most of real-life applications are in very large scale. Therefore, we need to develop

special algorithms for this problem.
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Chapter 4

Linearity Preservation of Bivariate

Cubic L Splines

4.1 Introduction

As mentioned in Chapter 1, conventional polynomial splines are important and very suc-
cessful interpolating functions [11, 17, 23, 32, 34]. They are easy to manipulate, evaluate
and implement on a computer. Their coefficients can be efficiently calculated. However,
experience has shown that conventional splines do not preserve “shape” well. Especially for
arbitrary, “multiscale” data, that is, data with irregular values and irregular knot spacings,
conventional splines may exhibit extraneous oscillation [3].

There is no widely accepted definition of shape preservation. Shape preservation is usu-
ally considered as the ability of an interplant of discrete data to preserve what observers
perceive to be the “shape” of the data. Shape preservation has often been associated

with preserving various properties, such as linearity and convexity/concavity [2, 24, 26]
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and eliminating extraneous “nonphysical” oscillation. Both variational and rule-based ap-
proaches [18] have had considerable success in preserving shape for “piecewise smooth data,”
that is, data on piecewise smooth curves/surfaces such as automobile bodies, ship hulls
and smoothly machined mechanical objects. The creation of “fair” or visually pleasing
curves [11, 31] is a closely related topic in piecewise smooth curve/surface representation.
Many of these approaches involve Bézier curves and polynomial and rational B-splines.
However, none of these approaches are capable of preserving shape for arbitrary, generically
nonsmooth, multiscale data representing phenomena such as terrain, geological features and
biological objects.

Cubic L; splines [21, 20, 22] have been shown to be promising for user-input-free, shape-
preserving interpolation. As we have seen, computational experience indicates that bivariate
cubic L, splines are capable of providing C'-smooth shape-preserving interpolation for
arbitrary multiscale data without additional constraints or user interaction. Cheng et al
have proved that univariate cubic L; splines preserve linearity, convexity and concavity
[6]. However, up to the present, the evidence that bivariate cubic L; splines preserve the
shape of data has come mainly from computational experience. In this chapter, we use
the geometric programming framework for bivariate cubic L splines, proposed in previous

chapter, to theoretically prove that bivariate cubic L; splines preserve linearity.
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4.2 Geometric programming framework

Recall from last chapter, by Theorem 3.1.3, a primal optimal solution can be obtained from

a dual optimal solution d* of problem by satisfying the optimality conditions

(I) ceenx,d e®nyY
(I1) (c*,d*)=0
(ITIT) c* € Ip(d™).
By the definition of X and %), condition (II) is automatically satisfied. Thus the primal

optimal solution c* is a vector such that
cenNXxnop(dy). (4.1)
For:=0,....,1—1,57=0,...,J — 1, denote

il _ (yigl gl igl gl yigl o igl il gl igl o ig1 yigl o gl T
T _()‘m’“m’yﬂcw’Tww’)‘yy’“yy”/yy’Tyy7wyy’ yy’)‘:vy’r“xy) J

G2 (\ig2 g2 g2 g2 g2 g2 \ig2 | ig2 g2 g2 yig2 g2\ T
T = ()‘xx'):u’x:cvyxz”rxx » Wa xvayyﬁj’yyuyyy » Tyy 7)\xy7:u’:cy) )
i3 _ (i3 i3 g3 ij3 \ij3 i3 i3 _ij3 i3 i3 yig3 i3\ T
w0 = (N 1 VR T NG ey Vi Ty Wiy Vs Ny My )

P4 (yijd | ijd g4 _igd  igd g4 yigd | igd | igd _ijd yigd | igA\T
™ - (Ammvﬂxxﬂ/acm 'y Tox > W s a:a:>>‘yy y Mgy s Vg Ty 7>‘a:y7 xy) :

Then vector c* is in the set € N X N dh(d*) if and only if there exist 7% i =0,...,1 — 1

and 7 =0,...,J — 1, such that the following set ® is not empty.
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11>

where the definition of n can be found in Chapter 3.
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A solution of (4.2) can be found by solving the optimization problem

st c, ik c ®

where | @ |} represents the ¢; norm of a vector.

4.3 Linearity

By examining the relationship between the coefficients of bivariate cubic L; splines and
the partial derivatives at the corner points of each rectangle, the coefficients of bivariate
cubic Lq splines can be expressed in terms of the partial derivatives at the corner points as

follows,

i1

Coo = Zij
12 _ .
Coo = Fij+l
gl x
Clo = Zij
il y
Cor = i
152 x
C = z5 .
10 2,J+1
(4.4)
2y
Co1 T Zig+1
g4
Co = Ritlj
ij3 .
Coo T Ritl,j+1
4
Clo = Zitly
ij4 Y
€1 T R4l
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22541 + Awizl ;g + Azip12ly 11 — 224154
) Y
—3zij+1 + 28yj112; 11 + Ay;z; + 32
y y
—22’1',]‘4,—1 + ij+1zl-7j+1 -+ ijzij + QZZ'j

Y A Y
AyJZiJrLj Aszij

. x _ . x
ATiv12iy1 511 — BTiv12{
Y A1 Y
AYj1zip e — AYjr12 5
.~ L _ .~
Amlzm-_i_l A@zij

x

S ) _3 LT
32i41,5 A:UZHZH_L]- QAxlzij 325

1 Y 1 LY 1 T

§ijzi+1,j QAyJZij 2A$12i7j+1

1 T _1 T S . y
iAszi7j+1 QAxlzij + 3% j+1 Ay]+1zi7j+1

3 LY a2, 1 LY
2y 2z — 3z — 5AY; %4
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(Az;)? Ayl

(Ayy)

A.CCi(ij)

2 ij4
€90

2 153
Co2

2 1jl
C1o

3 154
C3p

(Az;)? Ayt

(Ayy)

3 ijl
€03

3 ij2
C30

L ST _ , T , R | . Y
—3%ij+1 Axlzi,j+1 A$z+lzi+1,j+1 + 3zit1,5+1 2AyJ+1Zi+1,j+1
1 . Y AT Qs . ) T o1 Y
§AyJ+1zi,j+l + Axlzij 3zit1,5 + AlerlZiJrl,j + 3z QAyJZi—i-l,j
1 y
§ijzij
3 . T 1 . T . . ~T _ . .
2ATi12f o+ g ATl 3z g+ ATzl — 3254
1 ) Yy _ 1 ) y
2AYj 1201 1 — 2AYj1% 54
LAT 125 g — AAx 28— Bzig1 1 + S Ay 12
g RTi+1%;41 j4+1 — 2Ti+1%541 i+1,j+1 T 9RYj+1%241 j+1
LAg. Y L LY
QAyJ+1zz',j+1 + 3ziy1,5 + Ay]2i+1,j
ANz 2% A AT 12t — Ayii2t g — Az

2 t+1%541,5+1 2 1+1%541,5 JH1%41,5+1 2 174, 5+1
1 v N DU . Y LY y
2AziZ; — 3z 541 + Ayjp1z; 4 + Ayjz; + 3z

LY o L
AYjzipy ;= 3zit15 + 3zit1 541
AN 2 — AT 12— i — 2AXZT L+ Zia

2 1+1%41,54+1 2 +1%541,5 1,j+1 2 124, 5+1 i+1,5+1
1 T
iAxizij — Zij + Zit1,5

L ST _ ) T ) o1 . Y
—3%ij+1 Axlzi,j+1 A$l+1zi+1,j+1 + 3Zit1,541 szJ+1zi+1,j+1
1 . Y AT Qs . ) T o1 Y
2AYj+12; g + Amizf; — 3zig1; + Az 2 ; + 325 — 5AY%
1 y
§ijzz‘j

1 y 1 y
—Zij+1 = Zi1+1 T 5AY 12700 1+ 5AY 412 4 T 21y 2
1 Y 1 Y
2AYz 0 ;T 3 Ay
1 T 1 T 1 x
Zij T gATizfy = Ziv1j41 T gAT128 0 1 i1 T g ATzl

Zij+1 + %Aazizgfjﬂ
(4.6)
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T

ACE@'(A?/J‘)QC%S = *%Al‘iﬂzﬁul,ﬁl + %Afﬂiﬂzﬁrl,j - ijJrlZzy-i-l,j—i-l - %Axizi,jﬂ
+ %Axlzf] - 3Zi7j+1 + ij+1zg’:j+1 + ijziyj + 32:1']'
= Ayjzly — 3215 + 321,541
(Ayjicdy = —zij— 5Dy + zivrgn — 30Uz s — Firny — 30U

+ Zig+1— %ijzng?
(4.7)

s = 33((93;:11) o’ zf = azg;’y) are the partial derivatives of the bivariate
Ti,Yj

(wi,y5)

where z

cubic L; spline z(z,y) at point (z;,y;).

Denote the slope with respect to « and y at point (z;,y;) as

Zitl,j — Zij

Ve o= 2 T
r Aﬂfl ’
Vil = bkl T Fij
y . :
Ay;

Then based on this observation, we can prove the following theorem.

Theorem 4.3.1 (Linearity) If the four data points (zi,yj,2i ), (Tit1,Yj, Zi+1,5)s (Tis Yj4+1, Zij+1)
and (i41, Yj+1, Zit1,j+1) lie on a plane, then the bivariate cubic Ly spline z(x,y) preserves
linearity over rectangular area D;j = [, xi11] X [y, yj+1] if and only if the z-derivatives
and y-derivatives of z(x,y) at the four corner points are equal to AZY and Azéj respectively,

Yy

T _ T LT T _ ij Yy _ Y Y _ ij
=21 = Zij+1 = Zig1j+1 = VZo and Zij = R4l T Fig+l T Pl 4l = Vzy.

1.e. Z,L]

Proof: Suppose the z-derivatives and y-derivatives of bivariate cubic L; spline z(z,y) at

the four corner points of D;; are equal to Vz¥ and Vz;/j respectively, i.e.,

_ T _ T _ T =V i
Zij = Fitlj = Fig+l = Fitlj+l P

_ Z’y _ 2,1/ _ 2,9 _ VZZJ
g Titly T Tug+l T il g+l T Yy
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Plugging above equations into (4.4) and (4.5), we get

gl _ g2z g3 _ gt
o = %j  Co T Figtl Co T Fitlj+l Co T Fitly

gl ij o ij2 ij g3 ij ijd ij
cijop = Vzz ¢y = Vzi ¢y = Vzg cip = Vazg

gl g ij2 ij o igd ij ij3 ij
cpg = Vzy ¢y = Vzy c; = Vzy cgp = Vzy.

Since other coefficients are all zero, the bivariate cubic Ly spline z(x,y) over D;; becomes

20l (z,y) = Vz;j(x —x;) + Vzéj(y —yj) + 2ij
92 (a,y) = Vad (¢ = 2:1) + V) (4 = yje1) + 2ij1
29w, y) = Vad (¢ = 2i01) + V) (y = yj41) + 241541
22, y) = Vad (x = zig1) + V2] (y — y)) + 21,
which is a piece-wise linear function. Moreover since z(z,y) is smooth, z(z,y) is linear over
D;;.
Conversely, if the bivariate cubic L; spline z(z,y) is linear over D;;, then 20z, y), -

29%(z, y) can be expressed as (4.8). By (4.4), we have 25 = 27, ; = 27, = 20, ;. = V2

Yy o_ Y _ Y _ Y _ ij
and Zij T R4l T Fig+l T Rl 4l T V. U

Based on Theorem 4.3.1 and the generalized geometric programming framework, we
have the following corollary.

Corollary 4.3.1 Given a dual optimal solution d* of (3.18), if (5, d5\"), (di92", 2,
(d&?’*,déég*) and (dgj;*,dé];*) are interior points of the dual domains Qil , 9%2, QU3 and
0%4 respectively, then under the same condition of Theorem 4.3.1, the bivariate cubic Ly

spline preserves linearity over rectangular area Djj = [, xiv1] X [Yj, Yj+1]-

Proof: If (algjo1 ,dgjol ) is an interior point of Q%7 , then the normal vectors ngg1, - - ; Naga
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in the dual to primal transformation (4.2) are all zero vector. Thus

i1
€20

Similarly,

052
Co2

i3
€20

ij4
Co2

From (4.5), we have

Aa:ic%l =
(A =
Ayjedy =
(Ay))cgy =
Awic%)’ =
(Azi)cy =
Ayjeghy =

»
(Ay;)*cy

i
=0 and ¢35 =0. (4.9)
and céj; =0
=0 and ¢ =0 (4.10)
=0 and i =0
—2f ;= 228 + 3V
28 4 2E — 2V
i1, T Zij @
22{ ;00 + 2 — 3Vzy
2l T2 — 2V 2z 1)

T T 1,J+1
Zijp1 + 22050 541 — 3V

T T i,j+1
Zije1 T 2 — 2V

—22Y

Yy i+1,5
i+15 ~ Fit1541 T3V2y

Y y _ i+1,5
Ziv1g T Zipe — 2V
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By (4.9), (4.10) and (4.11), we have the following linear system,

—Zi1,; — 2% + 3Vl = 0
Zij 2 — IVzE = 0
220, +2 -3V = 0
25+ 2 — Wzl = 0
Zije1 T 2200 1 3Vt = 0
i+ g — 2V = 0
=22{, 15— 2 T 3V, = 0
2l T 2 2Vz, " = 0,
which has a unique solution
z;f"’j = Vz;j, zfj = Vz;j
Zivy = vz, %y = V't
d = VAT L, = vy
Zip1j41 = Ve, Z?+1,j+1 = Vzé“’j.

Since the four data points (x;, yj, 2i ), (Tit1, Yjs Zit1,5)s (@i Yj+1, Zij+1) and (g1, Y1, Zit1,j+1)

‘ 3 . . oy
lie on a plane, Vz¥ = V227" and Vz = szfr J Thus

% = Vi, z; = Vi
Zig = Vi, Zéyﬂ,j = Vz;j
Zij = Vi, zf{jﬂ — Vz:f,j
g T v, 2 = vz,

i.e., the z-derivatives and y-derivatives of z(z,y) at the four corner points of [z;, z;11] X
[yj, yj+1] are equal to AzZY and Az;j , respectively. Then following Theorem 4.3.1, the

bivariate cubic L; spline preserves linearity over rectangular area [x;, xiy1] X [y;,yj+1]. O
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The following example illustrates Corollary 4.3.1.

Example 4.3.1 The data set is I = 6,J =6, x; = 4,9 =0,1,....,1 -1, y; = j,j =

0,1,...,J —1,

3 4 15 16 7 8
{zij} =
4 5 16 17 8 9

Figure 4.1: Example 7.

The optimal dual solution of GP framework lies in the interior of the feasible domain.

The resulted bivariate cubic Ly spline preserves linearity.
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4.4 Conclusion

We have proved that, under appropriate conditions, bivariate cubic L; splines preserve
linearity of data. Lq splines do not always and everywhere preserve linearity but, even
when they do not, L; splines still tend to preserve shape. The fact that L; splines can
preserve shape without strictly preserving linearity raises questions about the widespread
strategy of trying to achieve shape preservation by strict, rule-based enforcement of linearity.
Widespread strategy plays a fundamental role in domain decomposition [35], a widely used
method to create Ly splines on large scale date set by combining L splines over the smaller
overlapped sub-regions that compose entire grid (domain). Further investigation on this
strategy needs to be conducted.

Based on the generalized geometric programming framework, we may in the future prove
some other shape-preserving properties that have been proved for univariate L splines, such

as convexity and concavity.
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Chapter 5

Tensor-product Approach

In this chapter, an efficient active set algorithm for univariate cubic L1 spline is introduced.
Based on this active set algorithm, a tensor-product approximation approach for bivariate
cubic L; splines is proposed. The computational results are reported at the end of this

chapter.

5.1 Introduction

In Chapter 3, we proposed a generalized geometric programming framework for bivariate
cubic Lq splines. This framework includes a primal problem, a dual program, which is a
convex programming problem with a linear objective function and cubic convex constraints,
and a linear programming problem, which transfers dual optimal solution to a corresponding
primal optimal solution. This framework provides us a platform for theoretical treatment
of the bivariate cubic L; splines. Since there is no specific algorithm has been designed, we
have to use a general purpose nonlinear solver to handle it. However, because of the inde-

composability of the constraint structure and the large number of variables and constraints,
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it is too difficult to generate large scale bivariate cubic L; splines by using a general-purpose
nonlinear solver.

Notice that the coefficients of a bivariate cubic L; spline on a tensor-product grid can be
determined by the interpolation values and the first order information at each knot [14]. We
may use the first partial derivatives obtained from the univariate cubic L splines at each
knot as an approximation for the first order information of true bivariate cubic Ly splines.
In this way, we can approximate the corresponding bivariate cubic L; spline. (See Section
5.4 for details.) If we can generate these univariate splines quickly, the approximation is
expected to be efficient. Cheng et al. [5] proposed an active set method for univariate
cubic Ly splines, which can find the exact solution efficiently. Therefore, we may use this
algorithm to generate univariate cubic L; splines. Based on this idea, we develop a tensor-

product approximation approach for bivariate cubic Ly splines in this chapter.

5.2 Tensor-product grids and Sibson elements

In this chapter we introduce a new set of notations. The ordered sets {xi}i[:() and {y; };.]:0

are strictly monotonic partitions of the finite real intervals [a, b] and [a, b], i.e

a:x0<x1<---<x1_1<x1:b

G=yo<y1<--<yj1<ys=>b,

which forms a tensor-product grid A? = {x;, y;j} fori=0,...,7 and j =0,...,J. Denote
the rectangle area [x;,z;41] X [yj,yj+1] as D;;. The data to be interpolated are given at
the knots (x;,y;), ¢ =0,...,I,5 = 0,...,J. In contrast to the conventional requirement
of slowly changing knot spacing, the spacing of these knots in the x and y directions can

be completely arbitrary, with closely spaced knots intermingled with knots spaced far from
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each other.
The Sibson element [16] used for the splines in this chapter are C' smooth, piecewise

cubic polynomials. For convenience, we restate the definition of Sibson element as follows.

(x5 ;) y (x5, ¥ 50)
3
D
D;
X O DI(I’ LXM;{“'J' ‘Z+J‘/) 2
D,
1

(x;1575) (% 7y‘,+|)

Figure 5.1: The Sibson split on rectangle D;;.

Definition 5.2.1 (Sibson element) Given a rectangle [x;, xit1] X [yj,yj+1] in a tensor
product grid A = {xs,y;}, fori=0,...,1 and j = 0,...,J, which is divided into four
triangles by drawing the two diagonals of the rectangle. The Sibson element is a shape
function z(z,y) that has the following properties: it is (i) cubic in each triangle, (ii) C*

smooth at the lines separating the four triangles, (iii) C' smooth with the Sibson elements

(z,y)
xr

in the adjacent rectangles, (iv) it has derivative 8za that is linear along the edges ©r = x;,

(z,y)

and x = xiy1 of the rectangle, and (v) it has derivative az@iy that is linear along the edges

y=1; and y = y; 11 of the rectangle.

The Sibson element z(z,y) in a given rectangle depends only on the values of z(z,y),

0z(z,y)
oz

and 8'2((;;’3/) at the four corners of that rectangle (12 parameters per rectangle) [14].
More specifically, We consider the rectangle D;; = [z, zi41] X [y, yj4+1] in Figure 5.1. To

create the Sibson element on D;;, it is divided into four triangles, DF k=0,...,3. Cubic

13
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polynomials are defined on each triangle in the following two forms. For triangles indexed

by k = 0,3 the bivariate polynomials are written as

an(@,y) =cho(a — 2:)° + &y (@ — 20)*(y — )

+ ey (v — 2) (y — y5)* + cbs(y — y5)?

(5.1)
+ 5o —a0)* + ety (@ — i) (y — y5) + chaly — 7)°
+ oz — ) + ey (y — y5) + cho
and for k = 1,2 the bivariate polynomials are written as
(2, y) =c5o(wir1 — 1) + By (@1 — 2)* (Y41 — )
+ iy (@ir1 — 2)(yj1 — v)* + 3 (Y1 —v)°
(5.2)
+ o (wipr — )% + ey (g1 — @) (Y41 — v) + oy — v)?
+clo(wis1 — ) + i (g1 — y) + o
Suppose that we are given elevation and derivative values z;; = z(xs, y;), z5 = %
T=ai,Y=Y;
and zlyj = 32(89;731) at each corner point of rectangle [x;, zit1] X [y;,yj+1]. Let

T=T4,Y=Yj
Azi = xip1 — i and Ayj = yj41 — y;. Define
T — Y=y

r = S =

Al‘i ’ ij

Then these four cubic polynomials on D;; can be expressed by the elevation and derivative
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values as follows [14]:
zijo(az, y) = (1 —3s2 -3+ 3+ 23 + 3rs2) Zij
1 1
<7“3 + 57"32 —2r? — 582 + r) 2
F Ay (rs?+ 268 — s — 224 g) o + (2% = 3rs® + 8%+ 3r%) 2141
yp (18" + 58" —rs = o874 s | 2y r rs®+s Zit1,j

1 1 1
T3 + 57"52 — T2> Z?—l—l,j + Ay] (_TSQ + 553 +rs— 282) Z;y-f—Lj (53)

1 1
+ (=3rs? — s 4+ 35?) z; j41 + Ax; (-27“52 + 252> %1

1
+ Ay (283 s TSQ) i (378" = 8%) zip1 0

+ Az (;rsz> 2t + Ayj (—rsQ + 583) Zh1i
S0, ) = (~(1 )+ 31— r2(1 - ) 2
+ Az (;(1 S (1 r)2(1 - s)> 2%+ Ay, @(1 — 21— s)) o
+ (1 =73 =31 -r)*(1—s)—2(1—8)*+3(1 - 5)?) 241,
#0030 1= = 300 - A== 9)) sy
sy (<502 -9 - (=8P 4 (1= 92) 2l
+(=(1=7)* =31 —r)*(1—8) +3(1 —7)?) 2541
+ Az <—;<1 = (=21 —s) 4 (1 7“)2> i
+ Ay (;(1 —r)?(1—s) - %(1 - 7“)2> Zg
(M=) +30 =71 —s)+21 -8 =31 —7)>=3(1—s)?+1) 21111
# (<530 A=)+ - == 9) = (0= 1)) g

+ Ay; (—;(1 —r)P(l—s)—(1—s)?+ %(1 —r)?+2(1—s)% - (1 5)) 2111

(5.4)
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22 (zy) = (31 —r)(1—5)* = (1 - 5)°) 2

+ Aw, <;(1 - 3)2) 2%+ Ay (;(1 —r)(- s - (1 5)3> o

+ (=31 =) 1 -5 = (1—35)°+3(1L—5)?) zis1,

+ A, @(1 )P - S r)2> e

+ Ay, <_(1 SR - (s (1 s)2> o

+ (=21 -7 =31 —r)(1 =)+ (1 —s)° +3(1 —1)?) zij11

+ A, <_(1 oy %(1 (st (1 7")2> o

T Ay; ((1 )P = (s (1)1 - s) 4 (1 - s)2> i

+ (20 =P +31-r)(1-52+1—-5)°-31-7)>=3(1—-5)%+1) 211,11

# 8 (—( =P = AN 4 2= P4 =92 = (=)

+ Ay, (-(1 —r)(1-s)? -~ %(1 =)t (1-r)(1—s) + g(l -8 =1 S)> 241541

(5.5)
zij3(:v, y) = (7‘3 +3r%s + 252 —3r2 — 352 + 1) Zij
1 3
+ Az; (2r3 +r?s — 57“2 —rs+ 7"> 2
+ Ay, 17"25—1—83— 17“2—2324—5 22+ (—7~3—3r25+3r2)z- ]
Yj 5 9 ij i+1,j
A 1 3 2 2 T A 1 2 1 2 Y 5.6
+ Ax; 5" tris =17 )z T AY; —§rs+§r it1,j (5.6)

1 1
+ (r3 —3rfs — 253 + 352) zij+1 + Ax; (2r3 —r?s— 57“2 + ’I“S> 2741

1

+ Ay; (2728 te 82> i+ (=17 +3r%8) ziva i
1 3 2 T 1 2 Yy

+ Ax; 57 TS ) Fi i + Ay; 3" 8 ) Firigh
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5.3 Univariate and bivariate cubic L; splines

As mentioned in Chapter 2, the d variate polynomial space of total degree m is defined as

d
P = gpan {H z

i=1

d

T d .

x = (x1,...,24)" € RY, E a; < m, oziGZ_hz:l,...,d}
=1

where Z is the set of all the nonnegative integers. Let Al = {x;}" ; be a strictly monotonic

partition of a finite real interval [a, b] such that
a=20<x] < < Tp_1<xp,=>=.

Let A2 be the tensor-product grid of rectangle area [a, b] X [a, b] defined in the beginning of
Section 4.2. We define the space of piecewise univariate polynomials of order m with knots

Tlye--y3Lp—1 as
PP (A!) = {f(XNf(X) = pi(x) for x € I = w3, 2i1a]

pi(x) ePW) i=0,... ,n— 1},
Define the space of piecewise bivariate polynomials of total order m on a tensor-product

grid with Sibson split over knots (z;,y;), i =0,---,1,j=0,---,J as
PP (%) = { £6011 00 = 0 for x < Db o) € B,
i=0,---,1—-1,5=0,---,J—-1;k=0,--- 73}

Let C" [a,b] x [a, ] be the space of functions whose first 7t derivatives are continuous

on [a,b] x [a,b], for a given positive integer 7.

Definition 5.3.1 (Univariate cubic L; splines) Let A' = {;}""_, be a partition of the

interval [a,b], let {(x;,2:) }i— e the given data set. A piecewise univariate cubic polynomial
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S(zx) is called a univariate cubic Ly spline, if,

Ti+1
S(x) = argmln{ Z / s"( ‘ s(z) € IP’IP’S)(Al) N C! [a, b]
and s(x;) =z, i =0, ,n—l},

Definition 5.3.2 (Bivariate cubic L; splines) Let A% = {(z;,y;)}, i = 0,---,1,j =

,J, be a partition of the rectangle D 2 [a,b] x [@,D], Dij = [z, 2is1) X [y;,yj41] be
the triangle partitioned by A% over D, and {(z;,y;,2ij)}, i =0,--+,1,j=0,---,J, be the
given data set. A piecewise cubic polynomial Z(x,y) is called a cubic Ly spline, if

I-1J-1
0%z (x, 0%z (x,
Z(x,y) = argmln{zz // H 8352 ‘ + 2‘ 83562;/) ‘ + ‘ 8(y2 v) H dxdy

0 j=0
= I ay)eDy;

‘z(a:,y) € PPP(A% NC{a,b] x [@,b], z(z,y) is Sibson element on D;;,
and z(mi,yj) = Zij, Z:O, 7[7]' :O, 7J},

Recently, Cheng et al. [5] proposed an active set method for univariate cubic L; splines,
which can find the exact coefficients for the L; splines pretty efficiently. We outline the

algorithm here. For details, please refer to [5].

Algorithm 5.3.1 [Active set algorithm for finding cubic L; splines]

Step 0. Choose an initial dual feasible solution ﬁ(o) and get its segmentation £ =

{0§0)7 e ,a](\%}. Let k = 0. Mark all segments unprocessed.

Step 1. If all segments are marked as processed, stop. Otherwise, pick one unpro-

cessed segment U,gf), m=1,..., M.

Step 2. Obtain an optimal solution of Dual problem for o,(,]i).

Step 3. Update the segmentation to 51V and update markers of segments.

Step 4. Increase k by 1 and go to Step 1.
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5.4 Tensor-product approach for bivariate cubic L; splines

As stated in section 4.2, a bivariate cubic L spline is determined by interpolation values
and first partial derivatives at each knot, i.e. z;;, z;; and ZZ/J In order to generate bivariate

T Y
i and z,

cubic splines by using (5.3)-(5.6) , we need the first order information, z 1=
0,...,1,5 = 0,...,J. Suppose we generate the univariate cubic L; spline S]“”(x) which
passes through {(xo, 20;), (21, 215),- -, (21, 215)}, j = 0,...,J, and univariate cubic Ly
spline SY(y) which passes through {(yo, zi0), (y1,2i1) .- (Y7, zis)}, @ = 0,...,1, by the

active set algorithm introduced in the last section. Then 2}

can be easily approximated by
taking the first derivative of the univariate cubic L; spline Sf () at point z;. Similarly, z%’j
can be approximated by taking the first derivative of the univariate cubic L; spline SY(y)

at point y;. Thus, we can use formulas (5.3)-(5.6) and z;;, z}; to generate a bivariate

zfj,
cubic spline which approximates the corresponding bivariate cubic L; spline. Based on this

idea, we propose the following tensor-product approximation approach for bivariate cubic

L splines.

Algorithm 5.4.1 [Tensor-product approach for bivariate cubic Ly splines| Give a tensor-

product A% = {(z;,y;)}, i=0,...,1,j=0,...,J, over the rectangle D 2 [a,b] x [a,b] and

data set {(z;,y;,2i5)}, i =0, , 1,5 =0, ,J.
Step 1. For j=0,...,J:

Use the active set method (Algorithm 5.3.1) to generate the univariate cubic

Ly spline S5 (z) passing through the points {(xo, 205) , (¥1, 215) , -+, (T1, 215) }

100



Step 2. Fori=0,...,1I:
Use the active set method (Algorithm 5.3.1) to generate the univariate cubic

Ly splines S (y) passing through the points {(yo, zi0) , (y1, 2i1) -+, (Y7, 2is) }

Step 8. Fori=0,...,1 and j=0,...,J:

Take the first derivative of S¥(x) and S{(y) at each knot (2,y;), denote as

Y
and Z;(y) = %y(y) . respectively;
-

- dS*(z)
T __ J
Fij = T dm

T=z;

Step 4. Fori=0,....I—1andj=0,...,J — 1
Based on (5%’7 Zgj, Zi ), (Zf’jﬂ, Z;y’jﬂ, Zij+1)s (ZfHJ, 2?“’]-, Zit1,5) and
(5f+1,j+1a2?+1,j+17zi+1,j+1); use formula (5.3)-(5.6) to generate the four cu-
bic polynomials 29°(z,y), 291 (x,y), 29%(x,y) and 293(x,y) of the bivariate
cubic Ly spline on rectangle [x;, y;] X [Tit1, Yj+1]-

This tensor-product approximation approach is expected to be a good approximation to

bivariate cubic Lq splines, since it is based on the exact univariate cubic L; splines which

preserve the one-dimensional shape well.
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5.5 Computational results

In order to test the performance of the tensor-product approximation approach, we wrote a
MATLAB code to implement Algorithm 5.4.1. The code was run on a Pentium 4 computer

with 1.4GHz CPU and 128M memory.

Example 5.5.1 (Single peak 1) The data set isI =5,J =5, x; =1,i=0,1,...,1 —1,

yj:juj:())l)"'aj_]-7

{zii}=100 100

Figure 5.2: Comparison of approximated cubic L splines (a) and true L; splines (b)

The difference between the highest points of 5.2(a) and 5.2(b) is 0.0990.
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Example 5.5.2 (Single peak 2 ) The data setisI =5,J =5, z; =14,i=0,1,...

yj:jvj:()717"'a*]_1;

{zij} =14 5 8

11

10

12

71_1;

Figure 5.3: Comparison of approximated cubic L splines (a) and true L; splines (b)

The difference between the highest points of 5.8(a) and 5.3(b) is 0.
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Example 5.5.3 (Step jump) The data set is I =5,J =5, v; =4,1=0,1,...,1 — 1,

yj:jvj:()?l?"'a‘]_l;

{zijb=11110 0

(a) (b)

Figure 5.4: Comparison of approximated cubic L; splines (a) and true Ly splines (b)

The difference between the highest points of 5.4(a) and 5.4(b) is 0.0501.
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Example 5.5.4 (Step jump, mirror reflect) The data set is I =5,J =5, x; =i,1 =

0,1,...,01 =1, y;=4,j=01,...,J—1,

00111

zisgb=10 011 1

(a) (b)

Figure 5.5: Comparison of approximated cubic L splines (a) and true L; splines (b)

The difference between the highest points of 5.5(a) and 5.5(b) is 0.0501.
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Example 5.5.5 (Bowl) The data set is [ = 5,J =5, x; = 4,1 =0,1,....,] -1, y; =

J,3=0,1,...,J—1,

zijb=14 101 4

Figure 5.6: Comparison of approximated cubic L splines (a) and true L; splines (b)

The difference between the highest points of 5.6(a) and 5.6(b) is 0.
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Example 5.5.6 (Portion of a ellipsoid) The data set is I = 5,J = 5, x; = 1,1

0,1,...,01 =1, y;=74,j=01,...,J—1,

16 18 24 34 48

{zij}b=14 6 12 22 36

Figure 5.7: Comparison of approximated cubic L splines (a) and true L; splines (b)

The difference between the highest points of 5.7(a) and 5.7(b) is 0.
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Example 5.5.7 (Pillar) The data set is [ = 6,J =6, ; = 1,1 =0,1,...,1 —1, y; =

J,3=0,1,...,J—1,

{zi;} =

Figure 5.8: Comparison of approximated cubic L; splines (a) and true Ly splines (b)

The difference between the highest points of 5.8(a) and 5.8(b) is 0.5000.
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Example | Difference between top points | Difference/height | Computing Time(sec)
5.9.1 0.0990 9.90% 0.06325
5.5.2 0.0000 0.00% 0.06299
59.9.3 0.0501 5.01% 0.07127
5.5.4 0.0501 5.01% 0.06902
5.9.9 0.0000 0.00% 0.06865
5.9.6 0.0000 0.00% 0.08594
5.5.7 0.5000 50.00% 0.13858

Table 5.1: Summary of numerical experiments of tensor-product approach

The performance of the approximation approach is summarized in Table 5.1. From the
table, it shows that the tensor-product approximation approach is very efficient and there
is not much difficulty to handle large scale problem by using this approach. From the table,
we can also see in many cases, the tensor-product approach can keep the shape well. But in
some cases, this approach may introduce extraneous oscillations. For example, in Example
5.5.7, the error is quite large (50% of the height). That is because the corresponding
bivariate cubic Ly spline cannot be described by the information obtained from univariate

cubic L; splines.

5.6 Conclusion

The computational results show that, using univariate cubic L splines, the proposed tensor-
product approach can approximate bivariate cubic L; splines very efficiently. Since it

is based on an efficient active set algorithm that can solve large size problems without
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much difficulty, this approximation approach can generate solutions for large scale prob-
lems quickly.

Since the proposed tensor-product approximation approach only uses the information
obtained from univariate cubic L; splines along two different directions to approximate
bivariate cubic Li splines, much useful information may be lost when the shape can not be
exactly decomposed by sampling in two different directions. In some extreme cases, this
approximation approach may misrepresent the bivariate cubic L, splines badly.

Although the proposed approximation approach may not preserve shape perfectly, it
presents an efficient way to generate a 3-dimensional surface close to the one generated by
the true bivariate cubic L; spline and it can handle large scale bivariate cubic L; splines

without much difficulty.
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Chapter 6

Interior Point Methods for
Discretized Bivariate Cubic L,

Splines

6.1 Introduction

The primal problems for cubic L; splines are nonsmooth convex optimization problems.
As described in Chapter 3, using generalized geometric programming theory [4, 37], the
bivariate cubic L1 splines can be formulated into a smooth convex programming framework.
For univariate cubic L splines, geometric programming theory leads to an efficient active
set algorithm [5]. For bivariate cubic L; splines, an active set algorithm will have to deal
with a large number of constraints makes it impractical. Bivariate cubic Ly splines can be
generated using general-purpose nonlinear convex programming solvers, such as MINOS,

SNOPT and MOSEK. However, such solvers are only efficient for small size problems.
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In Chapter 5, we proposed a tensor-product approach to approximate bivariate cubic L4
splines. Although it is amazingly efficient for large scale problems, in some extreme cases,
the error between the resulted approximation and the true L; splines can be large.

Minimizing the continuum Lq spline functional is a nonlinear program. Designing robust
and efficient methods for this nonlinear program is not easy at all. Therefore, we restrict
our attention to the task of minimizing the discretized L; spline functional, which is a
linear program. In this chapter, two interior-point methods, the primal affine method and
primal-dual methods, are proposed to generate discretized bivariate cubic L splines.

This chapter is organized as follows: in Section 6.2, we review the tensor-product grids
and bivariate cubic Ly splines. In Section 6.3, a discretization scheme and a linear program
formulation are introduced. In Section 6.4, we propose two interior point methods for the
discretized bivariate cubic Lq splines. In Section 6.5, we report the computational results,

and in the last section, we make some conclusions.

6.2 Bivariate spines on tensor-product grids

For the convenience of statement, let us review the definition of bivariate L splines that will
be used in this chapter. Let there be given two strictly monotonic but otherwise arbitrary
sets {:vi}f:o and {yj}jzo that partition the finite real intervals [a,b] and [a, b], respectively,

that is,
a=x9< 21 <--<xj_1 <xy =D,
a:yg<y1<~--<yJ—1<yJ:l_).

The knots of the splines that we consider will be the knots of the tensor-product grid A? =
{(zi,y;)|i=0,1,...,1, 7=0,1,...,J}. D;; will denote the rectangle [z;, z;1] X [y;, Yj+1]-
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At each knot (x;,y;), ¢ = 0,1,...,1,j = 0,1,...,J, let real-number data z;; be given.
We wish to find a piecewise cubic function z(x,y) that interpolates the data (x;,y;, zij),
i=0,1,...,1,=0,1,...,J and preserves the “shape” of the data.

Bivariate cubic L splines are calculated by minimizing expressions involving the L;

norm of the second derivatives of Sibson elements that interpolate the given data.

Definition 6.2.1 (Bivariate cubic L; spline) A function Z = Z(z,y) is called a bivari-

ate cubic Ly spline if

I-1J

2 2
Z = argming II ,y) X 28 z(2,y) n 0°z(x
z 8332

' Y)
D0y oy H ey

1J-1
szO

(z,y)€Dyj

’ z(x,y) is a Sibson element in each rectangle D;; of A?
and z(z;,y;) = 25, 0 =0,1,---,1,7=0,1,--- ,J},

where, the Sibson element z(x,y) in a given rectangle depends only on the values of z(z,y),

a'zg;y) and azé@’y) at the four corners of that rectangle (12 parameters per rectangle). The

values of 0z/0x and 0z/0y at node (x;,y;) will be denoted by 25 and z?j, respectively.

Bivariate cubic L; splines always exist, but they need not be unique because II is not
necessarily strictly convex [22]. When there are several candidates for an L; spline, the
candidate with the smallest absolute values of z7; and zfj is the choice of many users and
the choice that we adopt here. We compute L; splines by minimizing not II alone but II

with an added “regularization” term,

I J
H—i—eZZ“zfj z%}
i—Oj—O
I-1J- o o2,
Z // H8x2 ' 6z:§y ‘a 2 ]dwdy+622[ Z;yj]7(6-1)
z:(]jz() (2,y)ED » =0 im0
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where the regularization parameter € is a small positive number. Calculating the coefficients

of a cubic L; spline problem is equivalent to solving a nonsmooth optimization problem.

6.3 Discretization and linear programming formulation

Minimization of functional (6.1) is a nonsmooth nonlinear program. Although there exist
some classical treatments, such as semidefinite programming, subgradient based algorithm
and smoothing techniques, all these methods involve large overhead and turn out to be
inefficient for generating large scale L; splines. Developing a computationally efficient
nonlinear programming algorithm for minimizing (6.1) is a challenging and unsolved task.

We focus on the minimization of a discretization of functional (6.1). For convenience
purpose, we call the Sibson-element interplant of the given set of data that minimizes a given
discretization of functional (6.1) as the bivariate cubic L; spline. To generate bivariate
Ly splines on D = [zg, 2] X [y0,%,], we discretize the integrals in (6.1) in the following
manner. First, express the integral over D as the sum of the integrals over the rectangles
(@i, zit1) ¥ (Y5, Yj41), 1=0,1,...,1-1,7=0,1,...,J—1. Let K be an integer > 2. Divide
each rectangle by 1/[2K (K — 1)] times the sum of the 2K (K — 1) values of the integrand
at the midpoints of the sides of the subrectangles that are in the interior of the rectangle.
We choose this discretization because it uses values of the integrand only in the interiors
(and not on the boundaries) of the four triangles that make up each rectangle. Hence the
second derivative on each discretized point is well defined. Other discretization may work
equally well.

More specifically, each interval of [z;,z;41] and [y;,y;41] is discretized into K equal

subintervals. Let z}' and y;-’ be the midpoint of the u'” subinterval in interval [i, zi4+1] and
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the midpoint of the v subinterval in interval [y;, y;+1], respectively, where u,v = 1,..., K.

Denote the right end point of the st subinterval in interval [zi, x;y1] and the

in interval [y;,yj+1] as Z = x; + s (%) and gjj-

tth subinterval

=yt (B st =1, K -1

accordingly. Then minimizing (6.1) can be approximated by minimizing

=17 ZK:K_l{ 025 (0, 95) | (i1 — ) (yj1 — v ,
2 _
=0 j=0 u=1 t=1 Oz 2K(K 1)
) 0225 (2}, J) | (i1 — 23) (g1 — yj)+
9y 2K(K —1)
0225 (2}, J5) | (2is1 — ) (g1 — yj)+
dy? 2K(K —1)
o (6.2)
%25 (Ti, 3 | (wig1 — 1) (yj41 — ?/j)+
o2 2K (K —1)
) 0%2i(Z5 ) | (wig1 — 23) (Y41 — ?/j)+
9y 2K(K —1)
9%z;(zt, Y| (@1 — 23) (Y1 — Y5)
dy? 2K(K —1) 7

which is equivalent to minimize the /1 norm of the residual of the following overdetermined

system:

(i1 — ) (Y1 — ) 0%2i5(x,y)

2K (K —1) 0z

2($i+1 —z)(yj1 — y;) Ozij(z,y)

2K(K —1) 0z0y
(Tit1 — i) (yj41 — y5) 0%zij(z,y)

SK(K — 1) Dy
(Zip1 — i) (Y11 — yy) 02i5(x,y)

2K (K —1) 0z

2($i+1 — z3)(yj11 — y;) O%zij(z,y)

2K(K —1) 0xdy

(Tit1 — i) (Yj+1 — Y5) 8225(%9)

2K (K —1) 0y?
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=0
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=0
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where i =0,--- , ] -1, j=0,---,J—lu=1,--- K, t=1,--- , K — 1.

Together with the regularization equations

the system (6.3) can be written in the following matrix form
Ax =b. (6.5)

Here, A is a known, banded matrix with 2(/ 4+ 1)(J + 1) columns and 6/JK(K — 1) +
2(1 +1)(J +1) rows, x is a 2( +1)(J + 1)-dimensional vector of the unknowns 2 and ziyj,
1=0,---,1,7=0,---,J, and b is a known right-hand-side vector.

Solving the overdetemined linear system (6.5) in the discrete /; norm is equivalent to

solve the optimization problem
minimize |Ax — b||;, (6.6)
X

where || o1 is the vector 1-norm. It is not difficult to verify that the optimization problem

(6.6) can be translated into the following linear program,

min cx
st. Ax=Db (6.7)
x >0,

where € = [0,0,e,e] € RIZIVEE-DH8U+DI+H) -~ A = [A,—A, LT a (6IJK(K — 1) +
20 +1)(J+1)) x (12IJK(K — 1) + 8 + 1)(J + 1)) matrix, and e = (1,---,1) €
ROIJK (K—1)+2(I+1)(J+1)

Thus, generating a discretized bivariate cubic L; spline is equivalent to solving a linear
program (6.7).
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6.4 Interior-point methods

Two interior-point methods are proposed to solve linear program (6.7).

6.4.1 Primal affine scaling method

The basic idea behind primal affine scaling algorithm is to apply an appropriate transfor-
mation to the solution space such that the current interior solution is placed near the center
of the transformed solution space. Then, moving along the steepest descent direction with
an appropriate step length to obtain a new point with reduced objective value [36].

Let x* € R?, where p = 12IJK (K — 1) 4 8(I + 1)(J + 1), be an interior point of the

nonnegative orthant R” | i.e., xf >0fort=1,...,p. We define an p x p diagonal matrix
zy 0 0
0 zk ... 0
X, = diag(x®) = : (6.8)
I 0O 0 ... :1;]; |

It is easily seen that X}, is nonsingular with an inverse matrix X,;l, which is also a diagonal

matrix with 1/2% as its i diagonal element for i = 1,..., p.

Algorithm 6.4.1 [Primal Affine Scaling Algorithm]

Step 1. (Initialization): Set k=0 and find x° > 0 such that Ax" = b.

117



Step 2. (computation of dual estimates): Compute the vector of dual estimates
wh = (AX;AT) 1AX e

where Xy, is a diagonal matrix whose diagonal elements are the components

of x*.

Step 3. (computation of reduced costs): Calculate the reduced costs vector

" =¢c— ATwF.
Step 4. (check for optimality): If v* > 0 and e’ Xyr* < e(a given small positive
number), then STOP. x* is primal optimal and w* is dual optimal.

Otherwise, go to the next step.

Step 5. (obtain the direction of translation): Compute the direction

dl?j = —XkI'k.
Step 6. (checking for unboundedness and constant objective value): If dl; > 0, then
STOP. The problem is unbounded. If d]; =0, then also STOP. x* is primal

optimal. Otherwise go to step 7.

Step 7. (compute step-length): Compute the step-length

i

Step 8. (move to a new solution): Perform the translation
xF = xF 4 oszkd’;.

Reset k «+— k+ 1 and go to step 2.

This primal affine scaling algorithm requires a feasible initial interior point x° > 0
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satisfying Ax? = b (c.f. Step 1). Such an initial point can be obtained by using the 2-
phase or big-M methods. However, these two methods will either increase the computational
effort dramatically or destroy the sparse structure of the problem. Therefore, constructing

a feasible initial interior point becomes practically important. Set X to be

2e
e
%= , (6.9)
(Ae—Db)T +e
(Ae—b)” +e
where
Aje—b;, Aie—b;>0
(Ae — b)j— = )
0, Aie — bl S 0
p
O, Aie - bl Z 0
(Ae — b); = )
b; — Aie, Ae—b; <0

and A; is the i*" row of A. It is easy to verify % > 0 and A% = b. Therefore X can be

served as an initial point for the primal affine scaling method.

6.4.2 Primal-dual method

In this subsection, we introduce a primal-dual interior-point algorithm [10] which is generally
more robust than the primal affine scaling algorithm, to solve linear program (6.7).

The primal-dual algorithm uses the idea of approximating the central path by taking
Newton steps in both the primal and the dual spaces. In the following primal-dual interior-

point algorithm, xk € RP, Wk,Sk c RGIJK(K—1)+2(I+1)(J+1)‘

Algorithm 6.4.2 [Primal-Dual Interior-Point Algorithm]
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Step 1.

Step 2.

Step 3.

Step 4.

(starting the algorithm): Set k = 0. Choose an arbitrary (x°;w’;s%) with
x> 0 and s > 0, and choose sufficiently small positive numbers €1, €3 and

€3.

(intermediate computations): Compute

th = b— AxF, u*f = ¢ — ATwF — s, vF = pFe — X;Se, pF = X,;lvk,

and f)z = XkSEI, where Xy and Sy are diagonal matrices whose diagonal

entries are x; and s;, respectively.

(checking for optimality): If

[t]
bl +1

[l

<€, and —
el +1

uk<€1, < €3

then STOP. The solution is optimal. Otherwise go to the next stop.
[Note: ||u|| and ||€|| are computed only when the dual constraints are vi-

olated. Ifu > 0, then there is no need to compute this measure of optimality.]
(calculating directions of translation): Compute
— no— -1 /_ .
di = (ADJAT)  (AD} (u*-pt)+t")
d* = u - ATd*

%=:m@“ﬂ)
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Step 5. (checking for unboundedness): If
tt=0,d*>0 and e'dt<o0
then the primal problem is unbounded. If
u*=0,d*>0 and bTd* >0

then the dual problem is unbounded. If either of these cases happens, STOP.

Otherwise go to the next step.

Step 6. (finding step-lengths): Compute the primal and dual step-lengths

1
max {1, —dk /oak}

Bp =

and

1
max {1, —dk /ast}

Bp =

where o < 1 (say 0.99).
Step 7. (moving to a new point): Update the solution vectors

x" o xF o+ ppdt
whtl — wk4 ﬁpdﬁj
sttt gh g ﬂDdI;

Set k — k+1 and go to Step 2.

Note that this algorithm does not require a phase one procedure to generate an initial

feasible solution.
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6.5 Computational results

The two proposed interior-point methods for generating discretied bivariate cubic L splines
have been tested for eight sets of data. Algorithm 6.4.1 and Algorithm 6.4.2 are both
implemented in MATLAB. In the computational experiments, we set K to be 3 and the
regularization parameter ¢ to be 1074, Both algorithms stop when the primal infeasibility
and dual infeasibility are less than 107° and duality gap is less than 1073, For the primal
affine method, (6.9) is used as the initial point. All computational experiments were run
on a Pentium 4 computer with 1.4GHz CPU and 512M memory.

For each instance, we present the data set first. Then the plots of the resulting bivariate
cubic L; spline, the convergence trajectories of the duality gap, the primal and the dual
infeasibility versus iterations (horizontal axis) for the primal affine scaling method! and the

primal-dual method are illustrated in three subfigures (a), (b) and (c) for each example.

1Since the initial starting point for primal affine scaling method is feasible, the point representing the

infeasibility of the first iteration, which is 0 therefore, does not appear in the corresponding figure.
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Example 6.5.1 (Single peak on flat surface) Data: [ =4,J =4, 2;=14,i=0,1,...

yj:j7j20717"'a‘]7

0
0
z=10
0
0

o o o o o
o o = o O
o o o o O
o o o o o

10

T T T T T T T
= Duality Gap —— Duality Gap

—< Primal Infeasibility —< Primal Infeasibility
—— Dual Infeasibility —— Dual Infeasibility

1078 L L L L L L L L 1078

(b) Convergence trajectories of duality (c) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri- gap, primal and dual infeasibilities of
mal affine scaling method primal-dual method

Figure 6.1: Splines for data representing single peak on flat surface
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Example 6.5.2 (Single peak on slanted surface) Data: I = 4,J = 4, z; = 4,1 =

0,1,....1,y;=4,7=0,1,...,J,

(001 2 3 4]
23 4 5 6
z=|45 8 7 8
67 8 9 10
(8 9 10 11 12 |

10 T T T T T 10 T T T T T
— Duality Gap — Duality Gap

— Primal Infeasibility —< Primal Infeasibility
—— Dual Infeasibility —— Dual Infeasibility

10° F—

107

1000 i s

107 L L L L L L L L 107 L L L L L L L

(b) Convergence trajectories of duality (c) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri- gap, primal and dual infeasibilities of
mal affine scaling method primal-dual method

Figure 6.2: Splines for data representing single peak on slanted surface
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Example 6.5.3 (Step discontinuity) Data: I =4,J =4, ; =i,1=0,1,...,1, y; =
j’j:071""’J7

(000 1 1 1]
00111
z=|00 11 1
00011
(0001 1

T T T T T T T
= Duality Gap —— Duality Gap

—< Primal Infeasibility —< Primal Infeasibility
—— Dual Infeasibility —— Dual Infeasibility

100 —

(b) Convergence trajectories of duality (¢) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri- gap, primal and dual infeasibilities of
mal affine scaling method primal-dual method

Figure 6.3: Splines for data representing step discontinuity
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Example 6.5.4 (Bowl of a paraboloid) Data: I = 4,J

yj:jaj:0717"'aJ7

NI

_= O =

W

5 8
2 5
1 4
2 5
5 8 |

T
— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

10°

s

1078

(b) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri-

mal affine scaling method

—— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

(c) Convergence trajectories of duality
gap, primal and dual infeasibilities of

primal-dual method

Figure 6.4: Splines for data representing bowl of a paraboloid
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Example 6.5.5 (Side of a paraboloid) Data: I = 4,J = 4, z; = i,i = 0,1,...

Yj :jaj:O717"'aJ;
16 18 24 34 48
9 11 17 27 41

z= | 4 6 12 22 36

(a) Bivariate cubic L; spline interpolation

T T T T T T T

— Duality Gap —— Dualiy Gap

—< Primal Infeasibility —< Primal Infeasibility
—— Dual Infeasibility —— Dual Infeasibility

10°

s

107 L 107 L
(b) Convergence trajectories of duality (¢) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri- gap, primal and dual infeasibilities of
mal affine scaling method primal-dual method

Figure 6.5: Splines for data representing side of a paraboloid
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Example 6.5.6 (4-point peaks on flat surface) Data: I = 10,J = 10, z; = 4, i
0,1,....1, y; = j, 5 = 0,1,...,J, The z matriz is calculated by setting z;; = 0 for i

0,1,...,1 and j =0,1,...,J and then changing

10° 1

1071

107

296 =1 27=1

23,6 =1 23,7 =1

252 =2 253 =2

Zﬁ,2 =2 Z6’3 =2

266 =3 26,7 =3

276 =3 z17=3

- Dualty Gap
—< Primal Infeasibility
—— Dual Infeasibility

(b) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri-

mal affine scaling method

L
10

(c) Convergence trajectories of duality
gap, primal and dual infeasibilities of

primal-dual method

Figure 6.6: Splines for data representing 4-point peaks on flat surface
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Example 6.5.7 (Terrain) Data: I = 20,J =20, ; =i,1 = 0,1,...,1, y; = j, j =
0,1,....,J,

Z: 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307 307
300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300
300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 300 299 299 299 300 300
299 300 300 300 300 300 300 300 300 300 300 299 298 298 298 298 298 298 299 299 300
298 300 300 300 300 300 300 300 300 299 298 297 296 295 296 296 297 298 298 299 299
294 296 297 297 299 300 300 300 300 298 296 295 293 292 293 294 294 295 295 296 296
291 293 294 296 297 299 300 300 297 295 293 292 290 290 290 291 291 291 292 292 293
289 290 292 293 294 295 296 295 293 292 290 289 288 287 287 288 288 288 288 288 289
286 287 289 290 291 292 292 291 290 289 287 286 285 284 284 284 284 284 284 284 286
283 285 286 287 288 288 289 288 287 286 285 284 282 281 280 280 280 280 280 280 283
280 282 283 284 284 284 286 285 284 283 283 282 281 280 280 280 280 280 280 280 280
280 280 280 280 280 280 283 282 282 281 281 280 280 280 280 280 280 280 280 280 280
280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 280
280 280 280 280 280 280 280 280 280 280 280 280 280 280 280 279 279 279 279 278 278
280 280 280 280 280 280 280 280 280 280 280 279 279 278 278 277 277 277 277 276 276
280 280 280 280 280 280 280 280 280 279 279 278 277 276 276 276 275 275 275 274 274
284 282 280 280 280 280 280 280 279 278 278 276 276 274 274 274 273 273 273 273 272
286 284 282 280 280 280 280 279 278 277 276 275 274 273 272 272 271 271 271 271 270
287 285 283 281 281 280 279 278 277 276 275 273 272 271 270 269 269 269 269 269 268
286 285 283 282 280 279 278 277 275 274 273 272 270 269 268 267 267 267 267 267 266
286 284 282 280 279 278 276 275 274 272 271 269 268 268 268 268 268 267 267 267 267
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10° |

1071

1078

— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

(b) Convergence trajectories of duality
gap, primal and dual infeasibilities of pri-

mal affine scaling method

—— Dualty Gap
—< Primal Infeasibility
—— Dual Infeasibility

S

(c) Convergence trajectories of duality
gap, primal and dual infeasibilities of

primal-dual method

Figure 6.7: Splines for data representing terrain



Example 6.5.8 (Single 4-point peak on flat surface) Data: I = 25,J = 25, z; =
i,9=0,1,....,1, y; = j,j = 0,1,...,J, The z matriz is calculated by setting z;; = 0 for
1=0,1,...,] and j =0,1,...,J and then changing

21313 =1 21314 =1

21413 =1 21414 = 1.

T
— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibilty

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality
gap, primal and dual infeasibilities of

primal-dual method

Figure 6.8: Splines for data representing single 4-point peak on flat surface

From the plots of the eight examples, one can see that there is no extraneous oscillation
involved in the generated L splines. This fact illustrates the shape-preservation of bivariate
cubic Ly splines.

The number of variables and the number of constraints in the corresponding linear
programming formulation for the above eight examples are listed in Table 6.1. It shows
that the size of the linear program increases rapidly with respect to the grid size, I and J.

In order to solve these large scale problems, we need to resort to numerical techniques.

Otherwise, we cannot even solve the problem with I = 10 and J = 10. The bottleneck of
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I J Number of variables Number of constraints

4 4 1352 626
10 10 8168 3842
20 20 32328 15282
25 25 50408 23852

Table 6.1: The scales of the testing problems with K = 3.

these two interior-point methods is to compute the inverse of matrix
AX;S; AT or AXGAT. (6.10)

Our experiments show that the computation of the inverse of matrix (6.10) accounts for
about 75% of the total running time. In order to speed up the algorithm and reduce the
usage of memory, we used reverse Cuthill-Mckee algorithm [13] to transfer sparse matrix
(6.10) into a block-diagonal matrix with narrow band-width. Then some factorization
techniques, such as Cholesky and QR factorization [15], is applied to the matrix (6.10) to
compute the inverse matrix. By using these techniques, we can handle the problems with
sizes up to I = 28 and J = 28.

The statistics of computational experiments for the primal affine scaling method and the
primal-dual interior-point method are summarized in Table 6.2 and Table 6.3 respectively.
In these tables, for each testing example, the total number of iterations, the computing
time (the time to generate the coefficients for cubic L; splines), the duality gap, the primal

infeasibility and the dual infeasibility of the solution are reported.
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Example Iters Time(sec) Duality Gap Primal infeasibility Dual infeasibility
6.5.1 18 1.118 6.2760E-4 5.4981E-9 2.6750E-12
6.5.2 17 1.185 4.6433E-4 4.8787E-8 2.5167E-9
6.5.3 18 1.127 4.4855E-4 7.9698E-9 6.0023E-10
6.5.4 19 1.257 8.0700E-4 1.6568E-8 2.6248E-8
6.5.5 21 1.543 9.8909E-4 4.1408E-7 4.9015E-9
6.5.6 32 61.754 9.7325E-4 8.7402E-7 4.2906E-9
6.5.7 33 1794.650 9.9096E-4 1.3181E-6 2.1611E-9
6.5.8 n/a n/a n/a n/a n/a

Table 6.2: Statistics of computational experiments for primal affine scaling method

Example TIters Time(sec) Duality Gap Primal infeasibility Dual infeasibility
6.5.1 20 1.482 9.9484E-4 9.1165E-11 9.6989E-12
6.5.2 15 1.147 5.6573E-4 6.7821E-12 9.4225E-8
6.5.3 21 1.586 9.5071E-4 2.1884E-11 3.6732E-11
6.5.4 17 1.284 9.3197E-4 5.3184E-12 4.4298E-10
6.5.5 19 1.375 6.8522E-4 6.8594E-12 3.3915E-8
6.5.6 19 35.884 6.9763E-4 1.0506E-11 1.1324E-8
6.5.7 29 1558.926 9.9827E-4 5.6701E-12 1.2541E-9
6.5.8 22 3672.985 9.9903E-4 4.4611E-11 5.8524E-12

Table 6.3: Statistics of computational experiments for primal-dual method

As shown in Table 6.2, primal affine scaling method converges in 35 iterations for ex-
ample 6.5.1 — 6.5.7. But it fails to converge for example 6.5.8 due to the large problem size.
Table 6.3 shows that the primal-dual interior-point method converges to the solution in 30
iterations for all the examples.

Observing the figures relating to the primal affine method, one can find that the dual

2 After 500 iterations, the duality gap cannot be reduced less than 1073,
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infeasibility decreases faster than the duality gap and the primal infeasibility tends to in-
crease gradually. In contrast, the convergence plots of the primal-dual method show the
speed of the primal infeasibility is in general faster than that of the dual infeasibility and
the convergence speed of duality gap is relatively slow compared to the convergence of
infeasibilities.

In order to measure the performance of these two methods, we compare the number of

iterations, the primal infeasibility and the duality gap of these two methods in Table 6.4.

Iterations Primal Infeasibility Duality Gap
Example

pP3  P-D p P-D P P-D
6.5.1 18 20 5.4981E-9 9.1165E-11 6.2760E-4 9.9484FE-4
6.5.2 17 18 4.8787E-8 6.7821E-12 4.6433E-4 5.6573E-4
6.5.3 18 21 7.9698E-9 2.1884E-11 4.4855E-4 9.5071E-4
6.5.4 19 19 1.6568E-8 5.3184E-12 8.0700E-4 9.3197E-4
6.5.5 21 19 4.1408E-7 6.8594E-12 9.8909E-4 6.8522E-4
6.5.6 32 19 8.7402E-7 1.0506E-11 9.7325E-4 6.9763E-4
6.5.7 33 29 1.3181E-6 5.6701E-12 9.9096E-4 9.9827E-4
6.5.8 n/a 22 n/a 4.4611E-11 n/a 9.9903E-4

Table 6.4: Comparison between primal affine scaling and primal-dual method

As shown in Table 6.4, the primal affine scaling method fails to reduce the duality gap
of example 6.5.8 down to 1072 in 500 iterations. The primal-dual method converges to
the optimal solution within 30 iterations for all the examples. But for small size examples,
the primal affine scaling method may take fewer iterations than the primal-dual method.
In contrast, the primal-dual method converges faster for larger size examples. Another

observation is that, the solution obtained by the primal-dual method has smaller primal

34p” represents “Primal affine scaling method”; “P-D” represents “Primal-dual method”
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infeasibility than the primal affine scaling method when the duality gap is reduced to 1073.
Therefore, under the same discretization framework, the primal-dual method may be more

preferable to the primal affine scaling method in terms of robustness and fast convergence.

6.6 Conclusion and discussion

In this chapter, we have proposed two interior-point methods, the primal affine scaling
method and the primal-dual method, for generating discretized bivariate cubic L splines.
Computational results show that for small size problems, both methods converge and the
primal affine scaling method may converge faster than the primal-dual method. However,
for larger size problems, the primal-dual method demonstrates its advantages of having fast
convergence and robustness over the primal affine scaling method.

Although the primal-dual method shows the robustness and efficiency, it is not ideal for
solving large-scale problems. There is a compressed version of the primal affine method [22],
which can solve large-scale problem. However, this compressed method is not robust as the
uncompressed version. The compression scheme cannot be used directly for the primal-dual
method because of the structure of the central path equations in the primal-dual method.
In next chapter, we will develop a compressed version of the primal-dual method to handle

large-scale problems.
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Chapter 7

Compressed Primal-dual Interior
Point Method for Discretized

Bivariate Cubic L Splines

7.1 Introduction

The interior point methods proposed in Chapter 6 generate bivariate cubic L; splines ef-
ficiently for small and medium size data set. However, inverting a [6/JK (K — 1) +2( +
D(J+1)] x[6IJK(K —1)+2(f+1)(J +1)] matrix may pervent them from handling large
scale problems.

In 2001, Lavery proposed a compressed primal affine scaling method [22] to generate
discretized bivariate cubic L splines. This method can efficiently solve large scale problems
in most cases. However, it fails to converge for some test problems. In this chapter we

develop a compressed primal-dual method to generate large scale bivariate cubic L; splines.
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7.2 Compressed primal-dual method

As described in Section 6.3, we need to solve the following optimization problem for gener-

ating discretized bivariate cubic L; splines:
min |[Ax — b||;, (7.1)
X

where A € R™*" b € R™, x € R", m is the number of sample points and n = 2(I+1)(J+1)
is the number of variables. (Usually m > n.)

(7.1) can be transformed as the following LP problem,

T T

min e'r, + e‘r_
(Primal) s.t. Ax — ry + r- = b (7.2)
ry r- > 0

The corresponding dual problem of (7.2) is

max bly
(Dual)  s.t. ATy =0 (7.3)
—e < y < e

Applying the logarithmic barrier function technique to (7.2), we have the following nonlinear

programming formulation

min eTI‘+ + elfr. + v 2?;1(111(7"-&-% + In(r_ )J)
(Pu) st Ax — r, + r. = b (7.4)
ry s r_ > 0
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The Karush-Kuhn-Tucker (KKT) conditions of above nonlinear program can be written as

ATy
Ax—ry+r_
I+Y)Rye
I-Y)R_e

= 0, —e<y<e,

= b, ry >0,r_ >0,
= pe,

= pHe,

where Y, R are the diagonal matrices formed by y, r, respectively.

The Newton direction of this system is determined by

AT
0

RE

—Rk

0

A

0

0

0
-1
(I+YF)

0

0

0

(I-Y")

k Tk
d; Ay
dt AxF —rk 4k — b
dff+ (I+YMREe — pPe
ds (I-YFRre — pbe

(7.5)

where Y, Rl_i and RE are the diagonal matrices formed by vector y, r’i and r¥ | respec-

tively. Multiplying it out, we have

where

Aldy =t

Ady—df +df = u”

REdE+ (T+YR)dE = vE,

~RFdE+(1-YHdE = vE,

tt = —ATyk

ut = bfok+rﬁfrli,
v = uFe— (I+Y")REe,
vE = pfe—(I-YMRFe.
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From (7.9) and (7.10), we have,
d, =p" - (I+Yy) 'Ridj,
df =d"+(I-Y,) 'RFd,
where
pF=I+Y"VE qf = (I-Yh)TIVE
Plug (7.15) and (7.16) into (7.8), then we have
Ad} — p* + ¢" + SFd] = u”,
where

SF = (1+Yy) 'RE +(I-Y,) 'RE
+

is a diagonal matrix.

Multiply both sides of the above equation by AT(S*)~1,

AT(S*)7'Ad) = AT(S*) 7 (p" — " + u¥) — ATd}.

From (7.7),

ds = [AT(S*) A HAT(SH) T (pF - o+ ub) - ¢]

From (7.18),
5= (816" o+ u — Ad)
From (7.15) and (7.16), we can calculate df+ and d¥ .

Thus, for (xk,yk,ri,r’i), where —e < y* < e and r’i >0, r* >0,

dy = [AT(SH)TTAITMAT(SH) T (pF — g +ub) — ¢4,
k _ k\—1(k k k k

dy - (S) (p —q° +u _Ad:r)>

df, = pf—-(I+Yy) 'REA],

d = 4"+ I-Y,) 'Rk

139

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)



After obtaining a Newton direction at the kth iteration, the compressed primal-dual

algorithm iterates to a new point according to the following translation:

xFtL = xk 4 pkd* (7.23)
y* = yb 4 ghd) (7.24)
A AL (7.25)
S e L L (7.26)

with an appropriately chosen step-length $* at the kth iteration such that —e < y**! < e
and rf’:rl > 0, 1> 0.

Let

(7.27)

It is not difficult to verify that
)T

x=x"=0,y"=0,r. >0,r" >0

is a feasible interior point for (7.5). Therefore, the proposed algorithm may start from .
Based on above arguments, we summarize the compressed primal-dual interior-point

method as follows.

Algorithm 7.2.1 [Compressed primal-dual interior-point algorithm)]
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Step 1.

Step 2.

Step 3.

Step 4.

(starting the algorithm): Set k = 0. Choose initial point x =
x* = 0,y° = o0, r9r > 0,2 > 0)7 where 1‘9r , 0 are defined by

(7.27), and choose sufficiently small positive numbers €1, €2 and €3.

(intermediate computations): Compute

r o (e+y" )Tk 4 (e —y*)Tek

2m ’

th = —ATyk vk = b - AXF + rﬁ —rk, Vi = uke — (I + Yk)Rie,
vi = pPfe — (I - Y*)RFe. p* = T+ YF)"Ivh, g = (I - YF)"IvEh.
Sk=T+Y")'RE + (I-Y") 'R,

where Y*, Rl_i and RE are diagonal matrices whose diagonal entries are

yr, (T‘ﬁ)z and (%), respectively.

(checking for optimality): If

[ ]
b[+1 =

k
< €1,

then STOP. The solution is optimal. Otherwise go to the next stop, where

(calculating directions of translation): Compute

di = [AT(SH)TTAITHAT(SM) (" — af +ub) — ),
k — =1k k k k

dy - (S) (p —q" +u _Adx)a

df, = p"—(I+Y,) 'Rid,

d* = o+ (I-Y,) 'RFAE
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Step 5. (finding step-lengths): Compute the primal and dual step-lengths

By = min{amax{l —kyf7 _12@/5}}
i (dy)i = (d)

and

1 1
mas {1, ~(d,)i/a(rk): s max {1, ~(dk )ifa(rt);)

where a < 1 (say 0.99).

By = max

Step 6. (moving to a new point): Update the solution vectors

k+1 Xk"’,@rdi

X
yk+1 - yk +/8ydl§
ek ,db

T4+

r’i‘H — rk 4 ﬁTdff_.
Set k — k+1 and go to Step 2. O

Remark: Since the objective value of (7.2) is always nonnegative, this algorithm does not
need to check the unboundedness in each iteration.

The most expensive step in the compressed primal-dual method is to invert the ma-
trix AT(S*)~'A of dimension 2[(I + 1)(J + 1)] x 2[(I + 1)(J + 1)]. Compared to the
methods proposed in Chapter 6, the computational bottleneck (inverting a [6IJK (K — 1)
+2(I+1)(J+1)] x [6IJK(K — 1)+ 2(I +1)(J + 1)] matrix) and storage requirement are

dramatically reduced.
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7.3 Computational results

We have tested the proposed compressed primal-dual interior point method on the same data
sets used in Chapter 6. Algorithm 7.2.1 is implemented in MATLAB. In the computational
experiments, we set K to be 3. The algorithm stops when the primal infeasibility and dual
infeasibility are less than 107° and duality gap is less than 1072, « in Step 5 of Algorithm
7.2.1 is set to be 0.40. All computational experiments run on a Pentium 4 computer with
1.4GHz CPU and 512M memory.

For each instance, we present the data set first. Then the plots of the resulted bivariate
cubic L spline as well as the corresponding convergence trajectories of the duality gap,
the primal and the dual infeasibility versus iterations (horizontal axis) are illustrated in

subfigures (a) and (b) for each example.

143



Example 7.3.1 (Single peak on flat surface) Data: [ =4,J =4, 2;=14,i=0,1,...,1,

yj:jvj:()?l?"'a‘];

—— Duality Gap
— Primal Infeasibility
—— Dual Infeasibility

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.1: Splines for data representing single peak on flat surface
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Example 7.3.2 (Single peak on slanted surface) Data: I = 4,J = 4, z; = 4,1 =

0,1,....1,y;=4,7=0,1,...,J,

—+ Dualty Gap
—< Primal Infeasibility
—— Dual Infeasibility

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.2: Splines for data representing single peak on slanted surface
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Example 7.3.3 (Step discontinuity) Data: I =4,J =4, ; =i,1=0,1,...,1, y; =

j?j:071?"'7J7

— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.3: Splines for data representing step discontinuity
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Example 7.3.4 (Bowl of a paraboloid) Data: I = 4,J = 4, z; = i,1 = 0,1,...,1,

yj:jvj:()?l?"'a‘];

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.4: Splines for data representing bowl of a paraboloid
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Example 7.3.5 (Side of a paraboloid) Data: [ = 4,J = 4, z; = i,1 = 0,1,...,1,

yj:jvj:()717"'a*];

16 18 24 34 48

— Duality Gap
— Primal Infeasibility
—— Dual Infeasibility

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.5: Splines for data representing side of a paraboloid
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Example 7.3.6 (4-point peaks on flat surface) Data: I = 10,J = 10, z; = i, i
0,1,....1, y; = j, 5 = 0,1,...,J, The z matriz is calculated by setting z;; = 0 for i

0,1,...,1 and j =0,1,...,J and then changing

296 =1 z7=1 252 =2 2z53=2 266 =3 267 =3

236 =1 z37=1 262 =2 263 =2 276 =3 z277=3

—— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

I e e ————— S
10 5 10 15 2‘0 25 30 35
(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.6: Splines for data representing 4-point peaks on flat surface
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Example 7.3.7 (Terrain) Data: I = 20,J

0,1,..

'?J?

Z: 307 307 307 307 307 307 307 307
300 300 300 300 300 300 300 300
300 300 300 300 300 300 300 300

299 300
298 300
294 296
291 293
289 290
286 287
283 285
280 282
280 280
280 280
280 280
280 280
280 280
284 282
286 284
287 285
286 285
286 284

300
300
297
294
292
289
286
283
280
280
280
280
280
280
282
283
283
282

300 300 300 300 300 300 300
300 300 300 300 300 300 299
297 299 300 300 300 300 298
296 297 299 300 300 297 295
293 294 295 296 295 293 292
290 291 292 292 291 290 289
287 288 288 289 288 287 286
284 284 284 286 285 284 283
280 280 280 283 282 282 281
280 280 280 280 280 280 280
280 280 280 280 280 280 280
280 280 280 280 280 280 280
280 280 280 280 280 280 279
280 280 280 280 280 279 278
280 280 280 280 279 278 277
281 281 280 279 278 277 276
282 280 279 278 277 275 274
280 279 278 276 275 274 272

300
298
296
293
290
287
285
283
281
280
280
280
279
278
276
275
273
271

(a) Bivariate cubic L; spline interpolation

307 307 307 307 307 307 307 307
300 300 300 300 300 300 300 300
300 300 300 300 300 300 300 300

299 298 298 298 298
297 296 295 296 296
295 293 292 293 294
292 290 290 290 291
289 288 287 287 288
286 285 284 284 284
284 282 281 280 280
282 281 280 280 280
280 280 280 280 280
280 280 280 280 280
280 280 280 280 279
279 279 278 278 277
278 277 276 276 276
276 276 274 274 274
275 274 273 272 272
273 272 271 270 269
272 270 269 268 267

269 268 268

307
300
299
298
297
294
291
288
284
280
280
280
280
279
277
275
273
271
269
267

307 307 307 307
300 300 300 300
299 299 300 300
298 299 299 300
298 298 299 299
295 295 296 296
291 292 292 293
288 288 288 289
284 284 284 286
280 280 280 283
280 280 280 280
280 280 280 280
280 280 280 280
279 279 278 278
277 277 276 276
275 275 274 274
273 273 273 272
271 271 271 270
269 269 269 268
267 267 267 266

268 268 268 267 267 267 267

B = e A A . A A A S RO

—— Duality Gap
—< Primal Infeasibility
—— Dual Infeasibility

(b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.7: Splines for data representing terrain
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Example 7.3.8 (Single 4-point peak on flat surface) Data: I = 25,J = 25, z; =
i,9=0,1,....1, y; = j,j = 0,1,...,J, The z matriz is calculated by setting z;; = 0 for

i1=0,1,...,1 and j =0,1,...,J and then changing

z1313 =1 21314 =1

21413 =1 21414 = 1.

(a) Bivariate cubic L; spline interpolation (b) Convergence trajectories of duality

gap, primal and dual infeasibilities

Figure 7.8: Splines for data representing single 4-point peak on flat surface

We list the total number of iterations, computing time and duality gap for each example
in the Table 7.1. It shows that all the proposed method converges fast and correctly for all

the examples.
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Example No. of Iterations Computing Time (Sec) Duality Gap

7.3.1 29 0.2810 9.5961E-4
7.3.2 36 0.2960 9.5282E-4
7.3.3 36 0.2970 9.5978E-4
7.3.4 36 0.3280 9.6885E-4
7.3.5 39 0.3290 7.7171E-4
7.3.6 36 8.8923 8.8923E-4
7.3.7 58 18.3430 9.5403E-4
7.3.8 35 22.3440 8.7820E-4

Table 7.1: Statistics of computational experiments for compressed primal-dual method

No. of Iterations Computing Time Duality Gap
Example

CP-D! P-D CP-D P-D CP-D P-D
7.3.1 29 20 0.281 1.482 9.5961E-4 9.9484FE-4
7.3.2 36 15 0.296 1.147 9.5282E-4 5.6573E-4
7.3.3 36 21 0.297 1.586 9.5978E-4 9.5071E-4
7.34 36 17 0.328 1.284 9.6885E-4 9.3197E-4
7.3.5 39 19 0.329 1.375 7.7171E-4 6.8522E-4
7.3.6 36 19 8.892 35.884 8.8923E-4 6.9763E-4
7.3.7 58 29 18.343 1558.926 9.5403E-4 9.9827E-4
7.3.8 35 22 22.344 3672.985 8.7820E-4 9.9903E-4

Table 7.2: Comparison between compressed primal-dual method and primal-dual interior

point method

In order to judge the performance of the proposed method, we compare the statistics
of the compressed primal-dual method with the primal-dual method proposed in Chapter 6
and summarize the comparison in Table 7.1. Table 7.1 shows that although the compressed

primal-dual method needs more iterations to converge, the total computing time used by

L«CP-D” represents “Compressed Primal-dual method”; “P-D” represents “Primal-dual method”.
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the compressed primal-dual method is much less than the primal-dual method.
The compressed primal-dual method also demonstrates its robustness. For example
7.3.7, it reduces the duality gap down to 7.8624E-15 in 182 iterations, and for example 7.3.8

it reduces the duality gap down to 8.5067E-15 in 125 iterations.

7.4 Conclusion

In this chapter, we proposed a compressed primal-dual method for generating discretized
bivariate cubic L; splines. The proposed method tremendously reduces the storage and
computational effort for generating discretized bivariate cubic Ly splines. Numerical results
show that the compress primal-dual method generates discretized bivariate cubic L splines

efficiently and robustly for large scale problems.
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Chapter 8

Conclusion and Future Research

Bivariate cubic L; splines have been shown by empirical experience to have much better
shape-preserving capability than conventional smooth splines. However, theoretical analysis
and efficient algorithms for finding exact bivariate cubic L; splines have not been fully
explored. This dissertation is directed to correct these deficiencies.

Generating a bivariate cubic Lq spline requires solving a nonsmooth convex optimiza-
tion problem, which is difficult to solve exactly. In order to find exact solution and perform
theoretical analysis, we have formulated the bivariate cubic L splines as a generalized geo-
metric programming problem and derived a geometric dual program with a linear program
for dual-to-primal transformation. The coefficients of a bivariate cubic L spline are deter-
mined by a dual optimal solution. In this framework, we have shown that bivariate cubic
L splines preserve linearity for multi-scale data under some mild conditions.

A tensor-product approach has been proposed to obtain bivariate cubic L splines over
large scale data set. This approach can efficiently generate good approximation of bivariate

cubic L; splines with large size data size in most cases.
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We have also developed a primal-dual method for obtaining the solution for discretized

bivariate cubic L; splines. This method converges to the optimal solution correctly. It also

has the advantages of fast convergence and numerical robustness for small and medium size

problems. In order to efficiently and robustly generate large-scale bivariate cubic L; splines,

a “compressed” primal-dual method has been developed.

In the future, we expect to extend our work in the following directions:

(i)

(i)

(iii)

(iv)

In this dissertation, we have developed a geometric programming framework for bi-
variate cubic L; splines over the tensor-product grid. However, the data sets for
most of real life applications are based on irregular grids, called triangulated irreg-
ular networks (TINs). We would like to establish a geometric programming model
for bivariate cubic L; splines based on TINs for theoretical analysis and algorithm

development.

We have shown that bivariate cubic L; splines preserving linearity. But other shape-
preserving properties, such as convexity and concavity, are still missing for further

investigation.

In Chapter 7, we proposed a compressed primal-dual method. An implementation for
real applications and a comparison with the compressed primal affine scaling method

need to be conducted.

Based on the geometric programming framework for bivariate cubic L; splines pro-
posed in this dissertation, we would like to develop a continuum-based algorithm to

obtain the exact solutions.
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Appendix A

Appendix A: Calculation of

Conjugate Transfrom for h(y) : ©

We attach the calculations of the conjugate transforms on triangle (ij1) for

Tit1 Yj+1
z]l zgl t J
8 (c
Zq
Tit+1 y +1
1]1 ’le ’ !
gyy
Yj

1

Ti41 Yj+1
zgl( zgl) _
2gzy -
T; Yj

Lemma A.0.1 (Properities of Conjugate Transform) Given that g(x) : € € € C R"
has a known conjugate transform b(y) : y € © C R", then

6 (x— x) + 20”1‘ dxdy

2611321 — )+60 (y — y])—|-2602 dxdy

) -
20?2 (y —y;) +cth ‘ dxdy

1. for a given scalar s, the function g(x)+ s : x € € has s conjugate transform h(y) — s :
yeo,

2. for a given vector u € R™, the function g(x)+ w: 4+ u € € has a conjugate transform
b(y) - <U, y> tyce ©;

3. for a given scalar A > 0, the function Ag(x) : € € has a conjuate transform Ah(y/\) :
AYyeD.

If we denote the conjuagte transform function and domain of %g?yl (c¥1) as [)” 1 (dij h
and QZIJ ! respectively, then according to the 3rd property in Lemma A.0.1, the conJugate

transform function and domain of g%, (c¥!) = 21g% (c¥!) are thf;y(dij 1/2) and Q%) =
2
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) Oy

Figure A.1: Region D

{dijl

of g?gyl (') by changing variables.
Since the conjugate transforms on the other three triangles i.e. triangle (i52), (ij3) and
(ij4), are symmetric to triangle (ij1), we can get them similarly as we did for those on

triangle (ij1).

2d¥t € sz; } So we can easily get the conjugate transform function and domain
2

A.1 Notation

One rectangle [x;, zi+1] X [yj,yj+1] is divided into four triangles. Consider one triangle as
illustrated by shaded area in Figure A.1, denote it as (D). The bi-variate cubic interpolating
function defined over this triangle is

z(z,y) = c30 (z — évi)s + o1 (x — 5171')2 (y—y;) +eco(x—x) (y — yj)2 +co3 (y — Z/j)3
+ co0 (z — $i)2 +en (@ —x) (y —yj) +co2 (y — yj)2
+ c10 (z — ) + co1 (y — y5) + oo, (A.1)

where the ten coefficients are unknown variables. The partial derivatibes of z (z,y) are

15)
8%, =330 (2 — ;) + 201 (w — 23) (y — y5) + 12 (y — y5)°

+ 2¢90 (x — ;) + c11 (v — y5) + cio,

0z
oy @ (2 — ;)% + 2c12 (x — 25) (y — ;) + 3co3 (y — ¥5)°
+ c11 (@ — 27) + 2¢c02 (y — y5) + o1,

0%z

W = 6c3o (l‘ — l’l) + 2¢91 (y — yj) + 2C20,

0%z

87:1/2 = 2cy19 ({L‘ — l’l) + 6¢o3 (y — yj) + 2CO2a

Pz _, ( )+ 210 ( )+

= 2¢91 (. — x5 c —yi) + c11-
D20y 21 i 12\Y —Yj 11
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(-112,112) (2, 112)

(112, -1/2) (w2, -172)

Figure A.2: Region DI

By the constructing of Sibson element, %Z is linear along the edge y = y;, i.e.,

0z
B =c21 (x—wi)2+611($—$i)+001
Yly=y,
is a linear function. Hence,
Co21 = 0. <A2)
It is obviously that
€00 = Z00- (A.3)

Therefore, the second partial derivative of z (z,y) are

9%z

9p2 = 0cs0 (x — i) + 2en0, (A.4)
0%z
a2 = 2012 (@ — i) + 6eos (y — y5) + 2con, (A.5)
0%z
=2 — Y : A.
Grdy 22 (y —yj) +cn (A.6)
Denote
hi = zi41 — x5, (A.7)
and
hi = yjr1 — yj- (A.8)
By a 1-1 onto transformation
T — xT; 1
t= L A
he 2 (A.9)
y—y; 1
= -5 Al
W2 (A.10)

the rectangle (z,y) € [, zi41] X [yj, yj+1] is mapped to (¢,s) € [—3, 3] x [—3, 3], and the
triangle (D) is mapped to the triangle (DI) as illusted in Figure A.2.
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%z
Ox?

A.2 Conjugate transform of ’
1

82
8712 = 6c3g (.’E — iL'z) + 2c¢o0
= 6cgohit + (3630hi + 2c9), t€ 35|
Let
A = 3c3ohy,
B = 3c3ohi + 2c20,
then

30 = 314,
Con0 = —%A + %B

Let
f(t) = 6esohit + (3esohi + 2cx0)
11
=2At+ B t I
N [ 2’ 2]
which is a linear function of ¢. Let

F (e30,¢20)
o2
0x2

),

Zwﬁ/‘WWﬁ+@%w+mwﬁ@
DI

1
0%z

92 dxdy

:h;”hg/ |2At + B| dtds.
DI

A.2.1 Casel

Case 1: f(t) >0,Vt € [-3,3].

Since f (t) is a linear function, this is the case that

f@é>_—A+BZQ

1

f@>:A+BZQ

Therefore, this situation is equivalent to

|A] < B.
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i.e.,
A
—-1<=<1.B>
sg=L >0
Hence,
F (30, c20)
= hfhg/ |2At + B| dtds
Lot
:WW/)/ Z%+B®ﬁ+ﬁ%/‘/ [2At + B] dsdt
3 o )
zpy
th hiB. (A.11)
In this situation, the conjugate transform of F (cs30, c20) i
G (& m)
= sup {&e30 + ne20 — F (30, ¢20) }
1 1
= A ——A+ = fhxhyB
s (et o (50 38) - oo
h*h?
= sup <£77>A+ Do) By
ajen | \3hT 2 2 4
Let 4
t=—,—-1<t<1
B? [— )
then

where h (t) is a linear function. Since B > 0, G (§,n) is finite if and only if A (¢) < 0, which

is equivalent to A (—1) < 0 and h (1) < 0. Hence,

h(-1)
(& (R
3R 2 2 4
¢ Bk
——> 4 <
g T =0



implies

¢ hhj 1 27y
< pu—
NS gt T & h h

And
h(1)
(& Y, (n Mk
3n? 2 2 4
h*hY
i_ 1<
3hy 4
implies

3 21 Y
&< Zhi h;.
Therefore, in Case 1, the conjugate transform of F' (c3g, c20) is
G (&n) =0,
where ) 5
(&mn) e = {g < h‘”zhy,n < e (5—1— hf%g) } (A.12)

A.2.2 Case 2

Case?:f()<0we[ 2’5]

This case is symmatric with case 1. Since f (¢) is a linear function, this is the case that
1
f —5)= —-A+ B <0,

f@) —A+B<0,

Therefore, this situation is equivalent to

|A| < —B=|B|.
ie., n
—1§—§§1,B§0.
Hence,
F (e30, c20)

:hfh@!/ |2At + B|dtds

- —thth (A.13)
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In this situation, the conjugate transform of F'(c3p, coo) is

G(&m)
sup {&c30 + nec20 — F (€30, ¢20) }

1
= su —A+ - —
\A|§IEB {§3hx ! ( "2 ) 1 }

:ATﬁlfB{(si%_Z)A ( 7 ) }

Let

then

hEhY
S n iy
[ 3hx+ t+<2+ 4>

=h(t)B,-1<t<1

where h (t) is a linear function. Since B <0, G (§,n) is finite if and only if A (¢) > 0, which
is equivalent to h (—1) > 0 and h (1) > 0. Hence,

h(=1)
_ £ n  hihj
B <3h$+ Tlat g
g | hihj
>
3h§~"Jr 4 20
implies
3 21 Y
fZ—Zhi hj.
And
h(1)
(& ), [, PR
_( 3h§”+2 lat
3 hihj
=_—— >
3hf+77+ 1 0
implies




Therefore, in Case 2, the conjugate transform of F' (c3g, c20) is

G (&n) =0,

where . ;
(€m) € 0 — {5 S e > 5 (g - 4hf2hg> } (A14)
A.2.3 Case 3
Case 3: f (—%) < 0and f (%) >0
this is the case that

f<—;> — —A+B<0,

1
whihch is equivalent to
|B| < A,A>0.

Let  be the root of f (t), i.e.,

case 3.1 B> 0

this is equivalent to
1 .
—§<t<QA>QB>0

0%z
W

_hxhy{/_/% a-masa [ [

3 2
—hxhy{ 1B 1B n 1A}.

F (e30,c20) = H

(2At + B) dsdt+/ /

(2At + B) dsdt}

w\»—A

1
2

12A2 4 A

Let
,0<t <1,
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In this situation, the conjugate transform of F (c3p, cg) is

G(&n)
= sup {&c30 + ne2o — F (30, ¢20) }

1 1 1B 1B 1
= sup {§A+n (—A+ B) — hih [— +-—+ 12A]}

1B|<A,A>0,B>0 | 317 2 1242 4 A
= sup {§ A+ ( A+ tA) hihj [—t3A+ 1A+ A]}
0<t<1,4>0 | 3h] 4
hZhY h¥h 3 hEhY
i'Yyo3 Tl J 2 i 1Y
= sup t —1" 4 t + - = — A
0<t<1,A>0{ 12 <3h 12 >}
= — T3 — ot _ o)y
0<ts<liPA>0 2 { hxhy + h“hy h””hy

hehY
= sup Lg(t)A
o<t<1,4>0 | 12

Since A > 0, G (§,n) is finite if and only if

67 48 67
g(t) =13 —3t> + xyt+<x2y— xy—1>§0,te(0,1).
hin We2hY bk

Let
t=x+1,

- 6m 4¢
g(m):x3+<xy—3>x+<ny—3>,a:6(—1,O).
nen? h2h!

~ 61
g'(x):3x2+<hxhy 3)
2n
2 —_
! *(hfh? 1)]

h Yy
—12>0,ie,n> 5%, then §(z) is monotomically increasing,

then

=3

Case 1 of g(z): If hxhy
and g (z) <0,z € (—1,0), if and only if

~ _ s <

ie.,
3. 22,y
£< th hs.

Therefore, in this case, G (£, 7) is finite if and only if

€< 3 a2y n> hihy (A.15)
—4 T ]7 p 2 . .
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Case 2 of g (x): If —hfzy
1'%
We have

hEh
—1<0,ie,n<

Y
(]

'2 , then there exists a 2* such that ¢’ (z*) = 0.

2
e 1= < 0.
v (T

Now we consider the situation that

—-1<z" <.

Hence, g (z*) is the maximum value of g (x). ¢ (x) <0 if and only if g (z*) < 0.

h*h?
—1<zr*<0=0<n< 12]‘
g (")
3 1
2n \°? 6 2n \? 4
=—|1- xny o xny -3 L - xny hacfhy -3
hih; hih; hih; Toh]
3
2n \? 4¢
=2(1- + -3
( ik ) <hf2h§* )
Hence, g (z*) < 0 implies
3
2n \? 2
1- xny = g - h$2€1y
hih; D
2 ’ 3 2 ?
L- xny < 5 - xf Y
hih; hi=h;
2
hihi  RhG (3 2 7
=79 2 \2 mEl) -
Since 1 — hfzu > 0, above formula also implies that
R
3 2¢
< >0
2 hP?hY
which is equivalent to
3
§ < Shi*hY.
In summary, case 2 is the situation such that
2n
-1<0
hifh?
-1<z*<0
g(z*) <0



i.e.,

2
ThY h‘Phy hERY (3 2¢ \?
< ShE2pY, A AR N B ) )
SEs 4h2 hi 2 2 (2 hi?h (A.16)

Property: From function

V]

x21Y
2 hPh

2 2

_ hihy ik (3 26 )

we can derive that

Wl

dp 2 (3 26\
ikt © 0
&~ 307 (2 Ee ) =

_4
dQJ — L § — 275 ’ >0
g2 9n7hY \ 2 hZhY

Hence, (A.16) defines a convex set, and

7 = 400
A€ | (¢ m)=(2n72nY Lhzn?)

I3 (&m=(5h22n%,0) - 3h;

Case 3 of g (z): If hZhy
(—=1,0). Hence, g(x) <0 if and only if g (—1) <0.

—1<0and z* < —1, then g (x) is monotonically decreasing in

g(-1)
67 48
—1- _
61 4€
= 1
hfh? + hthy
G (—1) <0 implies that
a:hy 2
_ ,hﬂhy
T = 1—hfh? <-1
implies
n<0
Furthermore,




implies

< x21.Y
§_4hlh

In summary, case 3 is the situation that

21
—— —1<0
hfh?
¥ < —1
g(-1)<0
i.e.,
1 2 2 1 z21Y
§§1hih,n<0n23hz f—zhi h; (A.17)
At point (ih;ﬂhi{, 0), the derivative ‘;—5 = %
Conclusion: in the situation of B > 0, the conojugate transform of F' (csg, c20) is
G (57 77) = 07

where (§,7n) is defined over the union of sets (A.15), (A.16), and (A.17), i.e

Y

§<3hw2hy 1f77 hh]

)

Y

2
hhy hZhY 3 hh
Q1= €< 3hP2hYn > =5t —2’<3—h22§hy> if0<n< =54, oo (AI8)
i %

€< Y n = g (€ ShEPY) ity <.
This is a convex set. The boundary of this set is C''-smooth.

case 3.2 B<O0

this is equivalent to
~ 1
0<t<§,A>0,B<0.

0 t

_hfhg{/ / (—2At - B dsdt+// —2At — dsdt+// (2At + B) dsdt}
373 } }
1B 1B 1

—hEpY! L 2 4 AN

’ J{lz 2t 1At }
Let B
t=—,-1<t
i< <0,
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In this situation, the conjugate transform of F (c3p, cg) is

G (&n)
= sup {&cs0 + neao — F (e30,¢20) }
1B 1B%2 1 ]}

1 1 1
= —A ——A+-B|-hh | =5 +-—F+-—=A
|B|<A,SXI>)O,B<O {§3hf +77< 2473 > v [12 2 1At

1 1 1 1 1 1
= A ——A+ tA) —hERY | —=PA+ SPA+ —A
—1<§2(I)),A>0 {53}1? +n ( 2 * 2 ) v [12 + 4 + 12

hZhY h*hY hxhY
=  sup {_wt3_wt2+”t+ (5_77_ ‘ J)}A

—1<t<0,A>0 12 4 2 3h¥ 2 12
hihy 6 4¢ 6
J 3 2 n Ui
= sup — ¢ —t? =3t + t+ — -1 A
_1<t<0,A>0 12 { hih h?hY  hihY

heh?
= sup ——=rg(t) A
—1<t<0,A>0 12

Since A > 0, G (&, 7n) is finite if and only if

6 €6
g@)=t3+3ﬁ—-mzyr+(—h@%g+—m$y+d>;z&te(—LOX
1'% i 'Yy 1'%

Let
t=x—1,

then

- 67 4¢ 12n
g($):1:3+ <—hxhy —3>33+ <_hz2hy+hxhy+3 ,$€(0,1)
() ? J v

N 67m
2
g/ (:E) =3x" + (_W — 3)

2n

2

- ~-1

! *( ] )]

zpY
i g
2 )

=3

Case 1 of g (z): If—hf#—l >0,ie,n< b
i1

and g (z) >0,z € (0,1), if and only if

then g (z) is monotomically increasing,

- 4¢ 12n
0)=——%— 3>0
90)=~fmpy ¥ gy T3 20
ie.,
1 3
> — Sh¥pY .
> g (6= o)
Furthermore,
hihf 1 3
I >p> — ShP2pY
2 —77—3h§<f 4"
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implies that
f < _ hr? hy

Therefore, in this case, G (§,7) is finite if and only if

hihj 1 3

<- h”ﬁhy —— — ShrnY ). A19

£ < 5 12 3h$< 1 (A.19)
xhY

At point (§,7) = <—ihf2h§4, —hih> we have 35 = 3h?.

Y

hehY
1 <0, ie., n>——52, then there exists a z* € (0,1) such

Case 2 of g (z): If —hzhy
that ¢’ (z*) = 0. We have

2n
¥ =,/1+—=>0.
hfh?
Now we consider the situation that
0<z*<1.

Hence, g (z*) is the minimum value of g (z). g (x) > 0 if and only if g (z*) > 0.

zpY
0<m*<1:>—T<n<O

1
o2n \? 4¢ 12n
— =3 |1+ — - 3
( ) ( heh )( +hgﬁh§) +< hgv?hy hﬂcher
n

3

2 4¢ 12n

=—211 3
( i hfh?) +< weng ey
Hence, g (z*) > 0 implies

2n 2 2¢ 6n 3
_ 1 > -7 _ =
(hghg - ) =0l heh? 2

3 2
2n 2¢ 67 3
1) < (-2 _°n 2
(hfhg - ) = (;ﬁ?hy Ben 2)

e/
hfh? <0

0<zf <1
g(xz*)>0



i.e.,
3
hihy 1 2 >3
J 27y n 2,9
5 <”<0£§3w”_?ﬁ@'hﬁg+l + - hi*h

Property: From function

£_3hx _lh:thy 277 +1 §+§hx2hy

we can derive that

1
d¢ 1. 0,43 ( 27 ?
— = 3h¥ — —h¥*RY= 1
an = 2@J2(@@+’>

1
3 2n 2
—3pT — 2p7 1
3hi — Sh (h%h?—% )
3
RE — Zp
>3Z 22

3
2Z>

d2€ 3 277 _
es_ 2 1 0
s
dn (5777):<—%hf2h§47_h$2h?)
d
o -
dn (&m=(7h72hY,0) 2

Furthermore, £ is a monotonically increasing function of 7, and

hehY

[NIE

= 37

3

£ < 3hf N 5+§hﬂ.f2hy _ Ly
> il 9" 1y hthg 4t Tyt

n=0
Hence, (&,n) is defined over the set

ThY

1 21y hZhJ x 1 21y 277 : 3 21y
£§Zm;%——5f<n<ugg3mn—§mhj}ﬁw+4, + JhEh (A.20)

which is a convex set.
Case 3 of g (z): If —hz—" — 1< 0and z* > 1, then g (z) is monotonically decreasing in

hY
(0,1). Hence, g (z) > 0 if and only if g (1) > 0.
g(1)
61 A€ 129
—1_ S S/
men? T e ey O
) ] L
4 6
= ¢ + T4

T 1x21Y zhY
WY hEhY
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g (1) > 0 implies that

implies

In summary, case 3 is the situation that

ie.,

2 1
n=0,n= <£ - 4h§”2h§-’) (A.21)

At point (%hgﬂh?, ) the derivative ZF = 3h.
Conclusion: in the situation of B < 0, the conojugate transform of F'(csg, cog) is

G(&n) =0
where (£, 1) is defined over the union of sets (A.19), (A.20), and (A.21), i.e
0> gk (€ - thenY) ity >0,
3
Y

h¥h?
+1> + 3hPRY A — 5L < <0,

zhY
’L]

Qap = 3 €< JhihY € < 3him — heh) (2

7N\

3z 1 3px
€< —3hPhY,n > ok (f—zhfh@ it < —

(X.22)

This is a convex set. The boundary of this set is C''-smooth.

Conclusion of case 3

In the situation of Case 3, the conjugate transform of F' (c3q, cog) is
G (&n) =0,
where (£, 7) is defined over the intersection of Q3 and Qs2. i.e.,
Q3 = Q31 N Q30.

We have shown that the boundary curves of both Q31 and €35 are convex and C'-smooth.
They intersect at the point (£,7) = (ithh?, 0) . Furthermore, theire tangent function at
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point (ih?h?,o) is = .2
redundant. So we have

(f - ih?h?). Hence, the constraint n > % (§ - %h?h?) is

( hZhY
3 21Y K3
3 LRUEVES o
hZhY hZhY 3 Y
31,22 i i 3 2 . i
£ < qhP?hin > =5 — 2’(2—,1?5,1?) if0<n<—57%,
Q3 = 3
2 hZhY
2 . i
& < $hi?hY, & < 3hin — Shi*hY (h_;;by + 1) + ShPPRY i — 5L < <0,
K

xpY
]

. h;
€< —3nPhY 0 > i (€ - 4he2nY) ifn < -7

/

[WE ONLY NEED TO CONSIDER THE FEASIBLE SET OVER [¢] < 2h#%hY, |n| <

Y

hi;j, WHICH IS CONSTRAINED BY PIECE-WISE CUBIC FUNCTIONS. NEXT WE
GET RID OF THE PIECE-WISE, TO SHOW THAT IT IS THE INTERSECTION OF
THESE TWO CUBIC FUNCTIONS]

The function

,2
hihi  hhy (3 2 7
2 2 \2  hh!

n=

can be re-stated as

3:1:22/ 1x2y
&< ThPRY - ShPRY |1 -

Consider two functions

N|wW

3 21 Y 1 21 Y 277
fn) = JhiThy — Shithi|1- hEn (A.23)
and
3
g(n) =3hn— §hi2h§4 (hquy - 1) - Zhﬁh? (A.24)
v ]

hZhY  hThY
defined over the set n € [— 5L, —5

]. Let

3 3
2 2

1 2n 1 27 hZhY hEhY
=-h2pY 14+ — | —=h®RY(1- "] —3n° B A
o' J<+hixh?j> o't ]( hixh?j> 31777776[ 5 ' 9
Then
H(0) =0,
: :
3 2n 3 2n
H = —h? — e — 3h7



_1 1
3 2n 2 2n 2
g () (o)
2h§’.'k h; hé’-’ h} h?

Yy

h¥h?
For ——52 <7 <0, H" (1) > 0. Hence, H' (1) is monotonically increasing, and

H' (n) < H' (0) = 0.
Therefore, H (n) is monotonically decreasing and

H(n) = H(0) =0,
ie.,

hehY
Fm)zgm),——

The constraint f (n) > £ is automatically satisfied when g () > &.
Following the same logic, we have

S

<n<0.

hehY
fm<gmn),0<n< 2%

The constraint g (n) > £ is automatically satisfied when f (1) > €.
The feasible set 23 is simplified as

g<3mﬁﬂﬁn>

hehY hy hﬂ?hy
&< %h?ﬁh?,n (g ) and

hx2hy

Q3

h® Y
1 i g

€ < 3hin — :Wﬁ2hy<h”ﬂ-+l> + 3he2hY if —

hy

5 < — 3hx2hy

\

A.2.4 Case 4

Case 4: f (—%) >0 and f (%) <0
This is the case that

1
f(—2> =—-A+B>0,
1
f <i2> == 14 +‘13 < 0,
whihch is equivalent to
|B| < —A, A <0.

Let ¢ be the root of f (1), i.e.,

Fi)=0ic [_1 1]
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3hz <€ ?Lh th) ifn < _hi2j-

<

xpY

(e
2

)

(A.25)



case 4.1 B> 0

This is equivalent to

s
ox2 ||,

:w@{/ / mu+3@ﬁ+//)2m+3mm+/d/ —2At — B dm}
1 1 1 1
2 2 2 2

1B 1B 1
:—W@{—++A}

F(cs0,c20) = ’

1242 4 A
Let
t= E -1<t<0
- A 9 )
In this situation, the conjugate transform of F (c3p, cg) is
G (&)

= sup {&c30 + ne20 — F (€30, ¢20) }

1,1 ey 1B 1B* 1

= sup 3
|B|l<—A,A<0,B>0 { 3hy

1
= sup {53h$A+- (—A—+ tA)—%MWﬁ[ﬁA-+ —t?A+ A]}

—1<t<0,A<0 2
hehY . heh : hehY
— Jﬁ+2]ﬁ+ T+ _ny A
—1<t<£),A<0 { 12 3hf 2 12

hihj 3+ 32 + t 11%4
__—1<325A<0 12 + hxhy + h@2hy'_ h:vhy'TL

hehY
= sup Lg(t) A
_1<t<0,4<0 | 12

Since A < 0, G (&, n) is finite if and only if

67 4£ 61
43 2
g(t)—t + 3t +hfh?;t+<+hf2hg_hfhg+l ZO,tE(—l,O).
Let
t=x—1,
then

N 61 4¢ 121
§(z)=2°+ (hqﬂhy —3>:U+ (hﬂhy ~ +3> ,x €(0,1).
17 4 J )
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_ 67
2
g/ (.7,') =3z + (ha:hy

(]
2n
=3 |2+
<hfh?
. . hehY
Case 1 of g (x): If hzhy 1>0,ie,n> 57

and g (z) >0,z € (0,1), if and only if

)

)

, then g (z) is monotomically increasing,

- 4 12n
0)=—+——7+3>0,
900 =y ~ iy 732
ie.,
1 < 3 .0
n < E+—hy hy>
3h¥ 4t
Furthermore,
h¥hY 1 3
J < - _ 3?2 Yy
2 == 3pr <5+4h2 hﬂ)
implies that
21y
&> 4hf hj.
Therefore, in this case, G (£, 7) is finite if and only if
h¥hY 1 3
> ShE2pY > L < “hihY ) . A2
€= Juntn > 2 < g (e ) (A.26)
~ hZhY .
Case 2 of g (x): If hZhy —1<0,ie.,n < —5%, then there exists a 2* € (0, 1) such that
g (z*) = 0. We have
2n
= 1- >0
! nEh?
Now we consider the situation that
0<a* <1

Hence, g (

0<zr"<l=0<n<—=

2n

67
+<Wm

(-

3

x*) is the minimum value of g (z). g (x) > 0 if and only if g (z

h¥hY

*) > 0.

hxhy
2

1
2 4¢ 12n
+ 2219 pzpY +3
]> (hi Y hEh!

2n )2 4¢ 12n
=—2(1- s 243
( hfhf) + (h;v?hg hehY *
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Hence, g (z*) > 0 implies
o \? 2 6n 3
1— < _ 42
ThY — pr2pY zhY
( h; hj ) h; hj h; hj 2
om \° 2% 6n 3\
n Ui
1— <=0 L2
( h;chg> = <hg2hg rend 2)

x 1 x21.Y 277 3 x21Y

w

[N

T papy
h¥h?

In summary, case 2 is the situation such that

2n
hfh? -1<0
0<z* <1
g(x*) =0
ie.,
3
hehY 1 2 \> 3
0<n< ’2 L &> 3hIn+ 5h;ﬂhjy. (1 — havzy. — 1h;%c?hjy.
i
Property: From function
3
1. .o 2n \* 3 .o
i

we can derive that

=

de 1 . 03 M 2
S _gpr — Speprl (1
dn o2t 92( >

h‘fhg hfhg
3
3 2n
=3hF —-h¥[1-—
Shi =gl ( hfh?)
3
3hF — hE
> 7 2 (2
3 T
= §hi >0
2 _%
d 3 2
LE S PR TR R
dn? — 2h hh?
dg
= oy = 3T
d’l? (5777):(%/1?%;!, hgh?)
d
g _ 3

7

A1 | )= (= Lhz2n 0)
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Furthermore, £ is a monotonically increasing function of 7, and

3

1 20 2n 3 2 1 0

&> 3hin+ §h‘f h?; (1 — hfh?;> — th h?; = _Zh‘f h‘qj.
n=0

Hence, (§,n) is defined over the set

xil/

> h”th

3
2 >3

I &> 3h%n + hgﬂhg (1 - hxzy) —ShPRY (A27)
[

which is a convex set.
Case 3 of g (z): If hzhy
(0,1). Hence, g (x) >0 if and only if g (1) > 0.

—1 < 0 and z* > 1, then g (z) is monotonically decreasing in

g(1)
61 4¢ 121
=1 — 34—~ 43
ThEnd T hRy T hER?
4 6
3 1 +1

= 72219 pzp¥
ne2hY e

g (1) > 0 implies that

T=3rr5 T 6 T Bh7
2n
¥ =,/1- >1
hfh?
implies
n<0.
In summary, case 3 is the situation that
2n
———1<0
h;"’hﬁ.’
¥ >1
g(1) =0
ie.,
1 z21Y
n < §+ Zhi h; (A.28)

At point (—1r2hY,0), the derivative & = h
4" 'y dn

Conclusion: in the situation of B > 0, the conojugate transform of F'(csg, cag) is

G(&m) =0,
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where (£, 7) is defined over the union of sets (A.26), (A.27), and (A.28), i.e

< g2 (6 4he2nY) it n <0,

Y

2 h¥h!
h;gg) — 2hP2RY I 0 < n < —5

Qi = €> —1hi?hY, € > 3hin + hi*hY (1 -

3px 3px hzhy
€= 3hhY,n < g (64 3haY) i g > B
(A.29)
This is a convex set. The boundary of this set is C''-smooth.
case 4.2 B <0
this is equivalent to
1 .
—§<t<0,A<O,B<0.
0%z
F(cs0,c20) = HW
—hxhy{/ /1 (2At + B) dsdt—i—/ /1 —2At— B dsdt—i—/ /1 —2At—- B dsdt}
3773 3 3

1B 1B 1
—prpYd T 2 A\
hzhﬂ{12A2 4 A 12 }

Let
t=—,0<t<l,
A
In this situation, the conjugate transform of F'(e30, c20) is
G(&n)

= sup {&ca0 + nezo — F (€30, ¢20) }
1 1 1 1B 1B 1
- A ~-A+ B~ hin! A |
B<jf4p<03<0{53h¢ +77< 2473 ) [12,42 1A 12 ]}

= sup {ﬁA +1n (—;A + ;tA) — hihy [ t3A — ftQA — A} }

o<t<1,4<0 { 3hi
hZhY hZhY ¢ hehY
J 43 v 042 n n 1'%
= -t gt _ 7 A
0<tS<I§)A<O { 12 * 4 Tttt 3hi 2 + 12

hih! 6 4¢ 6

J )43 2 n n

= ——L P 3 — t— — 1) A
0<tS<1§)A<O 12 { h?h? h?Qh? h;‘vh? i

hfhy
= sup Lg(t)A
0<t<1,A<0 12

Since A < 0, G (&, n) is finite if and only if

Gn_, < 48 67
Y’ x2 T 3y
neh?” \ hhY T hEh

g(t) =13 —3t* - —|—1>§07t€(0,1).
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Let
t=x+1,

- 6m 4¢
9(@) =2~ <h.xhy +3>x_ (héﬂher
177 i 'Y

. 67
2
§ (z) =322 - (h%hg +3>

2n

2

3[x — <h¢hy+1
i

Case 1 of g(z): If —(hzzy—i—1> >0, le, n < —
i
1,0),

then

increasing, and g (z) < 0,z € (-1, if and only if

4
3 3<0,

~ 0 _ s

ie.,
3
£> —th%g.

Therefore, in this case, G (£, 7) is finite if and only if

3. 22,y

xphY
(]

heh
Case 2 of g (x): If — (}%Jrl) <0, ie,n>——5
g (z*) = 0. We have

2n
T hnd

*

r=—,/1 < 0.

Now we consider the situation that
—-1<z* <.

Hence, g (z*) is the maximum value of g (z). g (x) <0 if

g kiR
1<z < 0= 5 <n

Y
z’hj

3) ,x € (—1,0).

)

zpY

52, then g (z) is monotomically

(A.30)

, then there exists a z* such that

and only if g (z*) < 0.

<0.

=



Hence, g (z*) < 0 implies

hihi | hihy (3 26 \°
=ty e e )
© Y

Since — <1 + hgzy) < 0, above formula also implies that
i1

3 2

>+ ey >0
2 hPPhY

which is equivalent to
3 22
&> —th h?.

In summary, case 2 is the situation such that

20, 1) <o
hehY

1<z <0
g(z") <0
ie.,
2
h*hY 3 h*hY  h*hY (3 26 3
_ i < _IpBRpY g 2 LIS =] . A.31
5 <n<0,&> RIS 5 + 5 <2+hf2h§4 (A.31)

Property: From function
2

heh  hERY (3 2¢ \°
n=- + >+ ey
2 2 \2  nny

we can derive that

_1
dn 2 (3 26 :
@ I S 0
&~ 307 (2‘+iﬁﬂh3> =

_4
d? 4 3 2 ’
T =g | 5 fy <0
de¢ 9h2hY \ 2 hE2h!

Hence, (A.31) defines a convex set, and

dn
paii A = +00
A8 | (e )= (~2h22hY L)
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dn 2

S (e m=(~1nz2nv0)  BhF

Case 3 of g (z): If — hzzy + 1) <0andz* < —1, then g (z) is monotonically decreasing
7%
in (—1,0). Hence, g (x) <0 if and only if g(—1) < 0.

9(=1)
61 A€

=1+ +3- -3
hihf hi?hY

6n 4¢

hihy  hi?hY
g (—1) <0 implies that

h¥hY 2 1
vty e 7@023{
6%f@+4mh0'

| 2n
¥ =— 1+hfh§-'§_1

2§+

<
7= 3ne

implies
n>0.
Furthermore,
0§n§3%<%+1w%g
implies

1:1:22/
&> — hi*h.

In summary, case 3 is the situation that

zhY
h; hj
oF < —1
§(-1) <0
ie.,
§> _Zhi hja77 2> 0,n < 31T £+ Zhi hj (A.32)

At point (—%hgﬁh?j, 0), the derivative Z—Z = 3%

Conclusion: in the situation of B < 0, the conojugate transform of F'(csg, cag) is

G(&n) =0,
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where (£, 7) is defined over the union of sets (A.30), (A.31), and (A.32), i.e

Y

§> 3h$2hylf77< th’

2
hEhY h“hy N hehY
Qo= €> —3nsht oy < " 2+M%Q oM <o, b (A33)
€= =3 n < % £+ 1hahY) ifn > 0.
This is a convex set. The boundary of this set is C''-smooth.

Conclusion of case 4

[This part is similar to Case 3, but we need to go through the details to verify it.]
In the situation of Case 4, the conjugate transform of F' (csq, cog) is

G (67 77) = 07
where (£, 7) is defined over the intersection of 47 and Q9. i.e.,
Qq = Qg1 N Qyo.

We have shown that the boundary curves of both Q41 and Q45 are convex and C'-smooth.
They intersect at the point (f n) = <—%hf2hy 0). Furthermore, theire tangent function at

point (—%hfgh?, 0) isn= (f + lthh‘qj) Hence, the constraint n < 3hz <€ + lthhy)

is redundant. So we have

€ > —3he2nY if

2 7

hzhy hmhu
31,22 1 3
Q

Y
f>—MPW@>3wn+%?W<l ﬁ%) h”Wﬁ0<"<h%

Y

3ha: (f + %hfzh?) if n > hy h’

[WE ONLY NEED TO CONSIDER THE FEASIBLE SET OVER |¢| < 3n22hY, |n| <

zpY
i hj, WHICH IS CONSTRAINED BY PIECE-WISE CUBIC FUNCTIONS. NEXT WE

GET RID OF THE PIECE-WISE, TO SHOW THAT IT IS THE INTERSECTION OF
THESE TWO CUBIC FUNCTIONS]

The function )
A s

P L L Y - S

2 2 \2  hy2hY

¢ > Ghi?h]

/

can be re-stated as

> Sy o Sperpy (14 20 5
T4t hehd |

Consider two functions
3
2

3 1 2
f(n) = = hihj + Shi*h] (1 + ) (A.34)

hZhY

i
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and s
g(n) = 3h%n + §hi2h§4 <1 - W) - Zhﬂhg (A.35)
1]

hmhy hmhy
defined over the set ) € [— 7 ] Let

3 3
1 o\ 1 o\’ hih¥ hihi
= —h{*hY (1 — Sh¥hY | 1- — 3hy -1
K J( +h§h§!> K J( h@h9> A

Then the H (n) is the same we got in Case 3. Following the same logic we get the following
results:

The constraint f (n) < 0 is automatically satisfied when g () < 0.
zhY
fm)=gmn),0<n< ?J

The constraint g (n) < 0 is automatically satisfied when f (1) < 0.

The feasible set 24 is simplified as

Y

£ > —3nPhY it n < ——52,

2
RERY  hFRY 9 8
€= —hP?hy,n < — =51 + =5 <g + h@2§h9> and

Q= (A.36)

€ > 3h2hY

3h1

g Z 3hf77 + %hth‘?j < ha:hy> thth lf h S 77 S i2 : )

§ h
+3h >1f7] . )

A.2.5 Conclusion of conjugate transform of H%
1
is
1

The conjugate transform of H %

G (& n) =0,
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The feasible region of Q

05

04

03

02

01

2z
Ox2

Figure A.3: The feasible region {2 of ‘

where (&, 7) is defined over the set

Q
=01 N N3Ny

3 2
2 3 26
1 - i < 5 T 7322
< hg‘h;f — 2 hi hg ’
3 2
2n 26 _ 6n 3
(1 + h;ﬂhg> < (n;v?hg RThT 2> )
= 3 2 3
2 3 2
(1 + h??ﬁ’) < <2 + h?v'fh?‘) )
] T J
3 2
2 2 6 3
(1 o h@?ﬂ) < <h@2£h9 - hx?ﬁ + 2) )
\ 1 7 J L) Vs

which is a convex set bounded by four cubic functions developed in Case 3 and Case 4 (See
Figure A.3).
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9%z
0y?

f(ts)
B 0%z
Coy?
= 2c12 (v — ;) + 6¢03 (Y — y5) + 2¢02

1 1
= QClghf <t + 2> + 6603h]‘y~ <S + 2) + 2602
= 2612hi$t + 6603]1‘1;8 + Clghf + 3603h? + 2copa2,
(t,s) € DI.

The set DI is a triangle with vertex (0,0), (—3,—1), and ( H

linear function of (c12, co3, co2) € R3. Depending on the sign of f (t s) at three vertex of DI,
the feasible set of H%Hl is divided into 8 regions Ej, 1 < k < 8. The conjugate transform

is a piecewise

can be calculated over each one of these 8 regions separately. Let

of Hgiyﬁ

F (c12, o3, c02)
s
Oy?
= hfh? /DI ’2612h?t + 6003}1?8 + c12hi + 3CO3h]y- + 2¢oo| dtds.

Let the conjugate transform of F' (c12, co3, co2) be

G (&n,7)
= sup {&c12 + neos + yeo2 — F (c12,c03, c02) }

(c12,c03,c02) ER3

= max sup {&cr2 + neoz + yeo2 — F (c12, cos, co2)
1=k<8 | (c12,c03,c02)EEy,

= mex Gr (§,m,7),

where Gy, (§,m,7) is defined over the set ;. Hence, G (£,7,) is defined over

8
Q:ﬂQk
k=1
Let
—
T 3y
- ¢ _ 0
y th Ghy’
_ ¢ o
Z—zhg«‘+6h§4 2>



then
n = 3hjz,
§=hi(z+2y),
v =2z + 2y — 22,
Let
y
—2hfhj
A.3.1 Casel
Case 1:(c12,c03,c02) € Er: f(t,s) >0,V (t,s) € DI.

Let
A= hicia+ 3h?j603,
B = hixclg - 3thC[)3,
C = hicia + 3h§4603 + 2cp2,
then

Cl2 = h (A+B)

and

f(t;s)
= QClghft + 6003h§48 + Cuhf + 3003h?; + 2002
—(A+B)t+(A-B)s+C.

f(t,s) >0,V(t,s) € DI is equivalent to

£(0,0)=C >0,
11
S )=—A+C>
f( X 2) +C >0,
11
I > (0.
f<T 2) B+C>0

F (c12, ¢o3, co2)

:W@/\M+Bﬂ+m B) s+ C|dtds

1

:M@{/ / [(A+B)t+ (A— Bﬁ+0%ﬁ+/t/ [(A+B)t+ (A- Bh+ﬂ%ﬁ}
1 1
T2 2 2

1 1 1
Wl oA+ —B4+ 0.
hlhj{ Ao +4c}
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Gl (57 mn, ’Y)
= sup {&c12 + neos + yeo2 — F (12, co3, co2) }

(c12,c03,c02)EEL

1 1 11 1 1 1
- — (A+B)+n——(A—B A4+ =C) —RR | —— A+ —B+ -
o {g%g(*')+”Mg( )+7<2 +2C> ly[ 1277 12 +44}
—A+C>0
B+C>0
& . n oy, hihj ¢ o hihj v hihj
_ S n R S/ B+ (21— :
oz ot To 2t A e 2 )P e )¢
=0, 7 7 1 J
—A+C>0
B+C>0
Let 4
t=—,—oc0o<t<1,
C
and B
§=—,—1<s5 < +o0,
C
then
G1(&m,7)
£ . m oy, hihj £ n hihj y Wik
- S 4 7 | = - L L
c0, {(2@’*6@ o " ) e e ) e ) (€
te(—o0,1],
s€[—1,+00)
= sup {g(t,s)C}=0.
C>0,
te(—o0,1],
s€[—1,+00)

Since C' > 0, G1 (§,n,7) is finite if and only if ¢ (¢,s) < 0. Furhtermore, g (¢, s) is a linear
function of ¢ and s. For any fixed s, g (¢, s) < 0 as t goes to —oo requires that the coefficient
of t is non-negative. Similarly, for any fixed t, g (t,s) < 0 as s goes to co requires that the
coefficient of s is non-positive. When the coefficient of t is non-negative and the coefficient
of s is non-positive, g (t,s) is increasing about t and decreasing about s. Hence, g (t,s)

achieves its maximum value at point (¢,s) = (1, —1).

n  hEhY
T 3nY 12

3 n oy, M
2h§+6T§! s+ 20,
£ n hfhy

W W 12] SO7
g(t:].,S:— )S07



i.e.,
Y
& o ! hzhy
2hT +6h§' + >0,
LY
& n hv h]
th o <0,

lpx y2
< 4hzhj .

representing by x, y, and z
r < K,
y< K,
z> —K.

A.3.2 Case 2

Case 2: (¢12,c03,¢02) € Ea: f(t,s) <0,V (t,s) € DI.
Let A, B, and C be the same as defined in Case 1. This is the situation that

£(0,0)=C <0,
11
_Z )= <
f<2,2> A+C <o,
11
- ) = < 0.
f@,z) B+C<0

F (c12, co3, co2)

=W@/\M+Bﬂ+m—Bﬁ+ﬂﬁ®

([,

:w@{ A—B—Hﬁ

t\.’)\»—A

12 4
Let
t—é —oco<t<1
_07 9
and
B 1<s< +
§= —,— S 00,
C’
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(A.37)

[(A+B)t+ (A— B)8+C’dsdt+// A+B)t+(A—B)s+C]dsdt}
1
3



then

GQ (57 mn, 7)
= sup {&c12 + neos + yeo2 — F (cr2, co3, co2) }

(c12,c03,c02)EE2

1 1 1 1 1 1 1
= sup {SW(A+B)+T;W(A—B)+7<—2A+2(]) — hihy [12A—123—4C’]}
1 J

£ 0y MW £ o Iih v hEhy
osh {(%g L AR T R C A TR R R

& on oy ik ¢ m | hih v by
= 1 _ ¢ S J
<o {(2hf et T2 2 ) e T Tz )P 2T ¢

= s {g(t5)C}.
<0,
te(—o0,1],
SG[—I,—‘,—OO)

Since C' < 0, G2 (&, 7,7) is finite if and only if g (¢,s) > 0, which is equivalent to

Y
& o _y_ Rk
shr + GhY 2 o =0,
Yy
£ hih;
o — ey Tz 20

ie., .
£ o n _ oy _ hih
shr + Gh7 T2 I <0,
heh!

y>—K, (A.38)

A.3.3 Case 3

Case 3: (612a0037002) € E3 : f(0,0) < 07 f (_%7_%) > 07 f (%7 _%) >0
Let A, B, and C be the same as defined in Case 1. This is the situation that

1 1
_—, — = = — >
f( X 2) A+C >0,
1 1
f<2, 2> B+C>0
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ft,s)=(A+B)t+(A—-B)s+C

F (12, cos, 002

:WM/
1 p—

2

A+ t
f (t,s dsdt+h’”hy/ / f(ts dsdt+h’”hy/ / f(t,s)dsdt
1 1 1
2 T 2A 2 “ 2B 2

- hfh?/ / f(t,s)dsdt — hmhy/ / f(t,s)dsdt
_Q _Mt_L _ALBt_i
A—B A—B

03
hmhy{ A+B+3(J+}

127 AB
Let
t= é <t <400
C’ )
and
B <s< -1,
§= —,—00 —
C?
then
G3(&,m,7)

= sup {&c12 + neos + yeo2 — F (12, co3, co2) }

(c12,c03,c02)EE3

1 1,1 2y 20

€ . m oy hihy ¢ o hihj v hik hehd cs
= S At | == - - B+ |+ -
3?3 {(211@” + 6hy 2 + 12 + 2h7 6h?;. 12 * 2 4 ¢ 6 AB

_ L ¢ n hiny AN
- o {(2mf+6w ZREETES R OV A TR R TR 6 s (°

= sup  {g(ts)C}.
C<0,
t€[l,+00),
s€(—o00,—1]

= sup {SW (A+B)+

Since C' < 0, G3(&,m,7) is finite if and only if g (¢t,s) > 0 for any .t € [1,+00) and
s € (—o0, —1].
Consider a function

d
g(t,s)=at+bs+c+ t—,te [1,400),s € (—o0, —1].
s
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In this case, we have

- S/ — 2+ K
ot 212 T
§ . hihj
b= — —y-K
ony 6hY 12 YT
hehY
c:%— Z4J—w+y—z—3K,
whl{
=——"71=_2K<0
6 )

g(t,s)>0ast— 400

implies that
a>0<=z2>-K (A.39)

Similarly,
g(t,s) >0ass— —o0

implies that

b<0<+—=y<K. (A.40)
The first order derivatives of g are
9 _,_ @
ot 12’
99 _,_ 4
s ts?’
Vg (t*,s*) =0

implies that
d = at’s = bts?,

hence,
%
5= —
b Y
and
bd
=1
a?’
«  sjad
S = b72,
The second order derivatives of g are
g _ 2
ot? t3s’
g _ d_
otds  t2s?’
g _ 2
0s?  ts¥’
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the Hessian is

L

thst  thst hst
In this case, we have d < 0, t > 0, and s < 0. Hence, g (t,s) is strictly convex over its
feasible set [1,+00) x (—o0, —1]|. Therefore, (t*,s*) (\3/ Zgl, v/ %2> is the unique solution

of Vg =0.
Next we derive the conditions of g (¢,s) > 0 in different cases.

Case 3.1

Case 3.1: (t*,s*) is an interior point of [1,+00) X (—oo,—1]. Then g (¢,s) achieves its
minimum value at the stationary point (t*, s*). We need

> 1,
s* < —1,
g(t*,s*) > 0.
where t* = ¢ S—Cgl > 1 implies that
bd > a2,
ie.,
1
K< —— K A4l
T (A1)
Similarly, s* = ¢ ab—g’ < —1 implies that
ad < —b?,
ie.,
1 2
K>—(wy—K). A.42
SHK > (g K) (A2

g (t*,s*) > 0 implies that
g(t",s")
3/ bd sfad d
—ail = 4 bi 22 ¢
@ CL2+ b2+c+ 3/bd 3/ad
a2 b2
:3v3abd+020.

ie.,

x> —y+2+3K -3V (—2K) (y — K) (2 + K). (A.43)

(A.41) and (A.42) create a convex set in y-z space. The boundary of them intersect in
two points (y,z) = (K, —K) and (y,2) = (- K, K).

196



Case 3.2

Assume that the minimum value of g (¢, s) is achieved at ¢ > 1, 5 = —1.
From the optimality condition

dg (t,5)
ot

dg (t,5)
0s

(t_a—i_ (8_5)207

let s = —1, since t — t can be either positive or negative, we have

dg (t,5)
ot

Similarly, let ¢t = ¢, since s — 5 < 0, we have

Furthermore,
t>l=a<-d=z<K. (A.44)

implies that

(y—K)+ 2K (2 + K) <0 (A.45)

Finally,

=2V—ad—-b+¢>0

implies that
8K (z+ K) > —x + z + 2K. (A.46)

r>z+2K — /8K (2 + K).
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Case 3.3

Assume that the minimum value of g (¢, s) is achieved at t = 1, 5§ < —1.
From the optimality condition

dg (t,3) t, s ~
gt = (s —58) 20,

similar as the previous subsection, we have

9 t5) o
ot -
dg(t,5)
ds
9 (t,3) _, d _ o [-d
o _5_52_0:3—— 7
Furthermore,
s<-l1=>b>d=y>-K. (A.47)
9945 _ 4 _ . rdso
ot s
implies that
z>—-K
24 K > /(-2K) (y - K) (4.45)
1 2
—K>—— K)".
y 2o (z+ K)
Finally,
g(t,s)
>g(t,5)

:2\/Q+a+020

implies that
—8K(y—K) > —x—y+2K (A.49)

x> —y+2K — /=8K (y — K).

Case 3.4

Assume that the minimum value of g (¢, s) is achieved at t =1, 5 = —1.
From the optimality condition

dg (t,3)
ot
similar as the previous subsection, we have
99 (t,3)
ot
dg (1, 3)
0s

(t—1)+ (s—38) >0,

dyg (t,5)
0s

v

0,

0.

IN
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implies that

implies that

Furthermore,

implies that

g(t,s)
>g(t=15=-1)
=a—b+c—d
=+ K >0.

x> —K.

(A.50)

(A51)

(A.52)

However, (A.50) and (A.51) define a set that does not intersect the set defined by case
1 and case 2. Hence, we can discard case 3.4.

Discussion of case 3

In this subsection, we need to show that the point (z,y, z) satisfying ¢ (¢,s) > 0 forms a

convex set. Furthermore, the boundary surface of this convex set is C'' smooth.

The set

{(y7z) ‘Y€ [_K’K] 2 € [_K’K]}

is partitioned into three regions according to the first three cases of case 3. In region i,

point (z,y, z) should satisfy

x> h; (y,z)
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to ensure g (t,s) > 0. We have derived in (A.43), (A.46) and (A.49) that

hi(y,2) = —y+2+3K —3Y(—2K) (y — K) (2 + K)

ho(y,z) =24 2K — /8K (2 + K)
hs (y,2) = —y + 2K — \/—8K (y — K)

First check the convexity of these three functions.

T 142K e ) [(-26) (g~ ) (o + )

% =1+ 2K (y — K)[(-2K) (y — K) (= + K)] 75

%2:21 = % (2K)% (2 + K)? [(~2K) (y — K) (= + K)] 73 > 0

gyg = 2K [(<2K) (y = K) (= + )| 3+ 3 (2K (y = K) (o + K) [(-2K) (g — ) (2 + )]
= L @Ky K) (= + K) [(-26) (y — K) (= 4+ K)]

%2:21 =§(2K)2 (y— K)* [(=2K) (y = K) (= + K)] 73

The determant of Hessian of hq is

0%h1 *hy (32h1>2

|H| = oy? 922 Dyd=
:é{(QK)Q (y — K) (2 + K) [(-2K) (y - K) (z+K)]‘%}2 >0

hence, hy (y, z) is a convex function.

%h; —1-2K[2K (z + K)] "2
82h2 2 _3

> = 2K 2K (2 + K)| 7% >0
8h3 _1
T 149K [ 2K (y— K

dy +2K [-2K (y — K)] 2
82h3 2 _3
S = 2R 2K (g~ K] 20

So both hg (y, z) and hs (y, z) are convex functions.

Secondly check the smoothness of the boundary surface of the set.
1

Region 1 and region 2 intersect at the curve z + K = 55 (y — K)Q. On this curve, we

have
(—2K) (y— K) (2 4+ K) = — (y - K)°
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hi =2y+z

he =2y + 2
8h1 3 _§
o = 142K (4 K) [—(y—K) } —0
Y

oh -3 Oh
TN 142K (y - K) [—(y—K)S} Po1-2K 2K ( 4+ K)| 7 = 22
0z 0z

hence, hy and hy are C'' smooth along their boundary.

Region 1 and region 3 intersect at the curve y — K = —ﬁ (z+ K )2. On this curve, we

have
(—2K)(y— K)(z+ K) = (2 + K)?

hy=—-y—2z

hs = —y — 2z
8h1 2K _1 8h3
— =1 =—142K[2K(y—K)] 2 =—
oy +2+K + [ (v ) oy
Ohy

- = i _2:
o =1+ 2K (y— K) (2 + K) =0

hence, h; and hs are C' smooth along their boundary.
Thirdly, we need to show that
in region 1 hl (y) Z) > h2 (ya Z) and hl (y7 Z) > h3 (ya Z)

in region 2 ho (y,2) > hi (y,2) and ha (y,2) > ha (y, 2)
in region 3 h3 (y’ Z) Z hl (ya Z) and h3 (y) Z) Z h2 (ya Z)

To show hi (y,2) > ha (y, z) in region 1 is only need to show %—’;1 > 0. To show hq (y,2) >

hs (y, z) in region 1 is only need to show % < 0. Notice that region 1 is defined by (A.45)

and (A.48), i.e,
(y—K)+ 2K (z + K) <0

2+ K >/(-2K) (y — K)

Hence,
8h1 _2
873/ =—142K:z+K)[(-2K)(y—K)(z+ K)| 3
> 142K (2 + K) [(_21() (2 + K) (1) /2K ( +K)]§
=0
DL 142K (y— ) [(-2K) (y — K) (= + K]

win

< 142K (y - K) [(-2K) (y - K) V/(22K) (y — )|
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The other conditions can be checked by the same way.
The last thing need to check is

—K < h; < K in region i

Notice that %—};1 >0, % < 0, % < 0, and %—};” > 0, hence the maximum value of the
boundary surface is achieved at (y,z) = (K, —K), which is K. And the minimum value is
achieved at (y,z) = (—K, K), which is —K.
Conclusion of case 3 (combine with case 1 and 2):
(z,,2) €{lz] < K, |y| < K, |2] < K,
> —y+2+3K-3Y(2K)(y - K) (2 + K),

x> z+2K — /8K (2 + K),

> —y+2K — /(—8K) (y—K)}

A.3.4 Case 4

Case 4: (c12,co3,c02) € E3: £(0,0) >0, f(—3,—3) <0, f(3,—3) <0
Let A, B, and C be the same as defined in Case 1. This is the situation that

£(0,0)=C >0,

1
TE

(L) pecse
ft,s)=(A+B)t+(A—B)s+C

F (12, cos, 602

= —hxhy/ f(ts dsdt—hxhy/ / f(ts dsdt—hxhy/ / f(t,s)dsdt
by & ) &)
—i—hxhy/ / f(ts dsdt—i—hxhy/ / f(t,s)dsdt
_C ,Mt,7 ,AJriBtfi

203
—h'hY{A—B-3C -
2h’h3{ 3¢ AB}

Let

and
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then

G4 (57 mn, 7)
= sup {&c12 + neos + yeo2 — F (cr2, co3, co2) }

(c12,c03,c02)€E3

1

Eﬁg 1274 AB

£ 0y MW £ o Iih v W hihi 3
- S A - B+ (2
b {(m@*%mg >~ 12 )4 e et )P et )9 e aB

& .o oy hin & m , hihj AN
- T | > — L L -
ey {(wg*%mg SRS TR R S-S A TR R SR R P ¢

t€[l,+00),
s€(—o0,—1]

= sup  {g(ts)C}.
>0,
te[l;‘rOO),
s€(—o0,—1]

= sup {51(A+B)+n

1,1 1wy 2C?
o (A—By+7<bA+2C>—lph[A—B—3C—]}

Since C > 0, G4 (§,n,7) is finite if and only if g(¢,s) < 0 for any .t € [1,400) and
s € (—o0,—1].
Consider a function

d
g(t,s) =at+bs+c+ t—,te [1,400),s € (—o0, —1].
s

In this case, we have

Tonren! 2 12
§ m hihy
= _ = K
h7 " on? T 1z YT
hThY
C:%—f- 14]:a:+y—z+3K,
hZhY
d= - =2K >0,

g(t,s) <0ast— +oo

implies that
a<0<+<= z<K. (A.53)

Similarly,
g(t,s) <0ass— —o0

implies that
b>0<—y>—K. (A.54)
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In this case, g (¢, s) is strictly concave over its feasible set [1,4+00) X (—o0, —1]. Therefore,

<\3/ 227 Q/ZTQ > is the unique solution of Vg = 0.

Next we derive the conditions of g (¢,s) < 0 in different cases.

Case 4.1

Case 4.1: (t*,s*) is an interior point of [1,400) x (—oo,—1]. Then ¢ (¢,s) achieves its
maximum value at the stationary point (t*, s*). We need

t* > 1,
st < —1,
g (t*,s*) <0.
where t* = § Z—Cgl > 1 implies that
bd > a2,
ie.,
1 2
K>—(z—-K A.
y+ K> 5K (z )”. (A.55)
Similarly, s* = ¢ ab—g’ < —1 implies that
ad < —b?,
ie.,
1
- K<— K A.56
: o+ K. (A.56)

g (t*,s*) < 0 implies that
g(t",s")
3 bd 3 ad d
=ait] = + b — e
@ a2+ b2+c+3ﬂsa7d
V a2V 2
:3v3abd+c§0.

ie.,

r<—y+z2—-3K+3Y(-2K)(y+ K) ( — K). (A.57)

(A.55) and (A.56) create a convex set in y-z space. The boundary of them intersect in
two points (y,z) = (K, —K) and (y,2) = (- K, K).

Case 4.2
Assume that the maximum value of g (¢, s) is achieved at t > 1, 5 = —1.
From the optimality condition
g (¢, 5) 99 (1, 5)
t—t —5)<0
5 D+ =5 —(s—5) <0,

204



let s = —1, since t — t can be either positive or negative, we have

dg(t,s) _
ot
Similarly, let ¢t = ¢, since s — 5 < 0, we have
0os
dg(t,5) B _/d
Furthermore,
t>1=z2>-K. (A.58)
9908y adzo
0s t
implies that
y=>—-K
(y+ K)>/(-2K) (z — K) (A.59)
1 2
>
k25 (y+K)
Finally,
g(t.s)
<g(t3)
| d
=ay/— —b+c—
—a d
=-2vV—ad—b+c¢<0
implies that
—2/(2K)(z — K) < —x + 2z — 2K. (A.60)

< z—2K+2/(-2K)(z - K).

Case 4.3

Assume that the maximum value of g (¢, s) is achieved at t = 1, 5 < —1.
From the optimality condition

99 (t, 5) g (1, 5) -
Lo )4+ L2 (5 —5) <0
2 -+ 2L (-5 <o
similar as the previous subsection, we have
ot~
g (t,5)
= 0.
0s
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Furthermore,

g (t,s d
g(’s):a—j:a+m<0
ot 5
implies that
2 < K
z—K++V2K(y+K)<0
< —(z-K)*.
y+K < o (2 - K)
Finally,
g(t,s)
<g(t5)
:a+c—2\/@§0
implies that
r+y+2K <22K (y+ K)
r< —y—2K+22K (y + K).
Case 4.4
Assume that the minimum value of g (¢, s) is achieved at t = 1, § = —1.

From the optimality condition

dg (t,3)

dg (t,5)
ot (t—1)+ 0s

similar as the previous subsection, we have

implies that

implies that

206
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(A.61)

(A.62)

(A.63)

(A.64)

(A.65)



Furthermore,
g(t,s)
<g(t=1,5=-1)
=a—b+c—d
=z— K <0.
implies that
r < K. (A.66)
However, (A.64) and (A.65) define a set that does not intersect the set defined by case

1 and case 2. Hence, we can discard case 4.4.
Discussion of case 4

The discussion is similar as case 3. Details are omitted.
Conclusion of case 4 (combine with case 1 and 2):

(z,9,2) € {lz] < K, |y| < K, |2] < K,
v < —y+2-3K+3Y/(-2K) (y + K) (2 - K),

x<z—-2K+2/(-2K)(z — K),

Case 5: (c12, cos, coz) € E5 : £(0,0) >0, f (=3,-3) <0, f(3,-3) >0
Let
A = hicia,
B = hfciz + 3hYcos,
C = 2cp,

then X
Cl12 = ?Av

co3 — (B — A) s
Co2 =
and
f(ts)
= 2c19ht + 6c03h§48 + ciohi + 3Co3h]y- + 2cp2
=24t +2(B—-A)s+ (B+0).
Case 5 is equivalent to

£(0,0)=B+C >0,

1 1
_—, —— = <
f< 3 2> ¢ <0,



F (c12, co3, Co2

= —hxhy/ / f(t,s)dtds
+MW/ /

3
MW{A+B+&%—C}

1
2

—S

tsﬁ@+mm/ f(t,s)dtds

M\H

12 v AB
Let
t—é —oco <t —
_07 — 2?
and
B <s< -1
§= —,—00 -
C’
then
G5(§7777’Y)

= sup {&c12 + neos + yeo2 — F (ca12, co3, co2) }

(c12,c03,c02)EE5

1 1

= su — A+
C<o, {ghf "]
24+C>0,
B+C>0

€ g AV AV LT
- Lo A+ (L - B+(2- c .
5213 { (h;.” sy~ 6 )T s T2 )P\ T )T i aB
e hen n  hERY N AN
- LI T c
c<o, {(hf sn? 6 ) T \ar T2 )T e T ) T
1

te(— 00’—5]
s€(—o00,—1]

= sw {g(t,s)C}.
c<o,

tE(—oo,—%],
s€(—o00,—1]

c3
_719 _
(B — A)+’yC’ TR [2A+B+3(J ]}

Since C' < 0, G5 (§,n,7) is finite if and only if g (¢,s) > 0 for any .t € (—oo,—%] and
s € (—o0,—1].
Consider a function

d 1
g(t,s):at—i—bs—i-c—i-t—,te (—oo,—] , 8 € (—o0,—1].
s
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In this case, we have

-5 — 2y 2K
“ThrTa T e YT
hehY
n i !5
S K
b sny 12
hehY
c:%— Z4J—:1:—|—y—z—3K,
hehY
d=—2=K>0
12 -

g(t,s) >0ast— —o0

implies that
a<0<<=y<K. (A.67)

Similarly,
g(t,s)>0ass— —o0

implies that
b<0<=z<K. (A.68)

It is easy to show that g (¢, s) is strictly convex over its feasible set ( 0, —%] X (—o0, —1].

Therefore, (t*,s*) ({“/ Zczl, ¢/ ZQ> is the unique solution of Vg = 0.

Next we derive the conditions of ¢ (¢,s) > 0 in different cases.

Case 5.1

Case 5.1: (t*,s*) is an interior point of (—oo, —1] x (—o0o,—1]. Then g (t,s) achieves its
minimum value at the stationary point (t*,s*). We need

1
< —=
27
s < —1,
g (t*,s*) > 0.
where t* = ¢ 2—‘21 < —% implies that
8bd < —a
ie.,
1 2
- K<—(w—-K)". A.69
oK <o (g K) (A.69)
Similarly, s* = { ab—g’ < —1 implies that
ad < —b2,
ie.,
1 2
K<—(x—-—K). A.70
y— K< -5z (@-K) (A.70)
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g (t*,s*) > 0 implies that

g(t",s")
3/ bd s/ad d
—ait/ = +bil = _*
a a2+ b2+c+3ﬂ3a7d
\/ az’\/ v?

:3\/3abd+020.

ie.,

z<x+y—3K+3Y2K (- K) (y — K).
Case 5.2
Assume that the minimum value of g (¢, s) is achieved at ¢ < —%, 5=—1.

From the optimality condition

dg (t,3) dg (t,3)

t—1 —-5)>0
(-1 + L (-5 20,
let s = —1, since t — t can be either positive or negative, we have
dg (t, 5
905 _
ot
Similarly, let t = ¢, since s — 5 < 0, we have
99 (,5) _
os
dg (t,3) d _ d
= ==0=t=—/—.
ot ot t2 —a

Furthermore,
_ 1
t<—5=y>-K

agém:b_jzﬂmso
S

implies that

Finally,

=2V—ad—-b+c¢>0

implies that

z<y—2K+2\/(-2K) (y — K).
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(A.74)



Case 5.3

Assume that the minimum value of g (¢, s) is achieved at ¢ = —%, s< -1

From the optimality condition

Furthermore,

implies that

y< K
2(y — K)+/(-8K) (z —K) <0

1 2

CK>-—(y—-K

x s W~ K)

Finally,
g9(t,s)
>g(t,5)

:2V—%df%+020

implies that

z<x—2K +2/(-2K) (z — K)

Case 5.4

Assume that the minimum value of g (¢, s) is achieved at ¢ = —%, s=—1.

From the optimality condition

dg (t,3) dg (t,3) _
—%F—@—B+—5;—@—®2Q

similar as the previous subsection, we have
99 (1, 5)

ot
99 (1, 5)

s

IN

0,

0.

IN

211

(A.75)

(A.76)

(A.77)



dg (1, 3)

= 4d <0
En a+4a <
implies that
y<—K. (A.78)
f —
995) _y L 9q<0
0s
implies that
x < —K. (A.79)
Furthermore,
g(ts)
_ 1
Zg<t:_27'9:_1>
- —% —b+c+2d
=—2z+K>0.
implies that
2 < K. (A.80)

However, (A.78) and (A.79) define a set that does not intersect the set defined by case
1 and case 2. Hence, we can discard case 5.4.
Discussion of case 5

The discussion is similar as case 3. Details are omitted.
Conclusion of case 5 (combine with case 1 and 2):

(,y,2) € {|z] < K, |y| < K, [2] < K,
z<x+y—3K+3Y2K (zr—K)(y— K),
Z§$—2K+2\/(—2K)(CC—K),

2 <y—2K +2,/(—2K) (y—K)}

A.3.6 Case 6

Case 6: (012,603,002) € Eg : f(0,0) <0, f (—%7—%) >0, f (%7 —
Let A, B, C be the same as defined for case 5

) <0

N[ =

A= hfclg,
B = hjcia + 3h§4603,
C = 2602,

then )
C12 = ]7;147
co3 — i (B — A) s

Co2 =



and
f(ts)
= QClghft + 6Cogh?$ + 012]12C + 3603h‘7; + 2co9
— 24t +2(B— A) s+ (B+C).

Case 6 is equivalent to

F (c12, co3, co2)
_B{C _A-B. BiC

— 2B A ST 24
— hEh / / (¢, ) dtds

_1
2

B+C
2B

-5 0 -5
— hERY — h*RY
hlh]/ / f(t,s)dtds — hih] /_1324}»30/8 f(t,s)dtds

A-B __BiC
A 24

N

3
= 1h€‘h3{—2A—B—3C+C}.

12 7 AB
Let

t—A <t< L
_C’ &) — 27

and
525,—oo<s§—1,

then

G6(fﬂ77’7)

= sup {&c12 + neos + yeo2 — F (c12, co3, co2) }

(c12,c03,c02)EEe

C s {eadnt Boaysato- Lpew [ oa—posos &
T om0, R T 3R T Tt AB
2A+C<0,
B+C<0

& m | Wik n_ | hihj v, hihj hihi o3
= = A L B L C— =
<o, {(hf 3hY LG * 3hY LT T2t 12 AB

2A+C>0,
B+C>0

e bR n  hERY N AN
— S L ¢ Jz _ o
c30 {(hf sy 76 ) e T )t 2t 12 ts

te(—o_o,—%],
s€(—o00,—1]

= sup  {g(t,s)C}.
C>0,
(o 3]
s€(—o00,—1]
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Since C' > 0, Gg(&,7,7) is finite if and only if g (t,s) < 0 for any .t € (—oo,—%] and

s € (—oo0,—1].
Consider a function

d 1
g(t,s):at+bs+c+t—,t€ (—oo,—] , 8 € (—o0,—1].
s

In this case, we have

ff_?;ﬁj+ G =2y + 2K,
c:;+h?4h§/—x+y—z+3K,
—h?f =-K <0,

g(t,s)<0ast— —o0
implies that
a>0+y>-K. (A.81)
Similarly,
g(t,s) <0ass— —o0

implies that
b>0<= x> —K. (A.82)

It is easy to show that g¢(t,s) is strictly concave over its feasible set (—oo,—%] X

(—o0, —1]. Therefore, (t*,s*) (\ [ 5,/ b2) is the unique solution of Vg = 0.

Next we derive the conditions of ¢ (¢,s) < 0 in different cases.

Case 6.1
Case 6.1: (t*,s*) is an interior point of (—oo, —1] x (—oco,—1]. Then g (t,s) achieves its
maximum value at the stationary point (t*, s*). We need
1
< ——,
2
st < —1,
g(t",s*) <0
where t* = ¢ 2—‘21 < —% implies that
8bd < —a?,
ie.,
1 2
K> — K)~. A.83
K> oyt K) (A83)
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Similarly, s* = { Z—gl < —1 implies that
ad < —b?,
ie.,
1 2
K> —— K)~. A84
y+ K> (2 + K) (A.84)
g (t*,s*) <0 implies that
g(t*,s%)
5/ bd s/ad d
=a{| 5 +b{/ 5+t ——r
@ a? b2 3/bd 3/ad
V az'y 2
= 3Vabd + ¢ < 0.

ie.,

z>x+y+3K -3Y2K (z+K) (y+ K). (A.85)

Case 6.2

Assume that the maximum value of g (¢, s) is achieved at ¢ < —%, s=—1.
From the optimality condition

dg (t,3)
ot

dg (t,5)
0s

(t_{;)+ (S_g)goa

let s = —1, since t — t can be either positive or negative, we have

dg (t,3)

T 0.

Similarly, let ¢t = ¢, since s — 5 < 0, we have

s
dg (t, ) d _ —d
R f=—/ —
T a—+ 2 0= .
Furthermore,
_ 1
t<—§:>y<K. (A.86)

implies that
x> —-K
x4+ K>+2K (y+ K) (A.87)
1

< K)?.
y—l—k_2K(:L"—|— )
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Finally,

g(ts)
<g(t,53)
—d
= a\/> —b+c—
a —d
“a
=-2V—ad—-b+¢<0
implies that
z>y+2K —2y/2K (y+ K). (A.88)
Case 6.3
Assume that the maximum value of g (t, s) is achieved at ¢ = —%, s < —1.
From the optimality condition
99 (1, 5) 99 (1, 5) .
t—t —35)<0
g (O T 5o 90,
similar as the previous subsection, we have
ot~
99 (t, 5)
ds
dg (t,5) 2d _ —2d
=bh+ —=0=>5= —4/ —
Os + 52 s b
Furthermore,
s<-l=z<K. (A.89)
99 (t,5) :a—4—fi =a—+vV—-8bd >0
ot 5
implies that
y>—K
y+ K> +\2K (z+ K) (A.90)
+ K< 1(+Kﬁ
x — :
S 5K Yy
Finally,
g(t,s)
<g(t3)
= —2v/=2hd — S +c <0
implies that
z>1+2K — 22K (v + K) (A.91)
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Case 6.4

Assume that the maximum value of g (t, s) is achieved at ¢t = —%, 5=—1.

From the optimality condition

dg (t,3) dg (t,3)

t—1 —-35)<0
s -+ L (s -5 <0,
similar as the previous subsection, we have
ag (t? S) > 07
ot~
69 (t? S) > 0
os
99 (1, )
= 4d >0
En a+4d >
implies that
y > K.
E —
99(85) 4 9q>0
0s
implies that
z> K
Furthermore,
g(ts)
<glt= L 1
Ay - _2a §= -
= —% —btc+2d
=—2—-—K<O0.
implies that
z> —K.

(A.92)

(A.93)

(A.94)

However, (A.92) and (A.93) define a set that does not intersect the set defined by case

1 and case 2. Hence, we can discard case 6.4.

Discussion of case 6
The discussion is similar as case 3. Details are omitted.
Conclusion of case 6 (combine with case 1 and 2):
(,y,2) € {|lz| < K,|y| < K,|2| < K,
z>x+y+3K —3Y2K (z+ K) (y + K),
z> x4+ 2K — 22K (v + K),

22y+2K—2\/2K(y+K)}
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A.3.7 Case7

Case T: (c12, cos, coz) € Er : £(0,0) >0, f (=3,-3) >0, f(3,-3) <0
Let
A = hicia,
B = hicia — 3hcos,
C = 2hic12 + 2cp2,

then .
C12 = hTAv
%y:%ﬂA—B%
Co2 = —A + %C,
and

f(ts)
= 2612hft + 6603h?$ + Cl2hf + 3003h? + 2¢coo
=2At+2(A—-B)s+ (C - B).

Case 7 is equivalent to
f(0,0)=C—-B >0,

1 1
_—, —— = — >
f( 5’ 2) 2A4+C >0,

1 1
f<2,—2> =C<0.

F (c12, co3, co2)
B-C A B-C

a7y 2B 24
hh/l /ﬁ
2
- hmhy/ / f(t,s)dtds
—A-Bg B

2A

Y C3

0 —s
Ty
f@@ﬁm+m@1ﬂwl F(t,s) dtds

2B

1
2

Let

~
I
IA
~
A
3

and

Qlw  Qlx
[N

®
I
-
IN
®
N
3
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then

G7 (57 mn, ’7)
= sup {&c12 + neos + yeo2 — F (12, co3, co2) }

(c12,c03,c02)€E7

1 1 1 1oy c3
—2A+C>0,
C—B>0

<o, {(hf + 3hY T + 3hY AT o~ )9 13 as

_ £, hihj n | hihj AL
~ o< {(hg+3h§4 LR s 3h§4+ TR AR Sl R Tar

te[%,+oo)7
s€[1,+00)
= sup  {g(t,s)C}.
<0,
te[5,+o0),
s€[1,+00)

Since C < 0, G7(§,n,7) is finite if and only if ¢g(¢t,s) > 0 for any .t € [%,+oo) and
s € [1,400).
Consider a function

d 1
g(t,s):at—l—bs—f—c—f—t—,te [2,+oo) , s € [1,400).
S
In this case, we have

hZhY
azi—i-i—’y—i- 1 =22 42K,

h¥ 3h§ 6
hZhY
__n ity
hZhY

Ay .
c—2 1 r+y—z—3K,

hZhY
d= ;2”:K>0,

g(t,s) >0ast— +oo

implies that
a>0<=2z2>—-K. (A.95)

Similarly,
g(t,s) >0ass— +oo

implies that
b>0<=z<K. (A.96)
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X [1, +00).

It is easy to show that g (¢, s) is strictly convex over its feasible set [2, —i—oo)

Therefore, (t*,s*) (3/ Z;l, ¢/ ‘;2> is the unique solution of Vg = 0.

Next we derive the conditions of g (¢,s) > 0 in different cases

Case 7.1
z X [1,400). Then g¢(t,s) achieves its

Case 7.1: (t*,s*) is an interior point of [§,+00)
minimum value at the stationary point (t*,s*). We need
1
t* > 3
s* > 1,

gt s%) = 0.

where t* = ¢/ 2—‘21 > % implies that
8bd > a?,

(24 K)?. (A.97)

i.e.,
1
K< —-——
! 2K
Similarly, s* = ¢ ‘;—Qd > 1 implies that
ad > b7,

(A.98)

ie.,
1 2
K> (z-K)>2.
P K> g @ = K)

g (t*,s*) > 0 implies that

gt s")

3 bd s/ad d

—a\/a2 + b4/ B2 +c+ /o +/ad
V az'y v2

= 3Vabd + ¢ > 0.

(A.99)

y> 2+ 243K — 3Y/(<2K) (x — K) (= + K).

Case 7.2
Assume that the minimum value of g (¢, s) is achieved at £ > 35, 5 = 1.

From the optimality condition
dg (t,5
g(’8)<8_§)20,

dg (t,3)
ot (t—1)+ 0s

let s = 1, since t — t can be either positive or negative, we have
dg (t,5
9(t.5) _,
ot
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Similarly, let ¢t = ¢, since s — 5 > 0, we have

Furthermore,
_ 1
t>§:>z<K. (A.100)

implies that
r< K

r—K++2K(z+K) <0 (A.101)

1 2
< —(x—K).
z+k‘_2K(az )

Finally,

g(t,s)
>g(t,5)

—a\/E—i-b—i-c—i-d
=ay/~ \/E
=2vad+b+c>0

implies that
y>z+2K —22K (z+ K). (A.102)
Case 7.3

Assume that the minimum value of g (¢, s) is achieved at ¢ = 3, 5 > 1.
From the optimality condition

99 (1, 5) 99 (1, 5) -
- —5) >
-+ L (s—5) 20,
similar as the previous subsection, we have
ot
99 (1, )
95 0.
t,s 2d 2d
S 5 b
Furthermore,
s>1=2>—-K. (A.103)
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ot 5
implies that
z>—-K
2+ K >/(-2K) (z - K) (A.104)
1 2
—K>-—— K
x 5K (z+ K)
Finally,
g(t,s)
>g(t,3)
:%+c+2\/2bd2 0
implies that
y > —x+2K —2/(—2K) (z — K) (A.105)

Case 7.4

Assume that the minimum value of g (¢, s) is achieved at = 3, 5 = 1.
From the optimality condition

dg (t,3) 5 _
5 (t—1)+ s (s —35) >0,

similar as the previous subsection, we have
99 (t,3)
ot ’
9g (t,5)
0.
0s
99 (t,3)
ot

v

=a—4d >0

implies that
z> K. (A.106)

implies that
r<—K. (A.107)

Furthermore,



implies that
y>—K. (A.108)

However, (A.106) and (A.107) define a set that does not intersect the set defined by
case 1 and case 2. Hence, we can discard case 7.4.
Discussion of case 7

The discussion is similar as case 3. Details are omitted.
Conclusion of case 7 (combine with case 1 and 2):

(e0,2) € {2 < K, Jy] < K, |2 < K,
y>—x+2+3K -3Y(-2K)(z — K) (2 + K),
y> —x+2K — 2\/(—2K) (z — K),
y>z+2K —2 2K(2+K)}

A.3.8 Case 8

Case 8: (c12,c03,¢02) € Eg: £(0,0) <0, f (—%’—%) <0, f (%7 _
Let A, B, C be defined the same as in case 7

)0

N[

A= hfclg,
B = hicia — Sh?cog,
C = thCu + 2¢opa2,

then .
C12 = h7A7
co3z = % (A — B) N
Co2 = —A+ %Ca
and

f(ts)
= QClghft + 6003h§8 + Clghf + 3603h]y + 2cp2

=2At+2(A—-B)s+ (C - B).
Case 8 is equivalent to
f(0,0)=C - B <0,

1 1
- — <
f( > 2>_ 24+ C <0,

1 1
r(h-d)=cso
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F (c12, co3, Co2

__hxhy/ /
+hxhy/ /_S paec f(t,s)dtds

Bst B 2A

f(t,s)dtds — hxhy/ / f(t,s)dtds

1
2

Yy c?

—h’”h 24+ B — —_—

et { ; 3c+AB}

Let

t—é1<t<oo
_072— )

and
s—§1<s<oo
707 - M

then

G8(§7n7’7)

= sup {&c12 + neos + yeo2 — F (12, co3, co2) }

(c12,c03,c02)€E7

1 1

—  su S A

Cop, {%g«* =
—2A+C<O
C—-B<0

¢ heh! y b 5 hIh e
oo {(hgc + s’ 1T 6 + 3hY 12 ot )Y 12 as

—2A4-C<0,
C—-B<0

- ¢ heh! n IR AN
- o {<h§+3h]y. L R 7 A TR R TR 2 s (©

te[5,+o0),
s€[1,+00)
= sup  {g(t,s)C}.
C>0,
te[5,+00),
s€[1,+00)

1 21y C3
(A—B)+’Y<—A+2C>—12hlhj |:2A+B 30+AB:|}

Since C > 0, Gg(§,n,7) is finite if and only if ¢g(¢t,s) < 0 for any .t € [%,—Foo) and
s € [1,400).
Consider a function

d 1
g(t,s)=at+bs+c+ t—,te [2,+oo) , 8 € [1,400).
s
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In this case, we have

hi+3zz; UL P

o Mk

3h§4 12 ’
c:% hf4h§!—x+y—z+3K

e,

g(t,s) <0ast— 400

implies that
a<0<— 2z <K.

Similarly,
g(t,s) <0ass— 400

implies that
b<0<=z>-K.

(A.109)

(A.110)

It is easy to show that g (¢, s) is strictly concave over its feasible set [2, +oo) [1,400).

Therefore, (t*,s*)

Case 8.1

Case 8.1: (t*,s*) is an interior point of [%,—i—oo) X [1,400).

maximum value at the stationary point (t*,s*). We need

1
> -,
2
s> 1,
g(t*,s*) <0.
where t* = ¢ 2—‘21 > % implies that
8bd > a?,

ie.,
1 2
K>—(z—-K)".
z+ K > e (z )

Similarly, s* = ¢/%¢ > 1 implies that
ad > b?,

ie.,

1
K< ——— (2 + K)%.

2K

225

(i/zzl’ €/Z>2> is the unique solution of Vg = 0.

Next we derive the conditions of ¢ (¢,s) < 0 in different cases.

Then g (t,s) achieves its

(A.111)

(A.112)



g (t*,s*) < 0 implies that

g(t*,s")
3/ bd sjad d
= — by — P
@ a? * b2 tet 3/bd 3/ad
V a2V 2

= 3vabd + ¢ < 0.

ie.,

y < —x+2—3K+3Y(2K)(z+ K) (2 — K).

Case 8.2

Assume that the maximum value of g (, s) is achieved at £ > 3, § = 1.

From the optimality condition

dg (t,3) dg (t,3) _
P (t—1)+ s (s —35) <0,

let s =1, since t — t can be either positive or negative, we have

dg (t,3)
ot

Similarly, let t = ¢, since s — 5 > 0, we have

=0.

Furthermore,

I3 d
89(78):b_i_b+\/@<0
Js 3
implies that
x> —-K
v+ K >/(-2K) (2 - K)
1 2
T — K
z—k 2K($+ )
Finally,
g(t,S)
<g(t53)
= Qa 7—|—b+0+7
_ —d

=-2Vad+b+c¢c<0
implies that

y<z—2K+2/(-2K) (2 — K).
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(A.114)

(A.115)

(A.116)



Case 8.3

Assume that the maximum value of g (t, s) is achieved at ¢t = %, s> 1.

From the optimality condition

Furthermore,

implies that
< K

z—K+2K(x+K)<0

1
1+ K< — (22— K)~.

2K
Finally,
g(t,s)
<g(t,5)
:%+0—2M%d§0

implies that

y < —x—2K 422K (z + K)

Case 8.4

Assume that the maximum value of g (t, s) is achieved at ¢ = %, s=1.

From the optimality condition

0y (t,5) 09 (15) . |
— (t — —=(s—35) <
5 D+ =5 (s—5) <0,
similar as the previous subsection, we have
ot~
89 (t7 S) < 0
ds  —
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(A.117)

(A.118)

(A.119)



=a—4d <
T a 0
implies that
z < —K. (A.120)
t_ -
99(85) _y _9g<o
0s
implies that
x> K. (A.121)
Furthermore,
g9(t,s)
_ 1
=2 b+etad
2
=y—K <0
implies that
y < K. (A.122)

However, (A.120) and (A.121) define a set that does not intersect the set defined by
case 1 and case 2. Hence, we can discard case 8.4.
Discussion of case 8

The discussion is similar as case 3. Details are omitted.
Conclusion of case 8 (combine with case 1 and 2):

(z,y,2) € {lz| < K, |y| < K, [2] < K,
y<—z+2-3K+3Y(2K)(z+K)(z - K),
y < —x— 2K +22K (z + K),

y§272K+2\/(72K)(27K)}

A.3.9 Discussion of conjugate transform of Hgiyg

1

The coonjugate transform of Hgiyg

is discussed in above 8 different cases. Case 1 and 2 define a cubic |z| < K, |y| < K, |2| < K.

Q is a closed set inside this cubic. Hence, constraiints in case 1 and case 2 are redundant.

Rest of constraints are in 6 groups. Each group consists 3 functions as discussed in case

3-8. In the next of this subsection, we show some of constraints are actually redundant.
Consider the constraints in case 6

. is defined in a convex set €2, where the boundary of {2

(1)z>z4+y+3K -3Y2K (2 + K) (y + K)
(2).z2 > x+2K — 21/2K (z + K)

(3).z>y+2K —2/2K (y+ K)
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Let ©; be the set in x-y space such that constraint i is active if consider case 6 only. For
example,

1 2 1 2

0 — {m <Ky <KatK< <y+K>2}

=l 5~

@3={|$]§K,\y|§K,y+k§ (z+K)2}

Alsoconsider constraints in case 7

(4).y> x4+ 2+3K - 3Y/(—2K) (z — K) (2 + K)
(5).y > —x 42K — 2y/(—2K) (z — K)

(6).y > 2z+2K —2y/2K (2 + K)

and define ©4, O35, Og by the same way. For example,

1
96:{’33\§K|Z|SK,2+1<:§2K(x_K)2}

As discussed in case 6, in x-y space, ©1 and O3 meet at the curve

1 2
K=— K)~.
Y+ 5K (r+ K)
On this curve, function (1) and (3) reduce to

z=—2x+vy

Hence, the boundary of (1) and (3) intersect at the curve

r=2
Y=o (r+ K- K (A.123)
z=—-2x+y

Similarly, the boundary of function (4) and (6) intersect at the curve

r=2
r=og (e - K- K (A.124)
y=2xr+z

It is not difficult to show that (A.123) and (A.124) are equivalent, since from (A.123) we
have

z2=—-2x+y

1 2
= -9 — K)y - K
$+2K($+ )

1
1 2
R L
5 (@~ K)
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i.e., the boundary of (1), (3),(4), (6) intersect at the same curve.
If we consider case 6 only, then (3) is active on Os, i.e.,

1 2
K< —— K)*.
y+ K< (@t K)
On the boundary of case 6, z is decreasing about y. Hence, the projection of (3) over O
into x-z space becomes

1 2
> — (z— - K.
225 (x—K)—-K

However, (6) is active when

1 2
< — — .
z—l—K_QK(ac K)

Therefore, (3) and (6) can not be active at the same time. Notice that as a function, (3)
and (6) actually are the same. That means, the boundary of (3) over ©3 and (6) over Og
are the two parts of the same curve partitioned by (A.123).

We have shown that (1) override (3) when (1) is active. So as (2). Therefore, (1) and (2)
override (6). When (1) or (2) is active, (6) is satisfied automatically. When (3) is active, we
just show that (6) can not be active at the same time. As a consequence, (6) is redundant.

The other thing need to check is that (1) and (4) are not the same function. It is easy

to show, since when = = y = 0, the value of z defined by (1) is 3 <1 - 2%> K and the value
ofzdahmdby(@is3(—2+3%>51

Following the same logic, all quadratic constraints are redundant.

As a conclusion, the conjugate transform of Hgi;

. is defined in

(x,y,2) € {a:g—y—i-z—SK—i-S{’/ —2K)(y+K)(z — K),
x> —y+z+3K—3Y(— K(y K)(z + K),
y<—x+2-3K+3Y(2K)(z+K)(z - K),
y>—x+z2+3K -3 2K)(3: K) (2 + K),
z<x+y—-3K+3Y2K(z—K)(y—K)

2>z +y+3K — 382K (z + K)(y+K)}

where
T = g,
J
Yy = éz_ ny
2? 6hY"
_ no_
Z_2hg+6h7; 2>
_ 1323y
K_12hlhj
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9%z
Oxdy

A.4 Conjugate transform of ’
1

0%z
0xdy

=2c12(y —y;) +cen
= 2c190hYs + (cpoh? + ¢ s € —10
- 12 j 12 0l 11 ) 2> .

Let
A = cp2hi,
B = 612h]y~ + c11,

then

Cl12 = hiyAv
J
c11 = —A+ B.

Let
f (S) = 2012h§8 + (Clghé{ + 611>

1
:2AS+B, s € |:—2,0:|

which is a linear function of s. Let

F (c12,c11)
0%z
0x0y ||,

_/ 0%z
D

0xdy
= hlmhg/ ’2612}%{8 + (Clgh? + 011) ’ dtds
DI

dxdy

—W@/‘@%+Mﬁw
DI

A.4.1 Casel

Case 1: f(s) >0,Vs € [—3,0].
Since f (s) is a linear function, this is the case that

f@é):—A+BZQ
f(0)=B =0,
Therefore, this situation is equivalent to
B> AB>0.

i.e.,



Hence,

F (c12,¢11)

:h;f”hy/ |2As + B| dtds

1y
:wm/'/ mu+3@ﬁ+mw/2/mpm+3mwt
1 1 0 _1
2 2

2
A B
—heRY (-4 2 ).
lj( 6+4>

In this situation, the conjugate transform of F (c12,c11) is

G (&m)
= sup {&c12 + e — F(cig,c11)}

= sup {f 7 A+n(— A+B)hfh§<A+§>}

B>A,B>0

6
¢ LAV I
= su S 4 - .
BZA,gZO h K 6 K 4

Let

then

)
)

(A.125)

where h (s) is a linear function. Since B > 0, G (§,n) is finite if and only if A (s) < 0, which

is equivalent to h (s) is nondecreasing and h (1) < 0. Hence,

implies
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And

h(1)
RS hfhg hfhé’
<h§ (- I W
¢ hihg
== <
w1 =0
J
implies
hE Y2
<t
&= 12
Therefore, in Case 1, the conjugate transform of F (c12,c11) is
G (67 77) = 07
where
Q < h%hij < 1 hfh?f A.126
(&n) e =¢£< D 777fh73]4 §+T . (A.126)

A.4.2 Case 2

Case 2: f(s) <0,Vs € [-3,0].
This case is symmatric with case 1. Since f (s) is a linear function, this is the case that

f6é>_—A+B§Q
f(0)=B<0,
Therefore, this situation is equivalent to
B<A B<O.

ie.,

1< —

so[ IS

,B<0.

Hence,

F (c12,¢11)

:hfh?/ |2As + B| dtds
DI

A B
N K T I A2
hlhj( 6+4> ( 7)
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In this situation, the conjugate transform of F'(ci2,c11) is

G (&m)
= sup {&c12 + neir — F (ci2,c11)}

A B
= sup § A+17( A—i—B)—i—hxhy( +>
B<A,B<0 6 4

é hi h?
= su = —n—
BgA,IE)zgo h? K 6

Let

then

! 4
¢ hihY hihY
( hy+n+ s (=

= B
=h(s)B,s>—1
where h (s) is a linear function. Since B < 0, G (§,n) is finite if and only if & (s) > 0, which
is equivalent to h (s) is nondecreasing and h (—1) > 0. Hence,
h(=1)
S hih hih
N (hg o R K
_ & hih
B RESTRES
J
implies
1
— — hTRY?
2 mghih;
And
¢ h¥hY
<—hy 0+ = 2]1>0
J
implies

1 2
> &— fhxhy )

Therefore, in Case 2, the conjugate transform of F (c12,c11) is
G (57 77) = 07
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where

1 1 1
(&) € Q= {5 > — i > oy (5 - 6hfh§2> } : (A.128)
J

A.4.3 Case 3

Case 3: f(—3) <0 and f(0) > 0.
this is the case that

whihch is equivalent to

Let § be the root of f(s), i.e.,

This is equivalent to

1 . B
0%z
F(c12,c11) = ’ 920y
1

8 —S 0 —5
= hihy { / (—2As — B) dtds + / / (24s + B) dtds}

1
2

LY a3 a2

1B A B
=prpYd = 4+ = 2L
_hlh3{6A2+6 4}

Let

B
S:Z’O<S<1’
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In this situation, the conjugate transform of F'(c12,c11) is

G (&)
= sup {{ci2 + nein — F (c12,¢11)}
1 1B> A B
- CAd4n(—A+B) —w |22 28
Ailglo{gh? tal-A+B) -k J[6A2+6 4}}

0<s<1,A>0 6 4 6

hEhd hZhY ¢ hEhY
= su —— LS+ L s+ [ - -L - A
0<s<1],;)A>0{ 6 1 4 h? 6 "
hihf 6 3 6¢ 6
= sup —— ISy - +1+ L) ba
0<s<1],;)A>0 6 { hffh? 2 hfhéﬂ hfh?

hehY
= sup ——Zg(s)A
0<s<1,A>0 6

Since A > 0, G (&, n) is finite if and only if

6n 3 6& 6n
g(S):33+ (—h$hy—2>8+ (_W+W+1> ZO,SG(O,l).
] ] L)

= sup {fhlyA 7 (—A+ sA) — WY [153A _Ay A] }
J

6m 3
/ o 2 _ 2
g (s) =3s"+ ( hfh? 2)

2n 1
2 [R— —_——
(i3

zpY

Case 1 of g (s): If —hfzy —% >0, ie.,n < ——7%, then g (s) is monotomically increasing,
i1

and g (s) > 0,s € (0,1), if and only if

=3

6 67
0) = 1 0
90) =@ +1+m7 20
J v
i.e.,
1 hxhY?
> - 12
n= i (5 5
Furthermore,

implies that



Therefore, in this case, G (§,n) is finite if and only if

1 h? 1 hrRY?
Py N NS QL S [ e B .
§ < 12hzhj S = 777_h? <§ 5 (A.129)

h
Case 2 of g (s): If —hgzy_ — % < 0, ie.,, n > ——%, then there exists a s* such that
i 1Y
g (s*) = 0. We have

2n 1
* = = >0.
ST\ h 2

Now we consider the situation that
0<s*<1.

Hence, g (s*) is the mimnimum value of g (s). g (s) > 0 if and only if g (s*) > 0.

h¥hY hEhY
0<s*<l=-—2<p<—-
g9(s")
3 1
- 2n S 6n 3 2y 1 2_% _ 66, Gn
IR heht 2 ) \ hEhY T 2 heh!? h¥hY

o 1\’ 6¢ 61
=2 — — 1
(hfh? + 2) + < h%f e h*hY

Hence, g (s*) > 0 implies

o 1\®_ 6¢ 6
N e/ T —1-—L
(h;”h? + 2) ~ hEpY? hfh?;

17

3 2
m 1 3 1 3y
il < _
(hfh? + 2) - (hzﬂ.chjy? 2 hfh?)

T Y2 3 T Y2
fghyn—hi;’lj <2?7 +1> +hihj _

In summary, case 2 is the situation such that

2n 1

“hent 2 <0
0<s" <1
g(s*) =0

ie.,

3
hehY hehY hERY? [ 9 1\ 2 RERY?
) e Y < By P n 1 i 'Y
Sn<— 8 hym 3 (W@+ﬁ +
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Property: From function

we can derive that

dg v _ gy (20 1\* Yy _ Y _
n h; — h; hfh?+§ >h;—h; =0
_1
d%¢ 1 (2n 1\ °?
— = + - <0
dn? h¥ (hfhgj 2
Since this function is monotonically increaeing about 7, so
y2 % y2
hTh? 2 1 hZh? 1
E<hin— | o) 42 — —hht2,
J 3 hTh: 2 6 oy 1277
7 hi h].
=1
So case 2 is the situation that
3
2 2 x1Y2
1,y h;’-"h?; hfh? Y hfhé’.’ 2n 1 hi
Ssphihy ——p sn<—gtsh- == \gaa tg) g o (150
'Y

which defines a convex set.
Case 3 of g (s): If _% — % < 0 and s* > 1, then g
1'%

(0,1). Hence, g (s) > 0 if and only if g (1) > 0.

g(1)
6n 3 6& 61
=1+ (- -2 - 1
+ ( hfhjy 2) + ( hfhiﬂ + 1+ hl'xh?j>

(s) is monotonically decreasing in

6& 1
_ s+ 2
hihy™ 2
g (1) > 0 implies that
hehY?
<2
&< 12
2n 1
* = —>1
S hfh? + 5 2
implies
hThY
> 7
T="y
In summary, case 3 is the situation that
2n 1
—— — =<0
hfh? 2
s*¥>1
9(1)=0



(A.131)

i.e.,
€< ihﬂ.ﬁhiﬂ n > lhﬂ,ﬁh@!

=2t =g
Conclusion: in the situation of A > B > 0, the conojugate transform of F (c12,c11) is
G (&n) =0,
where (£, 7) is defined over the union of sets (A.129), (A.130), and (A.131), i.e.,

Y
i

L(g-%hfh?z) if <~

]

’ 3

1 y2
2 popy?

127" %5 >

xphY zhY
iy h'hj

- <n<-1

2
L +3) +
hZhY

K3

3= ¢ < Harn? e < hln — 3hiht?
€< hhihl ity >

4J'
(A.132)

This is a convex set. The boundary of this set is C''-smooth.

A.4.4 Case 4

Case 4: f(—%) >0and f(0) <0
This is the case that

f(—;) = _—A+B>0,

f(0)=B <0,

which is equivalent to
A< B<O.

Let § be the root of f(s), i.e.,

This is equivalent to

1 B
——<f=—— A B <0.
2<s 5 <0,A<0,B<0

0%z
F(c12,c11) = ’ 920y
1

s - 0 p—s
= h¥h! { / (24s + B) dtds + / / (—24s — B) dtds}

1
2

1B A B}

=i {4
Let B
S:Z’O<S<l’
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In this situation, the conjugate transform of F'(c12,c11) is

G (&m)
= sup {§c12 +nci1 — F (612, 011)}

1B> A B

- A A+B) iy |——2 242
Ailglo{g tal-A+B) -k j[ 6 A2 6+4]}

0<s<1,4<0 6 4

A
6
hZhY hZhY 13 hxhy
= su 134 |n- L ]s+ A
0<s<1I,)A<O{ 6 1 4 h¥
hihf 6 3 6¢ 61
_ i )3 no_°
B O<ss<1¥,)A<0 6 {s T (hffh? 2) 5t (hfhéa hmhy

hEhY
= sup Lg(s) A
0<s<1,A<0 | 6

Since A < 0, G (&, 7n) is finite if and only if

: 6n 3 6& 6n
= ~ 1) > 1
g(s)=s"+ (hfh? 2)3—1— (hfhéﬂ hfhg + ) >0,s€(0,1)

=  sup {f gA+n(=A+sA) = hiny [— A—i-fs

“‘H
>
\‘@

h
>0,ie,n>

Case 1 of g (s): If < 21 , then g (s) is monotomically increasing,

1
heRY T2
and g (s) > 0,s € (0,1), if and only if

6¢ 67

9(0) = 2102 9 7120,
nen?  hH
ie.,
1 h¥h¥?
< — L J
And )
1.y 1 hihy
iy <n< —
4hlhj_77_h? <§+ 5
implies
1
> —prpY?
5_12hzhJ



Therefore, in this case, G (§,n) is finite if and only if

1 heh! 1 hehY?
> —hPRY? > TJ’” <= <§+ . (A.133)

hZhY
Case 2 of g (s): If <h229 — é) < 0, ie., n < —%, then there exists a s* such that
g (s*) = 0. We have

s - — >0
]
2 hfhj
Now we consider the situation that
0<s*<1.

Hence, g (s*) is the minimum value of g (s). g (s) > 0 if and only if g (s*) > 0.

xhY T hY
hehY hihy

0<s"<1l=—= —

<n<

g(s%)

3 1
(Lo 2\ 6n 3) (L 20 \" (66  Gn
\2 ey hehd 2 )\ 2 hihY hehy? hThy

3

1 2 \? 6¢ 67
= 2= - - 1
(2 hfh?) * (hfh?f hihj *

Hence, g (s*) > 0 implies

1 2 3¢ 3 1

- < _ 4=
ThY — 12192 ThY

(2 hihj> hihg hih; 2

1o\ 3¢ 3 1\
n n

—__ < |- 4y = _Z
zhY — r1.Y2 zhY

<2 hihj) (hih?]% hih; 2>

3

1 1 2 \2 1. . .9
> hY R _ ZhERY?
€ > hin+ Shih] (2 hfh?> Shih

jw

Property: From function

2
1 1 2 S|
_pY Lapapy2 (24N _ ZpTpY2
g_hjn+3hzh] (2 h?h?> Ghzh]

we can derive that



1
2 T2
e 1 (1 2 >0
dp>  h¥\2  hiRY =

Since £ is monotonically increasing about 7,

s Sz (L 20\ L, L
Sz hmE ity o T hmr ) T BT
B n=—h¥hY
In summary, case 2 is the situation such that
2n 1
- =<0
hfhg 2
0<s* <1
g9(s) =0
i.e.,
3
hihy hih 1o Va1 20 \° 1 . .0
_ z4a <n< 49,5 > —Ehfhg &> h§n+§hfh§! 2 wn) ghfhg , (A.134)

which defines a convex set.
Case 3 of g(s): If hfzy — % < 0 and s* > 1, then g (s) is monotonically decreasing
i

in (0,1). Hence, g (s) > 0 if and only if g (1) > 0.

g(1)
6n 3 6& 6n
=ity 5t m T am
hihi 2 hih? hih;
66 1
~ e T2
(A

+1

g (1) > 0 implies that

implies

In summary, case 3 is the situation that

2n 1
(h;.vhg - 2) <0




i.e.,

1 1
§ > —shihY,n < —Jhih!

J 4"

(A.135)

Conclusion: in the situation of A < B < 0, the conojugate transform of F' (ci2,¢11) is

where (£, 7) is defined over the union of sets (A.133), (A.134), and (A.135), i.e.,

Q = .
£ > —g5hihd,

e> Lpept? g < L (g MY gy > MR
= 12y = g 6 n 1
3
2 2 2 .
€ nly+ Lnene? (1 - é’ig) e T
1 2. 1
€ > —LhrhY® if n < —LhihY.

G (&n) =0,

This is a convex set. The boundary of this set is C''-smooth.

A.4.5 Conclusion of conjugate transform of ’

0%z
oxdy

1

The functions from Case 1 and Case 2

can be re-stated as

Consider four functions

and

defined over the set n € {

4

hZhY

__*J

Y

hehY?
— hY v
92 () = hjn — —¢
hfhg
—e
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(A.138)
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(A.140)



Let
Hi(n)=fi(n)—g1(n)

3
1 2 1)2 hEhY hEhY
__tpapy2 n - _iy iy
= ghih (hgh§!+2> ’"El R

o 1)° hEhY hEhY
11

. . . . . h*hY hThY .
Since Hj (1) is monotonically decreasing while n € |——7%, =2 }, the maximum value of

hEhY  RERY h¥hY
H; (n) while n € [— T ’4J] is Hy <— Z4J> =0. ie.,

hehY hehY
fim) <gi(n),— 4” <n<-— 4”.

The constraint £ < ¢; (n) is automatically satisfied when £ < f; (n). In other words, If

2
1 on 1\? hin!
< Wp — —pEpY? 2 Ly
& < hjn — ghih; (h;?h§+2> +—

and
hZhY h¥ hY

then automatically,

Let

3
Lo (L_ 20 \* | _hihg hihg
o\ T ey ) T 14|

1
127 \? hEhY hEhY
Hé(n):_hy<_ ) <Oan€[_ 4J7 4] .

I\2 " nnt

. : . : . hehY  hEhY
Since Hj (n) is monotonically decreasing while n € |——32, =~

hZhY hTRY hZhY
Hs (n) while n € [ R ’4J] is Ho < Z4J> =0. ie.,

}, the minimum value of

The constraint £ > g2 (1) is automatically satisfied when £ > fa (7).
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The feasible region of Q about dxdy
05 T T T

04r
03
02r

01F

—01}f

N
J
/

15

9%z
ozxdy

Figure A.4: The feasible region Q) of ‘

1

In other words, If

2 2
o ) e

and

then automatically,

AN

1 1
n< — <§ + h?«“hy?) .
J

It’s also easy to see that f1 (s) and g (s) only intersect at point (§,n) = (%hfh]ﬂ, %hfh?).

3

2
Son < % (§ + lh¢h92> is redundant to the constraint & < h?n — %h‘fh]y-2 < 2+ %) +

6777 hihY

hERY . . 1 2 1
—5> Similarly, f2 (s) and g1 (s) only intersect at point (£,7) = (—ﬁhfhé’f ,—thhg) So
% y2

R R
n > }71;’ ({ — %hffhf) is redundant to the constraint § > hin+ %hfhzf (5 — hg%Z;«' — 5=
The conjugate transform of ‘ 6%251/ . is
G (67 77) =0,

where (&, 7) is defined over the set
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Q
=M N N3Ny

3 2
1 27 < [ __3¢ 31 1
B (2 + hfh?) = ( hfhjy? + hihy 3

3 2 )
1_ 29 3 _3n 1
(2 hfh;.’) < (hgh]y? hihy +3)

which is a convex set bounded by two cubic functions developed in Case 3 and Case 4.
(Please refer to Figure A.4.)
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