
Abstract

TAYLOR, PADRAIC. On the Solvability of Nonlinear Discrete Multipoint Boundary

Value Problems. (Under the direction of Dr. Jesús Rodriguez.)

In this manuscript we study nonlinear, discrete, multipoint boundary value prob-

lems. We investigate two types of problems.

We first consider scalar, nonlinear, multipoint boundary value problems of the

form

y(t+ n) + an−1(t)y(t+ n− 1) + . . . a0(t)y(t) = g(y(t+m− 1))

subject to

n∑
j=1

bij(0)y(j− 1)+
n∑

j=1

bij(1)y(j)+
n∑

j=1

bij(2)y(j+1)+ . . .
n∑

j=1

bij(N)y(j+N − 1) = 0,

for i = 1, 2, . . . n.

We provide sufficient conditions for the existence of solutions. By allowing more

general boundary conditions and by imposing less restrictions on the nonlinearities,

we obtain results that extend previous work in the area of discrete boundary value

problems [8, 9].

We also study weakly nonlinear, discrete systems of the form

x(t+ 1) = A(t)x(t) + εf(t, x(t))

subject to the multipoint boundary conditions

B0x(0) +B1x(1) + . . . BNx(N) = 0.

We provide sufficient conditions for the existence of solutions and we present a

qualitative analysis of the way the solutions depend on the parameter ε.
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Chapter 1

Introduction

In this paper we study the solvability of a very general family of discrete, non-

linear, boundary value problems. We consider multipoint boundary value problems

of the form

x(t+ 1) = A(t)x(t) + f(x(t))

subject to

B0x(0) +B1x(1) + . . . BNx(N) = 0.

Throughout this paper, we assume that for each t, x(t) is a vector in Rn and A(t)

is an invertible n× n matrix. We assume that f : Rn → Rn is at least continuous, Bi

is a constant n × n matrix for i, and N is a fixed integer larger than two. In most

practical applications, N will be much larger than two.

Multipoint boundary value problems can occur in a variety of settings. The

elasticity of an equally loaded, three-layered “sandwich beam” can be modeled by

a three-point, third order ordinary differential equation [1, 13]. When studying

physical phenomena where N states are observed at N times, the resulting model

will include an N point boundary condition. To illustrate the scope of these types of

boundary conditions, observe that periodic solutions to nonlinear discrete equations

can be examined by letting B0 = I, BN = −I and Bi = 0 for i = 1, 2, . . . N − 1.

In Chapter 2, we consider the solvability of nth order, scalar, mutlipoint boundary

value problems. We provide sufficient conditions for the existence of solutions when

the dimension of the solution space of the associated linear homogeneous boundary

value problem is less than two. Our approach depends on whether the solution space
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of the linear boundary value is trivial or not, however in each case our arguments are

based on fixed point theorems.

In Chapter 3, we study the solvability of weakly nonlinear systems of difference

equations subject to multipoint boundary conditions. Our focus in this chapter is on

the case where the associated linear homogoneous boundary value problem has non-

trivial solutons, however, for completeness, we do consider the case when the linear

problem has only the trivial solution. We provide sufficient conditions for the exis-

tence of solutions and show how these solutions are connected to the solutions of the

linear problem. We use the Implicit Function Theorem to establish this connection.

The reader should note the parallel approach that we take in each of these two

chapters, yet the reader is not required to read Chapter 2 in order to understand

Chapter 3 and vice versa.
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Chapter 2

Scalar Discrete Nonlinear Multipoint

Boundary Value Problems

2.1. Introduction

This chapter is devoted to the study of nonlinear, discrete-time, multipoint

boundary value problems. We consider equations of the form

(1) y(t+ n) + an−1(t)y(t+ n− 1) + . . . a0(t)y(t) = g(y(t+m− 1))

subject to

(2)
n∑

j=1

bij(0)y(j−1)+
n∑

j=1

bij(1)y(j)+
n∑

j=1

bij(2)y(j+1)+. . .
n∑

j=1

bij(N)y(j+N−1) = 0

for i = 1, 2, . . . n.

Throughout the chapter we will assume that g is a continuous real-valued function

defined on R, that m is fixed and belongs to {1,2,. . . n}, and that N is an integer

larger than two. The coefficients bij and the functions a0, a1 . . . an−1 are all real-valued

and a0(t) 6= 0 for all t.

We establish sufficient conditions for the existence of solutions to the bound-

ary value problem (1)-(2). By imposing less restrictions on the nonlinearity and

by allowing more general boundary conditions, our results constitute a significant

generalization of the work of Etheridge and Rodriguez [8, 9]. The present chapter
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also complements other work in the area of discrete boundary value problems. The

interested reader may consult [2, 3, 10, 12, 17, 18].

The structure of the solution space of the linear homogeneous boundary value

problem

(3) y(t+ n) + an−1(t)y(t+ n− 1) + . . . a0(t)y(t) = 0

subject to

(4)
n∑

j=1

bij(0)y(j−1)+
n∑

j=1

bij(1)y(j)+. . .
n∑

j=1

bij(N)y(j+N−1) = 0, for i = 1, 2, . . . n,

plays a crucial role in our analysis. In this chapter we consider the case where the

solution space of (3)-(4) has dimension less than two. If the only solution to the

linear homogeneous boundary value problem is the trivial one, we are able to obtain

existence results for (1)-(2) which are based solely on the growth rate of the nonlinear

function g. A much more delicate situation arises when the solution space of (3)-(4)

is nontrivial. In this case we approach the solvability of the boundary value problem

(1)-(2) via a projection scheme. We obtain easily verifiable, sufficient conditions for

the existence of solutions. These conditions depend of the limiting behavior of the

nonlinear function g and on the structure of the solution space of the linear problem

(3)-(4).
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2.2. Preliminaries

We are concerned with the existence of solutions of

y(t+ n) + an−1(t)y(t+ n− 1) + . . . a0(t)y(t) = g(y(t+m− 1))

subject to

n∑
j=1

bij(0)y(j− 1) +
n∑

j=1

bij(1)y(j) +
n∑

j=1

bij(2)y(j+ 1) + . . .
n∑

j=1

bij(N)y(j+N − 1) = 0

for i = 1, 2, . . . n.

The multipoint boundary value problem (1)-(2) is analyzed as an n × n system

of the form:

(5) x(t+ 1) = A(t)x(t) + f(x(t))

subject to

(6) B0x(0) +B1x(1) + . . . BNx(N) = 0.

For each k in {0, 1, . . . N} we let Bk be the n× n matrix given by Bk = (bij(k)).

The n× n matrix A(t) is given by

A(t) =



0 1 0 . . . 0

0 0 1 . . . 0

...
...

...
...

0 0 0 . . . 1

−a0(t) −a1(t) −a2(t) . . . −an−1(t)


. We set
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x(t) =


x1(t)

x2(t)

...

xn(t)


=


y(t)

y(t+ 1)

...

y(t+ n− 1)


, and we define f : Rn → Rn by

f




x1

x2

...

xn




=


0

0

...

g(xm)


.

We study the boundary value problem (5)-(6) by using operators on finite dimen-

sional sequence spaces. To facilitate this, we introduce the following spaces:

X = {φ : {0, 1, . . . N} → Rn : B0φ(0) +B1φ(1) + . . . BNφ(N) = 0},

and

Y = {ψ : {0, 1, . . . N − 1} → Rn}.

In each of these finite dimensional spaces we will use the supremum norm, that is for

x in X we define

‖x‖ = sup
t=0,1,...N

|x(t)|

and for y in Y we define

‖y‖ = sup
t=0,1,...N−1

|y(t)|,

where | · | denotes the Euclidean norm on Rn. Clearly with these norms, X and Y

are Banach Spaces. If we define the linear operator L : X → Y by

(Lx)(t) = x(t+ 1)− A(t)x(t)

and define F : X → Y by

(Fx)(t) = f(x(t)),

then x is a solution to (5)-(6) if and only if:

(7) Lx = Fx.
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Our approach will depend on the nature of the kernel of L. If L is invertible we

establish conditions for the solvability of (7) by finding a fixed point of the map L−1F .

When L is not invertible, the situation is far more demanding. In this case, we use the

Lyapunov Schmidt Procedure [4, 6, 7, 11, 16, 17], to gain a better understanding

of the delicate interaction between the nonlinearity and the boundary conditions.

Let Φ(t) =

 I if t = 0

A(t− 1)A(t− 2) . . . A(0) for t = 1, 2, . . .

It is well known [3, 12, 15] that Φ is a fundamental matrix solution of

x(t+ 1) = A(t)x(t).

Proposition 2.2.1. The solution space of the linear homogeneous boundary value

problem (3)-(4) and ker(B0 +B1Φ(1) + . . . BNΦ(N)) have the same dimension.

Proof.

Clearly the solution space of (3)-(4) has the same dimension as ker(L), and

x ∈ ker(L) ⇐⇒ x(t+ 1) = A(t)x(t) and B0x(0) +B1x(1) + . . . BNx(N) = 0

⇐⇒ there exists a vector c in Rn such that x(t) = Φ(t)c and

B0Φ(0)c+B1Φ(1)c+ . . . BNΦ(N)c = 0

⇐⇒ x(t) = Φ(t)c where c ∈ ker(B0 +B1Φ(1) + . . . BNΦ(N)) 2

When the solution space of (3)-(4) is nontrivial we choose a unit vector d ∈

ker (B0 +B1Φ(1) + . . . BNΦ(N)) and define S : {0, 1, . . . N} → Rn by

S(t) = Φ(t)d.

Corollary 2.2.1. If the solution space of (3)-(4) is nontrivial, then x is in the

kernel of L if and only if x(t) = S(t)α for some real number α.
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2.3. The case of invertible L

We will show that if B0 + B1Φ(1) + . . . BNΦ(N) is invertible and g : R → R

exhibits “sublinear” growth, then the boundary value problem:

y(t+ n) + an−1(t)y(t+ n− 1) + . . . a0(t)y(t) = g(y(t+m− 1))

subject to

n∑
j=1

bij(0)y(j− 1) +
n∑

j=1

bij(1)y(j) +
n∑

j=1

bij(2)y(j+ 1) + . . .
n∑

j=1

bij(N)y(j+N − 1) = 0

for i = 1, 2, . . . n,

has a solution. This result extends previous work of Etheridge and Rodriguez [8, 9].

In this paper we allow more general boundary conditions and we place less restriction

on the nonlinearities.

Proposition 2.3.1. L is invertible if and only if B0 + B1Φ(1) + . . . BNΦ(N) is

invertible.

Proof.

Let h ∈ Y . Lx = h if and only if there exists an element x in X that satisfies

x(t+ 1) = A(t)x(t) + h(t) for t = 0, 1, . . . N − 1.

By the well known Variation of Constants formula [3, 12, 15], Lx = h if and only if

(8) x(t) = Φ(t)x(0) + Φ(t)
t−1∑
i=0

Φ−1(i+ 1)h(i)

and

(9) B0x(0) +B1x(1) + . . . BNx(N) = 0.
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Combining equations (8) and (9) we have Lx = h if and only if

(10)

B0x(0) +B1 (Φ(1)x(0) + h(0)) + . . . BN

(
Φ(N)x(0) + Φ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

)
= 0

or equivalently

(11)

(B0 +B1Φ(1) + . . . BNΦ(N))x(0) = −

[
B1h(0) + . . . BNΦ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

]

Notice that Lx = h if and only if there exists x(0) ∈ Rn that satisfies equation

(11). If we can find such an x(0), then we define x as in equation (8) and we will

have Lx = h. Observe that if B0 + B1Φ(1) + . . . BNΦ(N) is invertible, then there

is one and only one x(0) that satisfies equation (11), which implies there is one and

only one x that satisfies Lx = h, and thus L is invertible. Likewise if there is one

and only x that satisfies Lx = h, then there is one and only one x(0) that satisfies

equation (11), and thus B0 +B1Φ(1) + . . . BNΦ(N) must be invertible. 2

Proposition 2.3.2. Assume B0 + B1Φ(1) + . . . BNΦ(N) is invertible. If there

exist nonnegative real numbers M1,M2 and a real number α with 0 < α < 1 such that

|g(x)| ≤M1|x|α +M2 for all x, then there is at least one solution to equation (1)-(2).

Proof.

Since B0 +B1Φ(1) + . . . BNΦ(N) is invertible, then L is invertible and Lx = Fx

if and only if x = L−1Fx. Define T : X → X by Tx = L−1Fx. Then clearly T is

continuous. Observe that

‖Fx‖ = sup
t=0,1,...N−1

|f(x(t))|,

and for each t = 0, 1, . . . N − 1:

|f(x(t))| = |g(xm(t))| ≤ M1|xm(t)|α +M2 ≤ M1|x(t)|α +M2 ≤ M1‖x‖α +M2.

9



Now, if M is a positive real number and ‖x‖ ≤M then

‖Tx‖ = ‖L−1Fx‖ ≤ ‖L−1‖ (M1‖x‖α +M2) ≤ ‖L−1‖ (M1M
α +M2).

Therefore

‖Tx‖
M

≤ ‖L−1‖
(

M1

M1−α
+
M2

M

)
,

and thus for M sufficiently large, ‖Tx‖
M

≤ 1. Consequently, there exists a positive

number M such that for all x ∈ X, if ‖x‖ ≤ M then ‖Tx‖ ≤ M. If we let B = {x ∈

X : ‖x‖ ≤ M}, then B is a closed, nonempty, convex set, and T maps B into itself.

By the Brouwer Fixed Point Theorem, T has a fixed point in B. 2
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2.4. The case of singular L

Now let us consider the case where the kernel of L is one dimensional. Recall

from Corollary 2.1 that every element of ker(L) can be written as Sα for some real

number α.

In order to introduce our projection scheme, we now construct projections onto

the kernel and image of L.

Proposition 2.4.1. If we define P : X → X by (Px)(t) = S(t)dTx(0), then P is

a projection onto ker(L).

Proof.

Clearly P is bounded and linear. We must show P 2 = P , and Im(P ) = ker(L).

Claim 1: P 2 = P

proof of claim

(P (Px))(t) = P
(
S(·)dTx(0)

)
(t)

= S(t)dTS(0)dTx(0) = S(t)(dTd)dTx(0)

= S(t)dTx(0) = (Px)(t).

Claim 2: Im(P ) = ker(L)

proof of claim

Let x ∈ X. Then

(Px)(t) = S(t)dTx(0)) = S(t)α, where α = dTx(0).

Therefore Im(P ) ⊂ ker(L).
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Now let x ∈ ker(L). Then x(t) = S(t)β for some β ∈ R and

(Px)(t) = S(t)dTS(0)β = S(t)(dTd)β = S(t)β = x(t).

Therefore x ∈Im(P ) and thus ker(L) ⊂ Im(P ), which implies Im(P ) = ker(L).

Claims 1 and 2 verify that P is a projection onto ker(L). 2

The following definition and lemma are vital to the framework of our construction

of a projection onto the image of L.

Definition 2.4.1. Assume ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
= span{c} for

some vector c ∈ Rn. Define Ψ : {0, 1, . . . N − 1} → Rn by

Ψ(t) =
N∑

i=t+1

[
BiΦ(i)Φ−1(t+ 1)

]T
c

Lemma 2.4.1. Ψ is the zero map if and only if
N⋂

i=0

ker(BT
i ) 6= {0}.

Proof.

Assume there is a nonzero vector v in
N⋂

i=0

ker(BT
i ). Then v ∈ ker((B0 +B1Φ(1) +

. . . BNΦ(N))T ). Therefore v = αc for some nonzero real number α, and thus c = 1
α
v.

As a result, Ψ(t) =
N∑

i=t+1

[BiΦ(i)Φ−1(t+ 1)]
T 1

α
v = 0 for all t = 0, 1, . . . N − 1.

Now if Ψ is the zero map, then Ψ(t) = 0 for all t = 0, 1, . . . N − 1. Observe the

following telescoping effect:

Ψ(N − 1) = 0 =⇒ BT
Nc = 0

Ψ(N − 2) = 0 =⇒ BT
N−1c+ [BNΦ(N)Φ(N − 1)−1]T c = 0

=⇒ BT
N−1c = 0

...

Ψ(0) = 0 =⇒ BT
1 c+ . . . [BNΦ(N)Φ(1))−1]T c = 0 =⇒ BT

1 c = 0
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Therefore c ∈
N⋂

i=1

ker(BT
i ). However, since c ∈ ker((B0 + B1Φ(1) + . . . BNΦ(N))T ),

then we must also have c ∈ ker(BT
0 ) and thus c ∈

N⋂
i=0

ker(BT
i ). 2

Proposition 2.4.2. h is in the image of L if and only if
N−1∑
i=0

hT (i)Ψ(i) = 0.

Proof.

Let h ∈ Y . From Proposition (2.3.1) we know h is in the image of L if and only

if there exists an element x in X such that

B0x(0) +B1 (Φ(1)x(0) + h(0)) + . . . BN

(
Φ(N)x(0) + Φ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

)
= 0

This holds if and only if

B1h(0) +B2

1∑
i=0

Φ(2)Φ−1(i+ 1)h(i) + . . . BN

N−1∑
i=0

Φ(N)Φ−1(i+ 1)h(i)

is in the image of B0 +B1Φ(1) + . . . BNΦ(N).

Therefore we must have

(12)(
B1h(0) +B2

1∑
i=0

Φ(2)Φ−1(i+ 1)h(i) + . . . BN

N−1∑
i=0

Φ(N)Φ−1(i+ 1)h(i)

)T

β = 0

for all β ∈ ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
.

Since ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
is a one dimensional space we see that

equation (12) is equivalent to

N−1∑
i=0

hT (i)

(
N∑

k=i+1

[
BkΦ(k)Φ−1(i+ 1)

]T)
c = 0,

where c spans ker((B0 +B1Φ(1) + . . . BNΦ(N))T )

Therefore, h ∈ Im(L) if and only if
N−1∑
i=0

hT (i)Ψ(i) = 0,

or equivalently
N−1∑
i=0

ΨT (i)h(i) = 0. 2
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We have seen that if
N⋂

i=0

ker(BT
i ) = {0}, then Ψ is not identically zero. This

allows us to define the map W : Y → Y by

(Wh)(t) = Ψ(t)

(
N−1∑
i=0

|Ψ(i)|2
)−1 N−1∑

i=0

ΨT (i)h(i)

Proposition 2.4.3. Assume
N⋂

i=0

ker(BT
i ) = {0}. Then E = I−W is a projection

onto the image of L.

Proof.

Since W is clearly bounded and linear, all we need to show is that W is a pro-

jection and Im(E) = Im(L).

Claim 1: W 2 = W

proof of claim: Let h ∈ Y

(W (Wh))(t)

= W

Ψ(·)

[
N−1∑
i=0

|Ψ(i)|2
]−1 N−1∑

k=0

Ψ(k)Th(k)


= Ψ(t)

[
N−1∑
α=0

|Ψ(α)|2
]−1 N−1∑

β=0

Ψ(β)T Ψ(β)

[
N−1∑
i=0

|Ψ(i)|2
]−1 N−1∑

k=0

Ψ(k)>h(k)

= Ψ(t)

[
N−1∑
i=0

|Ψ(i)|2
]−1 N−1∑

k=0

Ψ(k)>h(k) = (Wh)(t)

=⇒ W 2 = W

Since W is a projection, then E must also be a projection.

Claim 2: Im(E) = Im(L)
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proof of claim: Let h∈ Y

N−1∑
i=0

Ψ(i)T (Eh)(i) =
N−1∑
i=0

Ψ(i)T (h(i)− (Wh)(i))

=
N−1∑
i=0

Ψ(i)Th(i)

−
N−1∑
i=0

Ψ(i)T

Ψ(i)

[
N−1∑
k=0

|Ψ(k)|2
]−1 N−1∑

k=0

Ψ(k)Th(k)


=

N−1∑
i=0

Ψ(i)Th(i)−
N−1∑
k=0

Ψ(k)Th(k) = 0.

Therefore Eh ∈ Im(L) and thus Im(E) ⊂ Im(L).

Now let h ∈ Im(L). Then

(Eh)(t) = h(t)−Ψ(t)

[
N−1∑
i=0

|Ψ(i)|2
]−1 N−1∑

k=0

Ψ(k)Th(k) = h(t)

Therefore Eh = h, and thus h ∈ Im(E) which implies Im(E) = Im(L) 2

The construction of the projection W is analagous to a projection constructed for

the special case of a two-point boundary value problem in [9]. The projections P and

E enable us to study the existence of solutions to the boundary value problem (1)-(2)

using the classic Lyapunov Schmidt Reduction. Our approach to this procedure is

entirely self-contained. We do provide references, [4, 5, 6, 7, 11, 16, 17, 19, 21,

22] for readers interested in a more general formulation and for those interested in

applications to differential or difference equations.

Since P is a continuous projection, we may now write X = XP ⊕ XI−P where

XP =Im(P ) and XI−P =Im(I − P ). Note that L : XI−P →Im(L) is a bijection and

thus there exists a bounded linear map M : Im(L) → XI−P such that:

i) LMh = h for all h ∈ Im(L)
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ii) MLx = x
I−P

for all x ∈ X.

Proposition 2.4.4. Lx = Fx if and only if there is a real number α such that

x = Sα + MEFx and
N−1∑
i=0

g ([S(i)α+MEFx(i)]m) [Ψ(i)]n = 0, where [v]k denotes

the kth row of the vector v.

Proof.

Lx = Fx ⇐⇒ E(Lx− Fx) = 0 and (I − E)(Lx− Fx) = 0

⇐⇒ Lx = EFx and (I − E)Fx = 0

⇐⇒ x
I−P

= MEFx and Fx ∈ Im(L)

⇐⇒ x = x
P

+MEFx and
N−1∑
i=0

[Fx(i)]T Ψ(i) = 0

⇐⇒ x = Sα +MEFx and
N−1∑
i=0


0

0

...

g(xm(i))



T

Ψ(i) = 0

for some real number α

⇐⇒ x = Sα +MEFx and
N−1∑
i=0

g ([S(i)α+MEFx(i)]m) [Ψ(i)]n = 0. 2
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Let lim
x→∞

g(x) = g(∞) and lim
x→−∞

g(x) = g(−∞). We introduce the following

notation:

O1 = {i ∈ {0, 1, . . . N − 1} : [S(i)]m > 0}

O2 = {i ∈ {0, 1, . . . N − 1} : [S(i)]m < 0}

O3 = {i ∈ {0, 1, . . . N − 1} : [S(i)]m = 0}

Definition 2.4.2. For O1 and O2 defined above, define the real numbers J1 and

J2 by

J1 = g(∞)
∑
i∈O1

[Ψ(i)]n + g(−∞)
∑
i∈O2

[Ψ(i)]n(13)

J2 = g(−∞)
∑
i∈O1

[Ψ(i)]n + g(∞)
∑
i∈O2

[Ψ(i)]n.(14)

Proposition 2.4.5. Assume g is continuous, g(∞) and g(−∞) exist, O3 is empty

and J1 and J2 are both different from 0. Then there exists a real number α0 > 0 such

that for α ≥ α0, J1 has the same sign as K+ and J2 has the same sign as K−, where

K± =
N−1∑
i=0

g ([S(i)(±α) +MEFx(i)]m) [Ψ(i)]n.

Proof.

Let ε > 0. Here we will show that for α large, J1 has the same sign as K+. The

proof for J2 and K− will follow the same method. Since S and MEF are bounded,

we can find α0 > 0 such that for i ∈ O1

g(∞)− ε < g ([S(i)α+MEFx(i)]m) < g(∞) + ε

and for i ∈ O2

g(−∞)− ε < g ([S(i)α+MEFx(i)]m) < g(−∞) + ε

17



for all α ≥ α0. Let

U1 = {i ∈ O1 : [Ψ(i)]n > 0}

U2 = {i ∈ O1 : [Ψ(i)]n < 0}

U3 = {i ∈ O1 : [Ψ(i)]n = 0}

Now for α ≥ α0,

∑
O1

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n =

∑
U1

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n +
∑
U2

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n,

which yields

(g(∞)− ε)
∑
U1

[Ψ(i)]n + (g(∞) + ε)
∑
U2

[Ψ(i)]n <(15)

∑
O1

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n <(16)

(g(∞) + ε)
∑
U1

[Ψ(i)]n + (g(∞)− ε)
∑
U2

[Ψ(i)]n.(17)

In a similar fashion, define

W1 = {i ∈ O2 : [Ψ(i)]n > 0}

W2 = {i ∈ O2 : [Ψ(i)]n < 0}

W3 = {i ∈ O2 : [Ψ(i)]n = 0}

Then for α ≥ α0, ∑
O2

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n =

∑
W1

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n +
∑
W2

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n,

18



and we have

(g(∞)− ε)
∑
W1

[Ψ(i)]n + (g(∞) + ε)
∑
W2

[Ψ(i)]n <(18)

∑
O2

g ([S(i)(α) +MEFx(i)]m) [Ψ(i)]n <(19)

(g(∞) + ε)
∑
W1

[Ψ(i)]n + (g(∞)− ε)
∑
W2

[Ψ(i)]n.(20)

If we assume α ≥ α0 and add the inequalities given by (15)-(20) we obtain

J1 − ε

(∑
U1

[Ψ(i)]n −
∑
U2

[Ψ(i)]n +
∑
W1

[Ψ(i)]n −
∑
W2

[Ψ(i)]n

)
< K+

and

K+ < J1 + ε

(∑
U1

[Ψ(i)]n −
∑
U2

[Ψ(i)]n +
∑
W1

[Ψ(i)]n −
∑
W2

[Ψ(i)]n

)
.

Therefore K+ lies in an open interval centered at J1 with radius ε

(
N−1∑
i=0

|[Ψ(i)]n|
)
.

Observe that the radius of this interval is non trivial since J1 6= 0 implies the

existence of at least one i where [Ψ(i)]n 6= 0. Since we can make ε arbitrarily small

and J1 6= 0, then there exists α0 > 0 such that K+ and J1 have the same sign for

α ≥ α0. 2

Theorem 2.4.1. Suppose that ker (B0 +B1Φ(1) + . . . BNΦ(N)) is one dimen-

sional and
N⋂

i=0

ker(BT
i ) = {0}.

If

i) g : R → R is continuous

ii) g(∞) and g(−∞) exist

iii) O3 is empty

iv) J1J2 < 0

then there is at least one solution to equation (1)-(2).
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Proof.

Suppose without loss of generality that J1 > J2. Take α0 large enough so that

for α ≥ α0, J1 and K+ have the same sign, and J2 and K− have the same sign. Also

make sure α0 > rN‖Ψ‖ where r = sup
t∈R

|g(t)|. Following Etheridge and Rodriguez,

[9], define

H1 : X × R → X by H1(x, α) = Sα +MEFx,

H2 : X × R → R by H2(x, α) = α−
N−1∑
i=0

g ([S(i)α+MEFx(i)]m) [Ψ(i)]n ,

and H : X × R → X × R by H(x, α) = (H1(x, α), H2(x, α)) .

We will construct a nonempty, closed, convex set B ⊂ X × R such that H(B) ⊂ B.

Since H is clearly continuous, H will have at least one fixed point in B by the Brouwer

Fixed Point Theorem.

Let

B = {(x, α) : ‖x‖ ≤ ‖S‖δ + ‖ME‖r, and |α| ≤ δ where δ = α0 + rN‖Ψ‖}.

Clearly B is nonempty, closed and convex. Since J1J2 < 0 and J1 > J2, for α ≥ α0

we have
N−1∑
i=0

g ([S(i)α+MEFx(i)]m) [Ψ(i)]n > 0

and
N−1∑
i=0

g ([S(i)(−α) +MEFx(i)]m) [Ψ(i)]n < 0

for all x ∈ X.

As a result, for α ∈ [α0, δ],

H2(x, α) ≤ α and H2(x,−α) ≥ −α.

Also, since

∣∣∣∣N−1∑
i=0

g ([S(i)α+MEFx(i)]m) [Ψ(i)]n

∣∣∣∣ ≤ rN‖Ψ‖, if α ∈ [α0, δ],

H2(x, α) ≥ 0 and H2(x,−α) ≤ 0.

Therefore, if α ∈ [α0, δ], H2(x, α) ∈ [−δ, δ].
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Now consider α ∈ [0, α0).

|H2(x,±α)| =

∣∣∣∣∣(±α)−
N−1∑
i=0

g ([S(i)(±α) +MEFx(i)]m) [Ψ(i)]n

∣∣∣∣∣
≤ |α|+ rN‖Ψ‖

< δ.

Therefore H2(B) ⊂ [−δ, δ].

Let (x, α) ∈ B. Then

‖H1(x, α)‖ = ‖Sα +MEFx‖ ≤ ‖S‖δ + ‖ME‖r.

Since H(B) ⊂ B, by the Brouwer Fixed Point Theorem, there is at least one fixed

point of H in B. If (x̂, α̂) is this fixed point, then x̂ = Sα̂+MEFx̂ and
N−1∑
i=0

g
(
[S(i)α̂+MEF ˆx(i)]m

)
[Ψ(i)]n = 0. By Proposition 2.4.4, Lx̂ = Fx̂ and equa-

tion (1)-(2) has at least one solution. 2

It is significant to observe that we do not require that g(∞) and g(−∞) have

different signs. Previous papers, [8, 9] impose this restriction and they only consider

two-point boundary conditions.
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2.5. Example

Consider

(21) y(t+ 2) + 3y(t+ 1) + 2y(t) = g(y(t))

subject to

y(0) +
(
2− 2

3−N
2

)
y

(
N − 1

2

)
+
(
1− 2

3−N
2

)
y

(
N + 1

2

)
= 0(22)

y(N) + y(N + 1) = 0,(23)

where N is an odd integer larger than 1, satisfying N−1
2

is an even integer.

Comparing this equation to equation (1)-(2), we note that n = 2 and m = 1.

We can write this in system form as

(24) x(t+ 1) = A(t)x(t) + f(x(t))

subject to

(25) B0x(0) +B
N−1

2

x

(
N − 1

2

)
+BNx(N) = 0

where

A(t) =

 0 1

−2 −3

 for all t,

B0 =

 1 0

0 0

 , B
N−1

2

=

 2− 2
3−N

2 1− 2
3−N

2

0 0

 , BN =

 0 0

−1 −1

 ,

x(t) =

 x1(t)

x2(t)

 =

 y(t)

y(t+ 1)

 , and

f

 x1

x2

 =

 0

g(x1)

 .
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Since A is constant we can write A =

 0 1

−2 −3

 and thus Φ(t) = At for

t = 0, 1, 2, . . . N . Since N is odd, Φ(N) = AN =

 2N − 2 2N − 1

2− 2N+1 1− 2N+1

 .

B0 +B
N−1

2

A
N−1

2 +BNA
N =

 1 1

2N 2N

 and thus

ker
(
B0 +B

N−1
2

A
N−1

2 +BNA
N
)

=span


 1

−1

 .

Therefore S(t) = At

 1

−1

 =

 (−1)t

(−1)t+1

 for t = 0, 1, . . . N, and thus

O1 = {0, 2, 4, . . . N − 1},O2 = {1, 3, 5, . . . N − 2}, and O3 is empty.

Also, observe that
N⋂

i=0

ker(BT
i ) = {0}.

Ker
(
(B0 +B

N−1
2

A
N−1

2 +BNA
N)T

)
= span


 2N

−1

 which gives us

Ψ(t) =



([
B

N−1
2

A
N−1

2
−(t+1)

]T
+
[
BNA

N−(t+1)
]T) 2N

−1

 for t = 0, . . . N−3
2

[
BNA

N−(t+1)
]T  2N

−1

 for t = N−1
2
, . . .N−1

=



 (−1)t2N+1(1− 2−t)

(−1)t2N(1− 2−(t+1))

 for t = 0, 1, . . . N−3
2

 (−1)t2N−(t+1)

(−1)t2N−(t+1)

 for t = N−1
2
, . . . N − 1.

We still need to make sure that J1J2 < 0.
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Observe that

∑
i∈O1

[Ψ(i)]2 = 2N

N−5
2∑

i∈O1,i=0

(−1)i(1− 2−(i+1)) + 2N

N−1∑
i∈O1,i=N−1

2

(−1)i2−(i+1)

= 2N

N−5
4∑

k=0

1−
N−5

4∑
k=0

1

2

(
1

4

)k

+

N−1
2∑

k=N−1
4

1

2

(
1

4

)k


= 2N

N − 1

4
+

N−1
2∑

k=0

1

2

(
1

4

)k

−
N−5

4∑
k=0

(
1

4

)k


= 2N−2(N − 1) +

(
−2N+1 + 2

N+5
2 − 1

3

)
.

Likewise

∑
i∈O2

[Ψ(i)]2 = 2N

N−3
2∑

i∈O2,i=1

(−1)i(1− 2−(i+1)) + 2N

N−2∑
i∈O2,i=N+1

2

(−1)i2−(i+1)

= 2N

N−5
4∑

k=0

(−1)−
N−5

4∑
k=0

(−1)

(
1

2

)(
1

2

)2k+1

+

N−3
2∑

k=N−1
4

(
1

2

)(
1

2

)2k+1


= 2N

−N − 1

4
+

N−5
4∑

k=0

(
1

4

)(
1

4

)k

−
N−3

2∑
k=N−1

4

(
1

4

)(
1

4

)k


= −2N−2(N − 1) + 2N

N−5
4∑

k=0

(
1

2

)(
1

4

)k

−
N−3

2∑
k=0

(
1

4

)(
1

4

)k


= −

(
2N−2(N − 1) +

(
2

N+3
2 − 2N − 2

3

))
.

Therefore
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J1 = g(∞)

(
2N−2(N − 1) +

(
−2N+1 + 2

N+5
2 − 1

3

))

−g(−∞)

(
2N−2(N − 1) +

(
2

N+3
2 − 2N − 2

3

))
and

J2 = g(−∞)

(
2N−2(N − 1) +

(
−2N+1 + 2

N+5
2 − 1

3

))

−g(∞)

(
2N−2(N − 1) +

(
2

N+3
2 − 2N − 2

3

))
.

Clearly there are infinitely many continuous functions g where the end behavior

given by g(∞) and g(−∞) will make J1J2 < 0, and thus establishing the existence

of at least one solution to equation (21)-(23). Of notable interest is the fact that this

can be achieved with a function g where g(∞)g(−∞) > 0. One simple example is

given by

g(t) =


18
π
tan−1(t) for t ≥ 0

−96
π
tan−1(t) for t < 0

Observe that g(∞) = 9, g(−∞) = 48 and J1J2 < 0 for all N ≥ 5.

25



Chapter 3

Weakly Nonlinear Discrete Multipoint

Boundary Value Problems

3.1. Introduction

In this chapter we consider weakly nonlinear, discrete-time systems

(26) x(t+ 1) = A(t)x(t) + εf(t, x(t))

subject to multipoint boundary conditions of the form

(27) B0x(0) +B1x(1) + . . . BNx(N) = 0.

Throughout our discussion we assume that for each t, A(t) is a nonsingular n×n

matrix, f is a continuously differentiable map from Rn+1 into Rn, ε is a “small” real

parameter, each matrix Bk is n× n, and N is an integer larger than two.

We are primarily interested in systems at resonance; that is, problems where the

corresponding linear homogeneous boundary value problem

(28) x(t+ 1) = A(t)x(t)

subject to

(29) B0x(0) +B1x(1) + . . . BNx(N) = 0,

has nontrivial solutions.
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We establish sufficient conditions for the solvability of (1)-(2) and we provide

a qualitative analysis of the dependence of the solutions on the parameter ε. This

analysis allows us to establish a connection between the solution sets of the nonlinear

system (1)-(2) and the linear homogeneous boundary value problem (3)-(4).

We analyze (1)-(2) using the Lyapunov-Schmidt Procedure. Our analysis is com-

pletely self contained; however we include references, [4, 5, 6, 7, 11, 16, 17, 19,

21, 22] for those who wish to see a more abstract approach as well as for readers

interested in other applications.

The results presented here extend previous work of Rodriguez [20] where the

boundary value problems are nonlinear perturbations of Sturm-Liouville scalar equa-

tions and of Rodriguez [17] who considered only endpoint boundary conditions. The

present chapter also complements other results in the area of discrete boundary value

problems. The interested reader may consult [2, 3, 8, 9, 10, 12, 18].
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3.2. Preliminaries

We are concerned with the existence of solutions of

x(t+ 1) = A(t)x(t) + εf(t, x(t))

subject to

B0x(0) +B1x(1) + . . . BNx(N) = 0.

We analyze equation (26)-(27) by using operators on finite dimensional sequence

spaces. In order to do this, we introduce the following spaces:

X = {φ : {0, 1, . . . N} → Rn : B0φ(0) +B1φ(1) + . . . BNφ(N) = 0},

and

Y = {ψ : {0, 1, . . . N − 1} → Rn}.

We will use the supremum norm on each of these finite dimensional spaces. For x in

X we define

‖x‖ = sup
t=0,1,...N

|x(t)|

and for y in Y we define

‖y‖ = sup
t=0,1,...N−1

|y(t)|,

where | · | denotes the Euclidean norm on Rn. It is evident that with these norms, X

and Y are Banach Spaces. For v = (v1, v2, . . . , vm) in a product space of the form

V1 × V2 × . . . Vm we will let ‖v‖ =
m∑

i=1

‖vi‖Vi
where ‖ · ‖

Vi
denotes the norm on Vi.

28



We define the linear map L : X → Y by

(Lx)(t) = x(t+ 1)− A(t)x(t)

and F : X → Y is given by

(Fx)(t) = f(t, x(t)).

From this it follows that x is a solution of (26)-(27) if and only if:

(30) Lx = εFx.

Let Φ(t) =

 I if t = 0

A(t− 1)A(t− 2) . . . A(0) for t = 1, 2, . . .

It is well known [3, 12, 15], that Φ is a fundamental matrix solution of

x(t+ 1) = A(t)x(t).

Proposition 3.2.1. The solution space of the linear homogeneous boundary value

problem (28)-(29) has the same dimension as ker(B0 +B1Φ(1) + . . . BNΦ(N)).

Proof.

Clearly the solution space of (28)-(29) has the same dimension as ker(L), and

x ∈ ker(L) ⇐⇒ x(t+ 1) = A(t)x(t) and B0x(0) +B1x(1) + . . . BNx(N) = 0

⇐⇒ there exists a vector c in Rn such that x(t) = Φ(t)c and

B0Φ(0)c+B1Φ(1)c+ . . . BNΦ(N)c = 0

⇐⇒ x(t) = Φ(t)c where c ∈ ker(B0 +B1Φ(1) + . . . BNΦ(N)). 2

Since ker(B0 + B1Φ(1) + . . . BNΦ(N)) has dimension less than or equal to n,

there exists vectors b1, b2, . . . bj, 0 ≤ j ≤ n, in Rn such that {b1, b2, . . . bj} is a basis

for ker(B0 +B1Φ(1) + . . . BNΦ(N)).
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Definition 3.2.1. S(t) is the n× j matrix whose ith column is Φ(t)bi.

Corollary 3.2.1. x is in the kernel of L if and only if x(t) = S(t)α for some

α ∈ Rj.
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3.3. The case of invertible L

We show that if B0 +B1Φ(1) + . . . BNΦ(N) is invertible and f : R×Rn → Rn is

continuously differentiable, then the boundary value problem:

x(t+ 1) = A(t)x(t) + εf(t, x(t))

subject to

B0x(0) +B1x(1) + . . . BNx(N) = 0,

has a solution for sufficiently small ε.

Proposition 3.3.1. L is invertible if and only if B0 + B1Φ(1) + . . . BNΦ(N) is

invertible. In this case, the bounded linear map L−1 : Y → X is defined by:

(
L−1h

)
(t) = −Φ(t)D−1

[
B1Φ(1)Φ−1(1)h(0) + . . . BNΦ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

]

+ Φ(t)
t−1∑
i=0

Φ−1(i+ 1)h(i)

where D = B0 +B1Φ(1) + . . . BNΦ(N).

Proof.

Let h ∈ Y . Lx = h if and only if there exists an element x in X that satisfies

x(t+ 1) = A(t)x(t) + h(t) for t = 0, 1, . . . N − 1.

By the well known Variation of Constants formula [3, 12, 15], Lx = h if and only if

(31) x(t) = Φ(t)x(0) + Φ(t)
t−1∑
i=0

Φ−1(i+ 1)h(i)
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and

(32) B0x(0) +B1x(1) + . . . BNx(N) = 0.

Combining equations (31) and (32) we have Lx = h if and only if

(33)

B0x(0) +B1 (Φ(1)x(0) + h(0)) + . . . BN

(
Φ(N)x(0) + Φ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

)
= 0

or equivalently

(34)

(B0 +B1Φ(1) + . . . BNΦ(N))x(0) = −

[
B1h(0) + . . . BNΦ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

]

Notice that Lx = h if and only if there exists x(0) ∈ Rn that satisfies equation

(34). If we can find such an x(0), then we define x as in equation (31) and we will

have Lx = h. Observe that if B0 + B1Φ(1) + . . . BNΦ(N) is invertible, then there

is one and only one x(0) that satisfies equation (34), which implies there is one and

only one x that satisfies Lx = h, and thus L is invertible, with

(
L−1h

)
(t) = −Φ(t)D−1

[
B1Φ(1)Φ−1(1)h(0) + . . . BNΦ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

]

+ Φ(t)
t−1∑
i=0

Φ−1(i+ 1)h(i)

where D = B0 +B1Φ(1) + . . . BNΦ(N).

Likewise if there is one and only x that satisfies Lx = h, then there is one and

only one x(0) that satisfies equation (34), and thus B0 +B1Φ(1) + . . . BNΦ(N) must

be invertible. 2

In order to use arguments based on the Implicit Function Theorem, we now

establish that F is continuously Frechet differentiable. Readers interested in Calculus

on Banach Spaces may consult [11, 14].
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Proposition 3.3.2. The map F:X→Y is continuously Frechet differentiable and

DF(φ):X→Y is given by:

(DF (φ))(h)(t) =

(
∂f

∂x
(t, φ(t))

)
(h(t)).

Proof.

We will first show that F is differentiable.

Let φ ∈ X, and let A : X → Y be defined by

(Ah)(t) =
∂f

∂x
(t, φ(t))h(t).

Let ε > 0. Since f is continuously differentiable, for each t = 0, 1, . . . N − 1 there

exists δt > 0 such that

|h(t)| < δt =⇒
∣∣∣∣f(t, φ(t) + h(t))− f(t, φ(t))− ∂f

∂x
(t, φ(t))(h(t))

∣∣∣∣ < ε|h(t)|.

Let ‖h‖ < δ where δ = min
t∈{0,1,...N−1}

{δt}.

Then ‖F (φ+ h)− F (φ)− Ah‖

= sup
t∈{0,1,...N−1}

| F (φ+ h)(t)− F (φ)(t)− (Ah)(t) |

= sup
t∈{0,1,...N−1}

∣∣∣∣f(t, φ(t) + h(t))− f(t, φ(t))− ∂f

∂x
(t, φ(t))(h(t))

∣∣∣∣ < ε‖h‖

Therefore
‖F (φ+ h)− F (φ)− Ah‖

‖h‖
≤ ε, and thus F is differentiable, with

(DF (φ))(h)(t) =

(
∂f

∂x
(t, φ(t))

)
(h(t)).

We now must show that F is continuously differentiable. Let φ ∈ X and let

ε > 0.

Since f is continuously differentiable, for each t ∈ {0, 1, . . . N − 1} there exists δt > 0

such that

|φ(t)− ψ(t)| < δt =⇒
∣∣∣∣∂f∂x (t, φ(t))− ∂f

∂x
(t, ψ(t))

∣∣∣∣ < ε.

33



Let δ = min
t∈{0,1,...N−1}

{δt}.

Then

‖φ− ψ‖ < δ =⇒
∣∣∣∣∂f∂x (t, φ(t))− ∂f

∂x
(t, ψ(t))

∣∣∣∣ < ε for all t ∈ {0, 1, . . . N − 1}.

Note that for ‖h‖ = 1∣∣∣∣∂f∂x (t, φ(t))(h(t))− ∂f

∂x
(t, ψ(t))(h(t))

∣∣∣∣ ≤ ∣∣∣∣∂f∂x (t, φ(t))− ∂f

∂x
(t, ψ(t))

∣∣∣∣
for all t ∈ {0, 1, . . . N − 1}.

Therefore ‖φ− ψ‖ < δ =⇒ ‖DF (φ)−DF (ψ)‖ = sup
‖h‖=1

‖DF (φ)h−DF (ψ)h‖

= sup
‖h‖=1

(
sup

t∈{0,1,...N−1}

∣∣∣∣∂f∂x (t, φ(t))(h(t))− ∂f

∂x
(t, ψ(t))(h(t))

∣∣∣∣
)
< ε

Therefore F is continuously differentiable. 2

Theorem 3.3.1. Suppose B0 +B1Φ(1)+ . . . BNΦ(N) is invertible. Then for each

ε small enough, there is a solution to the boundary value problem (26)-(27).

Proof.

Since B0 +B1Φ(1)+ . . . BNΦ(N) is invertible, then L−1 exists and x is a solution

of (26)-(27) if and only if x = εL−1Fx. If we define T : R × X → X by T (ε, x) =

x − εL−1Fx, then x is a solution of (26)-(27) if and only if T (ε, x) = 0. Clearly T

is continuously Frechet differentiable, T (0, 0) = 0 and ∂T
∂x

(0, 0) is the identity map

which of course is a bijection. Therefore, by the Implicit Function Theorem, for each

ε small enough, there exists xε such that T (ε, xε) = 0 and thus xε is a solution of

(26)-(27). 2
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3.4. The case of singular L

In order to analyze (26)-(27) using the Lyapunov Schmidt Procedure, we now

construct projections onto the kernel and image of L.

Definition 3.4.1. Define P : X → X by

(Px)(t) = S(t)
(
S(0)TS(0)

)−1
S(0)Tx(0).

Proposition 3.4.1. P is a projection onto ker(L).

Proof.

First we must show that S(0)TS(0) is invertible.

Claim 1: S(0)TS(0) is invertible.

proof of claim:

Let c ∈ Rj and assume S(0)TS(0)c = 0. Then

cTS(0)TS(0)c = 0

=⇒ (S(0)c)T (S(0)c) = 0 =⇒ |S(0)c| = 0

=⇒ S(0)c = 0 =⇒ Φ(0)b1c1 + · · ·Φ(0)bjcj = 0 (c = (c1, . . . cj))
T

=⇒ c1b1 + · · · cjbj = 0 =⇒ ci = 0 for all i = 1, 2, . . . j.

Therefore S(0)TS(0) is invertible.

Claim 2: P 2 = P

proof of claim:
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Let x ∈ X.

(P (Px))(t) = P (S(·)
(
S(0)TS(0)

)−1
S(0)Tx(0)

= S(t)
(
S(0)TS(0)

)−1
S(0)T

[
S(0)

(
S(0)TS(0)

)−1
S(0)Tx(0)

]
= S(t)

(
S(0)TS(0)

)−1
S(0)Tx(0)

= (Px)(t).

Therefore P 2 = P.

Claim 3: Im(P ) = Ker(L)

proof of claim:

Let x ∈ X, then

(Px)(t) = S(t)
(
S(0)TS(0)

)−1
S(0)Tx(0) = S(t)α,

where α =
(
S(0)TS(0)

)−1
S(0)Tx(0) ∈ Rj.

Therefore Im(P ) ⊂ ker(L).

Now let x ∈ ker(L). Then x(t) = S(t)β for some β ∈ Rj and

(Px)(t) = S(t)
(
S(0)TS(0)

)−1
S(0)TS(0)β = S(t)β = x(t).

Therefore x ∈Im(P ) and thus ker(L) ⊂ Im(P ), which implies Im(P ) = ker(L).

Since P is clearly bounded and linear, then Claims 1-3 verify that P is a projection

onto ker(L). 2

The following definition and lemmas are vital in the construction of a projection

ono the image of L.

Definition 3.4.2. Assume {c1, c2, . . . cj} forms a basis for

ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
, for some vectors c1, c2, . . . cj ∈ Rn. We define
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vk : {0, 1, . . . N − 1} → Rn by

vk(t) =
N∑

i=t+1

[
BiΦ(i)Φ−1(t+ 1)

]T
ck

Lemma 3.4.1. vk is the zero map if and only if ck ∈
N⋂

i=0

ker(BT
i ).

Proof.

If vk is the zero map, then vk(t) = 0 for all t = 0, 1, . . . N − 1. Observe the

following telescoping effect:

vk(N − 1) = 0 =⇒ BT
Nck = 0

vk(N − 2) = 0 =⇒ BT
N−1ck + [BNΦ(N)Φ(N − 1)−1]T ck = 0

=⇒ BT
N−1ck = 0

...

vk(0) = 0 =⇒ BT
1 ck + . . . [BNΦ(N)Φ(1)−1]T ck = 0 =⇒ BT

1 ck = 0

Therefore ck ∈
N⋂

i=1

ker(BT
i ).

However, since ck ∈ ker((B0 + B1Φ(1) + . . . BNΦ(N))T ), then we must also have

ck ∈
N⋂

i=0

ker(BT
i ). The proof in the other direction is trivial. 2

Lemma 3.4.2. If ck /∈
N⋂

i=0

ker(BT
i ) for each k = 1, 2, . . . j, then {v1, v2, . . . vj} is a

linearly independent set.

Proof.

Assume
j∑

k=1

αkvk = 0 for some real numbers α1, α2, . . . αj. Then we must have

j∑
k=1

αkvk(t) = 0 for all t = 0, 1, . . . N − 1.
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Consider
j∑

k=1

αkvk(N − 1) =

j∑
k=1

αkB
T
Nck = 0.

Now, for all i such that ci /∈ ker(BT
N), we must have αi = 0, since whenever ci /∈

ker(BT
N), BT

Nci is a basis element for the image of the map that sends each x ∈

ker(B0 +B1Φ(1) + . . . BNΦ(N)T ) into BT
Nx.

If there exists an integer k such that ck ∈ ker(BT
N), then we continue this process,

letting t = N − 2.

Observe

j∑
k=1

αkvk(N − 2) =
∑

k such that ck∈ker(BT
N)

αk(BN−1)
T ck = 0.

For all k such that ck /∈ ker
(
BT

N−1

)
, we must have αk = 0 since whenever ci /∈

ker(BT
N−1), B

T
N−1ci is a basis element for the image of the map that sends each

x ∈ ker(B0 +B1Φ(1) + . . . BNΦ(N)T ) into BT
N−1x.

Now if there are any coefficients, αk, which we have not yet shown to be 0, then

ck ∈
N⋂

i=N−1

ker
(
BT

i

)
and we continue letting t = N − 3 and repeat this process if

necessary until t = 0. If we indeed need to continue until t = 0, then there exists an

integer k such that ck ∈
N⋂

i=2

ker
(
BT

i

)
. However, for each of these ck, ck /∈ ker

(
BT

1

)
,

for if it were, since ck ∈ ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
, we would also have to

have ck ∈ ker
(
BT

0

)
, which would contradict our hypothesis that ck /∈

N⋂
i=0

ker
(
BT

i

)
.

Finally, if we consider

j∑
k=1

αkvk(0) =
∑

k such that ck∈
NT

i=2
ker(BT

i )

αk (B1)
T ck = 0,

then all the remaining αk must be 0, by the same argument presented for t = N − 1

and t = N − 2.
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Since αi = 0 for all i = 1 . . . j, then {v1, v2, . . . vj} is a linearly independent set.

2

Remark 3.4.1. For the rest of the paper we will assume that for each k in

{1, 2, . . . j}, ck /∈
N⋂

i=0

ker
(
BT

i

)
.

Definition 3.4.3. Ψ(t) is the n× j matrix whose ith column is vi(t).

Proposition 3.4.2. If h is in Y , then h is in the image of L if and only if
N−1∑
i=0

hT (i)Ψ(i) = 0.

Proof.

Let h ∈ Y . From Proposition (3.3.1) we know h is in the image of L if and only

if there exists an element x in X such that

B0x(0) +B1 (Φ(1)x(0) + h(0)) + . . . BN

(
Φ(N)x(0) + Φ(N)

N−1∑
i=0

Φ−1(i+ 1)h(i)

)
= 0

This holds if and only if

B1h(0) +B2

1∑
i=0

Φ(2)Φ−1(i+ 1)h(i) + . . . BN

N−1∑
i=0

Φ(N)Φ−1(i+ 1)h(i)

is in the image of B0 +B1Φ(1) + . . . BNΦ(N).

Therefore we must have

(35)(
B1h(0) +B2

1∑
i=0

Φ(2)Φ−1(i+ 1)h(i) + . . . BN

N−1∑
i=0

Φ(N)Φ−1(i+ 1)h(i)

)T

β = 0

for all β ∈ ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
.
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Since {c1, c2, . . . cj} spans ker
(
(B0 +B1Φ(1) + . . . BNΦ(N))T

)
we see that the

above holds if and only if

(36)
N−1∑
i=0

hT (i)

(
N∑

m=i+1

[
BmΦ(m)Φ−1(i+ 1)

]T)
ck = 0, for each k = 1, 2 . . . j,

which is equivalent to

(37)
N−1∑
i=0

hT (i)vk(i) = 0, for each k = 1, 2, . . . j.

Therefore, h ∈ Im(L) if and only if
N−1∑
i=0

hT (i)Ψ(i) = 0,

or equivalently
N−1∑
i=0

ΨT (i)h(i) = 0. 2

We have seen that if ck /∈
N⋂

i=0

ker(BT
i ) for each k = 1, 2, . . . j, then {v1, v2, . . . vj}

is a linearly independent set. This allows us to make the following definition.

Definition 3.4.4. The map W : Y → Y is defined by

(Wh)(t) = Ψ(t)

(
N−1∑
i=0

Ψ(i)T Ψ(i)

)−1 N−1∑
i=0

ΨT (i)h(i).

Proposition 3.4.3. The map E given by E = I −W is a projection onto the

image of L.

Proof.

We must first show that W is well defined.

40



Claim 1:
N−1∑
i=0

Ψ(i)T Ψ(i) is invertible.

proof of claim: Let α ∈ Rj and write α = (α1, α2, . . . αj)
T .

Assume

(
N−1∑
i=0

Ψ(i)T Ψ(i)

)
α = 0, then

αT

(
N−1∑
i=0

Ψ(i)T Ψ(i)

)
α = 0 =⇒

N−1∑
i=0

(Ψ(i)α)T Ψ(i)α = 0 =⇒
N−1∑
i=0

|Ψ(i)α| = 0.

Therefore Ψ(i)α = 0 for all i = 0, 1, . . . N − 1, and thus

v1(i)α1 + v2(i)α2 + · · · vj(i)αj = 0 for each i = 0, 1, . . . N − 1.

Since {v1, v2, . . . vj} is a linearly independent set, then we must have α = 0 and thus
N−1∑
i=0

Ψ(i)T Ψ(i) is invertible.

Since W is clearly bounded and linear, all we need to show is that W is a pro-

jection and Im(E) = Im(L).

Claim 2: W 2 = W

proof of claim: Let h ∈ Y

(W (Wh))(t)

= W

Ψ(·)

[
N−1∑
i=0

Ψ(i)T Ψ(i)

]−1 N−1∑
k=0

Ψ(k)Th(k)


= Ψ(t)

[
N−1∑
α=0

Ψ(α)T Ψ(α)

]−1 N−1∑
β=0

Ψ(β)T Ψ(β)

[
N−1∑
i=0

Ψ(i)T Ψ(i)

]−1 N−1∑
k=0

Ψ(k)>h(k)

= Ψ(t)

[
N−1∑
i=0

Ψ(i)T Ψ(i)

]−1 N−1∑
k=0

Ψ(k)>h(k) = (Wh)(t)

=⇒ W 2 = W
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Since W is a projection, then E must also be a projection.

Claim 3: Im(E) = Im(L)

proof of claim: Let h∈ Y

N−1∑
i=0

Ψ(i)T (Eh)(i) =
N−1∑
i=0

Ψ(i)T (h(i)− (Wh)(i))

=
N−1∑
i=0

Ψ(i)Th(i)

−
N−1∑
i=0

Ψ(i)T

Ψ(i)

[
N−1∑
k=0

Ψ(k)T Ψ(k)

]−1 N−1∑
k=0

Ψ(k)Th(k)


=

N−1∑
i=0

Ψ(i)Th(i)−
N−1∑
k=0

Ψ(k)Th(k) = 0.

Therefore Eh ∈ Im(L) and thus Im(E) ⊂ Im(L).

Now let h ∈ Im(L). Then

(Eh)(t) = h(t)−Ψ(t)

[
N−1∑
i=0

Ψ(i)T Ψ(i)

]−1 N−1∑
k=0

Ψ(k)Th(k) = h(t).

Therefore Eh = h, and thus h ∈ Im(E) which implies Im(E) = Im(L) 2

A very special case of the projection E appears in [17], where only two-point

boundary value problems are considered.

Since P and E are continuous projections, we may now write X = XP⊕XI−P and

Y = YI−E⊕YE where XP =Im(P ), XI−P =Im(I−P ), YE =Im(E), and YI−E =Im(I−

E).

Lemma 3.4.3. The dimension of XP is the same as the dimension of YI−E.
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Proof.

Since ck /∈
N⋂

i=0

ker(BT
i ) for each k = 1, 2, . . . j, then by Lemma 3.4.2, the span of

{v1, v2, . . . vj} is a j dimensional space. Let h ∈ Y. Then

(Wh)(t) = Ψ(t)(a1, a2, . . . aj)
T for some real numbers a1, a2, . . . aj.

=⇒ (Wh)(t) = a1v1(t) + a2v2(t) + · · · ajvj(t) for each t = 0, 1, . . . N − 1.

Therefore Im(W ) ⊂ span{v1, v2, . . . vj}.

Now let h ∈ span{v1, v2, . . . vj}. Then h(t) = Ψ(t)(b1, b2, . . . bj)
T for some real

numbers

b1, b2, . . . bj. Therefore

(Wh)(t) = Ψ(t)

[
N−1∑
i=0

Ψ(i)T Ψ(i)

]−1 N−1∑
i=0

Ψ(i)T Ψ(i)(b1, b2, . . . bj)
T

= Ψ(t)(b1, b2, . . . bj)
T = h(t)

Therefore Wh = h and thus h ∈ Im(W ) which implies span{v1, v2, . . . vj} = Im(W ).

Consequently both XP and YI−E are j dimensional spaces. 2

Note that L : XI−P →Im(L) is a bijection and thus there exists a bounded linear

map M : Im(L) → XI−P such that:

i) LMh = h for all h ∈ Im(L)

ii) MLx = x
I−P

for all x ∈ X.

Definition 3.4.5. Define H : R×XP ×XI−P → YI−E ×XI−P by

H(ε, x
P
, x

I−P
) =

 WF (x
P

+ x
IP

)

x
I−P

− εMEF (x
P

+ x
I−P

)


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Proposition 3.4.4. For ε 6= 0, Lx = εFx if and only if H(ε, x
P
, x

I−P
) = 0.

Proof.

Lx = εFx ⇐⇒ E(Lx− εFx) = 0 and (I − E)(Lx− εFx) = 0

⇐⇒ Lx = εEFx and εWFx = 0

⇐⇒ x
I−P

− εMEF (x
P

+ x
I−P

) = 0 and WF (x
P

+ x
I−P

) = 0

⇐⇒ H(ε, x
P
, x

I−P
) = 0 2

Proposition 3.4.5. If F is differentiable, then H is differentiable for each

(ε, x
P
, x

I−P
) ∈ R×XP×XI−P , with DH(ε, x

P
, x

I−P
) : R×XP×XI−P → YI−E×XI−P

defined by

DH(ε, xP , xI−P )(α, p, q) =

 WDF (xP + xI−P )(p + q)

q − αMEF (xP + xI−P )− εMEDF (xP + xI−P )(p + q)

 .

Proof.

Let (ε, x
P
, x

I−P
) ∈ R×XP ×XI−P . Let ω > 0. Let φ̂ = (p, q) ∈ XP ×XI−P and

α ∈ R with ‖(α, φ̂)‖ < min{δ1, δ2, δ3} where {δ1, δ2, δ3} will be determined.
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Now if we let x = x
P

+ x
I−P

and φ = p+ q, then

‖H(ε + α, x
P

+ p, x
I−P

+ q)−H(ε, x
P
, x

I−P
)−DH(ε, x

P
, x

I−P
)(α, p, q)‖

=

∥∥∥∥∥∥
 WF (x + φ)−WF (x)−WDF (x)(φ)

−εMEF (x + φ) + εMEF (x) + εMEDF (x)(φ)− αMEF (x + φ) + αMEF (x)

∥∥∥∥∥∥
= ‖WF (x + φ)−WF (x)−WDF (x)(φ)‖+ ‖εMEF (x + φ)− εMEF (x)− εMEDF (x)(φ)‖+

‖αMEF (x + φ)− αMEF (x)‖

≤ ‖W‖‖F (x + φ)− F (x)−DF (x)(φ)‖+ |ε|‖ME‖‖F (x + φ)− F (x)−DF (x)(φ)‖+

|α|‖ME‖‖F (x + φ)− F (x)‖.

Now a) Since F is differentiable, there exists δ1 > 0 such that

‖φ‖ < δ1 =⇒ ‖F (x+ φ)− F (x)−DF (x)(φ)‖ ≤ ω

2‖W‖
‖φ‖.

b) Likewise, since F is differentiable, there exists δ2 > 0 such that

‖φ‖ < δ2 =⇒ ‖F (x+ φ)− F (x)−DF (x)(φ)‖ ≤ ω

2|ε|‖ME‖
‖φ‖.

c) Since F is continuous, there exists δ3 > 0 such that

‖φ‖ < δ3 =⇒ ‖(x+ φ)− x‖ < δ3 =⇒ ‖F (x+ φ)− F (x)‖ ≤ ω

‖ME‖
.

d) ‖φ‖ = ‖p+ q‖ ≤ ‖p‖+ ‖q‖ ≤ |α|+ ‖p‖+ ‖q‖ = ‖(α, φ̂)‖.
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From statements a-d we can conclude that

‖H(ε+ α, x
P

+ p, x
I−P

+ q)−H(ε, x
P
, x

I−P
)−DH(ε, x

P
, x

I−P
)(α, p, q)‖

≤ ω

2
‖φ‖+

ω

2
‖φ‖+ |α|ω

= ω(‖φ‖+ |α|).

Therefore

‖H(ε+ α, x
P

+ p, x
I−P

+ q)−H(ε, x
P
, x

I−P
)−DH(ε, x

P
, x

I−P
)(α, p, q)‖

‖(α, p, q)‖

≤ ω(‖φ‖+ |α|)
|α|+ ‖p‖+ ‖q‖

≤ ω.

and thus H is differentiable with

DH(ε, xP , xI−P )(α, p, q) =

 WDF (xP + xI−P )(p + q)

q − αMEF (xP + xI−P )− εMEDF (xP + xI−P )(p + q)

 .

2

Proposition 3.4.6. If F is continuously differentiable then H is continuously

differentiable.

Proof.

Let (ε1, xP
, x

I−P
) ∈ R×XP ×XI−P and let ω > 0.

Assume ‖(ε1, xP
, x

I−P
) − (ε2, zP

, z
I−P

)‖ < δ, where δ will be determined. If we let
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x = x
P

+ x
I−P

, and z = z
P

+ z
I−P

, then

‖DH(ε1, xP
, x

I−P
)−DH(ε2, zP

, z
I−P

)‖

= sup
‖(ε,h

P
,h

I−P
)‖=1

‖
(
DH(ε1, xP

, x
I−P

)−DH(ε2, zP
, z

I−P
)
)
(ε, h

P
, h

I−P
)‖

≤ ‖W‖‖DF (x)−DF (z)‖+ ‖ME‖‖F (z)− F (x)‖

+ ‖ε2MEDF (z)− ε1MEDF (x)‖.

a) Since F is continuously differentiable, there exists δ1 > 0 such that

‖x− z‖ < δ1 =⇒ ‖DF (x)−DF (z)‖ < ω

4‖W‖
.

b) Since F is continuous there exists δ2 > 0 such that

‖x− z‖ < δ2 =⇒ ‖F (z)− F (x)‖ < ω

4‖ME‖
.

c) If we let α = ε2 − ε1, then

‖ε2MEDF (z)− ε1MEDF (x)‖ = ‖(ε1 + α)MEDF (z)− ε1MEDF (x)‖

≤ |ε1|‖ME‖‖DF (z)−DF (x)‖+ |ε2 − ε1|‖ME‖‖DF (z)‖

d) Since F is continuously differentiable, there exists δ3 > 0 such that

‖x− z‖ < δ3 =⇒ ‖DF (z)−DF (x)‖ < ω

4|ε1|‖ME‖
and ‖DF (z)‖ < ‖DF (x)‖+ 1.

e) We can make |ε2 − ε1| <
ω

4‖ME‖(‖DF (x)‖+ 1)
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Therefore, if δ = min{δ1, δ2, δ3, ω
4‖ME‖(‖DF (x)‖+1)

} then

‖DH(ε1, xP
, x

I−P
)−DH(ε2, zP

, z
I−P

)‖ ≤ ‖W‖ ω

4‖W‖
+
ω

4
+
ω

4
+
ω

4
≤ ω,

and thus H is continuously differentiable 2

Theorem 3.4.1. Assume f is continuously differentiable and ck /∈
N⋂

i=0

ker(BT
i ) for

each k = 1, 2, . . . j. If there exists α̂ ∈ Rj such that

N−1∑
i=0

f(i, S(i)α̂)T Ψ(i) = 0 and
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, S(i)α̂)S(i) is invertible,

then for each ε small enough, there exists a solution, xε, to the boundary value problem

(26)-(27). Furthermore, lim
ε→0

‖xε − S(·)α̂‖ = 0.

Proof.

Let x̂
P
∈ XP be given by x̂

P
(t) = S(t)α̂. Since f is continuously differentiable,

then F and H are continuously Frechet differentiable. Also, since
N−1∑
i=0

f(i, x̂
P
(i))T Ψ(i)

= 0, then F (x̂
P
) is in the image of L, and thus H(0, x̂

P
, 0) = 0.

We now show that partial Frechet derivative of H with respect to (x
P
, x

I−P
) at

(0, x̂
P
, 0),

∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0) is a bijection from XP ×XI−P onto YI−E ×XI−P .

First we show that
∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0) : XP ×XI−P → YI−E×XI−P is given by

∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0)(h1, h2) =

 WDF (x̂
P
)(h1 + h2)

h2

 .
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Let ω > 0.∥∥∥∥H(0, x̂
P

+ h1, h2)−H(0, x̂
P
, 0)− ∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0)(h1, h2)

∥∥∥∥

=

∥∥∥∥∥∥
 W (F (x̂

P
+ h1 + h2)− F (x̂

P
)−DF (x̂

P
)(h1 + h2))

0

∥∥∥∥∥∥
≤ ‖W‖‖F (x̂

P
+ h)− F (x̂

P
)−DF (x̂

P
)(h)‖ where h = h1 + h2.

Since F is differentiable, there exists δ > 0 such that

‖h‖ < δ =⇒ ‖F (x̂
P

+ h)− F (x̂
P
)−DF (x̂

P
)(h)‖ < ω‖h‖

‖W‖
.

Now if ‖(h1, h2)‖ = ‖h1‖+ ‖h2‖ < δ, then ‖h1 + h2‖ < δ, and we have

‖H(0, x̂
P

+ h1, h2)−H(0, x̂
P
, 0)− ∂H

∂(x
P

,x
I−P

)
(0, x̂

P
, 0)(h1, h2)‖

‖(h1, h2)‖

<
‖W‖ω‖h‖

‖W‖

‖(h1, h2)‖
=
ω‖h1 + h2‖
‖(h1, h2)‖

≤ ω.

Therefore

∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0)(h1, h2) =

 WDF (x̂
P
)(h1 + h2)

h2

 .

We now show that since XP and YI−E have the same dimension, then WDF (x̂
P
) :

XP → YI−E a bijection if and only if
N−1∑
i=0

Ψ(i)T ∂f
∂x

(i, x̂
P
(i))S(i) is invertible.

Assume
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i) is invertible and let h ∈ ker(WDF (x̂

P
)). Since

h ∈ XP , we can write h(t) = S(t)α for some α ∈ Rj. Since h ∈ ker(WDF (x̂
P
)), then

Ψ(t)

(
N−1∑
i=0

Ψ(i)T Ψ(i)

)−1 N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))h(i) = 0 for all t = 0, 1, . . . N − 1.

49



Since the columns of Ψ are linearly independent then(
N−1∑
i=0

Ψ(i)T Ψ(i)

)−1 N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i)α = 0,

and thus
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i)α = 0.

Since
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i) is invertible, then we must have α = 0 and thus

h = 0.

Now assume WDF (x̂
P
) is a bijection and assume there exists a nonzero vector

α ∈ Rj such that
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i)α = 0.

Let h(i) = S(i)α. Then h ∈ XP , h 6= 0 and

N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))h(i) = 0,

which implies WDF (x̂
P
)h = 0. This contradicts the invertibility of WDF (x̂

P
), and

therefore
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i) is invertible.

Since
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i) is invertible, then we now have that WDF (x̂

P
)

is a bijection.

Let (h1, h2) ∈ ker

(
∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0)

)
. Since

 WDF (x̂
P
)(h1 + h2)

h2

 =

 0

0

 then h2 = 0.

Also, since h1 + h2 ∈ ker(WDF (x̂
P
)), then h1 + h2 = 0 and thus h1 = 0.

Therefore
∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0) is one to one. Since the dimension of XP ×XI−P

is the same as the dimension of YI−E×XI−P then
∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0) is a bijection.
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Since H is continuously differentiable, H(0, x̂
P
, 0) = 0, and

∂H

∂(x
P
, x

I−P
)
(0, x̂

P
, 0)

is a bijection, then by the Implicit Function Theorem, for each ε small enough, there

exists (x
P
, x

I−P
)ε such that H(ε, (x

P
, x

I−P
)ε) = 0. If we let xε = (x

P
)ε + (x

I−P
)ε, then

Lxε = εF (xε) and thus xε is a solution of (26)-(27). Furthermore, xε is a continuously

differentiable function of ε and lim
ε→0

‖xε − x̂
P
‖ = 0. 2
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3.5. Example

Consider

(38) x(t+ 1) =

 1 0

1 1

x(t) + εf(t, x(t))

subject to

(39)

 1 1

0 1

x(0) +

 0 1

0 0

x(1) +

 0 0

1 0

x(N) = 0

To put this boundary value problem into our framework we let

A(t) =

 1 0

1 1

 , for each t = 0, 1, 2, . . . ,

and we let B0 =

 1 1

0 1

 , B1 =

 0 1

0 0

 , BN =

 0 0

1 0

 .

Observe that since A(t) is a constant matrix, then Φ(t) = At.

ker(B0 +B1A+BNA
N) = ker

 2 2

1 1

 = span


 −1

1

 , and thus

S(t) = Φ(t)

 −1

1

 = At

 −1

1

 =

 1 0

t 1

 −1

1

 =

 −1

1− t

 .

ker
(
(B0 +B1A+BNA

N)T
)

= ker

 2 1

2 1

 = span


 1

−2

 .

Note that

 1

−2

 /∈ ker
(
BT

0

)
, and thus XP and YI−E are both one dimensional
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spaces with Ψ(t) given by

Ψ(t) =



 −2

1

 for t = 0

 −2

0

 for t = 1, 2, . . . N − 1.

Now assume

f(t, x1, x2) =

 f1(x1)

f2(t, x1, x2)


where f1 : R → R and f2 : R3 → R are both continuously differentiable, f1(−α) = 0

for some real number α, f2(0, x1, x2) = 0 and

2Nf ′1(−α) +
∂f2

∂x1

(0,−α, α) +
∂f2

∂x2

(0,−α, α) 6= 0.

If we let x̂
P

= S(t)α, then

N−1∑
k=0

f(k, x̂
P
(k))T Ψ(k)

=
N−1∑
k=0

 f1(−α)

f2(k,−α, α(1− k))

T

Ψ(k) = f2(0,−α, α)− 2Nf1(−α) = 0.

Furthermore the real number

N−1∑
i=0

Ψ(i)T ∂f

∂x
(i, x̂

P
(i))S(i)

=
N−1∑
i=0

Ψ(i)T ∂f

∂x
(i,−α, α(1− i))

 −1

1− i


= 2Nf ′1(−α) +

∂f2

∂x1

(0,−α, α) +
∂f2

∂x2

(0,−α, α) 6= 0.
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Therefore by Theorem 3.4.1, for each ε small enough there is a unique solution to

the boundary value problem (38)-(39). A simple example of a function f satisfying

our criteria is given by

f(t, x1, x2) =

 x2
1 + x1 − 6

t(x2
1 + x2

2)

 .

Observe that f1(−3) = 0, f2(0, x1, x2) = 0, and

2Nf ′1(−3) +
∂f2

∂x1

(0,−3, 3) +
∂f2

∂x2

(0,−3, 3) = −10N 6= 0.
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21. Jesús Rodriguez and D. Sweet, Projection methods for nonlinear boundary value problems, Jour-

nal of Differential Equations 58 (1985), 282–293.

22. N. Rouche and J. Mawhin, Ordinary differential equations, Pitman, London, 1980.

56


