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1. INTRODUCTION

The popularity of BARSOUM's collapsed quarter-point isoparametric element 1]
is due to its simplicity in execution which does not require new subroutines to
available 3-D finite element codes and their extension to fracture mechanic
analysis. In fact, INGRAFFEA and MANU [2] have pointed out from this singular
element some remarkable formulae giving directly stress intensity factors K.,
K 19 K 11 in terms of the nodal displacements. It appears that in genera{,
tlIlese Eormulae do not satisfy the rigid modes where one must expect to obtain
no stress field and consequently mno stress intensity factors. On the other
hand, these formulae may lead to some drawbacks when loadings are imposed by
temperature. The present paper tries to point out improved formulae with some
additional terms which allow to satisfy the rigid modes and to give good
results for thermal loading. One may find in the following numerical tests the
ability and the accuracy of the new and correct formulae.

2. ANALYTICAL FORMULATION

Let us consider a 20-node isoparametric element surrounding the crack front
such that the plane face ACFG of coordinate €=-1 constitutes one of the crack
faces. After some calculations [2] INGRAFFEA and MANU propose the following
formula for symmetric geometry and loading :

E o ~ E o ~ E 2 ~
=——— | — F.), Kj; = —— | — F(u,) , K = ——— | ~— F(w.)
4wy L, P ey L, ! I 41-v2)y L,

where E is YOUNG's modulus, V is POISSON’s ratio, Ll is the element length

K

along the crack face and F is a function in terms of the nodal displacements
(see figure 1).
~ 1

F (d;) = [2 dg - dg + 2dp - dp + dp + ; N (-4dpt+d +4dp-dp)

+ 172 1% (dp + d; - 24, - d, - 4, + 2d)] (2)

with d = v for KI’ d = u for KII and d = w for KIII'

203




Let us imagine now a rigid translation of the
structureM(dB = dC = dE = dF = dG = dH), the

function F (d.) is different to zero so that
the program will provide stress intensity
factors in case of no stress field.

This paradoxical situation may cause incorrect
results when loadings are imposed by tempe-
rature and mostly when symmetry is not enough
to fix the rigid modes. It appears that the
deduction of the formula (1) has to be
reformulated carefully. Let r the structural
coordinate (figure 1) in the plan ACFG. One
has :

r, =~ =r, =T, =L,

A JH L§/4 G D F 1 (3)
Tge sgape function of the wusual 2D-node
isoparametric element are given by the

Figure 1. following relationships

=r,=0, r

For corner nodes :

1
Ny = o (LEED 0y (LT GEpmgaee - 2) %)

1

For mid-side nodes : B and E such that fi =0 :

N; = 176 (1-€2) (L+nn,) (146€ ) (3
For mid-side nodes D and H such that n; = 0 :
N; = 174 (1-02) (1+€€,) (144¢,) ®)

Because the fact that r is zero for the nodes situated at the crack front, in
the plan ACFG, one has for this isoparametric element :

r = 1/2(1-€2) (L + 1/2(1-€2) (I-Myry + 1/4(1+€) (1+m) (§4n-1)rp,

+ 1/2(1-n%) (1+€) rpy + 176 (L) (L-m(& - n - 1) 1, N
By taking account of (3), one obtains the following simplification :
L J_;
r = —= (£+1)2, and inversely : & = - 1+ 2 j— (8)
4 Ll

Now, with the same shape function (3-5), the in-plane displacement field is
given by :

u = -1/4§ (L-&)[(14M) us + (1-1) u,] + 1/2 (1-€3) [(1+m) up + (1-0) Ugl
- 1/6 (1-8) (1-n%) (uhug-2K) + 1748 (1+E) [(1+M) up + (1-7) u.]

“1/6 (146) (1-02) (ug + up - 2 up)

Eliminate é with help of (8) one deduces :

u =172 [(1+M) ug + (- u, - (1 -n?) (u, + ug - 2u)]

r
+ — [(1+n)(2uG+2uF-4uE)+(1-n)(ZuA+2uC-4uB)] (9)
2L
1
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r
+ 1/2 ;— ((1+n)(4uE—uF-3uG)+(l-n)(4uB-uC-3uA)
1
-n2 - - -
+ (1-n°¢) [(uA+uG ZuH) (uC+uF ZuD)])
One may recognize in (9) that the first bracket contains the translation rigid
modes, the second, the constant strain and the rotation modes and the third,
the singular displacement field. Finally the identification of the field (9)

with the theoretical displacement given by the fracture mechanics [2] on the
crack face (8 = 180°)

2(1-v?) r 2(1-v?) r 2(1+v) r
v=———"| —K,u="1J]"—" Kipr w=""7" J — Kiqp (10)

E 21 E 2n E 27

will lead to the formula :

E 2m E 2m E on
Ky = | — F(v) Kyp = ———— 1 — Fuy) Kypp = —— | — F(wy) (D)

- — —
4(1-v4) L1 4(1-ve) L1 4(1+Y) L1

with the new form of F (di)

F (d) = [(2dy - dg + 2 dp - dp +dy - 3/2.d, - 3/2 dp)

+1/2m (-4 dg +dg + 4dp - dp+34d, -3dy)
2 - - -
+1/2 M2 (dp + dg - 2 dy - dy - dg + 2d)] (12)

where d = u,v,w corresponding respectively to KII’ KI’ KIII'

Comparing to (2), one may see that (12) contains certain additional terms which
allow to satisfy completely the rigid modes.

It is important to mention that INGRAFFEA and MANU have presented in [2] some
other correct formulae valuable for general cases of unsymmetrical geometry and
loading and these formulae contain all rigid modes. However these formulae need
nodal displacements belonged to both unrestrained crack surfaces and may not be
employed in symmetric case where generally only a crack face is discretized
using singular elements. The following example will point out some drawbacks
provided from the INGRAFFEA-MANU's formulae of symmetric case.
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3. NUMERICAL EXAMPLES
3.1. Example 1

The first example is simply a centre cracked

plate (figure 2) where because of symmetry,

G y only a quarter of the structure is discretized

T T T T 4 T ) T into finite elements. The table 1 illustrates

the comparison of results given respectively

a=20. by an exact solution, INGRAFFEA-MANU'’s for-
G=200. mulae (2) improved formulae (12).

V=03

The value of K__ given by the improved formula
is good because near zero but that given by
the INGRAFFEA-MANU’s formula is strongly
a large ! This circumstance may be explained by
F_ﬁ the fact that the symmetry applied to the
X quarter of the plate cannot stop the trans-
versal displacement on the crack tip :
o
u, = a EX = - a VEy = - alVy ;
By imposing the plane condition (u, = uy =
UgsUp = Up, U = Uy = U ) and the fﬁgid mode
(U, = u, = u,) in t%e formulae (1), one
-B C A
finds :

Pribbi b
|x _E Jgi—u 0= J_EE = 13300

IIII A
1

Figure 2. 4(1-v2) L 4(1-v?) L
This value is very near the value obtained by the INGRAFFEA-MANU’s formulae and
this explains clearly that these formulae do not respect the rigid modes.

Ly=0.3125

% %11 Krry

Analytical solution 1625 0. 0.
Table 1. Comparison of results

INGRAFFEA-MANU’s formula| 1676.| 13790. 0.

Improved formula 1676. 2.5 0.

3.2. Example 2

Let us consider a plane strain plate (fig. 3) with a centre crack subjected to
a thermal gradient :

< 2
Tx) =T, ()
c
Along thickness th Table 2. 2-D
KI/KI plate with crack
subjected to
Present results (SAMCEF) (HELLEN (BERSAFE)| temperature.
Comparison of
z =0 1.046 1.003 results.
z = t/2 1.017 0.913
z =t 1.062 0.954
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The geometric and mechanic data of the problem are

7o

1,

3?

Olx)

! ik
® Ola)

Figure 3.

Vd

half the length of the crack a = 20
half the length of the plate ¢ = 100
half the height of the plate L = 250

thickness : t =1 6
YOUNG's modulus : E = 10

POISSON’s ratio : ¥ = 0.3

Thermal expansion coefficient : @ = 10-3
Maximum temperature : T0 = 100

A theoretical solution is given in [3] by
HELLEN and CESARI basin; on GREEN theory :
th EaT c? a a
fla (— - —) £(—),£(0.2) = 1.02
I c? 3 2 c

K

(13)
The table 2 presents the comparison of the
results obtained from the formula (12)
implemented in the SAMCEF package and those
obtained by the V.C.E. method (Virtual Crack
Extension) implemented by HELLEN [4] in the
BERSAFE package. It is useful to mention that
HELLEN has wutilized 110 elements and 2544
degrees of freedom and the present analysis
employed only 44 elements and 992 degrees of
freedom. The length of the singular
quarter-point elements along the face of the
crack is Ll = 0.3125.

The errors of both calculations are 3.2 % so that the present formulations seem

very good.

9.3. Example 3

The same plate is considered but in the tridimensional conditions because the
thickness t=10 is more important and the temperature varies both along the
direction of the crack and the thickness (figure 4).

Figure 4.

X
T(x,z) = (z2 + 50)(-)? (14)
c
All other geometric and mechanic data are the
same as previous example.
Here there is no analytical solution but an
approximated one may be performed using (13)
with T = T(z) = z? + 50 :
app Qo c? a? a
Ky = (z2+50) |fa (— - —) f(— (15)
2
c 3 2 c
The present finite element calculation is
compared with the HELLEN ones ([4] and the
approximate solution (15) in figure 5.

HELLEN's finite element mesh possesses 330
elements, 5466 degrees of freedom distributed
on three layers along the thickness. The
results concern the V.C.E. method.
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The present results are
obtained from a mesh of 132
elements and also three layers
Ky along the thickness. The plate
T is free on the face z = 0 and
4000+ / simply supported on the face y
/ = L. To obtain the continuous
/ curve, HELLEN has illuminated
7 the results given by interface
’ nodes because where the
accuracy 1is somewhat poor for
his V.C.E. method. One may see
that the present results
obtained from SAMCEF package
are very near the best ones
obtained by HELLEN from
BERSAFE package. The detailed
informations of the present
paper may be found in [5].

3000 ¢

2000

1000
m—e——e SAMCEF
O BERSAFE [méthode VCE - cain nodes) 4 . CONCLUSIONS
e o a BERSAFE(méthode VCE . coin and interface nodes)
e —— Analytical solution (plame apnroach)
L The improved formulae
02 3% 567 8 9 10 = presented in this paper give
good results when the
Figure 5. collapsed quarter-point

isoparametric is used to obtain directly the intensity factors of cracked 3-D
structures. These formulae are indispensable mostly for symmetric geometry and
loading where only a crack face is discretized using singular elements.
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