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ABSTRACT

REBECCA ANN TEETER. Effects of Measurement Error in Piecewise Regres-
sion Models. (Under the direction of C.M. SUCHINDRAN.)

A study is made of the join point estimate in a plecewise linear
regression model when measurement error is present in the independent
variable. Initially, the effects of measurement error on & standard
estimation technique for piecewise regression are investigated. Later,
a new estimation technique is proposed which is not affected by measure-
ment error.

The effects of measurement error on the ordinary least squares
(OLS) estimate of the join point, as proposed by Hudson (1966), are
examined by obtaining the asymptotic expected value and mean squared
error (MSE) using a Taylor series approximation. Furthermore, the
empirical distribution of the join point estimate is found from a simu-
lation study. Comparisons are then made between the asymptotic and em-
pirical results for various values of measurement error variance. It
is found that the join point estimate based on OLS estimation 1is biased
and the MSF increases with increasing measurement error.

Following Wald (1940), an estimation procedure is proposed which
is based on a grouping technique known to be asymptotically unbiased for
the regression coefficients. In addition to a simulation study parallel
to that done for the NLS estimate, a numerical technique is introduced
wvhich enables one to obtain an estimate of the variance of the join point
estimate from the sample data. Results from this variance estimate are
compared with the variance from the empirical distribution obtained

through the simulation study. The grouping approach is found to yield



consistent join point estimates and the numerjcal estimate of the vari-
ance is close to the variance from the empirical distribution.

A less comprehensive study is made of estimation procedures as
proposed by Tukey (1951) which can be used when the data are replicated.
In this case it is possible to obtain estimates of the error variances
and use this additional information in estimating the regression coef-
ficients and join point of the piecewise model.

The techniques are applied to the problem of estimating day of ovu-
lation based on a woman's basal body temperature taken throughout a men-

strual cycle.
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CHAPTER 1

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 INTRODUCTION

When one is dealing with time or another variable which imposes an
order on the data one may wish to estimate the regression function by a
series of submodels which join at their end points. Thus, one has a
model which is composed of several segments rather than the single con-
tinuous function frequently used in regression problems. The points of
intersection of the submodels are referred to as join points. Examples
of such situations are found in many different disciplines. An example,
from the biological sciences, is given by Mellits (1968) in his approach
to the study of human growth. In one model total body water (TBW) is
regarded as a linear function of height and weight. An investigation
of height alone indicated that height had a non-linear effect on TBW.
Thus, the final model which was fitted consists of two linear submodels
which differ according to the range of the variable height. A second
example regresses basal body temperature on the day of a woman's men-
strual cycle. In this case one submodel would fit prior to the day of
phase shift and a second submodel would fit after ovulation. Here, the
join point or day of ovulation is unknown and, therefore, must be esti-
mated as a mrameter of the model. 1In all these examples the join points
have a physical interpretation in that they correspond to some structural

change in the underlying model. The fitting of submodels is generally



referred to as piecewise linear regression (PWLR) .

In regression problems one assumes that the measured Y values
vary from their true values only by a random error component and one
can assume that the X values are known constants or that X is a random
variable whose distribution does not involve the regression parameters.
With either of these assumptions one 1s able to use least squares pro-
cedures to obtain estimators which are unbiased and have minimum vari-
ances.

However, 1f X is measured with error or if Y has a component of
error which is not random then parameter estimates must be adjusted
accordingly. For example, measurements of height and weight in the
first example may be in error if the devices used to take these measure-
ments are inaccurate or the person using the devices consistently takes
biased readings.

The focus of this research is a study of how various types of
error in the variables affect the estimation of model parameters in
the case of piecewise regression. Of particular interest is the effect
of error in the variables on the estimation of the join point.

Current pilecewise regression techniques are reviewed in section
1.2 . Section 1.3 contains a review of various procedures available
to adjust for errors in measurement. Finally, section 1.4 outlines

the proposal for research conducted in this thesis.

1.2 PIECEWISE LINEAR REGRESSION (PWLR)

1.2.1 Models

The fitting of submodels is generally referred to as piecewise



regression. Othef names arise depending oﬁ the types of functions in-
cluded as submodels and the characteristics of these functions at their
join points. The degree of difficulty encountered in fitting a piecewise
model depends, in part, on how much knowledge one has concerning the
number of submodels and the placement of the join points. In general,

a piecewise regression model of r segments has the form:

( £, (x38,) for A, <x, <C for some 1
f,(x;8,) C, <x, <C,
E(y) =
J -
\ fr(g;gr) Cr-l < ¥ Ar

where Ab and Ar are given constants. The C  can be imown or unknowm.

]
In the latter case the Cj are estimated as parameters in the model along

with the 8 The submodel f,(x;8,) is usually linear in and differ-
8 XiEy &4 ,

i’ 3

entiable with respect to x. The most frequent examples are polynomials
in x of degree q with coefficients 93 . Other forms are possible for
the submodel such as those which incorporate trigonometric functions of
x. In general, it is not necessary for fj(g;gj) to be of the same form
for all j. However, there is one important constraint on these models.
The submodels must join at their endpoints, x, = C, , to form a continu-

3

ous overall model. If the CJ are known this constraint is simply a linear



constraint on the unknown 8, and 8 - However, when Cj is unknown the

3 i+ -

constraint becomes a non-linear one on C and B 41 ° Solutions are

3’ =3 b
more difficult to obtain for the latter case since the usual least squares

8

estimators may not always be appropriate. Further restrictions can be
imposed upon the model such as those constraints found when fitting spline
functions.

A spline function is defined by Smith (1979) as a piecewise poly-
nomial of degree n whose function values agree at the points where they
Join. 1In addition, the first n-1 derivatives also agree at the join
points. In spline theory, much of which is adopted from the field of
engineering, the join points are referred to as knots. Since fewer than
the maximum number of continuity restrictions are met by the piecewise
models defired earlier this piecewise model could be viewed as a special
case of a spline function and the terms are often confused in the litera-
ture. It is also possible to impose more restrictions on spline functions
such as a requirement that the second derivatives be positive. Such
additional restrictions make the fitting of models an even more difficult
non-linear problem.

Feder (1975) makes another important distinction between pilecewise

models and splines. He points out that in spline approximation the knots

are chosen merely for analytical convenience while in piecewise regres-
sion theory the changeover points between segments have intrinsic physi-
¢al meaning in that they correspond to tfructural changes in the under-
lying model. Granted that both piecewise regression and the spline
technique share many of the same technical problems, this review will
deal only with piecewise models as defined herein and no attempt will

be made to draw on all the theory and literature dealing with splines.

‘ '



Specifically, consider the following model.

Let Y be an n-dimensional response vector, X an n by p dimensional
matrix containing a column of 1's and p-1 independent variables, and
Bk a p by 1 vector of regression coefficients. The general linear re-

gression model can then be written:

£(X) = ECY) = X8, (1.1)

E(Y) can be viewed as a p-dimensional response surface. This response
surface can be cut into two sections by cutting the domain of the response
surface with a p-1 dimensional surface. Let g(X*) = C, be some function
of the p-1 independent variables, represented by X*, which defines such

a cut. The general PWLR model with r sections can then be written:
£(X) = E(Y) = ggk - fk(3;§k) (1.2)

for C

k-1 = BQ(*) <C

k k=1,2, ... ,T
with the restriction that the functions fk and fk+1 are equal at their

join point;. that is, they are equal where they meet on the surface

g(X*) = Cy - I.e.,

-~

£O%8) = £ (MBny .3

The methods of estimating the parameters in such a PWLR model can
be divided into two cases depending on whether the value of the join

point is known in advance or must be estimated from the data.

1.2.2 FKnown Join Points

1f the abscissae of the join points are known, the constraint (1.3)



is simply a linear constraint on the unknown parameters Bk and Bk+l'

Consider the two dimensional case with model:

when A

ia
L]

1A
e)

810 * B11%y

0 1 1
Boo * Bn%y €, %26
E(yi) = . . (1.4)
81'0 + Brlxi Cr-l = .xi = A1'
and with the constraint:
Bko + Bklck = B'k+1 ot 8k+1 1Ck 3 k=1,2,...,r-1 (1.5)
In this situation solutions for the unknown parameters Bk and 8k+1 can

be found very easily with the aid of indicator variables. The model (4)

can be reparameterized and written:

E(y ) = Bg + ByXyy + By(X1=C)Xyp + B3(Xy3-Cr)X 4
e B G X 1.6
vhere
Xﬂ = independent variable
0 when X, 2 CJ
xij bl j - 2,3,...,1‘-1 (107)
1 xﬂ > CJ

With this reparameterization one can now use ordinary regression tech-

s, -

niques to fit the model.

Monti, Koch, Sawyer (1978) employ this type of model with three



segments and a slightly different parameterization to study rat thyroid

growth over time in a cross-sectional growth experiment. Results from
this and previous studies indicated that rapid growth occurred during the
first twelve days or first phase. The growth was less rapid during the
second phase, and during the final phase a plateau-like state was reached
in which little growth occurred. The piecewise regression technique is
advantageous in a case such as this because it enables one to take into
account distinct characteristics (e.g. growth rates) of each phase while
maintaining the continuity of the model across the phase. In addition,
the linear nature of the final segment provides a basis for predicted

values which are not overly sensitive to variation in the pattern of

growth in earlier phases. A polynomial regression model would not be

appropriate since polynomials would not provide a satisfactory represen-

tation of the data in the final phase where little growth occurred. It

is the objective of the experimenter to compare four groups of rats at

the end of the study rather than provide a growth model'for rat thyroids

throughout the entire experiment. Hence, thé segmented linear regression

model provides a simple and easily interpreted model which is descriptively

useful and reflects group differences in the final phase. |
Imposing additional constraints on the model,‘Fuller (1969) fits

what he refers to as 'grafted polynomials"."ﬁe first presents a method

for fitting a second order polynomial with the additional constraint that

the first dérivatives be equal at the join points. Next, he extends his

. model to the three dimensional case where the domain of the response

surface is a plane defined by the values of the variables xl and xz. A

three-dimensional model with two sections can be written:



2
Bio * B1a%) *+ Bpo% Bn"i + By Xy + BN X, [
E(y) = (1.8)
2
Bao * Bo1 ¥ * BpX, 4+ stxi + By %t BsXiXy

for X, < K. -+ .
or X <Ky+ KiX), K #0; X > K+ KX

In this model the line X =K+ KX, K ¥ 0 divides the (X;,X,)

pPlane into two sections or half-planes énd the model which differs in
each of these subdomains is constrained to join on the line x1 = Ko +
K1x2 The additional constraints imposed on this model are that the
partial derivatives with respect to x1 are equal as well as the partial
derivatives with respect to X2 These constraints allow for the direct
estimation of 6 parameters -- BlO’ 811’ 812. 613, 814. 815 + (825-815).
The remaining parameters are defined as functions of the 6 estimated
parameters. With these parameter definitions the reparameterized model ‘ -
is then written as a single regression equation which resembles the first
equation of the original parameterization plus a variable Z with coeffi-

cient (825-815). Here Z is defined as:

( 0, X, SR+ KX K, 40

Z = (1-9)

-1 2
‘-(ZKi) (x1 - Ky - l(lxz) . X, > Ky + KX

As a further step Fuller discusses parameterizations used when constraints .
that higher-order derivatives of the response surface be equal at the
join are placed on the model.

Finally Fuller ;ncludes a discussion of the use of grafted polyno- » .

mials to approximate trends in a time series. He points out, as did



Monti et al., that fitting piecewise models with a linear final segment
is, in many cases, superior to fitting a polynomial, especially when one
is interested in prediction or extrapolation of the series. By placing
constraints on the derivatives at the joins such that the linear trend

is continuous and tangent to the non-linear trend one can still obtain

a smooth curve which does not go to infinity as rapidly as a higher order

polynomial.

1.2.3 Unknown Join Points

Cases in which one is fitting a PWLR model when the abscissae of
the join points are unknown present a more complex estimation problem
than those cases in which the join points are known since the continuity
constraint is nonlinear in the unknown parameters =-- Bk’ Bk+1 and Ck.
Consider again the two dimensional case with r segments. The model has
the same form as (1.4) with constraint (1.5); h&wever,\it i8 obvious that
the constraint is no longer linear in all the unknown parameters.

Knowledge which is useful when fitting submodels concerns the type
of join between the submodels. Hudson (1966) classifies the joins into

three categories defined by the following cross-tabulation:

éj lies strictly between éj coincides with

two successive values of xi a value of X:l

Curves on either side
of the join do not Type One Type Two
have equal slopes

Curves join with
equal slopes Type Three Type Two
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Knowing the type of join and the successive values of data points Xi
between which Cj lies facilitates the search for estimates of the para-
meters.

In the early 1960's the potential of PWLR models with unknown join
points began to be recognized in model building. At that time both
Robison (1964) and Hudson (1966) independently approached the problem
from a statistical viewpoint. Prior to these studies Quandt (1958)
used maximum likelihood (ML) techniques in estimating parameters of
linear regressions obeying two separate regimes. However, Quandt's
models did not incorporate the constraint that the overall function
be continuous at the join point.

Robison, like Quandt, took an ML approach to the problem. Assuming
that the error terms are normally distributed with constant unknown vari-

ances, the likelihood equation for the two-dimensional case with r seg-

ments has the form:

N 1

2 r |k T
L(8,0,C) = 1 1 (2n0”) exp E(yi'BkO

k=1 [i=N  _+1

k-1
(1.10)

2, 2,7t

-8y %) (207
where Nk is the number of data points in the k-th segment and N0 is

defined to be O.

When the N, are known, the ML estimators of the join points are ob-

k
tainable from the ML estimators of the ak by equating the sample regres-

sions and solving for the points of intersection. When, in fact, the

Nk are not known, but the total sample size N = sz is known, the
k

likelihood, L(g,oz,g), becomes a function of the Nk as well as 8, b
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and C. In this case for every choice of N, a corresponding set of

k
(é,;z) must be calculated and the likelihood, L, computed. The set of
Nk which produces the maximum L is then chosen and the join points are
estimated from the corresponding parameter estimates as before. The
number of computations for this iterative procedure is prohibitive as

k, the number of segments, increases since all combinations of Nk must
be taken into account. The number of possible combinations for which
calculations are made can be narrowed down somewhat by taking only those
combinations which are plausible. A further complication‘lrises because
Robison defines the domain of the likeljhood function to be the entire
B-space. This definition of the domain can result in complex-valued ML

-

estimates of the Ck'

A different approach which Hudson (1966) uses to deal with fitting
segmented regression curves when the join points must be estimated is
that of ordinary least squares (OLS) estimation. It is a well known
fact that OLS and ML estimators are equivalent under the assumption of
normality of the error terms. The OLS estimators obtained by Hudson's
technique afe always ML estimators when normality is assumed. However,
Hudson restricts the domain of the likelihood to that g-space for which
fk(ck'Bk) - fk+1(ck’8k+1) has at least one real root in C,-space. This
restriction of the domain avoids Robison's problem of complex-valued

estimates of Ck'

For the OLS approach the overall residual sum of squares (RSS) for

the model is:

N
RSS = R= I [y1 - f(xi)]z (1.11)
1=1
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where f(xi) is as defined in (1.1). In the two-dimensional case with two

segments equation (1.11) becomes:
N

1
R= I [y -f (x )] +t ly (x, B)]
gu1 171 1N1+112 ’
(1.12)
N N
I [y,-8 ]+z ly,- ]
1 i 7100 111 Nfl 120 B21%y

R is to be minimized with respect to both the Ek and Ck. The overall

OLS estimates are denoted §,, C,_ and f(X). Local OLS estimators are

k
denoted by gi and g; vhere gi is the value of 8k vhich minimizes:
I Iy, - £,(x,:8)° (1.13)
M T S R4 ' .
xicli

and Ii is a specified interval Ii = [Ci_l, Ci]. The minimum value of

this sum (1.13) is denoted oi. Notice that Bi and pi vary with the choice

of Ii.

For theoretical purposes Hudson defines four types of joins. 1In
addition to the three types presented above a join of Type Four is de-
fined by two submodels whose overall solution leads to Ck < x, or

ék >x . Clearly, the study of a complete model with joins of Type Four

is equivalent to the study of a degenerate overall model with fewer sub-

models and no joins of Type Four. Thus, no further discussion is needed

for this fourth type of join.
When a join 1s of Type I Hudson proves that the estimated §k are

equal to the corresponding local OLS estimates gi wvhere the required

a

c Thus if a join 1s known to be of Type I

interval is Ii - [Ck-l' k].

and the interval where the join occurs is known then it is a simple
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matter to estimate the abscissa of the join point by minimizing the
local residual sum of squares and solving for the intersection point of
the regression lines. If the interval 1s unknown or the type of join
is unknown then an iterative procedure is needed.

If a join is known to be of Type II, that is the abscissa of the
join point corresponds to a data point rather than lying between two
data points, then the overall solution for the ék is written as modi-

fied local OLS estimates:

k

1 >
1>

b+ 08f (1.14)

where Agi is a correction term introduced to insure that the §k satisfy

the constraint:

~

£,0x,38,) = £ 0 (58 ) (1.15)

~

This constraint is linear in the gk so that the Aék are easily found
using LaGrange multipliers. The actual calculations for'Aéi are given
in Hudson's paper. Again if the type of join is not known or the data
point where the join occurs is unknown then an iterative procedure must
be used to obtain estimates for the parameters.

Join points of the third type do not occur if the segments are
straight lines or constants since the overall curve is constrained to be
smooth at the join. Hudson's discussion and treatment of this type of
join is much briefer than for joins of Types I and II. Basically, he
proposes that iterative procedures can be used to obtain a solution and
that each case requires special treatment depending on the particular
model being fit.

When the type of join is unknown an iterative search procedure must
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be employed to find the parameter estimates which minimize the RSS. 1If
the segments are straight lines or constants then the joins of Type III
are immediately eliminated and the search is limited to joins of Types
I and II. For the sake of clarity, this discussion will be limited to
a model with only k=2 segments. As was true with Robison's technique
the number of computations becomes unwieldy as k increases.

Hudson recommends a two step procedure beginning with a séarch for
Type I solutions. The first step involves choosing values for 1 and
fitting the éi(i) for each value of 1. The estimate 61 is then found

by solving:

£,(C.383(1)) = £,(C 585(1)) ' (1.16)

for Cl(i). If the curves join in the right place, i.e.

Xy < Cl(i) < X441 (1.17)
then define:
T(1) = oi(i) + 05(1) (1.18)

If the curves do not intersect or if they do not intersect in the right

place then set T(i) = =. Repeat this procedure for all relevant values

of 1. Choose that critical value of 1 for which T(1i) is minimum and take

the corresponding Cl(i) as 61, the estimate of the join point. 1If the
join is of Type I then there will exist a T(1) < » and no further search
is needed. This step can also be used if the join is known to be Type I

) which contains C. is unknown.

but the interval (xi,xi+1 1

1f, on the other hand, T(i) = = for all i, then it is necessary to
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search for joins of Type II. 1In this second step, values of 1 are chosen
and the necessary adjustments are made to the local OLS estimates from
step one to ensure that the Type II constraint is met. The adjusted
overall RSS is denoted by S(1). The critical value of i for which s(i)
is minimum is then chosen and the corresponding data point, X is taken
to be the estimate of Cl' If the join is known to be of Type II and only
i is unknown then Step 2 can be used to find the estimates which minimize
at the residual sum of squares.

Step 3, looking for solutiohs of Type I1I, is necessary when it is
known that the submodels are not constants or straight lines. In addi-
tion, it is only necessary to look for joins of Type III with x, < él

< x if T(i) = = and

i+l

R*(1) = p’l*(i) + pi‘(:l) < min T(§),S(3) . (1.19)
b

Hudson and Robison present the most general studies of PWLR. Most
of the work which has been done subsequently deals with'specific cases
or applications or with methods to improve upon the iterative procedures
put forth by Hudson.

Bellman and Roth (1969) use dynamic programming to determine an
optimal fit to data when join points are unknown. They give a numerical
example to illustrate the technique, but no data applications are included.
Hawkins (1976) gives two methods of fitting piecewise multiple regression
models. One method is based on dynamic programming and the other is a
hierarchical procedure. The approach of McGee and Carleton (1970) em-
ploys a combination of hierarchical clustering and standard regression
theory to fit a piecewise continuous function. Unlike Hudson and Robison

they do not require that the functions be continuous at the joins. Numer-
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ical applications include an analysis of the data created by Quandt
(1958) in his discussion and also data from the financial world based

on changes in the stock exchange. Gallant and Fuller (1973) look only

at Hudson's Type III joins and propose a reparameterization which allows
for the use of the Modified Gauss-Newton fitting technique. The tech-
nique is applied to data on preschool boys' weight-height ratio versus
age. Both a linear-quadratic and a linear-quadratic-quadratic model

are fit. Singpurwalla (1974) employs Hudson's technique for Type I or

II1 situations which arise in accelerated 1ife-testing experiments. He
uses an iterative weighted least-squares (WLS) technique to take into
account the heteroscedastic nature of the error terms. Ertel and Fowlkes
(1976) develop an efficient algorithm for fitting PWLR models and also

a plotting procedure which shows the existence and location of changes

in the regression models. These authors compare their algorithm with
the McGee-Carleton approach using generated samples. Hasselblad, Creason,
and Nelson (1976) use a "hockey stick" function in a dose-response type
situation when it is desired to estimate threshold levels of toxins.

The term "hockey stick" is derived from the shape of the curve obtained
wvhen fitting a two-segment PWLR model which has a constant for the first
segment and the constant plus a slope function as the second segment.
The threshold level is estimated by the point where the regression changes
from a constant — i.e. the join point. In addition to an example, the
PWLR model is compared to probit and logit models which are typically
used in dose-response situations. Magoun (1978) extends the definition
of join point to place emphasis on functional properties then employs

an algorithm based on the numerical analysis ‘technique of divided dif-

ferences to estimate the join point. His definition of the join point
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i{s an abscissa point which is indicating a change in functional proper-
ties, that is, a critical point of inflection. His algorithm first tests
for such an inflection point then uses the information gained from this
test to estimate the PWLR model parameters. The algorithm is applied to
the examples given by Hudson (1966) and in addition simulation studies
were done to compare the results obtained from this procedure to those
obtained using Hudson's iterative procedure. Lerman (1980) proposes a
grid search method of fitting segmented curves. He compares this new
procedure to the standard procedure proposed by Hudson and concludes

that the grid search works for a wider range of models than the standard

procedure.

1.3 METHODS OF DEALING WITH MEASUREMENT ERROR

1.3.1 Models

Piecewise linear regression, like the usual regression model, is
based on the assumption that the independent variables are measured with-
out error. It seems obvious that this assumption does not always hold
in either regression situation. However, no work has been done to study
the effects of measurement error when piecewise models are being used.
The following review, therefore, deals with techniques currently employed
with single function regression models. The model presented assumes
only one independent variable, X, but it can easily be extended to more
than one independent variable.

Suppose we are given variables Xi and Yi related by the linear egua-

tion Yi = 80 + lei with both variables subject to random measurement
error. Let x; - xi + V:l and Y; = Yi + Ui represent the actual observed

values of these variables where Vi and Ui are the error terms and E(Vi) =
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E(Ui) = 0. We have the usual regression model Yi - 80 + lei + €y
where the disturbance term, ei, is usually thought of as representing
explanatory variables which have not actually been included in the model.

The e, are identicelly distributed with mean O and finite variance oz . .

The disturbance term could also have a component representing mea-

surement error in Yi and the OLS estimates of the regression parameters

would still be valid since the error term would still be independent of

. X = ® R =
Xi This model can be written as Yi Bo + lei + ci where ci

€y + Ui' The * notation for Yi and € will be dropped in the following
discussion since it is not needed for clarity.
The measurement error problem becomes complicated with the additional

knowledge that the Xi are measured with error. We then have the model:

Y = By + B (X} - V) + ey

which can be rewritten as:

- * -
Yi 80 + lei + €y ViB1 .

The error term, € - Blv1 , is no longer independent of the imperfectly

measured xg since XI is a function of Vi. It is a well known fact that
applying OLS techniques in this situation leads to biased as well as in-
consistent estimates of the regression parameters (Neter and Wasserman,

1974).

To summarize, we are looking at a model of the form:

- * - 10
Y, Bo + BXY + € 8,V (1.20)

where the .

(i) €, are identically distributed (i.d.) with mean 0 and

i
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finite variance oi which are uncorrelated and independent
of Xi;
(11) Vi are 1.d. with mean 0 and finite variance 03 vhich are

uncorrelated and independent of Xi;

(111) €, and V, are uncorrelated; and

i i
(iv) true relation between xi and Yi is a linear one:
Yi = BO + lei .

Classical approaches to the measurement error problem assume normally
distributed error terms and require additional information in order to
obtain consistent estimates of 81 using ML techniques. Such additional
information would be the values of oi or ai or A= oi/oi . Madansky
(1959) gives the estimates for these three cases as well as the overiden-
tified case where both oi and 03 are known. He points out that the
resulting estimates are not ML estimates and that their only known opti-
mal property is consistency. He then raises the question concerning
what other kinds of information besides the knowledge of 02, oi or A
could be used to obtain an estimate of 81. He gives a comprehensive
review of methods which require other kinds of information and presents
an example comparing the various methods.

Cochran (1968) points out that in survey data, in particular, it

may not be realistic to assume that the error terms vi are uncorrelated

with the true value X.. In this situation, additional information about

i
the covariance between V:l and Xi is needed in order to obtain estimates
of the slope, B8.. Moran (1971) also discusses the classical approach by

1
considering the normal distribution assumptions. In addition to cases

wvhere ci, 03 and )\ are known he looks briefly at the case where Bo is
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known and then the cases where €y and vi are correlated.

In the three sections that follow alternatives to the classical
approach are given. These approaches do not require the distributional
assumpt ions needed in the classical approach. Several grouping tech-
niques will be discussed followed by a presentation of ways in which
additional or "instrumental" variables can be used to eliminate biases

due to measurement error. Finally estimation procedures which are used

when observations are replicated are given.

1.3.2 Method of Grouping

Wald (1940) proposed a method of grouping which yields a consistent
estimate of the slope even when the independent variable is measured with
error. This method involves ordering the observations in increasing
order of magnitude on the values of X*, dividing the observations into
two groups at X(pl), say, where P = 1/2 in this case, and treating the
smaller observations as Gl and the larger half of the observations as GZ'
He ghows that with the additional conditions:

(v) the groupings are independent of the error terms and

(vD) 1m inf (3X, - \.:xi)n‘1 >0,

Noe Gl G2

a consistent estimator of the slope can be calculated as:
bl = (Y1 - Y2)/(X1 - X2) (1.21)

where il and ?1 denote the mean of the X and Y values for G,, etc.

Other variations on this grouping method have been proposed.

Bartlett (1949) determined that a more efficient estimator is ob-

tained if the observations are divided into three equal groups (p1 = 1/3)
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rather than two groups as proposed by Wald. Bartlett's estimator makes
use of the two extreme groups and discards the observations which fall
in the middle group.

A third version of the grouping technique prop;sed by Nair and
Banerjee (1943) divides the observations into quarters. The two extreme
groups are again used to estimate the slope and the two middle groups of
observations are discarded.

Another version, also based on four groups, was proposed by Lindley
(1947). This method requires the calculation of two slope estimates.
The first slope is estimated using the first and third quarter as the
two groups and the second estimate makes use of the second and fourth
groups. The mean of these two slope estimates is then taken as the final
slope estimate.

In applying any of these grouping techniques the difficulty arises
in ensuring that the assumptions are met. Madansky (1959) stresses that
basing the ordering on the observed X*'s which are measured with error
simulates ordering on the X's. However, it does not insure the consis-
tency of the slope estimate since the method of grouping may not be in-
dependent of the errors. He claims that if there exists a 6 such that
PR(|V| > &) is negligible and if there are a small number of xi's in

+ &§], then there is a high probability that the group-

Xep =~ SFep T
ing based on the order of the x;'s will be the same as the grouping

based on the Xi's.

Blalock, Wells, and Carter (1970) point out that in the social
sciences one virtually never finds data in which grouping on the measured
x; can be done in such a way that Vi is independent of the grouping since

the measurement error is usually not small. Carter and Blalock (1970)
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perform simulation studies to compare the bias in the slope estimates
with varied sizes of measurement error. They determine that the effect
of this nonindependence of the error term is quite serious especially
for the quality of data found in sociological studies. Their results
showed Lindley's quarter grouping technique to be the least biased when
the error terms were assumed to be normally distributed. However, the
biases for all of the grouping techniques were on the same order as the
bias for the OLS method.

Moran (1971) maintains that in order to use the methods correctly
it is necessary to carry out the division of the observations into groups
in such a way that the distributions of the error terms are unaffected.
Under assumptions of normally distributed error terms he claims that
grouping on the observed X* values will alter the error distributions

i
in such a way that Wald's conditions will not be met and thus a consis-

tent slope estimate is unattainable. He concludes that situations in ‘

whichvall the conditions are satisfied must be rare.

1.3.3 Instrumental Variables

' The use of instrumental variables (IV) was first developed by econo-
metricians in solving the estimation problem wvhen confronted with the
error in variables model. Ideally, an IV is a third variable Z which
(1) does not directly affect Y, but (2) is a reasonably direct cause of
X, while (3) being uncorrelated with V and e. Use of IV's, as found in
current literature, falls into two categories. The first use of IV's
involves a consideration of a simultaneous equations approach as origin-
ally proposed by the econometricians. The secbnd of these methods relates

back to the method of grouping and involves grouping observations on the
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exogenous variable zi.

Most of the early theory surrounding the use of IV's is to be found
in economic literature. Johnston (1972) presents a general discussion
of the theory of IV's then relates this theory to the situation where S
is measured with error. Carleson, Sobel and Watson (1966) present an
example from the biological sciences and urge biometricians to carefully
consider the possibilities for IV's in biological research. Blalock,
Wells, and Carter (1970) discuss the use of IV's from a sociological
point of view.

The simultaneous equation idea behind the use of IV's is discussed
by Durbin (1954), Johnston (1972), Madansky (1959), and Blalock, Wells,

and Carter (1970). The equations involved are:

Y=B8,+BX+e¢ X= o, +a,Z+e¢ (1.22)
The estimator
g - 'z')(Y1 -9

b, = ‘ (1.23)
Iz, - 2)(XI - X*)

[N

o

is found by taking the ratio of the covariances of Z/lnd Y and Z and X*.
The estimator is consistent since the ratio of the covariances is not
systematically affected by random measurement errors. Blalock, Wells,
and Carter (1970) point out that it may be difficult, in practice, to
simultaneously satisfy the three criteria for an ideal instrumental vari-
able.

Durbin (1954) suggests ranking the X's in order and letting Z, = i,

the rank order of the observation. A further refinement of the use of
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rank orders is proposed for the case when the errors are thought to be
80 large that the rank ordering is affected by them. In this case,
Durbin suggests arranging the X values according to magnitude into k
groups and letting Zi = i for all the X's in fhe i-th group. A further

possibility 1s to let Z, equal some power of X. Madansky (1959) claims

i
that using the rank order as the instrumental variable is more efficient
than the Wald-Bartlett method of grouping. He also presents the formula
for the approximate variance of bz.

Durbin (1954) points out that by letting 21 be equal to 1 for X
greater than the median value, 0 for X values equal to the median and
-1 for X values less than the median the Wald estimator is obtained.
Bartlett's version of the grouping techniqe can be arrived at in a simi-
lar manner. However, defining the IV in this way does not eliminate the
problems previously mentioned concerning the method of grouping.

Blalock, Wells, and Carter (1970) suggest that if an additional
observed value Zi is close to ideal, then ranking according to scores
on Zi and grouping by levels of Z should produce groups on X with similar
scores. Thus by grouping on Z then computing bl using the means of the
X's should take out the rgndom error component. While the estimator is
of the form seen in the grouping procedure it is based on the assumptions
of the IV method -- namely, the a priori assumption that Z can be used
to group individuals who are similar with respect to X without distorting
the relationship between Y and X which is measured by 81. For this reason
Blalock, Wells, and Carter (1970) claim that the resulting estimator
should behave in the same way as the simultaneous equations approach es-
timator. |

Moran (1971) stresses that the effectiveness of the IV approach
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depends on how strongly the X and Z are correlated. Thus it is still

necessary to take into consideration how realistically the basic assump-

tions of the method are met.

1.3.4 Estimation with Replication of Observations

Suppose now that there are N, observations X}, on each of the n

i 13
xi's. The observed X values are now x;j wvhere { = 1,2,...,n and } =
1'2""’Ni' Given this kind of data Tukey (1951) and Housner and Bren-

nan (1948) construct estimators for 81. A good explication of these

techniques is found in Madansky (1959).

The estimates proposed by Tukey (1951) can most simply be described

by looking at the ANOVA table:

ANOVA Table

Source Mean Square Expected Mean Square
( n - =..2 2 2 2 2
I 151N1(xg-x*) /(n-1) o, *+ [(N -i Ni)/(nN-N)]ox
: T N, (F4-7%) (T, /(n-1) + (-1 %)/ (aN-W) 180>
% { I1 iElni(xi--x)(\zi-*z) n- Oye 1u1 nN- oL
(.-}
n
mr 1 N0 @) o2 + (V-1 W)/ (aN-¥) 167,
\ i=]1 i
( N 1 =02 2
1v T I (x;j-x;) /(N-n) oy
13
-'E { \' I (X% -X%) (Y, -Y,)/(N-n) L
§ 13 i3 47 713 1 ve
(x, ,-3,)2/(N-n) 2
\ Vi i § 134 -n %¢
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where i; - ;: x;jhvi ?1 - :1!: \1rij/N1
N= i N,
X* = i ;: x;j/N Y= i;: Yij/N
It can be seen that the ratios:
b, = (II - V)/(I - 1V) (1.24)
b, = (III - VI)/(I1 - V) (1.25)

b. = /I11 - VI
5 I -1V (1.26)

can be used to estimate 81. When n and Ni tend to infinity then these
estimators are obviously consistent.

Housner and Brennan (1948) propose another estimator for this type
of data which Madansky (1959) claims can be considered as a variant of
the method of grouping. Madansky's claim is based on studies of the
optimal efficiency of this estimator. Housner and Brennan (1948) make

use of the fact that a sample value of 81 is:
- - R - X
Bygra = (gy = Y/ (xf, = XD (1.27)
and that the error in variables model can be rewritten as:

(x;k-x3« )biju = (Xk -X* )81 + (+:ik-»:J ) - 81("1{"3 )

ik 4 (1.28)
to arrive at the estimator:
n n 1
1f1 §1N1(1£1 Nj - 2;.1 Nj +N)
n n i

‘T X*N (I N, -2 N, +N))
{=] i ij-l b j=1 h i
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This estimator is consistent providing N+ for at least two distinct
values of 1.

Madansky (1959) claims that if it is truly realistic to assume that
the relation between Y and X is linear then the Housner-Brennan estimator
1s preferred since consistency does not depend on n. On the other hand,
if this assumption is questionable, and one is merely trying to approxi-
mate the function by a linear relation over a small range then it is ad-
visable to have larger n at the expense of the Ni and use one of the
Tukey estimators. Moran (1971) states that none of these estimators are
optimal and suggests that one take the sums of squares to estimate oi

and 03 then use these estimates in the classical estimate for the case

when the two variances are known.

1.4 RESEARCH PROPOSAL

The main focus of the present work is to study the_effects of meas-
urement error on the join point estimate of a PWLR model. First, effects
of measurement error are studied for the Hudson (1966) OLS estimation
procedure. An alternative approach for estimating the join point in the
presence of measurement error is proposed which applies the grouping
slope estimation procedure of Wald (1940) to the piecewise problem.

In Chapter 2 the effect of measurement error on the OLS estimate is
evaluated. The OLS slope parameters are known to be biased (Neter and
Wasserman, 1974). A study is made of the bias in the OLS join point
estimate through the use of Taylor series approximations to the expected
value and variance. In addition, a simulation study is carried out on

a numerical model in order to compare the empirical distribution with
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results found from the asymptotic theory. The asymétotic theory requires
knowledge about the approximate location of the join point. Hence, a
further consideration is the effect of misspecification of location on
the resulting estimate.

In Chapter 3 it is proposed that the grouping-type estimator sug-
gested by Wald (1940) be used to obtain consistent slope estimates which
are then used in estimating the join point. A method is proposed for
obtaining an approximation to the variance of the estimator. Since the
data is not replicated it is impossible to estimate this variance directly.
As an alternative, a numerical method proposed by Tepping (1968) which
is based on a Taylor series expansion was applied to the join point
estimator. 1In order to actually arrive at the variance estimate a pseudo
replication technique which is based on the collapsed strata method
(Cochran, 1977, p. 138) of sample survey methodology is applied to the
numerical Taylor series. In addition, a simulation study is done to
determine the empirical distribution of the join point estimate from
Wald's technique.

Chapter 4 compares the results of estimating the join point by Hud-
son's technique and by Wa;d'e technique. It is hoped that the Wald esti-
mation approach will perform well in the presence of measurement error
and provide a viable alternative to the OLS approach for estimating the
join point of a PWLR model.

In Chapter 5 the case of join point estimation is briefly explored
for replicated data. With replications it is possible to obtain estimates
of the error variances. Three different consistent slope estimators have
been proposed by Tukey (1951) for replicated data. All three of these

estimators are based on the partitioned sums of squares. A simulation
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study is done using each of the three slope estimators to obtain a join
point estimate.

In Chapter 6 the use of the Hudson and Wald techniques are illus-
trated with an application to data. The techniques are used in an attempt
to model basal body temperature during a woman's menstrual cycle and to
arrive at an estimate of the join point corresponding to the day on which
a phase shift occurs.

The final chapter outlines topics for further research.
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CHAPTER 2
EFFECTS OF MEASUREMENT ERRORS FOR JOIN POINT

ESTIMATES IN PIECEWISE LINEAR REGRESSION
MODELS USING HUNDSON'S TECHNIQUE

2.1 INTRODUCTION

The usual assumption about the independent variables in a re-
gression model as described in Chapter 1 underlies the development by
Hudson (1966) of the join point estimate for a piecewise linear regres-
sion (PWLR) model. It is well known that when measurement error occurs
in the independent variable the estimates of the regression coefficients
obtained using ordinary least squares procedures are biased (Neter and
Wasserman, p. 169). The question then arises about what effect this
measurement error and the resulting regression coefficient bias have on
the join point estimate when applying'the analysis technique developed
by Hudson. Since the join point is the ratio of differences between re-
gression coefficients, the bias cannot be expected to be as simple as
the bias of the regression coefficients themselves. The topic of this
chapter is to study the behavior of the join point estimate from the
Rudson technique when there is measurement error in the independent vari-
able.

In order to study this behavior as the measurement error increases
several approaches will be taken. First, approximate asymptotic proper-
ties of the estimator will be derived using Taylor series expansions.

Next, the effects of increasing the sample sizes will be studied by com-
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paring the asymptotic results for two samples. A simulation study will
also be undertaken to obtain the empirical distribution of the join point
estimate. For the sake of comparison the parameters estimated will be
substituted into the asymptotic formulae. Finally, conclusions will be
drawn based on the comparisons between the asymptotic results and the
empirical results.

The specific model under study and a description of the estimation
procedure is given in section 2.2. Section 2.3 presents the asymptotic
properties of the estimator. The simulation procedure is discussed in
section 2.4. Finally, the results from a numerical problem are given

in section 2.5 and conclusions are drawn in section 2.6.

2.2 MODEL AND ESTIMATION PROCEDURE

For the purpose of this study one of the simplest cases of PWLR,
two intersecting straight lines, will be used. The model itself is
described in section 2.2.1 along with the necessary assumptions. The
estimation procedure proposed by Hudson as it will be used here is de-

scribed in section 2.2.2 .

2.2.1 Model Under Study

The model 1is of the form:

Biot B11®y €4 " Vb 0 Xg S @
vy = (2.1)
Bao ¥ Ba1Xy ~ €5 ~ Vafai v X 20,

where xi - xi + v1 is the observed value of the true xi and vi is the

measurement error; vy Yi + €y "ds the observed value of the true Yi
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and ei is the random error; and o is the abscissa of the join point

such that Xi Sacg Xi+1.

that the two segments intersect at a. This constraint can be expressed

In addition, there is the important constraint

610 + Bllu = 820 + 821a (2.2)

For theoretical developments the following assumptions will be made:

(1) 1= Nl such that Xi gac X1+1 is known.
(11) Xi are fixed with mean X and variance si .
(111) €, are 11d with mean 0 and variance oi .
(iv) vi are 1id with mean O and variance 03 .
{v) xi, €y and v, are uncorrelated.
Big + By1X, » X <0,
1) ¥, - 107 "11% 1
P20 * B2y, X 2@

is the true relation between X and Y.

Note that when 05 = 0 the model is the usual PWLR model with fixed Xi.

When measurement error is present, the error term in the model has
an additional component, “18k1' k=1, 2. With this component differ-
ent from 0, the error term is no longer independent of the regression

parameters.

2.2.2 Hudson's Estimation Procedure

An estimation procedure which is based on the assumption that there
is no measurement error is described in Chapter 1. The highlights of
that procedure are reiterated here as the concept of measurement error

is introduced into the model.



33

According to Hudson (1966), the join point in a straight line model
with no measurement error can be of two types. If a, the abscissa of
the join point, falls between two X-values, then the join is said to be
a Type I join. If a corresponds to one of the X-values, i.e. a = xi’
for some 2 < 1 < N-1, then the join is a Type II join. When the join
is of the second type, a slight.modification must be made in the OLS
estimators of the regression parameters in order to satisfy the addition-
al constraint that a = Xi. The procedure when Nl i1s known is described
in section 2.2.2a for both the Type I and Type II joinms. For the case
where Nl is not known, the iterative procedure is described briefly in
section 2.2.2b. For a more detained description of the procedures see

chapter 1.

2.2.2a Procedure when Nl Is Knowr. Assume first that the join is of

Type I and that the interval where the join occurs, (xi,xi+1) is known,
although the actual point a is unknown. Two submodels are determined

in the Hudson procedure by minimizing the "Jocal" residual sums of squares
(RRS). The first local segment is determined by (xl,xz,...,xi) and the
second local segment by (x1+1""’xN)’ The join point is then estimated

as the point of intersection of the two regressions, namely:

Assume now that the join is of the second type and 1= Nl is

nmown. The problem then reduces to a model linear in the B and the
k

golution is trivial.

2.2.2b Procedure when Nl is Unknown. If 1 = Nl is unknown, then the

following iterative procedure must be used. For each relevant value of

i, the local RSS's are minimized and the overall RSS is calculated as
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the sum of the two local RSS's. The value of 1 for which a(i) falls

between xi and x1+1 and for which the overall RSS is minimum is deter-

mined. The corresponding submodels are then used to estimate a.

When 1 = N is unknown, the same iterative procedure is used as

1
for a Type I join except that the estimates of the Bk and the local RSS

are modified to meet the extra constraint that the join corresponds to
a data point.

If neither the type of join nor 41 = N, ‘1 known (the most realis-

1
tic case), then the iterative search begins by looking for joins of Type

I. For each relevant value of i, the corresponding estimate a(i) of a

is calculated. If x, < a(i) < x , then the overall RSS is recorded

i 1+l
as T(1). 1If ;(i) ¢ (xi,xi+1). then set T(i) = =, If the join is a
Type I join, then there will be a T(i) < = and the min T(1i) will corres-
pond to the desired solution. If T(i) = = for all i, the search must
proceéd for a Type II join by modifying the estimated regression para-
meters and determining the i which leads to the minimum modified RSS.

h

By setting a equal to the value of the 1t data point, x, gives an

i
estimate of a.

2.3 ASYMPTOTIC PROPERTIES OF HUDSON ESTIMATE UNDER THE MEASUREMENT
ERROR MODEL
In studying an estimation procedure it is desirable to know the
distribution of the estimator or at least how the first two moments of
the estimator behave. In this section the expected values and variances
are explored with the help of Taylor series approximations. In addition

a study is made of the expected value as a function of the measurement

error variance.
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The estimator a given by expression 2.3 of the join point of the

two-segment PWLR model is a non-linear function of the regression para-

. meters. Since it is difficult to determine the distribution of a, first,

order Taylor series expansions are used in order to obtain a linear ap-
proximation to E(;). Taylor series expansions are also used in deriving
an approximation to the variance or mean squared error (MSE) of the esti-
mator ;. “1f ; is an unbiased or consistent estimator of a, as in the
case of no measurement error, then the Taylor series expansion approxi-
mates the variance. However, in the case where ; is a biased estimate,
the MSE is obtained rather than the variance, where the MSE is the vari-
ance plus the square of the bias. This distributional theory is condi-
tioned on the correct choice of i. Hence, the assumption that i is known
is implicit in the derivations which follow. Section 2.3.1 gives the
Taylor series approximation to the expected value and mean squared error
in addition to the derivations of the terms which make up these approxi-
mations. The last section (2.3.2) discusses the behavior of the expected

value as a function of the measurement error variance.

2.3.1 Derivation of Expected Value and Mean Squared Error

The Taylor series expansion of the function f(é) = ; leads to the
following approximations to the expected value and MSE of a (Kendall and
Stuart, 1977, p. 246):

- E(Num) -1
E(a) E (Den) + O0(n ) (2.4)

such that for this ratio estimator term
E(Num){Var(Den) Cov(NumLDen)}\ (2.4a)

-1
) = E(Den) \TE(Men)]2 ~ E(Num)E(Den)

0(n

where Num = 810 - 820 and Den = 821 - 811. and n is the sample size.

Similarly,
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2
N o E(Num) Var(Num) Var(Den)
MSE(a) [n(m) {[E(Num)]z + TE(ben) 12

(2.5)

2Cov(Num,Den) -1
~ E(Num)E(Den) } +o(m™)

vhere o(n™1) goes to 0 as n goes to =,
It is necessary to introduce additional notation at this point in
order to clarify the derivations which follow. Without loss of general-

ity, the xi are ordered Xl < X2 < ree < XN. Let N = Nl + Nz be the

total sample size, where N1 is the number of observations in the first

segment -~ those observations with abscissae less than or equal to o ~--

and N2 is the number of observations in the second segment. Thus there

are two segments with the following statistics defined for each k =

1,2 segment. Let

N N
k k

% =T X /N and 82, =1 (X - %)/
k 1Mk X(k) g~ B Ny

be the mean and variance of the true X values. Also let

Nk N

Tk
- 2
X, " T xi/Nk and S0 " b3

- .2
(xi - xi) /Nk

be the mean and variance of the ohserved x values. The statistics

= 2 - 2
Yk’ sY(l), Yy 'y(l) are similarly defined. In addition, define

; = (x, - x,) ’
1 N _,
I (xgx)

1<1i<N, k=1,2. (2.6)

Thus, the OLS estimates of the regression parameters are:
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2.7)

and

B S A Bklxk y k=1,2, (2.8)

The following lemmas are needed to calculate the approximate expectation

~

and mean squared error of a:

Lemma 2.3.1(a) For large Nk'
s2
- - X(k) - (2.9)
E(Bkl) = Bkl ';;--—:-;5 , k=12,
X(k) v

Proof: For k = 1,2, conditioning on x, the left hand side of (2.9)

can be written as

'@ .

EEB, |0} =B B zy,]0). . (2.10)

Since 2, is constant given x, equation (2.10) becomes
Mk | Ny : }
E {I ziE(yilx)} =E{ z,(8,5+ Bq%y - VBt - (2.11)

It can be shown that tz1 = 0 and :xiz1 =1,

Hence, substituting in equation (2.11) and simplifying leads to:

- E {8, -8

i« klzvizi}

Iv, (x.-x,)
- «B_. -8, E 171 'k . . (2.12)
K k1 I(x,~x )2
1k

Assuming large Nk’ the right hand side of equation (2.12) 1is
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approximately equal to:
+02
v

8x (k) v

where Ogy Yepresents cov(X,V).
But X and V are uncorrelated and all the terms under the expec-
tation are constants; with sdme algebraic manipulations it

can be shown that expression (2.13) simplifies to:

2
8
8 —i—"(—"—L , k=1,2.

kl 2
sx(k) + ov

q.e.d.

Lemma 2.3.1(b) For large Nk'

2 2
Bklov + oE

2
X(k)

V(Bkl) = (2.14)

2
Nk(s + ov)

Proof: Conditioning on x, the left hand side of equation (2.14)

can be written as:
v{}:(akllx) }+ E{V(Bulx)} . (2.15)

From the left hand side of equation (2.12) it can be seen that

z(eulx) = By~ BrIVeZy (2.16)
Now, vz, and vy, are uncorrelated wvhen 1 ¥ j and also vy
and z, are uncorrelated since v and X are uncorrelated; hence

the variance of equation (2.16) can be written as:



By V(U IV(z,) + V(v [E(z)17 + W(z) (Ev)P) . (2
But V(vi) = ai and E(vi) = 0. So substituting into expression

(2.17) and simplifying leéads to:

2 2 2
Bkl Iov E(zi) . (2.18)

After interchanging I and E it can be shown that
1(z9) = (/2(x, - )% (2.19)
1 1~ % g y

Hence it follows from expressions (2.18) and (2.19) that the

first term of expression (2.15) is

2 2 , =42
Bklov E {I/Z(xi - xk) ) B (2.20)

Now it is well known that when x is fixed
v(s., |0 = o2/5(x, - %02 . 2.21)
k1l 3 1~ %

Substituting expressions (2.20) and (2.21) into expression

(2.15) and simplifying produces
2 2, 2 ) - .2
(810, + o) E {1/2(x, - )7} . (2.22)

Assuming large N xpression (2.22) is approximately equal to

k* ©

2 2 2 2 2
(Bklo“ + oe) E {IIINk(sx(k) + ov)]} . (2.23)

Since all the terms under the expectations are constants,
expression (2.23) is equal to the right hand side of equation
(201&) .

q.e.d.
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Coroliary 1:

2 -~
1f c, 0.0 then E(skl) - Bkl (2.24)
2
- o -
and V(B]d) - F—- (2.25)
k X(k)
Proof: By substitution.
Lemma 2.3.2(a)
= 2
- 8 Xko
k1 v
E(Bko) ] BkO + ] (2.26)

.X(k)+°v

Proof: Substituting equation (2.8) for Bko and conditioning

on x gives
E(Bkn) = E[E(y, - Bklxklx)] . (2.27)

It can be shown that the conditional expectation on the right ‘

hand side of (2.27) simplifies to

8k0 + Bklxkzvizi . (2.28)

Assuming large values of N,, expression (2.28) 1s approximately

equal to
s 2
B o
g+ Prahy_ ) (2.29)
kO .2 +o2
X(k) v

Since all the terms in expression (2.29) are constants, taking

the expected value over x leads to the same equation.

q.e.d. .
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Lemma 2.3.2(b)

~ 2
o2 2
v

o2
4 ——— 4 X
2 2 N 2 2
Nk(sx(k)+°v)- k ‘x(k)+°v

02 ii -
€
+ = |1 + 55—
Nk s2 +(’2
X(k) v _

A 2
V(o * B

(2.30)

Proof: Conditioning on x, V(Bko) is equal to

VIE(B, |0)] + EIV(B, | . (2.31)
From expression (2.28) it can be seen that
E(Bko|x) = 847 B iVZy (2.32)

Since Bk and B, . are constant, the variance of equation (2.32)

0 k1

can be written as
| B2 V(xR Iv,z) (2.33)
but expression (2.33) is equal to
Bil{V(§k)V(Zvizi) + v(ik)[r:(zvizi)]2
+ V(zvizi)[E(§k)]2} (2.34)

It can be seen from the proof of Lemma 2.3.1(b) that

2
o

V(iv.z,) * —— (2.35)
1%4 2 2
N, (8% 1)+

when N, is large. It can also be easily shown that for large

3

Nk ’



(2.36)

(2.37)

(2.38)
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Now, substituting equations (2.35), (2.36), (2.37), and (2.38)

into expression (2.34) and simplifying give

02 02 (02)2
82 v LA M +:‘<,2‘
kKl N (32 +°2) Nk ‘2 +o2
kX(k) v X(k) v

Now, when x is fixed, it is well known that

=2
V(ékol)() = oi [Fl- + —’—‘-k——J

-2
k z(xi-xk)

(2.39)

(2.40)

but when N, is large, equation (2.40) is approximately equal to

k

o2 :‘{

£ 1 4+ X

N 2 2 .
Bx(x)"

(2.41)

Hence, substituting expressions (2.39) and (2.41) into expression

(2.31) gives the desired result.

q.e.d.

Corollary 2: 1If oi = 0.0
- oi ﬁ
and V(Bko) "N 1+ 3
k s
X(k)

Proof: By substitution.

(2.42)

(2.43)
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Lemma 2.3.3
" - -c ik
€
k' X(k) v

Proof: By definition the cov(éko,akl) can be written as

E[E(B o8, 0] - E(BDE®) . (2.45)

Substituting equations (2.9) and (2.26) into the second term

of expression (2.45) gives

2 - 2
Br18x (k) Bra X,
~ AL |8, 4 ——— . (2.45a)
R ' 2 2
X(k) Cv BX(k) v

Using the definition of ékﬂ’ equation (2.8), in the first term

of expression (2.45) leads to
E{E[(y, - Bklxk)ﬁkllx]} . (2.46)
After multiplying through by Bkl’ expression (2.46) becomes
- - - .02
E[E(B,,Y, |%) - X E(B, 0] . (2.47)

But ékl and §k are uncorrelated (cf. Draper and Smith, p. 22);

hence, the first conditional expectation of expression (2.47)

becomes
E(Bkllx)E(yklx) (2.48)
vhere E(Bkllx) = Bkl - Bkltvizi (2.49)

and E(;k[x) =Bt Bklik . (2.50)
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Now B(éillx) - V(ékllx) + [E(ékllx)]2 . (2.51)

"Hence, substituting equations (2.49) and (2.50) into expression
(2.48), then into expression (2.47), and substituting equations
(2.49) and (2.40) into equation (2.51), then into expression
(2.47) and simplifying, gives

2~
%e*k

-8 B .Iv.2z —
t(xi-xk)

2 -
E{B,08 kofralvi®s * Bra*IVyZy -

kl

) - ’ (2.52)
- Bklxk(tvizi) } .

Assuming N, is large, expression (2.52) is approximately equal

X
to
2 22 2 22
eda g - lwfia® ; PSSy 0K
k0fi1 ~ 2 2 2 3 2
a0ty fxao*v Moty
2 (2.53)
2 = ov
- Bk 3 o2
Sx(x)" °v

Finally, substituting expressions (2.53) and (2.45a) into expres-
dion (2.45), taking expectations, and simplifying, leads to the
desired result.

q.e.d.

Using the above lemmas and the fact that for k = 1,2,

E(Bik - Bjk) - E(Bik) - E(Bjk) (2.54)
V(Byy - By = V(B + V(B (2.55)
and
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the approximate expected value and mean squared error can be expressed

as functions of the model parameters.

2.3.2 Expected Value as a Function of Measurement Error Variance
From equation (2.4), the asymptotic expected value of a can be

expressed as

) . E(é - é )
E(a) = .10 .20 (2.57)
E(8y; - Byy)

since the right hand side of (2.4a) goes to 0 as N,,N, + = .
By applying lemmas 2.3.1(a) and 2.3.2(a), equation (2.57) can be

rewritten as
E(a) = (2.58)

= 2 = 2,2 2
(8 810~ 20)(sx(1)+c )(sx(2)+o ) + B11X19, (sx(2)+°v) - 821x2°v(sx(1)+°v)

62 . (s> 2 (s
218%(2) sx(1) B118%(1) (8x(2)

2
8 +0 ) +9))
By looking at E(;) = f(oi) as a function of oi and taking derivatives of
f(oi) with respect to oi the behavior of ; can be studied as 03 increases.

The join point estimate is now of the form
2

£(V) = AVDQ++BX + C (2.59)
where

v = o

A = (8,,-8,0) + B 1% - 321i2 (2.60)

B o= (B)Byg) (5)45)) + %358y - Kp5,8y; (2.61)

C = (85B,0)5:5; (2.62)

D = B85 - 8nS (2.63)

E = 8182(621-811) (2.64)
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2 ®

S1 * sx)
S - 32
2 X(2)

The function f(V) 1s equal to the true value of a when £(V) = C/E
or equivalently when

VvV = 0 or
(2.65)

v = —=(BE-CD)

AE

In order to determine the behavior of ; as 03 increases it is neces-
sary to find the critical point(s) of the function £(V) by setting the
first derivative equal to zero and solving for V = Vb > 0. To determine
whether the critical point is a max or min involves study of the second
derivative at the point V° such that f'(Vo) = 0.
The first and second derivatives of f(V) with respect to V can then ’
be written

2

£1(V) ADV™ 4+ 2AFV + gE - CD (2.66)
(DV + E)
2AE2 - 2BED + 20p°
f(v) = ZAE 5 (2.67)
(Y + E)
Lemma 2.3.4
v « £, /B _E-O 2.68)
) N - D AD °

. Proof: In order for equation (2.66) to equal 0 the numerator

must equal 0. Hence setting the numerator equal to 0 gives

AW 4+ 2AEV 4+ (BE-CD) = O .
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Applying the formula for the solution of a quadratic and taking
LR bl

the positive solution, if it exists, gives the desired result.

It is necessary to choose the positive solution since V is the

measurement error variance which cannot be negative.

Lemma 2.3.5

2A

f"(v ) =
° (E2 - (D/A)(BE - cD))*%

(2.69)

Proof: Substituting (2.68) into (2.67) and simplifying gives

2A
[F2 - (D/A)(BE - D))"

fn(vo) -

q.e.d.

11 - - 2
Both Vo and f (Vo) are complicated functions of B8, X;, X,, 5%(1)”
and si(z) and, therefore, dependent on the particular model being studied

and the distribution of the X-values.

2.4 SIMULATION PROCEDURE FOR THE EMPIRICAL DISTRIBUTION OF THE JOIN

POINT ESTIMATE

The purpose of this experiment was to study the empirical distri-
bution of ; using Hudson's technique to estimate the join point when
measurement error is present in the independent variable. 1Ideally, one
would like to obtain a closed form for the distribution of the join point
estimate. Since it was not possible to find such a closed form, approxi-
mations to the first two moments were determined in section 2.3. In this
section a simulation procedure is set forth which produces the empirical

distributions of the parameter estimates by looking at the estimates from
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a large number of samples. Theoretically, the mean and variance of an
estimate over all thé’simulgted samples should be close to the approxi-
mate moments obtained using asymptotic theory (section 2.3).

Section 2.4.1 gives a description of the procedure used to simulate
the model given in section 2.1.1. Next, section 2.4.2 discusses the
simulation of the assumption that N, is known and section 2.4.3 describes

1
how the simulation i{s changed for the case when Nl is unknown. Section
2.4.4 describes how the empirical moments were obtained from the simula-
ted samples. Finally, section 2.4.5 describes the use of the simulation
to obtain approximations of the asymptotic expected value and mean

squared error.

2.4.1 Simulation of the Model

First, a mathematical model was specified corresponding to assump-

tion (vi) of the statistical model. Thus the true values, the true

regression parameters and the true join point were specified. The ab-
scissa values were preselected to be one unit apart. The simulation

procedure then generated N random error terms €y These errors were

generated as random normal deviates using the FORTRAN IV subroutine
GAUSS which requires the mean and standard deviation to be specified.

The ei were then added to the Yi calculated from the mathematical model

to produce vy and a statistical model with random error but no measure-
ment error. A second set of normal deviates corresponding to vi, the
measurement error, was then generated in the same way. These random
normal deviates had mean 0 and variance 03. The vy values were then

added to the X, values to produce X the so~-called observed values.

i

The x, and Yy values were sorted on x, and fed into a subroutine based

on Hudson's algorithm to obtain estimates of a.
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2.4.1a Simulation of Nl Known. In order for the simulation results to

be comparable to the asymptotic results it is necessary to have some
prior knowledge of the approximate location of the join point. This
knowledge is needed because one of the assumptions underlying the asymp-
totic theory is that N, 1s known -- where Nl is such that Xﬁl <acx<
XN1+1 . (Note that it is not the value of a itself which is known but
between two which valuesa lies.) When there is no measurement error and
thus the ordered X values are fixed knowing N, is equivalent to knowing

1
XN and there is no problem simulating the results. However, in this

cate, when measurement error is present, the concept of N1 known is not
so simple. While the Xi are fixed, x, has a random component which may
cause xNI, based on the ordered Xy to correspond to a different value
of‘x rather than XNI.

The approach taken to solve this problem in the simulation study
was to assume that the prior knowledge is the value of xNI, which defines
the interval [le,xN1+1] containing a. Thus the observed xNl are taken
to be in the first segment while those values of x, greater than xN1 are
taken to be in the second segment. An additional dimension is thus added
to the study by observing the effects of misspecification of le on the
parameter estimates.

As a first step in the study of the Hudson procedure in the face of
measurement error, the cut point was chosen as the true join point value
in order to minimize the number of observed data points which are classi-
fied in the wrong segment in any one sample. Obviously, if the true
value is known there are much simpler techniques for fitting a segmented

model (Neter and Wasserman, 1974; Monti, Koch, and Sawyer, 1978).

2.4.1b Simulation of N, Unknown. When there is no prior knowledge of
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the location of the join point -- a more realistic situation -- the gimu-

lated (xi,yi) observations are fed into a subroutine based on Hudson's .
algorithm but slightly different from the one described in section 2.4.1la.

When N1 is known an iterative search routine as described in chapter 1

and again briefly in section 2.2.2 is performed in order to arrive at

an estimate of the join point.

2.4.2 Calculation of Empirical Moments

The empirical moments calculated were the mean and variance over all
the simulated samples. In order to obtain these moments the entire pro-
cess described in section 2.4.1 was repeated 1000 times. It was felt
that 1000 samples was a large enough number to establish the empirical
distribution. The parameter estimates from the 1000 trials were then

averaged and the variance in the estimates over all trials was calculated.

2.4.3 Estimation of the Asymptotic Moments

The asymptotic moments which were found in section 2.3.1 are in
terms of the true parameter values. In the regression situation these
values are unknown. Hence, it is customary to substitute the parameter
estimates into the equations in order to obtain estimates of the expected
values and variances or mean squared errors.

For each of the simulated samples, the regression coefficient esti-
mates were substituted into the asymptotic formulas for the expected value
(2.4) and the mean squared error (2.5). The average expected values and
mean squared errors were then taken over all samples. These averages
could then be compared to the sample means and variances of the parame- .
_ters over all models to compare the numerical accuracy of the estimated

asymptotic results and the empirical results.



Ideally, one would like to substitute estimates of the error vari-
ances as well since these parameters are also unknown. However, gince
there is no replication of the data, it is impossible to obtain reason-
able estimates for the error variances. Hence, in this study the true
error variances specified in the simulation were used in the estimation

of the asymptotic moments.

2.5 RESULTS

A numerical model is used to illustrate the procedures described
in this chapter. First the specific model and the resulting parameter
values are given in section 2.5.1. The first comparison is made in
section 2.5.2 between results fron samples of two different sizes.
Next, section 2.5.3 follows with a discussion of the expected value as
a function of the measurement error variance for this particular model.
The fourth section (2.5.4) presents results of the simulation study of

the empirical distribution and compares these results when N1 is known
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with those of the asymptotic results. A comparison is also made between

results for different values of N1 and N1 unknown.

2.5.1 Numerical Model and Parameter Values
The model under study has a Type I join and is of the form

r

23.38 - 1.73X X, < 13.5144

i’ 1

-23.38 + 1.73)(1 ’ Xi > 13.5144
\

The two segments were arbitrarily chosen to be symmetric with an angle

of 60° between them. By varying the sample size, error variances and
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prior knowledge about Xﬁ » whether or not Nl is known, several kinds of
1

comparisons can be made. The following table (Table 2.1) summarizes the

combinations to be studied here.

Table 2.1 Parameter Values for Numerical Example

Parameters Case 1
N 30
N, 13
N, 17
% 7.00
82 15.17
X(1) :
%, 22.00
g2 25.50
X(2) :
of: .01, 0.1, 0.5, 1.0, 5.0
05 0.0, 0.1, 0.5, 1.0, 5.0
X 1,2,...30)
prior knowledge
of X, 13.5144
1

2.5.2 Comparison of Results for Two Sample Sizes

00.50
58.50
30.50
99.17
same as Case 1
same as Case 1
plus
0.01 and 0.05
(-12,-11,..#,&7)

12.0, 13.0, 13.5144,
14.0, none

Since the asymptotic results of section 2.3 are based on large

sample approximations, it is of interest to see how much better the

approximation is when the sample size is doubled.

Notice that not only

is the total sample size N doubled from 30 to 60, the new X-values were

chosen so that N, and Nz, the sample sizes in each segment, doubled as

1l
well.
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The asymptotic expected values and MSE's of the regression parame-
ters and join point for Case 1 when N = 30 and oz = ,01 are given in

Table 2.2. The entries are calculated from the true parameter values

as 1if they were all known. Note that when 05 = 0.0, the expected values
are equal to the known values and therefore are unbiased since there is
no measurement error. In addition, the variances are small. As 05 in-
creases the expected values of the regression parameters are further
from the true value since the absolute bias increases. As the bias in-
creases the MSE increases as well.

There is no change in the expected value with increasing values
of oz since the Hudson technique is based on the least squares procedure
which minimizes the sum of squares of the residual Yy However, the MSE
continues to increase in proportion to the increase in oi.

Table 2.3 has the resulting statistics for Case 2 where N = 60.
The expected values are, indeed, closer to the true values and, as ex-
pected, the MSE are smaller than the MSE based on the smaller sample
size of N = 30. |

An interesting difference is observed in Table 2.3 in the decrease
of MSE values for the 810 intercept term. While the MSE of 820 decreases
by about one third, the MSE for 810 decreases by a factor of 10. This

result is most likely an artifact of the data due to the relatively small

value for il .

2.5.3 Expected Value as a Function of Measurement Error Variance

Note that the absolute bias of the regression functions is in each
case steadily increasing as the measurement error increases. On the

other hand, the expected value of the join point is not a monotonic
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function of the measurement error. By substituting the parameters from
Case 2 into equations (2.65), (2.68), and (2.69) the asymptotic join
point can be studied as a function.of the measurement error. It can be
seen that for 03 = 0 and 03 = 74,79, ; is an unbiased estimate of a;
however, the MSE in the latter case would be considerably larger.

From equations (2.67) and (2.68), it can be seen that the estimate of

2

v 30.95. While

a for this particular model reaches a maximum at ©
these values of 03 are of theoretical interest in studying the behavior
of a as a function of 03. they have little practical value since it is

unlikely that data with such large measurement error variances would be

useful.

2.5.4 Empirical Distribution for Sample of Size N = 60

In order to study the empirical distribution of the join point the
numerical model described in section 2.5.1 with sample size 60 was simu-
lated according to the procedure outlined in section 2.4.1. This entire
process was repeated 1000 times to produce 1000 different samples. The
parameter estimates from the 1000 trials were then averaged and the vari-
ance in the parameter estimates over all 1000 trials was calculated.

This was done for each of the combination of values for oi and 03 and
the various values of prior knowledge of xhl as well as for the case

when N, 1is not specified. 1In addition, the parameter estimates were

1
substituted into the equations for the asymptotic values to obtain esti-

mates of the asymptotic values.

2.5.4a Case When N, is Known. In order to study the behavior of the
estimation procedure for various values of Nl' the simulation was done

separately for each value specified. The first value of x. wvhich will
1
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be studied is N - 13.5144 = ¢,
1l

A brief discussion of the choice of 13.5144 for the cutoff point
of the first segment is in order here. The true X-values are the whole
numbers (-12,-11,...,47) and hence the true value for XN is 13.0, where
1

Nl = 26. However, when measurement error is introduced, XN can be less
1

than, equal to, or greater than 13.0 and possibly even greater than
13.5144 -- the true join point value. Hence, the true join point value
was chosen in order to minimize the number of observed values which are
misclassified. .

Several points should be observable from the results of the simula-
tion experiment. First, when oi = 0 the mean of the join point estimates
over all the samples should be equal to the true value of a. Second,
the variance of the sample join point estimate should be close to the
approximate MSE of ; calculated from the Taylor series expansion of
equation (2.3). A third comparison can be made between the asymptotic
values and the estimated asymptotic values based on the #arameter esti-
mates.

In the event that 03 > 0, and measurement error exists, the average
of the join point estimates would not be expected to equal the true value
since the estimates are known to be biased. This average should, however,
compare favorably with the Taylorized expected value because this approxi-
mation includes the bias term also. In addition, the variance of the
join point estimates should be close to the Taylor Series approximation
to the MSE (a).

The simulated results for Case 2 where N = 60 are presented in
Table 2. and are comparable to the asymptotic results of Table 2.3.

The first point to be considered is the mean of the join point estimates
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over all 1000 samples when 03 = 0. From colums (1) and (2) of Table

2.4 it can be seen that, as was expected, this mean is within three stan-

2

dard errors of the true value in every case except for the last when oo

= 5.0

Second, the variance of the sample join points should be close to
the approximate MSE calculated from the Taylor Series expansion. Com-
paring column (3) of Table 2.4 and column (10) of Table 2.3 it can be
seen that, while the two are not identical, they are similar in many
cases and for the most part the amount of increase with increasing error
is similar. Comparing the average estimates of the asymptotic moments
(Table 2.4, col. 5) with the approximate asymptotic moments (Table 2.3,
col. 10) shows an even more striking similarity.

The last point to be considered here is that the average of the
join point estimates when 03 > 0 should be equal to the Taylorized ex-~
pected values from Table 2.4 (col. 9). Looking at Table 2.4 (col. 1)
it can be seen that none of the values are ;ithin three standard errors
of the Taylorized expected values. In fact, the means from the simulated
samples decrease as 05 increases uhiie the asymptotic values increase.
Unlike the estimated asymptotic variances, the estimated asymptotic ex-
pected values are not similar to the asymptotic values, nor do they in-
crease or decrease in any pattern.

A further point of iaterest when considering the case of Nl known
is the effect of the misspecification of Nl or xﬁl’ in this case. Table
2.5 presents the statistics describing the join point for the case when
N = 60 and oi is set at 0.01. Note that the third set of entries for
D 13.5144 are the same as Table 2.4 for GZ = 0.01.

1
When Xy is thought to be 13 -~ which is actually XN for this
1 1
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model -~ there is very good agreement between the simulated and asymp-
totic results for the case of no measurement error. On the other hand,
when there is measurement error the means and variances over the 1000
samples are not very close to the asymptotic values or even the approxi;
mate asymptotic moments. It is interesting to note, however, that the
estimated asymptotic MSE is reasonably close to the asymptotic MSE for
all values of oi .

When le is actually misspecified and thought to equal 12 or 14
the join point estimates are way out of line as can be seen in the first
and fourth sets of entries of Table 2.5, col. 1. The effects of mis-
specifying XNl are especially noticeable in the case of no measurement
error. Interestingly, the estimated asymptotic MSE's are close to the
approximated values based on the &aylorized MSE.

The final set of entires in Table 2.5 is for the case vhen XNl is
not specified at all. This case will be discussed further in section
2.5.4b, but it is interesting to note that for all valués of 03 the mean
join point estimate is within three standard errors of the asymptotic
value based on N, known. 1In fact, it is within three standard errors

1
of the true join point no matter what the value of 03 is.

2.5.4b Case When Nl Is Unknown. Since knowledge about the value of Nl
is not always available, it is of interest to simulate the iterative pro-
cedure which can be used to fit the model. Even though the asymptotic
results do not hold under these circumstances it is possible to compare
the mean join point estimate over the 1000 samples with the true value
of the join point itself.

It appears that for most of the values of oi and ci presented here

that the mean join point estimate is within three standard errors of the
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true join point value. Looking at Table 2.6 a steady increase in the
variance can be seen as both oz and 03 increase, The two exceptions are
for O: =1.0, oi = 5.0 and oi = 5.0, 03 = 1.0. On the other hand, there
seems to be no particular pattern associated with the mean values.
Results not presented here indicate that the regression coefficients
are not, in general, close to the true values. Perhaps since the join
point 1s based on a ratio of the biased regression coefficients some of

the bias cancels out to produce a more nearly consistent join point es-

timate.

2.6 CONCLUSIONS

It appears from the results presented in Section 2.5.4 that the
simulation procedure does not behave quite as expected based on the

asymptotic results. First, when N, is considered to be known, not all

1
of the variances of the computed join point agree with the estimated
asymptotic MSE or the asymptotic MSE (see Table 2.4, col. 3). Second,
the averages of the join point estimates do not follow the same pattern
as the asymptotic expected values as oi changes, and they are not close
to either the asymptotic values or the true values.

There are several possible explanations for these differences.
One such explanation for the differences could be in the form of sampling
error attributed to the random number generator which produces the c:
and 03. It is very likely with samples of size N = 60 that not every
set of 60 random normal deviates has a mean of 0.0 and the exact variance

specified. Thus parameter estimates based on such samples would have

additional forms of error not included in the theoretical results.



59

In addition to sampling errors, several levels of approximation
have been used to obtain the asymptotic results. For instance, the
asymptotic results are only approximations to begin with because the
Taylor series itself is truncated after the second order term. In addi-
tion, the variances and covariances of the regression coefficients which
determine the join point are based on large sample assumptions which are
perhaps not met by samples of size Nl = 27 and Nz = 34.

A further consideration is the relationship between the measurement
error and the distance between the X-values. It was stated earlier
that le was chosen to be 13.5.44 in order to minimize the number of
observed data points classified in the wrong segment. If the maximum
error in measurement is small enough, say less than half the distance
between two data points, then it ﬁill be unlikely that the observed
values will be misclassified.

It appears that in actual practice it does more harm than good to
the estimation results to specify the value of le when measurement error
exists unless one is fairly certain where the true join point lies. The
results in Table 2.5 show that the results of misspecifying the value by
only one data point are quite large.  Even specifying the value as le =
13.0, the value based on the true X-values, leads to erroneous results.

Based on this study, it would seem preferable to use the iterative
procedure in order to obtain the estimates -- especially if one is inter-
ested in the join point estimate and not the regression coefficients --
rather than risk specifying the wrong value for XNI. However, it is to
be hoped that the alternative estimation procedure set forth in chapter

3 will prove to be better for estimating both the join point and the re-

gression coefficients when measurement error exists.
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Table 2.4

Statistics Describing the Distribution of the Join Point Over
1000 Samples of Size N=60 for Various Values of oi and 03
When Prior Knowledge Specifies 1“1-13.5164 and the

Estimates Are Based on the Hudson Technique

Mean of

Standard Variance of Asymptotic Mean of

2 Mean Over Error Computed Expected Asymptotic

o All Samples of the Mean Join Points Values Variances

v (6] (2) ¢)) (O] (s)

0.00 13,5143 000475 000225 13.5235 .000221
0.01 13.5129 .000987 «000974 13,5334 001349
0.05 13,5098 .003023 009140 13.5315 .005860
0.10 13,5046 .003601 012965 13,5183 011545
0.50 13,4623 009327 086994 13,4948 .057681
1.00 13,4465 «011575 133977 13,4254 .116166
5.00 13,3841 ‘.018520 «342971 13,6991 .648516
0.00 13.5138 .001485 .002205 13.4991 - .,002196
0.01 13.5127 .001736 .002998 13,5526 .003340
0.05 13.5045 .003450 .011906 13.5004 .007887
0.10 13,4977 .005772 .033320 13,4948 .013528
0.50 13,4822 .008136 «066192 13.4161 .058437
1.00 13,4442 .011808 «139433 13.6881 .120776
5.00 13,3541 .020524 2421231 13,5265 .653173
0.00 13,5163 .003338 011144 13.6362 .010960
0.01 13.5117 003428 .011750 13.5871 .012498
0.05 13,4962 .005901 034825 13,5115 .016588
0.10 13.4789 006997 048957 13,6598 .022175
0.50 13,4585 .010458 .109378 13,4621 067986
1,00 13.4333 012447 2154929 13.5795 .128918
5.00 13,3591 019561 +382618 13,2478 626175
0.00 13.5135 004750 022559 13.6048 .022084
0.01 13.5155 .004829 023323 13,5560 .023690
0.05 13,4904 .005827 «035792 13,5754 .027287
0.10 13,4826 .006800 046238 13.4585 034470
0.50 13,4332 .011050 122110 13.6106 .082484
1.00 13,4263 012845 164995 13,3381 .138261
5.00 13.3789 018786 352931 13.8602 .688213
0.00 13,4377 009169 «084072 13,4081 .105136
0.01 13,4181 009518 «090592 13.4201 119500
0.05 13,4214 010441 .109018 13,1219 109920
0.10 13,4016 012274 .150638 11.4656 117999
0.50 13.3929 014481 « 209698 13.3953 164442
1.00 13.3761 «015836 +250789 13.1221 «222044
5.00 13.3018 021595 466341 13.5316 .789734
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Table 2.6

2

Knowledge About N

Mean Over
All Samples

(1)

13.5143
13.5129
13.5144
13.5125
13.5232
13.5403
13.6164

13.5141
13.5127
13.5119
13.5121
13.5225
13.5384
13.6235

13.5137
13.5117.
13.5174
13.5111
13.5202
13.5111
13.6246

13.5136
13.5120
13.5098
13.5105
13.5194
13.5090
13.5965

13.5106
13.5056
13.5464
13.5409
13.5597
13.5118
13.6487

1

Standard
Error

(2)

.000475
.000987
.001977
.002799
.006215
.009069
.037265

.001502
.001732
.002412
.003140
.006472
.009254
.039106

.003358
.003430
.004171
.004383
.007323
.027120
.037358

.004762
.N04862
.005091
.005542
.008213
.027766
.020838

.011225
.011069
.054416
.034530
.067620
.047787
.040429

Variance
Over All
Samples

(3)

.000225
.000974
.003908
.007836
.038628
.082249
1.388660

.002255
.002998
.005818
.009861
.041884
.085644
1.529320

.011277
.011765
.017400
.019206
.053628
.735524
1.395600

.022672
.023638
.025916
.030714
.067447
.770939
434240

.125997

.122528
1.184430
1.192300
4.572530
2.283480
1.634530
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CHAPTER 3

WALD'S GROUPING TECHNIQUE APPLIED
TO PIECEWISE LINEAR REGRESSION

3.1 INTRODUCTION

In the usual regression situation me;surement error in the indepen-
dent variable leads to biased regression coefficients when OLS estima-
tion procedures are employed. It was seen in the previous chapter that
in a PWLR model the join point estimate is also biased when OLS proce-
dures are employed.

Wald (1940) proposed a grouping technique which, when applied to
. data in which measurement error exists, produces asymptotically unbiased
estimates of the regression coefficients. Other authors, among them
(‘Bartlett (1949), proposed variations of the grouping techniques, all of
which can be applied to data which have a single linear relation between
the dependent and independent variables.

It 1s the purpose here to study the use of grouping techniques when
the model is a PWLR model rather than a single straight line. In addi-
tion, a technique is proposed for estimating the variance numerically
from the sample data. When the Wald estimate is used, not only is the
join point estimate based on a ratio, but the slope estimates are ratios
as well. Thus, the distribution of ; is complicated and the usual Taylor
series expansions have proven unwieldy in approximating the variances

of the join point estimate based on grouping techniques. Dorff and Gur-
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land (1961la) give asymptotic variances for regression slopes for the

Wald-type estimates. Hdwever, the join point remains a problem. An
approach proposed by Tepping (1968) will be used to obtain variance
estimates for all the parameters. This approach is based on the Taylor
series expansion, but it uses actual numerical values to obtain the
variance estiﬁates rather than obtaining a closed form mathematical
solution.

In order to study the feasibility of using a Wald-type estimator
in the PWLR model, the following approach is taken. The additional
assumption necessary for this technique when applied to the model pre-
sented in section 2.2.1 is explained in section 3.2 along with an out-
line of the estimation procedure. Next, some of the problems encountered
in applying the procedure and solutions to these problems are discussed
in section 3.3. Section 3.4 briefly discusses the asymptotic expected
value of the estimator. In section 3.5 an outline of the general ap-
proach for the variance estimation problem is given along with the spe-
cific application to the Wald estimator. A simulation procedure parallel
to that described in section 2.4 is discussed in section 3.6. Finally,

the techniques are applied to a numerical model and the results are seen

in section 3.7.

3.2 MODEL AND ESTIMATION PROCEDURE

3.2.1 Additional Assumptions for the Model

The model used in this aspect of the study is the same as the model

described in section 2.2.1 with the additional assumption that
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-1 -1
Nl inf l (lep X1 - 212p Xi)/N1 > 0
(3.1)
14m ‘ -1 -1
Nl+~inf l (T,yp X, - L,,P Xi)/N2 > 0

where p represents.the proportion of observations in each group Gij’ and
zij denotes summation over observations in the 1j-th group. These groups,
Gij’ were first mentioned in chapter 1, section 1.3.2 and are all defined
more explicitly in section 3.2.2. This assumption is necessary to insure
that the denominators of the slope estimates which are given in 3.2.2 do
not equal 0. The manner of assignment'of the observations to groups will
be discussed later in section 3.3.1. It suffices here to say that the
subdivision of the observations into groups must be independent of the

errors £ and v.

3.2.2 Estimation Procedures

In order to clarify the Wald-type estimators in the .PWLR we intro-
duce the following additional notation.

First, the observed data points are ordered as follows: X < ,.. <
xNl < xN1+1 < ... < Xy o where it is known that a lies in the interval
[le’xN1+1]' There are then two simple linear segments such that the
first le observations from the first segment form Gll’ the first group,
of the first segment, and the last le, observations from the first seg-
ment form G12' If 2p <1 then the middle group of observations is
discarded. Similarly, the first pN2 and last pN2 observafions of the
second segment form groups 621 and Gype

Wald (1940) assumes p = ) and proposes the following consistent

estimators for the regression coefficients of a single segment.
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- (23994 = I399 /N . (2,154 = Ipp¥) /N, 3.2)
1 (Tyyx, = I),x ) /Ny 21 (Ty%g = Ippx) /N,
Bilo = Y1 - B11™y Boo ™ Y2 - Ba1% (3.3)

vhere ;k and ik are as defined in section 2.3. Bartlett (1947) proposed
using p = 1/3 rather than p = 1/2, but the resulting estimators are the
same; only the groups are different. Several studies (Thiel and Yzeren,
1956) showed that the efficiency of é, compared to é is maximum when p
was near 1/3. However, for the rest of this study p is taken to be 1/2.

Taking these estimates of the regression coefficients for whatever
value of p, the join point estimate is

-~

. B. -8

o« = 3020 - (3.4)
By - B1a | |

If the estimate ; does not fall in the interval [xi,xi+1] then an
additiongl constraint must be imposed so that the join point estimate
corresponds to one of the data points.

The constrained slope estimators are

.. = d 8 =
u " T TN DT -y 20y = [,,x TN, TD)]

~%
so that a = xN .
1

For the case when there is no prior lnowledge of the location of
the join point, the iterative procedure is parallel to that proposed by
Hudson and described in section 2.2.2 except that the Wald estimators

were used for the regression coefficient estimates rather than the or-

dinary least squares estimates.
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3.3 SOME PROBLEMS IN APPLYING A GROUPING TECHNIQUE AND PROPOSED SOLU-
TIONS

3.3.1 Grouping the Observations

A practical problem in applying any one of the grouping techniques

to any linear regression problem is that of dividing the observed values

into groups. The basic assumption of the technique is that the method
of grouping be independent of the error terms ¢ and v.

Random assignment to groups would lead to a violation of assumption
(vii). Hence we turn to a second possible method of grouping which in-
volves ordering the data pairs (xi.yi) on x,, finding the desired per-
centiles, and then dividing the data into two equal groups depending upon
whether x, was below the lowest percentile or above the highest. 1In the
case of Wald (1940), the percentile would be the median X(1/2) and for
Bartlett (1947) the tertiles, x(1/3), x(2/3), would define the groups.
_Other possibilities involve the use of quartiles.

However, this method of grouping depends on the observed Xy There-
fore, in general, it is not independent of the errors v. I1f it 1is known
then this grouping

a priori that the x, have the same ordering as the X

i i

method could be considered independent.

In addition, the groupings will be independent if max|v1|< 3amin
|X1-Xj|,(i ¥ j), which requires the errors to be very small or the inter-
vals between X-values to be large. According to Madansky (1959), one
might known that there exists a 6 such that P{|V1| > 6} 1s negligibly
small, and that the number of xi'a in the interval [xp—&,xp+6], where
xp is the p'th percentile, is also very small. In this case, even though
the grouping 1is not strictly independent of the v, there is a high pro-

bability that the grouping will insure that the order of the xi's is the
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same as the order of the xi's.
The number § may be determined by some a priori knowledge about the
possible range of V. For example, if one assumes that the errors are

normally distributed then one can choose § = 4°v’ say, so that P{Ivl >

on} = 0.0002. If 6 represents the maximum value that the error is

likely to take, then 26 is the minimum interval between any two X-values
which will insure a high probability of independence of grouping and
error. If the distance between X-values is less than 26 then the consis-
tency of the slope estimate is questionable. It can be seen that 2§ be-
comes large rapidly and is already over 2 units when oi is only 0.10.
Thus, unless the distribution of the X-values is widely spread, the slope
estimate is likely to bebbiased because the assumption of grouping inde-
pendent of error is violated. For various values of oi, we find the

following values for § and 26.

Table 3.1 Maximum Value of Error and Minimum Interval Between

Abscissae
o s 26
0.01 - 0.40 0.80
0.05 0.89 1.79
0.10 1.26 2.52
0.50 2.83 5.66
1.00 4.00 8.00
5.00 8.94 17.89

1f the following assumption is added to the six already set forth

in sections 2.2.1 and 3.2.1 then the grouping of the observations can be
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said to be independent of the errors since the v, are restricted to a

i
finite range.

Assumption (viii)

PR{]vilzc/Z} = 0 where ¢ = min |X X (3.5)

i il .

i+1

Hence, the v, are restricted to a finite range.

i

3.3.2 Knowledge About N

1
At this point, a second major drawback of using the grouping ap-

proach in estimating the regression parameters in a PWLR model is the
fact that Nl must be known. In the least squares procedure, discussgd
previously, N1 known was necessary for the theoretical developments;
but, 1iterative procedures could ge used to find the estimates.

For the grouping technique no criteria have been proposed previously
for determining the best fit in order to estimate the join point. 1In
addition, any attempts to establish the location of the 301n will be com-
plicated by the measurement error.

It should be noted that assumption (viii) which insures that the
grouping is independent also ameliorates the problem of a priori know-
ledge about the location of the join since the ordering of the X, is the
same as the true xi. If 26 1s the minimum distance between any two X-
values, then there is a high probability that the observed le corres-
ponds to le no matter what the estimat ion procedure.

In the case where Nl is unknown an iterative search procedure simi-
lar to that described in Section 2.2.2 will be used. The minimum resid-

ual sum of squares based on the Wald-type parameter estimates will be

used to determine the model which provides the best fit.
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3.4 ASYMPTOTIC EXPECTED VALUE

In section 2.3.1 it was shown that the join point estimate based
on an OLS technique is biased when measurement error is present in the

independent variable. As an alternative to OLS estimation, it is pro-

posed that the Wald grouping technique be used‘in order to obtain the
slope estimates which will, in turn, be used in estimating the join
point. In this section, it is shown that the join point estimate based
on Wald-type slope estimates is>indeed a consistent estimate.

The consistency of the regression parameter estimates, 510’ éll’
820, and 521 was proved by Wald (1940). Using the fact that the é's
are consistent and applying Slutsky's Theorem (Rao, 1952, p. 173) first
to the differences of the slope estimates then to the differences of

the intercept estimates and, finally, to the rate of these differences,

it 1s easily shown that

&6 o——— o
Nl’NZ -+ @

3.5 VARIANCE ESTIMATION PROCEDURE

When obtaining parameter estimates it is desirable to have a method
of calculating the variance of the estimates as well. Variances for the

slope estimates are given by Dorff and Gurland (1961a) as:

- N
Var(B8,,) = 1 (B2 02 + 02)
11 % -z .y Mm% T %
1174 1271
and
- N
2 2 2 2
Var(BZI) 3 (8210v + oe) .

(znxi - zzzxi)
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Unfortunately, these approximations contain the error variances which .
are not estimable unless the data are replicated.

In dealing with the problem of finding a variance approximation
for the join point estimate based on the grouping technique one is faced
with two problems. First, the usual approach using a Taylor series ex-
pansion is unwieldy. Second, if one could obtain a variance approxima-
tion by this method it would undoubtedly require the error variances.

In order to circumvent the problem of lack of error variance and still
obtain an approximation to the variance a numerical approach based on
a Taylor series expansion is used.

A general outline of the numerical approach as proposed by Tepping
(1968) 1s given in section 3.5.1. The application of this approach as
applied to the current problem is described in section 3.5.2. Section
3.5.3 introduces the concept of pseudo replication , a further technique

needed to arrive at the variance estimate.

3.5.1 General Description of Tepping Approach to Variance Estimation

In general, let u be a k x 1 vector of sample statistics such that
gT = (“1u2"'uk) and let U be the corresponding vector of population
parameters such that E(u) = U. Take'fj(uluz...uk) - fj(g) to be a func~
tion of the k sample statistics and assume that fj(g) estimates fj(y).
Let f(u) represent the p x 1 vector of functions fj(g) which represent
the j = 1, ... p estimates of the parameters of interest.

By letting f'(U) be the p x k matrix of first partial derivatives
of f.(u) with respect to u

] i
expansion (Kendall and Stuart, p. 231) of f(u) can be written in matrix

evaluated at U, the first order Taylor series

notation as
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£ = £(U) + £' My - V) +0G™) . (3.6)

For the case when p = 1, equation (3.6) is equivalent to

k [3f(u)
f(uv) = £(U) + I |—
1'11 Yy

-1
. (ui - Ui) 4+ 0(n ) . (3.7)

Since E(u-U) = 0, it can easily be shown that E(f(u) - f(W]l=0
to the same order of approximation. Hence, the (p x p) variance-covari-

ance matrix (VAR) of the matrix f(u) can be approximated by
VAR[£(u)] = B{IEIW) (w - MIE D (@ - DI (3.8)

For the sake of clarity, the following discussion will assume p = 1;
however, it is not difficult to generalize p. The variance of f(u) when

p=1 is then:

Var[£(w)] = E{[£(w) - £(N17)

x| 3fCw) '12
= F T (u, - U) (3.9)
| 1] ¥ %4 7 %1 , .

n -—
Using this version of the Taylor series expansion for the variance

-~

is unwieldy for large values of k -- which is usually the case. Hence,
Tepping (1968) proposed the following aﬁproach which uses the actual
numerical values of the linearized sum (3.7).

Define a new statistic w such that

k 3f (u)
we= I (u - U) (3.10)
i=1 -1 -1 du
-~ i u
r.
\ 3f(u)
and observe that E(w) = 0 since ™ is a constant. Now expres-
~1
U

sion (3.9) can be rewritten as \ -
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Var{f(u)] = E(wzj = Var(w) (3.11)

If Z is such that

k [af(u)
Z= I u, , (3.12)
=1 aui - i
k [3f(u)
then expression (3.10) becomes w= 2 - % U, . Since the
1e1] % |yf 1
summat ion term is a constant, and u, and uj are uncorrelated for i ¢
J, the variance of f(u) can be written as:
k af(u)
Var[f(u)] = Var(z) = £t Var 3 fuy
1=1 % |y
(3.13)
k
= 7 Var(zi)
i=1
af(u) |
where z, = u, .
i 3u1 U i
A problem which can no longer be ignored is the fact that
3f(u)
3u~ is a function of the unknown population parameters. The
1 ju

usual solution, and one which will be practiced here, is to substitute
the sample estimates for the population parameters. For large enough

sample sizes this procedure gives satisfactory resulfs.

3.5.2 Approach Applied to Wald-Type Estimator

Turning now to the specific application at hand, let u, be the

i
observed pair of sample data points (xi,yi). Then
T x1 LN N ] ﬁ}
v oE '
yl e ¢ 8 yN)

and let the parameters of interest be represented by f(g)T -
(811810821820u) where the Byy and o are estimated by (3.2), (3.3) and

(3.4). Thus, k = N and p = 5 from the general formulae presented earlie.
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' in this section. The matrix of partial derivatives of f(u) with respect

to u, are most easily presented in tabular form. Note that equation

i
(3.4) has been rewritten as fs(u) - A= 1; ~ g +* D vhere

A

Y(Z,,x,-L..x,)(Z

11%3719%4) (T91%3=Tpp%y) . »

N, (Z,y,

B = Ny(Z) %) (21,9,-T1,59,) (Ty1%4=Tpp%y) >

C= “1(22oyi)(zzlxi'zzzxi)(zllxi'zlzxi) , (3.14)
D = Ny (T), %) (15y¥4-259¥4) (B3 %5=Typ%y) s
E= N1N2(221y1-£22y1) (tuxi-tnxi) and

F o= NNy (2035471, ) (Tgy %y -Tpp%) -
Also, the derivative of any one of the functins fj(\_x) depends on the

group G,, in which the element vy is located and on whether the u, cor-

1]
responds to an Xy value or any Yy value. The derivatives, evaluated at
' U, are presented in Table 3.2 where
a=InX - ¥ e = L%+ Ik
b= 1Y% - InY £= 1%+ 3%
(3.15)
¢ = In¥y - Ik g8 = I)¥y + IppYy
d = InY¥ - IpnY ho= ¥yt Yy

Now substituting into equation (3.7) the Taylor series expansion

for each function becomes

N 2 [af(u)
f = f(U) + £ I [/ |( -U,.) (3.16)
(@ = £ =1 4=1| 1 JU 37 Ty

‘ and the variance given by equation (3.9) is
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[,(d-8)21/+0-4-V)d = (4-8)/(3/Q+2/0+2/u+d/V-) Né.w - Nz\.zm- 2P 0 0

[(4-2)20/(@0-8-V)d + @D/ GIR[-2/a-2N) 0% + SyMls- a/p- 0 0
[,(d-2)®1/(a+0-8-V)a + (4-3)/(®/-%/0+3 /-8 N-) 0 o et - Wt ey
[, (d-2)®]/ (@+0-8-V)d - (a=2)/ (/42 0-2/8-V /) 0 o o+ e e/a-

HNE-SE\EJ,U-E‘E + (4-3)/(P/u-4/2~) u\Nm + N/T /1~ 0 0

[, -H)P]/ (u40-8-V)F - (4=4)/(P/u4/2") 2/% - Wyt 3/1 0 0
_Na;mz_:?u-m.éu - (d-4)/(q/8+8/v) 0 0 n\w + W1 e/1-
[,(4-D)a1/ (P+0-8-V)d + (4-d/(3/8-3/V) 0 0 e/h - Tt °/1
(n)°se )73 wt; %3 '

Fry <dnozg 4q Tn o3 30adsey yarm (n)F3 Jo seapaeajaeq z-¢ orqeL

44
1e

[A !
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. . [:N 2 (3f(u) 2
Var[f(u)] = E{| I I —1 1( -U,.) . (3.17)
g=1 j-l[ 3ui I_’) Y134 ij

Following the same reasoning which led from equation (3.9) to ex-

pression (3.12) gives

N [3f(9) ] af(u)
Z= I x, + [ ~ ] y (3.18)
=1 301 Y i au1 v i
hence, |
N | (3f(u) of (u)
Var(z) = Vary I - x, + ~ y
q=1 [ au1 g} i [ 3ui g] i
(3.19)
N
- = Var I z .
=1 1
. 3.5.3 Pseudo Replication Technique

The problem now is to find an estimate of Var(Z). This would be
a simple matter if there were replications of the data since Z could be
calculated for each replicate. The variance could then be calculated
as the variation between replicates.
Since there are no replicates for the model being studied, the only
feasible approach is to borrow a technique from the field of sample sur-
vey methodology known as the collapsed strata method (Cochran, 1977;
- Hanson, Hurwitz and Madow, 1953; Hartley, Rao and Kiefer, 1969). This
approach imposes a pseudo replication on the data.
In order to use this method assume that each observation (x,,y,)
. comes from a separate stratum. Hence, there are i=1,N strata each

containing one observation. Next, group these strata into G groups
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Lg strata in the g-th group. In this case, let the G groups be made up
of adjacent observations all of which are in the same segment based on

the prior knowledge about N In addition, the observations in a group

1
are either all below or all above the median point of the segment. The
strata in a group can be viewed as Lg replications of the g-th group.
For this model, Lg, the number of elements in a group, is usually two.
Exceptions are those groups near the join point and the median points
of the segments.

Now let tgh be the z, value as given in equation (3.12) for the

i
h-th element in the g-th group. Note that

N 6 14
Iz = X It .
=1 1 g=1 h=1 *

The variance of Z can then be estimated as (Cochran, 1977, p. 138)

G 1, G L L _
Var(Z)-VarZZth-Z—LZ (¢, -t )
h g g

where t =
g

>
(a4
S~
e

This estimate has a positive bias which 1s negligible if there is little
difference in the true values of the strata in a group. Clearly, this
is not the ideal approach to estimating a variance; however, it is the
only feasible approach when there are no replicates and no information

about the error variances.

3.6 SIMULATION PROCEDURE FPOR THE FMPIRICAL DISTRIBUTION OF THE JOIN POINT

For large samples, the join point estimate was shown to be consis-
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tent (section 3.4) and a variance estimator was proposed (section 3.5).
In order to study the behavior of these estimators for small samples a
simulation study is needed to obtain the empirical distribution of the
join point estimate and the asymptotic variance. In addition, the simu-
lation results from this chapter will be used in chapter 4 to compare
them with parallel results from the Hudson technique of chapter 2.

The model simulation is outlined in section 3.6.1. Next, the simu-
lation of the variance estimation procedure is described in section 3.6.2.
Finally, the method of calculating the empirical moments and the asymp-

totic variance is given in section 3.6.3.

3.6.1 Simulation of the Model

The same procedure described in chapter 2 was used to simulate 1000
samples of size N = 60 for use in studying the empirical distribution
of the Wald-type estimators. For the case where N1 is assumed to be
known the Wald-type estimators were calculated and the dgrivatives needed
for the variance estimate were based on these estimators of the regres-
sion parameters.

When there is no prior knowledge of the location of the join point
an iterative procedure is simulated. The iterative procedure is parallel
to that proposed by Hudson and described in section 2.4.1b except that
Wald-type estimators were used for the regression coefficients rather

than the ordinary least squares estimators.

3.6.2 Simulation of Variance Estimates for Each Sample

For each of the 1000 simulated samples the derivatives given in
Table 3.2 were calculated. The parameter estimates obtained from the

sample were substituted for the true values in the derivatives. Next,
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the z, were calculated for each observed pair (xi,yi), i = 1,N. These

z, values were then allocated to groups as described in section 3.5.3

in order to obtain the t values. The estimated variances were then

gh
calculated for each sample using equation (3.19).

3.6.3 Calculation of the Empirical Moments and Asymptotic Variance

The empirical moments were calculated by taking the mean and vari-
ance of the parameter estimates over all one thousand samples. Similarly,
the asymptotic variance was found by averaging the variance estimates

from each sample over all the samples.

3.7 RESULTS

As in chapter 2 the procedures discussed in this chapter are illus-
trated using a numerical model. The model and parameter values which
are used are outlined in section 3.7.1. Section 3.7.2 presents the simu-
lation results for the sthdies in which N1 is assumed to be known. Next,
the numerical variance estimates based on the simulation study are dis-
cussed in section 3.7.3. A comparison is made between the estimated
variances and the empirical variances in section 3.7.4. Finally, the

results of the simulated iterative procedure are presented in section

3.7.5.

3.7.1 Numerical Model and Parameter Values

The mathematical model under study is the same as that described
in section 2.5, case 2. The following table summarizes the combinations

of error variances and prior knowledge which will be studied for the

Wald estimators.
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Table 3.3 Parameter Values for Numerical Results

Parameters Parameter Values
N 60
2
o, 0.01, 0.1, 0.5, 1.0, 5.0
oi 0.0, 0.01, 0.05, 0.10, 0.50, 1.0, 5.0
prior knowledge 13.0, 13.5144, none

of
le

While these combinations do not cover all the possibilities explored
for the Hudson technique in the previous chapter they represent the most
important cases needed for comparing the Hudson technique with the Wald
technique.

Based on the results of this simulation several points about the
empirical distribution of ; should be observable. First, the mean join
point estimate over all 1000 samples should be close to the true join
point value, 13.5144, for all values of 03 and oz since the Wald-type
estimators are consistent estimators.' In addition, the variance of the

sample should be close to the average asymptotic variance based on the

Taylor series expansion as described in section 3.5.

3.7.2 Empirical Distribution from Simulation for Nl Known

The simulation results for samples of size N = 60 and prior know-
ledge that Xﬁl = 13.5144 are given in Tnb;e 3.4. Note first the mean
join point estimate over the 1000 samples (col. 1). This mean is within
3 standard errors of the true join point for all values of o: and 03.

Hence, the join point estimate does appear to be asymptotically unbiased.
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3.7.3 Numerical Variance Estimates from the Simulation Study

The asymptotic variances are based on numerical techniques described
in section 3.5. The average of the estimates of the asymptotic variance
for ; are presented in the last column (4) of Table 3.4. These variance
estimates are the mean asymptotic variance over 1000 samples for various
values of oi and 03. As expected, the asymptotic variance increases as
03 increases and also as oz increases.

The variance of the computed join points and the averaging of the
estimated variances are close when 03 is within the range which satisfies
assumption (viii). Recall that the assumption states that vy should
rarely exceed half the minimum distance between two data points. This

assumption is violated when 03 > 0.01.

3.7.4 Improper Specification of Nl

In addition to the effects of increasing error, it is interesting
to note the effect of improperly specifying the location of the join
point. Table 3.5 presents results when Xﬁl is specified'to be 13 as
well as results when le is 13.5144 and when xN1 is unknown. When xNl
is thought to be 13 and there is measurement error (03 > 0.0) it appears
that none of the mean estimates are within 3 standard errors of the true
value and there are large differences between the asymptotic variances
and the variances over the 1000 samples. By comparison, when the esti-
mation relies on the iterative procedure all the estimates are within

3 standard errors of the true value,

3.7.5 Empirical Distribution for Nl Unknown

The results of using an iterative procedure in order to obtain

join point estimate when Ni is not known are presented in the last part



of Table 3.5. In addition to obtaining estimates which are within 3
standard errors of the true value for all oi, the empirical variances
for the iterative procedure are very close to the empirical variances
when prior knowledge fixed le to be the true join point value. Un-

fortunately, the asymptotic theory is inapplicable when Nl 1s unknown

so it is impossible to obtain a variance estimate from a single sample.

3.8 CONCLUSIONS

It appears from the results persented in section 3.7 that the
simulation procedure behaves as expected when the assumptions of the
model are met. The mean join point estimate is within three standard
errors of the true join point value, 13.5144. When the measurement
error is small enough to insure that assumption (viii) is met, the
variances of the computed join points are close to the mean of the
asymptotic variances.

It would seem that an iterative approach is preferred for this
estimation technique rather than takiﬁg the risk of misspecifying the
value of le. A similar result was seen in chapter 2 for the Hudson

technique. A comparison of the two techniques will be given in the

next chapter.
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Table 3.4
Statistics Describing the Distribution of the Join Point
Estimates Over 1000 Samples of Sisze N=60 for Various Values
of o2 and 02 When Prior Knovledge Specifies x, =13.514
and Estimates Are Based on the Wald Techanique

Yariance of Mean of

2 2 Mean Over Standard Cemputed Asymptotic
o o All Sauples Error Join Points Variances

€ v Q) (2) (3 (O)

0.01 0.00 13.5143 .000515 000265 000264
0.01 13.5123 001076 001157 «001054

0.05 13.5151 002142 004586 021794

0.10 13,5127 .003030 009183 126114

0.50 13,5017 006102 037240 499246

1.00 13.5122 .008116 +065868 702395

5.00 13.5385 015254 «232680 1.326890

0.10 0.00 13.5140 001629 002653 .002636
0.01 13,5124 - .001852 003430 003443

0.05 13.5139 «002634 006936 .024003

0.10 13.5117 003464 .012000 131777

0.50 13,5042 006259 039177 +503938

1.00 13.5118 008256 068156 703756

5.00 13,5402 015323 » 234806 1.332900

0.50 0.00 13,5135 003642 .013261 .013180
0.01 13.5125 003715 .N13802 - .014037

0.05 13,5118 004096 016779 034106

0.10 13,5100 004799 .023029 146716

0.50 13.5087 006828 066622 «514397

1.00 13,5112 «008737 +076343 « 716403

$.00 ° 13.5436 +015557 «242010 1.353570

1.00 0.00 13.5132 005146 026483 «026363
0.01 13,8126 +005165 +026676 027294

0.05 13,5101 005317 .028270 046845

0.10 13.5089 005948 035375 +162706

0.50 13,5117 007452 055335 «533643

1.00 13.5100 +009230 .085189 «7372777

5.00 13,5453 « 015806 «249823 1.375780

5.00 0.00 13.5106 +009737 094817 131705
0.01 13,5100 009814 +096315 133063

0.05 13.4998 009465 089590 .151856

0.10 13.5027 .010252 «105107 «278651

0.50 13,5236 +010739 «115331 .678819

1.00 13.5032 011916 «141997 884812

5.00

13,5458 +017410 «303104 1.365090



Table 3.5

Statistics Describing the Distribution of the
Join Point Estimate for Various Values of oi
and the Prior Knowledge About Nl when oi = 0.01
and Estimates Are Based on the Wald Technique

2 Mean Over Standard Variance of Mean of
Xy o, All Samples Frror Comput ed Asymptotic
1 Join Points Variances
1) 2) (3) (%)
13.0000 0.00 13.5143 .000515 .000265 . 000264
0.01 13.2803 .006542 .042791 1.351890
0.05 13.3248 .005848 .034197 1.351110
0.10 13.3391 .005639 .N31797 1.332690
0.50 13.3358 .006711 . .045044 1.102140
1.00 13.3543 .008648 .074794 1.014290
5.00 13.2943 .014970 224096 1.478520
13.5144 0.00 13.5143 .000515 .000265 .000264
0.01 13.5123 .001076 .001157 .001054
0.05 13.5151 .002142 .004586 .021794
0.10 13.5127 .003030 .009183 .126114
0.50 13.5n7 .006102 .037240 .499246
1.00 13.5122 .0N8116 .065868 .702395
5.00 13.5385 .015254 .232680 1.326890
none 0.00 13.5143 .0NN515 000265 *
0.01 13.5123 .001076 .0N1157
0.05 13.5153 .002180 .004753
0.10 13.5143 .00315¢8 .009973
0.50 13.5068 .006871 047216
1.00 13.5904 .047409 2.247590
5.00 13.6169 .070602 4.984610

*
not applicable



CHAPTER 4

A COMPARISON OF THE HINDSON AND WALD TECHNIQUES
FOR JOIN POINT ESTIMATION IN PWLR MODELS

4.1 INTRODUCTION

The technique proposed by Rudson for estimating the join point
in PWLR models was studied in chapter 2. The use of this technique
was explored in the presence of measurement error in which case the
OLS estimaté is known to be biased. In chapter 3 the Wald grouping
technique, which can be used to obtain consistent regression coeffi-
cient estimates in the presence of measurement error, was proposed
as an alternative to the OLS technique for estimating the join point.
In this chapter a comparison is drawn in section 4.2 between
the results from the Hudson and Wald techniques when applied to the
same model. Next, in section 4.3, conclusions are drawn based on what
type of knowledge one has concerning the data being analyzed. Finally,
recommendations are made in section 4.4 concerning the use of the two

estimation techniques.

4.2 COMPARISIONS OF THE WALD AND HUDSON TECHNIQUES

4.2.1 Presentation of Results

The comparable results from tables 2.5 and 3.4 are presented in
Table 4.1. . This table gives the means and variances over the thousand

samples for the join point estimates. In addition, to aid in interpret-
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ing these results, the mean squared error (MSE) is presented in column |
(3). The MSE is calculated as the variance plus the square of the bias

which is in turn the difference between the estimate and the true value.

4.2.2 Discussion of Compared Results

Look'first at the case when 03-- 0.0. It can be seen tﬁat both
procedures give unbiased estimates. However, the Hudson technique has
perhaps a slightly lower variance and MSE than the Wald technique.

Next, turn to the case where xy 1is specified to be 13.0 . Recall
that 1if there is no measurement errer then th;s value is the true value
since the last abscissa before the join 1is 13.0 . ﬂowever, as the mea-
surement error 1ncreaees, the ordering of the observed Qalues may‘differ
from the true value. Thus specifying xN1 = 13 may lead to erroneous
results due to misspecification of the observed values relative to the
true values. In comparing, the MSF s for the case when: 03 > 0 and xN
= 13 the Wald technique has slightly smaller MSE's in every case.

Now observe the results for the case when xN is specified to be
the true join point value, 13.5144 . This specification decreases the
chance that the observed values Qill be_classified in the wrong segment;
however, it does not entifely eliminate ;he.possibility. The MSE's for.
both teehniques are smaller than those found fof previous specification
of x& -’13. Between the Wald and Hudson'fechﬂiques theinsz‘s are not
consistently smaller for either technique.

Resulting MSE's for the iterative procedure are very similar to

those for the case when Xg " 13.5144 . In addition, the MSE's for

‘both the Wald and Hudson techniques are very similar.
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4.3 CONCLUSIONS

In forming conclusions about which technique is preferable in a
particular analysis there are several points which need to be considered.
Among these considerations are the knowledge one has about the true lo-
cation of the join point and the extent to which there is measurement

error in the independent variable.

4.3.1 KnowlnggﬁConcerning_Ei

First, one must evaluate the knowledge available about the true
location of the join point in order to determine whether or not an iter-
ative procedure is needed. It seems clear for the model studied here
that some type of iterative procedure is in order. It appears that using
outside knowledge about the location of the join to avoid using iterative

procedures is not the best approach at least for the model under study.

4.3.2 Knowledge Concerning Measurement Error

A second consideration is the available knowledge about the presence
of measurement error in the data. In the simulation study the measurement
error variance was allowed to range from O to 5.0 . In a realistic ex-
periment or study it seems unlikely that data which has an error variance
even as large as 1.0 would be considered when the intervals between the
points of observation are on the order of 1.0 . Hence, in deciding be-
tween the Hudson and Wald techniques it does not seem unreasonable to
restrict the discussion to cases where the measurement error is thought
to be small enough so that all the assumptions hold for both methods.
1f this were the case it would seem that the Wald technique is preferable

1f there is reason to believe that there might be some measurement error
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in the data. The performance of the two techniques is similar based on
the MSE with respect to the join point estimation. However, the Wald
technique has the advantage of also providing consistent estimates of

the regression coefficients as well.

4.4 RECOMMENDATIONS

In situations where it is thought that a model similar to the
model given by equation (2.1) applies and there is reason to believe
that measurement error exists in the independent variable then the
Wald method should be used to estimate the join point. An iterative
procedure gives the better results but can be used in conjunctin with
prior knowledge about the location of the join point. Such prior know-
ledge about the approximate location of the join can be used to choose
relevant values of le so that the iterative algorithm would not be

required to process every possible value in the scope of the data.
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CHAPTER 5

PIECEWISE LINEAR RFGRESSION WITH REPLICATED DATA

5.1 INTRODUCTION

When the data contain n, observations xij on each of the N x1 values
it is a simple matter to estimate the measurement error variance, oi,
as well as oi . This additional information can then be used in order
to obtain.consistent regression parameter estimates in the usual regres--
sion model in spite of errors in measurement. |
One use of this additional information for the simple linear regres-
sion model was proposed by Tukey (1951) and clarified by Madansky (1959).
Their works give several slope estimators which can be obt;ined using
the partitioned sums of squares for the data. Slope estimators and the
resulting join point estimators will be discussed in section 5.2.
Asymptotic variances of the slope estimators can be found using
Taylor ;eries expansions. In fact, the variance estimates are given in
Dorff and Gurland (196la). However, it is again difficult to obtain the
variance of the join point estimate by means of Taylor series approxima-
tions. Obtaining a variance estimate for replicated data is beyond the
scope of this dissertation and will not be addressed.

A simulation study is described in section 5.3 and the results of

a numerical model are shown in section 5.4.
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5.2 MODEL AND ESTIMATION PROCENURE

5.2.1 Model under Study

The model with replicated data can be written:

810 + Bllxij + eij - ”13811 ’ Xi<5 a
- (5.1)

Bop t B

X, >a

2 21%13 * f13 T V3P 0 %4

where there are j = 1,2,...,n, replications for each of the 1 = 1,...,N

i

true xi values. Note that this is virtually the same model as that given

by equation (2.1) with the addition of the index j for replication.
The assumptions of model (5.1) remain the same as those for model
(2.1) and are given in section 2.2.1 . However, it is necessary to say

something more about the independence of the v,, and the eij when there

1]

are replications. In the case of replicated data assume that Y4h is

independent of v, unless 1 = § and h = k and that ¢ is independent

jk ih

of vjk for all 1,3j,k and h.

Assumption (vii) which was introduced in the previous chapter
(section 3.2.1) is not needed for this model and the estimation proce-
dures which are used. However, assumption (viii) discussed in section
(3.3.2) must be retained to insure that the ordering of the x, is the
same as that of the Xi. Note, however, that assumption (viii) is no

longer needed to insure the consistency of the slope estimates -- only

to insure that N, 1is properly specified.

1

5.2.2 Estimation Procedure

The easiest way to present the slope and variance estimators based

~on replicated data is to begin by looking at the ANOVA table -- Table
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Table 5.1

ANOVA Table for a Piecewise Regression
Model with k = 2 Segments

Source
B :k (R, -%,. 0%/ -1 2 4 [(n2- :k 2y /N, n, -n, ) 1s2(K)
xx (k) L a0 TD oy + = T g MiMemd Iy
Ny | Ny
- - - - 2 2 2
By E F17X) 1 Yo/ D LA N N Y R TEN)
N Ny
B Fa G 502 ey o2 T nD)/ (a0 ) 162 &2
¥y (k) oy 1717700 K A N L
Y M1 2 2
W I I (x.,-x,)/(a -N) o
xx(k) =1 {=1 ij "1 k k v
Nk ni ) \ )
n
W T (xR 02 (o) o2
xx =1 g=1 X497 %40 n v
n
" I (.5 )2 o2
¥y g1 guy HTE €
where Nk 2
n, = I n n= I n
ko ogap 1 =1 Kk
Ny Ny /
- - .
Xy 351 x44/04 Yi. 4o1 Y13/
Nk Ni ) . Nk Ni
x - I I x,,/n y T I y,/n
CIALA T CRRAIAR ST
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5.1 . Note that, in addition to the between aﬂd within sums of squares
for each segment, the within sums of squares are calculated from the
entire sample as well.

The estimation of the error variances will be briefly presented
first in section 5.2.2a. Then, the estimation of the regression coef-
ficients and the join point will be discussed in section 5.2.2b.

5.2.2a Estimation of Error Variances. When the data are replicated it

is possible to directly estimate the error variances from the within
sums of squares. Notice that in the ANOVA table the expected value of
the mean square within the observed x for the kth segment is o:; and
the expected value of the mean square within the observed y for the kth
segment is oi . Thus these mean squares provide unbiased estimates of
the error variances. Note that in addition to the between and within
mean squares for each of the k = 1,2 segments, the within mean squares
are calculated from the entire sample as well. With large enough sample
sizes the estimates of oi and oi should be the same no matter which
within mean square is used in the estimation. For the purpose of this
study wxx and wyy will be used in all estimates rather than wxx(k) and
wyy(k) since they are baged on more information and, therefore, likely
to be more accurate.

5.2.2b Estimation of Regression Parameters. Tukey (1951) proposed three

different consistent slope estimators based on the mean squares seen in
Table 5.1. It can be seen that all of the folloﬁing est imators converge

to 8, , as the number of replications and Nl and N2 go'to infinity.

kl

1% = Bxy(k)/[Bxx(k) - wxx] (5.2)

. - _ 5.3
2bkl [Byy(k) wyy]/nxy(k) (5.3)
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3y = (I8, 00 = ¥_1/[8, (k) - w_1)® (5.4)
wh = .
ere sgn(3bk1) Sgﬂ[Bxy(k)]

Both BkO and a are estimated in the usual way by:

bo © §(k) - b1t X

and (5.5)

a = (b, - b20)/(b21 - bll) (5.6)

10

where bkl can be substituted from any of the estimates given in equations
(5.2), (5.3) and (5.4).

The variance of 'a' can be obtained using the Tepping approach to
the Taylorized sum. Since the data are replicated in this case, it
would not be necessary to use the pseudo replication method introduced

in chapter 2. However, the question of a variance estimate will not be

addressed in this study.

5.3 SIMULATION PROCEDURE

In order to study the empirical distribution of the Tukey estimators
and compare them with the Hudson and Wald estimators a gimulation study
was done. The simulation procedure is similar to that described in sec-
tion 2.4 . The main difference between the simulation of the model in
section 2.4 and this case is that for each of the N data points n, Trep-
lications were also generated to produce a total of niﬁ observations.

For the case where Nl is assumed to be known it is necessary to di-
vide all niN observations into the two segments. In order to accomplish

this division into segments, the data were sorted on the 51. values so

that all those data points corresponding to 21. < x, formed the first
1
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segment while the remaining points formed the second segmenﬁ. This

is an unbiased estimate of X,.

approach was taken because §i' 4

5.4 RESULTS

5.4.1 Numerical Model

The mathematical model being studied is again the same as the one
described in section 2.5 . For each of the N = 60 data points, n, = 6
replications were generated to give a total of 360 observations. Each

of the three different slope estimates were used to obtain a join point

estimate for the following parameters:

Table 5.2 Parameter Values for Numeric Results

Parameter Values
oi .01, 0.10, 0.50
ci 0.00, 0.01, 0.05, 0.10, 0.50

prior knowledge of Xyq » 13.0, 13.5144
1

Note that the error variances studied here do not get as large as those
studied in chapters 2 and 3. It was seen in chapter 3 that 03 > 0.01
actually violated assumption (viii). Therefore, it was felt that results

for variances as large as 1.0 and 5.0 were unnecessary.

5.4.2 Estimation of the Error Variances

It was seen in section 5.2.2a that estimates of the error variances
could be easily estimated from the within mean squares. The average

over all samples of these estimates for the simulation study are given
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in Table 5.3 along with the true error variances specified in the simu-
lation. The fact that the estimates are not precise is a function of
the GAUSS subroutine used to generate the error terms. As an experiment
several runs were made with more replications in order to see if the
estimate is more precise with a larger sample size. It can be seen at
the bottom of Table 5.3 that increasing the number of replications does

improve the estimate for oi slightly, but it still has a negative bias.

5.4.3 Estimation of the Join Point when Nl Is Known

The simulation results for all three estimators and all combinations
of different error variances are given in Table 5.4 for the prior know-
ledge specified to be 13.5144 . Note first that there are very few dif-
ferences between the means and variances for the three different estima-
tors. Also when differences do occur between the estimates they are
only very small ones.

Looking now at the means of the computed coefficients, it can be
seen that the bias is very small even for large error variances. Recall
that this was not the case for either the Hudson technique which was
known to be biased nor for the Wald technique which was shown to be
asymptotically consistent. The reason, of course, is that these esti-
mates are based on much more information since the total sample size
is larger and the observations are replicated.

On the other hand, the variances over all samples are a good deal
larger for the Tukey estimators than variances seen with either the
Budson or Wald téchnique. This result is not unexpected and can be at-

tributed, at least in part, to the fact that the estimated error vari-

ances are used in determining the join point estimates.
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Turning now to Table 5.5, the effect of misspecifying the prior
knowledge about the location can be seen. When measurement error is
present the means of the join point estimates over all samples is slight-
ly lower than the means seen in Table 5.4 . Thus, while the measurement
error effect is accounted for in the estimation technique, the misspeci-
fication of Nl leads to biased estimates.

Currently, there is no iterative technique available for replicated

data, but further study and development of an iterative algorithm would

be useful.

5.5 CONCLUSIONS

Replicated data provide a much more feasible way of estimating error
variances and parameters from the regression model. However, it is not
always possible to obtain replicates, hence the main thrust of this study
has been centered on estimation techniques which do not require replica-
tions. Clearly, if replications are available, information provided by

them should be used.



’ Table 5.3

Estimated Error Variances Based on Tukey
Technique of Slope Estimation

6 replications

2 ~2 2 ~2

[of [»] (o] c

€ € Vv \

0.01 .00849 0.01 .00847
.00849 0.05 .04239
.00844 0.10 .084 64
.00846 0.50 .42384
0.05 .04244 0.01 .00847
.04243 0.05 .04239
.04222 0.10 .084 64
.04244 0.50 .42368
0.10 .08488 0.01 .00847
.08486 0.05 .04239
. .08444 0.10 .08464
.08486 0.50 .42389
. 0.50 42439 0.01 .00847
. .42428 0.05 .04239
.42218 0.10 08464
.42218 0.50 .42319

10 replications

.01 .00914

20 replications

.01 .00966
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CHRAPTER 6

APPLICATION

6.1 INTRODUCTION

The original motivation behind this research came from a desire to
study the timing of ovulation in women as it is predicted by the waking,
or basal, body temperature (BBT). Thus as an illustration of the esti-
mation techniques developed in chapters 2 and 3, these techniques are
applied to BBT data in an attempt to estimate the data of phase shift

as the join point of a PWLR model.

6.1.1 Ristorical Rackground

Sources (M¥ring, Marshall, Vollman) differ slightly on the
history of knowledge and use of BBT. Squire in 1868 seems to be the
first person to note the pattern of temperature shifts from a low phase
to a high phase in the middle of the menstrual cycle. The first critical
experiments on fluctuations during the menstrual cycle are a;tributed
to Mary Jacobi in 1876. It was not until 1928 that the claim of Van de
Velde that this shift in phase is associated with ovulation was substan-
tiated. Later studies, for example Martin (1943), linked the phase shift
to elevated levels of the hormone progesterone and other c11;1c31 indi-
cators of ovulation. 1In 1947, Ferin suggested that knowledge of this
shift in BBT could be used in planning pregnancies. A German priest,

Hillebrand, is given credit for developing the most reliable form of

birth control based on periodic abstinence using BBT. 1In 1968, Marshall
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conducted a prospective study of the use of BBT information as a contra-

ceptive method by conducting a field trial of the method.

6.1.2 Physiological Process

A menstrual cycle is defined as the day on which menstrual flow
begins through the last day before menstruation begins again. Most
normally menstruating women follow a similar pattern of hormonal changes
during this cycle. In the post-menstrual phase, the time immediately
after menstruation ends, plasma estrogen concentrations are relatively
low and constant. A peak occurs in the plasma estrogen levels one to
three days prior to ovulation. This rise in estrogen is believed to
trigger a mid-cycle peak in luterizing hormone (LH) followed closely
by ovulation. Once ovulation occurs there is a sharp rise in plasma
progesterone levels which is linked to increases in the basal body tem-

perature.

6.1.3 Analysis of the BBT Shift

While all fertile women seem to follow the same sequence of events
physiologically, detection of these events, especially the change in BBT,
is not always straightforward because of variability between women and
between cycles and the sensitivity of the BBT to events besides the rise
in plasma progesterone such as illness.

At this point it is well established (Boring, 1973) that conception
never occurs between the third day after the temperature rise until the
following menstruation. Thus there are only about 6 to 10 days, depend-
ing on age, in the premenstrual phase which are certain to be infertile
days (Vollman, 1977). Rules to determine infertile days during the post-

menstrual phase are much less certain. Two methods currently in use to
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determine the post-menstrual infertile days rely on taking cycles over
several months and deducting days from the shortest cycle or, alterna-
tively, from the day of earliest temperature shift in order to establish
"safe'" or infertile days. Both these methods attempt to deal with the
variability between cycles though neither method is extremely reliable.

A 1966 scientific meeting sponsored by WHO has set up criterion
for defining where the BBT shift occurs. The definition states that a
significant shift is one which occurs in 48 hours or less, and in which
three consecutive daily temperatures are at least 0.2° C higher than the
last six daily temperatures prior to the shift. Since the shift in BBT
is not always so obvious, Royston and Abrams (1980) propose a cumulative
sum (CUSUM) test as an objective way of establishing when the shift has
occurred. More recently, Carter and Blight (1981) present a sequential
Bayes solution to the problem of detecting changes in BBI when viewed
as a change-point regfession problem.

The above mentioned procedures are all used to detect the date of
phase shift, and therefore, to some extent, ovulation, after it has oc-
curred. An important step towards predicting infertile days in the post~-
menstrual phase as well as determining the shift would be a retrospective
statistical analysis of a large munber of menstrual cycles. Such an
analysis of variability in cycles could be used in establishing more
solid rules for determining infertile days throughout a cycle. It is
with this idea in mind that the piecewise regression model 1is proposed
for the ovulation data.

In section 6.2 a description of the data used for this application
is given. Next, the model and assumptions are discussed in section 6.3.

Section 6.4 presents results from applying the Hudson and Wald techniques
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to the data in order to obtain join point estimates. Finally in section
6.5 recommendations are made concerning the use of PWLR to estimate shifts

in BBT.

6.2 DESCRIPTION OF THE DATA

As an example of the use of a PWLR model as a possible statistical
model for BBT, data from the '"Comparative Study of Two Methods of Natural
Family Planning” were used. This study was conducted by the University
of North Carolina at Chapel Hill and Cedars-Sinai Medical Center, Los
Angeles, from 1976 to 1978. The objective of the original study was to
determine the efficacy of the Ovulation Method and the Sympto-Thermal
Method of birth control in preventing pregnancy. Women in the Sympto-
Thermal part of the study were instructed to take their temperatures
orally immediately upon waking each day and record the temperature as
well as other pertinent information on standard charts provided by the
project. These charts were then collected at a central location. Spe-~
cific information about the study design can be obtained from Wade, et
al. (1981).

For the purpose here bf attempting to model the phase shift, five

-charts were selected from among those collected by the Comparative Study.

The data on BBT from these charts appear in Table 6.1 . No attempt was
made to choose these charts at random or by any other probability sampling
scheme. Rather, these charts were specifically chosen because of the
obvious well-defined shift. The definition of where the shift occurs is
roughly based on criteria set forth by WHO. Not all cases chosen adhere

strictly to the WHO definition, but all have clear shifts. The reason
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for selecting only tharts with clear shifts is that it was felt that

if this model provedﬂ:nadeqkate for an ob;ious shift then it would re-
quire a reevaluation and modification before being useful for cycles
which had less obvious shifts. This study is not intended to be defini-
tive in terms of estimating the day on which the shift occurs. Rather,

it is a first step in finding a model which does accomplish this goal

while dealing with the measurement error problem.

6.3 STATISTICAL FRAMEWORK AND MODELING PROCEDURE

The statistical model ynder study is the two segment PWLR model
set forth in equation 2.1 . The independent variable is the day of the
cycle, where day 1 is the first day of menstruation. The dependent
variable is the BBT and a is the day on which the shift occurs.

Under the assumptions discuésed in sections 2.2 and 3.2 assume
that the true relationship between basal body temperature (BBT) and
day in cycle (DAY) is given by:

B,n + Bll(DAY) » DAY < shift

: ) 10
BEBT =
B

20 * §21(DAY) » DAY > shift

Assume also that day in cycle is fixed, but that there is an error cor-
responding to fluctuations around a set time each day. This fluctuation
has a mean 0 and an unknown variance o, -

At first glance it appears that the independent variable, day of
cycle, is fixed and there should be no problem using ordinary estimation
procedures. However, on further consideration, one realizes that, while
the recorded day is fixed, the actual time of waking fluctuates. It is

known that the basal body temperature fluctuates throughout the day, in-
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dependent of wake or sleep. Hence, error is introduced into the problem
if the temperature is not taken at the same hour each day. There is,
of course, no way to check for such error since the exact time of day
is not usually recorded. The fact that such errors very likely exist
makes it necessary to attempt to account for them in the analysis. The
use of the technique proposed in chapter 3 will do this.

A further assumption pertains to prior knowledge about the value
of N,. By examining each chart, it is possible to establish Nl and thus

1
satisfy the assumption that N, is known for each case. However, the

1
purpose of this experiment is to model the BBT shift without the neces-
sity of studying each chart. Hence, the iterative procedure described
in chapters 2 and 3 will be applied. Furthermore, because Nl is not

fixed, it 1s impossible to obtain variance approximations for the para-

meter estimates.

6.4 RESULTS

Parameter estimates were first obtained for each of the five cycles
using all data for each entire cycle. Since the BBT must drop from the
high or premenstrual phase t§ the low or post-menstrual phase at some
point during menstruation it seems reasonable to exclude the entire men-
strual period from the study in order to avoid the possibility of high
phase values in the low phase of the cycle. In addition a third search

was done restricting the iterative algorithm from day 10 to day 20.

6.4.1 Hudson Technique

The parameter estimates obtained by fitting the PWLR model to the

BBT data for the entire cycle and the reduced cycle using the Hudson
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technique are given in Table 6.2 . The columns of specific interest are
(5) and (6) because these are the shift estimate from the model and the
actual day the shift occurred as read directly from the graph.

It can be seen in Table 6.2 that none of the three estimates is
very close to the true value. In most cases, restricting the cycle to
days after menstruation and searching for a join only between days 10

and 20 improves the estimate somewhat.

6.4.2 Wald Technique

Results for the Wald technique are given in Table 6.3 . An addi-
tional restricted search was made from day 15 to day 25 in an attempt
to obtain a better estimate of the day the BBT shift occurred.

Theoretically, if measurement error is present, the Wald estimates
should be nearer the true day of the shift than the Hudson estimators
since the latter are biased. For searches labeled A and B the Wald pro-
cedure does not appear to be consistently better than Hudson. However,
when the search is restricted to relevant days (C) then the Wald tech-
nique does appear to perform better 1h the majority of cases.

Changing the restriction for the Wald technique from days 5 to 15
to days 10 to 20 helps the estimate in some cases, but not in others.
It seems more study is needed in order to apply a gemeral rule for re-

stricting the dteration.

6.5 RECOMMENDATIONS

The purpose of this example was to illustrate a possible use for

the segmented regression model which had been studied in modelling BBT

during a menstrual cycle. It seems clear that this model with two straight
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lines constrained to meet at the join point does not, in fact, fit these
data. However, this does not rule out the use of other segmented models
to analyze these data. Vollman suggests that BBT measured rectally fol-
lows a sinuous curve and that the oral temperature do also to a lesser
extent. Perhaps, instead of linear segments constrained to join, the
segments should be modelled as separate curves which are constrained to
meet. A second possibility is to keep the idea of linear segments and
drop the constraint that the segments meet.

This latter type of segmented regression is similar to the work
done by Quandt. While these suggestions offer possible solutions to the
problem of estimating the phase shift and modeling BBT over a menstrual
cycle implementing them is beyond the scope of this dissertation and
will not be attempted here. .

It is disappointing that the two segment PWLR model did not perform
wonderfully for estimating the shift in BBT. However, there are other
applications in which this type of segmented model does well. For in-
stance, some dose-response type situations where it 1s desired.to esti-
mate threshold levels of toxins as in Hasselblad, Creason and Nelson
(1976) require segmented regression as studied here and there is poten-
tial for measurement error to be a problem in such studies. A second
example where PWLR is applicable and a potential for measurement error
exists is in biological studies such as the work of Mellits (1968) in

studying total body water as a funct ion of weight and height.



Table 6.1

Data on Basal Body Temperatures
for Five Cycles

Cycle

Day 1 2 3
1 97.9 98.0 97.8
2 98.0 97.9 97.4
3 98.2 97.4 97.5
4 97.6 97.5 97.5
5 97.9 97.7 97.6
6 97.91 97.8 97.7
7 97.4 97.8 97.4
8 97.8 97.8 97.4
9 97.5 97.8 97.5
10 97.6 97.7 97.8
11 97.9 97.8 97.5
12 97.3 97.8 97.3
13 97.3 97.9 97.3
14 87.6 97.7 97.5
15 97.8 97.7 98.0
16 97.7 97.2 97.9
17 97.5 97.4 98.0,
18 97.7 97.7 98.3
19 97.4 97.3 98.4
20 97.5 97.7 98.2
21 97.4 97.9 98.3
22 97.3 97.9, 98.2.
23 - 97.6, 98.1 98.7
24 98.1 98.3 98.5
25 98.0 98.2 98.5
26 98.1 98.2 98.5
27 98.1 98.7
28 98.0 98.6
29 98.4 98.6
30 98.1 98.6
3 98.2

- 32 98.3
33 98.3
34 98.2
35 - 98.3

*Shift from low phase to high phase.

1Line indicates end of menstruation.
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CHAPTER 7

SUGGESTIONS FOR FURTHER RESEARCH

7.1 EXTENSIONS OF THE MODEL

The model studied throughout this thesis is the simplest PWLR model
possible -- that of two linear segments constrained to join. One possible
extension of this model is a model with moté than two linear segments
and, therefore, more than one join to be estimated. Hudson (1960), Bell-
man and Roth (1969), and Hawkins (1976) all discuss this more complicated
model; however, a study of measur;ment error effects has not been carried
out to date.

A second extension of the simple model would be to include more than
one independent variable. The E(y) then becomes a multidimensional re-
sponse surface which can be divided into sections of half planes. Fuller
(1969) fits polynomials to such a three dimensional model; his work can
be extended to include the possibility of measurement error.

A further extension of the two segment model is to study a case
where the segments are not linear, but are .omé more complicated function
of the independent variable. Hudson (1966) introduces such models with
Type III joins but does not treat them as thoroughly as the simpler models.

Gallant and Fuller (1973) also look at the Type III join and propose an

- alternate estimation technique. Lerman (1980) also treates more compli-

cated functions in proposing a grid search method for obtaining join

point estimates. The effects of measurement error on any one of these
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techniques requires further study.

7.2 CHANGES IN THE ASSUMPTIONS

The assumptions made concerning the model under study are fairly
basic to regression analysis. However, the assumption of uncorrelated
error terms could be extended to'include study of the effects of measure-
ment error when the errors are correlated. A further extension of the
assumptions is to impose a distributional assumption on the error
terms. In this study the theoretical results made no such assumptions
while the simulation study used normally distributed error terms. Other
possibilities include the uniform or Poisson distribution for the error

terms. .

7.3 FURTHER WORK ON THE ESTIMATION PRNCEDURE

Immediate extensions of the work done in this thesis.apply to the
case where data is replicated. A variance estimator needs to be pinned
down for the join point estimate based on the Tukey type slope estimates.
An approach which would yield this égtimate is that proposed by Tepping
and described in chapter 3. A further extension of the estimation pro-
cedure is to develop an iterative search procedure for the Tukey approach.
Since knowledge about the location is not always available some criterion

for determining the best fit when data is replicated would be useful.

7.4 EXTENSIONS OF THE SIMULATION PROCEDURE

Mention was made in chapter 1 that there are several variations of
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the grouping procedure originally proposed by Wald (1940) for finding
consistent slope estimates. Specifically, Bartlett (1949) proposes
using tertiles to divide the data into groups and Lindley (1947) pro-
poses the use of quartiles. A second approach based on quartiles,
was proposed by Nair and Banerjee (1943). A study of the effects of
measurement error on these alternative grouping estimators would be

useful in determining which is more effective in the piecewise situation.
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