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. Abstract

The group testing problem for a binomial set of items is considered.
It is desired to classify all items as good or defective with a minimum
expected number of group tests. Via a weak concavi ty property, an
improvement over the infornationvlower bound is made for the minimum

expected number of group tests.
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1. Introduction.

We consider the group testing problem for a set of independent items
I= {I PRI ¢ } where I has probability Py of being defective and
probability q = 1- p1 of being good. It is desired to identify the states
(good or defective) of a11 the iéems with a minimum expected number of group
tests. Here, a group test is a test on a subset S of I with two possible
outcomes: either S is "pure” (i.e. contains no defectives) or S is
"contaminated” (i.e. contains at least one defective, but with no
information about which or how many). Sobel and Groll (1959) illustrated
many applications of group testing. Recently Berger, Mehravari, Towsley and
Wolf (1984) applied group testing procedures to conflict resolution in
multiple access channel communication.

Denote by E(pl.....p ) the m1n1mum expected number of group tests

<
required to 1dentify the states of the I 1 g i { n. In case that all the

p; are equal to p, we write é(;i‘f" P l‘as E(n » p) It is well known
(Sobel and Groll (1959), Unger (1960)) that

l;i(n *p) 2g(p). 0 <p <l (1)
and =
f"lé’(’ri'*p)-l'pls:ul (2)

where P = (3 - ¥B)/2 an& g(p) = -p log2 P-4q log2 q is the information

lower bound (q = 1-p). Since no optimal pfocedure for p < (3 - VS)/2 is
known in general, a sharp lower bound for n’ - E{n »* p) is useful. Let

O (p)e= inf B :E'(-n*m-‘p)‘:' (3)
) n21

Clearly, f(p) 2 2(p) for O < p<1, and f(p) 1 for p; {p<1l. The

information lower bound is sharp for small p in the sense that f(p)/g(p) -1




~J

as p -+ 0+ (See Sobel an& Groll (1958)). But since f(pl) =1> g(pl)

(< 0.959). there is room for improvement in a neighborhood of p = P;- In
the next section, a weak concavity property of f(p) is established. Using
this property, we derive in section 3 a lower bound gté) which increases
continuously from O to 1 as p increases from 0 to p1 In addition, h(p)

equals g(p) for p ¢ Py and is greater than g(p) for Py {p ¢« P, where Py =
1—q0 (X 0.363) is determined by

1+ log2 Py ~ (po/qo) logz(po/qo) =0, 0K« Py < P;- (4)

2. A weak concavity property of f(p).

In this section, we prove the following theorem.
Theorem 1. For fixed 0 < y < Py let v = = (1-2u)/(1-u) > Py Then the
curve {p, f(p)). u < p < e . ls never below the line connecting (u.f(u)) .
with (u .f(u )) = 1)' fof u < p { u*. .

f(P] 2 f(“) + (P'U)(l f(u))/(u ‘u)
=B g oraw oav
To prove Theorem 1. we need‘two lemmas
or)
Lemma 1. For 0 < p <1,

f(p) lim n~ E(ﬁ * p).
s

Proof. By the definition of f(p), it is obvious that

Um inf 0| E(n % p) 2 £(p). _
P ) LT RN

Suppose that for some 0 < p < 1,
B i B _:,._-..

Ffmhoe s enkea

lim ;qpﬁn E(n *ﬂp) ) f(P)
r]i-b JL

i.e. there exist e > 0 and-afsequence {nk} -such . that n, 2 ®as k -+ ®and

nk E(nk * p) > f(p) + e. for all k.
Since f(p) is the infimum of n E(n * p), there exists m such that

m ! E(m % p) < f(p) + /2. Write



n = [nk/m]m +

where 0 ¢ Lo < m and [x] denotes the largest integer not exceeding X. Using
the inequality E((a+b) * p) { E(a * p). + E(b*p) for integers a.b,
f(p) + e < nile(ak<%-p)?g nilk[nk/m] E(m % p) + E(r, * p)} .
-bm-l E(m % p} as k » o,
a contradition. This completes the proof.
Lemma 2. For 0 { p ¢ P, and (1-2p)/(1-p) < p' <1,
E(m* p, & % p') = E(m *p) +¢&.
Proof. This lemma states that for a set of m+f items with two different
defective probabilities p and p', there exists an optimal procedure which
tests individually those & items with defective probability p' if

p' 2 (1-2p)/(1-p)}. But this is a consequence of Corollary 2 of Yao and

Hwang (1988).
Proof of Theorem 1. Fix p withu {(p u. Let {Il,....In} and {Ii.....IA} !
be two independent sequences of ‘items such that Il""’In each independently i

have probability u of being defeg;ive, and Ii.....lﬁ each independently have
TR A Uy v B i
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probability o of being defective. Let {xl,.:,.xh} be a sequence of

Bernoulli random variables (independent of the;_Ii and Ii) such that

P(X, = 1) = s = 1-P(X;=0) where s = (p-u)/(u -u). Define

{11. 1f X,=0

Ji = -

L IiTA if Xi=1. |

Clearly, Jl""'Jn each'inaependéntiy have prdbability p of being defective.

If the Xi are not knoﬁpﬁrthe minimum expected number of tests required to

identify the states of the Ji equals E(n % p). If the Xi are known, the

minimum expected number of tests equals .

121 [ﬁ] sk(l—e?.)n-k E{(n-k) »* u, k * u*)
k=0




-3 [ﬁ] s*(1-5)"X(E((n-k) % u) + K}, by Lemm 2
k=0 | _

o

tzl [E] sk(1-s)“"_‘ E({n-k) »* u) -+ ns.
=0 b

n ! E(n »* p) > n! ; [;] sk(l-s)nmk ﬁ((n-k) ¥ u) + s, (5)
k=0

Letting n » @, the left-hand side of (5) tends to f(p) by Lemma 1, while the
first term on the right-hand side approaches, by Lemma 1, the Central Limit

Theorem and the inequality E({n-k)»*u) ¢ n-k,

Hm |k-1215|5 EE]{;% E((n-k) » u)} [E] sk(l—s)“_k

1 n| k n-k
CE ey B =y ] e

. PRI S
= (1-s)f(u),
completing the proof.
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Remark. Motivated by Theorem 1, we conjectﬁ;e ‘that f(p) is concave for
0« P < 1. 1If this conjecture is true, then it is easxly seen, by using
f{p) 2 g(p) and {(pl) = 1, that the curve (p. f(p)) po <p < p1 is never
below the line connecting (po. g(po)) with (pl,l) where po = l—q0 is

determined by

4

' TPy o8 P ¥ ay Lok, 95 = 0. By < By

(Note that this Iine is: tangent to>(p.¥(p)) atip ==;0).'

SN Pl

-

3. A lower bound for f(p). g tra

We now construct a lower bound for f{p) using Theorem 1 and the fact

that £(p} 2 g(p) for 0 < p < 1 and f(p) =1 for P, €p <1l. Note that Py



defined implicitly in (4). has the property that the line connecting

(po. g(po)) with (p;.l) is tangent to the curve (p.g(p)) at p = P, where
p; = (1—2p0)/(1—p0). Let (p,h(o)(p)). Py <p¢g Py be the line (restricted
to P, {p ¢ pl) cqnneqting-(pb.g(po)) with (pg.l). By Theorem 1, for

(@) < 1) < £(p).

For each u with Po €u<l Py+ def ine

©) (p) Py &P <UL
() = {%(0) 1% ) : (6)
h'“/{u) + (p-u) -;‘:G—__—' u<pc( Py

where o= (1-2u)/(1-u)}. In other words, the curve (p. h(o)(p)) is identical

to (p. h( )(p)) for p { u, and identical to the line connecting (u, h( )(u))
with (u .1} for p 2 u. It is easily seen that each h( ) is continuous,

)
convex, increasing and bounded from above by f(p) -

[

Define, for Py {p« pl:

2Dy = sup hl(lo) (p).: (M)
i P0$u<Pr: : '

which is convex and iqc;easing;’ Also, _.

o 0Oy ¢ nMey < 1y
We define hﬁl) as-in (6).with h(o) teplaceduby;h(l). and define h(z) as in
(7) with h&o) replaced by hﬁl);; By.repeating this process, we have, for
Py <P <P

2 p) ¢ 1) < 8Pip) oo <10,

o

Let




g(p) . 0<p<p,
1im 1™ (p), <p <
h(p) = nﬂ: (r) Pop ¢ P ¢ Py .

Clearly, h(p) is a lower bound for f(p). In-what follows, we will find
h(p). pO p < Py explicitly.
Lemma 3. For n = 0,1.2,.... and py < u < pj. b (p) and n{™(p) are
convex and increasing in Po <{p« P;- Also,

D h{™(ut) < D™ (us), p. <u < p,.

u 0 1

wvhere D y(x+) denotes the right derivative of a function y at x (which
always exists for convex function y.)
Proof. We proceed by induction on n. The case of n=0 is true obviously.

Suppose the lemma holds for n=8. Since hﬁe) (pO <u( pl) are convex and

increasing by the induction hypothesis,

h(£+1)( ) = sup h( ?(p)

is convex and increasing. Now it sufflces to show that for Py Cucl Py
D b D e ¢ (16D () () (8)
(= b B{**D(ur))

((8) implies that h$e+1)(p) is convex and increasing since h(e+1)(p) is

5

convex and increasing.) To prove (8). we first'consider the case of u
satisfying h(e)(u) < h(e+1)(u). From the continuity of h(e)(p) and
h(e+1)(p) in p and the continuity of hse)fﬁ) in both v and p, it follows
that there exists 0 ( § < pl—u $uch that for u { x Cu + 6 < Py-

b8 (x) < nl®* (%) and

sip bl () ¢ 0. (9)

ulvsix
For u < x < u+6, from (9). the continuity of hse)(x) in v and the fact that
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h(8+1)(x) = sup h(e)(x).
posvex ¥

if follows that there exists Py € v(x) < u such that

n(8+1) () - hsfi)(x). (10)
So, for u < x < u+é,

D h(e+1)(u+) < {h(e+1)(x) - h(e+1)(u))/(x—u), by convexity of h(e+1)

= (e} - 8D @)y e-u)

v(x
< {6 - () () (e-w). (1)

By (10) and the fact that v(x) < u < x, the right-hand side of (11) equals

the slope of the line connecting (v*(x).l) with (x.hsfl)(x)) = (x.h(e+1)(x))

where v*(x) = (1-2v(x))/(1-v(x)). But since v(x) < x, this slope is less

than that of the line connecting (x,h(e+1)(x)) with (x*.l) where
3 2 o
x = (1-2x)/(1-x) < v (x). Hence,

p Wl (us) ¢ {i;h08+1)(x))/(x*—X)- (12)

Letting x | u, the right-hand side of (12) tends to
(1-n* D )/ u) = D (& (),
which proves (8) for the case where h(e)(u) < h(e+1)(u). Next, consider the

case of u satisfying h(e)(u) = h(e+1)(ujlw3ff'there exists € > O such that

h(E)(x) = h(8+1)(x) for u  x S_ufe,lgbenh(g) holds by the induction

hypothesis. If there exists a sequence {xk} such that X ! uand

h(e)(xk) < h(e+1)(xk), then
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D h(e+1)(u+) {1lim D h(8+1)(xk+). by convexity of h(8+1),
k-0

l—h(e+1)(xk)

< lim

lm e siee n ) ey,

= {1-h(¥* D (v) 1/ (u*-v)

where xz = (1-2 xk)/(l-xk). So, (8) holds for all Py <u < Py completing
the proof.

Lemma 4.

(i) For Py <p« P h(p) is convex, increasing and continuous.
{1-h(p)}/(p"-p) where p = (1-2p)/(1-P).
D h(p+).

Proof. Part (i) is trivial. To prove (ii), note that, since h(n) converges

(ii) For py < p < p;. D h(p+)

(iii) For Py <pK« P;- D h(p-)

to h, hﬁn) also converges to hu so that

h(p) = swp h (p)
Posusp,
800

where hu is defined as in (6) withiﬁ(qzlrep}gcgd by h.
That is, h(x) 2 hp(x) for all x and for all Py $p<py;- Since h(p) =
h »

L (P) R

»*

D h(p+) 2 D b (p+) = {1-h(p)}/(¢"P).
On the other hand, i - Cw o

D h(p+) = lim {h(p+te)-h(p)}e
e=0+

- 1im "1t (8™ (pre) - B(®pyje?
e-0+ n—w : only oo Lo

¢ lim 1lim D h(n)((p+e)+), by convexity of h(n),
e-0+ n»
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1-n{™) (pre)
< lim lim

Hn Lin (pre) - (pre) DY Lemm 3
1—h(p+6) %
= Um ey < {1-h(p)}/(p -pP).

where (p+e)* = (1-2(p+e))/(1-(pte)). completing the proof of (ii).

To prove (iii), note that, for € > O with Py < p-e,

1-h(p-¢)
- = D h((p-e)+). by (i1)
(p-e) -(p-¢)
< D h(p-) , by convexity of h
< D h(p+) = {1-h(p)}/(p -p).

The proof is complete by letting e | O.
Theorem 2. For Py <p« P

3-vE (5-¥5)/10 e (5+v5)/10
h(p)=1-C[_2-p 5 " P

where

Y (5-¥5)/10 . £ (5+v6)/10
C= {l—g(po)) / {[T - po 2 ~ po }

Proof. By Lemma 4, h(p) satisfies the first order differential equation

D h(p) = (1-h(p))/(p -p)

with the initial condition h(po) = g(po). The theorem follows by solving
the differential equation.

It is easy to prove directly that h is convex and increasing, and D

h(py) =D g(py)- So. h(p) > g(p) for Py < p < p, since g is concave.
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4. Conclusion.

We established a weak concavity property of f(p) and derived a lower
bound h(p) which is an improvement over the information lower bound for p
close to (3-v5)/2. While the improvement is nak'very significant, it
appears to be only the second result in the.literature on improving the
information bound, the first one being f(p)=1 for (3-v5)/2 < p < 1 due to
Unger (1960). Moreover, the new bound increases continuously from O to 1 as
p increases from O to (3-v5)/2. It would be of great interest to evaluate

numerically or analytically

inf {h(p)/f(p)}.
0<p<1

This quantity is a good measure of the sharpness of h over the entire range

of p.

o
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