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ABSTRACT

In this note we give fundamental existence, uniqueness, and continuous de-
pendence results (well-posedness) for a variational formulation of a class of damped
second order partial differential equations with unbounded input or control coefhi-
cients. Included as special cases in this class are structures with piezoceramic actua-
tors. We then consider approximation techniques leading to computational methods
in the context of both parameter estimation and feedback control problems for these
systems. Rigorous convergence results for parameter estimates and feedback gains
are presented.

1. INTRODUCTION

One of the important issues in design and understanding of smart structures
and materials is the development of high fidelity dynamic models for use in identi-
fication and control methodologies. Along with these models, which are inherently
distributed in nature, one requires computational techniques which must in turn be
based on approximation ideas.

Our recent efforts with piezoceramic actuators and sensors in structural vibra-
tion suppression, acoustic noise suppression, and nondestructive evaluation of mate-
rials have prompted us to consider fundamental questions related to a mathematical
framework for computational methods in distributed parameter systems for smart or
adaptive structures. We discuss these ideas in the context of a cantilevered beam with
piezoceramic patches for actuation and sensing. Current modeling practice leads to
a beam equation with unbounded input (coefficients involve first derivatives of the
Dirac delta function) resulting from excitation of the moment-producing actuator
patches.

To be more specific, we consider an Euler-Bernoulli beam with Kelvin-Voigt
internal damping and viscous (air) external damping. For a beam of length £ fixed at
z = 0 and free at ¢ = £, we find that the transverse vibrations are described by the
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system for y = y(¢, z)
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Here as usual y is the transverse displacement, p is the linear mass density, g is an
external applied distributed force and M is the internal moment. For a simple Euler-
Bernoulli beam with Kelvin-Voigt or strain rate damping, the internal moment is
composed of two components representing resistance to bending and damping:
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M(t,z)=EI
If piezoelectric actuators are attached to the beam in a configuration to produce only
bending (patches on opposite sides of the beam excited in an out-of-phase manner —
see [5, 6, 7, 8]), we have an actuator contribution M,(¢,z) in the form of an input
moment. For patches located between #; and x, on the beam excited out-of-phase
by a voltage u(t), this moment term has the representation

My(t,2) = Ks{H(z — =) — H(z — 22)} u(t) (3)

where H is the Heaviside or unit step at zero function and Kp is a piezoceramic
material parameter depending on material properties of the beam and the patches as
well as geometry. When the moment in (3) is added to that of (2) and substituted
into (1), we obtain the model (throughout we assume that the external distributed
force g = 0)
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where § is the Dirac delta function and ' = ;—z. This is formally equivalent to the

equation in weak or variational form

< pyYu + 1Yo ¢ > + < EIy" + cply, + Kp(Hy — Ha)u(t), 4" >=0 (5)
y(t,0) =9'(t,0) =0,

for all sufficiently smooth ¢ satisfying ¢(0) = ¢'(0) = 0. Here H; is the shifted
Heaviside function H;(z) = H(z — z;).

In this note we outline a mathematically rigorous setting for the systems (4) or
(5). In section 2 below we give general well-posedness results (existence and unique-
ness of solution) for these equations. Since our interest is in computationally tractable
methods for identification of parameters and feedback control in such models and since
the systems are infinite dimensional state systems, approximation methods are nec-
essary. We formulate approximation techniques in the spirit of Galerkin techniques
which include finite elements, spectral, and modal methods as special cases. In sec-
tion 3 we present convergence results in the context of parameter estimation problems



while in section 4 we outline results for convergence of feedback gains in a general
linear quadratic regulator (LQR) problem.

2. ABSTRACT FORMULATION AND WELL POSEDNESS

In this section we present an abstract formulation for second order systems
in variational form; these systems include the beam with piezoceramic actuator of
section 1 as a special case. Let V and H be complex Hilbert spaces such that V
is a dense subset of H and |- |g < k|- |y for some constant k where | - |g and
|- |v represent the H-norm and V-norm, respectively. We denote such a relationship
between V and H by V — H. Moreover, we identify the Hilbert space H with its
topological dual H*. It follows from V «— H that H* — V* and thus we have the
so-called Gelfand triple construction [19] denoted by V — H — V*.

The general second order system we consider is given by

<g(8),% >vev +o1(y(t), ) + o2(y(¢),¥) =< f(£),¥ >vey  forgp eV,
y(0) = vo, 9(0) = . (6)
Here we use < , >y«y to denote the usual [19] duality product obtained as the
extension by continuity of the H-inner product from H x V to V* x V', and o
and oy are sesquilinear forms on V' satisfying V-ellipticity and continuity conditions.
That is, we assume that o; and o, satisfy

Reai(¢,9) > ki|dlv, ki >0 (7)
0:(,¥)| < cildly - [Ylv (8)
)

for : = 1,2 and ¢,9 € V. The term f(¢) is the control or input term, i.e., f(t) =
Bu(t) as introduced in section 1. Under weak assumptions on f, the system (6) has
a unique solution.

Theorem 1 If the sesquilinear forms o1 and oy satisfy conditions (7) and (8) with
o1 symmetric and f € Ly((0,T),V*), then, for each wo = (yo,y1) € H =V X H, the
initial value problem (6) has a unique solution w(t) = (y(t),y(t)) € L2((0,T),V x
V). Moreover, this solution depends continuously on f and wo in the sense that the
mapping {wo, f} — w = (y,y) is continuous from Hx Ly((0,T),V*) to Ly((0,T), V x
V).

The solution of (6) is called the weak solution since this variational formulation
is also often called a weak formulation. In actual fact, the existence and uniqueness
of solutions of (6) can be obtained under even weaker assumptions on the damping
form o3. Indeed, let V, be a complex Hilbert space satisfying V' — V, — H and
suppose that oy is a sesquilinear form on V,. If o7 is V-elliptic and V-continuous and
oy is Va-elliptic and Va-continuous, then for f € Ly((0,T), V5'), there exists a unique
solution w(t) = (y(t),y(t)) € L2((0,7),V x V2) to (6). Such a weak assumption on
oy 1is required to treat forms of internal damping that are weaker than the Kelvin-
Voigt damping of section 1. For a proof of these results (which include Theorem 1 as
a special case where V, = V) see [3] or [1].



We have in Theorem 1 stated the well posedness of the system (6) for f €
Ly((0,T),V*) in a weak variational setting. We can take an alternative (but as we
shall see, equivalent) approach using the theory of semigroups ([9, 16]). Since the
sesquilinear forms o, and o, are V-elliptic and continuous, we can define operators
A; € L(V,V*) in a standard manner by

oi(¢,¥) =< Ai ¢, ¢ >vey, for gy eV,i=1,2. (9)
Here L£(V,V*) is the usual space of bounded linear operators from V' to V*. The
corresponding abstract equation for (6) is then given by
y(0) = yo, 9(0) =y:.

We will rewrite this second order system as a first order system for w(t) = (y(¢), y(t))T
on a product space. We define the product space ¥V = V xV in addition to H = Vx H
above. The first order system can be written as

w(t) = Aw(t) + F(t)  in V",

w(0) = wo,

(11)
where F(t) = (0, £(£)" € V*, w0 = (yo,y1)" € H and

A= ( S ) e LV,V"). (12)

With the assumptions on o; and o, given in Theorem 1, the operator A is the
infinitesimal generator of an analytic semigroup 7(¢) on V* (see [3] or [1]). Then,
by definition, mild solutions of (11) in V* are given by

w(t; q) = T(t) wo + /Ot T(t—s) F(s)ds. (13)

For computational efforts in control and estimation of these systems, it is an
important result to note that the weak formulation and the semigroup formulation
yield the same solutions.

Theorem 2 Suppose wo = (yo,41)7 € H =V x H, f € Ly((0,T),V*), and o, and
oy are gwen as in Theorem 1. Then (6) has a unique solution in Ly((0,T),V x V)
and it is given by the mild solution (13).

In our example of section 1 for a cantilevered beam with Kelvin-Voigt damping,
the sesquilinear forms are given by

oy, ¥) =< Ely",¢" >g (14)
oa(9,%) =< eply",¥" >g forvy eV (15)

with the spaces defined by V = H:(0,£) = {¢ € H?*(0,£)|¢(0) = ¢'(0) = 0} and
H = Ly(0,£). The control related term f(t) is given by

f(t,z) = Kp-(H"(z — z1) — H"(z — z3)) - u(t), 0<z,z,22 <L (16)
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where again H(z) is the Heaviside function and f(¢) belongs to the Sobolev space
(see [19]) V* = H%(0,£). If both EI > 0 and c¢pl > 0, then ¢; and o, are V-elliptic
and continuous with o; symmetric; hence by Theorem 2 our beam equation is well

posed for f € Ly((0,7),V*) which includes the case of f given by (16).

3. PARAMETER ESTIMATION AND APPROXIMATION

As has been pointed out in the introduction, values of the coefflicients of the
damping and the piezoceramic coefficient control parameters (and the moduli of elas-
ticity or rigidity for certain materials) are not well established. In the interest of
obtaining accurate dynamic models and adequate control designs, these parameters
must be estimated. The resulting parameter estimation problems for the beam with
piezoceramic actuators and sensors can be stated in terms of finding parameters
which give the best fit of the parameter dependent solutions of the partial differential
equations to the observation data from response of the system to various excitations.

We assume then that the sesquilinear forms oy, 0, and the input or control
terms f in section 2 are dependent upon parameters ¢ with values in some admissible
parameter metric space . Thus o7 = 01(q),02 = 02(q) and f(t) = f(¢;q) so that
the corresponding solutions y = y(q) of (6) or (10) are parameter dependent. We
can thus consider the least squares estimation problem of minimizing over ¢ € () the
least squares functional

J(a) =D ly(tisa) — &l (17)

where {z;} are given observations and {y(¢;;¢)} are the parameter dependent mild
solutions of (6) (or (10) or (11)) evaluated at each time t;, 7 = 1,2,---, N.

The minimization in our parameter estimation problems involves an infinite
dimensional state (and an infinite dimensional admissible parameter space in some
cases — for ease of exposition, we assume here that () is finite dimensional). Motivated
by computational requirements, we thus consider Galerkin type approximations in
the context of the variational formulation of section 2. Let HY be a sequence of
finite dimensional subspaces of H (e.g, the span of finite sets of spline elements, or
spectral elements, or modes, etc) that also satisfy HY C V. We define orthogonal
projections PY : H — HY the finite dimensional spaces HY = HY x HY and
denote the orthogonal projections of H onto HY and V* onto HY by Pj] and P).,
respectively. Then the approximating estimation problems with finite dimensional
state spaces can be stated as seeking ¢ € () which minimizes

2
IN@) =Y [y (tia) — 2l (18)
where yV (¢; q) is the first coordinate of w! (¢; ) given by
t
w™ (t; ) = TV (t; ) P wo(q) +/0 TN (t — 559) Py.F(s) ds. (19)

Here 77 (t; q) is the analytic semigroup generated by A" (q) where A¥(q) is defined
in the usual manner [1] via restriction of the (now parameter dependent) operators

A(q) of (12) to HY, i.e., AV(q) = P A(q)Pf.
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We are now able to state an important result related to the convergence and
continuous dependence (with respect to data) of the approximate solutions.

Theorem 3 Let Q) be a compact subset of RN with metric d. Suppose both o1(q) and
oa(q) are V-elliptic and continuous. Furthermore, assume o1(q) and o2(q) satisfy the
continuity with respect to parameter condition

|0i(q)(#,9) —0i(§)($, %) | < vidlg,q) [¢lv [#]v,  for g9 eV (20)
forq,q € Q and i =1,2. Furthermore assume that

g — f(t;q) s continuous from Q to Ly((0,T),V™) (21)
and that HY approximates V in the sense:

(H1) For each ¢ € V, there exist ¢ € HN such that
¢ — ¢V |y < e(N) =0 as N — oo.
Let ¢V be arbitrary such that ¢V — q in Q; then fort >0
w? (t; ") = w(t; q) in ¥ norm.

For a proof, see [3]. With Theorem 3, we obtain both parameter convergence and
continuous dependence of parameter results (see [6] for discussions of parameter con-
vergence and method stability as guaranteed by the convergence statement of this
theorem). That is, the sequence of solutions g~ of the finite dimensional problems
will converge (actually, in the general case, a subsequence converges) to a solution
g of the original infinite dimensional problem, and for any observations z*¥ — 20,
dist(g" (2*),q(2°)) — 0, as k, N — oo, where ’dist’ is the distance function between
sets and ¢V (2*),g(2°) denote the sets of solutions of the least squares minimization
problems corresponding to data z*, 20, respectively.

We note that the sesquilinear forms defined by (14) and (15) satisfy (20)
if ¢g = (El,epl,Kp) while f(q) defined by (16) satisfies the required continuity
condition (21). If we choose cubic splines for the basis of the approximation scheme,
then (H1) is satisfied (again see [6]) and the desired convergence of Theorem 3 will
be achieved.

4. CONTROL PROBLEMS

In this section we consider a linear quadratic regulator (LQR) formulation for
the abstract system (11) of section 2. To this end, let Hilbert spaces U and Z be
the input space and the output space, respectively. We consider the optimal control
problem (R): Minimize the cost functional

T (wo, u) = /0°°{|cw(t)|zz + < Qu(t), u(t) >U} dt (22)

over u € Ly((0,00),U) subject to

(23)



In (22), we assume that the observation operator C € L(H,Z) (in this paper, we
only consider the case when C is bounded, referring the reader to [5] for cases of
unbounded C), @ € L(U,U) = L(U) is self-adjoint and positive, and u is a U -valued
control function. System (23) is the version of (11) with F(t) replaced by Bu(t)

where B = (0, B)T and B is an unbounded operator such that B € L£(U,V*). The
operator A is again given by (12)

0 I
()

where A; and A, are defined through the sesquilinear forms o7 and oy in (9). As
above 01,0, are V-elliptic and continuous. Then under standard assumptions (see
[1]) this optimal control problem is well posed, i.e, given initial data wo € H and
u € Ly((0,00),U), the cost J(wo,u) is finite. In the following, we shall consider (23)
in the mild solution form (see (13))

w(t) = T(H)wo + [ “T(t — 5) Bu(s) ds. (24)

For the control problem (R), if (A, B) is stabilizable and (A,C) is detectable, then

there exists a unique optimal solution #(t) for minimizing (22) given by
a(t) = —Q ' B*ILS(t)wo, (25)

where II € L£(V* V) is the unique nonnegative solution to the operator algebraic
Riccati equation

AL+ TLA - TIBQ 'B* I + C*C = 0 (26)

and S(t) is the exponentially stable semigroup generated by A — BQ 'B*II (for
details, see [5]).

Again motivated by computational considerations, we turn to approximation
of the LQR problem (R). As in section 3, we approximate via Galerkin procedures.
Let the sequence of finite dimensional subspaces HY C V C H and the associated
orthogonal projections P : H — HY be given as in section 3 and HY = HY x
HY Pl :H — HY. Define AV : HY — HY by the restriction of A to HY and CV
by the restriction of C to HY. For a given B € L(U,V*), we define BY ¢ L(U, HY)
by

< BNu,4 >=<u, B*% > for ¢ € HY,

and take BY = (0 BM)T. Then, the associated sequence of approximate LQR prob-
lems (RY) are given by: Minimize
Tl u) = | {\chN(t)fZ + < Qu(t), u(t) >U} dt (27)
0
over u € Ly((0,00),U) subject to

wN( .AN N_I_/ (t—s) BN )d (28)
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where wl)Y = PJw,. If (A, B) is stabilizable and (A,C) is detectable, there exists a
unique nonnegative self-adjoint solution II¥ to the algebraic Riccati equation in HY

AVTIN LTIV AN —TIVBYQ'BY Y + cN'cN =o. (29)
The optimal control @" for (RV) is given by
aV(t) = —Q BN IV SN (t)wl (30)

N NAA—1pN* N
where SV (t) = A" -BTQTBTINE o YN,
Before stating the main convergence theorem, we need to make one more
assumption:

(H2) V — H is compact.

Theorem 4 Assume that o1 and oy are symmetric sesquilinear forms satisfying (7)
and (8). Suppose (A, B) is stabilizable and (A,C) is detectable. Then as N — oo we

have

o¥pN¢ —  T1I¢ inV for £cV*
SY)PVe —» St inV for £€V*, and t >0,

and hence 'EN(t) — u(t).

For more details concerning these results, see [5]. We just note here that if we take
the beam with piezoceramic actuator of section 1 and use cubic splines for the ap-
proximation elements, all of the conditions for the above results are met.
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