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SUMMARY
A finite have been developed for predicting the
_tures. The material properties on temperature  explicitly accounted for and any

arbitrary, transient mechanical or thermal load history is allowed. The shell may have internal
or external stiffeners and be constructed with up to three layers. The equations of motion are
developed by using the pseudo force approach to represent all nonlinearities and are then solv-
ed by using either the Houbolt method or central differences. Moderately large rotations are
allowed.

The program is based on an incremental theory of plasticity using the Von Mises yield con-
dition and associated flow rule. The post yield or work-hardening behavior is idealized with
either the isotropic hardening or mechanical sublayer models. Two models are utilized since
it has been found through comparison with experimental results that is best
for

also accounted for in the program by using a power-law type

on the strain rate. The dependence of material properties on temperature is taken

into account in the pseudo forces. Young’s modulus, Poisson’s ratio, thermal coefficient of ex-

pansion, the yield stress, and the entire stress strain curve are treated as functions of the applied
temperature.

The theory and program have been used to successfully solve a number of significant
problems. Containment vessels subjected to transient and shock-type mechanical and thermal
loads have been analyzed. Both symmetric and unsymmetric loadings have been treated. Us-
ing the program,
methods (where Results have been obtained for a number of thermal loading and
matenally thermal dependent problems. In particular, results are presented for one case with
a temperature load varying from 600 to 2000°F. Because of the high temperatures, extensive
plastic flow in the inelastic region is experienced.

In summary, the significant results presented in this paper are: (1) the development of a
finite element theory to treat nonlinear, inelastic, thermal response of structures with temper-
ature dependent material properties and (2) the demonstration of the theory and program
through the solution of several complex, highly nonlinear structures subjected to severe me-
chanical and thermal transient loadings.
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1. Introduction

Significant advancements have been made in the last ten years in the development and
application of theory to the large deflection, inelastic response of complex structures.
This has been brought about for primarily two reasons: a better understanding of the
physical principles envolved and the ever-increasing advances in computer technology pro-
viding faster execution times, greater accuracy, and larger storage capacity. Of course,
this rapid development has been somewhat pushed along by the need to understand what
happens to structures when subjected to intense impact_loads, high temperatures, accident
conditions, and the 1ike. This is particularly true of the nuclear industry where nuclear
components must be designed to survive accidents even though the probability of such
accidents is extremely low.

A number of computer codes have already been developed for large-deflection, inelastic
structural response. Many of these are tabulated in the proceedings of the International
Symposium on Structural Mechanics Software [1]. For thin shell structures, the most
widely used finite difference codes have been developed by the research groups at M.I.T.
[2,3], Ballistic Research Laboratories [4-6], Sandia Laboratories [7,8] and Lockheed
[9,10]. Finite element shell programs have been developed by McNamara and Marcal [11],

Wu and Witmer [12], and Stricklin, et al. [13]. General purpose codes are also available
[1]; however, the nonlinear capability of many of these general purpose codes is somewhat
Timi ted.

The present paper represents an extension of earlier work reported in references
[14,15] in which the DYNAPLAS II computer program is developed for the transient, nonlinear
response of ring stiffened shells of revolution. A paper to be presented by VonRiesemann
[16] at this conference outlines the capabilities and Timitations of this program and
presents solutions to several engineering problems obtained with DYNAPLAS II. The purpose
of this paper is to present the finite element theory and associated computer program,
‘QYNAPLAS 111, which have been developed for predicting the dynamic, large displacement,
iﬁe]asﬁicrénd thermal response of stiffened and layered thin shell structures. The de-
pendence of material properties on temperature is explicitly accounted for and any arbi-
trary transient mechanical or thermal loading history is allowed. Solutions to several
problems are presented to demonstrate the capability of the computer program.

2. Formulation

There are several different approaches that may be used to formulate the materially
and geometrically nonlinear problem. These include the total Lagrangian formulation based
on the 2nd Piola-Kirchhoff stress and Green-Lagrangian strain tensors, the updated
Lagrangian formulation, and Eulerian or moving coordinate formulations. Stricklin [25]
has previously discussed the differences in these various approaches. It should be noted
that the 2nd Piola-Kirchhoff stress tensor, although referred to as the stress, is not a
true stress accept for small strains. In general the Cauchy stress is preferred for
large strain problems.

The formulation used herein is based on the total Lagrangian coordinate system. The
basic starting point for this formulation is the equations of equilibrium written in terms
of the 2nd Piola-Kirchhoff stress [17]
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au,
o K =54
g Cac ik * 530+ eoFor = el (1)
where
Sjk = 2nd Piola=Kirchhoff stress tensor
a; = coordinate in original body
uy = Lagrangian displacement
poFoi = body force

Gik = Kronecker delta

uy = acceleratidn

Multiplying eq. (1) by a virtual displacement Su; (index summation noted) and inte-
grating over the undeformed body yields equations of equilibrium in the form

fpoi.l._iGu_idV + f 1S J{8e}dV = cH* (2)
v

v
0
where 0

[S] = 1 x 6 matrix of 2nd Piola-Kirchhoff stresses
{e} = 6 x 1 matrix of Green or Lagrangian strains

Joo0ay 0%y 93y 9dy

(3)
LI S S
iJ aaj 2 aa1 aaj

SW* = virtual work done in deformed body
Vo = volume of undeformed body.
The derivation of eq. (2) from eq. (1) follows exactly the same procedure as for the small
deflection case presented by Argyris [18]. Obtaining the virtual work in the deformed
body, &W*, requires a physical interpretation of the Kinchhoff stress tensor as presented
in Malvern [19]. and, in more detail, by Haisler [20].
Restricting attention to small strains, the Kirchhoff stress is the true stress and is

related to the elastic component of the Green strains through the matrix [D]

s} = D] (% (4)
where the [D] matrix is dependent on the temperature and is based on material properties
at the current temperature.

As small strains are assumed, the total strain is the linear superposition of the
various components.

e} = (%) + {EP} + {sT} L (5)

where the three terms on the right side of eq. (5) are the elastic, plastic, and thermal
components, respectively, of the total strain. Solving eq. (5) for the elastic strain,
substituting into eq. (4), and substituting the result into eq. (2) yields:

[ ogigougay + vf (Led = L) = 17T - . . L) DIsed = su (6)

v 0
For some prgklems, the potential due to external forces may be a higher order function of
the displacements; but, as usual, the assumption of a first-order function of the
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displacements is assumed herein and consequently

Wr = |qI{P(t)} (7)
where {P} are externally applied forces. Hence
sW* = |P]{sq} (8)

Taking the variation of eq. (6) with respect to generalized coordinate q; yields the
equations of equilibrium

au
U, —il LA P
/pouj 7 dv + [D1{e}dV -/ I_aqu [D1{e }av
v

v
0

3e T -
/I.EJ [DI{e'}dv - . . . = {P} (9)

v
It is convinient to write the total strain as
€= g + AL (10)
where €L and eyL are the linear and nonlinear contributions, respectively, to the total
strain. Substituting eq. (10) into eq. (9) and expanding the second term on the left-hand
side, yields

R R
/pouj ;ledv + f ‘_E‘E“LJ [DIee, Jav + f
% [, L%

[%J[o]{ENL}dv
]
v V0

o} 0

BENLJ se J P 2e T _
+/v.|_.ﬁ1_ [D]<e, YV - [[W [)eeP3av - V I.W.l mitehdv - . . L= Py (11)

In eq. (11)? the [D] matrix is asgumed to be a known fﬁnction of temperature. It is con-
venient to let EDo] be the value of [D] at some unstréssed, reference (room) temperature
and to rewrite the second term of eq. (11) in terms of [Do] and [D] so that

.“ Egi e
[pouj 3q; v+ [ \_EJ LIRS

o o]
de J€ '
L L d¢e
'/lﬁ_‘ﬁ_l [no]{sL}dv + / I.EJ [D]{EL}dV + f ﬁi— [D]{sNL}dv
[o] VO o
ey |
NL 3¢ P e Toay _ -
+/ LWJ [D1e, IV - / |.3q1' o3¢ v - f l-aqu DIt 1V - . . . =P,
VO Vo V0 ' (12)

The first term in eq. (12) produces the terms of the mass matrix times the accelerations.
The second term gives the contribution to the usual Tinear stiffness matrix times the
generalized coordinate (both based on material properties at the reference temperature).
The remaining terms may be combined to yield

. BeL d BsL )
m'IJqJ +, k1JqJ = P'I - . [ﬁ-l— [D]{EL} vV + | ﬁ: [Do]{EL}dV

0 o]

BENL ) 9 P T y
_f I-aq_.lJ [D]{EL} - '/. I'B—ZTJ Pley - - - .. . HdV (13)
v

0 0
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where au, au
m,, = fp £ Kay (14)

de de
L L
e | ] v it o "
0

It should be noted that the volume integrals extend over the entire region affected by

q; and qj. This integration is, of course, performed by integrating over each element
separately (including all layers and ring stiffness) and assembling the results in the
standard manner for all elements.

Writing eq. (13) for each and every degree of freedom yields the complete set of
equilibrium equations in matrix form

M1{q} + [KI{q} = {P} + {Q*} (16)

- e | 0]t 3av + £ |25L | [D.Ice, Jdv
Q_i*— _[ '_EJ L [E_I odlEL
2e ©
. [[aql:LJ (D]¢e, v - f [%TJ Dltey - o - <. L a )
v

0
The Tast term on the right side of eg. (16) is generally called the pseudo force and is a

where

function of the unknown displacements.
In eq. (17) the pseudo forces due to material and geometric nonlinearities are in-
cluded together instead of separating them into components. The separate components are

given as:
I NL (18)
w =
O = Q7 +
where
QI = pseudo force due to initial (plastic and thermal) strains
QNL = pseudo force due to geometric nonlinearities

—
Il

- 3e P, T %€ | D1te, 1dv +/ 22 |tp_Jte, yav
i f l-sq—J DI{e + e + . . .}V -f [WJ L EN o L
Vo 1 Vo 1 vo 1
depL 8 (19)
€
Q, [ l-—,()—di—J[D]{eL}dV - /'_WJ[D]{eNL}dV
0 v

0

-f riJ {D1{ey, YdV -[[mj [D1{e}dV (20)
aq1. NL 394

Ya o
In egs. (19) and (20) the [D] matrix is based on the current temperature and may vary
from layer to layer in the shell. The volume, V, is taken to be that of all the shell
layers plus any ring stiffeners on the element. The last form of eq. (20) is the more
efficient from the computational point of view when only geometric nonlinearities are
considered, Furthermore, within the realm of shell analysis, eq. (20) may be integrated
through the thickness of the shell. The approximate expressions, assuming moderate ro-
tations, for the total strain in the shell with the ring stiffener being a special case is

=
=
n

given by:
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{e} = {e} + {gy } + nix} (21)
where {e} are the usual expressions for the linear membrane strains, {k} are the changes
in curvature and twist and n is the distance from the reference surface.

Substituting eq. (21) into the second form of eq. (20) and integrating through the
thickness yields

NL_ Pe -3k e -
oM - - fA |5 | D2tey 208 - th l.ﬁi—-J[D]{e + ey + BridA (22)
[} (¢}

where t is the thickness and n is the distance from the reference surface to the centroid
of the layer under consideration. In the present research, the reference surface is as-
sumed to be any convenient surface, i.e., midsurface symmetry of the shell layers is not
required. Likewise, the circumferential ring stiffeners may be eccentrically Tocated on
the shell surface.

The basic governing equations are (16), (19), and (22). It should be observed that
the pseudo forces in eq. (16) are functions of the displacements and hence vary with time.
The computational aspects of solving these equations is discussed in the next section.

3. Computational Considerations

The general shell formulation presented in the previous section has been specialized
to thin shells of revolution. These details are given in reference [14] and will be only
summarized here. The linear stiffness matrix [K] and mass matrix [M] in eq. (16) are
obtained based on orthotropic material and neglecting transverse shear deformations. The

displacement functions are assumed to be cubic polynomials in the meridional direction and
Fourier series in the circumferential direction resulting in an eight degree-of-freedom
element per Fourier harmonic. The computer program permits each element to be constructed
of up to three layers each of which may have different material properties. The ring
stiffeners may be eccentrically located and may be made up of three flanges.

The nonlinear pseudo force terms are evaluated approximately using finite difference
approximations for the strains and numerical integration over the volume of each element
[14]. 1t should be pointed out that, although a Fourier series type solution is being
used, all coupling between the Fourier harmonics is contained in the pseudo force term on
the right side of eq. (16), i.e., the left hand side of the equation is uncoupled.

The computer program is based on the incremental theory of plasticity using the Von
Mises yield condition and associated flow rule. The post yield or work-hardening be-
havior of the material is taken into account through the isotropic model [21] or the
mechanical sublayer model [22]. A recent numerical-experimental correlation study [23]
has shown that for most loading patHs, isotropic hardening yields the best results.
However, for reversed loadings the mechanical sublayer model was found to better fit most
observed experimental data.

The material parameters including Young's modulus, Poisson's ratio, yield stress,
coefficient of thermal expension and the entire uniaxial stress-strain curve are assumed
to be functions of temperature. These are input as a function of temperature in tabular
form into the computer program. As the numerical integration of the pseudo forces is
performed, the value of of each material parameter is determined for the temperature at
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that integration station.

The applied Toading may be any arbitrary, transient mechanical or thermal load history.

The equations of motion are integrated numerically using Houbolts method although the
computer program allows the user to optionally select the central difference method. The
Houbolt method is reasonably accurate and the artificial damping permits the pseudo force
terms in eq. (16) to be extrapolated from the previous time step without appreciable loss
of accuracy.

The computer program is written in the FORTRAN IV language and has been executed on the
IBM 360/65, Unival 1108 and CDC 6600 and 7600 computers. Copies of the user's manuals and
computer program are available upon request. Requests should be addressed to Dr. Walter
E. Haisler, Aerospace Engineering Department, Texas A&M University, College Station,
Texas 77843, U.S.A.; Phone (713) 845-7541.

4, Numerical Solutions

The purpose of this section is to present the numerical solutions obtained for several
problems using the DYNAPLAS III computer program. The solutions show the versatility of
DYNAPLAS III as well as its limitations.

4.1 Truncated Cone Under Half-Cosine Imbu se.

The first problem considered is the large deflection elastic-plastic dynamic
response of a truncated cone under a half cosine impulsively applied pressure. The
truncated cone has an upper radius of 7.95 in., a Jower radius of 10.23 in., a thickness
of 0.5430 in., and a density of 1.88 x 10'“ lb-secz/in.“ Additional details are given on
Fig. 1. The material was assumed to have a yﬁeid stress of 30,000 psi and to be elastic-
perfectly plastic.

In Fig. 1, results are presented for the deflections obtained for DYNAPLAS, REPSIL[5],
and SHORE [9]. Considering the fact that the three computer codes are completely inde-
pendent, the agreement of displacements is considered to be outstanding and serves as a
check on the accuracy of all three codes. Similar agreement was obtained for the strains.
However, based on the shown displacements, it is clear that the degree of geométric non-
linearity is not severe.

In DYNAPLAS, the conical frustum shell was idealized as 30 equally spaced finite
elements and 10 Fourier terms were used. Seven Simpson stations were used through the
thickness and a 2-psec time step was used. Two runs were made varying the“frequency of
updating the pseudo forces and the number of modified Simpson stations areund the circum-
ference. Results were the same for both cases. In the first, 13 Simpson stations were
used and the pseudo forces were updated every three time increments with an extrapolation
factor of 1.0. The computer run time was 10 min. on the CDC 6600. In the second run, 17
Simpson stations were used and the pseudo forces were updated every time increment. The
computer run time was 30 min.. on the CDC 6600. Storage requirements were 88,000 words for
the second case.

The SHORE code was run using 30 and 18 equally spaced increments along the meridian
and around the circumference, respectively. The computer run time was 22% min. on the
UNIVAC 1108 which is comparable to the first run for DYNAPLAS.

4,2 Circular Plate with Impulsive Load

The second example is the analysis of an impulsively loaded circular plate tested
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experimentally by Duffey and Key [24]. The plate was idealized with eleven elements. The
uniaxial stress-strain curve was represented by a 3 segment piece-wise linear curve:

an initial elastic modulus of 10.4 x 10° psi to a total strain of 0.00424 in/in, then a
secondary modulus of 3.29 x 106 psi to a total strain of 0.00449 in/in, and perfectly
plastic behavior thereafter. The problem was solved using both the isotropic and mechani-
cal sublayer work-hardening models.

The experimental and theoretical results for the center axial deflection are shown in
Fig. 2. Good agreement is achieved up to the initial peak deflection and over part of the
unloading curve. However, the experimental results deviate from the theoretical results
beyond about 450 u seconds; probably due to the significant unloading present.

For demonstration purposes, the plate was also considered as made of two equal layers;
the top half of steel and the bottom half of aluminum. The uield stress of the steel layer
was taken as 127,000 psi with an ulitmate stress of 135,000 psi. As expected the deflec-
tions are somewhat smaller since the plate is stiffer.

4.3 Thermal Shield

The next problem is the solution of a heat shield (Fig. 3) subjected to "sTowly"
applied, symmetric thermal load which varies from 600°F at the crown to 2000°F at the tip.
As seen in Fig. 3, the structure is essentially a flat plate with a varying thickness.

The structure was idealized using 21 elements. The supporting ring at r=2.5" was ignored
and replaced by a simple support boundary condition not allowing vertical motion.

The temperature was assumed to be uniform through the thickness and to vary linearly
from 600°F at the crown to 2000°F at the tip, The thermal load was applied "slowly" from
zero to the final values over a period of 2.5 milliseconds.

The plate was assumed to be cogstru;ted of high strength stainless steel gith room
temperature properties: E=30 x 10 psi, G=11.5 x 10 psi, v=0.3, p=0.3 1b/in , yield
strength of 145,000 psi, and ultimate strength of 180,000 psi. The strain-hardening
stress-strain curve was approximated using 4 piece-wise linear curve with perfectly plastic
behavior at the ultimate stress. At ZOOOOF, the Young's modulus, yield stress and ulti-
mate stress have decreased to about 12.5 x 10 psi, 10,000 psi and 16,000 psi, respectively,

The solution was obtained using Houbolts method with a time step of 25 u seconds and
using the isotropic hardening model. Geometric nonlinearities were neglected. Rather
than letting the material properties vary with temperature in this case, the values
corresponding to the final temperature for each element were used and held constant
throughout the Toading.

Figure 3 shows the meridional and circumferential stress at the lTower surface of the
heat shield at a time of 5.5 milliseconds (corresponds to time of peak stress). Although
the temperature at the tip is quite high (2000°F), the stress is low since the modulus
and yield stress of the material have been reduced appreciably at that point., Because of
the high temperatures, the outermost 3 inches at the tip goes entirely plastic while the
enterior region (r<7") remains elastic.

4.4 Cvlindrical Baffle with Applied Temperature

The last problem considers the cylindrical shell shown in Fig. 4 subjected to a com-
bined static internal pressure and suddenly applied concentrated heating. The shell is
assumed to be constructed of an alunimum-type material with room temperature properties:
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E=10 x 106 psi, v=0.3, p=0.1 1b/in3, and perfectly plastic with a yield strength of
40,000 psi. At a temperature of 600°F, Young's modulus and the yield stress are assumed
to decrease to 70% and 30%, respectively, of their room temperature values.

The shell was idealized using 20 elements and 5 Fourier terms. To first obtain the
static solution to a 400 psi internal pressure, the load was applied slowly over a period
of 20 milliseconds. Using a time step of 1 millisecond, Houbolt's method damps the
dynamic solution to the static values as shown in Fig. 4. The Toad was then held constant
umtil 30 milliseconds and then a spot thermal load was applied at a point 20 inches from
the top of the cylinder. The temperature on the outside surface was increased from 0°F to
500°F as a ramp function KEaching its peak value after 50 microseconds (constant there-
after). The inside surface temperature was assumed to remain unchanged so that a temper-
ature gradient developed through the thickness. In the circumferential direction, the
spot was approximated as being a half-cosine. In the meridional direction, the Toad was
applied over a 10 inch length centered at Z=20 inches and varying as a sine function as
shown in Fig. 4. The response to the thermal loading was obtained by restarting fhe
program at 30 milliseconds and using a time step of 1 microsecond.

Figure 4 shows th circumferential stress response under the spot heating. The stress
is initially at its static value of 28,000 psi and then drops rapidly to about -29,000 psi
as the shell is heated. Although the stress responds almost instantaneously to the
heating, the structural response is much slower. As seen in Fig. 5, the radial deflection
does not reach its peak until some 600 microseconds after the temperature has reached its
peak. Figure 6 shows the radial deflection around the.circumference at a time of 30.61
milliseconds when the peak displacement has been reached. The displacements increase
significantly under the spot heating but are relatively unaffected on the opposite side
of the shell where the displacements are about equal to that due to the internal pressure.
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