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SUMMARY

General linear processes do not in general satisfy strong mixing
conditions (Bradley (1987)). Therefore, we investigate the empirical
process based on samples from such a general linear process by using a
truncation argument and derive a local fluctuation inequality. It is
well-known that such a fluctuation inequality is of basic importance in the
study of the empirical process (see e.g. Einmahl (1987)). Here it is
applied to obtain a rate of a.s. convergence for certain density estimators
in the supremum norm. This extends a result by Chanda (1983). As a direct

corollary a rate of a.s. convergence for a mode estimator is obtained.

AMS 1980 subject classification: primary 62M10, secondary 62G99.

key words and phrases: linear processes, empirical processes, density and
mode estimation.



1. INTRODUCTION, NOTATION, ASSUMPTIONS

The class of linear processes contains many important examples of
time series models like e.g. moving average (MA), autoregressive (AR), and,
more generally, ARMA-processes; see e.g. Anderson (1971) or Hannan (1970).
In his review paper on strong mixing Bradley (1986) refers to an interesting
counterexample by Rosenblatt (1980, p. 267) which shows that even decent
processes like AR{1)}-processes need not always satisfy a strong mixing
condition. Hence, statistical procedures for mixing sample elements do not
in general immediately apply to samples constituting a linear process.

This is in particular true for the empirical process and its
ramifications like density estimators. Properties of empirical processes
under mixing conditions may be found in Mehra and Rao (1975) and Basawa and
Prakasa Rao (1980, Chapter 11) for the univariate case and in Harel and Puri
(1987) for multivariate sample elements. In this note we give a probability
inequality on the local fluctuations of the empirical process based on a
vector-valued linear process (Section 2). This inequality is of independent
interest and typically provides the most important tool in the study of weak
and strong convergence properties of empirical processes; see e.g. Einmahl
(1987) for the i.i.d. case.

Restricting ourselves to the univariate case for convenience, we
apply this inequality to obtain a speed of strong uniform convergence for a
class of density estimators, from which strong consistency of the mode
estimator as defined in Chernoff (1964) is derived (Section 3). The present
result on density estimation extends the local strong convergence of density
estimators in Chanda (1983). Also in the univariate case we give a
discussion of our assumptions and some examples of processes that are

covered by our set-up (Section 4).



The remainder part of this section is devoted to a specification of .
the model, the assumptions we need and some notation. For each j € Z, the
set of all integers, Zj is a d-dimensional random vector (d € IN) defined on
a probability space (Q.?f?f‘aﬁa Ai‘f§‘a given non-random dxd-matrix. The Zj

ol g oo
are referred to as the errorterms.
St inn.

ASSUMPTION 1'1'-vnh€“%d (J € Z) are independent and identically

distributed. For i=1,...,n (n € N) the series on the right below

(1.1) X5 = Zeg A Zy e

converges in probability. Hence the sample elements X Xn are

1!0--1
well-defined random vectors in Rd and form a stationary general linear
process. The common distribution function F of the Xi has marginals with

derivatives fj(j=1....,d) that are continuous and uniformly bounded by

M € (0,2) on their respective supports in R.

olonias juioRg a2

For x = (x veeeaXa), y = (yq,....¥,) € Rd we define x { y to mean
’d ’ﬁblo d

xj < y for all j= 1 ,d and x<y is’defined by the requirement xJ < yJ

for all j=1,...,d and s;ri%t,iqggqglig%‘fpr‘at least one j. For real
ook SN N TR v .

€ € R we write f* = (f;...,f) € Qd;bgjqx%%;{y:we define © = (°,...,») and

€

~® = (~», .. ,~®). For m € N we write

(1-2) X 0= Zkem A Zie Xim = Zjk)om M Zi-

The distribution function of the Xi n is denoted by Fm and that of the Xi m

by im' For arbitrary ¢ > O we write

(1.3) Q(m,e,i) = {—e* < ii {e } (m,e) = ﬂ(m e, i),

(1.4) P(2°(m.e.1)) = o(me), 2 d o(me) + 2 d(142d)M € = H(m.e).



It is clear that

(1.5) P(Q%(m.e)) < n ¢(m,e).

FEOMITY B

In the example in Rosenblatt (1980)5Nmgntgpnggzthgg,“thg dimension d=1, F
is the uniform (0,1) distribution and thgg%mgrgngisqgete. Therefore, we
preferred not to impose any smoothness condition on the Fm. The smoothness

of F as required by Assumption 1.1, however, ‘entails
1. PP B

|F(x) - [P({X; < x + ii,m} N Qm,e,i))

H

(1.6) |F(x) - F (x|

+

P({X; < x+ Xi_m} n n°(m,e,i))]| <

max{F(x) - F(x—e*) + ¢o(m,e),

IA

F(x + &) - Ffx) + p(m,e)} <

¢(m e) * 2d Me.  .forall x¢€ Rd

N

SIS

Doy ozytogouz suiizogen
From this we obtain the useful relation

9% q 3 (\.

(1.7) sup IF(x) - F (x)I < ¢(m, e) + 2d M 3 < é(m €).

x€IR haprpe =i v L 3 DMy

C one et YRamUpse] AT
In asymptotic situaticns we mostly have m = m > and e=¢e -0,
bru -

- ooy o spitnte R L {3
as the sample size n - ®, and simply write “

mlien e oy

(1.8) P, = ¢(mn.en), Gn = 6(mn,en), Qn = Q(mn,en).
The following assumption on the orders of magnitude will be needed.

ASSUMPTION 1.2. As n - @ there exist e, = 0(n_a) for some a > % and

m = 0(nB) for some O < B < %, such that

(1.9) P, = O(n_p), for some p > 2, and hence 6n = O(n_a).



Let us conclude with some more notation that is used throughout. For

any ¥ : Rd - R and x { y we define

ror

(1.10) ¥{x.y} = Ai v,

where Ai is the usual difference operator. Note that in this notation we

may e.g. write P(x < Xi € y) = F{x,y}. Throughout this paper the numbers
(1.11) A, B, Ce¢ (0;.@)%;5;.-‘; VLR L

will be used as generic constants that may only depend on the dimension d.
Hence these numbers are in fact independent of all the relevant parameters
like in particular the distribution functions F and Fm(m € N), and the

sample size n.

SEINNS SAl- Fizne SO &y
2. A FUNDAMENTAL FLUCTUATION INEQUALITY
wiiTredh lesitigme ey EE
The empirical distribution function based on the X1 .,Xn will as
bz

usual be defined by

- 1 : <
(2.1) Fn(x) =5 #{1 (1 {(n: Xi {x}, x €R",

and the corresponding empirical process by

(2.2) Un = {Un(x) =n (F (x) - F(x)). x G(ha}

An important role in our inequality is play;d’by the function
(2.3) ¥(\) = 2 X2 D log(1+x)dx, A > 0; ¥(0) =

This function is continuous on [0,®) and ¥(A) 1 O, as A 1 =,

THEOREM 2.1. Let Assumption 1.1 be satisfied. For arbitrary m € N

and € > O we have




(2-4) P(sup,eoqp 1Un(x}] 2 2) <

-A N2 B gy
{mC e@[m “‘[m]] +n o(m.e),

for any o {a<<b{( o provided that
RRRIECYe [CRINIE5 Te ade SLu

(2.5) A2 4n” 5(me), Fla.b} > 2 &(mie). >t = (v . 7
PROOF. Without loss of generality we may and{will assume that
(2.6) v = n/(2m+1) € N,

so that 2m+l = n/v. It is immediate from the definition of the Xi m that

(2.7) X 1€ {l,....,v}.

j+(i-1)n/v.,m °’

are i.i.d. Let F(J; denote the empirical distribution function based on the

' ACTTAAIOEYTD WRITTAUTIIE T
sample of size v in (2.7), F the empirical distribution function based on
e DeSRY noasoiaet reao sdiiain
all of the X, ,...,X , and
1,m n,m

(2.8) Ugf% - o (ﬁgf; “F

i
(2.9) Un.m =n (Fn m m) ) .- i
SO T L IVINS Sl B oS
The following relation is obviPus
e R Y REEE

- % /v (J)
(2.10) U, _ = (n/v) z?il U
It follows that
(2.11) P[supa$x<y$b |Un’m {x.y}] 2 x] <

< P[supale<ySb 08 ey 2 x(n/vf"] :



To each of the probabilities on the right in (2.11) we may apply e.g.
Ruymgaart and Wellner (1984, Theorem 1.1), since this inequality is
well-known to remain true for independent and identically distributed
d-dimensional random vectors Yi;h arbitrary range and arbitrary distribution
function (see also:eggl“Eié§ﬁg?§(x987. Inequality 2.5 and Section 6.3.c).

i

Application yields

(2:12) P[swp, ey e 1V mlEvt] 23] €

2

<3 C exp [n—:m?:b} V’[x?‘ i:{a.b}]] ’

We may now pass from the Un m~ Process to the Un— process, provided

that we restrict the outcomes to the subset Q2(m,e) in (1.3). Let us note

that ; - IR I

" {{ramis + d.e Dia

(2.13) 19 ) c U fxy) S2U {x ¥ . yte)

*

e}

I

. W . . .
+ nKIFm{x e nyHerp - EFkFeoyyy:
e A T - DYV

+ 0l |F(x F ¥, y + €Y - Fix.y}] ¢

i
*

U {x¥ €.y te } +7n% 5(m.e), forall - (x<y <,

in view of Assumption 1.1 and (1.7).

It is immediate from (2.13) that

(2.14) SUPa ¢x<y<hb 1Q(m.e) ) |Un{x,y}| S

%
< SuPa—e*$x<ygb+e* IUn'm{x,y}| +n" &(m,e) ,




and application of (2.12) yields (note (2.5))

ST OL

AL

(2.15) P[supa$x<ygb |Un{x,y}| 2 A] §

EETR T S dd oS!

T e T TR SR S L Y

—A(A—n% G(m,e))zv B(R—nk 6(m, e))
C exp[ n Fm{a—e*, b+e*7— \#[;?5 ‘fmfa—e , ‘bte }]]

+ P(2%(m,e)).

<

R ]-]

Let us now recall (1.7), note that F{a, ﬁ} hzﬁdm ;) {F {a el b+e*} <
F{a,b} + 8(m,e) and that v/n = 1/(2m+1), use the fact that ¢ is decreasing
on [0.») and exploit the generic character of the numbers A, B, C € (0,») to
arrive at

(2.16) P[supagx<ygb IU {x, y)l > §] <

M T UT I < Talk B B

~A(A-n% 5(m,e))2 BA
¢mC e"p[ m(F{a.b} + 6(m.c)) “'{ o (Fla. b} - a(m. e))]]
+ n ¢o(m, 6)’5 vy a7 PP S

We finally obtain (2.4) by obserwing ;that condition (2.5) implies
(A-n” 5(m.e))2 3 % A2, F{a.b} + 6(m.e) < 3 F{a.b} and F{a.b} - &(m.e) >
% F{a,b}. Q.E.D. ity e s sy

Let us now specialize to d=1, introduce the uniform (0,1) random

4' ‘j

variables F(Xl) = fl,.. F(X ) f and write F for their empirical
distribution function. The corresponding reduced empirical process is

written

~

(2.17) U_ = {U_(t) = n"(T_(£)-t), t € [0.1]}.

It is clear that we have the relation



(2.18) U {s t} = U {F (s) F (t)} for all 0 { s <t 1.

Although the El""'fn do not fg;mwailinear process the following result is

nevertheless immediate from Theorem 2.1 and (2.18).

OOROLLARY 2.1. Take d=1 and let Assumption 1.1 be fulfilled. For

arbitrary m € N and € > O the reduced empirical process in (2.17) satisfies

(2.19) P[s“pags<tgb-JUn{§x§)J 2 7\] S

—A A2

<o emfiasy *[n"‘](az——a)]] *nelme).

for any O ( a <b <1 provided that

(2.20) A ) 4n? o(me). b-a 22 d(me).

o

£

If in addition Assumption 1.2 is fulfilled and if we also choose

a=a.,b=b and A= k dep@gﬁiﬁgnon n ‘the u upper “bound in (2.19) often can

A 30 i .[Q‘ S
be written in a simpler form.

supat sy oo ¥

COROLLARY 2.2. Take d =1 and let both Assumption 1.1 and
Assumption 1.2 be sattsfted " Let’us choose a=a . b=bn € [0,1] R:An € (0,»)
such that bn—an =n " for some O < v <% and An = c n” for some c € (0,»)

and o < ¥%v. Then there exists n(a,B8,v,A\,0) € N such that
T g
(2.21) P[supanss<t$bn |Un{s.t}| 2 c n] <

< C nﬁ exp[—A c2 n20+1—ﬁ] +C nl-p.

provided that n 2 n(a,.B,v,A,0).




PROOF. Let us just note that the conditions on the parameters entail
that na—%+7<9 0, as n » ®, so that y(B Rn/(n%(bn—an)))-e 1, as n =» ®, and
hence may be absorbed in the generic constant A for n sufficiently large.

It is, moreover, clear that conditioﬁdkﬁﬁédyﬂgé:Ehibmétically fulfilled for
n sufficiently large. Q.E.D.
Lanshey a2
3. DENSITY AND MODE ESTIMATION ’
Throughout this section we take dél.' wg?faafj%onsider so called

naive estimators of F'=f, defined by

A -1—-/\
(3.1) f = o) F {x% &, x#% &}, x €R,

for some en > 0. For the expected valués wé write

1

(3.2) E?n(x)='é—F(x—%e.x+%e} f(x) ‘X €R.

hao bellPYLd er 81 corsgmuazd

THEOREM 3.1. Take d— L, lft Assum ttons 1 1 and 1.2 be fulfilled and

O R Ty

suppose in addition that F'=f is twice conttnuqys}y,gtfferenttable with If |

bounded by M € (0,2) on R. Then we have
SrgL v b owonoadnd

(3.3) of sup o If_ (x)—f(x)|as 0. asn-e, for any O < § < 2(1-6)/5,

ey o
¥

when we choose 8n=n_‘7 with:7‘=§(f>§§/5f S
. PETP
PROOF. The present smoothness conditions entail that
-2
(3:4) n° sup, cplf, ()-1x)| = 0aEP) 0, a5 n e

so that it remains to consider fn—fn. Let us write

(3.5) F(x + 4 en) =t _,
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and note that

+ - _
(3.6) |tx,n - tx,nl ¢M e, for all x €R.

Choosing kn = [1/(M en)] € N,wyh%;g [z] is the greatest integer { z € R, let

us partition [0,1] into the subintervals
G-7) (G-1)/k,. 37k 1 = (ty q4.65]. 5 € {1.....k }.

Let us note that the lengthi of the intervals in (3.7) is of order O0(n ') but
at least M £_, so that any interval (t_ _, th ] intersects at most two

n x,n’ x,n
adjacent subintervals in (3.7).

In terms of the reduced empirical process in (2.17) we have

(3.8) P(nf sup p IF_(x) - £ ()] 2e) =

+y-4% +
= Pt sup 10 (8 . txn}lzc)s
T S HE
< P[ﬁaxj=l’ X suptj ISS(tSt k1U {s t}| Y% c ] ,

4

CEGL

for arbitrary ¢ € (0,»). Because %-f-v < %, 0 < (1—B)/5 <% and Mn '

{t. -t
R I Lo |

n sufficiently large

{2 n " fof?a11@j=n£z:i,k&{*Coroulary 2.2 applies and yields for

" o N T e g
A . 3N P S A3

(3.9) py(e) = P[of supep 1,00 - 000 2 ¢]

(C/M)n M exp[—A 02n1_2f—27_ﬁ] + C nl—p .

I

Because 1-2f-2v- > 1-4(1-B)/5 - (1-B)/5-B =0 and p > 2 by Assumption 1.2

I3 . m
it is clear that En:l pn(c) {(® Q.E.D.

In Chanda (1985) a class of linear estimators of the form E?_l a

for estimating the symmetry point of a symmetric density is considered.
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The asymptotics of location estimators that are linear combinations of order
statistics of the form 2?____1 a; xi:n might‘_bietv‘investigated in a forthcoming

paper. The previous theorem enables us, however, to simply prove a speed of
a.s. convergence of the mode estimator thatwas‘ first. considered in Chernoff

(1964) and based on naive density estimators.”

THEOREM 3.2. In addition to the ‘.cdndiirt;fbhs:: éﬁﬁteorem 3.1 let us
assume that f has a unique maximum at 6. Let vfn,pgpg a maximum at Bn. Then

we have

n§/2 a.s.

(3.10) (8,-8) ®5°° 0, as n >, for any 0 < § < 2(1-B)/5.

PROOF. Let us choose § as in (3.10) and let QO be a subset of 02 with

P(QO)=1 on which (3.3) holds true. For an‘y w € QO and € > O there exists

n, = nl((.),e) such that o FY o
S Tr N T N Ca o=t
(3.11) £(0) en ,_g ;fn‘m}(}rn‘;zm))m glff\?) +§‘,P ;
for n 2 nl. This entails that
¥ T 2ol

(3.12) 0 () € {x € R : £(x) tan_f 2 £(B) - e Sy .

Moreover, there exist 6 > O such that f"(x) { -c < O for all
x € (8-6,6+56), and n, = n2(6) 2 ny; such »that:rﬁie set on the right in (3.12)

is contained in (6-&8, 6+6) for n 2. n,. Hence for n 2 n, we have
P . 2 -£
(3.12) Gn(w) € {x€R: £f(8) - [f(B) - % c(x-0)"]<2en>} =

= (6 - 2(e/c)M n—%f, e + 2(e/c)% n-%f).

Since € > O is arbitrary this proves (3.10). Q.E.D.
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4. DISCUSSION AND EXAMPLES
Also in this section we choose d=1. The assumptions in Section 1
will be discussed by showing that they are satisfied for two examples of

subclasses of the class of linear processes

AR(1)-PROCESSES.:For:0 <:r <1 let us consider

eme g,

o k
(4.1) X, =3 r 2 .

It is usually assumed that the error terms Zj
02 € (0,»), so that the convergence in (4.1) is in quadratic mean and

have E(ZJ) = 0 and Var(Zj) =

consequently in probability as we require. Let us write ¢(t) =

E(exp(i t Zj))' t € R. Assuming that

(4.2) I le(t)]de < =,

o

entails that the distribution of the ZJ has a continuous density bounded by
Trovle

i

the number on the left in (4.2). It is easily seen that (4.2) also implies
that the Xi have a distribution with bounded continuous density. Hence

Assumption 1.1 is satisfied.

st e Lo Loy o

La

Let us next note that for any e R4 0 and m € N,

ml e . i

k

(4.3) ¢(m.e) = P[|2k=m+1 *z, kl > e] < o r2m) 20142y,

Choosing e = e, = n® and m= m = [nB], for any a > %4 and O < B < %, we

find that

B
(4.4) ? < <, r2([n 1+1) n2a.

for some number c, € (0,2). It is obvious that for each p > 2 there exists

a number Cy = c2(p) € (0,») such that

(4.5) 0 < Cy n P , for all n € N.
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Hence Assumption 1.2 is amply fulfilled

The counterexample by Rosenblatt (1980). considered in Bradley (1986)
vad oy v 0w
and mentioned in the introduction, is the special case where r = % and the

ERXIa TR ¥ A

LA T

Z are {0,1}- variables with P(Z =0) = P(Z =1) = %. Althouth the Zj are
discrete the Xi turn out to have the uniform distribution on (0,1), so that

the assumptions are still fulfilled. It is interesting that this process is

not strongly mixing.

1. RREN

ERROR TERMS WITH STABLE D.F. Let us now assume that the ZJ have a
symmetric stable distribution with scale parameter 1 and index O < u < 1, so
that the first moment doesn’t even exist. According to Leadbetter, Lindgren

and Rootzén (1983, p. 73) the series

(4.6) Xi = zkel a, Zi—k .oy € R,

punEToas 8 ossa S e o posvudrroe
converges a.s. if and only if

L .
R T
DT S HE A

(4.7) Ekez Iaklu { o PSS 1) Trecty vitmed A-dw gy Tuatroon,

Since condition (4.2) is obviously fulfilled in the stable case, Assumption
o £ Wika G ERUIS 5 B St
1.2 is satisfied provided that (4. 7) holds true.
. , §
Let us now assume that- '~ . - [ % 7«

(4.8) Iakl {ck ', for some: T 5«1/u .

and c € (0,»). Using Leadbetter, Lindgren and Rootzén (1983, p. 74) we see
that for some numbers ¢ = cl(u), Cy = cz(u) € (0,»), and any € > O and

m € N we have

(4.9) ¢(m.e) = P[lzlkl>m a, zi_kl > e] <
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I

“T\R| -m
01[2|k|>m (ck ') ] e ¢

< <, ml—Tu e_“ .
Choosing e = €, = n < andgph:#léh é;[nﬁ] for any a > % and O < B < %, we
obtain TO T
SLA 23inas
(4.10) ‘Pn S c B(l_m) mi CRESUL

sl vt o

where cy = cs(p) € (0,2). It follows that

(4.11) P < cy nf, p>2,

for each 7 € R satisfying

(4.12) 7> (p + o + B)/(Bu)i |

rerl ORI L b B e "
(Note that (4.12) 1mplies T ) I/u ) Relation (4 12) also implies that for
o waertsvnel {Vetl} L OIM
wrak & goeiribnon e vt ol
(4.13) T > 1 + 5/u, -0-3(1-1,::(, drwnionloroadn

: - vaAe
R AR Ue SR B AST oY HE

we can find a > %, 0 { B.K %/, amd p 232 such that (4.12) is fulfilled.
Hence we have establlshea ggipi;‘ézga;;igggwhnder which Assumption 1.2 is
satisfied. - Coge gD y3w¥. e

The purpose of thi;;e;a;;iefza;“tzv;r;vide a useful situation in
which the assumptions are easily seen to be satisfied, although first

moments do not even exist. It is not excluded, however, that in this case

strong mixing condition may be fulfilled.
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