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1., Introduction

As a convenience, let us agree to call an infinite sequence

Xn = Xl R X2, };5, « + «» 5 Of independent random variables, a reneval

sequence, and when all the random variables are identically distributed

let us call {Xn} a renewal process. If all the random variables are

nonnegative let us say {Xn} is & positive renewal sequence (process).

The renewal sequence (process) will be called periodic if there is
a real & >0 such that, with probability one, every random variable in
the renewal sequence (process) is a multiple of w. If the renewal
’ sequence ( process) is not periodic we shall call it continuous.

We shall write Sn = X1+ Xot o o o= Xn withn = 1,2,3, . . . , for

2
the partial sums of the renewal sequence, Fn(x)=P {sn < x} for the distri-

bution function ¢f Sn, and U(x) = PQOS x} for the so-called Heaviside
unit function. We then define the random variable N(x) as the number of
partial sums Sn which satisfy the inequality S < x :
n -
@

(1.1) N(x) = Z£ Ulx - sj) .
j=1

Thus, if H(x) = E{N(x)} , it follows from (1.1) that
0o

(1.2) H(x) = £ F,(x).
=1 ¢
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The function H(x) is called the renewal function and is of prime
interest in renewal theory';we refer to Smith El7 for an extensive
account of it. A knowledge of its asymptotic behavior has proved very

useful in establishing a variety of results about stochastic prbcesses.

However, with very few exceptions (one being the paper by Cox and

Smith _Efg) almost all the work done so far in this subject has referred
to renewal processes (possibly with the trivial modification of allowing
Xl 8 different distribution from all the other Xn for n > 1) rather

than the more general renewal sequences.

The crucial theorem for continuous renewal processes is due to
Blackwell. It states that, if 0 < E {Xn} < ®, then for every fixed
a>90
(1.3) H(xda) - H(x) —~> E‘Oﬁ;}’ 85 X —> @.

This was proved first for positive renewal processes (Blackwell ﬁ])
and later extended to the general case (Blackwell [2_7 ). Note that
in (1.5), and in similar contexts elsewhere, it is to be understood that

if EX = oo then 1/ (EX ) = O.
n n

There is, of course, a periodic analogue to (1.3); in particular,
Erdds, Feller, and Pollard /6 / gave a proof of this analogue for
positive periodic renewal processes,

In addition to the papers mentioned so far, we should alsoc draw
attention to papers by Chung and Pollard [ 3_7, Chung and Wolfowitz [ 1+_7,
Karlin [ 8__7, Smith ﬁ_97, and Kesten and Runnenburg [ 9__7. These authors
tackle various aspects of (1.3), some the continuous case, some the
periodic case, some both such cases; some restrict themselves to positive
processes, and so on. We must again refer to Smith ﬁ_{] or, of course,
to the original papers, for further details.

Let & be the class of "kernel” functions k(x) which vanish for
¥ < 0 and which are nonnegative, nonincreasing, and integrable, over
(o, 0). An alternative form of Blackwell's theorem (1.3) for positive
continuous renewal processes, which was given by Smith ﬁ_Q_/, is

+00 +00
(1.1) / k(x - z) & H(z) —~—> E}l{—- S k(z) dz, as x> ©,
n

«-00 -00
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for every k(z) € ), . This form is often more convenient for
applicetions, although it is not hard to show that (1.3) and (1.k)
are equivalent.

Our object in this paper is to establish general conditions
under which a theorem like (1.4) will hold for renewal sequences
(not necessarily positive ones) rather than for renewal processes.
Before we discuss matters further, however, it will be as well if we
introduce some more notation, and also the kernel class X which we
shall use.

If k(x) is any absolutely integrable function then we write
+00

ik = § kG ax

-®
and we remark that |lk\\ may be negative.
If A(x) and B(x) are functions which possess a Stieltjes

convolution then we write
+om

A(x) ¥ B(x) = S A(x-z) aB(z) .
-00

In dealing with these convolutions we shall occasionally assume,
without comment, that A(x) * B(x) = B(x) * A(x), but only when it
is essy to verify that this commutativity is valid. However, in this
connection see our remarks at the end of section 6.

Definition 1. We write k(x) € X ir

(3(1) k(x) is Riemann-integrable in every finite interval;

n=+o
(3(2) T max k(x)\ <@
= - 00 n<x§n+ 1

We shall also write {K+ for the subclass of functions k(x)

such that k(x) > 0, all x. For future reference we note the
following fact. Suppose k(x)€ M, and define

_ max
kl(x)- n <x < p+l | x(x)!, n<x<ntl,

foralln= ., .., =2,-1, 0, 1, 2,. . +« Then kl(x) and kl(x)+k(x)

both belong toy;._. Hence an arbitrary member of X can always be
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represented as the difference between two members of 1{+. Incidentally,
note that 3\ is a broader class of functions than Q .

The main theorem of this paper is theorem 4, and all the later
limit theorems in this paper are deduced from it., It states that
certain very weak restrictions on the renewal sequence {Xn} imply
that k{x) * H(x) ~=> 0 as x = & for every k(x)EiH with W&\l = 0.
Thus, although theorem 4 does not state that k(x) * H(x) necessarily
tends to & limit for all k(x) GJ{, it does insist that if kl(x)

and ke(x) both belong to X , and 1f k) # 0, WkM ¢ O, then as
X —-—

kl(x) * H(x) ke(x) * H(x)
- . > 0
1] kl“ “kQ“

The conditions involved in theorem 4 have been introduced to
cover eventualities which Jjust cannot arise when we restrict our
attention to renewal processes. Thus, it is well known that for
renewal processes, with 0 < E{Xn}g 00, H(x) is always finite and

H(x+1) - H(x) is uniformly bounded. These two properties of the
reneval function do not appear to hold necesssrily for quite general
renewal sequences. In condition (a) of theorem 4 we simply suppose
they do hold. However, we describe in section 6 of this paper a
certain condition U on {Xn} which, if satisfied, automatically
ensures the satisfaction of condition (a) of theorem 4. Condition
G: relates to basic properties of the {Xn} sequence and should not
be difficult to verify in particular circumstances ; for positive
renewal sequences, corollary 3.1 shows that G can be replaced by
a much simpler condition. '

In treating renewal processes the distinction between the
periodic and the continuous cases is clear-cut. But when we turn
our attention to renewal sequences a new and significant obstacle
is found to bar the progress of our investigation. We have defined,
simply enough, what we mean by a continuous renewal sequence, the
troublte is that as we run through the series of random variables



'iXi}'sequentially they may "misbehave" and begin to look more and

more like lattice variables. Thus, although we may "officially" be
 dealing with a "continuous" sequence, we:may in Pfact be faced with

a sequence which, in some vague sense which we will not bother to make

precise, is "ultimately periodic." A major part of the present paper

(sections 2, 3, b, and 5) is devoted to a discuseion of this matter,

& matter which requires no discussion at all when dealing with

renewal processes. Our primary object in this part of the paper is

to determine weak restrictions on the sequence {X;}which will prevent

its "misbehaving" too badly. We introduce the notions of asymptotically

lattice sequences of random variables, and of insistent meshes of

the renewal sequence {Xn§ . These notions cannot be briefly described
in this introduction} we shall content ourselves with the remark that
it is the insistent mesh structure of {Xh} which determines how well
or badly it "behaves," Conditions (b), (c), and (d) of theorem 4
impose such restrictions on the insistent mesh structure of {Xﬁk

as were found necessary for our present methods of analysis to be
successful., We do not believe these conditions to be necessary ones,
but it certainly should be said that only extremely pathological
renewal sequences fail to satisfy them. Roughty speaking, we regard
{Xn} as well behaved except when it contains arbitrarily long, un-
interrupted runs of consecutive variables which are arbitrarily nearly
like lattice-variables. Thus the periodic renewal sequence is ruled
out from consideration for theorem k; however, we'explaiﬁ in section
12 that there is a completely parallel theory for periodic renewal
sequences.

With the exception of the papers by Chung and Pollard /3 7 and
by Cox and Smith 1?5;73 it is probably true to say that all the
published proofs of (1.3) and (1.4) are Teuberian in nature. That is,
they utilize the knowledge that, for a special kernel function
k(x), the convolution k(x) * H(x) tends to a certain limit, and succeed
in deducing from this fact that similar limiting behavior operstes
when k(x) is any member of such and such a class of functions. In
fact, in the continuous case, the special function is always
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k(x) = U(x) = Fl(x); the well known integral equation of renewal theory

shows that %_U(x) - Fl(x)} ¥ H(x) = Fl(x), vhich tends to unity as

x tends to infinity. Karlin /8 7 and Smith /107 actually go so far
as to appeal to Wiener's general Tanberian theorem.

When we consider renewal sequences instead of processes, no
convenient special kernel is available and the Tauvberian kind of
argument is no use. Thus we have had to develop a quite new attack.
The methods of Cox and Smith /5 / are unsuitabte as they make heavy
assumptions about {Xn}-. In the sense that our chosen argument uses
Fourier analysis it resembles that of Chung and Pollard zTBLJﬂ but
the resemblence does not go very far.If our present ergument is applied
to renewal processes it will be found to be much simpler than the
estimation methods employed by Chung and Pollard (who bad to make
an assumption about the characteristic function of Xl which 1s now known
to be unnesessary). The method we actually adopt wtilizes scme easily
proved properties of the triangular probability density function
and of its Fourier transform. We discuss these properties in section
T.

In section 9 we show that for continuous renewal processes, with
0< E'{Xﬁ} < o, it is an easy consequence of theorem L that

kW
* ——— —t— ————
(1.5) k(x) * H(x) > BI% 3 88 X ~=> ™,
for all k(x)E_.K . Section 10 takes up the question of the extent
to which (1.5) will be true for renewal sequences., The notion of an
ultimately stochastically stable sequence of random variables is

introduced, and it is proved in theorem 6 that if the renewal sequence
{X } is such & sequence, and if its insistent mesh structure satisfies
the conditions of theorem 4, then (1.5) will hold with E {x} replaced
by a certain constant of the sequence {Xn} Thus theorem 6 provides
the desired generalization of '(1.4k) from renewal processes to renewal
sequences, If is useful, however, to have convenient necessary and
sufficient conditions under which the renewal sequence will be
ultimately stochastically stable. Such necessary and sufficient

conditions are given by theorem T and are as follows.
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There must be an integer N such that E{XN}, E§_ XN!-].}’ E‘?.XN-!-E’}’ . o ey

ad infinitum, is & stable sequence (as defined by Cox and Smith [ 5__7).
There must also be two distribution functions G (x) , G_._(xl, s
each referring to a random variable of finite expectation, such that

6 (x) gP{X <x}, r >0, Gfx) 2P{X Lx}, r 3N . Provided these

two conditions are satisfied, and provided the asymptotic mesh structure
of the renewal sequence is satisfactory, it follows therefore, from
theorems 6 snd T, that the convolution k(x) * H(x) convergees to a
limiting value &8 X ——> 0. Theorem 8 gives a version of theorem 6
for the situation when the {Xn} predominantly have infinite posltive
expectations and k(x) * H(x) ——> O for all k(x) €EX. ,

In section 11 we comsider functions of the form Q(x) = j jF j(x) ,

of which H(x) is a special case, It is explained that, when the constants
{a '} are bounded, theorem L holds for Q as well as for H, If the
constants {a }f’orm a stable sequence with average a, then it is proved

in theorem 9 that there is a suitable extension of theorem 6, that is,
limits 1like (1.5) can be proved for Q instead of H:

a Wkl

k(x) * Q(x) —— m ’

a8 X ===> 00,

for all k(x) €i}(, where p is & constant associated with the ultimately

stochastically stable sequence {Xn} . Functions like Q(x) have been

considered previously by Cox and Smith {5 /. .
Finally, in section 12, we discuss briefly two additional metters.

First, we comment on the theory of periodic remewal sequences, which

parallels the theory given in this paper, but which we do not develop

in detail. Second, we discuss the case of dependent variables {XQ}

and introduce the idea of "structure - R." We show that a theorem

1ike theorem 4 will hold for certain sequences of dependent variables

if they have structure - R.

2. On insistent subsequences

In our study of the renewal sequence {Xn} we will have to guard
against its bebaving too much like & sequence of lattice variables.
To discuss this undesirable possibility we introduce the concepts of
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an insistent subsequence and of an esymptotically lattice sequence
of random variables. This section is concerned with the first of

these ideas.
Suppose we are given a certain subsequence {,A \} s v=0;1, 2,. o o3

of some arbitrary infinite sequence of terms{ A } n—O, 529 o o o e
For each value of the integer n define the integer «n as follows:

(a) If A does not appear in the subsequence { An} then set (n= 1.
v
(b) If A_ does appear in {a, } then let { be the maximum integer
R

at1? Bpepr ¢ 0 0y An+(n-2

We call f the { - sequence of {A } . If the sequence of
oy
integers {( }, n=0,1,2,. «+ ., is unbounded then we shall sqy

{A ; is an insistent subsequence of {A } Thus, when we have an
oy
insistent subsequence of & given sequence, we can find arbitrakily

such that An, A all appear in { Anv} .

long runs of successive terms in the given sequence, which terms
all appear in the subsequence.
It is necessary to introduce various degrees of insistence of

the subsequence {A » If there is a & > 0 such that, although
By

{A } is insistent, n n%" 1/3 (, —> Oas n > 00 , then ve shall

say iA } is weakly insistent. If {A } is insistent but not weakly
By

insistent, and if n -1 (n —> 0 as n —>» 0, then we shall say {An
is mildly insistent. If {An} is insistent;, but neith§r weakly nor

v
mildly so, then we shall say it is strongly insistent., It is to

be emphasised that & subsequence {An } can be "highly representative"
v
of the given sequence {An} without being in the least insistent (in

the present senee). For instance, {An} might consist of every temm
v
in{An} with an even suffix} then (n= 1 or 2 accoiding as n is odd

or even, and the subsequence is clearly not insistent. On the other

hand, if {An } is & strongly insistent subsequence of iAn} then there
v
must be an € > 0 such that, for infinitely many values of n, all the
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terms Ar for n 5 r< n(1l+¢) belong to the subsequence.

The various degrees of insistence are useful in conmection with
a certain method of summing series, which we shall use later, by
aggregating successive terms of the series into blocks. We therefore

describe the blocking procedure appropriate to the subsequence '{An} .
v

The first { terms of {A } are assligned to the first black, B. say.
) n ’ 71

Define A= (/o. Assign to B,, the second block, the next remaining

(}‘1 terms of {An} . Thus B, starts with A yo and runs to Ayo“i'l.
Define A= (/"1 and assign to By the next {0 . Ay terms of {An} .
Define h3= (/)'1+ A and assign to B, the next { + g g terms of

{An} « It should be clear how this procedure is to be continued; its

motivation is easy to grasp. Each block comsists of a run of successive
terms in the sequence {An} of which all but the last belong to the

subsequence {An} « The following two lemmas, needed later, refer to
v

this "blocking procedure."

Lemme 1, If {An} s neither a mildly nor a strongly insistent
» v

subsequence of the infinite sequence {An} then

w® }‘n
z --7- <Q .
n=1 n32

Proof. If {An} is not insistent then the {-sequence {(n}
v

and hence the A-sequence {xn} are bounded; the lemma is then trivial,

Suppose therefore that {An} is weakly ineistent and that 8(>0) has
v

been chosen so that n8'1/3 (n —> (0 as 0 —>w, Thus, as n —> o,

N+ A+ o0 o+ An_1)5'1/3 A, =—> D

n
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If we write ,\n= X1+ %.2+. o oF )"n’ then the last limit can be

rewritten

8-1/3
(N, > (AN ) —>0.

But A > 1 for all n, so that A_ >N _ . . Thus

5 - 1f3 52 /3 | &+2/3 .
An-l(hnﬁkn-1)>/\n - /\n-]_ > 0,

and we mey conclude

&2 /3 &2 /3
1um (A - N ) =0.
N =300 ‘n n-1
&+2 /3 &5+2 /3 &2 /3 '
Define €= Al and €= An - /\n-l ; for n > 1,

Then en - 0 as n =—> o and

- L.+ e ) 3ar3e)
An = (el-l- €t o o o ¥ en)
If we further define En= n-l(€l+ €t 0 0 ot en) then, as a well-known
consequence of € ~=» 0, we have En-—> Oas n - 0. If we now observe
thet _ 3/(2+38)
€
-2 = 2
2572 o (1158 /(4+68)

it follows immediately that

o0 An ® n )
z —7— = L e (Z A
n=1 n5 2 n=1 nwﬁ m=1 n

is a convergent double series of positive terms. Rearrangement is
legitimate and shows

z ?\n( z -—575

n=1 m=n m



to be convergent. Since

®
(2/3) 23~ g m'5/2, a8 n —~>» @,
m=n

the lemma 1s therefore proved.

Lemma 2. If {An }is not & strongly insistent subsequence of

v
of %An} then
® 5
Zp N <
n=1

for all p such that 0 € p < 1.

Proof. The previous lemms proves the present one easily if

{An} is weakly insistent or not insistent at all.
v

If {An} is mildly insistent then (/n ) Q——y
v

and so A.n/ ()\1-!- At o ot xn-l) > 0'as n =>» 00, Hence, given
any € > 0, there is an integer m(e) such that for all n > m(e) ,

O<A, e (Mt Ak 0w ot N )

Put C = kl+ )\2-0-. o ot A‘m-l ;s then we can develop the following
inequelities in a systematic fashion:
0< A <e’C;
m

o<>~m+ <e(c+xm)

1
<e(l+€)C;

O<A.m+ <e(c+>s.ﬁ+}\.m+

2 l)

<e(l+ e)ec;
and, generally, for allr 20, O0< A, < e(1+¢)F c.
If ¢ is chosen small enough to make p(l + €) < 1, which choice is

always possible when 0 < p < 1, the lemma follows directly from these
last inequalities.
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5; Asymptotically lattice sequences
Suppose {Yn} is a gilven sequence of random variables. Suppose
it is possible to find two sequences of finite constants {an},
{hn‘g, such thet b > O for all n and (a) B —=>has n —> @,
where 0 < h < 00; (b) if the random variable ?ﬁ is defined by
- hn/‘ 2 < ?n < + hnf.2~ » end Tn £Y-a (modh) then Yn — 0
in probebility as n —» (0., In this case we say Yn is an asympto-

tically lattice sequence, and h is its asymptotlc mesh.
Let us adopt the notation that if Y is any random variable then
Y' and Y" are independent random variables distributed like Y,
Write Y° = Y! — Y" for the aymmetrization of Y, We then have
Lemma 3, A necessary and sufficient condition for iYa} to be

asyoptotically lettice is that {Y° }be so.

Proof, The necessity part of the lemms is rather obvious; we
prove (and need) only the sufficimncy part. Suppose therefore that
{Yzﬁ'is asymptotically lattice, with appropriate sequences {ai} ,

gh2§ . Because the varisbles {Y;S'are symmetrical we can clearly
choose a: = O for all n., Define Sn(e) to be the set of all real numbers
which differ from zero, or a positive or negative multiple of h:, by
less than €, Then if, for some € > 0, we have

‘n 1 -
(3.1) Piv: -Y" €8 ()}>1 -,

there must be a real constant an such that
Tt oYM LI -
P{Yn e s ()] an}>1 c.
But Y; and Y; are independent, so the last inequality implies

(3.2) PSY; -8 € Sn(e)}> 1- e;

The fact that (3.1) implies {3.2) is enough to prove the lemma.
We remark that there ls an alternative proof of the above lemma

in terms of characteristic functions; this proof is, in some ways,
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more appealing; but it does not cover the interesting case h = oo

which is embraced by the arguements we give, However, characteristic
functions are useful when we restrict our attention to finite asymptotic
meshes; there is then an alternative deflnition of asymptotically
lattice sequences, which will be important in the sequel, and which

is summarized 1n the following,

Theorem 1. If f?n(0$ =E {eie Yn} for n =1,2,3,« « .,-then a

necessary and sufficient condition for iYn} to be esymptctically

lattice, with a finite asymptotic mesh, is that there should exist
N [4) K LAY
8 sequence of angles {On}'and a 9, 0<0O< 00, such that §n @ and

\S'n(en)l-»él,ggn-éw.

Proof. We prove the necessity part first. Suppose'{Yh¥ is

asymptotically lattice with the finite asymptotic mesh h. Let {a E

- n 3
. {hn} s have the usual meanings, Then 1t is eesy to show that
) ' 2x(Y - a_)
(3.3) Lim E{cos [ — 1} =1,
N==>00 n
or
-2ria_/h '
(3.4) 1im R e nm 3n(2u/hn) =1,
D ~=00

But! J (8)] <1 for all 8 , so we may deduce from (3.4) that

I];:lf>°° ,%(Qu(hn)‘ =1.

This proves the necessity of our condition; evidently we may take

A -
. 6==2r/h and 6 =2x/h .

To prove the sufficiency part of the condition, first put
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-10
n
,3' n(en) =pe , where oy and Q  are real and chosen so that

O§Dn§1’ and Ogan<2n. Then pn ~> 1l 88 n => 0, Or

-0
lim n
(3°5) n om->°° e '\?’n(en) = 11
On taking real parts of (3.5) we discover

(3.6) ii_f‘_‘m E {cos(QnYn—- an)} =1,

Define h = en/ !ent end & = an/ len\ , and we see that (3.6) implies
(3.3). The asymptotically lattice nature of {Yn} is an easy deduction

A
from this last limit, (3.3), since h —> 2x/ 161 = h, say, and

0<h< .
It is of interest to see why the present arguement fails for the
case of infinite asymptotic mesh, The reason is that when hn-—> 00

the fact that the 1imit (3.3) holds is not equivalent to an asympto-
tically lattice nature of the sequence { Yn} °

4. Insistent meshes bf the renewal sequence

We now apply the ideas of the preceding two sections to the
renewal sequence {Xn} » To do this we shall need to employ the following

convenient notation. If ‘{An} is any sequence, and if {A " } is some
14

glven subsequence of it,let {Aﬁ / An 1’ denote the sequence obtained
v

from {A n} by deleting those terms which are also in '{An} « In other
v

words {An/ An } is the subsequence which complements {An} with
v v

respect to {Ang .
If the renewal sequence %Xni possesses an insistent subsequence

{Xn} which is asymptotically lattice, with asymptotic mesh h, then
v
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we shall say that h is an insistent mesh ( or, briefly, an I-mesh)
of an} » If h is an I-mesh of‘{Xn} and if it is possible to find

& subsequence {Xn } s say, such that h is not an I-mesh of the mew
v

sequence ;X.n/'Xn } , then we shall say {Xh‘} annihilates h; alternatively,
v v )

we may say'{Xn } is an annihilating subsequence. Notice that is is
v

not necessary for the annihilating subsequence to be asymptotically
lattice; it is obvious, however, that an annihilating subsequence must
be an insistent subsequence. Another point to be noted is that the

modified sequence {Xn/ Xn } may contain I-meshes which were not
v
I.meshes of the original sequence §Xh} .

If h is an I-mesh which can be annihilated by a weakly insistent
subsequence of {Xh} then we shall say h is a weakly insistent mesh

(briefly, an Iw-mesh). If h is an I-mesh, but not an qumesh, and

if h can be annihilated by & mildly insistent subsequence of {Xn}

then we shall say h is a mildly insistent mesh (an Im-mesh), kg
h ie an I.mesh which can only be annihilated by a strongly insistent
subsequence of {Xn} then we shall sey h is & strongly insistent mesh

(an Isamesh)o In the latter case we may 1f necessary, regard the
entire renewal sequence as an annihilating subsequence of itself, and
we must adopt the view that finite (or empty) sequences of random
variebles possess no I-meshes., For example, if every random variable
of the renewal sequence is, with probability one, an even integer,
then 2 is a strongly insistent mesh; the Is-mesh 2 can only be

annihilated by subsequences {Xh } such that an/'Xn } contains
v v

but finitely many terms. ,
It is sometimes helpful to speak of degrees of insistence. Thus

if h, is an I -mesh and h, is en I -mesh then we shall say hl is more
1 m 2 W

highly insistent than h,; if h1 and h2 are both Im-meshes, say, then

we shall aall hl and h2 similarly insistent; and so on. If h1 and
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end h2 are distinct finite I-meshes such that hl / h2 is a positive

integer (> 2), then it is not difficult to see that h, cannot be
more highly insistent than h2, Furthermore, if h is a finite I-mesh
then h/2, 1/3, b/4,. . ., are all I-meshes which by our previous
remerk, are at least as insistent as the I-mesh h, If we write n
for the set of all I-meshes then it is obvious that,unless ¥ s
empty, it always has O as a limit point, Nevertheless, O never
belongs to H .y 8ince 1t can never be an asymptotic mesh,

Theorem 2, If 0<h< 00 and if h is a limit point ofﬂz then
ne # ®

Proof: Suppose {hm} is & sequence of I-meshes such that hm--> h

a8 m ~=> ®, For each I-mesh hm we can find an insistent subsequence

i Xn } of {Xn} s and real sequences {asm)} s ih(xs) gfor v=1,2,3;,. ¢ o,
my
such that, if e-af)m)/ 2 < i’im)< + him) /2

and f&m) = X - af,m) (mod hf,m)) , then 'i‘(,m)—> 0 in probability
nv

88 V ==> 00.
Let {qm}be a decreasing sequence of real numbers such that

em--> Oasm -> 0. Since %Xn b 1s insistent, we can find integers
lv

Q. ,8., such that the sucessive terms of {X } from v=Q, to v=P., are also
171 n, 1 1

. . -1, £
successive terms of {Xn} ; such that nmi-nmlxl sand such that {h™- ?Keland

P {l'if,l)! >eb <e, forall vsuch that o, < v g B, - Similarly

1

we can Ot2 and 62 such that the successive terms of 4an} fron
' 2v

V= ae tovs= {32 are also successive terms of {Xn} 3 such that

Ih(e)a hie)k €, and P} lfie){> ee} <€, for all v such that

0y <vg 52. We can evidently ar;a.nge » more_over, to have n161< nme s

and it is clear how we can continue, on the lines we have described, to
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runs of consecutive terms from %X } ,§X } » and so on.
n n
3y Ly _
Define & subsequence § X } of{Xn} as follows., Let the first
. Ov

Lig = Dy + 1 terms of 'EXn } be the terms of {Xn § from v = ¢
1 1 ov lv

to v=pB,, Let the succeeding n,, - n, + 1 terms of {X } be the
1 2By 2% Rov

; and so on, Since em decreases

1

terms of{Xn } from v=0Q, to v=p

2V

to Oand b —>h as m —> (0 it is not difficult to see that {xn }
ov

is an insistent subsequence of %Xn} vhich is asymptotically lattice,

2 2

with asymptotic mesh h., This proves the theorenm,

An important consequence of theorem 2 is that if (0 is not an
I-mesh then 3{ must be a bounded set, The following corollary shows
further that if 0 is not in Hmu M‘s then Xm UE{IS nust be a

bounded set,(xaw,*xgm,xs, are the sets of Iw-,Im-, Is" meshes).
Corollary 2.1, IfO<h< (00 and if h is a limit point of
}Cmu'ag, tl'len hexm‘u‘xs.
Proof . The proof is similer to that for the main theorem,
Suppose § hmi is a sequence of I-meshes in }?‘m lﬂes such that hm—> h

as m ~> 0, For each I-mesh hm we can find an asymptotically lattice,

insistent subsequence {Xn } s a8 before, but with the additional
my

properly that if (/(m)} is the associated {-sequence then, for every
n 2

58> 0, {n5'1/3¢£m)} is an unbounded sequence., To see this last
point, observe that there must be an ¢ > 0 such that 115/2 - l/3¢£m)> €

for infinitely many values of n; thus n5'1/5¢1(1m) S e n5/2 for

infinitely many values of n.
Let §8v} be & decreasing sequence of real numbers such that

Sv-—-> O as Vv => 00, Then we can modifiy the construction of the

main proof so that, in the notation of that proof
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-1 _1/3-8y
n -1 > € n 3
v&v vav v wv

for all v. The rest of the argument holds with only trivial changes;
in particular the fact that Sv decreases to zero ensures that

{Xn } will not be weakly insistent.
Ov

We complete this section with two lemmas which show that the
degree of insistence of an I-mesh h, say, cannot be lower than that
of any asymptotically lattice, insistent subseguence with asymptotic

meeh h,
Lemma 4. If the renewal sequence {Xn} contains an asymptotically

lattice, insistent subsequence {Xn } which is not weakly insistent
v

and of which the agymptotic mesh is h, then h is not an Iw-mesh

(although it is, of course, an I-mesh).

. Proof. We use the notation of section 2 and let { [n} be the
[— sequence associated with {Xn} . Then for every ® > 0 we must
v

have ﬁa_'.l/j {n —->0asn—>00.

Suppose it is claimed that h is an Iw-mesh and that the weakly

insistent subsequence {Xm } ,8ay, is such that {Xn/ Xm % does not
v v

have h as an I-mesh. Iet { [;E be the f- géquence associated with

%

{Xm} and suppose © > O is such that P - 1/313 —~>0 as n - ®. Take
v

0 < & < d%, Then there must be an € > O such that [n> 65111/5'25

*
for infinitely many values of n; let n be such a value of n.

In the argument that follows regard the values of any functions
of n* or of n as being taken to the nearest integer. Then there is

*1/3-8

a run of en uccessive terms in {Xn} ; call this run R. We
v

ask: how many terms in R also belong to { Xn/ X, }?
v

*
It may be supposed that n' is so large that [ﬁ < enl/ 3-8
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for all n > n*. Thus, if R contains a subrun of consecutive terms

1n‘{Xn} which also belong tO‘{Xm.} , then this subrun can contain
v

no more than €(n+en 1/5'“5) 1/3-8% terms. Each such subrum of R
must be followed by a term of %Xn/ X Y . Thus R must contain at
least v
a5 -
- ~E% = *9
€ (n¥=+ en*]'7j 5)1/3 5 n

%5

say, terms of '{Xn/ Xm} o Plainly p y~n¥ which —> 0 as
v

n¥* «=> 00, Thus {Xn/‘&m} contains arbitrarily long runs of consecutive
v

terms which belong also to the asymptotically lattice subsequence
{Xﬁ } . Thus h is an I-mesh of {Xn/IXm } , and this contradiction of
v v

our hypothesis proves the lemms.
We bring this section to a close with the following lemma which,
while barely used in the sequel, is of value in analyzing particular

renewal sequences.

Lepmma 5, If {Xn} has an asymptotically lattice, etrongly insistent

subsequence {Xn } with asymptotic mesh h, then h is an Is-mesh.
v

Proof. The proof can be constructed on lines similar to the
ones adopted for the proof of lemma 4. Lemma 4 shows that h cannot
be an Iw-mesh° Suppose it 1s claimed that h is an Im-mesh and
that the mildly insistent subsegquence {Xm.} annihilates h, Define the
v _
{-sequences as in the last proof and put € = Qg/h and eX= Q%/h,

1/2

Then there is an € > 0 such that en> € for infinitely many values

of n, while e§,< € for all sufficiently large values of n, For

arbitrarily large values of n we can find sums of more than n ei/é

cousecutive terms in {Xh } which are also consecutive terms in {Xn} 0
v

In such a run, R, say, the subruns which are consecutive terms in
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{Xm} cannot contein more than ¢(n+n el/e) terms., Thus R contains

14

1/2 1/2

(1+e )} terms of § Xn/ X } . Since € can be arbi-
v

at least 1/[6

trarily smell, we have proved that {Xu / Xm} contains arbitrarily
‘ v

long runs of consecutive terms which also fall in the asymptotically

lattice subsequence {Xn} » Thus h is an I-mesh of {Xn/ Xm} snd
4 v

the lemma is proved by this contradiction of our hypokhesis.
5« On sums of characteristic functions

Let {an be the renewal sequence of independent rendcm variables

and let ¢ (6} = £ {e'*n}ve the characteristic function of X_.
Write \vn(e) = ¢1(9) ¢2(6) « o s ¢n(e) for the characteristic function
of the partial sum S , Recall that} ,X{m,B& , are the sets of all
n ' B ‘
weakly, mildly, strongly insistent meshes, respectively.
If @ = + 21/ h, vhere ne ¥ s then we shall call © an insistent
angle (I-angle), If ® =% 2x/h, where hEM,w, we shall call 9 a

weakly Insistent angle (Iw-angle); similarly for mildly, snd strongly,

ingistent angles(Im- and Is-angles). Note that O can be an insistent
angle if co is an insistent mesh.

Lemma 6, If J is a bounded closed interval which

(a) do=s not include O;

(b} contzine ne strongly insistent angles;
(¢) contains no. more than a finite nuwber of rildly insistent

angles; then Z‘iowj(e)i is boundedly convergent in J.

Proof, BSuppose first that J contains exactly one Im«angle,
~
8, say. Let {Xn} be & mildly insistent subsegquence of%{m} which

v
annihilates the Im-mesh 2n /\@\ , and let {(n}be the corresponging

{-sequence. Then (n /o —>0asn —> . Let {en§ be a decreasing
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sequence such that e > Yn/n for all n, and € —> Oasn —> M,

Since {Xh'& is mildly insistent, for every 8§ > O there 1s some
v
¢ > 0 such that 7; S €n1/3-5 for infinitely meny values of n.

2/3+ 8

Hence € > e/n for infinitely many values of n. Write

L =1im sup sup inf 1/ \ ¢J(6) V.
k=oo 0 €J nk n< < n(l+en )

It is obvious that 0 < L < 1, but our wish is to prove that L <1. To
this end, suppose L = 1, This implies the existence of an unbounded in-
creasing sequence of integers {nv} and of a sequence of angles in J,

§6v§ such that if we write

L, = inf . } *5(0,) \
n,<J<n,(1+e ")
v
then Lv-> las v —>» (0, Because J 1s & bounded closed set we can (by

selecting a suitable subsequence if necessary)arrange for {ev} to be &

convergent sequence with a limit point G*:vé 0.
Define a subsequence S, say , of {Xn} by sssigning Xj

to 8 if n, <3< n, (1 + ei/é) for some v, Since Lv-> las v = @O,
v

while ev - g% 94 0, it is an immediate consequence of theorem 1 that

S is asymptotically lattice, with asymppotic mesh 2n/10*| . Furthermore,
if {ﬂg} is the {-sequence corresponding to S then the definition of 8

shows that Qg /n 2 e;/é for infinitely many values of n, By our choice
of {en} it follows that, for every 8 > O, there is an € > 0 such that
fz/ n1/3'52_n1/3+5/b€1/2, for infinitely many values of n. Thus S is

not weakly insistent, and an appeal to lemma U4 establishes that
2n/16*%l is either an Im-mesh or &n Is-mesh. But our hypothesis is that

J contains no Is-angles and exactly one mildly insistent angle, namely
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A A
® . Thus 6% =9 ,

Finally, we make use of the annihilating subsequence ixn'§ . The
v

A
modified sequence {Xn/'Xn } does not bave 2x/18\ as an I-mesh, However,
v

if we employ the kind of argument used in the proofs of lemmas 4 and

5, we can show that, for infinitely many values of n, {Xn/Xn 3 must
v

contain runs of more than

o €1/2

= pn,

(n+n e;/Q) €n(l+e1/2)

say, successive terms which also belong to S, But {en} is a decreasing

sequence, so that

1
> —
“n < (1+el/§) el/e
n n

This last inequality shows, since e, =>0 thatlgxn/ Xn § contains
v

arbitrarily long runs of consecutive terms which also belong to the
symptotically lattice sequence S, whose asymptotic mesh is Eﬂ/lg\-

Thus 2x /18| is an I-mesh of the modified sequence-{X /'X § . But .

{X } is supposed to have annihilated this particular I-mgsh Thus we
2y

have & contradiction and must conclude that L <1,
Since L < 1, there must be an integer ko, and & number p with

0 < p <1, such that

(5.1) inf \¢j(e)\ < p
n<J<n(l+ ei/é)

for all n 5 ko and all e € J,

With no loss of generality we can assume Xk 2 2. We then
construct a subsequence 9, say , of {an(e)} as follows:
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(a) for j=1,2,. . .,ko-l, j(G) does not belong to &;
(b) for ky S J < ky(1 + 61/2) - 1, 0,(8) belongs to 0;

1/2

(c) if k, is the least integer exceeding ko(l + € ) -1,

then ¢ (8) does not belong to 0;
kl-l ———

(a) for ky £ 3 Sk (1 + et/

l
is the least integer exceeding kl(l + e

) -1, ¢ (6) belongs to Q;

1/2
k)

(e) if k ) - 1, then

2

¢k l(e) does not belong to ¢; and so on ad infinitum,
x

It is apparent that ¢ is not a strongly insistent subsequence of
{¢n(6)} becauge en-—> Oas n —> 0, Let us assign the terms of

{¢n(6)} to blocks in accordance with the blocking procedure described in
section 2. The first (k -1) blocks will each contain just one member.

Block B, , hovever, conteins all ¢ (6) for which k, < J <k (].+el/2
0 O

Therefore, if we employ the A - notation of section 2 for the number

of terms in the bloeks, the number of terms in B is Ak < k 1/?.

contains all ¢,(8) for which k. < J < k (1+<-:1/2 ),
0 J T=""="7r kr
1/2
0 r kr
In view of (5,1), and the fact that the modulus of a characteristic

function never exceeds unity, we find that

\ W—Y °3(6) \A < p
°j ¢ Br+ko

More generally, Br+k

and so contains A <k, ¢ terms.,

r+k

for all 8 € Jand r = 0,1,2,. . .. Therefore, if n > k.

m-l
bv@lgs T 1B ¢J(e) < pt
=0 | 4 ¢B
J r+k

0



-2k

and so

D RO < gy

0
km <n< km*l
The present case of the lemma 1s now seen to be a consequence of
lemma 2.

To deal with the case when J contains several %m-angles (but only

a finite number, of course) is now easy. We merely represent J as the
union of a finite number of bounded closed subintervals each of which
contains exactly one Im-angle. The previous argument can be applied
to each subinterval, .

To complete the proof of the lemme we must discuss the case when
J contains no Im-angles. The srgument needed for this cese is similar
to but somewhat simpler than the one we have given for the case when J

contains exactly one Im-angle. We define L as before, but with

€= n-E/B’ say. We can then deduce from the hypothesis L = 1 the
following facts: (a) {Xn:}contains en esymptotically lattice sub-

sequence {Xn } with asymptotic mesh 2«/(5\ , say, where ) € J; (b)
)
1f-{¢;§ is the {-sequence associated with {Xn } , then Q; > n2/3
v

for infinitely many values of n. From (p) it is clear that {Xn }
v

is insistent, but not weakly insistent. An appeal to lemms L shows that
A ~

2n /18] is either an Im-mesh or an Is-mesh; since 8 €. J we have, in

either event, a contradiction because J is supposed to contain neither

m
proceeds exactly as before.

I_-angles nor Is-angles. Thus L < 1 and the remainder of the proof
The lemma we have Just proved gives us vital information about
the behavior of the series £ WJ(G) in closed intervale which do not
contain O. It 1s also necessary, however, to examine the bebavior of
this series in a neighborhood of O, The next two lemmas consider this

problem.
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Lemme 7., If X is & symmetric random variable with characteristic

function ¢(8); if, for some fixed small © # O, e? Z{l-‘b(e)]/ e where

€ is small; and if A(@, €) is the set of real numbers which lie within

(36)1/5

of an integral multiple of 2& / ® (positive, negative, and zero

multiples allowed); then

Proof., Denote by B the set of x-values for which l-cos 6x <€ 67,

and let B® be the set of

? >

>

P{X€A(®, €)}>1-¢.

x-values complementary to B,

1 - ¢(0)

a2

E{l-cogex}
e

€ P{XéBG} .

2

Since X is symmetric,

Thus P{XQB} > 1- €, and the lemma will be proved if we can show

BCA(e, €).

The set B consists of an infinite sequence of congruent intervals, of

width 2k,say, centered on the integral multiples of Eﬂ/ @, BSince

€ is supposed small, & is also small; we find an upper bound for k by
observing that, for all small x, we have (1 - cos 6;{)/(32 > x2/§, 80

1/2

that F¢2/3 < e, that is, &< (3e) . Hence BCA(S, ¢), and the lemma

is proved.

Lemma 8. If 00 is neither a strongly nor a mildly insistent

mesh of the renewal segquence {Xn} , then for all gufficiently small

n>0
2

o]

¢ o)
8- |wj(e)1 ae <0 .
1

Proof, By corollary 2.1 the sets éfm and }1’5 must be bounded.

Thus we can choose 1 > O so that the interval /O, 1/ contains neither

I nor I -angles. By lemma 6, incidentally, ij(e)t will converge for

all 0 < @ < 1.
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Write J for the open interval (o), J for its closure, and, for & > O,

) . 2
L, = 1im inf {inf  sup 1 /58 ( 1 “¢J(g)\ )
- 6

® k> 66 npk n<Jjgn+a

We shall prove that I..8 > 0 for some sufficiently small & > O.

To establish this let us make the hypothesis that L.= O for all & > 0O,

8=
Then there exist three sequences: (a) an unbounded increasing sequence
of integers n, ; (b) a segquence of angles-{ev} in J which may, with

no loss of generality, be assumed . convergent to a limit

e*, say, in J; (c) & decreasing sequence of real numbers {5v§ which

converges to O. These three sequence, moreover, will have the properiy
that, if we write

2
(5.2) 63 = sup ( L:_ng.g.gv)l_)’
n < j<n, +n /38 %
v = = v Vv

then €, —> 088 v -—> 60,
Employ the notation of lemma T and write Av for the set A(ev, ev).

Observe, furthermore, thatv}¢3(e)]2 is the characteriestic function of

the symmetrized variable X3° Then (5.2) and lemma T combine to show
that
(3.3) 1-€. < inf pix® e a t.
V= 1/5_5v J v
Bysdsm,*t o,

Since ev-> 0, (5.3) proves that {ij}contains an asymptotically

- lattice subsequence with asymptotic mesh 2 /)6*( (which may be 00

if %= 0). Lemma 3 then shows that the corresponding subsequence of
{xn} has similar asymptotically lattice properties. But, by (5.3),

this subsequence is insistent, and since 8v-> 0 it is not weakly

insistent. Thus lemma b4 proves o%to be either an Im-angle or an
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or an Is-angle. This contradicts the hypothesis that J contains no
such angles. Thus we must conclude that L8> 0 for some & > 0.

It may be pointed out that if it could be supposed that &% % O
then the argument from (5.2) onward could be greatly simplified,
and lemma 7 dispensed with., However, % = O is a possible value
for an insistent angle and it is this possibility which makes the
present argument necessary.

Having proved that L, > O for some 8 > O,we can infer the

B
existence of an integer ko and & real number p > O such that
1- 16,012
sup 5 > P
1/3-8 e

ngigatn

for all 8€J and all n 2 k_. Thus, for each value of 8€ J there is a

j such that n < J<n+ nl/B'6 and

1 -hj(e)!z >p6°,

or
fey@) <1 -0 e° .
It appears, therefore, that for all 6&€J and all n 2 ko’
(5.4) ﬂ °’3(9) <1 - e .

n§J§n+nl/5'5

Construct a subsequence & of {¢n(e)} exactly as was done in the

proof of lemms 6, but with the term n(l + e;/Q), which is used in the
1/3-5

earlier construction, replaced by the term n + n . The subse-
quence ® so constructed is weakly insistent.

If we form blocks of terms in the same way as before and employ
the same notation, then we find from (5.%4) that

(5.5) b Iy (e)] < "m+k° (1 - p 82)%, for all & € J,

k §n<km_‘_1
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However, if we suppose f| so small that o “2 <1, we have
2

N o1
S 62(1 - p 9)" a8 = +— & 201 - w)au
0 3/ 9,

1
: .2‘_1-3-%& u1/2(1 - u)m du
0
1 o) r@+1)
233/2 T(m + g)

An appeal to Stirling's theorem then shows that

n

(5.6) | 1 -p)a®=0 (m>/2)

o

The integral of an infinite sum of positive terms equals the
sum of the integrals of the individual terms. The A-sequence in the
present case is derived from a weakly insistent subsegquence. The lemma
is therefore proved by (5.5), (5.6), and an appeal to lemma 1,

'To close this section we introduce ome further definition.
Suppose 9 is a strongly insistent angle; and suppose further that, for
all © in some sufficiently small neighborhood of 6 the partial sums

N
i&(g) = Zj l (6) oscillate boundedly as N —=> 00; in other words,
suppose there are finite numbers n and B such that th(e)\< B for

all N and all © in the interval (9 -1, 6 + n). Then, under these
N
conditions, we shall say that © is removaeble; the reason for this

terminology will appear later,
A strongly insistent mesh h is called removeble if the Is-angle

2n/ b is removable.
It is to be noted that a removable Is-angle can arise in the
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"~
theory of continuous renewal processes. For © # 0 to be such an
n
angle, since ¢n(e) is independent of n, we must havel@n(e)\= 1,

Suppose therefore that for some real a we have <bn(e) = eiea’; then

it follows (Kolmogorov and Gnedenko ﬁ__7 P. 59) that the Xn are,

with probability one, restricted to values on the lattice & + 2kn / 8,
where k takes integer values. Set h = 2=n /\8‘. Then a and h must be
incommensurable or the renewal process would be périodic; therefore

& O cannot be & multiple of 2 and so@n('a) # 1, However, it is easy
to show that W‘N(QH < 2fin- o(e), for all N, so that (since characteris-
tic function are continuous) W‘N(G)}\ is bounded uniformly in N in some

sufficiently small neighborhood of ©. We have therefore proved
. continuousg
Lemma 9. 1If {Xnk is a.Arenewal process with O < E {xnk-g ©, then

the strongly-insistent meshes, if any, must form

a_sequence of the form h, W/,2,/i/ 3, ..., 8nd they are all removable,

The restriction on E {Xn§ . yules out the silly possibility
P § Xn =0} =1 , which would make O & strongly insistent angle (which
would not be removable).

Notice that weakly and mildly insistent angles cannot arise in
connection with a renewal process.

It would be desirable to obtain some general structural properties
of the renewal sequence §Xn’; which would ensure that a sitronglyinsistent
angle be removable. Such a problem seems very difficult indeed; it 1s
not unrelated to problems of estimation of trigonometric sums, such as
have been considered by Vinogradov /13 /. We have been unable to
obtain any worthwhile results here,

6. The uniformly bounded variation property of the renewal function

When {Xn} is a renewal process it is well known that the associated
renewal function has the property that for every € > O there is & finite
8(e) such that

(6.1) H(x+e) - H(x) < 8(e)
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for all x. The proof of (6.1) is quite simple; for the case of a
positive renewal process there 1s & proof in the paper of Blackwell
Z:i_j: and the "positive" restriction is easy to remove from his
proof .

We shall call (6.1) the uniformly bounded variation (M.B.V.)

property of H(x); it will play a crucial role in our proof of the
mein theorem (theorem 4). The object of this section is to discuss
conditions which will ensure that quite general renewal functions

have the U,B,V. property.

\ _ sup ) 7
(6.2) AN (x) = I>{Xn+l X ot et XS x}.

P n2q P

Definition 2. If, for some values of p and q, there is a

distribution function K(x) > f\pq(x) for all x, which is the distri-

bution function of & random variable with a strictly positive (but

possibly infinite) expectation,and if Eb{{ndn(o,xn)‘} < 00, for n =1,2,40s,

q-1, then we shall say {Xn} satigfles the condition G;.

Theorem 3. If the renewal sequence {Xn} satisfies condition EE

then the asgsociated renewal function has the U,B,V. property snd is

finite for all x.

Proof: Suppose first that we can put ¢ = O and find p so that
the function /\po(x) of (6.2) is dominated by K(x), the distribution
function of a variable Z, say, where 0 < E {Z} S oo,

Fix a semiclosed interval J = (a,b} ,and let N be the number of

partial sums Sn which fall in J. For each integer p satisfying
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0 <p< (k=1), let Np be the number of partial sums of the kind

(J=0,1.2,. . .) which fall in J. Then N=N+ N+, . + N,

S g 1

and, since the expectation of a finite sum equals the sum of the

expectations B{N}=E{N Y + B{m {+. . s+ B{w .} .

Let us fix p ,0 < p < (k-1), and write Kpn(x) = Py S ok =

S 4 (a-1)k S x}. Then, by (6.2), K () S K(x) for all x.

Suppose {Zn} is a renewal process with assoclated distribution
function K(x). Define the random variable an as the greatest lower
bound of numbers y such that Kpn(Y) 2 K(Zn)' We shall assume,
temporarily, that K(x) is a continuous function; in view of this
assumed continuity, and of the monotone character of distribution
functions, the inverse function K'l(x) is uniquely defined on

0<x g 1, It can therefore be seen that an < x if and only if

z_ < K‘l_/‘Kpn(x_)j, so that P{Y < x}=K {K'l[Kpn(x_)]}, Thus the

sequence {an} s for n=1,2,3,. « . represents & realization of the

sequence { S 1,2,3,« « o « Moreover, by the

ook Sp+(n-1 )k } s for n=
conttruction we have adopted, z, < an for all n.

Let Apr(J) be the event that r(< 00) is the least value of J

for which Sp-i-Jke J; let Ap 03(J) be the event that no Apr(J) happens;

and let NApoo (J) ve the event complementary to Ap (J)s Then,

[s9)
trivially, E {Npi‘ A o (0} = o.

Suppose Apr(J ) occurs; then Np cannot exceed unity plus the

412 T oo Y Yot Yy 300 o 0y and

so on, which are < b. As an example, if Y Y r+2> b, then

+
p,r+l "p,
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necessarily S k> a+ b,

pr(r+2)

Thus, since Zn < Ypr for all n, Np cannot exceed unity plus the

total number of partial sums Zr+1’zr+l+ Zr+2’ Zr+1+ Zr+2+ Zr+3” + +, and

80 on, which are < b.

If L(x) is the renewal function of the renewal processr{Zn}
then it appears that
E §NplApr(J)}§ 1+ L(b),

for all r. Therefore, since E IN_|A (J)} = 0, we find
b poo

E {Np} < P§~pr(J)}\:1 + L(b):\ )

and so
k-1

(6.3) s{n}<tvim)] = #yea ).
p=0 .

If H(x) is the renewal function associated with ixn} then (6.3)
implies

H(a +b) ~ H(a) <k [1 + L(b)] .

Recalling thatiE{ Z} > 0 we remark that the "conventional” renewal
function L(b) is necessarily finite, and the U,B,V. property of H(x)
is then proved, But we assumed K(x) to be continuous and we must nov
show that this assumption does not matter.

Suppose therefore that K(x), the distribution function of Z, is
discontinuous. Choose a small n >0 and let the random veriable Zo
be independent of Z and have a rectangular distribution over (O,ﬂ)a
Let K(x) be the distribution function of Z - Z,. Then K(x) 1s

continuous; K(x) 2 Kpn(x) for all p, n, x; and, if 1 is sufficiently
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small, O < E {Z-Zo§'< 0. We can thus use ¥(x) instead of K(x) in the
preceding argument. Furthermore,we remark that all of this argument will
hold good if we take J to be the semi~infinite interval (-oo,x)} thus ve
have proved incidentally that H¢x) is finite for all x, Combining the fact
that H(o) is finite and thet H(x) has the U,B.V. property it also appears that
H(x)= 0(x) as x=> 0,

To conclude the proof we consider the case when it is necessary
to take q¢ > O before a suitable value of p can be found. Let Hq(x) be the

renewal function associated with the sequence Xq,° Xq+l’ Xippseecs ad infinitum.

qt
The foregoing discussion applies to Hq(x); and we shall see later In this
section that the condition E{\min(O,Xn)l}< 00, for n=l,2,.,.,q4~1,will ensure

*
the existence of Hq(x) Fq-l(x)° But

-1
(60 ) = E R0 B0 4 740,

and from this equation it is easy to deduce that H(x) has the requisite
properties,

The case of the positive renewal sequence deserves speclal attention.
Let us sey that a sequence of random variablee is null-if it converges to
zero in probability; then we have

=  Coroliary 3,1'2?%)%131£ a positive renewal sequence which contains

no insistent null subsequence then the associated renewal function has the

U,B.V. property, and is finite for all x.
Proof., Write

~

sup inf }
Q,e = E’{Xﬁ + Xn+l+' o of Xn+k > e

and suppose Q€= 0 for all € > 0, Then there must be a sequence{ev}

where €, -> 0 as ¥ ~> (0, and two unbounded increasing sequence of
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of integers { nvlg ’ {kvz s such that

lim
(6.5) - Pi(x + X +, . o+ X S e }:o,
0 nv nv+1 nv+kv v

Since the EXn§ are nonnegative, (6.5) implies the presence
of an insistent null sequence., Thus we are foreed to conclude that,
for some €>0, Q€> 0. We can therefore find an integer k, and a

real number @ > O, such that

6.6) PRx_ +x 4oL ax Y>0

for all n.

Define K(x) = 0, for x < 0

1-p/2, for 0<x<eg,
=1 , for e <x.
Then, if A pq(¥) 18 the function defined in (6.2), ve have
K(x) 2 /\kq(x) for all x., But K(x) is clearly the distribution
function of a random variable with meange/ 2z > O. Thus {Xn}
satisfies condition,@_and the corolliary is proved.
To bring the discussion of the U,B.V, property to & close, let
us draw attention to the following simple consequences of assuming
that H{x) is finite for all x and that it has the U,B.V. property.
(a) Since £ FN(O) is convergent and Fn(x) < Fn(o) for all x < O,
it follows that 2 Fn(x) is uniformly convergent for x < O. But
Fn(x) —~> 0 as x —> - 00, and so, since H(x) = ZFn(x), it follows
that H(x) —> 0as x —> - 0,

(b) Ve bave seen that H(x)z= 0(xX), a8 x «» o, 80 there
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is a constant C such that H(x) < C x for all x 2> 1. Thus, if A(x) is any

distribution function it 1s easy to see that

00 X-1
H(x) ¥ A(x) < H(1) } dA(z) + C | x| A(x-1) + C f ‘ z\ dA(z), and so
x=1 -00

H(x) * A(x) will be necessarily finite if

v O
(647) } |z} @A(z) < o0

“=c0
On the other hand, if we assume that H(x) 2> €x for some fimed € > 0 and for
all 3arge positive x, then it is equally easily shown that (6.7) must hold if

H(x) * A(x) is finite, Since lim irf H(x)/ x is usually positive it will be
X =

be appreciated Why, to ensure that all the convolutions we encounter will be

finite, we occasionally impose ¢onditions like (6.7) on distribution functions

(or equivalent conditions on the corresponding random variables). Moreover,

if we are granted that H(x) * A(x) is finite then it is an immediate consequence

of Fubini's theorem that H(x) * A(x) = A(x) * H(x), since both convolutions

equal +00 p+00
U(x - z - y) al(y) dA(z).

=00 Q0
Thus not only does (6.7) ensure the finiteness of H(x)*A(x) but it alsc allows

us to write H(x) * A(x) = A(x) * H(x).

T. Some special functions
This section is devoted to the discussion of certain special functions,

closely related to the triangular distribution, which will be used in our proof
- of the main theorem.

Define the fumction A(x) by
Alx) = 0 for|xi> 1,
=1 - x forixi< 1.
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h.

For any & > O write Ah(x) for the function a'lA(x a

- We shall denote the Fourier transficrm of an Ll-function

“g(x), say,thus:

" +m
g¥(e) = S e1%% o(x) ax.,
-00
Lemma 10,
. 2.,
A:(O) . gin7(z8/2 ) .

(ag/ 2)°

Proof: This result is well known and can be obtained by
direct éomputation, Notice that 4] (8) > 0 for all e.
Let us next define the function

. 8 (8) = A;(e) for {6} < e »

[ " )
= 0 otherwise;

and for n = 1,2,3,. . ., the functions

8:1,1(@) = Ag(@) for -2—:1‘- s *e‘ g 2(11;1);{

=0 otherwise .
Then, trivially,
00
t(e) = T
(7.1) a2 (e) Z 8,.(0).
n=0

- Less trivially, we have

Lemma 11, The functions%& ;n(e)} ,for n=0,1,2,, . ., are

Fourier transforms of certain sbsolutely integrable functions

‘ {6 an(x) }; furthermore there is a finite constant C, which depends

on a, such that
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< C

= )

i& (x)

for ‘ell x while form > 1,

‘5 (x)\

2(1+x )

for all x,

Proof: If we write 8an(x) for the inverse Fourier transform

of 82;(6) then, for n > 1,

2(p+l)m
a o
(7.2) 5 (x) = % (cos 6x) EEE—-Eﬁﬁi— )
- @/ 2 )°
2nn
a
(n+1)m
2 .
2 20x, 8im ©
= e (cos —;—) —— dae .,
e
nr
Thus, from (7.2),
(n+l)m
' 2 ae 2
(7.3) \ 8, (%) { < o 55 < 2 .
nit

If we return to (7.2) and twice integrate by parts, we find

(n+1)n

: 2 2
Ox,\ cos“® sin“® hsinecose 3sin e
(788 (x) = - -2 J’ (cos 2 )% e
an 2 a

62 62 Y
nx

e

b

&
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For all |el > n, the integrand of (7.4) is dominated by a function

A/ 6? » where A is some absolute constant. Thus we can infer from

(7.4) that
(o+1)n
a A Aea
(1:5) ]8,,0] 5 25 f 2 % £ 3535 -
X ) £ nx
nn

Inequalities (7.4) and (7.5) combine to show the existence of

a finite constant C, depending on a, such that

C
(7.6) o )] < ol
Incidentally, (7.6) proves that San(x), like S;n(e), is an
absolutely integrable function. Thus we can conclude that San(e)
is the Fourier transform of San(x), and the lemms is proved
for the cases when n 2 1.
We can treat Sao(x) in & similar way; define it as the inverse

Fourier transform of 6;;(9):

e 2(a8/ 2
a
5 ao(x) = _%E & (cos @ x) sin ( 2) ae

(s8/2 )
2n
a
+5t

1 20x sinee
" en (cos 55) "5~ d©.
e

-1t

From (7.7) we have, since sin®e < 92, that



(7.8) ls, 0l < = 0= 2

AN
|-
L

Moreover, if we twice integrate (7+7) by parts we find

o 2 2 2
2x8\1cos™® 8in“® LsinGcosd® . 3sin”e
(co ) 5 5 3 + n ae .,
e C) 2] C]

(7.9)8, (%)= - ==

1
2nx E»

The expression in the braces under the integral sign in (7.9) is
approximately -1/3 for small € and so this expression is a bounded
function of 6., Thus we can deduce from (7.9) that, for some absolute

constant A,

+1t
(7.10) ]a (x\= 2 ( Ade=é%.
2nx o X

The remainder of the proof uses (7.8) and (7.10) and proceeds

as before.

Lemma 12,

OO
a () =2 8 (x) .
n=o0

Proof. From (7.l) we have, formally,

+00
A, (x) = -2? g -16x al(e) ad
=00
+0
Pos) \
S g e'iex{ z sl (e)} ae
2n A 2=0 an
@

=0
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The inversion of summation and integration is Justified by bounded

convergence, since

Lemms 13, For every n 2 o, the function San(x) can be dif-

ferentiated any number of times, and the derivatives so obtained are

bounded functions of x.

Proof: Equations (7.2) and (7.7) show that San(x) can 8lways
be represented as a trigonometric integral over a finite range;
consequently differentiation under the integral sign is easily

. Justifigd. For n > 1 one obtains, for example, that
(n+1)m
5 (1) = = [ (o1 20%) 8128 4o
an 2 a © '
a
an

Thus

s,

an (&)1 S

n a211
for all x., A similar argument will apply to higher derivatives.

8. A general renewal theorem
We are now in a position to prove our main theorem.

Theorem 4, Let '{Xn}'be a reneval function., Suppose that

(&) H(x) is slweys finite, and has the U,B.V. property (which

. ¥1ll be the case if {Xn} satisfies condition& of section 6);

(b) 00 is neither a mildly nor & strongly insistent mesh;
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(¢) there is no 1limit point of&&muats, except, poseibly, O;

(d) Any meshes in 315 are removable; then, if kl(x) and ke(x)

are arbitrary members of }{,,

My (x) % B(x) = WE\) ky(x) * B(x) => 0,

E,_?_X->Ooo

Proof: By lemma 11, for n 21,

+00
e dH(z)
‘ Pan () * H(X)\ s n° oo 1 * (x-2)°

and 8o, because H(x) has the U.B,V, property, there must be a finite

constant Cl,say, such that

ol
“

(8.1) ls (x) 45(x) | <
an

for all n > 1, all x,

An appeal to lemms 12, the inequalities (8,1), and the theorem on
bounded convergence, shows that

. , o ,

(8,2) laa(x) H(x) | = n::o 5, (x) * H(x).

But (8.1) shows, in addition, that the series on the right hand

side of (8.2) is uniformly convergent. Thus, if the limits exist,

4

) 00
(863) }(i?)lo {Aa(x) - aa.o (X)} * H(x) =nf1 }];gmsan(x) * H(X)P

That these limits do indeed exist is a conseguaence of

Lemma 14, Under the conditiors cf thecrem b, for all n2l

8an(x) * H(x) —> 0, a8 x —> m
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Proof: If we define, for large N,
®
HN(x) = j§N+l Fj(x),

then the variation of HN(x) over an interval is clearly not greater
than the corresponding variation of H(x). Thus, for n 2 1 and

some large number M, by lemms 11,

(S;h) S‘ By (%-2) d Hy(z) | < -%— _4 H(z)
n

1+ (x-z)e
[x=-2{> M ! |x=2|> M

if we choose M, independently of N, sufficiently large and appeal

to the U,B.V, property of H(x).,

However, since ZPOFJ(X) converges for all x we can find N, depending

1
upon M and x, so that
00

T OF (xM) <&,
jep+1 9 M

Thus, again appealing to lemma 11,

(8.5) g San(x-Z) d H(z)} < -95 . 2M , § = 9% .
2n ) n

%x-zlg M

From (8.4t) and (8,5) it follows that

+00
San(x-z) d Hy(z) -4; 0,

=0
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as N -> U, and 8o, since

N
Bx) = L Fyx) + By(x) ,

we have that

N
(8.6) (%) wH(x) = é::; 3;1 Banl®) * Fy(x).

In view of lemma 1% it 1s easy to show that

N
(8:7) L b, (x)* F,(x)

J=1
has a bounded derivative everywhere; thus, in particular, in any
small interval (8.,7) is continuous and of bounded variation., The

N
Fourier transform of (8.,7) is evidently Sgn(S)Jgi WJ(O), which,

since it is bounded and vanishes outside a finite interval,is
abgolutelyintegrable. Thus we can apply a familiar Fourier inversion
theorem (for example, Titchmarsh /117, p. 42) to deduce that, for all x,

N N
(8.8) 8an(x)*F3 (x) =§-}- Se'ie" a:n(e)% T wJ(e) ae,

J=1 Y g=1

where J is the bounded set 2nT/ a <lelg 2(n+l)n/ a .

Suppose J conta;ns v strongly insistent angles. By condition (c)
of theorem 4, the number v must be finite, for otherwiseafhu }ts
would contdin a nonzero limit point. Let us enclose each of the v
strongly insistent angles in open intervals Jl, Jé,. . "Jv’ each of

width 1, say. Since the strongly insistent angles are removable,



PRORESINSSEIE S

~hha

we can meke 1n small enough for there to be & finite constant CE

N
such that[ Ly (e)\ < C, for all N and all 8€ J uJ. U, o UJ .,
=1 3 2 1 2‘ T

Now enclose the v Is-angles in open intervals Ji, Jé,. . .,J; within

the intervals Jl, J2’° . ey Jv’ respective}y, and having width
¢/ (vCy). Let Jt = JPUJLU ... UJ . Then, using lema 11,
we find that
1 g 16x .t N | 1 e . e ce
B3, San(@){z PR e N v - SRS s
Jt = 2n 2 bn“x

By taking € sufficlently small, therefore, we can make

' 1 ~48x o
(8.,9) 5 g‘ e 529(9) { z Wj(e)} ae
Jt J=1

as small as we please, uniformly with respect to both x and N,

The set J-J' consists of a fiﬁite number of closed intervals.
Let J" be & typical such interval, Then J" contains no strongly
insistent angles, and at most finitely many mildly insistent angles
(otherwise ?%}Jyg would haye a nonzero limit point again); further-
more J" does not contain O. Thue we can appeal to lemma 6 to infer
that z§°lﬂg(e)| is boundedly convergent in J", By the theorem on

bounded convergence 1t follows that

lim A K
N~ o0 2n

" .
) e-iexS;;(g)gile(e)}dg = %; ( e-1ex52;(e){§?wj(e)}de.

Jt 3=1

But Zgowa(e) and 8:;(6) are bounded functions of © in the interval

J", so we can appeal to the Riemann-Lebesgue lemma to deduce that
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lim Mm 1 e—i@xa-t
X2 Aw>00 21 an

N
(8Y§ £ Y, (®)tae = 0 .,
= Lo ;

Since J-J' is the union of finitely many intervals like J" it

follows that

. N [
lim lim 1 g -18x_ ¢ -
(8:10) oo mdeo B L3, Can(@HE VyNae <o

From (8.8), (8,10), and the fact that (8.9) can be made

arbitrarily small, uniformly with respect to x and N, we can deduce

lim 1im

8 * =
x=>00 N->co an(x) H(x) 0.

J=1

The lemma can now be proved by an appeal to (8.6).
Lemma 14 and (8.3) provide us with the important result

that, as x—=> oo,
(8;11) i 8fx) — %o(x)g * H(x) —> 0.

A consequence of (8,11), trivially easy to deduce, is that if

¢ is any real constant then, as x ~> 00,

(8;12) {Aa(x-c) - Bao(x-c)} # H(X) ~e==> 0;

Let ? be the class of nonnegative functiong which can be

represented as finite sums of the form

' 7
(8,13) g(x) = 351 v, By 4(x - "3) ’

where 7 is an integer, Vs Vose o oy Vo are positive weights,
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and 81y By o 0y ay, cl, Core o o) cy are finite real numbers
(the 8y being positive),
Let f;b be the subclass of functions g(x) which belong to

ﬁ%’and have the additlonal property that
‘ +00 +co _
(8.14) x g(x) dx = 0; g(x) ax = 1.

=00 A =00

Lemma 15, If g(x)€ f;o and has the representation (8.13)
then, as x ~> @,
6 (x) - Z w 5 (&pc )} * H(x) =~>0,
=1 J 850 J
Proof, Write
8. SR 4 |
(8.15) (x) = 8, (x) - 515 SaJO(X-cj)e

Then, on taking Fourier transforms,

iéc

(8;16) Oty = 5* (8) — - @) e 9.

a o]
=19 2
Plainly,&l?(@) is a bounded function of € which vanishes outside
some bounded interval containing O, Moreover, for © sufficiently small

we can wrilte

‘a t

(8.17) Qo) = al(e) - &'(0)

because, for each value of a, 6;(6) = ag(e) for all sufficiently
' x

swall 8, Thus, near O, SL(G) equals the difference between

two characteristic functions of distributions with zero means and

finite variances, We may therefore infer that, for some finite

constant 03, say,
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(8.18) \ Qe | < s e°

for all sufficiently small 6,

The results (8.6) and (8.8) were actually proved only for
n > 1, but slight modifications of their proofs (in respect of
certain bounds) will extend them to the case n = O, It then follows
that, since Q,(x) is only a finite weighted sum of the functions

5ao(x), Salo(x),. o +5 and so onm,

1 ~16x AV, N
(8. 19) N(x) #B(x) = N—>oo - ge _Q(Q)ijZl\!!J(O)} ae,

J
o

where Jo is some bounded closed interval containing O;

The set meMsmUSt be bounded, for othe?wise oo would be a
limit point of }(hu “«S and so, by corollary 2,1, would itself belong
to Kmu ﬁ's in contradiction to condition (b) of theorem 4, Thus

by lemma 8 we can find a small n > O such that

L .
6§ = t ae .
( {1 WJ(G)\S e < 60

o}
In view of this result, (8.18), and the fact that wj(-e)\=wj(e)l
for all real é, we can appeal to the theorem on dominated convergence
to infer that

. n +
(8.20) g-om = '1@"9_’(9){ 5 wa(e)}de - 1920 (6) gg’ow (0)}as .

| ol

We can further state that .ﬁ*(e){ Z?;l v J(e)} is absolutely integrable
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over the interval (-n, +1), and then deduce from (8,20), by another

appeal to the Riemann-Lebesgue lemma, that
‘ +1 N .
(8.21) M2 oE s e'i@xﬂ*(e){Jfl v,(e)} a0 = o
-1’] '
Let Jé be the set of points in Jo but not in (-7, +1). Clearly
Qﬁ(e) is bounded on Jé s and so we can treat each of the two intervals

comprising J") much as we treated the interval J earlier in this

section, and deduce

| m lm 1 -iexqt N
(8.22) x>0 Ne»oo 21 g € g'(e)idfl

Jt
o)

\IIJ(G)} de = 0 o

The lemma is proved by (8.19), (8.21), and (8.22).

Let us now return to the proof of theorem Ah. Ir g(x)é?o

and has representation (8.13) then it follows from (8,12) that,
as X-» 00,

. y ‘
(8.23) {g(x) -Jfle Sajo(x'c,j)}* H(x) —> 0.

Hence, from (8.11), (8.23), and lemma 15 we find that, as x-» 00,

| .
(8.2k) {Aa(x) - %éﬁ } % E(x) = 0,

for every g(x){%o .
Next suppose g(x) belongs to%, but not recessarily to %‘o'

Write

+00 +00 .
a=g g(x)ax; B = g x g(x) ax .
~00 -00

Since functions in% are nonnegative we may assume @ > O, Define,
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for some small ¢ > O,

) = oy lem v ea x+ B}

It may be verified that E(x)&%o, and 8o
(8.25) | {4,6) = Bx)} * BB | <

for all sufficlently large x. But, because H(x) has the U,B.V,

property, there must be a finite constant Cu such that, for all x,

\Al(x+§)* H(x) \'< cy,

and

) g(x) * H(x) \ < C .

(recall that g(x) is a finite linear combinstion of "triangle"
functions,)

Further,
&(x) - 1-37_,?7 g(x) = -(§-+;-) A (x + E—) ’

go.that, for all x,

Ce
(3.26) | Bx) » B(x) = ghy 60 % B | < ey -

If we now appeal to (8.25) and (8.26) we discover that for all

sufficiently large x,

} A (x) * H(x) - é— g(x) = H(x) \

Ce )
< e+ (gﬁe) + a(g#e) \ g(x) » H(x) \
Cue Cue

< €+

(ote) * a(a+e ) ¢
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Since € can be chosen arbitrarily small we conclude that (8,24)
holds for all ge‘g’.
Next suppose g(x) is a step function; in perticular, suppose

there are finite constants a, b, such that
g(x) =1 ifa<xg<h,
= 0 otherwise,

Choose a large integer N and put 1 = (b-a)/ 2N, Define

oN
n & A (x=-a-ry),
=0 n

g, (x)

2N-1
n £ A (x-8 -1y .
r=l 1

i

g_(x)

Then

g (x) 2 8(x) 2.8 (x) 20,
for all x, so that

(8.27) g, (x) » H(x) 2 a(x) «»H(x) 2 g_(x) % H(x),

for all x,.
The functions g, (x) and g (x) are both in‘% 80 we have, for
all sufficiently large x,
| g, ()% Hex) <llgll 4,(x) #E(x) + n,
(8.28)

g_(x) «H(x) >lig o (x) xH(x) -n.

However, by the U,B.V, property of H{x) s there must be a finite

constant 05 such that Aa(x) * H(x) <C

for all x, Also,

5
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fig tl = llel +n and (lg | =\gl| - n. Thus, for all sufficiently large

x, by (8.27) and (8.28),
letta, (x) * B(x) = (C5t1)n < g(x) * B(x) < llgha (x) * Hx) + (C5+l)n

We may take N very large and thereby make 7 arbitrarily small,
Thus (8.24) must hold when g(x) is a step function., It is a
straightforward matter to extend this result and show that (8.24)

holds when g(x) is & simple function, that is,when g(x) is a finite

linear combination of step functions.
Next suppose k(x) vanishes for all x| greater than some large
N, and is bounded, nonnegative, and Riemann-integrable in 1FN, +E7ﬂ
Then, for any prescribed €>0, we can determlne simple functions
g*(x), g_(x), such that g_(x) < k(x) < g+(x), for all x,and
llg,- g8_\l< €. An argument similar to the one which we have just
used to show that (8.24) holds for step functions will now prove
that (8 24h) also holds for functions like k(x) in the place of g(x).
Finally, suppose k(x) is an arbitrary member of H;. Let us

wrilte

L}

k(x) for |xl < N,

ky(x)

= 0 otherwise;

and let us put kN(x) k(x) - kN(x). By the propertywk% of the

class H, given any € > 0 we can choose N so large that

+00 N :
z max K(x) < €,
n=-0 o< x < (n+1)

By the U.,B,V. property of H(x) we can find a finite Cg such that
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H(x+1) - H(x) < Cg for all x. Thus

X=n
+00
8.2 (x) % Hz) = = i (x - 2) a B(z)
(8.29)
n==00
X=Nwl
<Cg e,

We have already proved that (8,24) holds for functions like

kN (x) in the place of g(x). Thus, for all sufficiently large X,

nan Aa(x)* H(x) —e < ky(x) *E{x) < \tkNﬂ Aa(x)* H(x) + e'.

Hence, using (8.29) and the fact that k(x) = kN(x) + kN(x), we

have, for all sufficiently large x,

(8.30) HkN" A, (%) « H(x) - ¢ < k(x)» H(x) < nkN"Aa(x) » H(x) + (1+06)e;

But we must heve ﬂkN“ < € because of the way we chose N and so
NkNll < k)l < HkNll + €, Therefore we can deduce from (8,30) that,

for all sufficiently large x,
(8.31) Ukl Aa(x) *»H(x) - (1+C7)e < k(x) = H(x) <Jxl Aa(x) » H(x) + (l+C6)e,

where C7 is & finite constant such that Aa(x) *H(x) < 07 for all x.
The theorem is proved by (8.31) for all k(x)€3{+ and, since an
arbitrary member of“, cen always be represented as the difference

between two functions in 3{+ , its validity for all k(x)e¥ is

immedistely deducible,

9., Application of the general theorem to renewal processes

As an example of the application of theorem i let us consider
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the case of & continuous renewal process {Xn} with < E{Xn } S @D .
We know that the associated renewal function H(x) satisfies condition
@ ) of theorem 4, and lemma 9 shows that the remaining conditions
of theorem It are also satisfied. Thus the conclusitn of theorem b
epplies to the present remewal function.

Suppose F(x) is the distribution function of the {Xn} .
If 0<E {xn§< 0, and if we write k,(x) = U(x) - F(x), then 1t
is easy to show that || k,ll = E{xn} and that k,(x)€}% , But the
integral equation of renewal theory (see for example, Smith /107)
states that kl(x) » H(x) = F(x), which implies that kl(x) *H(x) =1

as x —> (0, Thus, by theorem 4, for any k(x)€X we have

k(x) H(x) - ‘E as x => 00,

If B {Xn} =00 ve modify our srgument slightly. Choose a large

positive N, and put
km(x) = kl(x) for x <N,
= 0 otherwise,

The integral equation of renewel theory still applies and, since

km(x)* H(x) < kl(x)* H(x) for all x, it enables us to infer that

lim sup k.o(x) ¥H(x) <1 .
(9.1) 00 1N S

But, as is easy to see, klN(x)€}€, and so, from theorem 4 and

(9.1), we have that for any k(x) € 3‘C+

(9.2) lim sup k(x) *H(x) < _HEIE.'L .
x = 0 Wyt

However, since E{Xn§= ®, we can meke {| klN“ arbitrarily large by
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choice of N, Since k(x) % H(x) > O we can thus infer from (9.2)

that k(x) * H(x) —=> 0 a8 x —> go .We have therefore proved

Theorem 5, If H(x) is the renewal function of a continuous

a0y
b

renewal process $X } with 0 < E{Xn‘}g 0, then k(x)* H(x) = k /E{Xﬂ);

a8 x =-=> 00, for every k(x)e}(. .

Theorem 5 generalizes the renewal theorem 1 of Smith [ _9_7 by
broadening the kernel class and removing the restriction to positive
renewdl processes, There is nothing surprising in either of these
improvements., However, in another paper of Smith/10/ an attempt
was made to show that theorem 5 would be false 1f K vere replaced
by Ll(-oo , +00 ), Unfortunately, the counterexample was incorrectly '
described in [ 1_Q7 (the kernel as described there was a member of ¥ ).
Since it 1s of some interest to see that the kernel class X of
theorem 5 cannot be much widened, we give here a correct counter-
example, Suppose, as in /I0/, that the { Xn} take the values 1
and A2 with equal probabilities of one-half. Then {Xn} is a continuous
reneval process such that H(x) can only increase at x-values of
the form r + s A2, where r and s are positive integers., Write A
for the set of all numbers in the interval (0,1) of the form r + s N2,

where here r and s are positive or negative integers or zero, The

set A is countable and so has measure zero, Define k(x) to be zero
on A and on the complement of (0, 1); define k(x) to be unity where

it is not zero. Then k(x) is in Ll(-oo, 4+ ) and

1im inf k(x)* H(x) = 0.
b’ ‘-é o0

Thus theorem 5 does not hold, It is possible to show that the points
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of A are everywhere dense in (0, 1) so that k(x) is discontinuous
at every point of (0, 1). A necessary and sufficient condition
for a bounded function to be Riemann-integrable in an interval

is that its points of discontinuity in that interval shall form
a set of measure zero. Thus the k(x) we have just defined is

not Riemann~-integrable.

10. A renewal theorem for stochastically stable sequences

The general renewal theorem, theorem 4, covers a very wide
class of renewal sequences. In this section we shall demonstrate
that by restricting this class somewhat we can draw a firmer con-
clusion than theorem 4 allows. More precisely, we shall establish
conditions under which, if k(x)e ¥ and H(x) is the renewal function,
then
(10.1) lim k(x) * H(x)

X-> 00
exists,
Cox and Smith Zf§7 introduced the notion of a stable sequence

of constants., If {An} is a sequence of real numbers such that

L

= + A +, . 4+ A )
P

n+l n+2 ntp

tends to some finite limit A, uniformly in n, as p ~> , then
{An} is stable with average A, It is proved in 1#27 that a stable

sequence is necessarily bounded. We wish to extend the notion of

e stable sequence to cover sequences of random variables,

Definition 3. Suppose~{xn} is a renewal sequence, and u

some finite constant; suppose we write, for £ > 0 ,

X A Fe o ot Xn+

X +
“ _ sup P{ n+l nt+2 he)

If 4 can be chosen so that
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[0 9]
(10.3) T ) at —> o

0

as p —> oo, then {Xn% is stochagtically stable (8.8.) with average y.

Clearly“p(g) is a nonincreasing function so that, for any

fixed € > 0, ggD H(8) 8t > eﬂp(e). Hence, if {X} 1s S. 8, with

average p, for every fixed €> O we have

4

as p ==> 0, uniformly with respect to n.

Xn+1+ Xn+2+. o ot Xn+

b

2 -»-p\z e)'-.-—-> o,

. ®
It is to be remarked that if {X } s 5.8, then [T (£) @ t)
is necessarily finite for all p., This may be seen as follows,
There must be a q such that Sgonp(_ﬁ,) d‘t} is finite for all
r>a. Suppose that m < q. Choose any fixed v such that Wq(v) <1/2

Then,by the independence of the {Xni ’
29{Xn+1+. oot X () w2 (m+q)§}
> 2P§Xn+l+o . .+Xn+m" mpz (wq.) g + qv%

eQQ+X

x P§Xn+m+1+ ntmtg” U2 - aqv }

> P{Xnﬂ-&». o ot X omp > (mhg) &+ qv%.

Similarly,
PS—Xn+l+' o ot Xr_l_m"' mp,s '(MQ) € - qv}

SRR ate Ko - (wha) pS () b

Thus,for all n,



m

X +I [ ] °+ X
, P%‘ atl otm 4 > (1 + %)g + % v}g meq(é),

and so

My +3e+d < eﬁm(g).
This proves that fg"“m(g) dt must be finite,

Definition 4. The renewal sequence X, X5, Xz,¢ « o, 84

infinitum, is sald to be ultimately stoshastlcally stable (U/B.8.)

with average p if the following two conditioms hold

(Ulj for some integer N the renmewal sequence Xy, Xy 4

XN+2" « o, 8d infinitum, is stoghastically stable with average \n,

(u,) Ef|min(0, % )\}< oo for 1 = 1,2,, + o, N w1,

Condition (UE) in this definition 1s to ensure that all the
convolutions we encounter shall be finite, a point discussed
briefly at the erd of section 6, Notice that there is no point in
defining nltimate stability for sequences of constants; 1£ such a
sequence were ultimately stable then it could be proved to be
stable, With sequencesof random variables however, some early
members mey have infinite expectations; this would spoll stability,

but not ultimate stability,

Theorem 6., Let {Xn} be a renewal sequence whose I-mesh

structure satisfies conditions (b), (c), and (d) of theorem 4, and

whose renewal function is H(x\). Then, if xn} is U.S.S. with a

finite average u > O,
k(x) * H(x) >

s 88 X =—> @,

N\l
B

for every k(x)e¥K .
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Proof: Let us suppose, to begin with, that %X;% is S.S.
(as opposed to being U,8.5,).

For ¢ 2 0 let us define

X 4+ X +e s ot X '
TR L IR SN

crearty T (6) < T0), T (0) g TI(8), so that 22 ve

define

o) = (2T M) e,

(-) _ oo (=)
o fa T,7'(e) ae,
then we have p§+) - 0 and pé')u£> 0, as p —> 00,
Next define distribution functions K§+)(x), Ké')(x) as
follows:

K§+)(X) = Txéf)(P" %) for x <pp,

= 1 for x> pp;

Ké")(x) 0 for x < pp,

1 -’ﬁé"’(—’é - p) for x » pk

Then for all n, all x,

(10.4) Ké“')(x) > P{Xn+1+ Xn+2+; R ;+ Xn-!-p § X}Z KI()-)(X)'

Computation also establishes that the means of the distribution
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- + -
functions K(+)(x), K( )(x) are p(p - p( )) and p(u + p( ))
D. P P P
respectively.
(+) ()

Since Py ¢ can be made arbitrarily smell, p(u - Py ) can
be made strictly positive, by choice of a suitable p, Thus the
sequence {Xn} satisfies condition & of section 6. (The distri-
bution function K§+)(x) plays the role of the K(x) in definition
2) The sequence‘{Xn}'therefore satisfies all the conditions of
theorem 4, Thus in the special case when Hkl = O the present theorem
is proved.

Write Gn(x) for the distribution function of Xn o Then

(10.4) is equivalent to
(1005) K'é+)(X) 2 Gn""l(X) * Gn+2(x) * o 0 o ¥ Gn+.p(x) Z Ké—)(x)}

which holds, therefore,for all n and all x.
To make our argument clear we shall briefly consider the case
p=2, We have
H(x) = Gl(x) + Gl(x)* Gg(x) + Gl(x) *Ge(x)* G3(x)
+ Gl(x) * Ge(x) * GB(X) * Gh(x) te o o
and, in view of (10.5), it appears therefore. that

B(x) < 6, (x) + K, ) + G k() + e v, x50 ) 4. L
that is,
B(x) € 6y (x) + K5 x) + k() () * H(x)

It should not be difficult to see that, for & general value of p,

we have

(10.6) H(x) < "5 G (x)% 6. (x)* *6.(x) + k) (x) + k) (x) % B(x)
' S gy LT Rl e e TR Ry P '
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Similarly, we can show that
p-1

(10.7) B(x) 2 5 G (x)* Gylx)* o o ¥ G (x) + () () + K0 ) H(x)
= 3=1 J i P

If we write kl(x) = U(x) - KI(:)(x) then (10.6) shows that

’ . -1
(10,8) kl(x)* H(x) < K1(3+)(x) + jfl Gl(x)* o 0 o* Gj(x),

and hence that

(10.9) 1lim sup

x> to kl(x)* H(x) <P

But kl(x)€ ){, and “kl\\ = p(p-pgl')). Thus we can infer from

(10.9) and theorem 4 that if k(x) is an arbitrary member of }(:'_ s

(10.10) lim sup

HiW
X =00 + *

W‘Pp
Similerly we can show, starting from (10.7), that

k(x) * B(x) <

(10,11) 1im inf
Xe=> O

Hxll
wpp('j

k(x)* H(x) 2

If we let p ~> o0 in (10,10) and (10,11) and use the facts that

+ -
p; ) -> 0 and pI(J )--> 0, then the theorem is proved for the case

k(x)e M,_._Q The proof of the theorem for the case when k(x) is an
arbitrary member of J{ is now a simple matter.,

However, we have assumed in the preceding argument that {Xn§
is S.8, and we must now show how to deal with the case when ang
is only U.,8,S,

Ir §X § 1s U.S.S, there will be a Pinite N such that
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Xgs Xypqr Xgepre o o 8d infinitum, is S,5. Thus, if we write
By(x) = Gy(x) + Gy(x) « GN_'_]_(x) + Gy (x) *Gn+1(x) *-GN+2(x)+. . oy

the preceding argument will apply to HN(x) ; and will show that

Rkl
u

(16;12) k(x)* H.N(x) — s 8B X ~=> 00,

for all k(x) € ¥, But

N-%
Hv(x) = J-f]_ FJ(x) + HN(X) * FN_l(x),

the convolution necessarily being finite, because of condition (U2) ’

Thus
, Nel o
(10.13) k(x) *H(x) = 351 k(x) *F (%) + k(x) * B(x) * By, (x),

, Since k(x) is a bounded function which tends to zero as

x—> 00, then k(x) *Fj(x) —> 088 x => 0 (lemma 1 of Smith /97).
It is poseible fso's];xow3by appealing to condition 1(2 of the class

%, and to the U.B,V, property of Hy(x), that k(x) *E(x) is also

& bounded function. Thus, in view of (10,12) » we can also deduce
(by another appeal to lemma 1 of Smith /97) that

k(x) * HN(x) * FN_l(x) — -‘%—ﬂ s 8B Xew> oo;

On referring to (10.13) we see that this last observation proves
the theorem,
Theorem 6 shows that the convolution k(x) *H(x) will converge

to & limiting value, as x —> oo, if the remewal sequence f Xn}
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satisfies two distinct conditions, The first of these, relating to
the lattice structure of the remewal sequence, 1s non-probabilistic,
and 1s concerned solely ¥ith arithmastical properties of the set

of values taken by the random variebles. This aspect of renewal
sequences has been given much discussion in earlier sections, The
second condition of theorem 6 is probabilistic and is concerned
with the frequency with which fhe random varisbles assume very
large values, It is desirable to relate stochastic stability to
characterlstics of the renewal sequence which are more lmmediately
verifiable than those Introduced in definition 3. The next

theorem accomplishes this desired simplification,

Theorem T. Let an} be a renewal sequence and let-{Gn(x)} be

the corresponding sequence of distribution functions, A necessary

end sufficient condition for {Xn} to be stochastically stable is

that there exist two distkibution functions G+(x), G_(x), such that

(a) G;(x) and G_(x) are both distribution functions of

random variables with finite mean values, so that

, +00
(10.14) Jutx) - 6 (x)} ax < o0;
00 -

(b) for all x and all r,

(10;15) ¢_(x) < Gr(x) <G (x);

(c) E{xl} , E§x2§ , E%XE} e o oy 8d infinitum, is a

stable sequence with average .

Proof: We prove the necessity part first. Thus we suppose %}gll

to be stochastically stable and it then follows from an earlier
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discussion that & Wl(g) ¢ is finite.

Let us define

G+(x) = T(l(u-x) for x < y,
= ] for x > U3
=
and
G(x)= 0 for x <
= ] - Trl(xuu) for x%p,.

The distribution functions G+(x) thus defined have all the

requisite properties. For example, if x 3 By
G (x) = P ixn ng

> 1 - P{lxn-ubx-p.%

> 1 - TTl (x =n)
> G_ (x);

Furthermore 1t is evident that the finiteness of {?Kl(g) at
ensures the satisfaction of (10.14),

Since (10.14) and (10.15) have been proved, it is clear that

+00
‘U(x) - Gn(x)\dx <

=00

for all n. Thus Hn = EXn is finite for all n,

. Now,because {Xn}is S5.5., for any € > O we can find a po(e)

such that € > g?gp(g) d¢ for all p > p(e). Hence for all n
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end all p > go{e ),

o)
X .te o X
c >& P%\ nt+l n+p -P'\Z g}dg

o)

E%Xm1+°"+me ’}
P R K

But |a - b|> a - b, always, so we can infer that

pn+1+o o oF m,n+

€ > D p'mo

Similarly

H +, s SR
+
€ > - n+l = n+p .

Thus, for all n and all p > po(e) , we have shown

+o o oFf I '
‘mml un+p - < €4
p

This proves i""h } to be & stab}e sequence, and completes the
necessity part of the theorem,
We begin the sufficiency part of the proof with some computations
concerning the function
7(x) =1 -6G_(x) + 6. (x),
and our first observation is that an easy and well-known consequence

of (10,14) is that
. p00
(10.16) X 7 (x) ==> 0 and y(y) dy => 0, a8 x => 0 o

Thus, if we select some arbitrarily small € > O, then we can find

an xo(e) such that 0

(10.,17) xy(x) <e, \ 7(y) dy<e, for all x> xo(e).

X
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Our second observation is that, for any fixed p > 0, one

can prove by elementary computation that

4 o - 0o '
1 [ Pt 1 (Pt
(10.18) { =~ g x 7y (x)ax P d = Ei x 7y (x) dx +§ 7y (x) dx .
€ ¢ 0 o] Pe

Moreever, since strict convergence implies Cesaro convergence it

follows from (10.16) that

X .
-}S yr(y)dy = 0,88 x — @ .,

0

Thus we can deduce from (10,18) that

, oo Pt ,
(10.19) e I & g—%—ﬁ x 7 (x) dx}d&, = 0.
3 o '

With these preparatory computations accomplished, we can turn
to the\main part of the sufficiency proof. In our argument we éhall
employ & well-known truncation device of Kolmogorov and an inequality
used by him in dealing with the weak law of large numbers (see,
for example, Gnedenko and Kolmogorov 1717 Pe 106), Define
W= EX and Z =X -u_, choose§ > € and p > e'lxo(e) , and then
define

2t =z, it-p§< 2z < pf,

= 0 otherwise,

= ! = ? t t
Write Snp Zn+l+ Zn+2+: o of Zmp and Snp Zn+l+ Zn+2+o s oT Zn+_p Py

The distribution function of Z_ is G (x + K ), Since §r 1 1s
r r r n

a stable sequence it is also a bounded sequence. Thus, by resorting
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to some finite translations of the distribution functions
G, (x) if necessary, we may suppose that (10.15) holds even when
Gr(x) is replaced by Gr(X+uf)'

Plainly, EZr= 0, so that

00 -pk
EZI" = -,S X d Gr(X“" u1) PS X da Gr(x+ “-I) °
Pt =00

Some integrations by parts will then prove that

co

AR -p§§ 1 -G (pt +H, )} - & % 1 -G (x+ b § ax
Pt

-pt
-t G (-pt + ¥y ) + G, (ki) dx.
' -00
An appeal to (10.15) then shows that
(e8]
lezef< pe§1 -6 (s} +j y1- G_(x)§ ax
Pt
-pk
+ pt G ( -pt) ¥ X G, (x) ax,
D
80 that
[s0]
\mze| < ¢ 7 (o) + y (x) ax .
pE

But pt > xo(e), so we may deduce from (10,17) that

(10.20) |E21| < 2 , foraellr.

The second moment of Z; must slso be studied. Some more

integration by perts will prove that



-67-
£ { ..;'(ZI")QE = _p2g2§1 - Gr(pg + ) + Gr('pg +u§3=)}

Pt
+ 2 S xil -G (x+ B) + G (-x+ F’*;.)} dax,
0

and from this equation we can deduce the inequality

pé ,
(10.21) E? (ZI")Q% < 2 S x 7(x) dx, for all r,
0

The familiar inequality of Chebysher shows that

P%I S!npl§ pg% < E{(Z'mf. o ot Z£+p)2¥/p2§2 and hence, if we use

the 1ndependence of theSZﬁ% » we can easlly prove thet

P o D o

ZE{zt, )R (5 Bz, 1)
] =] + = -+
P%‘Snp\>P§§< r np;gg r ntr

On appealing to (10.20) and (10,21), it thus transpires that

. 2 23
he 2
(10,22) P { Sl'lp\ > p§§ < F + zg xy (x) dx.

pgo

oy for all r = 1,2,. » o,p§ ’

Let us now define B._ as the event éZ' = Z
np n+r

end let B;p be the event complementary to Bnp' Then

P
€ oC
Pl b s B orfn.f g

IN
™M

= $1 G, (0 8 )+ o, Cptei ),

and so, by (10,15),

(10.23) P B;p}s p 7(pt)
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Now

P {\snp\ >ptl= P {Bnp&‘sﬁp\ > p§}+ P%Bﬁp&‘snp\ > p§§

and therefore, by (10.22) and (10,23),

+, o ot Xn+

Xn+1 ﬂn+1+' o R

2 otp

b b

(10.24) Pz > 5} < 7p(§),

uniformly in n, where

pé
(10:25)  7,(8) = pr(pE) + R + ;‘g‘g . xy(x) dx .

At this point it is to be noticed that, by (10.25),

Y] 00 00 pE
( 7p(§) at = X y(u) du + ke + %X lé‘ g xy(x) dx% at,
€ e e P llo

and so, on appealing to (10.16) and (10.,19), it follows that

0
1im sup X

(10.26) 7 (£) @ < ke

p => 00
€

Since E'Hn % is stable with average M, there must be a po(e)
such thet, for all p > p/(e), {m- (Byq*e o .+pn+p)/ pl<e
uniformly in n. Thus, from (10.24), for ell £ > € and all
p > max (p'o, xo/e), P§{u—(xn+l o o ot Xn-l-p) / o> €+§} < ’)’p(E)
uniformly in n, Therefore, if we introduce the function Tip(g) of

(10,2), it appears that n-p(§+e) < 7P(§), and so, from (10.26),
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00
lim sup T (£) a& < ke ,
p ~> o oc P =
However, 0O ng(g) g 1 for-allt;and € can be chosen arbitrarily small,
Thue it plainly follows that §g°ﬂp(§) 4t ==> 0 88 D =» 0, and the theorem
is proved,

It is to be remarked that if the { Xn'; are known to be bounded below
by some finite constantcg, say, then one can take G+(x) = U(x~c). Thus,
for instance, for the case of a positive renewal seguence there is no
difficulty in determining & suitable G, (x). Similer remarks apply if
the {Xn} are known to be bounded above; G_(x) is then easily determined.

Corollary 7,1 Let ﬁxng be a renewal sequence and let o(x)

be a non-decreasing, non-negative function of x such that, for some

(0.0]

dx -
("8 <o,
A

sufficiently large 4,

Ei{xt, Bixd, E§x5¥, , o + ¢, ad infinitum, is a stable sequence

with average u, and if, for some finite constant ¢, E {o( | Xn\ )} < ¢

for all n, then{ Xn} is stochastically stable with average u.

i

Proof. Choose A appropriately and then define

G (x) = ¢/ o (-x) for x <-4,
= 1 for x > = A ;
z
G (x)= 0 for x < 4,

1~c/ o(x) for x> A



Then the functioms G+(x) and G_(x) are both distribution functions
of random variables with finite mean values., Moreover, from the :
monotone character of o(x) and the fact that E}{cﬁixﬁ})} < ¢ for

all n, it follows that for all x > A
(10.27) p{lx_| ;x} < cf o(x) .

It is an easy matter to verify, using (10.27), thaﬁ the inequalities
(10.15) hold for G+(x) and G_(x) as presently defined, The corollary
then follows from theorem 7.

As a simple example of a situation to which corollary T.l
convenlently applies, we mention the case when the variances of the
{Xig are bounded,

Theorems 6 and 7 discuss the situation when most of the random
variables %an have finite mean values and k(x) * H(x) converges to a
nonzero limit. To round off this section, let us proveethe following
theorem, which covers the case when many of the random variables have
' finite meens, and k(x) * H(x) converges to zero,

Theorem 8, Let {Xn}'be a renewsl sequence whose I-mesh structure

satisfies conditions (b), (c), and (d4) of theorem 4, Suppose that, for

any arbitrarily large number M, we caen find integers p and g such that
the function f\pq(x) of (6.2) is dominated by the distribution function
K(x) of a random variable whose expectation exceeds Mp, and suppose
further that E{|min(0, X, W< oo for 1=1,2,...,q=1. _If H(x)_is the
renewal function of'an} , and k(x)€K, then k(x) * H(x) - 0, as x->oo.
Proof. If we give M any strictly positive value, then it is obvious
that {Xn} satisfies condition {J, and hence all the conditions of theorem
4k, The proof now closely parallels part of the proof of theorem 6 and we
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shall mérely give & sketch.
Suppose first that we can take g = 0 and find & value of p and

a distribution function K(x) with the properties described in the
enunciation., Then

(x)

K(x) > Gn_'_l(x)* Gﬁ+2(x)!f . o ﬁc;mp

for all n and x. On proceeding ag before we find that, if kl(x)=U(x)-K(x),
then \| kl“ > MEand kl(x) Q]{ and
(10.29) lim sup kl(x) * H(x) <p.
X - ® -

Thus, if k(x)€ 3 , ve have, trivially,
(10.30) lim inf k(x) % H(x) >0,

X w=> 00
and from (10.29) and theorem 4,

fxh
M L]

(10.31) lim sup k(x) * H(x) <
X-=> 00

But M can be chosen arbitrarily large and so, from (10.30) and
(10.31), the theorem is proved when k(x)e.)c , » The extension to k(x)
ig then trivial.

If it is necessary to have q > 0, before a suitable value of p can
be found, then we can adopt the same argument as was used at the end of
the proof of theorem 6, namely, the argument which extended a result

proved for a 8.8, sequence to the case of an U.S.S. sequence.

11. On certain generalizations of renewal theory
Cox and Smith 157 discussed, in addition to the conventional

renewal function, certain more general functions of the form
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’ (o/e]
(11.1) x) =2 a, P,.(x),
j=1 9 9

where iah} is a sequence of real constants., The function Q(x) has
8 simple interpretation. Suppose that, for every n, we are to receive
a "praze" of a, units of currency if § < x (if ay 1s negative the "prize"

becomes a "lose"). Our total prize is then
Z 8, U(x-5,)
X a8, Ux=-=38
g1 d J

and it is easily seen that Q(x) is the expected value of this tetal prize.
Similarly, if we suppose that, for every n, we are to receive a prize

of a units if X, < 8 < x,, then our expected total prize is Q(x2)-Q(xl).

1 2
The renewal function H(x) refers to the special case when all the indi-
vidual prizes equal one unit, >Thus, if the {ank are bounded,

Qan‘ < A, say, for all n, it is trivial that (a)}Q(x)|< A H(x) for all x;
10 %o X3 < XE,IQ(xa) - Q(xl)l< A{H(XE) - H(xl)} .

The following lemma is now obvious,

(b) for every x

Lemma 16: If (a) iaﬁﬁis a bounded sequence; (b) H(x) is finite

for all x; (e) H(x) has the U.B.V., property; then Q(x) is finite for

all x, and Q(x) has the U.B.V. property, in the sense that for every

Q+e
€ > 0 we can find a finite 8&(€) such thatS aldQ(x)\< 8(e), for all a.

If we suppose<{ah} to be bounded, the work of section 5 on the
behavior of zan(e)k applies equally well, after some obvious and easy
changes, to the series Z\ahwn(e)i + The only point needing serious
attention is that we must either redefine what we mean by a removeble
Is-angle or simply suppose that Is-angles do not arise. We shall take

here the latter and simpler course of action, With the proviso, therefore
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that 'Rs is empty, and in view of lemma 16 above, the proof of theorem
I applies with slight modifications to the function Q(x) instead of
H(x). In one or two places » however, the proof of theorem 4 depends upon
H(x) being nondecreasing. We can arrange Q(x) to be nohdecreasing by
supposing a.n 2 O for all n, Once we have proved theo;'em b for such a
monotone Q(x) the extension to the general is trivial, Thus we have
shown thav if 'f an} is a bounded sequence, and if the conditions of
thgorem 4 are satisfied, and if }f,s is empty, then k(x) »Q(x) =—> 0, as
x> 00, for every k(x)¢¥, such that WkW\ = O,

Of particular interest is the following extension of theorem 6

(compare with theorems 3 and 4 of Cox and Smith /57).

Theorem 9., Suppose that
(a) ixn} is a renewal sequence which is ultimstely stochastically

stable with a finite, strictly positive, average H;

(b) the I-mesh structure of S.Xn} satisfies the conditions (b), (c),

and (d) of theorem 4, together with the additional condition that 3‘\15

be_empty;

(c) %an§ is a stable sequence of constants with average a;_then

if Q(x) is defined as in (11.1), and if k(x) & ¥

k(x) ¥ Q(x) -:-> 9—-1!-1-%!- s 88 X => 00 .

Proof: We shall suppose § Xn‘ is 8.S5., once the theorem has been
prov.ed- fgr this case it can be extended to cover the case when '{Xn 3
is U.S.8. by reasoning similar to that employed in the proof of theorem 6.
Since {an}is stable, 1t is also bounded, that is [an‘ < A for all n.

- a¥ = * =5 a¥ i
Let us put a* =A +a , Q (x) == a¥ Fn(x). Then ia'g}ls a positive
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stable sequence, and Q¥(x) = AH(x) + Q(x). But theorem 9 is known
to be true for H(x) in the place of Q(x), and therefore it will

be true for Q(x) if we can prove if for Q*(x). In other words there
will be no loss of gernerality if in proving the theorem for Q(x),

we assume & > O for all n (and Q(x) nondecreasing).

In the proof that follows we shsll several times use the fact
that if Al(x) 2 Ae(x) > 0 for all x, and if B(x) is a distribution
function, then Al(x) * B(x) Ae(x) ¥ B(x) for all x, Note also
that 1if Bl(x) and Be(x) are distribution functions of'random vari-
ables Z,, Z,, say, then \\Bl - B\l = E§z2§ - E&zl; .

Let € > O be chosen arbitrarily small., Since ja { is stable

we can choose p sb that

(11;2)

for all n,
We shall use the functions K§+)(x), Ké')(x) of section 10,

and we note for reference that, by (10.5),

13 K xr 0 g r, 0 s kP xr ),

for all values of the integers r and s, Thus
| (-) > |
(11.4) K. (x)xeQx) < Z a (%)

F
n=l 1 BT

If we write L
U(x) + K{')(x) .o K(;)(X)

(11;5) L(')(x) = ,
P (p+1)




then computation based on (1l.4t) shows that

(11.6) Lé')(x) ¥ Q(x)

a 8.+8a T al.ts +. o ot
g —"1-'- Fl(X) + 12 FQ( )""0 s ot L ;QF (X)
p+l Pl prl

a_+g + +a
. %3 o b1 0" ot

n=1 (p-l-l) n""'p(x) ®

Let A(x) be the distribution function of a random variable with a
large negative mean - A, chosen so that A(x) 2 Ké')(x) for all x,
From (11,6) it follows that

(11.7) AGx) ¥ 107 ) % a(x)

8.1 o a,te, t, 4 otB

1l 72 P
< =1 Fl(x)*A(x) te o oF T Fp(x)*A(x)
[¢.0] 8_+8 +4 a2 o8 ’
+ § B ptl - R F , (x)¥A(x),
nal pF orp

If we define

K§%ﬂ+x(hm+.,wx“%m
(p+1)

2

(11.8) L§+)(x) -

then it may similarly be shown, using (114), that

8.+a
(11.9) ng*)(x)-&q(x) 25%— ol L (¥) + ‘%,Tig IrF2(x) te 0w

al+a-2+ooa+ap F (x) . Og: an+an+l oeet8 n+pr
pel ep nel (p+ 1) n+2p

+
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On subtracting (11.,9) from (11.7) we find that

(11.10) 3 A(x) % Lé")(x) - LI(:)(x)l% a(x)

al v )
§Tp+—l)gF1(X)* A(X) - Fp_‘_l(X)}'"o )

a.4a .t e4etd

* E{Fp(")“(") 'Fep(")}

@ an"'a'n+l+"""a‘n-np
* B+ 1) &FMP(X) X ALx) - Fn+2P(x)} '

However, if we refer to (11.3) again, we see that

(1La1)  F (x) % AG) - Fpp(e) ST, (On{atx) - e} .

Since, by choice of A(x), the right side of (11,11) is nomnegative,
#e cen use (11.11) in the summetion of (11,10) and at the same time

appeal to (11.2) to deduce that
(11.12) {a(x) % LI()')(X) - Lg')(x)}* a(x)

&1
W{Fl(x) * A(X) - Fp‘*l(x)} +e o o

VAN

a.+8 +.40ta
G {Fp<x) * A(x) - ngm}

+

00

0+ e2fac - xDeole{ T 5 o} .

n=1

-+
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At this stage let us note that:
o
(a) 21 Fm_p(x) 4s a remewal function whose behavior is
covered by theorem 6 (the absence of the first p terms which are

usually present mekes no difference);

(0) gA(x) - KI(D-)(X)}GK and HA(x) - Ké').(x)“ =4 - p(H+ p;')) .

Thus we can infer from (11,12) that

(e + €)(A - pjut- ppx(,'))

b

1im sup{ A(x) ¥ LI()')(X.) - Lg’)(x)}sx alx) <

X ) 00

However, A(x)iﬁLI()')(x) - LI(:')(x)e’}(. also, and computation shows

that
Y - 2p
12622l - 180l = a s fue gy o7 ol E el
= A +up s

say.

We have already explained earlier in this section that under
the conditions of the present theorem, the conclusion of theorem 4
can be applied to Q(x) as well as to H(x)., Thus, for every k(x) € 3{;#

we must have

(ave) (a-pipol ) i x )

(11.13) 1im sup k(x) % Q(x) <
X ~3 0o (a+ Hy ) B
If, on the right side of (11.13) we let A—> o, keeping p
fixed, and then let e~> 0, we finally achileve

a ki
W

(11.1%) lim sup k(x) # Q(x) <
X = 00 -
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A similer argument, which we spare the reader,will also show

that
(11.15) lim inf k(x) % Q(x) 2 3—%’5& .

X +~% 00

The theorem follows from (11.14) and (11.15).
There is, of course, a similar generalization of theorem 8 to
cover the case when k(x) ¥Q(x) —~> 0, It is very easy to prove, but

we onit detalls,

12. Some concluding observations

The whole theory in this paper is concerned with what we have
called continuQus renewal sequences, Nevertheless it 1s to be expected
that a parallel theory will exist for periodic renewal sequences, This
is, in fact, so; the theory for the periodic case is, indeed, simpler
in some respects. With no loss of generality we may suppose the
period concerned to be unity, Thus the reandom variables Xn are all
positive or megative integers, or zero, We define I-meshes, I-angles,
and so on, much as before; however, we need only bother now with
I-meshes which exceed:unity end with I-angles in the interval
1;&, +£7. The theory of sections 2 to 6 then goes much as for the
continuous case, In sections 7 and 8 one must work with Fourier
series in place of Fourier integrals., Instead of discussing k(x) ¥ H(x)

one considers averages likeX k s Where u, is the expected number

u
X=y y
of partial sums Sn which equal the Integer x. These averages can
be represented as trigonometrical integrals over ZF&, +i7. Hovever,

for the present we shall say no more on this topic, except to state
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that the sort of theorems one expects to find true in the periodic
case-theorems, that is, whidch are analogous to the onee we have
proved in this paper for the continuous case-are indeed true,

Lastly there is the question of to what extent the results of
this peper will be valid if the varialies Xh are dependent in
some way., This is a considerable snd a difficult questlon; i¥s
ansver obviously hinges to & great degree on the nature of the
dependence, For the main theorem, theorem 4, our proof basicelly
depends on : (a) H{x) having the U.B.,V, property; (b) 2§°wn(e)
behaving itself, If should not be difficult to verify (a) in any
special circumstances, but a discussion of (b) could become quite
tricky;

Definition 5, We say the sequence of random varisgbles §Xn§

has structure R if we can write Xn= Yn+ Zn for all n, where

(a.)sYn% is a sequence of (possibly) dependent random verisbles:

(b)-{Zn§ is a renewal sequence which 1s independent of the

variables iY#},that is the Z_ are mutuslly independent and also

—,
k2

independent of the Yn;

(¢) The I-mesh structure ofiZn§ satisfies the conditions

(b), (c), and (d) of theorem I together with the additional condition

that it have no 1 -mesh,

It is possible to show that z§°¢h(e) has suitable good
behavior if ang has structure R, For let wh(e) be the characteristic
function of B+ Zyte.o+ Z . Then it is clear that, if §X § has
structure R, \wn(ea\g {wn(e)| for all 6, But, except in dealing with

removable Is-meshes, the results in section 5 all involved absolute

convergence, Thus, in the present circumstances, Zﬂwh(ﬁ)lis
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well-behaved and,therefore, so is & \wn(e)\.

When ixn} has structure R and the variables §Yni andizng
are all nomnegative, it is not too difficult to discover whether
H(x) has the U,B,V, property. Without these nonnegativily
assumptions, however, there seems to be no convenient general
prescription which will ensure U.B;V,

_ Notice that Structure R is notquite such a redtriction as it may,

at first sight, appear. Nearly sll the.§zn}- may be zero, All that
is needed is for a nonzero, nonlattice-like, Zn to appear every

0
terms, or so.

10"
When we consider the limit theorems which follow theorem k4,
however, our methods seem quite uns@iitable for dealing with dependent

variables., All our proofs have involved the construction of
kernels k(x) for which the limiting behavior of ¥(x)* H(x) could

be estimated, These constructions all bresk down once the independence

assumption is surrendered,
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