ABSTRACT

GHOSAL, RAHUL. Hypothesis Testing and Variable Selection in Functional Concurrent
Regression Model. (Under the direction of Arnab Maity.)

Functional regression is an active area of research in functional data analysis with a vast
literature to address problems where the response variable, the predictors, or both are functions
over some continuous index such as time. In this dissertation, we develop hypothesis testing
and variable selection methods for functional concurrent regression models. Chapter 1 gives a
general introduction to functional concurrent regression models and a brief outline of this thesis.

Functional linear concurrent model has been the most frequently used functional concurrent
regression model with several applications in longitudinal and spatiotemporal studies. Although
there exist multiple methods for estimation in such model, methods for testing the global effect
of predictors are relatively few. A novel method for testing the null hypothesis of no effect
of a covariate on the response is proposed in Chapter 2. Asymptotic distribution of the test
statistic is established under null using standard assumptions. Numerical simulations are used
to illustrate the performance of the proposed testing method in terms of type I error rate and
power. Applications of the proposed testing method are demonstrated on real data.

In Chapter 3, a method for variable selection is developed for the functional linear concurrent
regression model. The work is motivated by a fisheries footprint study, with a goal to select
the relevant predictors influencing fisheries footprint over time as well as to estimate their
dynamic effects. We extend the classically used scalar on scalar variable selection methods like
LASSO, SCAD and MCP for this purpose. Our proposed penalty on the coefficient functions
penalizes both their roughness and departure from sparsity. Numerical simulations are provided
to illustrate satisfactory selection performance and estimation accuracy of the proposed method.
Finally, the proposed method is applied to real data for selection of influential time varying
covariates and estimating their concurrent effects.

In Chapter 4, we extend the proposed method for performing variable selection in non-



parametric functional concurrent regression. Nonparametric functional regression models are
useful for capturing complex relationships present between response and covariates, especially if
the effects are non-linear. We model the nonparametric functions in terms of bi-variate basis
expansion using a tensor product of univariate basis functions and impose group penalty on
the basis coefficients to perform variable selection. Numerical analysis using simulations study
illustrates satisfactory performance of the proposed method in terms of selection accuracy and
out of sample prediction accuracy. Real data applications are provided on a dietary calcium

absorption study and a bike sharing data.
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Chapter 1

Introduction

Function on function regression is an active area of research in functional data analysis which
focuses on regression problems where both the response variable and the covariates are functions
over some continuous domain such as time. Functional concurrent regression model (Kim et al.,
2018) is a special class of function on function regression models, where the predictors influence
the response concurrently, i.e., the value of the response at a specific time point depends on
the predictor values at that time point only, and not on the past. Functional linear concurrent
regression model (Ramsay and Silverman, 2005) is a further subclass of functional concurrent
regression models, where the dependence of the response on the predictors is assumed to be
linear and is modeled via smooth univariate regression functions. This is similar to the varying
coefficient model (Hastie and Tibshirani, 1993) and has been widely used in functional data
analysis. Several applications and extensions of these models can be found in various branches
of longitudinal data analysis and also in spatiotemporal studies. The domain of functional
regression modeling is diverse with data coming from finance, agriculture, biomedical studies
(fMRI, EEG), spectral measurements, etc. Often these data require dynamic modeling of the
response curve based on other available predictor curves and functional concurrent regression
models are particularly suitable for this purpose. Functional linear concurrent model is the most

commonly used function on function regression model due to its interpretability. There is a vast



literature in functional linear concurrent regression model regarding estimation of the regression
functions; using kernel-local polynomial smoothing (Wu et al., 1998; Hoover et al., 1998; Fan
and Zhang, 1999; Kauermann and Tutz, 1999), polynomial spline (Huang et al., 2002, 2004),
smoothing splines (Hastie and Tibshirani, 1993; Hoover et al., 1998; Chiang et al., 2001; Eubank
et al., 2004) among many others. Estimation of the regression functions is important as they
can reveal the time varying effect the predictors have on the response.

Extending the functional linear concurrent model (FLCM) is the nonparametric or general
functional concurrent model which overcomes the assumption of linear dependence between
response and covariates in FLCM; which may not be true in many real data applications, by
specifying a nonparametric relationship, which is more general and flexible for modeling purposes.
Here also, there exists multiple methods for estimation such as smoothing splines (Kim et al.,
2018), Gaussian process regression (Shi et al., 2005), local kernel smoothing techniques (Jiang
et al., 2011), etc. For non-Gaussian functional responses, an extension of the nonparametric
functional concurrent model is the generalized functional concurrent model of Wang and Shi
(2014).

While several methods for estimation and prediction are available in the literature for the
functional linear concurrent model (FLCM) or the nonparamteric functional concurrent model
(NPFCM), methods for testing of global effects of covariates and methods for variable selection
are relatively few, specially in the context of function on function regression models. In this
dissertation, therefore, the focus has been to develop methods for hypothesis testing and variable
selection in the context of functional concurrent regression models.

In Chapter 2, we propose a novel method for testing the null hypothesis of no effect of a
covariate on the response in the context of functional linear concurrent regression. Although there
have been several methods developed for estimation in the context of functional linear concurrent
regression, methods for testing global effects are relatively few. We show that the testing problem
can be reduced to testing for zero variance components for a set of random effects. For this

purpose, we use a one-sided score test approach, which is an extension of the classical score



test. We establish asymptotic distribution of our test statistic under null and provide theoretical
justification as to why our testing procedure has the right levels (asymptotically) under null
using standard assumptions. Using numerical simulations, we show that our testing method has
the desired type I error rate as well as a higher power than a standard bootstrapped F test
used in the literature. Our model and testing procedure are shown to give good performances
even when the data is sparsely observed, and the covariate is contaminated with noise. We also
demonstrate application of our method on real data.

In Chapter 3, we develop a method for variable selection in functional linear concurrent
regression. Our research is motivated by a fisheries footprint study where one of the goals
is to identify important time varying socio-structural drivers influencing patterns of seafood
consumption and hence fisheries footprint over time. We develop a variable selection method in
functional linear concurrent regression extending the classically used scalar on scalar variable
selection methods like LASSO, SCAD and MCP. We show in functional linear concurrent
regression the variable selection problem can be addressed as a group LASSO, and their natural
extension; group SCAD or a group MCP problem. Through simulations, we illustrate our
proposed method, particularly with group SCAD or group MCP penalty can pick out the true
underlying variables with high accuracy and has minimal false positive and false negative rate.
Finally, we apply our method in a study of dietary calcium absorption and fisheries footprint,
for selection of influential time varying covariates.

In Chapter 4, we extend our method for performing variable selection in nonparametric
functional concurrent regression. The assumption of linearity in the functional linear concurrent
regression model is too restrictive in most real world applications. Nonparametric functional
concurrent regression model, on the other hand, is much more flexible and can capture complex
relationships present between response and covariates. We model the nonparametric functions
in terms of bi-variate basis expansion using a tensor product of univariate basis functions
and impose group penalty on the basis coefficients to perform variable selection. Numerical

analysis using simulations show satisfactory performance of the proposed method in terms of



selection accuracy and out of sample prediction performance. Real data applications on a dietary
calcium absorption study and a bike sharing data demonstrate the proposed method can be used
successfully for variable selection while simultaneously estimating nonparametric concurrent
effect of the predictors which helps to understand underlying dynamics between the response
and the predictors.

In Chapter 5, we conclude with a summary of the contributions made in this thesis and
discuss some interesting problems and extensions that could be addressed based on research

carried out in this thesis.



Chapter 2

A Score Based Test for Functional

Linear Concurrent Regression

2.1 Introduction

Functional linear concurrent regression model arises when the response and covariates are both
functions of time (or any continuous index), and the value of the response at a particular time
point is modeled as a linear combination of the covariates at that specific time point, where the
coefficients of the functional covariates are functions of time (Ramsay and Silverman, 2005).
One can view the functional linear concurrent regression model as a series of linear regression
for each time point, with the assumption that the coefficient functions are smooth over time.
Multiple methods exist in literature for estimation of these regression coefficient functions in
functional linear concurrent regression and the closely related varying coefficient model (Hastie
and Tibshirani, 1993) using basis functions with roughness penalty (Ramsay and Silverman,
2005), polynomial spline (Huang et al., 2002, 2004), local polynomial smoothing (Wu et al., 1998;
Cai et al., 2000; Fan and Zhang, 2000), Bayesian modeling (Gelfand et al., 2003), covariance
representation techniques (Sentiirk and Nguyen, 2011), among many others. While estimation

of the regression functions is an important problem, in many cases the primary interest might



be finding out whether a specific covariate is truly significant or not, i.e., to test for association
between a predictor of interest and the response. For example, in the gait study data (Ramsay
and Silverman, 2005), where there are longitudinal measurements of hip and knee angles taken
on 39 children, the main purpose of the study is to understand how the joints in hip and
knee interact during a gait cycle (Theologis, 2009). One natural question to ask here would be,
whether the knee angles (response) are at all associated with the hip angles (covariate). Simply
building a point-wise confidence interval of the estimated regression function does not answer
the question of the overall significance of the covariate. Thus there is a need for developing
testing methods to find out significant predictors in this setting.

Formally, our primary goal is to test the null hypothesis that the coefficient function
corresponding to a predictor of interest is identically zero, versus the alternative hypothesis
that the coefficient function is non-zero for some time point. Literature relating to such global
testing in functional concurrent linear regression or closely related varying coefficient model can
be traced back to Huang et al. (2002), Guo (2002) among many others. Huang et al. (2002)
employed a resampling subject bootstrap method on an F-type statistic, whereas Guo (2002)
used the connection between linear mixed effects models and smoothing splines, and subsequently
used a generalized maximum likelihood ratio test to test for significance of predictors. Kim et al.
(2018) extended the bootstrap based test (Huang et al., 2002) to general nonlinear functional
concurrent model. Both of these tests rely on a subject-level bootstrap method to obtain the
p-values making the test computationally intensive. Recently, Wang et al. (2018) developed
a method for pointwise as well as global testing using empirical likelihood ratio tests. Their
method, which is extremely general, uses a wild bootstrap procedure to perform the test for
both dense and sparse functional data. Besides these global testing procedures one can also use
confidence bands based methods e.g., Fan and Zhang (2000) for building simultaneous confidence
bands for the underlying coefficient functions.

In this article, our goal is to build a classical likelihood based testing method for testing

of the global effect of covariates, which is also computationally cheap. We model the unknown



regression coefficients using B-spline basis functions and derive an equivalent random effects
model. Under such a framework, we show that our testing problem reduces to testing for zero
variance components for a set of random effects. There are multiple existing methods in the
literature for testing for zero variance components. Crainiceanu and Ruppert (2004), Greven
et al. (2008), and Staicu et al. (2014) considered testing for variance components using likelihood
ratio test (LRT) and restricted likelihood ratio test (RLRT). The main challenge of such tests
is that the null distribution is different from the commonly used 0.5x2 : 0.5x3 approximation
or such mixtures of two chi-square distributions, which is used in Guo (2002). In this article,
we propose a score based testing method that is computationally efficient. Our procedure is
inspired from the work of Molenberghs and Verbeke (2007) which describes an approach of
using a one-sided score test in constrained parameter space. The major advantage of working
with the score test is, it does not require computations under the alternative. Zhang and Lin
(2008) and Lin (1997) also used such one-sided score tests for variance component testing in
generalized linear mixed models and longitudinal data. However, the methods mentioned above
assumed that the responses are independent given the random effects and that the variances have
some parametric form. In contrast, in our functional regression framework, we assume unknown
non-trivial covariance structure and estimate the covariance function nonparametrically. The
assumption of non-trivial dependence is crucial in functional data because of complex correlation
structures that might be present in real data. We derive the asymptotic distribution of the test
statistic under the null hypothesis; we show that the commonly used chi-squared approximation
of the score test statistic is not appropriate in our situation. However, the null distribution
of our test statistic is easy to simulate from. Thus the calculation of p-value for our testing
procedure is computationally efficient. We show that asymptotically our testing procedure has
the correct type I error rate. Using numerical simulations, we illustrate that our testing method
has the desired type I error rates for finite sample sizes and that our proposed testing procedure
has higher power than the bootstrapped F-test of Kim et al. (2018).

The rest of the article is organized as follows. In Section 2.2, we discuss our model specification,



present our testing method and derive theoretical properties related to our test statistic. In
Section 2.3, we present a simulation study under various sampling design scenarios and give the
simulation results. In Section 2.4, we demonstrate our proposed test by applying it to the two
real data examples: gait data and calcium absorption study and summarize our findings. We
conclude by a discussion about some limitations and some possible extensions of our work in

Section 2.5.

2.2 Methodology

2.2.1 Modeling framework

Suppose that the observed data for the ith subject, i =1,...,n, is {Y;(¢), Xi1(¢),..., Xip(t)},
where Y'(-) is a functional response and Xi(-),..., Xp(-) are the corresponding functional covari-
ates. In practice, the functions for the ith subject are observed only on a finite set of points ;;,
Jj=1,...,m;. We assume that ¢;; € T, a bounded and closed set. For the rest of the article, we
assume T = [0, 1] without loss of generality. To start with, we will assume that t;; = ¢;, and
that the covariates X;i(-) are measured without error. We discuss the cases when the functions
are observed on irregularly spaced grid, and with additional measurement errors in Section 2.2.5.

We consider a functional linear concurrent regression model,
P
Yi(t) = Bo(t) + > Xir(t)Br(t) + e(t),
k=1

where 5y(t) and Bk (t) (k=1,2,...,p) are smooth functions representing functional intercept
and functional slope parameters, respectively. We assume X;i(+) are independent and identically
distributed (i.i.d.) copies of Xp(-) (k=1,2,...,p), where Xj(-) is a stochastic processes with
finite second moment. For simplicity we illustrate our testing method for the single covariate

model

Yilt) = Bolt) + Xi() 1 (1) + es(t), (2.1)



which can be easily extended to the multiple covariate situation above and this is discussed in
Section 2.2.6. We further assume ¢;(+) are i.i.d. copies of €(-), which is a mean zero Gaussian
process plus some Gaussian white noise, that is, €(t) = V(t) + wy, where V(-) ~ N(0,G(, "))
and w; are i.i.d. N'(0,0?) random errors. Thus the covariance function of the error process is

given by X(s,t) = cov(e(s),e(t)) = G(s,t) + o%I(s = t). Our primary interest lies in testing,
Hy:pi(t)=0for allt versus H;j: p1(t) # 0 for some t.

In general, testing Hy is difficult since f;(t) is an infinite dimensional parameter. In this article
we show that by modeling the coefficient function with splines and using a random effects model,
the testing problem can be reduced to a variance component test. This reduction in parameter
dimension not only helps in getting satisfactory performance of our testing method but also is
computationally cheaper than doing the bootstrapped F test existing in literature. Subsequently

we develop a one sided score test for testing our null hypothesis.

2.2.2 Equivalent random effects model

An usual method (Ramsay and Silverman, 2005) to estimate [o(t) and (i (¢) in model (1) is by

minimizing the penalized residual sum of squares,
SOOIV = o) = Xi()BO B + Ao / (B3(6)}2dt + My / (816} t,
=1

where A9, A1 are unknown penalty parameters penalizing r-th derivative of the coefficient
functions and || - ||, denotes the functional Lo norm. Suppose for ¢ = 0,1 {Bp(t), k =
1,2,...,ke} is a set of known basis functions. We write the unknown coefficient functions
using basis function expansion as [(t) = Zfﬁl breBre(t) = BY (t)by, € =0,1, where By(t) =
[B1e(t), Bas(t), . . ., Bi,e(t)]T and by = (b1g, bar, - - -, bg,e)T is a vector of unknown coefficients.
In this article, we use B-spline basis functions, however, other basis functions can be used

as well. Thus we can write X;(¢)51(t) = 21121:1 b1 Xi () Bri(t) = X;T(t)by, where X (t) =



[X;(t)B11(t), X;(t)Ba1(t), ..., X;(t)Br,1(t)]T. We can then rewrite our model (1) as Y;(t) =
Bl (t)bo + X7 (t)by +¢;(t). The unknown basis coefficients can then be estimated by minimizing
the penalized error sum of squares .7, ||Yi(-) =B (-)bo — X7 (-)b1 |3+ Xobd Pobo + A1 bI P by,
where Py and P; are the penalty matrices coming from penalizing the r-th derivative of the
functions SBy(t) and Bi(t). In particular P, = [ BJ(+)B} ()T dt and thus [(8}(t))%dt = b} P¢by.
Since we only observe data on a fine regular grid S = {¢1,t9, ..., t,,} in practice, the minimization

is carried out by minimizing
D {¥ilty) = BE (t)bo — Xi T (t;)b1}? + Agbd Pobg + A1b{ P1by.
i=1 j=1

Define Y; = [Yi(t1), Yi(t2), ..., Yi(tm)]", Bo = [Bo(t1)[Bo(ta)| . . . [Bo(tm)]", Xi = [X; (£1)[X} (t2)]

.. |X¥(tm)]¥. Thus the least square criterion for estimation is given by,

n
> 1Y = Bobg — Xbi ][5 + Agbd Pobg + A1b{ P1by.
i=1
Now since the matrices Py, P; are singular (for » > 1), the equivalent random effects model
corresponding to this minimization problem would be rank deficient. As our primary interest
lies in testing, we propose to penalize the coefficient functions directly, namely we use r = 0 and
consequently Py = [ By(t)By(t)Tdt. Our simulations show we are able to maintain correct type
I error rates of the proposed testing method using this strategy. It then follows that the normal
equations are identical to those from the equivalent random effects model Y; = Bobg + X;b1 4+ (;,
where ¢; ~ N3y (0,02L,,), bo ~ Nig, (0,02 o), by ~ N, (0,02 1) and by, by, (; are independent.

2 2
We denote ( = }P’al, 1= 1_1, 03 = ‘;\—3, 02 = i—i Using Cholesky decomposition of ¢, 1

and appropriately reparameterizing (Cy = By (1)/2, Z; = X; %/2, Ve = ;1/2bk), the model
can be rewritten as Y; = Covyo + Ziv1 + (i, where ¢ ~ Nip(0,02L,,), Y0 ~ Ny (0,081, ),
1 ~ Ni, (0,021,), and all the random effects are independent. Thus our test Hy can be carried

out via testing of a single variance component, namely testing Hy : o3 = 0 against the alternative

Hiy :0? > 0.
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Now for our testing problem since the errors are not independent, to get the correct likelihood
we need to use the true covariance kernel (s, t) for the residual vector €;s, which motivates us

to use the random effects model

Y; = Covo + Ziv1 + €, (2.2)

where €; ~ N (0, mxm), Yo ~ Ny (0,0281%,), ¥1 ~ Ni, (0,021, ) and all of them are independent.
Here ,,xm denotes the covariance kernel X(s,t) evaluated at S = {t1,t2,...,tn}. For the
moment let us assume ;% to be known. Of course in reality ;% will be unknown and we
will need to estimate it. We illustrate in Section 2.2.4 how to estimate ,,x, using functional
principal component analysis (FPCA). Writing equation (2.2) in stacked form fori =1,2,3,...,n
we have

Y = Byo+ Zm + &, (2.3)

where B = [CT|CE|...|C0)", z = [zF\Z%)...|1ZzD)F, Y = (YI,YT,...,)YD)T and € =

(el el ..., el)T. & ~ Nn(0, ) (N =mn), where the covariance matrix is given by =diag
{ mxms mxms--+s mxm}- Note that Z =X 1/2 and B =B 3/2, where X, B are defined simi-

larly by stacking X; and By s. So in this set up, we are interested in testing Hy : 0 = 0 against

the alternative Hy : 0% > 0.

2.2.3 Testing method

We develop our testing method treating Z as nonrandom (fixed). Namely our test is a conditional
test based on observed Z {i.e., observed X;(t)}. We show that our conditional testing method
has the right levels under null which in turn ensures the unconditional test would also enjoy
this property. Marginally Y ~ A(0,V), which follows from equation (2.3) with V =V(7y,7) =

+ 70BBT + 1 ZZT, where 19 = 02 and 71 = 0%. So the marginal log-likelihood of Y (upto a
constant) is :

Lyp(t0,71) = —1/2(In |V + YTVLy). (2.4)

11



Based on this likelihood, we want to test Hy: 74 =0 vs Hy : 74 > 0.
Let 8 = (10,7)7 and 0 denote the maximum likelihood estimate (M.L.E) of # under Hy.

The score function of 7 is

S, (10, 71) = —1/2{tr(V7IM) — YTV IMV~Y}

= —1/2{tr(Z"V7'7) — (VV2Y) Ty 2277y 12 (v 1%y},

where M = ZZ". The information matrix I(8) corresponding to the likelihood in (2.4) is

partitioned as,

I6) L1(0) 112(0) |
I1(0)" Iry(9)
where 111(0) = t?“{(Bvalﬁ)Q}/ZIQQ(G) = t?“{(Zvalz)Z}/Z I (0) = 112(9) = tT{(BTV71Z)
(BTV—1Z)T} /2. Then the classical score test statistic is given by,

B S7.(0)
 12(0) — I (0)TI71(8) [12(6)

Ts

As the parameter space is constrained and the null hypothesis is on the boundary of the
parameter space, following Molenberghs and Verbeke (2007) we define our one sided score test

statistic as

s2 (6) o A
( if S, (8) >0
Ty ={ 2O ' (2.5)

0 if S, (0) <0,

where A(8) = I29(0) — I21(0)T I (8)I12(8). We assume the true covariance matrix  to be
known for the time being for establishing asymptotic distribution of our test statistic but in
reality it is generally unknown, so we will need to estimate it from data by some consistent
estimator ~ and plug that in for in Tg. Next we posit two theorems regarding distribution

our test statistic.

Theorem 1. Suppose the following conditions are true :
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a) The null hypothesis is true i.e., Hy : 7 = 0 holds and 6y = (7,0) is the true value of 6,

b)  be the true covariance matriz of the residual vector £ in equation (2.3).

S2 (o TR e2-3k )
Then Ts(0n, ) = g 105500 2 0) £ (12 EENTEER) s o b ),

where 4 i N(0,1) and Ny are eigenvalues of ZTV(0y, )" Z/n and A, (8y) = A(6o)/n?
[Ltr{(BTV-1Z/n)(BTV-1Z/n)T}]?
Ler{(BTV-1B/n)?}

= tr{(Z"V'Z/n)?} -
The proof of the Theorem 1 is given in Appendix A.1.

Theorem 2. Suppose the following conditions are true :
a) The null hypothesis is true i.e Hy : 71 = 0 holds and 6y = (7, 0) is the true value of 6,

b) 6 is\/n consistent estimator of 8y under null and the estimator " is a consistent estimator

of in the sense || "1 — 1| = op(1) (spectral norm,).
Then Ts(8, ) % Ts(8o, ).

The proof is mainly based on application of Slutsky’s theorem and matrix norm inequalities.

A detailed proof is given in Appendix A.2. As mentioned in Theorem 1 the null distribution
(0L, A —300L, A
2 =1 "M% =17

2
k k
A (00) > IS0 Aex? > 771, Ar). Because 6

of the test statistic is given by (1/2)

and A\, are unknown in reality, we approximate the null distribution using plug-in estimates of 0

and A, i.e, we use the approximate null distribution

ki oy 2 ko )2
( =1 MLy — e:1)\€> k1 k1

(1/2) eI 1At =30, (2.6)

where ), are eigenvalues of ZT'V(0, )™'Z/n and %l N(0,1) for £ = 1,2,...,k;. This is
justified as it can be shown N 5 )\, and An(é) LN An(6p), see the proof in Appendix A.2.
Our simulations show that we are able to get the correct type I error rates and good power of
our test using the above strategy. Simulation from the null distribution of our test statistic is

easy and computationally efficient, as we only need to calculate k; eigenvalues of the matrix
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ZTV(0, " )~'Z/n, and simulate z, *4 N'(0,1) for £ = 1,2, ..., k. For calculation of V(8, )71,
we use the Woodbury matrix identity and also the fact  is block diagonal, which greatly
speeds up the calculation. It is well known (Zhang and Lin, 2003), that the usual asymptotic x>
distribution of the score test do not work here, so the approximate null distribution in (6) is
more appropriate. As the test statistic is one sided and in particular not continuous at zero, the
p-value under null is asymptotically distributed as mixture distribution of degenerate one and
U(0,«), where a = Py, {S-,(60) > 0} = P( ’Z;l Nex? > Zéf;l A¢), a detailed proof is given in
Appendix A.3. As kq increases it follows by application of CLT, @ — % and the null distribution
of our test statistic asymptotically converges to 0.5x3 : 0.5x7. In reality choice of k; will depend
on the type of design (dense or sparse) and number of observed time points for each subjects. So
such a convergence need not hold for subjects observed only on a finite set of points. Therefore,

we use the approximate null distribution (2.6) to perform our test.

2.2.4 Estimation of Covariance Matrix

In reality  is unknown, and we need a consistent estimator ", In the context of functional data,
we want to estimate 3(-,-) completely non-parametrically. If we had the original residuals e;;
available, we could use functional principal component analysis (FPCA), e.g., Yao et al. (2005)
or Zhang et al. (2007) to estimate X(s,t). The error process €(t) was defined as €(t) = V (t) + wy.
We assume the covariance kernel G(s,t) of the smooth part V(t) is a Mercer kernel (Mercer,

1909). Then by Mercer’s theorem G(s,t) must have a spectral decomposition
G(s,t) =) Mn(s)or(t),
k=1

where A\ > Ay > ...0 are the ordered eigenvalues and ¢(+)s are corresponding eigenfunctions.
Thus we have (s, t) = Y771 M¢p(s)dr(t) + 02(s = t). Given ¢, = V(t;;) + wy;, one could
employ FPCA based methods to get ¢y(-), Axs and o2. Hall et al. (2006) established L2

convergence of the FPCA estimates, in particular of the eigenfunctions and eigenvalues, in both
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the sparse and dense functional data setting under appropriate regularity conditions on the
sampling design. Li and Hsing (2010) established uniform convergence rates for eigenfunctions
and eigenvalues under more general framework where the number of observations for each
function can be sampled at any rate relative to the sample size. More specifically Li and Hsing
(2010) showed it is possible to get consistent estimators ¢y (-), A and 2 under both sparse and

dense functional data settings. So a consistent estimator of ¥(s,¢) can be formed as

K
S(s,t) = Y Mer(s)or(t) + 021 (s = 1),
k=1

where K is large enough for the convergence to hold and is typically chosen such that percent of
variance explained (PVE) by the selected eigencomponents exceeds some pre-specified value
such as 99% or 95%. In reality we don’t have the original residuals €;; and use the full model (1)
to obtain residuals e;; = Y;(t;) — Yz(tj) Then treating e;; as our original residuals, we obtain

Y.(s,t) using FPCA. Our simulations show good results using this approach and we are able to

maintain the correct levels of the test under both sparse and dense sampling design scenarios.

2.2.5 Extension to Sparse and Noisy Covariate

In developing our method we assumed that covariates are measured without noise and data is
observed on a regular dense grid of points S = {t1,t2,...,tnm} C T =[0,1]. Although in reality
data might be observed sparsely, and the covariates may be contaminated with measurement

error. Our testing method can be extended to these situations in the following ways.

Case 1: Sparse design, no measurement error

We assume response Y;(t) and the covariate X;(t) are observed in S; = {ti1,ti2, ..., tim,} C
T =10,1] for each i = 1,2,...,n and maxj<j<, m; < M, for some fixed M. In this case the
only difference in our model is that Y; is a m; x 1 dimensional vector and that €; ~ N, (0, ;)

independently, where ; is the covariance kernel ¥(s,t) evaluated at S; = {ti1, ti2, ..., tim, }- S0
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our model described in (2.2) still holds with =diag { 1, 2,..., n}. As discussed in Section
2.2.4, if ¥(s,t) can be consistently estimated by (s, ¢) then ; would be a consistent estimator

of ; and our testing method is still valid.

Case 2: Dense design with measurement error

Suppose now data Y;(t) and covariate X;(t) are observed in a fine regular grid S = {t1,t2,...,tm} C
T = [0,1] and the covariate is observed with measurement error. Namely instead of observing
Xi(tj) we observe U;; = X;(t;) + d;j, where d;; are i.i.d. mean zero random errors with variance
k2. There exists several methods to reconstruct the original curve X;(-) from the observed curve
with measurement error. Zhang et al. (2007) proposed to use local polynomial kernel smoothing
technique for individual function reconstructions. They showed that under appropriate conditions
and suitable choice of bandwidth, the smoothed trajectories, Xz() will estimate the true curves
X;(-) with negligible error. Thus we can use the reconstructed curves X;(-) and the effect of

such a substitution is asymptotically negligible.

Case 3 : Sparse design with measurement error

More generally, we consider the case where functional data is observed in irregular and sparse
grid of points and covariate is observed with measurement error. Here we have observed response
{(Yi(tij),tij),5 = 1,2,...,m;} and observed covariate {(U(ti;),tij),j = 1,2,...,m1;}. Again
we assume that U;; = X;(t;;) + 6;5, where ¢;; are i.i.d. mean zero random errors with variance
k2. In such a sparse sampling design, it is generally assumed (Kim et al., 2018) although
the individual number of observations m; is small, [Ji_; Uj2, t;; is dense in 7" = [0, 1]. Then
reconstructing of the original curves from the observed sparse curves can be done by using
FPCA methods of Yao et al. (2005) or Hall et al. (2006). The methods are based on estimating
the mean and covariance functions using local linear smoothing, and subsequently estimating
the eigenvalues and eigenfunctions from a spectral decomposition of estimated covariance matrix.

As mentioned earlier, Li and Hsing (2010) proved uniform convergence of the mean, eigenvalues
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and eigenfunctions for both dense and sparse design under suitable regularity conditions. For
prediction of the scores Yao et al. (2005) introduced the PACE method which ensures the
estimated scores asymptotically goes to BLUP of the original scores. Then these estimates can
be put together using Karhunen-Loéve expansion to get estimates X@() of the true curve X;(-).
We again use the PVE criterion to select the number of PC. So for sparse data observed on
irregular grid and observed with measurement error, we employ FPCA to get X; (t) and then
use {Y;(t;)), X'Z-(t@'j),j =1,2,...,m;} as our original data to perform our proposed test. Our

simulations show that we are able to maintain correct type I error rate and obtain satisfactory

power of our testing method using this strategy.

2.2.6 Extension to multiple covariates

Here, we illustrate how our testing method can also be applied in multiple covariate setting. In

this case the likelihood is as in (2.4) and given by
L (70,71, -, 7p) = —1/2(In [V| + YTV1Y), (2.7)

with the only difference being V = V(r,71,...,7) = + 7BBT + nZZT + ... + TprZ;‘,F.
So testing for the effect of X,(-) here similarly reduces to testing for the variance component
Tp, namely, we test Ho : 7, = 0 vs Hy : 7, > 0. The score function S, (70,71,...,7,) and the
information matrix 1(8) {6 = (79, 71,...,7p)’ } are also modified accordingly taking into account
the additional variance components, e.g., the information matrix I(#) now has to be partitioned

as
Hll(e)pxp 112(9)pxl
L1(0),, I22(0)1x1

1(6) =

Then our testing method can be applied as in Section 2.2.3 and the generalization of Theorem
(1) and Theorem (2) to this multicovariate setting remains valid. We have given examples of

application of our testing method in multicovariate setting, both in our simulation study in
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Section 2.3 and real data application in Section 2.4, where we have considered two covariate

scenarios and tested for effect of one covariate in presence of other.

2.3 Simulation Study

2.3.1 Study design

In this section, we investigate the performance of our testing method via simulation study. We
evaluate our test in terms of type I error rate and power. We also compare our method to
the existing bootstrapped F-test proposed by Kim et al. (2018). To this end, we consider the
following two scenarios.

Scenario A (single covariate): We generate data from the model,
Yi(t) = Bo(t) + Xi(t)Br(t) + €i(?),

where fp(t) = 1 + 2t + 2 and $1(t) = t/8. The original covariate X;(-) are i.i.d. copies of
X (+), where X (t) = a + b+/2sin(nt) + ¢ v/2cos(nt), where a ~ N(0,1), b ~ N(0,.85%) and
c ~ N(0,.70%) and they are independent. As discussed in Section 2.2, we assume that we observe
X;(t) with measurement error, i.e., we observe U;(t) = X;(t) + J, where § ~ N(0,.6%). The error

process €;(t) is generated as

€i(t) = &1 V2cos(mt) + &in V2sin(mt) + N(0,0.9%1,,,),

where &1 “ N (0,2) and & W (0,0.75%). We consider the following sampling designs:

e Dense design: Functional data are observed in S for each subject, where S is the set of

m = 81 equidistant time points in 7 = [0, 1].

e Sparse design: The response Y;(t) and noisy covariate U;(t) both are observed in ran-

dom my, and my, points in S where my;, i Uniform{20,21,...,31} and also my;, b
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Uniform{20,21,...,31}.

We consider two sample sizes, n = 100 and 300 for comparison with the bootstrapped F test
method. An additional simulation is done in this same set up for dense data with m = 20,
n = 39 to illustrate the performance of the testing method for small sample size, as considered
in the application section of this article.

Scenario B (Multiple Covariates):

We generate data from the model,

Yi(t) = Bo(t) + Xa (1) B1(t) + Xia(t) 52(t) + €i(t),

where Bo(t) = 142t +t2, B1(t) = t/8 and Ba(t) = sin(rt). The original covariates X, (-) are i.i.d.
copies of X,(-), where X, (t) = ay, + b, V/2sin(rt) + ¢ V/2cos(wt), where ay, ~ N(0, (275Kk=1))2),
b, ~ N(0,(0.85 x 272-=1)2) “and ¢}, ~ N(0, (0.70 x 27°*=1)2) "and they are independent.
The covariates Xj(-) are same as considered in Kim et al. (2018). We observe X;i(t) with
measurement error, i.e., we observe Uy (t) = X;x(t) + dx, where &, ~ N(0,.62). The error process
€;(t) are generated as in Scenario A described above. Similar sparse and dense design settings
and sample sizes n € {100,300} are considered. Here the main goal is to test Hp : f2(t) = 0
against the alternative Hy : B2(t) # 0. For each of the scenarios we use 1000 generated data sets
to asses type I error and power. To model the regression functions, 12 cubic B-splines are used

for all scenarios.

2.3.2 Simulation Results

Scenario A:

We first assess type I error of the test. We use nominal a level of o = 5% for n = 100 and
n = 300. The results are displayed in Table 2.1. The estimated standard errors are also given.
We observe that our test maintains nominal type I error. For dense design, the test appears to

be slightly conservative with estimated type I error below the nominal level of .05. This might
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Table 2.1 Estimated type I error along with their standard error at a = 5% level.

Simulation Scenario Scenario A Scenario B
Sampling Design n = 100 n = 300 n = 100 n = 300
Dense .035 (.006) | .033 (.006) | .036 (.006) | .035 (.006)
Sparse .066 (.008) | .048 (.007) | .059 (.007) | .051 (.007)

be due to using a small number of basis functions (12) for dense design (m = 81 ). For sparse
design, as sample size increases, the size performance of our test improves, which is expected
as our test is a large sample one and for the asymptotic convergence to the null distribution
to hold we need larger sample size. The nominal level lies within two standard error limit of
estimated type I error in this case.

Next, we study the power performance of our test for a fixed nominal level of o = 5%. To this
end, we generate data in the simulation set up mentioned earlier with £;(t) = dt/8. Then d =0
corresponds to the null hypothesis and d > 0 captures the departure from the null hypothesis.
We compare the power of our test to the bootstrapped-F test for n € {100,300}, and both dense
and sparse sampling designs. For comparison of power with the bootstrapped method, we use
the results from the simulation study conducted by Kim et al. (2018). The results of our study
are displayed in Figure 2.1.

We note that across the sparse and dense design scenarios, our method produces higher
power than the bootstrapped-F test method. This is expected as our method is a likelihood
based method. We also observe that as the sample size increases or d increases the power of our
test converges to one across all the settings faster than the bootstrapped-F test. Similar results

for the additional simulation study is provided in Figure 2.2.

Scenario B:

The type I error rates for this scenario are also displayed in Table 2.1. Nominal levels of o = 5%
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Figure 2.1 Results of simulation study as described in Section 2.3, Scenario A. Displayed are the
power curves for our proposed procedure (solid line) and the bootstrap-F test based method (dashed
line) for dense (left column) and sparse (right column) sampling designs with sample sizes n = 100
(top row) and n = 300 (bottom row).
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for n = 100 and n = 300 are considered. Again we observe our test maintaining nominal type I
error, and improvement in size performance with increasing sample size, particularly for sparse
design. A similar evaluation of power performance is done as in Scenario A. Namely we generate
data as in simulation Scenario B with 55(t) = df2(t). The power curve of our testing method
for both dense and sparse settings for n € {100,300} are displayed in Figure 2.3. We observe
the power converging to one, as sample size or d increases, across all the sampling designs.
Our simulation results illustrate the proposed testing method is able to maintain the nominal
type I error rate as well as capture the departure from null hypothesis efficiently even when

data is observed sparsely and the covariates are observed with measurement error.
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Figure 2.2 Power curve for simulation Scenario A, additional simulation study, n=39, m=20.
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Figure 2.3 Results of simulation study as described in Section 2.3, Scenario B. Displayed are the
power curves for our proposed procedure with sample sizes n = 100 (dashed line) and n = 300 (solid
line) for dense (left column) and sparse (right column) sampling designs.

We have used 12 cubic B-splines basis to model the regression functions in all our simulations.
In reality, the choice of the number of basis functions depends on the type of design (dense or
sparse) and number of observed time points for each subjects. Using a large number of basis can
result in loss of power while using a small number of basis can make the test conservative as we
saw in case of dense design. To investigate the effect of number of basis on the performance of
the test an additional simulation is carried out as in Scenario A for dense design, with number of
basis functions k; = 12,14, 16. The result is illustrated in Figure 2.4. The estimated type I error
achieves the nominal level with an increase in the number of basis. We also observe a marginal
decrease in the power as expected with a larger number of basis, which might be attributed to

more parameters in the model.
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Figure 2.4 Effect of number of basis on the power of the test, simulation Scenario A, n=300.

2.4 Real Data Applications

Through simulations, we have shown our proposed testing method can identify significant
covariates under both dense and sparse sampling design, even when the covariates are observed
with measurement error. Next, we present two real data applications of our testing method to
demonstrate its usefulness in identifying significant time varying covariates in practical problems.
We first consider the study of gait deficiency which is a typical case of dense data with small
measurement error, subsequently, we also apply our method to a study of dietary calcium

absorption, where the data is sparse and measurement error is relatively higher.
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2.4.1 Gait Data

In this study, the goal is to understand how the joints in hip and knee interact during a gait cycle
(Theologis, 2009), (Ramsay and Silverman, 2005). Here, there are longitudinal measurements
of hip and knee angles taken on 39 children on 20 equispaced evaluation points in 7 = [0, 1].

Figure 2.5 displays the observed individual trajectories of the hip and knee angles. The study of
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Figure 2.5 Measurement of hip angles and knee angles in the gait study.

gait is important as it helps to identify issues causing pain, and also implement and evaluate
treatments to correct abnormalities. As discussed earlier, one natural question to ask here is
whether the knee angles (response) are at all associated with the hip angles (covariate). In our
terminology, here Y;(¢) is the knee angle, we assume the hip angles X;(¢) are observed with

measurement error, i.e, we observe U;(t;j) = X;(ti;) + d;j, where ¢;; are assumed to be white
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noise. Kim et al. (2018) investigated the effect of knee angles on hip angles and found the effect
to be linear. In our functional linear concurrent modeling setup, we are therefore interested in
testing Hy : B1(t) = 0 against the alternative Hy : 51(t) # 0, where [31(t) denotes the linear
concurrent effect of hip angles on knee angles. We use our proposed testing method with 14
cubic B-splines to model fy(t) and S;(t). The p-value of the proposed test is calculated to be
.0004. So we reject the null hypothesis and conclude that knee angle at any fixed time point
is associated with the hip angle at the same time point. Our findings match with that of Kim
et al. (2018), who used the bootstrapped-F test method.

As the sample size (n = 39) for this data is small and our testing method is an asymptotic
one, we further evaluate the performance of our proposed method using a simulation study that
captures the feature of the gait data. This also enables us to see the power performance of our
method. This is done similarly as that of Kim et al. (2018). We use a model that mimics the
feature of the gait data, generate a large simulated data set and assess the power performance
of our method on the simulated data. In particular, We generate the covariate X;(¢) from a
process with the mean and covariance functions that equal their estimated counterparts from
the data using FPCA. We also estimate the parameters [y(t), $1(t) from the fit of our full
model and estimate (s, t) by doing FPCA on the residuals obtained from the full model fit.
Then we generate observations using the model Y;(t) = Bo(t) + d{X;(t)51(t)} + €(t), where
€ (-)~N(0,2(-,-)). We simulate n = 300 response curves Y;(t) from the above set up. In the
above set up d again plays the role of a parameter, which controls departure from the null
hypothesis. We perform a power analysis simulating 1000 such data sets from the above scenario
for various d. Figure 2.6 shows the power curve obtained from our analysis.

For d = 0, the type I error is .062, and nominal level o = .05 is within its 2-standard errors
limit. As d increases the power gradually increases and ultimately goes to one when d = 0.35,
which ensures power is one at d = 1. This result further confirms our conclusion that knee angle

during a gait cycle is associated with hip angle.
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Figure 2.6 Results from simulation study mimicking gait data. Displayed is the power curve of our
test.

2.4.2 Calcium Absorption Data

We consider the dietary calcium absorption study given in Davis (2002). In this study the
subjects are a group of 188 patients. We have data on calcium absorption, dietary calcium
intake and BMI of these patients at irregular intervals between 35 to 64 years of their ages.
The number of repeated measurements for each patient is between 1 to 4. Figure 2.7 shows the
individual curves of patients’ calcium absorption and calcium intake along their ages.

We notice that this is a typical case of sparse data with relatively high measurement error.
In this study, we are interested in finding whether calcium intake has any effect on calcium

absorption in presence of BMI. We assume the covariates BMI X;;(¢) and calcium intake X;o(t)
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Figure 2.7 Observed calcium absorption and calcium intake in the calcium absorption study.

are observed with measurement error. So our observed data is U;(t;;) = X1 (tij) + d;; and
Vitij) = Xaa(tij) + vij.

Our response variable is calcium absorption Y;(t). Following the study in Kim et al. (2018) we
assume a functional linear concurrent regression model, Y;(¢) = Bo(t) 4+ X;1(¢) 51 (t) + Xia(t) Ba2(t) +
€;(t), and want to test Hy : S2(t) = 0 against the alternative H; : Ba(t) # 0. First we use FPCA
as discussed in Section 2.2.5 on noisy covariates to get their smooth counterparts at time points
where we have Y;(t) available and then apply our one sided score test method for multiple
covariates described as in Section 2.2.6. We use 12 cubic B-Splines to model £y(t), £1(t) and
B2(t). The p-value of our test is calculated to be < 107°. Thus we conclude in presence of BMI,
calcium intake of patients has a significant effect on calcium absorption which again matches

with the findings in Kim et al. (2018) and other studies of dietary calcium absorption.
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2.5 Discussion and Future Work

In this article, we have proposed a likelihood based method for testing of hypothesis in functional
linear concurrent regression. We have formulated the problem as a test for variance component
and have used a one sided score test approach. We have established the asymptotic null
distribution of our test statistic under some standard assumptions. Through simulations, we have
shown our proposed method maintains the nominal type I error rate and also yields higher power
compared to the existing bootstrapped-F test, even when data is observed sparsely and with
measurement error. We have successfully applied our method in finding significant covariates
in two real data applications, namely the gait study and calcium absorption study. We note
our method is a general one and can be applied for testing in longitudinal data setting too,
where we have more flexibility in assuming a parametric form of error covariance structure and
estimating it consistently from the data.

We have considered a Gaussian distribution for the functional error in our model, if the
distribution is non-Gaussian, one can still use the score test statistic proposed in this article
and employ a subject level bootstrap method for performing the test. Similarly, it would be
of interest to explore how the score test approach can be extended to generalized functional
concurrent models such as logistic regression. In developing our test, we have used a random
effects formulation of the problem arising from directly penalizing the coefficient functions. It is
also plausible to use penalty on r-th (r > 0) derivative of the coefficient functions. In this case,
the main challenge is to handle the singularity of the resulting covariance matrices, which can be
addressed by using mixed effects model and subsequently testing for variance component using
variants of likelihood ratio tests (Crainiceanu and Ruppert, 2004). Another important work for
the future could be to prove the consistency results of the FPCA approximation methods used
in this article. Further, we would like to extend our testing method to nonparametric concurrent
functional regression and more general function on function regression models and this is also a

possible area for future research.
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Software

Software in the form of R code illustrating implementation of the proposed method, together
with the data set and complete documentation is available at GitHub (https://github.com/

rahulfrodo/FLCM_Score).
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Chapter 3

Variable Selection in Functional

Linear Concurrent Regression

3.1 Introduction

Function on function regression is an active area of research in functional data with new statistical
methods emerging frequently to address data where both the response variable and the covariates
are functions over some continuous index such as time. Functional concurrent regression model
is a special case of function on function regression, where the predictor variables influence the
response variable only through their value at the current time point (Kim et al., 2018). The
commonly used functional linear concurrent regression model assumes a linear relationship
between the response and the predictors, where the value of the response at a particular time
point is modeled as a linear combination of the covariates at that specific time point, and the
coefficients of the functional covariates are univariate smooth functions over time (Ramsay
and Silverman, 2005). Multiple methods exist in literature for estimation of these regression
functions in functional linear concurrent regression and the closely related varying coefficient
model (Hastie and Tibshirani, 1993), using kernel-local polynomial smoothing (Wu et al., 1998;

Hoover et al., 1998; Fan and Zhang, 1999; Kauermann and Tutz, 1999), polynomial spline (Huang
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et al., 2002, 2004), smoothing spline (Hastie and Tibshirani, 1993; Hoover et al., 1998; Chiang
et al., 2001; Eubank et al., 2004) among many others. Similar to classical scalar regression,
when there are a large number of covariates present, the primary interest might be to select
only the set influential variables and estimate their effects. While doing significance testing
and building confidence bands can help for assessing the individual effect of a predictor, they
are computationally infeasible, when the number of covariates is large. Thus arises the need to
perform variable selection in functional linear concurrent regression.

Our research in this article is motivated by a fisheries footprint study where the goal is
to identify important time varying socio-structural and economic drivers influencing fisheries
footprint (Global Footprint Network’s measure of total marine area required to produce the
amount of seafood products a nation consumes) and to estimate their time varying effects.
Although, a number of variable selection methods have been developed for scalar on function
regression (Gertheiss et al., 2013; Fan et al., 2015) and function on scalar regression (Chen et al.,
2016), literature for variable selection in functional linear concurrent regression is relatively
sparse. Recently Goldsmith and Schwartz (2017) developed a variable selection method in
functional linear concurrent model using a variational Bayes approach with sparsity being
introduced through a spike and slab prior on the coefficients of the basis expansion of the
regression functions. In this article we propose a variable selection method in functional linear
concurrent regression extending the classically used variable selection methods like LASSO
(Tibshirani, 1996) , SCAD (Fan and Li, 2001) and MCP (Zhang, 2010).

Our work is inspired from Gertheiss et al. (2013), where they show the variable selection
problem in scalar on function regression scenario can be reduced to a group LASSO (Yuan
and Lin, 2006) problem. We have shown in functional linear concurrent regression the variable
selection problem can be addressed as a group LASSO, and their natural extension group SCAD
or group MCP problem. Chen et al. (2016) also used group MCP for their variable selection in
function on scalar regression. Our model is fundamentally different from them in the sense the

covariates we consider are time varying functions. Our method is similar to Wang et al. (2008)
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in which they use a group SCAD penalty for variable selection in varying coefficient models,
but we propose a different penalty on the coefficient functions which simultaneously penalizes
departure from sparsity as well as roughness of the coefficient functions, and our research shows
there is much to be gained by using the group MCP penalty. A pre-whitening procedure similar
to Chen et al. (2016) is employed to take into account temporal dependence present within
functions. We also consider that the covariates might be contaminated with measurement error
and therefore use functional principal component analysis (FPCA) to get denoised trajectories
of the covariates which improves estimation accuracy of our approach. Through simulations, we
illustrate our method, particularly with group SCAD or group MCP penalty, can pick out the
relevant variables with very high accuracy and has minuscule false positive and false negative
rate even when data is observed sparsely and is contaminated with measurement error. We
demonstrate two real data applications of our method in the study of dietary calcium absorption
(Davis, 2002) and the fisheries footprint study.

The rest of the article is organized as follows. In Section 3.2 we present our modeling
framework and illustrate our variable selection method. In Section 3.3 we conduct a simulation
study to evaluate the performance of our method and summarize the simulation results. In
Section 3.4 we go back to the two real data examples; calcium absorption study and fisheries
footprint study, apply our variable selection method to find out the influential covariates and
present our findings. We conclude in Section 3.5 with a discussion about some limitations and

possible extensions of our work.

3.2 Methodology

3.2.1 Modeling Framework and Variable Selection Method

Suppose that the observed data for the i-th subject is given by {Y;(t), X;1(t), Xia(t), ..., Xip(t)}
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for (i = 1,2,...,n), where Y;(-) is a functional response and X;i(-),Xi2(+),..., Xip(-) are the
corresponding functional covariates. We assume the covariates and the response are observed
on a fine and regular grid of points S = {t1,t2,...,t,n} C S = [0,7] for some T > 0, and the
covariates are measured without any error. We discuss later in this section how our model and
method can be easily extended to accommodate more general scenarios where the covariates are
contaminated with measurement error and observed sparsely. We consider a functional linear

concurrent regression model of the form,

Yilt) = 3 Xy (055 (0) + o), (3.1)

Jj=1

where 3;(t) (j = 1,2,...,p) are smooth functions (finite second derivative) representing the func-
tional regression parameters. We assume X;;(-) are independent and identically distributed (i.i.d.)
copies of X;(-) (j =1,2,...,p), where X;(-) s are underlying smooth stochastic processes. We fur-
ther assume ¢;(-) are i.i.d copies of €(+), which is a mean zero stochastic process. The model (3.1) in
stacked form can be rewritten as Y (t) = X (¢)5(t)+¢€(t). Generally in functional linear concurrent
regression, estimation is done (Ramsay and Silverman, 2005) by minimizing the penalized residual
sum of square, SSE(B) = [r(t)Tr(t)dt + Z?:l N [(L;B;(t))2dt, where r(t) = Y (t) — X (t)B(2).
For example when L; = I, we minimize [r(t)Tr(t)dt + Y>-"_; A; [(8j(t))*dt. Now suppose
{0k;(t),k =1,2,...,k;} is a set of known basis functions for j = 1,2,...,p . We model the un-
known coefficient functions using basis function expansion as 3;(t) = ZIZ”: 1 bk (t) = 0;(t)Tb;,
where 6;(t) = [01;(t), 02;(t), ..., 0k,;(t)]" and b = (b1, by, ..., by,;)" is a vector of unknown
coeflicients. In this article, we use B-spline basis functions, however, other basis functions can be
used as well. Then the minimization in the example mentioned above, can be carried out by min-
imizing [{Y (t) - X(1)©(t)b}T{Y(t) — X (t)©(¢t)b}dt + bTRb. Here b, ©(t) and penalty matrix
R are defined in stacked form as b = (b{,b3,....bI)T, ©(t) = {6:(t)",0:()",...,0,(t)"}
and R = diag(R1, R, ..., R,), where R; = )\jb;fp{f 0;(t)0;(t)Tdt}b;. For our variable selection

method we define penalty on the regression functions 8;(-) as, Py {B;j(-)} = A B;(t)*dt +
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1/2 1/2
=\ (bT]ijb) , where Ky, ; = R; +¢Q,

" f{ﬁi’(t)}QdﬂW — A\ (bTRb- + waij-)
R, ={[0;t)6;(t)Tdt}, Q; ={[ 0 (t)T'dt}. This penalty was originally proposed by Meier
et al. (2009) and later used by Gertheiss et al. (2013) for their variable selection method in
scalar on function regression. The parameter 1) > 0 controls the amount of penalization on the
roughness penalty. The proposed penalty simultaneously penalizes departure from sparsity and
roughness of the coefficient functions ensuring the resulting coefficient functions are smooth and

small coefficient functions are shrunk to zero introducing sparsity. Subsequently, we propose to

minimize the following penalized mean sum of square of the residuals for variable selection,

_l/n/{Y )OHbIT{Y () - X(1)© ()b}dt+>\z (bTK,,b)Y2  (32)

7=1

Since we assume data is observed in a dense equispaced grid, the variable selection in practice is

carried out by minimizing the following equivalent criterion,

n

m p k;
STIilt) = > X ()0 by (1)} + Ang bl Ky,jbj)"/2. (3.3)
j=1 k=1

i=1 I=1 j=1

Now using Cholesky decomposition of Ky, ; = vang, j and denoting v; = LZ, jbj, the penalized

sum of square of residuals can be reformulated as,

n

p
R("Y) = ZZ tl ZX” tl {Z bkjekj tl —|— )\mnz b Klﬂ%] 1/2
J=1 =

i=1 [=1 j=1

3

n o m p

= Z Z tl Z ZU tl Tb + )\mnz ij , Z;}(tl)T = Xij(tl) X Hj(tl)T
i=1 =1 j=1
n m P B P B

=N Wilt) = > Zij () P+ dmn > (v )2, where Zij (t) = L, L 25 (t)
i=1 I=1 j=1 J=1
n n p ) p

= > Y- Z*7|\2+Amnz Y ) = ZHYz S 2l + dmn Y (v ),
=1 j=1 j=1 j=1

where Y; = (Y;(t1),Yi(ta), ..., Vit T, v = (4,41, ... ,'yg)T and Z} is defined as follows,
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Zi (1) Zi ()T Zis ()T ... Zy ()T
- Ziv (t2)T  Zio (12)T  Zis ()T ... Zyp (t2)7T
Z-:

Zit (tm)” Zio (tn)T Zas” (bm)” . Zip ()" ]

Here Z;kj refers to the jth block column in this matrix. We recognize this minimization problem
as performing a group LASSO (Yuan and Lin, 2006), where the grouping is introduced by
covariates. In particular we obtain estimates of «; by minimizing similar penalized least square

as in group LASSO namely;

n p p
= argmin Y ||[Yi= > ZI|3+Imn Y (v] ;)"
7j7]:172?"'7p =1 ]:1 ]:1

n p ) p
= argmin ZHYi—ZZ:J’)’jﬂg‘f’)‘ngH‘YjHZ

n p p
= argmin Y [[Y; =Y Z7y|l3+mn ) Prassoa(|[vill2)- (3.4)
Yi»I=1,2,..,p i=1 j=1 j=1

We extend this group LASSO formulation to non convex penalties, which are known (Breheny
and Huang, 2015; Mazumder et al., 2011) to produce sparser and less biased estimates, especially
when there are large number of variables and magnitude of original parameter of interest is
large. In particular we propose to use two non convex penalties; SCAD (Fan and Li, 2001) and
MCP (Zhang, 2010). These two penalties have been shown to ensure selection consistency and
estimation consistency under standard assumptions in scalar regression case. They also enjoy the
so called oracle property in which they behave like oracle MLE asymptotically. This motivates
us to use them in our functional variable selection context, and then the problem of variable
selection reduces to a group SCAD or group MCP problem in our modeling set up as follows.

Group SCAD Method

In this method we perform variable selection and obtain estimates of v as
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n p p
= argmin Y |[Yi =Y Z7vll5+mn Y Pscapre(lvll2), (3.5)

where Pscap xe(|7;]]2) is defined in the following way:

Allill2 if [lyjll2 < A
Pscapo(llvllz) = { Adlblle=500n 15+ if A < [lyjll2 < Mg
BA%(6+1) if [[;]l2 > A

Group MCP Method

For Group MCP method estimation of « is done similarly,

n p p
= argmin Y |[Yi= > Z7vll5+mn Y Pucras(Ivll), (3.6)
¥5,0=1,2,...,p i=1 j=1 j=1
where Pyropae(|7;]]2) is defined as,
112 .
Ayl — gl if ;112 < Ag.
Prcpao(|vill2) =
5% i 1> > Aé.

3.2.2 Incorporating Covariance Structure into variable selection

The variable selection method proposed in Section 3.2.1 does not account for possible correlation
in error process. In reality, however, temporal correlation is more likely to be present within
functions. While using an independent working correlation structure can yield consistent and
unbiased estimates, incorporating the true covariance structure in the variable selection criterion
(3.4), (3.5), or (3.6) may give definite gains in terms of performance as illustrated by Chen
et al. (2016). We follow a similar pre whitening procedure employed by Chen et al. (2016)
to take into account the underlying covariance structure. We assume the error process €(t)

has the form €(t) = V(t) + wy, where V(¢) is a smooth mean zero stochastic process with
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covariance kernel G(s,t) and w; is a white noise with variance o2. The covariance function of
the error process is then given by X(s,t) = cov{e(s),e(t)} = G(s,t) + 0%I(s = t). For data
observed on dense and regular grid the covariance matrix of the residual vector is the given by

=diag { mxm, mxms---s mxm}, Where . denotes the covariance kernel X(s, t) evaluated
at S = {t1,ta,...,tm}. Now if m is known, redefining Y; and Z7 as Y; = { T_n1></72n}Yl7
Z;-kj ={ ;&%}ij , the same penalized criterion (4), (5) or (6) can be used to perform variable
selection.

In reality is unknown, and we need an estimator . In the context of functional data,
we want to estimate X(-,-) nonparametrically. If we had the original residuals €;; available, we
could use functional principal component analysis (FPCA), e.g., Yao et al. (2005) or Zhang et al.
(2007) to estimate (s, t). If the covariance kernel G(s,t) of the smooth part V(¢) is a Mercer

kernel (Mercer, 1909), by Mercer’s theorem G(s,?) must have a spectral decomposition

G(s,t) = > Mw(s)k(t),

k=1

where A1 > A9 > ...0 are the ordered eigenvalues and ¢ (-)s are the corresponding eigenfunctions.
Thus we have the decomposition X(s,t) = Y771 Me¢p(s)¢r(t) + 0?I(s = t). Given ¢, =
V(tij) + w;j;, one could employ FPCA based methods to get q@k(), A\is and 2. So an estimator
of ¥(s,t) can be formed as (s, t) = Zszl N (8) i () + 0?2](8 =t), where K is large enough
for the convergence to hold and is typically chosen such that percent of variance explained
(PVE) by the selected eigencomponents exceeds some pre-specified value such as 99% or 95%.
In reality we don’t have the original residuals €;; and use the full model (1) to obtain residuals
eij = Yi(t;) — Yi(t;). Then treating e;; as our original residuals, we obtain (s, ) using FPCA.
Remark 1: We use cubic B-spline basis with the same number of basis functions to model the
regression functions §;(t)s, where the number of basis is large so the basis is rich enough. For
selection of the tuning parameter v (for smoothness) and the penalty parameter A\, we use the

Extended Bayesian information criteria (EBIC) (Chen and Chen, 2008) corresponding to the
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equivalent linear model of criterion (4), (5) or (6) and this has shown good performance in
our simulation study. Chen and Chen (2008) established consistency of EBIC under standard
assumptions and illustrated its superiority over other methods like cross-validation, AIC, and
BIC, which tend to over select the variables. For tuning parameter ¢ we use the values 4 for
SCAD and 3 for MCP, as proposed by the original authors. For model fitting we use ‘grpreg’
package (Breheny, 2019) in R.

Remark 2: In practice, we recommend standardizing the variables either using Euclidean norm

X5 (t)—p;(t) )
a;(t) )

which is especially useful for highly sparse data where some B-splines might not have observed

(automatically performed in ‘grpreg’) or using FPCA based methods (X7 (t) =

data on its support. This can help in faster convergence of the proposed method. We performed

both the standardization methods in our simulation studies and obtained very similar results.

3.2.3 Extension to Sparse data and Noisy Covariates

More generally, we can consider the case where data is observed sparsely and covariates are
observed with measurement error. This is most often the case for longitudinal data. Here
the observed data is the response {(Yi(tij),%ij),7 = 1,2,...,m;} and the observed covariates
{(U1(tig), i), g = 1,2, omaig, {(Uateg) teig),d = 1,2, omaiks. o {(Up(tpig)s tpis), J =
1,2,...,mp;}. Let us denote Uy (tkij)s, (k = 1,2,3,...,p) by Ui . Here Uyjj, s represent the
observed covariates with measurement error, i.e., we have Uyjp = Xy (tgij) +esk fori =1,2,...,n,
j=12,...,my and k = 1,2,...,p. The measurement error e;;; are assumed to be white
noises with zero mean and variance Uz. In sparse data set up it is generally assumed (Kim
et al., 2018) although individual number of observations m; is small, J;" ; U;n:ll t;j is dense
in [0, 7]. Then we reconstruct the original curves from the observed sparse and noisy curves
using FPCA methods (Yao et al., 2005) by estimating the eigenvalues and eigenfunctions
corresponding to the original curves. Li and Hsing (2010) proved uniform convergence of
the mean, eigenvalues and eigenfunctions associated with the curves for both dense and in

particular sparse design under suitable regularity conditions. For prediction of the scores we use
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PACE method as in Yao et al. (2005). Then these estimates are put together using Karhunen-
Loéve expansion (Karhunen, Loeve 1946) to get estimates sz() of the true curves X;i(+)
as sz(t) = fg(t) + ZSSZI @skiﬁsk(t), where the number of eigenfunctions S to use is chosen
using the percent of variance explained (PVE) criterion, which is the percentage of variance
explained by the first few eigencomponents. Alternatively one can also use multivariate FPCA
(Happ and Greven, 2018) instead of running FPCA on each predictor variable separately.
Then for sparse data observed on irregular grid and observed with measurement error, we use
(Yi(tij), Xi1(tij), Xia(tis)s - - -, Xip(tij)j = 1,2, ..., m;}7_, as our original data and use this data

for performing variable selection.

3.3 Simulation Study

3.3.1 Simulation Set Up

In this section, we evaluate the performance of our variable selection method using a simulation

study. To this end we generate data from the model,

20
Yi(t) = Bo(t) + > Xij(1)B(t) + €ilt) i=1,2,...,n, t€[0,100].

j=1
The regression functions representing the dynamic effects are given by So(t) = 8sin(nt/50),
B1(t) = 5sin(mt/100), Ba(t) = 4sin(mt/50)+4cos(mt/50), B3(t) = 25¢~/20 and rest of the 3;(t) =
0forj=4,5,6,...,20,1i.e., thelast 17 covariates are not relevant. The original covariates Xj;(-) i
X;(+), where X;(t) (j = 1,2,...,20) are given by X;(t) = a;v/2sin(mjt/400)+b;v/2cos(mjt/400),
where a; ~ N(50, (2)?), b; ~ N (50, (2)%). We moreover assume that X;;(t) are observed with

measurement error i.e., we observe U;j(t) = X;;(t) + d;, where §; ~ N(0,.6%). The error process

€;(t) is generated as follows;

€i(t) = &rcos(t) + Ensin(t) + N(0,121,,,),
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where &1 %4 N(0,.52) and & “C A(0,0.752). The response Y;(¢) and noisy covariate Uij(t)’s are

observed sparsely in random m; points in .S, where S is the set of m = 81 equidistant time points
in [0,100] and m; ud Uniform{30,31,...,41}. Three sets of sample size n € {100,200, 400} are

considered. For each sample size, we use 500 replicated datasets for evaluation of our method.

3.3.2 Simulation Results

Our primary interest is selection (identification) of the relevant covariates Xi(-), Xo(+), X3(-)
and estimating their effects 51(t), S2(t), B3(t) accurately. As the covariates are observed sparsely
and with measurement error, we apply FPCA as discussed in Section 3.2.3 with PVE = 99% and
obtain the denoised curves Xij (t) before applying our variable selection method. We apply the
proposed variable selection method with and without the pre whitening procedure mentioned
in Section 3.2.2. Table 3.1 and Table 3.2 display the selection percentage of each variable for
each of the three selection methods discussed in Section 3.2 and for the three sample sizes
n = 100, 200, 400, for the non pre whitened and pre whitened case respectively. We expect
that the group LASSO selection method to have a higher false positive rate and use this as a
benchmark for comparison. It can be seen from Table 3.1 and 3.2 that all the three methods
(group LASSO, group SCAD, group MCP) pick out the three true covariates Xi(-), Xa(-), X3(+);
100% of the time. The group LASSO method has a high false positive selection percentage as
can be seen in both Table 3.1 and Table 3.2, with selection accuracy improving with increasing
sample size. The group SCAD and group MCP method, on the other hand, have false selection
percentage in the range of 0.2% — 1% for non pre whitened case and exactly 0% for pre whitened
case. In other words, the group SCAD and group MCP are able to identify the true model
using the pre whitening procedure. In scalar regression, SCAD and MCP are known to produce
sparser solutions than LASSO due to its concave nature, and here also in the context of variable
selection in functional linear concurrent regression we observe these two methods (their group
extension) out performing LASSO. The average model sizes for each scenario are also given

in Table 3.1, and the group SCAD and group MCP method produce smaller and closer values
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to the true model size 3 (exactly 3 with pre whitening procedure in Table 3.2). These results
also illustrate the benefit of pre-whitening and henceforth we have used pre-whitening as a pre
processing step to perform variable selection using the proposed methods.

Next, as an assessment of the accuracy of the estimates Bk(t) (k=1,2,3), we plot the true
regression curves overlaid by their Monte Carlo (MC) mean estimate. MC point-wise confidence
intervals (95%) (corresponding to 2.5 and 97.5 percentile) for each of the three curves are also
plotted to asses variability of the estimates. Figure 3.1 displays this plot for n = 200, the plots

for n = 100, n = 400 are similar with more accuracy and less variability for larger sample sizes.

MC mean estimate and pointwise C.| for Beta1(t) MC mean estimate and pointwise C.I for Beta2(t)

- - LASSO
.... SCAD .
- MCP <~ 4

true curve .

Betal(T)
3
|
Beta2(T)

-2

LASSO
--.- MCP
/ \ — true curve
t T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100

-4
|

-6

MC mean estimate and pointwise C.| for Beta3(t)

25
|

- - LASSO
R ---- MCP
g4 N —— true curve

Beta3(T)
15
I

10
|

0 20 40 60 80 100

Figure 3.1 MC estimates and point wise confidence intervals of the coefficient functions (n=200).
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Table 3.1 Comparison of selection percentages (%) of different variables and average model size, without pre whitening.

Avg Model

Sample Size | Method | Varl | Var2 | Var3 | Vard | Var5 | Var6 | Var7 | Var8 | Var9 | Varl0| Varll | Var12 | Varl3| Varl4 | Varl5 | Varl6 | Varl7 | Varl8| Varl9 | Var20

Size

LASSO| 100 | 100 | 100 | 16.4 | 184 |16.6| 10 | 144 | 15 | 156 | 172 | 152 | 13 | 142 | 178 | 164 | 154 | 16 | 144 | 13 5.59

n=100" 1 5CAD | 100 | 100 | 100 | 0.6 | 0.4 | 0.2 | 1.0 | 1.2 | 04 | 04 | 08 | 04 | 02 | 04 | 8 | 02 |02 06| 0 | 1 3.088
MCP | 100 | 100 | 100 | 0.6 | 0.2 | 02 | 1.0 | 1.0 | 04 | 04 | 06 | 04 | 02 | 02 | 04 | 02 | 02 | 06 0 1 3.076

LASSO| 100 | 100 | 100 | 15.8 | 14.6 | 16.8 | 14 |134|154| 11.6 | 142 | 148 | 144 | 15 | 144 | 14 | 11.2 | 146 | 108 | 15 54

=200 SCAD | 100 | 100 | 100 | 02 | 06 | 1 | 06|04 |08 | 08 | 1.2 | 0.2 | 02 0 04 | 02 | 04 | 08 | 04 1 3.092
MCP | 100 | 100 | 100 | 0.2 | 0.6 | 0.8 | 0.4 | 04 | 0.8 | 0.6 1 02 | 02 0 04 | 02 | 04 | 08 | 02 ] 08 3.08

LASSO| 100 | 100 | 100 |13.8 [13.4 | 14.8|11.2]|12.6 128 | 10.8 | 134 | 11 | 124 | 124 | 152 | 11.2 | 128 | 132 | 12 | 13.6 5.176

1n=400 SCAD | 100 | 100 { 100 | 0.4 | 0 [ 02|04 ] 04| O 0 0 0 0.4 0 02 | 02 | 02| 02 0 0 3.026
MCP | 100 | 100 | 100 | 04 | O | 02 |04 [ 02| O 0 0 0 0.4 0 02 | 02 | 02| 02 0 0 3.024
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Table 3.2 Comparison of selection percentages (%) of different variables and average model size, with pre whitening.

Avg Model
Sample Size | Method | Varl | Var2 | Var3 | Vard | Var5 | Var6 | Var7 | Var8 | Var9 | Varl0| Varll | Var12 | Varl3| Varl4 | Varl5 | Varl6 | Varl7 | Varl8| Varl9 | Var20

Size

LASSO| 100 | 100 | 100 | 62 | 78 | 76 | 6 | 78 |64 | 66 | 74 | 58 | b4 | 64 | 64 | 74 | 48 6 6 6.2 4.112

n=100 |} scAD | 100 | 100 (100 0 | 0 [ O | O] O 0| O] 0| 00|00 ] 0] 0| 0|0/ 0 3

MCP | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

LASSO| 100 | 100 | 100 | 5.8 | 3 6 | 44|52 |48 | 56 | 42 | 76 | 44 | 48 | 32 | 34 | 28 | 56 | 44 16 3.932

n=200 | scAD | 100|100 (100 0 | 0 | 0| OO0 0| 0] o0 | 00|00 ] o0/ 0|0/ 0] o0 3
MCP | 100100100 0 o]0 lo oo o | 0o 0o o0o ] oo |0 0] 0] o0]|o0 3
LASSO| 100 | 100 | 100 | 4.2 | 26 | 46 | 38 |36 | 3 | 26 | 34 | 5 | 52 | 54 | 36 | 34 | 34 | 46 | 48 | 20 | 3.922
n=400 | scAD | 100|100 (100 0 [ 0 | 0 | 0| 0| 0| O 0 0 0 0 0 0 0 0 0 0 3
MCP [ 100100100 0 0|0 |lo|lo o] o |0 | 0] ool o0o |0 0] 0] o0/|o0 3
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Table 3.3 Comparison of MC absolute bias and mean square error.

Sample B (1) Ba(t) Bs(t)
Size | Method —pe S ISE T Bias | MSE | Bias | MSE

LASSO | 0.083 | 0.033 | 0.092 | 0.048 | 0.112 | 0.191
n=100 | SCAD | 0.011 | 0.025 | 0.015 | 0.038 | 0.022 | 0.165
MCP | 0.011 | 0.025 | 0.015 | 0.038 | 0.022 | 0.165
LASSO | 0.061 | 0.017 | 0.069 | 0.024 | 0.092 | 0.109
n=200 | SCAD | 0.007 | 0.013 | 0.008 | 0.019 | 0.010 | 0.091
MCP | 0.007 | 0.013 | 0.008 | 0.019 | 0.010 | 0.091
LASSO | 0.047 | 0.009 | 0.051 | 0.013 | 0.070 | 0.063
n=400 | SCAD | 0.004 | 0.007 | 0.004 | 0.010 | 0.010 | 0.050
MCP | 0.004 | 0.007 | 0.004 | 0.010 | 0.010 | 0.050

The group LASSO estimates (dashed line) have a larger bias which is again expected, as LASSO
is known to have a relatively high bias when the magnitude of the regression coefficient is large.
The group SCAD (dotted line) and group MCP (dashed-dotted line) estimates have almost
identical accuracy and variability as seen from Figure 3.1; they have superimposed on each other
and on the true curves represented by solid lines.

To further evaluate the performance of the estimates we calculate the absolute bias and
the MC mean square error of the estimates averaged across 100 equally spaced grid points in
[0,100], for all the selection methods and the three sample sizes. This is displayed in Table
3.3. We again observe group SCAD and group MCP method outperforming the group LASSO
method, in terms of both absolute bias and mean square error, the performance of the estimators
improving with increasing sample size. We compared these mean square errors of the estimates
arising from pre-whitening procedure with the same from non pre whitening procedure and
found these only to be marginally higher, which is expected due to the uncertainty associated
with estimating the covariance matrix. The mean square errors appear to be converging to zero
across all the three methods with increase in sample size indicating consistency of the estimators.
The simulation results illustrate superior performance of the proposed group SCAD or group
MCP based selection method in the context of functional linear concurrent model and are the

recommended methods of this article.

45



3.4 Real Data Applications

In this section, we demonstrate application of our variable selection method in selection of
influential time varying predictors in two real data studies. For performing variable selection,
we use only the group SCAD and group MCP method along with the initial pre whitening
procedure, as the group LASSO method yields a significantly higher false positive rate which is
illustrated by our simulations. We first consider a small dietary calcium absorption dataset (3
time varying covariates) with added pseudo covariates as an illustration of our method. Addition
of pseudo covariates is a popular way (Wang et al., 2008; Wu et al., 2007; Miller, 2002) of
assessing false selection rate in real datasets. Pseudovariables can, therefore, be used effectively
for tuning variable selection procedures. We show that our proposed method is able to select the
relevant predictors and discard the pseudovariables successfully. Finally, we apply our variable
selection method to the fisheries dataset to find out relevant socio-economic drivers influencing

fisheries footprint of nations over time.

3.4.1 Study of Dietary Calcium Absorption

We consider the study of dietary calcium absorption in Davis (2002). In this study, the subjects
are a group of 188 patients. We have data on calcium absorption (Y (¢)), dietary calcium intake
(X1(t)), BMI (X2(t)) and BSA (Body surface area) (X3(t)) of these patients, at irregular time
points between 35 to 64 years of their ages. At the beginning of the study patients aged between
35 to 45 years and subsequent observations were taken approximately every 5 years. The number
of repeated measurements for each patient is between 1 to 4. Figure 3.2 displays the individual
curves of patients’ calcium absorption, calcium intake, BSA, BMI along their ages.

We are primarily interested in finding out which covariates influence calcium absorption
profile of the patients. Kim et al. (2018) also investigated the effect of calcium intake on calcium
absorption using an additive nonlinear functional concurrent model, and found the effect to be

more or less linear while comparing to a functional linear concurrent model. So we use functional
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Figure 3.2 Calcium absorption and covariate profiles of patients along their ages.

linear concurrent regression to model the dependence of calcium absorption on calcium intake,

BSA and BMI. As data is observed very sparsely and the original covariates might be observed

with measurement error we apply FPCA methods (PVE = 95%) as discussed in Section 3.2.3

and get the denoised trajectories Xj (t) for j = 1,2,3. We expect that calcium intake out of

the three covariates, will be associated with calcium absorption. To illustrate the selection

performance and false positive rate of our variable selection method we further add 15 pseudo
iid

covariates by simulating from the following functional model. We generate X;;(-) ~ X;(-) where

X;(t) (j =4,5,...,18) are given by X;(t) = a;v/2sin(r(j — 3)t/200) + bj\/2cos(7(j — 3)t/200),
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Table 3.4 Selection Percentages (%) of variables in Calcium absorption Study.

Method Var 1(Calcium Intake) | Var 2 (BSA) | Var 3(BMI) | Max Var (4-18)
SCAD (FLCM) 100 0 0 0
MCP (FLCM) 100 0 0 0
BIC (LM) 100 100 0 9
Cp (LM) 100 100 2 33
PGEE (ind) 100 0 100 31
PGEE (AR-1) 100 0 100 31

where a; ~ N(0,(2)?), b; ~ N(0,(2)?). So in total, we have 18 covariates, where the first
3 are the denoised original covariates and rest are simulated predictors. Then we apply our
variable selection method to Y (¢) and X (t), Xo(t), X3(t), X4(t), X5(t), ..., X15(t). We repeat
this a large number of times and observe which variables are being selected in each iteration.
We expect our variable selection method to pick out the truly influential predictors and ignore
the randomly generated functional covariates majority of the time. To illustrate the benefit of
using our proposed variable selection method in functional regression model for this particular
data we compare its performance to a backward selection method which uses model selection
criterion like BIC or Mallows’ Cp, under a linear model approach (using an independent working
correlation structure), and to a penalized generalized estimating equations (PGEE) procedure
(Wang et al., 2012) which was developed to analyze longitudinal data with a large number
of covariates. We use the ‘PGEE’ package in R (Inan and Wang, 2017) for implementing the
penalized generalized estimating equations procedure under two different working correlation
structure (independent and AR (1)). Table 3.4 illustrates the selection percentage of each of
the variables under different methods. We notice that both the proposed group SCAD and
group MCP method for FLCM identify calcium intake (X;(¢)) as a significant predictor 100%
of the time. All other variables including all the pseudo covariates are ignored in 100% of the
iterations. On the other hand, BIC, Cp and PGEE exhibit a high false selection percentage for
the psuedovariables. The case of selection of BSA and BMI too appears to be over selection. We

further investigated this using the hypothesis testing method for FLCM proposed in Chapter 2,
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and we found no evidence of BSA and BMI having significant effects on calcium absorption. This
demonstrates when the underlying model is functional, use of naive variable selection methods
using scalar regression techniques can lead to wrong inference.

As calcium intake is the only significant variable selected by both the proposed methods
we want to estimate its effect and also get a measure of uncertainty of our estimate. For this
purpose we use a subject-level bootstrap on our original data (no pseudo covariates added) while
performing variable selection to come up with estimated regression curve ,5’1 (t) and a pointwise

confidence interval for the effect of calcium intake. This is displayed in Figure 3.3. We notice

Estimated effect of calcium intake

Estimated effect of calcium intake
0.0

Percentage observation available
10

-0.5
1

<=40 40-45 45-50 50-55  55-60 >60

age age

Figure 3.3 Bootstrap estimate and point wise confidence interval of the the effect of calcium intake
(left panel) and percentage observation available in different age groups (right panel).

as calcium intake increase calcium absorption should decrease particularly until age 60 years,
as Bl (t) < 0 upto this age and the confidence interval strictly lies below zero, which might be
due to dietary calcium saturation or due to interaction with some other elements in the body;
although the overall magnitude of the effect seems to decrease with age. Above age 60, the

estimate appear to have high variability associated with it, which is primarily because we have
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very less observations (5.62%) above this mark (illustrated in Figure 3.3). The uncertainty in
estimating ’ using FPCA and the uncertainty due to bootstrap is reflected in its variability.
Hence some care should be taken in interpretation of the estimated regression curve beyond 60

years because of such high uncertainty.

3.4.2 Study of Fisheries Footprint

Production of fisheries is a source of protein as well as an economic livelihood across the world.
Along with the increasing global population the importance of fish production and consumption
has steadily increased through the modern era. Fisheries Footprint is defined as the Global
Footprint Network’s measure of total marine area required to sustain consumption levels of
aquatic production of fish, crustacean (e.g., shrimp), shellfish, and seaweed from captures and
aquaculture; so the fisheries footprint basically represents the coastal and marine area required
to sustain the amount of seafood products a nation consumes. As pointed out by Longo and
Clark (2016) the interaction between marine and social systems calls for further sociological
analysis.

Over the last two decades, social scientists have accomplished much in advancing scholarly
knowledge on the social drivers of ecological impact at a macro-scale. Such work is essential, as
ecological problems are becoming increasingly interlinked and severe at a global or planetary
scale (Steffen et al., 2011). Over time, for example, economic development, population structuring
(e.g., urbanization or age structure), trade relations, and technological change are shown to affect
measures of environmental impact across nations over time (Clark and Longo, 2019; Jorgenson
and Clark, 2010; York et al., 2003). This body of literature centers on the ecological affects of
globalization and modernization, under the socio-structural parameters of a capitalist economy.
There is still much debate over the impacts of industrial and agricultural modernization on
ecosystems. For example, development and resource economics literature (World Bank, 2007)
advocate for the utilization of innovation and techno-improvements to improve marine system

sustainability and food security (Valderrama and Anderson, 2010), while, on the other hand,
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environmental sociologists demonstrate that such innovation, chiefly aquaculture, does not
displace the deleterious ecological impacts of capture fisheries (Longo et al., 2019). Nevertheless,
despite such progress, fisheries footprint remains an understudied metric, and its drivers are less
understood in social research (Clark et al., 2018; Jorgenson et al., 2005).

The goal of this study, therefore, is to identify the relevant socio-economic drivers such as
levels of economic development, population size, and transformations in food-system dynamics
that influence fisheries footprint of nations over time and also to capture their time varying effects.
Data for this study is collected from the World Bank, Fish StatJ of UN FAO, and Ecological
Footprint Network for years between 1970-2009, across 136 nations. The main dependent variable
of interest in this study is fisheries footprint. Figure 3.4 displays the fisheries footprint of the
nations over the study years in the log scale. Fisheries footprint of three representative nation
are plotted using solid, dashed and dotted lines. To capture the trend over the years, we plot the
mean fisheries footprint of the nations along with their point wise 95% confidence interval. This
is displayed in Figure 3.5. We notice an overall upward trend as well as heterogeneity across
years. There are 20 independent time varying covariates in the study, broadly covering various
sectors of population dynamics (e.g. population density, urban population, total population,
working age population percentage etc), agriculture (e.g. tractor, agriculture value added etc),
food consumption and other fisheries variables (e.g. meat consumption, aquaculture production
tons etc), international relations (e.g. food export as percentage of merchandise, FDI inflow etc),
and economy (e.g. GDP per capita at constant U.S. dollar , trade percentage of GDP etc). The
full list of the variables are given in Table 3.5. The predictors here are also time varying and can
be expected to have dynamic effects on fisheries footprint. Generally panel data methods like
fixed effects or random effects modeling is used (Torres-Reyna, 2007; Clark and Longo, 2019)
for analyzing such data where the effect the covariates are taken to be constant, since we are
interested in dynamic effects of the covariates, the FLCM can be seen as a generalization of this
approach with time varying effects of predictors. Therefore we use a functional linear concurrent

regression model (3.1) discussed in this article to model the dynamic effects of the socio-economic
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Figure 3.4 Fisheries footprint of the nations over year 1970-2009.

Table 3.5 List of covariates in the Fisheries Footprint Study.

Predictor Variables in the Fisheries Footprint study
agriculture value added aquaculture production tons
arable land hectares arable land pct
exportsofgoodsandservicesofgdpn | fao livestock
FDI inflow foodexportsofmerchandiseexprtst
foodimportsofmerchandiseimprtst | gdp pc 2010
manufacturing value pctGDP meat consumption FAO
population 15_64 pct population density
populationtotalsppoptotl services value growth pct
tractors trade pct GDP
urban pop urban pop pct
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Heterogeneity across years
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Figure 3.5 Mean fisheries footprint along with their 95% confidence interval.

predictors on fisheries footprint. The predictors in their original scale are also very large in
magnitude, therefore converted into log scale; the covariates observed as percentages are used
without any conversion. Before applying our variable selection method all the covariates are
pre-processed using FPCA methods (PVE = 95%) as discussed in Section 3.2.3.

We use the prewhitening procedure discussed in Section 3.2.2 and apply our proposed variable
selection method. Out of 20 covariates group SCAD and group MCP both identify GDP per
capita and urban population as the two significant predictors. Gross domestic product (GDP) is
a measure of the market value of all the final goods and services produced in a specific time
period, and GDP per capita is a measure of a country’s economic output adjusting for its number

of people. As the major economic indicator GDP per capita is associated with primary aspects of
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economic growth, consumer behavior, trade and therefore is a key indicator of fisheries footprint
of nations over time. Furthermore, GDP per capita is a common metric in extant social science
research to operationalize the extent to which a nation is successfully developing according to
the standards of the world, capitalist economy (Dietz and Jorgenson, 2013). Figure 3.6 shows the
estimated regression curve for GDP per capita obtained by applying the group SCAD selection
method. The estimate from the group MCP method is similar. We observe the net effect of
GDP per capita on fisheries footprint to be positive and linear although the magnitude of the

effect has decreased over time.
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Figure 3.6 Estimate of the linear concurrent effect of GDP per capita on fisheries footprint (SCAD).

Urban population being the key market, also plays a crucial role in the total seafood
consumption of nations and therefore influences fisheries footprint. Change in urban population

reflects urbanization and urbanization have important effects on food security and farming
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(Satterthwaite et al., 2010; Cohen and Garrett, 2010). Figure 3.7 shows the estimated regression
curve illustrating the effect of urban population on fisheries footprint. Here also we notice the
net effect of urban population on fisheries footprint to be positive, although the effect appears

to be more or less constant with a very marginal decrease (in log scale). Here, it is important to
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Figure 3.7 Estimate of the linear concurrent effect of urban population on fisheries footprint
(SCAD).

note that fisheries footprint represents the metabolic potential of an ecosystem to reproduce
itself ecologically. According to the Food and Agriculture Organization of the United Nations
(FAO, 2016), about 58 percent of global fish stocks are currently fully exploited, and about
55 percent of ocean territory (conservatively) was subjected to industrial fishing in the past
year (Kroodsma et al., 2018). Thus, there is declining metabolic potential for the expansion of
capture fisheries, which likely helps to account for why variable effects were stronger in earlier,

more ecologically productive decades. Both these variables are important in the sense they
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represent the primary indicators in economics, food consumption, population dynamics, trade,
etc; which directly interact with a nation’s need for seafood and therefore should influence
fisheries footprint. It is therefore not surprising that countries having high GDP per capita
and/or high urban population e.g., United States, Australia, Singapore, etc also have a high
fisheries footprint. In Figure 3.8 we display the fisheries footprint, GDP per capita and urban
population profile of the three representative countries mentioned earlier. We notice the overall
trend in the fisheries footprint profile can be described well by their GDP per capita and urban

population profile, both of which were shown to have a positive effect on fisheries footprint.
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Figure 3.8 Profile of fisheries footprint, GDP per capita and urban population of three representative
countries.

Remark 3: We have successfully applied our proposed variable selection method to find out the
relevant time-varying predictors and their time-varying effects on fisheries footprint. It is very
plausible that there might be country or region specific effects on fisheries footprint as revealed
in study by Clark and Longo (2019), and one might be interested in estimating these effects. The

proposed variable selection method for FLCM can be extended to handle such region specific
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effects in its existing form.

Remark 4: We have considered concurrent effects of the predictors while some of the predictors
might have lagged effects on fisheries footprint. For example in an economic crisis or recession,
the predictors could very likely have reverberating impacts on development for a few years. As
invested capital takes time to flow through the economy, considering such lagged effects would be
interesting. We applied our variable selection method with lagged predictors present along with
the original predictors (with lag window = 1, 3). We found out that for lag one, the proposed
FMCP and FSCAD method select almost identical models with the FSCAD method selecting
‘services value growth pct’ as an additional variable. Considering a lag window of three years,
the FSCAD method selects urban population lag instead of urban population while the FMCP
method additionally selects ‘aquaculture production tons’ and ‘services value growth pct lag’ as
influential covariates. These results indicate some of the predictors could have reverberating
impacts and a more general framework like the historical functional regression model (Malfait
and Ramsay, 2003) might be more suitable to model past effects of covariates on the response

at current time point.

3.5 Discussion

In this article, we have proposed a variable selection method in functional linear concurrent
regression extending the classically used penalized variable selection methods like LASSO, SCAD,
and MCP. We have shown the problem can be addressed as a group LASSO and their natural
extension group SCAD or group MCP problem. We have used a pre-whitening procedure to
take into account the temporal dependence present within functions and through numerical
simulations, have illustrated our proposed selection method with group SCAD or group MCP
penalty can select the true underlying variables with high accuracy and has minuscule false
positive and false negative rate even when data is observed sparsely, is contaminated with
measurement error and the error process is highly non-stationary. We have illustrated usefulness

of the proposed method by applying to two real datasets: the dietary calcium absorption study
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data and the fisheries footprint data in identification of the relevant time-varying covariates. In
this article we have used a resampling subject based bootstrap method to measure uncertainty
of the regression functions estimates, theoretical properties corresponding to such bootstrap is
something we would like to explore more deeply in the future.

There are many interesting research directions this work can head into. In real data, the
dynamic effects of the predictors might always not be linear. In future, we would like to extend
our variable selection method to nonparametric functional concurrent regression model (Maity,
2017), which is a more general and flexible model to capture complex relationships present
between the response and covariates. As mentioned earlier it would be also of interest to consider
the lagged effects of covariates through a more general historical functional regression model
(Malfait and Ramsay, 2003).

In developing our method we assumed the covariates to be independent and identically
distributed. In many cases this might not be a reasonable assumption. For example, in the
fisheries footprint data some countries could be very similar and form clusters, on the other
hand, they might not be even independent with the interplay of economies and other variables
among nations. Even if the covariates are not independent over subjects, the variable selection
criterion proposed in this article can still be used in practice as a penalized least square method.
The heterogeneity present among the subjects can be addressed using interaction effect of
covariates with regions, which can be clustered based on the level of affluence. This can be
done similarly as in Clark and Longo (2019). Alternatively, one can also use subject specific
functional random effects for covariates, especially if one is interested in individual specific
trajectories. Functional linear mixed model (Liu et al., 2017) might be an appropriate choice in
such situations. Extending the proposed variable selection method to such general functional

regression models would be an extension of this work and remain an area for future research.

Software
Mlustrations of implementation of our method using R are available at GitHub (https://github.

com/rahulfrodo/FLCM_Selection).
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Chapter 4

Variable Selection in Nonparametric

Functional Concurrent Regression

4.1 Introduction

Function on function regression refers to the class of regression models in functional data
analysis where both the response variable and the covariates are functions over any continuous
domain such as time. Functional concurrent regression model is a special class of function on
function regression, where the value of the response at the current time point depends only
on the values of predictors at that specific time point. Functional linear concurrent model
(Ramsay and Silverman, 2005) is the most commonly used concurrent regression model, where
the dependence of the response on the covariates is assumed to be linear and is modeled using
smooth univariate regression functions. These regression functions can capture the time varying
effect of the covariates on the response. Estimation and inference in functional linear concurrent
regression and closely related varying coefficient model (Hastie and Tibshirani, 1993) have been
widely studied in the literature.

Although this is a useful model and finds applications in various branches of longitudinal data

analysis, they are restrictive in the sense of assuming a linear relationship between response and
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predictors. The nonparametric functional concurrent model (NPFCM) (Maity, 2017) overcomes
the assumption of linear dependence between response and covariates; which may not be true in
many real data applications, by specifying a nonparametric relationship which is more general
and flexible for modeling purposes. Multiple methods exist in the literature for estimation and
inference in functional concurrent regression models using smoothing splines (Kim et al., 2018),
Gaussian process regression (Shi et al., 2005), local kernel smoothing techniques (Jiang et al.,
2011) among many others. Analogous to scalar regression, when there are a large number of
covariates present, one might be interested in only the true set of influential predictors and
hence arises the need to perform variable selection.

A number of variable selection methods exist for scalar on function regression (Gertheiss et al.,
2013; Fan et al., 2015) and function on scalar regression (Chen et al., 2016) models. Literature
for variable selection in functional concurrent regression model, on the other hand, is relatively
sparse. Goldsmith and Schwartz (2017) proposed a variable selection method in the functional
linear concurrent model using a variational Bayes approach. A variable selection method for the
functional linear concurrent regression model was proposed in Chapter 3 extending the classically
used penalized variable selection methods. Both these methods are for the functional linear
concurrent model, which as we mentioned, might not capture the true relationship between the
response and predictors.

In this article, we propose a variable selection method for nonparametric functional concurrent
regression, extending the classically used variable selection methods like LASSO (Tibshirani,
1996), SCAD (Fan and Li, 2001) and MCP (Zhang, 2010). To our knowledge, this is the first work
in developing variable selection method for the nonparametric functional concurrent regression
model. We have followed the approach in Chapter 3 and shown that for nonparametric functional
concurrent regression the variable selection problem reduces to a group LASSO (Yuan and
Lin, 2006), and their natural extension a group SCAD or a group MCP problem. Our model is
very general in the sense it models the dependence of the functional response on the functional

covariates by unknown nonparametric functions and requires no distributional assumption on
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the data. Through simulations, we illustrate our variable selection method can successfully
identify the true underlying predictors with negligible false positive rate and false negative rate
and gives high out of sample prediction accuracy, even when the data is sparsely observed and
contaminated with measurement error. We have also demonstrated application of our method in
two real data problems: a dietary calcium absorption study (Davis, 2002) and a bike sharing
data, in the identification of influential time varying predictors.

The rest of this article is organized in the following way. In Section 4.2 we present our
modeling framework, set up the nonparametric functional concurrent regression model and
illustrate our variable selection method. In Section 4.3 we present a simulation study to evaluate
the performance of our method. In Section 4.4 we apply our variable selection method to find
out the influential predictors in a dietary calcium absorption study and a bike sharing study, and
summarize our findings. We conclude in Section 4.5 with a brief discussion on the contributions

of our method and some possible extensions of this work.

4.2 Methodology

4.2.1 Modeling Framework and Variable Selection Method for NPFCM

We assume that the observed data for the ith subject is {Y;(¢), X;1(t), Xia(t), ..., Xip(t)} (i =
1,2,...,n), where Y (-) represents the functional response and Xi(-),X2(-),..., X,(:) are the
corresponding functional covariates. In practice, we observe both the response and the predictors
only on finitely many time points over some closed and bounded interval. As in Chapter 2 and
3, in developing our method we assume the covariates and the response are observed on a dense
and regular grid of points S = {t1,ta,...,tm} C S = [a,b] for some a,b € R, and the covariates
are observed without any measurement error. We later illustrate how our method can be easily
extended to accommodate more realistic scenarios where the covariates are contaminated with

measurement error and are observed on irregularly spaced grid. We consider the following
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nonparametric functional concurrent regression model,

P

Yi(t) = py (t) + Y Fi{Xi(t). t} + &(t), for i=1,...,n, (4.1)

j=1

where py (t) is the functional intercept and F;{X;(t),t} are smooth functions on R xS capturing
the concurrent effect of covariate X;(-). If E[F;{X;(t),t}] = 0, the functions Fj(-,-)s are
identifiable and then puy () represents the marginal mean of the response curves. The covariates
Xij(+) are assumed to be independent and identically distributed (i.i.d.) copies of X;(-) (j =
1,2,...,p), where X;(-) is a smooth stochastic processes. We further assume ¢;(-) are i.i.d
copies of €(-) which is a mean zero stochastic process with unknown covariance structure.
We model the intercept function py (f) in terms of some known univariate basis expansion
as py(t) = S0 0,1Bui(t) = Bu(t)70,, where B, (t) = [Bu1(t), Bu2(t), ..., Buy ()]’ and
0, = (041,02, .. ,HmpO)T is a vector of unknown coefficients. In this article, we use B-spline
basis functions for this purpose, however, other basis functions can be used as well. For modeling
bivariate function Fj(-,-) we express them in terms of bi-variate basis expansion using tensor
product of univariate basis functions (McLean et al., 2014; Kim et al., 2018). Now suppose
for j =1,...,p, {BXﬁk(:z:)}kKil and {BTj,K(t)}Zl be a set of known basis functions over z
and ¢ respectively. Then we model Fj(-,-) using tensor product of these two basis functions
as Fi{Xyj(6),t}) = S0, 307, 050 0Bx, 1{ Xij (1)} By, 4(t) = Zi(t)79;, where we denote the
K;L; dimensional vector of Bx; x{Xi;j(t)}Br;¢(t)’s as Z;j(t), and ; is the vector of unknown
basis coefficients 0; ¢’s. For our variable selection purpose we don’t include 1 as a basis in
{BXj,k(x)}fil. So we are able to estimate the joint effect of x,¢ on Y (¢) adjusted for the main
effect of ¢, which gets included in the functional intercept py (t). Therefore w.l.g by modeling
Fj{z,t} we basically model the main effect of  and interaction effect of z,¢. Based on the basis

expansions model (4.1) be reformulated as,

Yi(t) = Bu()7 0, + Y Zij(1)" 6 + ei(?). (4.2)
j=1
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Since we assume data is observed on a dense and regular grid of points S = {t1,t2,...,t,} the

corresponding linear model to the above functional model (2) can be written in stacked form as,

Yi=B.0,+ zp:Zijej + €i, (4.3)

j=1
where Y; = (Yi(t1),Yi(ta), ..., Yittm))T, Zij = (Zij(t1), Zij(t2), - .., Zij(tm)) T, and € = (&;(t1),
€i(t2),. .., €i(tm))T. Now a covariate X;(t) taking a value z influences response Y (¢) unless
Fi{z,t} = «oj(t) Va, which in terms of the basis representation we use, is equivalent to the
condition ; = 0. Therefore, we propose to minimize the following penalized residual sum of

squares criterion to perform variable selection.

IY: —B,6, 230513 + dmn ) (87 0;)1/2
Z Z ) >

= 7j=1

= Z 1Y; — B0, — ZZM‘%H% + /\mnz 116;112
i=1 j=1 Jj=1

n p p
=Y IYi = B0, — > Zi0|l3 +mn > Prasso(][65]]2)- (4.4)
i=1 j=1 j=1
where 6 = (61,60% ..., Hg )7, This minimization problem is exactly same as performing a group

LASSO (Yuan and Lin, 2006), where the grouping is introduced by covariates Z; and depending
on whether 6; = 0 or not, X;(-) will be either present or absent in the model. The tuning
parameter for this minimization are the penalty parameter A and number of basis functions
K, L; which controls the smoothness of the function Fj(-,-) in « and t directions respectively.
Instead of directly using penalties on the smoothness of the functions, we restrict the number of
basis functions to be small which ensures the resulting functions are smooth. We now extend
this group LASSO formulation to two non convex penalties, as it was illustrated in Chapter 3
that group LASSO can have a very high false positive rate for variable selection in functional
linear concurrent regression. It was also noticed that they produce biased estimates which in

turn can affect the prediction accuracy of model. The non convex penalties SCAD (Fan and Li,
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2001) and MCP (Zhang, 2010) on the other hand are known to produce sparser solutions in
scalar regression literature and also enjoy the so called oracle property in which they behave like
oracle MLE asymptotically. Subsequently we propose a group SCAD and group MCP method
extending the group LASSO formulation for performing variable selection in nonparametric

functional concurrent regression.

Group SCAD Method

We perform variable selection and obtain estimate of @ in the following way,

n p p
0 = , Argmin SOV =B, — > 74605l +mn>_ Pscapas(l05l2), (4.5)
3 )=1,4,..,P i=1 ]:1 ]:1

where Pscap xe(]/6;]]2) is defined in the following way:

16512 if 16512 < A.
Pscapae(]10)2) = >\¢H9j||2*-5_(|\9j\|§+>\2) if A < [|6;]]2 < Ao,
SN2 (¢ +1) if [|6]]2 > A¢.

Group MCP Method
For Group MCP method we estimate 0 as,
n

p p
6~ argmin SOV =B, — > Zi05l15 +mn > Pucras(l0ll2), (4.6)
j,j:1,27-~~7p i=1 j=1 j=1

where Pyropae(]165]]2) is defined as :

0,13 .
Al — 151 if 16,2 < Ag.

Preopae(l105]]2) =
5A2¢ if [[0;l]2 > Ag.

Remark 1: For the selection of the tuning parameter K;, L; and the penalty parameter A\ we
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use the Extended BIC (EBIC) (Chen and Chen, 2008) criterion of a corresponding Gaussian
likelihood. Although we make no distributional assumption this has shown good performance
as illustrated in our simulation studies. Some other criteria or data-driven methods can be
used depending on the problem. For computational simplicity, while fitting our model we use
K;=K,L;=Lfor j=1,...,p, which is a standard assumption for computational tractability
and assumes all the nonparametric effects have more or less same level of smoothness in both
variables respectively. For the tuning parameter ¢ we use the values 4 for SCAD and 3 for MCP,
which were proposed by the original authors of these methods. For model fitting purposes we
use ‘grpreg’ package (Breheny, 2019) in R.

4.2.2 Extension to Sparse and Noisy Data

More generally, we consider the case where data is observed on an irregular and sparse
grid and covariates are possibly contaminated with measurement error. For longitudinal
data, this is most often the scenario. Here we have response {(Yi(ti;),ti;),7 = 1,2,...,m;}
and the observed covariates given by {(Ui(t1i5),t1i5), j = 1,2,...,mu}, {(Ua(t2ij), t2i5), j =
L2, o ,maitse o {(Up(tpij)stpij)sd = 1,2,...,mp;}. We denote Uy(trij)s, (K = 1,2,3,...,p)
by Ujj,, which represent the observed covariate with measurement error i.e., we have U;j, =
Xi(trij) +ejp fori=1,2,...,n,5=1,2,...,my; and k =1,2,...,p. The measurement error
eijr are assumed to be white noises with zero mean and variance az. In sparse data set up, a
generally assumption (Kim et al., 2018) is, although individual number of observations m; is
small, [JiZ; UjZ, ti; is dense in [0, 7. Then using FPCA methods (Yao et al., 2005) it is possible
to reconstruct the original curves from the observed sparse and noisy curves, by estimating
the eigenvalues and eigenfunctions corresponding to the original curves. For the prediction of
the scores, we can use PACE method of Yao et al. (2005). Then these estimates can be put
together using Karhunen-Loéve expansion (Karhunen, Loeve 1946) to get estimates sz() of
the true curves X;i(+) as X'Zk(t) ik (t) + Z 1 stwsk t), where the number of eigenfunctions
S to use is typically chosen such percent of variance explained (PVE) exceeds some specified

value. So for sparse data observed on an irregular grid and contaminated with measurement
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error, we use {Yi(tij),f(“(tij),Xiz(tij), . ,Xip(tij)j =1,2,...,m;}}' | as our original data and
use this data for performing variable selection. Our simulations show good performance in
terms of selection accuracy and out of sample prediction performance using this strategy and
henceforth throughout the article we pre-process the observed covariates before applying our

variable selection method.

4.3 Simulation Study

4.3.1 Simulation Set Up

In this section, we investigate the performance of the proposed variable selection method using
simulation study. We evaluate our method in terms of selection accuracy and out of sample
prediction performance. We also present a comparison of our nonparametric concurrent variable
selection method with variable selection method in functional linear concurrent model (FLCM)
proposed in Chapter 3. To this end, we consider the following two scenarios.

Scenario A : We generate data from the model,

20
Yi(t) = py () + Y Fi{Xi;(t),t} + €i(t), for i=1,...,n, t€[0,100],

j=1
where we have py (t) = 1+ 2(¢/100) + (¢/100)%, Fi{z,t} = 22(t/100), Fo{z,t} = 5z sin(rt/100),
Fs3{z,t} = 8 sin(2t/100) and F;{z,t} = 0 for j = 4,5,6,...,20, i.e., the last 17 covariates
do not have any effect on the response. The original covariates Xj;(-) b X;(-), where X,(t)
(j = 1,2,...,20) are given by X;(t) = ajv/2sin(mjt/400) + bjv/2cos(mjt/400), where a; ~
N(0,(2)?), b; ~ N (0, (2)?). Moreover following the discussion in section 2.2.5 we assume that

covariates X;;(t) are observed with measurement error, i.e., we observe U;;(t) = Xj;(t) + 95,

where §; ~ N(0,.62). The error process €;(t) is generated as follows;

€i(t) = &rcos(t) + &iasin(t) + N(0, 12[m¢)7
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where &1 " N(0,.52) and &2 “Y NV'(0,0.752). The response Y;(t) and noisy covariate Uij(t)s are

observed sparsely in random m; points in .S, where S is the set of m = 81 equidistant time points
in [0,100] and m; ud Uniform{30,31,...,41}. Three sets of sample size n € {200,400, 600} are
considered. For each set 80% of data is used for model fitting and rest for validation.

Scenario B : We generate c%(z)xta from the model,

Yilt) = i (8) + 3 B{ Xy (8), 8} + t), for i=1,....n, ¢€[1,101]
=1

where py (t) = 1+ 2(t/100) + (¢/100)2, Fy{x,t} = 2z(t/100), Fy{x,t} = bz sin(wt/100),
Fs{x,t} = 8 sin(xt/100)—(16(100/t)?) ((—12t/100) cos(12t/100)+sin(12¢/100)) and F;{x,t} =
0 for j =4,5,6,...,20. The rest of the design is exactly same as of scenario A. This scenario is
mainly used to compare the performance of non-parametric variable selection method proposed
in this article to that of variable selection method in FLCM. For this purpose we consider sample

size n = 200. For both the scenarios use 500 generated data sets from the specified models to

asses the performance of the proposed variable selection method.

4.3.2 Simulation Results

Scenario A:

We first asses the selection accuracy of the proposed variable selection method. As the covariates
are observed sparsely and with measurement error, we apply FPCA method as discussed in
Section 4.2.2 and obtain the denoised curves Xij (t) before applying our variable selection method.
We obtain the selection percentage of each variable for each of the three selection methods
discussed in Section 4.2, and for the three sample sizes n = 160, 320, 480. This is displayed in
Table 4.1. We observe all the three selection methods (group LASSO, group SCAD, group MCP)
pick out the nonparametric effect of Xj(-), Xa2(-), X3(+); 100% of the times. The group lasso
method, as expected has a high false selection percentage ranging from 0.4% to as high as 36%
for some variables. The group SCAD and group MCP method, on the other hand, show zero
false positive rate across all the sample sizes for our simulation, for all the variables. In other

words, they are able to identify the true model 100% of the time. The average model sizes for
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Table 4.1 Comparison of selection percentages (%) of different variables and mean model size, Scenario A.

Avg Model
Sample Size | Method | Varl | Var2 | Var3 | Vard | Varb | Var6 | Var7 | Var8 | Var9 | Var10 | Varll | Var12 | Var13 | Varl4 | Varl5 | Varl6 | Varl7| Varl8 | Varl9| Var20

Size

LASSO| 100 | 100 | 100 {36.0 |27.225.8|19.8 184 |13.6| 108 | 96 | 7.2 | 64 | 42 | 46 | 42 | 32 | 16 | 24 | 0.14 4.964

n=160 SCAD | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

MCP | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

LASSO| 100 | 100 | 100 | 32.4123.0(22.0| 182|114 ] 9.6 | 88 | 7.2 74 | 28 | 26 | 3.8 | 2.0 8 1.0 | 04 | 04 4.538

n=320 | SCcAD | 100|100 100 0 [0 |0 | O | 0O |0, 0| 0|00, 0|00 00|00 3

MCP | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

LASSO| 100 | 100 | 100 |31.226.2|204|16.2|134| 88 | 88 | 6.6 | 46 | 48 | 22 | 32 | 08 | 20 | 06 | 04 | 04 4.506

n=430 SCAD | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3

MCP | 100 | 100 | 100 | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
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each scenario are also given in Table 4.1. The group lasso method produces an average model
size in the range of 4.5 — 4.96 for the three different sample sizes with performance getting better
with increasing sample size. The group SCAD and group MCP method both produce mean
model size 3 on account of successfully identifying the true model each time. Next, we compare
the methods in terms of their out of sample prediction performance. For this purpose, we define
a criterion similar to R-square based on the median of squared deviations of the predicted curves
from the actual curves. For normalizing the measure we use the median of the squared deviations

of the actual curve from their mean. The measure is defined as follows,

Sy Median {Y;(t;;) — Yi(ti;)}?

R?\l 4= 1— j=12,...,m; _
e > jg/{eéiia%{}/;(tij) —Y ()2

We tabulate the quantiles and 10, 90-th percentile of this out of sample R-Square criterion based
on our simulation study. This is displayed in Table 4.2. We notice for all the three methods,
the median of out of sample R3,_, is around 98% — 99% and increasing with training sample
size. This indicates a satisfactory out of sample prediction performance of all the three variable
selection methods. This simulation study illustrates that the proposed group SCAD and group
MCP selection method for NPFCM can not only identify the underlying model successfully but

also yield high out of sample prediction accuracy.

Table 4.2 Quantiles of out of sample R3,,,; based on MC simulation, Scenario A.

. 2 N
Saﬁf;?ns)me Rﬁzfégf;t) 10% | 25% | 50% | 75% | 90%
LASSO | 0.823 | 0.980 | 0.986 | 0.988 | 0.990
n=160 SCAD | 0.646 | 0.081 | 0.987 | 0.989 | 0.991

MCP | 0.646 | 0.981 | 0.987 | 0.080 | 0.991
LASSO | 0.862 | 0.985 | 0.989 | 0.990 | 0.991
n=320 SCAD | 0.904 | 0.086 | 0.989 | 0.991 | 0.991

MCP | 0.904 | 0.986 | 0.989 | 0.091 | 0.991
LASSO | 0.912 | 0.988 | 0.989 | 0.991 | 0.992
n=480 SCAD | 0.909 | 0.988 | 0.990 | 0.991 | 0.992
MCP | 0.909 | 0.988 | 0.990 | 0.991 | 0.992
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Scenario B:

In this scenario, the primary goal is to illustrate the benefit of using the non-parametric
variable selection method proposed in this article by comparing it the with the variable selection
method in functional linear concurrent model proposed in Chapter 3. In particular, we want to
demonstrate what one can gain using the nonparametric method in terms of selection accuracy
and prediction performance when there are nonlinear effects of predictors present. As in Scenario
A, we obtain the denoised curves Xij (t) before applying our variable selection method. Here
covariate X1(-), X2(-) have a linear effect on the response, whereas X3(-) have a nonlinear effect.
We obtain the selection percentage of each variable for each of the three selection methods
discussed in this article and compare them to that of variable selection method in FLCM. The
results are displayed in Table 4.3. We observe that for the variable selection method in FLCM,
the effect of X3(-) is captured in 99.8% case for group LASSO penalty, in 96.2% case for group
SCAD penalty and in 89.4% case for group MCP penalty. In comparison, the variable selection
method for NPFCM captures the nonlinear effect of X3(-) in 100% cases for all the penalties,
also the group SCAD and group MCP penalty are able to identify the true underlying model
100% of the time. This illustrates how one can avoid making a false negative decision, using the

variable selection method for nonparametric functional concurrent model (NPFCM).

Table 4.3 Comparison of selection percentages (%) of different variables, Scenario B.

Method | Penalty | Var 1 | Var 2 | Var 3 | Max (Var 4-Var 20) Avgs?fsdel
LASSO | 100 100 99.8 2.8 3.32
FLCM | SCAD 100 100 96.2 0.4 2.968
MCP 100 100 89.4 0.2 2.896
LASSO | 100 100 100 17.4 4.712
NPFCM | SCAD 100 100 100 0 3
MCP 100 100 100 0 3

Next, a similar comparison is made between the methods in terms of their out of sample

prediction performance. The FLCM intuitively should only be able to capture linear component
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of the nonlinear effect and thus may not be suitable for prediction. The results are displayed in
Table 4.4. We notice that the median out of sample R%/I oq 18 around 98.8% for variable selection
method in FLCM, whereas for variable selection method in NPFCM this is 99.9%. So in terms
of out of sample prediction accuracy also, the variable selection method in non-parametric

functional concurrent regression produces better performance.

Table 4.4 Quantiles of out of sample R3,., based on MC simulation, Scenario B.

Method Rjeq(test) 10% | 25% | 50% | 7% | 90%
Penalty
LASSO 0.986 | 0.987 | 0.988 | 0.989 | 0.990
FLCM SCAD 0.986 | 0.987 | 0.988 | 0.989 | 0.990
MCP 0.986 | 0.987 | 0.988 | 0.989 | 0.990
NPFCM | LASSO/SCAD/MCP | 0.999 | 0.999 | 0.999 | 0.999 | 0.999

The simulation results illustrate the proposed variable selection method in NPFCM can identify
the underlying variables with high accuracy and also gives satisfactory out of sample prediction
performance. The group SCAD and group MCP based selection methods have minuscule false
positive and false negative rates, and as in Chapter 3 are the recommended methods in this

article.

4.4 Real Data Applications

In this section, we demonstrate application of our variable selection method in NPFCM for
selection of functional covariates in two real data studies. We first consider the calcium absorption
study with added pseudovariables as an illustration of our method. Next, we apply the proposed
method for selection of influential weather variables in a capital bike sharing data and estimate

their concurrent nonparametric effects on casual bike rentals.

4.4.1 Study of Dietary Calcium Absorption

We consider the study of dietary calcium absorption given in Davis (2002). As discussed in the
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Chapter 3, we have data on calcium absorption Y (¢), dietary calcium intake X (¢), BMI Xa(¢)
and BSA (Body surface area) X3(t) of 188 patients at irregular time-points between 35 to 64
years of their ages. For each patient, the number of repeated measurements varies between 1
to 4. Figure 3.2 in Chapter 3 displays the individual curves of patients’ calcium absorption,
calcium intake, BSA, BMI along their ages. We are primarily interested in finding out which
predictors influence calcium absorption Y (t). As data is observed sparsely and the original
covariates might be observed with measurement error, we apply FPCA methods as discussed
in Section 4.2.2 and get the denoised trajectories Xj (t) for j = 1,2,3. We expect calcium
intake to be associated with calcium absorption, as demonstrated by our proposed for variable
selection method for FLCM in Chapter 3. To further illustrate the selection performance and
false positive rate of our variable selection method, we add 15 pseudo covariates by simulating
from the following functional model. We generate Xj;(-) b X;(), where X;(t) (j =4,5,...,18)
are given by X;(t) = a;v/2sin(w(j — 3)t/200) + bj\/2cos(m(j — 3)t/200), where a; ~ N(0, (2)?),
bj ~ N(0,(2)?). Finally we apply the variable selection method for NPFCM to Y (t) and
X1(t), Xo(t), X3(t), X4(t), X5(t), ..., X18(t). We repeat the whole procedure a large number
of times. Table 4.5 displays the selection percentage of each of the variables. We notice that
both the group SCAD and group MCP method identifies calcium intake X;(¢) as a significant
predictor 100% of the time. All other variables including the randomly generated predictors
are ignored in 100% of the iterations. So both the group SCAD and group MCP method do
a good job in selecting the true predictor set and discarding the pseudovariables. As calcium
intake is selected by both the variable selection methods we want to estimate its non-parametric
effect. Therefore we use the proposed method for performing variable selection on the original
data without adding any pseudovariables. The estimated effect calcium intake (adjusted for the
main effect of t) is displayed in Figure 4.2. We notice that in this case, the effect of calcium
intake is more or less linear which matches with prior findings of Kim et al. (2018). For fixed
and smaller values of ¢, as x increases, the effect is decreasing in most of the regions indicating

as calcium intake increase dietary calcium absorption should decrease at earlier ages, but for
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Table 4.5 Selection Percentages (%) of variables in Calcium absorption Study using NPFCM.

Method | Var 1(Calcium Intake) | Var 2 (BSA) | Var 3(BMI) | Max Var (4-18)
SCAD 100 0 0 0
MCP 100 0 0 0

older ages (above 60 years) the effect seems to be increasing indicating an increase in dietary
calcium absorption with increasing calcium intake. These findings match our results in Chapter
3. One needs to be careful in interpreting the result beyond 60 years, as there might be high

uncertainty associated with the estimate because of very less number of observations above this

mark as illustrated in Chapter 3.

Figure 4.1 Estimate of non-parametric effect of calcium intake on calcium absorption from proposed

variable selection method in NPFCM.

4.4.2 Study of Bike Sharing Data

Next, we illustrate another application of our variable selection method on the capital bike
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share study (Fanaee-T and Gama, 2014). The data were originally obtained from the Capital
Bike Share system in Washington, D.C., and contains casual bike rentals data along with other
weather information such as temperature (temp), feels-like temperature (atemp), humidity
(hum) and windspeed (windspeed) on an hourly basis. Casual bike rentals are defined as rentals
to cyclists without membership in the Capital Bike Share program. Since bike rentals can
have different dynamics on weekends, compared to weekdays; following the analysis of Kim
et al. (2018) we only restrict our attention to casual bike rentals on Saturdays. The counts of
casual bike rentals are available during the period from January 1, 2011, to December 31, 2012,
on a total of 105 Saturdays on an hourly basis barring some exceptions (8 missing). Figure

4.2 displays the daily curves of hourly casual bike rentals and other weather variables. It is
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Figure 4.2 Hourly casual Bike rentals and weather variables profile in bike sharing data.

plausible that the weather variables have real time dynamic effects in determining the number
of bike rentals and we are primarily interested in selecting the relevant covariates as well as

estimating their non-parametric concurrent effect. The hourly bike rentals Y'(¢) are discrete and
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their distribution is possibly skewed, therefore we log transform the response prior to analysis
(Y(-) = log{Y (:) + 1}). Before applying our variable selection method, we add 16 random
functional covariates to the existing 4 weather variables by generating from the covariate model
X;(t) = ajv2sin(2m(j — 4)t) + bj/2cos(2m(j — 4)t), where a; ~ N(0,(2)?), b; ~ N(0,(2)?),
for j =5,6,...,20. This is again done in order to asses the false selection performance of the
proposed method. We pre-process the weather variables X (t), X2(t), X3(t), X4(t) using FPCA
methods as discussed in Section 4.2.2 and then apply our variable selection method to Y ()
and X (t), Xo(t), X3(t), X4(t), X5(t), ..., X20(t). The whole procedure is repeated several times.
Table 4.6 displays the selection percentage of each of the predictors for the group SCAD and

group MCP method. We see the group SCAD method selects feels-like temperature Xo(t),

Table 4.6 Selection Percentages (%) of variables in Bike Sharing Study.

Method | Varl (temp) | Var2 (atemp) | Var3 (hum) | Vard (windspeed) | Max Var (5-20)
SCAD 0 100 100 100 0
MCP 100 0 100 100 0

humidity X3(¢) and windspeed X4(t) 100% of the time, whereas the group MCP method selects
temperature X (¢), humidity X3(¢) and windspeed X4(t) 100% of the time. The covariates
temperature X (t) and feels-like temperature Xo(¢) should be highly correlated and it is ideal
that the variable selection method is picking only one of them consistently. In terms of the
false positive rate, we see that both the group SCAD and group MCP method discards the
pseudovariables in all the iterations which is extremely satisfactory indicating an almost negligible
false selection rate of the proposed variable selection method in NPFCM, which is what we
observed in our simulations. Next to estimate the nonparametric concurrent effects of the weather
variables, we use the group MCP method for performing variable selection on the actual data
(without any random covariates added). The estimated concurrent effects of the selected weather
variables (adjusted for the main effect of t) are displayed in Figure 4.3. The estimates from the

group SCAD method are similar. We observe that, the effect of temperature on bike rentals is
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maximum when the temperature is in the mid-range and during midday as this should be an

ideal condition for biking. For too cold or too warm temperature the effect of temperature

Figure 4.3 Estimated non-parametric concurrent effect of the weather variables. Displayed are the
effects of temperature (top left), humidity (top right) and windspeed (bottom row).

on bike rental decreases, which is natural. For mid-range to higher temperatures, the effect of

temperature on casual bike rentals is more or less uniform throughout the day, which is expected
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in weekends and good weather in Washington, DC.

For humidity, there is a negative association for each fixed timepoint as its effect decrease
with increasing humidity. This was also observed in Kim et al. (2018). For lower humidity the
effect increases during midday and is highly positive, and for higher humidity we see a sharp
drop in the effect, indicating in humid days there should be a fall in bike rentals, which is again
what one would naturally expect in such extreme weather condition. For windspeed, the effect is
more or less constant across the domain except in higher windspeed regions where bikers might
face difficulties. In such high windspeed regions during midday (plausibly the hottest time of
the day), there is a noticeable dip which can be attributed to the difficulty one might face while
cycling during high-velocity winds.

Our findings match with that of Gebhart and Noland (2014) who made similar observations
using scalar regression techniques on the capital bike sharing data. Our analysis using NPFCM
gives a more comprehensive understanding of the effect of the weather variables.

Our data analysis illustrates with the variable selection method in NPFCM, it is possible to
identify the underlying true predictors as the source of major variations in the response and
capture their concurrent effect which can be helpful to understand the dynamics between the

functional predictors and the functional response.

4.5 Discussion

In this article, we have proposed a variable selection method in non-parametric functional
concurrent regression, extending the classically used penalized variable selection methods like
LASSO, SCAD, and MCP. Through numerical simulations, we have shown the proposed variable
selection method for NPFCM, particularly with group SCAD or group MCP penalty not only
identifies the true underlying variables with minimal false positive and minuscule false negative
rate but also performs extremely well in terms of out of sample prediction accuracy; even when
data is observed sparsely, is contaminated with measurement error and the error process is highly

non stationary. Our research also illustrates there might be situations, where the covariates
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might have complex nonlinear effects and using the variable selection method for nonparametric
functional concurrent regression model is more suitable than using the variable selection method
in FLCM in such cases. We have demonstrated application of our method on a dietary calcium
absorption study and a bike sharing study, for selection of influential covariates and estimating
their underlying nonparametric effects.

We have used an independent working correlation structure in our proposed variable selection
method for NPFCM, and this has shown good performance in our simulation study in terms
of selection accuracy. It is plausible to consider a pre-whitening method to take into account
temporal dependence within functions which might yield gain in terms of predictive inference.
This can be done similarly as in chapter 3.

There are plenty of research problems that remain to be explored based on this current work.
It is of particular interest to study small sample properties of the estimated non-parametric
functions and get a measure of their uncertainty. Resampling subject bootstrap technique could
be one way to handle this but gets computationally intractable with increasing dimensionality of
the feature space. Perturbation based bootstrap (Das et al., 2019) procedure could be interesting
to explore in such situations. For distribution free predictive inference split conformal prediction
bands (Lei et al., 2018) can be explored by extending the conformal prediction approach for
functional response (Lei et al., 2015).

The way we have developed our method is a general one and can be extended to other
regression scenarios e.g., the historical functional model where we can consider past effects of
covariates on the response at current time point. It would be also interesting to develop methods
to take into account interactions that might be present between the predictors. Extending the
proposed method to these general class of functional regression models is certainly plausible and

remain areas for future research.

Software

Illustrations of implementation of our method using R along with the datasets discussed are

available on Github at (https://github.com/rahulfrodo/NPFCM_Selection).
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Chapter 5

Conclusion

The domain and application of functional data are rapidly increasing with data coming in
from financial markets, climate models, wearable devices and biomedical research. Function on
function regression models are set to play a key role in analyzing such data. In this dissertation,
we have developed hypothesis testing and variable selection methods for functional concurrent
regression models which will be useful for dynamic modeling of such data. The developed
methods can be applied for inference when both the covariate and response are functional in
nature.

The proposed hypothesis testing method is useful for testing the global linear concurrent
effect of functional predictors on functional response. For high dimensional functional data
with a large number of covariates, we have proposed a variable selection method for functional
linear concurrent regression which can be used to identify the underlying set of predictors while
simultaneously estimating their dynamic effects. To take into account possible nonlinear effect of
the predictors, we have extended this method to a variable selection method for nonparametric
functional concurrent model. The proposed methods in terms of reproducible R code are available
at Github.

There are multiple possible research directions that could be explored based on our work. It

will be interesting to consider the lagged effect of predictors in both our testing and variable
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selection problem as many predictors could have impacts that take time to materialize. Functional
historical model could be considered for this purpose allowing both linear and nonlinear effects.
In many applications, there might be significant interaction at play between the predictors.
Accounting for these interaction effects and going beyond additive modeling would be worth
exploring in the context of hypothesis testing and variable selection problem in function on
function regression models. Functional single index model can be useful for this purpose.

Developing theory and methods for correlated functional predictors is also something that
could be looked into. When the predictors are highly correlated we would want our variable
selection methods to pick out only one representative covariate. Extending existing methods for
scalar regression for such situations is certainly worth consideration.

In many real data applications, the predictors could have subject specific variability. These can
be addressed using subject specific effects following a functional mixed modeling approach. The
main challenge will be to handle the computational complexity of optimization with increasing
dimensionality. Using Bayesian methods for this purpose is, therefore, worth consideration.

Generalized functional regression model for non-continuous functional responses is another
field where the proposed methods could be extended to. The proposed variable selection methods
in this dissertation can be readily applied in such models, by replacing the least square loss
with an appropriate negative log-likelihood function. This could have potentially interesting
applications in biological studies and material science where the response of interest might be
binary or integer-valued.

Finally, a new direction of research can be developing methods for inference in function on
function regression model which integrates multiple outcomes (both discrete and continuous)
from different sources. Such multi-omics data would require substantial advancement of existing

methods in functional regression literature and remains an area for future research.
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Appendix A

Proofs and Additional Results

A.1 Proof of Theorem 1

Suppose that the conditions (a) and (b) of Theorem 1 hold, i.e., the null hypothesis Hy : 71 = 0
holds, 6y = (7§,0) is the true value of 6 and is the true covariance matrix of residual
vector €. Denote V=V (6, ), Y ~N(0,V) under null. Then W = V-1/2Y ~ N(0,T). Now
S, (80) = —1/2{tr(Z"V17Z) — (V-1/2Y)TV-1/227TV~-1/2(V=1/2Y)}. Hence

S2(60)  [1/2{tr(ZTV1Z) — (V-Y2Y) V122712 (V-1/2Y) )]

A A(60)
[1/2{tr(ERY12) _ (y-1/2y)T V- 2zary- 1 (V—l/2Y)}} 2
- A(920)
172k, Ay — ()T (222 )
An(OO)
172552, A — (W)TUDUT (W)
An(GO) .

= UDU”, where D is a diagonal matrix

. —1/277Ty—1/2
Now we use the spectral decomposition %

and U is orthogonal. Then using this decomposition we can rewrite the score test statistic above
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in the following manner.

s2(60)  [V/2(XE A - (0TW)TD(UTW)))

71

A(GO) - An(OO)
_ {1220 A — XTDX))
B An(OO)
{12050 e — S8 M)
An(GO) .

This follows from the fact X = UTW ~ A(0,1) as U is an orthogonal matrix and nonzero

—1/2g7Ty—1/2 7Ty—17,
- and =—-

eigenvalues of ¥

are same.
2 k k
Therefore we have shown le(égo) 23000 At =300k )Y under null, which completes the
o) Arn(00)
proof of our Theorem 1 namely:
S, (60) d ( Ly Aef — 20 MK) S
Ts(60, )= ————21(S,(60) >0) = (1/2)* Mex2 > Ay
S( 0, ) A(OO) ( 1( 0) - ) ( / ) An(a() Z 2Ly Z g

Where x, i N(0,1) and )\, are eigenvalues of w.

A.2 Proof of Theorem 2

Suppose 6 (MLE under null) and ~ are consistent estimators of @y and  in the sense 6 = 6
and || "' — || = 0,(1) (spectral norm). We want to show Ts(8, ) KN Ts(60g, ).

We note that in the proof of Theorem 1,

S2(80) _ [1/2{tr(PTE) — (VIVRY)TVRREEEE (VY)Y 257, L (60)

— — 71,1
A(6)) Ay (60) An(6o)
where S;, ,(60) = Sr,(00)/n and V = V(8y, ) = + 7¢BB’. Thus we have Ts(0y, ) =
52, n(80)

e 1(Sr, n(80) > 0). We now show Sy, 5,(8) % Sr, (60) and Ay (8) £ Ay (8p), which then
by Slutsky’s s theorem proves Ts(8, ) LN Ts(60p, ).
Sn(6) = [—1/2{tr(Z12) _ (v)T V22TV ()1, Where V = V(6, ") =~ + 7" BB

It is enough to show HZ YL - ZTYL 1ZH2 = 0p(1) and |]§'712%T§’71 - Vle%TVA ll2 = o0p(1) to
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conclude Sy, (0) 5 Sy, n(60).

Using Woodbury matrix identity, we can write

~ A ~ ~ -1 ~ T
z'v-tz, 7zt -z (77 B\ (1 #%*BT B z' —'B
- (=) (= + . (A

n n n n n n

We prove that each part in the r.h.s of (A.1) converges to the corresponding part of the right hand

side, with 79 and  in place of 7p* and A, and also show that each individual piece is bounded.

T -1 T —1 T ~_ _ T ~ —
We observe || 5 —% = EElls < [| =2 [l 7= M IZl <51 1= Tl I E]F
Here || - || denotes the Frobenius norm and ||A||2 < ||A||r. Note as defined in the main article
1/2 T x 1/2 T
7 = X 1/ . We then have ||\%|\F = H%HF = || \/71; llr < || 1/ IFa tr(%) < D (some

D >0), as || yQHF is bounded; }/2 being a fixed k; x k; matrix. Also note that tr(XTX/n) =

IXI[2./n = 327y Sy X2(8)/n Spty Bra(t;)? = o7 pa(t;) S5ty Bra(t;)? < oo by S.LLLN,

.. . . T 1 T —1
as X;’s were assumed to be i.i.d. with finite second moment. So ||Z - Z_ L — Z||y = 0p(1),

as || "' — ~!l|2 = 0,(1) and the other terms are bounded as shown above.

L. T -1 T -1 1/2 T ~_ _ 1/2 T
Now similarly || 28 — Z2—B|[, < || %[5 /tr(EE) |71 = o || ollp \/tr(EE) =
1/2 ki k
op(1). (B=B >, tr(BTB/n) = ||BI[%/n = S5, Yry 1/n S8 Bro(t)? = Y7y SR Bro(t)?

N | iy —1
< 00). Also using sub multiplicativity of norms, || ( + M) - (l + M) [|2

I
n n n n

I ~*]BTA71]B -1 ~*]BTA71]B BT 71]B I BT 71B -1
< (L +2ELZE) |y | BB mBT B, ) (L mET B ),

The middle term || 2B~ _ T8 )|, < |7 — ) ||BEL B ||, 4 |r|||BL B — BT 1By,

- % 1/2 ~_ 1/2 ~_ _
< " — 7ol tr(BTB/n) || &21% 11" Yla + ol tr(BTB/n) || 212111 = Yo = 0p(1), as

||"=' = ~!|p and |7p* — 79| are 0,(1) (by assumption) and rest of the terms are bounded as

shown earlier. We have used the fact that || —!||o is bounded because minimum eigenvalue
of ~ is > 0. This is because  is block diagonal, i.e, A:diag {Amxm, Amxm, ce Amxm} and
C(s,1) = i Mo (8)r(t) + o2 (s = t). All the inequalities follow using application of tri-

N |
angle inequality and sub multiplicativity of norms. For showing || (% + TOBT%) ||2 and
_ -1 ~ % I

I (% + M) ||2 are bounded, it suffices to show minimum eigenvalues of % + TOBT%

BT ~1B

~ = x0T c =1
z iti Ly BT 7B _ L "0 C0%kgxm mxmComxko _ I
and - + — are positive. Now - + — = . Ly
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t—1
mxm

is full column rank, so (CO%()XTn s Comxcky 19

1/2
(C()mxko- Here CQ = BO 0/

~ % T
70" Cokyxm
BT " ~'B

p.d matrix (not depending on n) and therefore minimum eigenvalue of % + -

is positive.
BT —IB

m are positive. This completes

In similar way it can be shown, minimum eigenvalues of %+

ey 1 g1
the proofthatH(%—l—M) —(l—%M) ll2 = op(1).

n n n
So we have shown all the terms in r.h.s of (A.1) converge to the corresponding counterparts

with true values 8y and . Note that all the individual terms are bounded, i.e, ||ZT ;L_IZHQ,

. T~ -1
H(ZT,LJ)HQ, I (% + w> ||2 are bounded with the bound not depending on n. These

can be shown exactly in the same way using sub multiplicativity of spectral norms, relation
between spectral and Frobenius norm and the bounds established during the proof of the
convergence part. So by repeated use of triangle inequality from (A.1) we have HZWITAZ —

Ty-1
EE 2 = 0p(1).

Next to complete the proof we have to show H@_IZ%Tv_I - V_IZ%TV_I |2 = 0p(1) and this

is again done using similar kind of techniques. Let us denote V\;%Z = A if\;%z = A. Then we
are trying to show ||AAT — AAT||y = 0,(1). Now using triangle and norm inequalities we have
[[AAT — AAT||y < [|A||2]|AT — AT||o 4 ||AT — AT||5]|A||2. It suffices to show that ||A|[2,|[A]]2

are bounded and ||[AT — AT||y = 0,(1). Note [|Al|z = |[AT ||y = H%‘:l“g and thus we have

). (A.2)

Y Y S 7

~ N ~ ~ —1 ~
ZTv—l B ZT -1 ~ *(ZT —IB) I N fO*BT —IB IBT —1
- n n

Now as in (A.1l), it can be shown similarly that all the terms in r.h.s of (A.2) are bounded
and each term converges to the corresponding counterpart with 7 and  in place of 75* and

", This would then imply ||A||2, ||A|]2 are bounded and ||[AT — AT||y = 0,(1). So we have

‘|“~’712%T§’71 — VleZval ll2 = 0p(1) and along with HZTYIAZ - ZTYLAZHQ = 0,(1), this proves

S;,n(6) 4 Sy7,n(60). The proof A, (8) % A,(8p) is again based on using similar set of techniques
[Ltr{(BTV=1Z/n)(BTV-'Z/n)T}]?

applied so far. We note A, (8y) = A(6)/n? = $tr{(Z"V ~'Z/n)?}- L (@TV-TE/n)))

It was already shown that HZT‘ZAZ — ZT‘:fZHQ = 0p(1), similarly it can be shown HBT@TAZ —

WH? = o0p(1) and ||BTYL_1B - BTYI_IBHQ = 0p(1); which along with the facts, eigenval-
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ues of square of a matrix are squares of it’s eigenvalues, and trace is the sum of eigen-

values, proves Ap(8) % A,(8y). Therefore by Slutsky’s theorem Tg(0, ) A Ts(6o, ) 4
9 (221 Nea? =32k, AZ)Q Ky 9 Ky iid .
(1/2) . (00) IS My > >0t M), where zp ~ N(0,1) and Ay are eigenvalues

T —1
of Z V(OSL, 'z

As HZTYLAZ — ZTYJlZHQ = 0,(1) and A,(8) & A,(6y), we approximate the null distri-

B X2, %) - . -
2 (ZLI Zze (é%:gfl [) I(Z§L1 Aex? > Z’g;l Ar), where )\, are eigenvalues of

bution using (1/2)

ZVO. )T and 2y W N(0,1) for €=1,2,... k.

n

A.3 Asymptotic distribution of p-value under null

Case 1: a =0

P(Ts(6) > a)—P(Ts(60) > a)

= P(Ts(60p) > 0[S (6p) < 0)(1 — )+ P(Ts(0p) > 0]S5,(6p) > 0)cx
S2 (6o)
A(6o)
SZ (6o)

PR y)

= P( I(Sn (00) > 0) > 0’57—1 (90) < 0)(1 - a)

1(57,(60) = 0) = 0[S, (60) = 0)ex

=lx(1l-a)+1xa=1

where o = PHO (STl (00) > O) = PHO (Sﬁ,n(eﬁ) > 0) = P(lejll Agm? > Ei&l )‘f)-

Case 2: ¢ >0

P(Ts(8) > a)—P(Ts(8) > a)

= P(Tg(ao) > a|ST1 (00) < 0)(1 — Oz) + P(TS(O()) > a|ST1 (00) > 0)04
52 (6o)
A(6o)
S2,(6o)

2 /C(‘)o)

= P(

1(S,, (60) > 0) > alS, (8y) < 0)(1 - a)

(S, (80) > 0) > alSy, (80) > 0)ar

S, (6o)
A(6o)

=0x (1—a)+ax P 1(S;,(80) = 0) > a|Sy, (80) > 0)
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S? (6o)

= X P 1
“* ey
52, (60)
P(#&SI(SH (6g) >0)>anS-(6y) >0)

>
P(S7,(60) = 0)

1(57,(60) = 0) > alS7,(60) > 0)

=« X

sz (6
o P(%I(Sﬁ (00) > 0) >an Sﬁ (90) > O)
=a X o
S2 (6
= P( 7 o)[(sn(oo) >0) > an Sy, (6) > 0)
A(6o)

= P(57,(60) > aA(80) N Sr,(80) > 0) = P(Sr,n(60)) > V/ahn(6o))

k1 k1
=P (1/2(2 Aexf = Ae) > \/aAn(00)>
/=1 /=1
kl kl kl k‘l
=P (Z Mg =D A+ 2\/An(00)\/5> <P (Z Nex? > Z)\g> = a.
/=1 =L /=1 (=1

From this intuitively it is clear that under null p-value asymptotically takes value from a mixture
distribution of uniform(0, ) and a degenerate distribution at one. Next we prove this fact. Again
all the calculations are done assuming null is true.

Let P, stand for p-value. We can define the p-value as P,(c) = P(Ts > Tops|Tops = ).

Then from the previous discussion it follows that

P(Py(Tops) = 1) = P(Tpps = 0) = P(Sr,(8) < 0)—=P(Sy,(6p) <0) =1 — a.

) .
o I(Sr,(60) = 0). So for b > 0, P(Ty > b) = aG(b), where G(b) is

2
distribution function of the continuous part of T's namely le(éz(;) and G(b) =1 — G(b).

Recall that T5(0g) =

Hence we have for 0 < d < a < 1,

P(py(Tops) <d) = P(P(Ts > Tpys) < d)
= P(P(TS > Tobs) < d‘Tobs > O)P(Tobs > O)

— P(P(Ts > Tys) < d|Tops > 0)av.
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The last convergence follows since P(T,ps > 0) = P(Spps > 0)—P(S7,(60) > 0) = P(S;,(60) >
0) = «, asymptotically under null, as 6 is a consistent estimator of 8y and S7 (+) is a continuous

random variable . Thus it is easy to see that

P(pU(Tobs) < d) - P(aG(Tobs) < d)a
= P(G(Tys) <d/a)a

= (d/a)a=d.

The last line follows because (G (T, Obs)) ~ U(0,1), as G is a continuous distribution function.
So under null p-value is asymptotically an a:(1 — «) mixture of uniform(0, o) and degenerate

distribution at one.
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