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Abstract

Pneumococcal diseases, or infections caused by Streptococcus pneu-
moniae, are a major cause of morbidity and mortality worldwide, pri-
marily affecting the young and the old. The development of an effective
vaccine against these infections, especially the younger ages, has not
been successful despite the licensing of the pneumococcal conjugate
vaccine (PCV7). The design of vaccines that induce immunity via dis-
tinct mechanisms provide an opportunity for the use of mathematical
models in the evaluation of their impact at the population level. We
present an age-structured epidemiological model of pneumococcal dis-
ease dynamics and explore of the role of vaccination. The model is
re-formulated as a system of ordinary differential equations that ag-
gregates individuals into relevant age groups. The goals of this work
are twofold: (1) to explore the effects of targeting nasopharyngeal col-
onization and/or infection via vaccination in younger age groups, and
(2) to demonstrate the utility of this framework as a public health tool
to theoretically study the impact of a vaccine strategy before imple-
mentation.

1 Introduction

Infections caused by Streptococcus pneumoniae, or pneumococcal infections
cause substantial morbidity and mortality worldwide. Invasive pneumococ-
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cal diseases (IPDs), including pneumonia, bacteremia, and meningitis, pri-
marily affect the young and elderly. Most affected are children in developing
countries, with annual estimates of 1 million deaths due to pneumococcal
pneumonia alone ([23]). In developed countries, the disease burden is largely
carried by elderly adults and young children, with older children and healthy
adults virtually unaffected in the absence of other predisposing risk factors.
In Australia in 2001, there were 459 cases of IPDs in adults over the age of 65,
and 613 in children under the age of four [6]. Transient nasopharyngeal col-
onization, which is a common occurence for all individuals, always precedes
infection. This colonization occurs through casual contacts and is respon-
sible for the horizontal transmission of pneumococcal infections. However,
the prevalence of asymptomatic colonization does not reflect the same trend
as that of the infections. Carriage rates, which are typically around 30%
in children, decrease to between 10-15% in adults and only increase slightly
in older adults (over 65) [1, 14, 15]. These observed differences cannot be
readily explained simply by differences in transmission and infection rates,
as nearly all relevant processes in the dynamics are nonlinear and depend
strongly on age. Thus we study these processes within an age-structured
framework that incorporates the impact of vaccination.

The current polysaccharide vaccine (PPV23) prevents infection only in
the elderly [20] and has no impact on the colonization of immunized individ-
uals [2], while the more recently licensed protein conjugate vaccine (PCV7)
is thought to reduce colonization of the seven vaccine-included serotypes
[5, 7, 13]. However, accompanying this effect is typically the increased col-
onization prevalence of other, possibly more invasive, serotypes. Therefore,
the protection a vaccine may provide against colonization should be closely
monitored, as there may be opportunities for serious infections resulting
from the colonization of competing bacteria. The PCV7 induces a strong
protective immune response in children against infection [3], but is costly
and requires multiple doses, and is therefore likely not a feasible solution for
less developed regions. Pneumococcal vaccination development is an active
research area, with the goal of providing a solution that achieves as many
of the following objectives as possible: protection against all serotypes, af-
fordability, temperature-stability, a single dose immunization schedule, etc.
But whether to focus on the inhibition of colonization or infection is not a
simple question, and it is likely that there will be differences in immuno-
genic mechanisms that are effective in different age groups. Thus, there is
a need to understand how these immunogenic influence disease dynamics,
and thereby vaccine development, in an age-structured population.

We introduce a mathematical model describing pneumococcal infection
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dynamics in an age-structured population. We incorporate a general vac-
cination by the age-dependent function φ(a) allowing for the consideration
of any vaccine strategy involving pneumococcal vaccines, which are possi-
bly immunogenic via distinct mechanisms. The model is reformulated as a
system of ordinary differential equations of the infection dynamics of age
groups, an approach that lends itself well to computations. We discuss the
effects of vaccinating a population, focusing on the immunization of younger
age groups, against colonization or infection, or a combination of both. Fur-
ther, we exhibit the strengths of this approach as a public health simulation
tool enabling officials to quantify the effects of specific vaccine strategies in
a population before their implementation.

2 Continuous age-structured model
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Figure 1: Pneumococcal infection dynamics with vaccination as a function
of age.

We formulate a model in which n(a, t) (in units of “number per age”)
denotes the density of individuals of age a (a ∈ [0,∞)). These individuals
are classified by their infection state at time t. Individuals are susceptible to
pneumococcal infection S(a, t), asymptomatically colonized by S. pneumo-
niae, represented by the class E(a, t), or infected I(a, t). Both susceptible
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S(a, t) and asymptomatically colonized individuals E(a, t) are effectively
vaccinated at the age-dependent vaccination rate φ(a), that is, they move
to states SV (a, t) and EV (a, t), respectively. Vaccination is not always com-
pletely protective, even against vaccine-included serotypes, thus there are
also infected vaccinated individuals IV (a, t).

Transmission of S. pneumoniae occurs through respiratory droplets, and
therefore the colonization process occurs as a result of an effective contact
between a susceptible (or vaccinated susceptible) of age a at time t and any
colonized or infected individual of age a′ at time t, reflected in the effective
contact rate c(a, a′). We note here that we have not assumed a specific
form for the effective contact rate, although a common one would be that of
proportionate mixing in which individuals are assumed to mix proportional
to their age-dependent activity levels and densities.

The selected colonization rate λ(a, t) for this investigation is given by

λ(a, t) =

∫∞
0 c(a, a′) [E(a′, t) + EV (a′, t) + I(a′, t) + IV (a′, t)] da′∫∞

0 N(a′, t)da′
(1)

where N(a, t) is the total number of individuals of age a at time t and λ(a, t)
has units of 1

time. Typically, this colonization is only transient and hence
we assume that individuals clear the bacteria at per capita rate α(a). Chil-
dren take a longer time in reversing this colonization than adults, thereby
motivating an age-dependent rate. Current estimates of the prevalence of
colonized individuals of all ages range between 10-70%, depending on fac-
tors such as age, crowding, health care, etc. The possibility that a vaccine
may be able to reduce the rate of colonization is incorporated via the func-
tion ε(a) taking values in the range (0, 1] where ε(a) is the age-dependent
protection from colonization induced by vaccination.

Individuals unable to clear S. pneumoniae from the nasopharyngeal re-
gion progress to an infected state at the age-specific per capita rate κ(a, t).
In more developed countries, this primarily occurs in infants less than 2
years of age, adults over the age of 65 and less often in children between
the ages of 2 and 5. Infection is common in children due to both a lack
of exposure to similar serotypes (and hence a lack of protective antibod-
ies), and/or due to a developing immune system (an inability to respond to
certain antigens). With insufficient nutrition this development is delayed.
Older children in developing countries experience higher infection rates than
their counterparts in developed nations. In the elderly, infection occurs as a
result of various failing arms of a deteriorating humoral immune response.
Seasonal fluctuations in pneumococcal infections have been observed, and
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are incorporated here in the infection rate κ(a, t). It is worth noting that
the colonization prevalence is not strongly associated with seasonality. In
fact it is only shown to vary longitudinally in regions that experience drastic
temperature changes. In all studies the authors found that an increase in
pneumococcal infections correlates well with increases in other seasonal in-
fections. Thus we consider the season to effectively decrease an individual’s
ability to reverse a colonization event. Therefore, the colonization or trans-
mission rate λ(a, t) does not incorporate this effect. Therefore, we model
the seasonal infection rate by

κ(a, t) = κ0(a) (1 + κ1 cos[ω(t− τ)]) , (2)

where κ1 scales for the magnitude of the fluctuation, ω is the seasonal fre-
quency, and τ shifts the peak of the trigonometric function to coincide with
the annual peak of the infections, i.e., a phase shift. With this form the sea-
sonal effects are proportional to the age-dependent mean infection rate, i.e.,
seasonality in individuals of ages who have higher mean rates of infection is
stronger (an assumption supported by the data shown in Figure 1 in [18]).

Vaccination schedules are typically prescribed for certain ages, incorpo-
rated in the model by an age-dependent vaccination rate φ(a). The vaccines
differ in the age groups for which they are suitable and the number of doses
that are recommended. These aspects of the program considered deter-
mine the form of φ(a). The length of protection from immunization is also
age-dependent and not all individuals complete multi-dose regimes. We take
these factors into account when prescribing a form to ρ(a), the rate at which
individuals of age a revert to their corresponding unvaccinated class S or
E. The protective effects of vaccines also change depending on the age of
individuals to whom they are administered. These effects are reflected in
the rates δ(a) and ε(a) (the vaccine efficacies are then 1− δ(a) and 1− ε(a).

Natural age-specific death occurs out of each compartment at the per-
capita rate µ(a).The age-specific fatality due to pneumococcal disease is
represented by the rate η(a). Per capita case fatalities are significant in
infected individuals of age 65 and increase with age. The outcome of IPD
in children largely depends on their ability to clear the infection and on the
availability/effectiveness of antibiotics - a defense that can be complicated
by resistance. Therefore, the outcome of infection, and hence case fatality,
depends on nutrition, geographic location, comorbidities, and age - e.g.,
infants are less able to mount a significant immune response and respond to
antibiotics than toddlers.

We assume that all individuals are born susceptible and unvaccinated,
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so the boundary conditions for the model are E(0, t) = I(0, t) = SV (0, t) =
EV (0, t) = IV (0, t) = 0 and S(0, t) =

∫∞
0 f(a′)n(a′, t)da′ where f(a′) is the

age-specific per capita fertility rate.
The model equations are given by the following boundary value problem:

(
∂

∂t
+

∂

∂a

)
S(a, t) = −λ(a, t)S(a, t) + α(a)E(a, t) + γ(a)I(a, t) (3)

+ ρ(a)SV (a, t)− (φ(a) + µ(a))S(a, t),(
∂

∂t
+

∂

∂a

)
E(a, t) = λ(a, t)S(a, t) + ρ(a)EV (a, t) (4)

− (α(a) + κ(a, t) + φ(a) + µ(a))E(a, t),(
∂

∂t
+

∂

∂a

)
SV (a, t) = −ε(a)λ(a, t)SV (a, t) + α(a)EV (a, t) (5)

+ γ(a)IV (a, t) + φ(a)S(a, t)
− (ρ(a) + µ(a))SV (a, t),(

∂

∂t
+

∂

∂a

)
EV (a, t) = ε(a)λ(a, t)SV (a, t) + φ(a)E(a, t) (6)

− (α(a) + δ(a)κ(a, t) + ρ(a) + µ(a))EV (a, t),(
∂

∂t
+

∂

∂a

)
I(a, t) = κ(a, t)E(a, t)− (γ(a) + η(a) + µ(a))I(a, t), (7)(

∂

∂t
+

∂

∂a

)
IV (a, t) = δ(a)κ(a, t)EV (a, t), (8)

− (γ(a) + η(a) + µ(a))IV (a, t),

S(0, t) =
∫ ∞

0
f(a′)N(a′, t)da′,

E(0, t) = SV (0, t) = EV (0, t) = I(0, t) = IV (0, t) = 0.

3 Derivation of discrete age model

We take an approach (outlined in [9] and applied in [10] and [11]) where
system (3) – (8) is approximated by a system of ordinary differential equa-
tions. Model (3) – (8) makes it unnecessarily difficult to explore the impact
of vaccination. In order to focus on the impact of age-classes we introduce
a model that easily aggregates the age-groups of significance. We consider
m age classes, where the ith class corresponds to the interval [ai−1, ai] and
0 = a0 < ... < am = ∞. The age classes need not be of the same length;
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that is, ai−ai−1 is not necessarily equal to aj −aj−1 for i, j ∈ [1, ...,m]. We
define

Xi(t) =
∫ ai

ai−1

X(a, t)da

where Xi = Si, Ei, Ii, SV i, EV i, IV i, Ni represent the number of individuals
in each ith age interval. In order to clarify our derivation, we look first at
the demographic model given by

(
∂

∂t
+

∂

∂a

)
N(a, t) = −µ(a)N(a, t) (9)

N(0, t) =
∫ ∞

0
f(a′)N(a′, t)da′,

in which fatalities due to infection have been neglected. The solution of (9)
via the method of characteristics yields the typical renewal equation

N(t) =
∫ t

0
f(a)p(a)N(t− a)da +

∫ ∞

t
f(a)

p(a)
p(a− t)

u0(a− t)da, (10)

with the second term depending only on the initial density u(a, 0) = u0(a)
and the probability of a newborn surviving to age a given by p(a) = e−

R a
0 µ(σ)dσ.

If one looks for solutions of the form N(t) = eqt and lets t→∞, one arrives
at the characteristic equation∫ ∞

0
f(a)e−

R a
0 µ(σ)dσe−qada = 1. (11)

Under suitable conditions on f(a), there is a unique real q that solves this
characteristic equation for the exponential rate of growth for the population.
The statement that the population has reached a stable age distribution
means that the solution is N(a, t) = eqtA(a), a common assumption [12]. If
we define Pi to be the size of the ith age class at time 0, then under the
assumption that N(a, t) = eqtA(a) we have that

Ni(t) =
∫ ai

ai−1

N(a, t)da = eqt

∫ ai

ai−1

A(a)da = eqtPi (12)

and

A(0) =
m∑

i=1

fiPi
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where fi are the coefficients of the approximated fecundity function f(a) =∑m
i=1 fiχ[ai−1, ai] and χ is the characteristic function of the set [ai−1 − ai].

Note that the births at time t are then given by N(t) =
∑m

i=1 fiNi(t) =∑m
i=1 eqtfiPi.
We use the above definitions to derive an ODE model from integrating

the equations in system (3) – (8) over the interval [ai−1, ai] with respect to
a. The integration of Equation (9), and our previous definition give

∫ ai

ai−1

∂

∂t
N(a, t)da +

∫ ai

ai−1

∂

∂a
N(a, t)da = −

∫ ai

ai−1

µ(a)N(a, t)da

dNi

dt
+ N(ai, t)−N(ai−1, t) = −µiNi(t).

Making use of the solution N(a, t) = eqtA(a), we see that

dNi

dt
= −eqtA(ai) + eqtA(ai−1)− µiNi

= eqtPi−1
A(ai−1)

Pi−1
− eqtPi

A(ai)
Pi

− µiNi.

Now substituting Ni = eqtPi (equation (12)) and defining bi = A(ai)
Pi

(which,
under reasonable assumptions outlined in [9], is approximately given by
bi ≈ 1

ai−ai−1
), we arrive at the following system, derived from first principles,

for Ni:

dNi

dt
= bi−1Ni−1 − biNi − µiNi for i = 2, ...,m− 1,

and

dN1

dt
=

m∑
j=1

fjNj − b1N1 − µ1N1

dNm

dt
= bm−1Nm−1 − µmNm.

Following the same approach we arrived at the following epidemiological
model with variable length age classes:
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For i = 1 :

dS1

dt
=

m∑
j=1

fjPj − λ1(t)S1 + α1E1 + γ1I1 + ρ1SV 1 (13)

− (φ1 + µ1 + b1)S1

dE1

dt
= λ1(t)S1 + ρ1EV 1 − (α1 + κ1(t) + φ1 + µ1 + b1)E1 (14)

dSV 1

dt
= −ε1λ1(t)SV 1 + α1EV 1 + γ1IV 1 + φ1S1 − (ρ1 + µ1 + b1)SV 1

(15)
dEV 1

dt
= ε1λ1(t)SV 1 + φ1E1 − (α1 + δ1κ1(t) + ρ1 + µ1 + b1)EV 1 (16)

dI1

dt
= κ1(t)E1 − (γ1 + η1 + µ1 + b1)I1 (17)

dIV 1

dt
= δ1κ1(t)EV 1 − (γ1 + η1 + µ1 + b1)IV 1, (18)

i = 2, ..,m− 1 :
dSi

dt
= −λi(t)Si + αiEi + γiIi + ρiSV i (19)

− (φi + µi + bi)Si + bi−1Si−1 (20)
dEi

dt
= λi(t)Si + ρiEV i − (αi + κi(t) + φi + µi + bi)Ei + bi−1Ei−1 (21)

dSV i

dt
= −εiλi(t)SV i + αiEV i + γiIV i + φiSi (22)

− (ρi + µi + bi)SV i + bi−1SV i−1

dEV i

dt
= εiλi(t)SV i + φiEi (23)

− (αi + δiκi(t) + ρi + µi + bi)EV i + bi−1EV i−1

dIi

dt
= κi(t)Ei − (γi + ηi + µi + bi)Ii + bi−1Ii−1 (24)

dIV i

dt
= δiκi(t)EV i − (γi + ηi + µi + bi)IV i + bi−1IV i−1, (25)
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i = m :
dSm

dt
= −λm(t)Sm + αmEm + γmIm + ρmSV m (26)

− (φm + µm)Sm + bm−1Sm−1 (27)
dEm

dt
= λm(t)Sm + ρmEV m (28)

− (αm + κm(t) + φm + µm)Em + bm−1Em−1

dSV m

dt
= −εmλm(t)SV m + αmEV m + γmIV m + φmSm (29)

− (ρm + µm)SV m + bm−1SV m−1

dEV m

dt
= εmλm(t)SV m + φmEm (30)

− (αm + δmκm(t) + ρm + µm)EV m + bm−1EV m−1

dIm

dt
= κm(t)Em − (γm + ηm + µm)Im + bm−1Im−1 (31)

dIV m

dt
= δmκm(t)EV m − (γm + ηm + µm)IV m + bm−1IV m−1. (32)

All age-dependent rates are approximated by step functions with at most
m− 1 discontinuities. The effective contact rates are given by

λi(t) =
ci,i′ [Ei′ + EV i′ + Ii′ + IV i′ ]∑m

i=1 Ni
, (33)

The rate ρ(a) incorporates the effect of not all individuals receiving all rec-
ommended doses, as well as the loss of protection induced by the vaccine.
This is not the naturally acquired immunity resulting from repeated ex-
posure to pneumococci over one’s lifetime, as this is incorporated in the
infection and colonization rates implicitly. If the retention of individuals
into a vaccine program is represented by the rate 1 − ri, the length of the
vaccine protection for a particular age group is pi, and the length of time
since the individuals have received their last dose li, then a suitable form
for ρi is given by

ρi =

{
(1− ri)

(
1

pi−li

)
for pi > li

0 for pi ≤ li.
(34)

The vaccination rate φ(a) is determined entirely by the first dose of a rec-
ommended regimen since the retention of individuals in a given regime is
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taken into account by ρ(a).
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4 Determination of parameters

We consider 14 age classes, with finer discretizations in the younger and
older age ranges since it is likely not reasonable to take a constant param-
eter values in the most affected age groups if the age ranges are taken too
large. That is, within these ranges, the infection processes may be occurring
at significantly different rates. We discuss in [22] a method to determine an
appropriate discretization based on a model comparison statistic in the con-
text of potentially available surveillance data. Here we have used data and
observed trends from various sources to determine a reasonable discretiza-
tion. The age classes are: (0,2 months], (2,4 months], (4,6 months], (6,24
months], (2,5 years], (5,10 years], (10,15 years], (15,50], (50,65], (65,70],
(70,75], (75,80], (80,85], and (85, ∞), and are identified throughout the pa-
per as groups numbered 1 through 14. Note that the lengths of the age
ranges vary, as the dynamics of the infections are quite different among the
youngest and eldest age ranges, which are most affected. In contrast, it is
reasonable to consider ages 15-50 for example as exhibiting similar behavior
with respect to pneumococcal diseases.

Many model parameters are readily available in census reports and the
scientific literature for most populations, and some sources are suggested
in Table 1. Here we discuss the information typically available for these
parameters and use reasonable estimates for our computations.

Fertility and natural mortality rates are typically provided via recorded
figures in census reports. Demographic rates and age distributions vary
drastically when comparing more and less developed countries. The esti-
mates of age-specific infections and reports of colonization prevalence that
are used in this study, are specifically relevant to more developed countries.
Therefore, the demographic rates (along with other reasonable epidemio-
logical parameters) shown in Table 2 are consistent with a population in
a developed country, producing an essentially constant population with a
stable age distribution. Later, we investigate the effect of an increased fer-
tility rate, such that the population is exponentially growing and a higher
proportion of the population are in the younger age classes.

There are many parameters, however, that are not readily available in
literature, such as effective contact rates and mean infection rates. It is
worthwhile to note that these rates, along with the number of individuals
in each epidemiological stage, determine the age-specific force of infection
and therefore, the horizontal spread of infection. The estimation of these
rates from surveillance data is discussed in [22]. However, reports of age-
specific infections are available via the Australian NNDS website [6]. These,
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Table 1: Available parameters for discrete age-structured model with 14 age
classes, along with sources where parameter values may typically be found,
shown in the top portion of the table. The values shown for parameters
denoted by a ∗ have not been fixed according to any particular source.

f(a) Demographic/census reports∗

µ(a) Demographic/census reports∗

η(a) [16], [17],[18]
α(a) [4]

Table 2: Typically known parameter values for the structured model with
14 age classes used in simulations. Parameter values are not specific to any
given population, but are reasonable for a developed country.

f1 f2 f3 f4 f5 f6 f7

0 0 0 0 0 0 0
f8 f9 f10 f11 f12 f13 f14

0.002 0 0 0 0 0 0
µ1 µ2 µ3 µ4 µ5 µ6 µ7

3.889e−4 3.889e−4 3.889e−4 3.889e−4 1.112e−5 1.112e−5 1.112e−5

µ8 µ9 µ10 µ11 µ12 µ13 µ14

1.3e−5 4e−4 0.0075 0.0075 0.0075 0.0075 0.0075
α1 α2 α3 α4 α5 α6 α7
1
8

1
6

1
3 1 1 4.5

3
4.5
3

α8 α9 α10 α11 α12 α13 α14
4.5
3

4.5
3

4.5
3

4.5
3

4.5
3

4.5
3

4.5
3

η1 η2 η3 η4 η5 η6 η7

0.8 0.6 0.4 0.2 0.01 0.02 0.05
η8 η9 η10 η11 η12 η13 η14

0.09 0.1 0.12 0.2 0.35 0.4 0.4
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Figure 2: Model calculations of age-specific infections during one year and
colonization prevalence profiles compared to infection data from the Aus-
tralian NNDS [6], and colonization estimates reasonable for developed coun-
tries.

together with reasonable estimates of colonization prevalences gathered from
various sources (such as [14], [15], [1]), allow us to estimate reasonable values
for the mean infection rates and constant age-specific force of infection, as
given in Table 3. Calculating the annual infections for each age group and
the colonization prevalence from the steady state solution of the model,
we observe agreement between the compiled ‘data’ and the model with the
chosen parameters (Figure 2).

It is reasonable to take the force of infection as constant if the infections
are endemic and there is no vaccine being administered. This approach is
outlined in [9], which is a slightly modified version of the more general ap-
proach taken in [19] and [8]. In this case, the vaccination of elderly risk
groups is unchanged before and after the childhood vaccination program
considered is implemented, and therefore the force of infection is unaffected.
A contact matrix, based on the assumption of proportionate mixing (in
which individuals mix according to their activity levels), can then be calcu-
lated following the procedure described in [9]. The lack of clear estimates
for recovery rates in the literature, along with our previous efforts in the
unstructured ODE model [21] which has shown that the value of this rate
does not affect the values of the other unknown rates, suggests that it is
reasonable to fix the recovery rates at 1 1

month for all age classes.
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Table 3: Parameter values that are typically unknown for the 14-age class
structured model that were used in simulations. These values give good
agreement with observed data, shown in Figure 2.

λ1 λ2 λ3 λ4 λ5 λ6 λ7

0.07 0.072 0.08 0.13 0.33 0.24 0.13
λ8 λ9 λ10 λ11 λ12 λ13 λ14

0.183 0.1802 0.2193 0.2193 0.25 0.25 0.25
κ1 κ2 κ3 κ4 κ5 κ6 κ7

2e−4 3.2e−4 2e−3 3.5e−4 6e−5 3e−5 1.5e−5

κ8 κ9 κ10 κ11 κ12 κ13 κ14

4.8e−5 6.3e−5 1.1e−4 2e−4 2e−4 2.8e−4 3e−4

Vaccine efficacy studies, which are done before licensing of a vaccine
and certainly before widespread implementation, most often report the ex-
pected protection provided to risk groups. Usually some measure of the
duration of protection is also reported. Once a fraction of the population
has been given the vaccine, the protection induced typically differs slightly
from that reported in studies. Therefore, when studying the vaccine impact
theoretically, ranges containing these reported values should be used. Be-
fore implementation, the effect of various vaccination rates on morbidity or
whatever end point is of interest, should be studied. After implementation,
the actual vaccination rates obtained are usually available via public health
departments.

Since we are considering the effects of childhood vaccination in this study,
we include but do not specifically study the vaccination of older risk groups
by the polysaccharide vaccine (PPV23). The conjugate vaccine (PCV7) is
recommended for children at the ages of 2, 4, and 6 months for a 3-dose reg-
imen in the US and Australia. In this formulation, φ2 reflects the fraction
of children effectively given their first dose, and the retention of children in
the vaccine program is incorporated into the rates ρ3 and ρ4. Studies of
nasopharyngeal carriage do not consistently support a significant overall re-
duction upon immunization by the conjugate vaccine. However, to illustrate
the impact of both aspects of protection, we include this effect by taking
εi < 1 in the younger age classes. This is to study the potential effect of
other vaccines in development which could significantly reduce colonization
in children, affecting the overall infection dynamics in the population. So
the parameters we refer to as a ‘standard’ childhood vaccine program (shown
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Table 4: Vaccine parameters used to represent a ‘standard’ childhood immu-
nization program, and also the vaccination of older risk groups by PPV23.
Variations from these parameters in the younger age groups will be used to
explore the effects of different vaccination strategies. Efficacy parameters
for the younger age classes are specified in each numerical solution shown in
Sections 5 and 6.

φ1 φ2 φ3 φ4 φ5 φ6 φ7

0 0.9 0 0 0 0 0
φ8 φ9 φ10 φ11 φ12 φ13 φ14

0 0.001 0.03 0.03 0.03 0.03 0.03
ρ1 ρ2 ρ3 ρ4 ρ5 ρ6 ρ7

0 0 0.05 0.05*0.25 1/30 0 0
ρ8 ρ9 ρ10 ρ11 ρ12 ρ13 ρ14

0 0.01583 0.015 0.015 0.015 0.015 0.015
δ8 δ9 δ10 δ11 δ12 δ13 δ14

1 0.8 0.6 0.6 0.6 0.6 0.6
ε8 ε9 ε10 ε11 ε12 ε13 ε14
1 1 1 1 1 1 1

in Table 4) represent widespread distribution of a childhood vaccine in ad-
dition to the current adult vaccination in more developed countries. The
parameters specifying the efficacies of the childhood vaccines are specified
as various strategies are discussed below.

5 Effects of Vaccination

We implemented childhood vaccination in simulation studies with the model
given by Equations (13) - (32) to discuss the impact of vaccines targeting in-
fections, asymptomatic colonization, or both of these stages. We explore the
effects on the age structure of the infections in a population in addition to
the overall reductions in morbidity. Specifically, we examined a) the preva-
lence of infections and colonization as a function of age after steady state
has been reached, b) the changes in the overall prevalence of both infected
and colonized individuals with time, and c) the average ages of infected and
colonized individuals as a function of time to describe the epidemiological
picture.

Results of simulations for the immunization of children with a vaccine
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targeting against infections only is considered in Figure 3. To represent
such a vaccine, the parameter values εi = 1 for i = 1, ..., 5 and δi = 0.1 for
i = 1, ..., 5 were chosen. The top panels of Figure 3 depict comparisons of
the age-specific colonization prevalences and infections before vaccination is
applied and five years afterward. Such a vaccine as considered here only has
a noticeable effect on the number of infections in the age groups of those
directly vaccinated, as is also seen in the bottom of Figure 3, which shows
the prevalence of infections and colonization changing with time as the vac-
cine is administered. This is to be expected since infections are not spread
through casual contacts with infected individuals, and horizontal spread
of pneumococci occurs primarily through contacts with colonized individu-
als. Infections contribute to this horizontal spread minimally due to their
relatively small prevalence in comparison with the colonization prevalence.
While protection against infection is desirable in an individual, such vac-
cines impact only directly vaccinated groups. Therefore, these vaccines will
have only limited impact in a population.

In contrast, should a childhood vaccine protect only against the coloniza-
tion stage, the individual is not protected against infection in the event of be-
ing colonized. However, the potential for protecting a population is greater,
as is evident in Figure 4. Vaccine efficacy parameters for this program are
εi = 0.1, δi = 1 for i = 1, ..., 5. A reduction in colonization prevalence fol-
lowing implementation of this vaccine is shown to result in a corresponding
reduction in infections (Figure 4, top panels). Further, a marked decrease
in infections (and colonized individuals) can be seen in age groups that are
not directly immunized by the vaccine considered. Interestingly, the great-
est impact on the overall age-structure of the infections is in the infection
stage, as demonstrated in the bottom panels of Figure 4 . This supports vac-
cines targeting colonization as having a significant impact on the dynamics
of infections within a population. A direct comparison between these two
different strategies can be seen in Figure 5. Although both vaccines have
the same ‘efficacy’ (90% in vaccinated classes), the impact of that which
targets colonization is greater in the population as a whole, resulting in less
infections in nearly every age class.

More realistically, a vaccine may be able to protect against both, al-
though not as effectively as was considered in the two previous scenarios.
Figure 6 depicts a comparison of the impact of a less effective combination
vaccine - one which protects against both stages - and the vaccine which
strongly protects against colonization only. The combination vaccine pro-
tects much less efficiently against both stages as considered previously with
parameter values εi = 0.5 and δi = 0.3 for i = 1, ..., 5. The less effective
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combination vaccine can potentially achieve reductions in morbidity that
are comparable to the more effective single vaccine as can be seen in Figure
6. It is important to note that such effects cannot be achieved without pro-
tecting against the colonization stage, which most significantly impacts the
horizontal spread of the infections.
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Figure 3: Infection and colonization prevalences before and after a vaccine is
implemented which targets the infection stage only (top panels). Infection
and colonization prevalences as vaccination (targeting infections only) is
applied (bottom panels).
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Figure 4: Infection and colonization prevalences before and after a vaccine
is implemented which targets the colonization stage only (top panels). The
average ages of colonization and infection as vaccination (targeting coloniza-
tion only) is applied (bottom panels).
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Figure 5: A comparison of the overall impact of vaccines targeting only
infections and only colonization.
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Figure 6: A comparison of the overall impact of vaccines targeting only
colonization and both infection and colonization.
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6 Vaccine Strategies

We demonstrate the ways in which this model combined with the computa-
tional approach used here can aid in the design of vaccine strategies. Namely,
we highlight that factors in an immunization program such as target groups
and the number of doses recommended, which are readily determined by
public officials, can be manipulated easily in this framework. The effects
of hypothetical programs may then be quantified in terms of overall disease
burden and fatality as well as any possible changes in the age groups af-
fected. We also demonstrate that the results are sensitive to the knowledge
of the population studied, as changing the demographics drastically changes
the effect that a given immunization program may have on disease dynamics.

If the duration of protection is increased, by decreasing ρ for age classes
5 and 6, we see a distinctive reduction in these age classes - specifically
when compared with the prevalences under the standard vaccination pro-
gram (Figure 7). We can also see the impact of this reduction in other age
classes, an effect which is likely due to the reduction of nasopharyngeal car-
riage in these groups. Similarly, if the duration of protection is decreased, or
ρ is increased, the increase in infections and colonization in other age groups
can be primarily attributed to the increase in carriage in the younger age
groups. This kind of study can be used to study the potential benefits of pre-
scribing an additional dose in a vaccine program, provided that it is known
how the older age groups respond to the vaccine.

The current vaccination rate may be unrealistically high for some pop-
ulations, and the increase in prevalence as a result of lesser vaccination
rates are shown in Figure 8. It should be noted that the overall incidence
rates are never decreased enough to suggest that eradication is a possibility,
and that the reduction of infections is the best outcome in this parameter
regime. The average ages of infected and colonized individuals (not shown)
manifested a similar but inverse relationship, such that as less children were
vaccinated the average ages decreased. Thus, a higher infection age appears
to be indicative of a lower prevalence, and not a change in risk groups.

If the fertility rates are doubled, indicating a growing population size
as well as a changed age structure of the population, the ‘standard’ vac-
cine appears to be ineffective. The prevalences before and after vaccination
are either of comparable magnitude for each age class or increase, with the
exception of groups 3 and 4 (Figure 9). The average ages of infected and col-
onized individuals also decrease, indicating that children are being afflicted
at a greater rate than they can be effectively protected through vaccination.
This suggests that the demographic information of the population in ques-
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tion is imperative when designing a vaccine program, especially since the
standard parameters used here represent a program that is more effective
than any vaccine(s) currently available.
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Figure 7: Infection and colonization prevalences when childhood vaccination
is implemented according to the parameters in Table 4, as compared to a
vaccine with a longer duration of protection (lower ρ) (shown in the top
panel), or as compared to a vaccine with a shorter duration of protection
(higher ρ) (bottom panel). A lower ρ could also indicate decreased retention
in multi-dose immunization programs.
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fixed vaccination rates φ.
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Figure 9: The age-specific infection and colonization prevalences before and
after standard vaccination if the fertility rates are doubled (top panel). The
bottom panels contain the average ages of infected and colonized individ-
uals as the vaccine program is implemented in an exponentially growing
population.
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7 Summary and concluding remarks

We have formulated an age-structured epidemiological model that facilitates
the aggregation of key age groups. Making use of realistic estimates for in-
fection and colonization prevalences, we have estimated the force of infection
for each class, and estimated a contact matrix, allowing for the numerical
evaluation of a childhood vaccine strategy. The parameters here are not spe-
cific to any particular population, but are generally representative of more
developed countries such as the US and Australia.

As vaccines are being developed to protect against pneumococcal infec-
tions, it is important to understand the impact of targeting against both
epidemiological stages that play a role in the dynamics of these infections.
We have shown that targeting colonization has the greatest potential for
population-wide impact. Although a protective effect in the colonization
stage has potentially substantial benefits to the overall picture of morbidity
and mortality in pneumococcal infections, it is also thought that decreas-
ing the colonization induces a selective pressure for pneumococci to become
more invasive. While this may not be necessarily the case, widely inhibiting
the colonization of vaccine-included serotypes provides an opportunity for
non-included serotypes, which could cause serious infection. This could po-
tentially reduce the protection against infection, rendering the vaccine less
effective depending on the balance of these two effects. After widespread
immunization of children by PCV7 in Australia (as discussed in [21]), initial
mathematical modeling studies suggest the protective effect of the vaccine
appears to be waning in the years following the initial implementation (pro-
vided no substantial change in coverage occurred). However, with the infor-
mation in the data available the reason for this cannot be concluded, but
the results clearly suggest the need for further examination. An additional
concern may be that the reduction of colonization in younger children may
result in the delayed development of adaptive immunity to S. pneumoniae,
the effects of which are unclear, but have the potential to change the age-
structure of the infections. These concerns warrant further investigations as
vaccine development progresses.

The modeling framework used here can be used as a public health tool to
investigate aspects of vaccination such as the duration of protection, reten-
tion in multi-dose programs, and changes in vaccination coverage obtained.
Simulations show that increased length of vaccine protection significantly
impacts the prevalence of the infections in children, and noticeably also
that in adults. Should the response of older children to the proposed vac-
cines be known, this type of study could be used to quantify the benefit of
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expanding the groups for which the vaccine is recommended, or potentially
prescribing an additional dose as part of a given strategy. The variations
in vaccine coverage that were explored implied different levels of morbidity,
but not a significant change in behavior, that is, the infections (and colo-
nization) reached an endemic state each time. Thus, any vaccine that is
comparably effective as that represented by the ‘standard’ set of parameters
will only have a limited impact. This type of study can be used to theo-
retically quantify the impact of any prevention initiatives for any infectious
disease.

Finally, an increase in fertility was shown to have a tremendous effect
on the landscape of pneumococcal infections, as children are colonized and
infected either at the same or greater extent than they are effectively pro-
tected by vaccination. The lack of reduction of colonization and infection
prevalences in children are mirrored in the older age groups, who are af-
fected by their younger counterparts comparable to prevaccine scenarios.
This suggests that demographic information of the vaccinated population is
crucial, as erroneous information on the structure of the population could
lead to prescribing ineffective vaccine strategies.

8 Acknowledgements

This research was supported in part by the National Institute of Allergy
and Infectious Diseases under grant 9R01AI071915-05, the National Science
Foundation under grant DMS-0502349, an Achievement Rewards for College
Scientists Foundation Scholarship, generously donated by Ralph and Sandra
Matteucci, and a competitive Research Grant awarded by the Graduate and
Professional Students Association at Arizona State University.

References

[1] H. R. Altuzarra, B. M. T. Valenzuela, A. O. Trucco, S. J. Inostroza,
S. P. Granata, and V. J. Fleiderman. Nasal carriage of Streptococcus
pneumoniae in elderly subjects according to vaccination status, Revista
medica de chile, 135 (2007), 160–166.

[2] A. S. Artz, W. B. Ershler, and D. L. Longo. Pneumococcal vaccination
and revaccination of older adults, Clinical Microbiology Reviews, 16
(2003), 308–318.

29



[3] S. Black, H. Shinefield, B. Fireman, E. Lewis, P. Ray, J. R. Hansen, L.
Elvin, K. M. Ensor, J. Hackell, G. Siber, F. Malinoski, D. Madore, I.
Chang, R. Kohberger, W. Watson, R. Austrian, K. Edwards, and the
Northern California Kaiser Permanente Vaccine Study Center Group.
Efficacy, safety and immunogenicity of heptavalent pneumococcal con-
jugate vaccine in children, Pediatr Infect Dis J, 19 (2000), 187–195.

[4] A. E. Bridy-Pappas, M. B. Margolis, K. J. Center and Isaacman. Strep-
tococcus pneumoniae: description of the pathogen, disease epidemiol-
ogy, treatment, and prevention, Pharmacotherapy, 25 (2005), 1193–
1212.

[5] R. Cohen, C. Levy, F. de La Rocque, N. Gelbert, A. Wollner, B. Fritzell,
E. Bonnet, R. Tetelboum and E. Varon. Impact of pneumococcal conju-
gate vaccine and of reduction of antibiotic use on nasopharyngeal car-
riage of nonsusceptible pneumococci in children with acute otitis media,
Pediatric Infectious Diseases Journal, 25 (2006), 1001–1007.

[6] Communicable Diseases Australia, National Notifiable Diseases Surveil-
lance System. http://www9.health.gov.au/cda/Source/CDA-index.cfm

[7] F. Ghaffar, T. Barton, J. Lozano, L. S. Muniz, P. Hicks, V. Gan, N.
Ahmad and G. H. McCracken Jr. Effect of the 7-valent pneumococ-
cal conjugate vaccine on nasopharyngeal colonization by Streptococcus
pneumoniae in the first 2 years of life, Clinical Infectious Diseases, 39
(2004), 930–938.

[8] H. W. Hethcote, Modeling heterogeneous mixing in infectious disease
dynamics, in “Models for Infectious Human Diseases” (eds. V. Isham
and G. F. H. Medley), Cambridge University Press, (1996), 215–238.

[9] H. W. Hethcote. An age-structured model for pertussis transmission,
Mathematical Biosciences, 145 (1997), 89–136.

[10] H. W. Hethcote. Simulations of pertussis epidemiology in the United
States: effects of adult booster vaccinations, Mathematical Biosciences,
158 (1999), 47–73.

[11] H. W. Hethcote, P. Horby and P. McIntyre. Using computer simulations
to compare pertussis vaccination strategies in Australia, Vaccine, 22
(2004), 2181–2191.

30



[12] F. C. Hoppensteadt, “Mathematical Theories of Populations: Demo-
graphics, Genetics and Epidemics,” SIAM, Philadelphia, Pennsylvania,
1976.

[13] E. V. Millar, K. L. O’Brien, J. P. Watt, M. A. Bronsdon, J. Dallas,
C. G. Whitney, R. Reid and M. Santosham. Effect of community-
wide conjugate pneumococcal vaccine use in infancy on nasopharyngeal
carriage through 3 years of age: a cross-sectional study in a high-risk
population, Clinical Infectious Diseases, 43 (2006), 8–15.

[14] D. M. Musher, Streptococcus pneumoniae, in “Mandell, Douglas,
and Bennett’s principles and practice of infectious diseases” (eds. G. E.
Mandell, J. E. Bennett and R. Dolin), Churchill Livingstone, (2000),
2128–2144.

[15] G. Peter and J. O. Klein. Streptococcus pnuemoniae. in “Principles
and Practice of Pediatric Infectious Diseases ” (eds. S. S. Long, L. K.
Pickering and C. G. Prober), Churchill Livingstone (2002), 739–746.

[16] P. Roche and V. Krause. Invasive pneumococcal disease in Australia,
2001, Communicable Diseases Intelligence, 26 (2002), 505–519.

[17] P. Roche, V. Krause, R. Andrews, L. Carter, D. Coleman, H. Cook,
M. Counahan, C. Giele, R. Gilmore, S. Hart and R. Pugh. Invasive
pneumococcal disease in Australia, 2002, Communicable Diseases In-
telligence, 27 (2003), 466–477.

[18] P. Roche, V. Krause, M. Bartlett, D. Coleman, H. Cook, M. Couna-
han, C. Davis, L. Del Fabbro, C. Geile, R. Gilmore, R. Kampen and
M. Young. Invasive pneumococcal disease in Australia, 2003, Commu-
nicable Diseases Intelligence, 28 (2004), 441–454.

[19] V. Rouderfer, H. W. Hethcote and N. G. Becker. Waning immunity
and its effects of vaccination schedules, Mathematical Biosciences, 124
(1993), 59–82.

[20] F. M. Russell and E. K. Mulholland. Recent advances in pneumococcal
vaccination of children, Annals of Tropical Paediatrics, 24 (2004), 283–
294.

[21] K. L. Sutton, H. T. Banks and C. Castillo-Chávez. Estimation of
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