ABSTRACT

WASHINGTON, ALICIA NICKI  Performance Analysis of Traffic-Groomed Optical

Networks. (Under the direction of Dr. Harry Perros)

Wavelength division multiplexing (WDM) has emerged as a viable solution to the
increasing bandwidth demands of current backbone networks. Traffic grooming allows the
resources available on a single wavelength to be utilized by multiple traffic streams. These
networks will support large amounts of traffic from various sources. In view of this, our
research focuses on the analysis of such types of networks, and in particular on a traffic-
groomed tandem optical network that supports multiple sources each with unique resource
requirements. We developed a decomposition algorithm for the analysis of this network
using a modified version of Courtois method. This work was extended to analyze tandem
networks with alarge number of wavelengths and resources per wavelength using a modified
version of the recursion developed by Nilsson et. al. Finaly, we extended our work to a
traffic-groomed tandem optical network employing aternate routing and supporting traffic
from multiple sources. For each method, numerical results show that, overall, our

approximation provides good accuracy.



PERFORMANCE ANALY SIS OF TRAFFIC-GROOMED
OPTICAL NETWORKS

by

ALICIA NICKI WASHINGTON

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partia satisfaction of the
requirements for the Degree of
Doctor of Philosophy

COMPUTER SCIENCE

Raleigh
2005
Approved By
Dr. Michael Devetsikiotis Dr. Rudra Dutta
Dr. Arne Nilsson Dr. Harry Perros

Chair of Advisory Committee



DEDICATION

This work is dedicated to my parents, Reginald and DelL ois Washington, for their constant

support.



PERSONAL BIOGRAPHY

Alicia Nicki Washington is a native of Durham, NC. She received her Bachelor of Science
in Computer Science from Johnson C. Smith University in Charlotte, NC in 2000. She
received her Master of Science in Computer Science from North Carolina State University in
2002. Sheisa 2000 David and Lucille Packard Fellow and a 2003 NASA Harriet G. Jenkins

Pre-doctoral Fellow.



Table of Contents

LISt Of TaDIES. .. et e Vi
LiSt Of FIQUIES. .. .e ittt et et e e e e e ne e WV
1 ] 8 0o [T o o P
1.1 ResearCh MOtIVAION. .. ....ouee e 1

1.2  Organization of the Dissertation............c.ouviiiii i e, 4

2 LN AlUN @ SUINVEY ... et e e e e e e e e e e e te e et e e e ee D)
21  Call Blocking Probabilitiesin WDM Networks............ccccoevevvei i .d
2.2 Call Blocking Probabilitiesin Erlang Loss Queues...............................10

23  Overflow Anaysisin Erlang LOSSQUEUES............c.oviiiiiniiiiiiiiiienians 12

3 Analysis of Traffic-Groomed Optical Networks.............cooiviiiiiiiinnen 17
3.1 TheQueuing Network Model ..........c.ccoiiiiiiiiiiiii e e 18
3.2  TheDecomposition Algorithm..............ccoiiiiiiii e 2. 20

321 CourtoiS Method.........ccovviiiiie 220
3.22 Modified Courtois Method.............cocoiiiiiiii e 22
3.2.3 TheDecomposition Algorithm............cccooiiiiiiiii i 27

3.3 NUMENCAl RESUILS. . .o 33



4 Analysis of Large Traffic-Groomed Optical Networks................................40
4.1  TheQueuing Network Model..........c.coviiiiie e, 41

4.2  The Decomposition Algorithm...........ccccovviiii e 42
421 Nilssonet. @ RECUISION. ......c.oviuieiiiite e e e e e 43

4.2.2 Modified Nilsson et. al RECUrSION. .........c.vvvevniieiiiiie e 43

4.2.3 The Decomposition Algorithm...........c.ccoovviiii i 47

4.3  Numerical RESUITS..........oei i 48

5 Analysis of Traffic-Groomed Optical Networkswith Alternate Routing......... 54
51 TheQueuing Network Model..........cooeii i e e 54

5.2  TheDecomposition Algorithm.............ccccoeii i e e 0. D7
5.2.1 Frederick and Hayward' s ApproxXimation.............cceoevvveniennennn, 58

5.2.2 TheApproximation Method.............ccoeiiiiii i e 60

5.2.2.1 Nodes Supporting Poisson TraffiC...........ccccevvieiiiinannn. 60

5.2.2.2 Nodes Supporting Overflow and Poisson Traffic............... 61

5.2.3 TheDecomposition Algorithm...............ccceeviiiiiiiiiviiennn..... 64

53  Numerical RESUILS.........viiie e 69

6 Conclusion and FUtUre RESEarCh..........eiiriie i e 77

6.1 FUIUrE RESEAICN. . . oo e e e e e e e e e e e e e,

R O BNCES. .. e e e

.78

.80



List of Tables

Tablel

Table2

Table3

Table4

Table5

Per-class relative errors for the two-node (app-2) and

single-node(app-1) decomposition algorithm................cooovviiiiiiiienennn. 38
Per-hop relative errors for the two-node (app-2) and

single-node (app-1) decomposition algorithm................ooiiiiiiiinennn, 39
Per-case arrival rates of all network call types.........cccoovvviiiiiii i 49

Per-class ralatiVe &ITOrS. .. ..o e e e 1B

Per-wavelength relative errors. .. .....oove i e e, 76

Vi



List of Figures

10

11

12

13

14

15

16

17

18

A seven-node optical network with all source-destination paths......................... 19
Thetwo-liNK SUDSYSIEM. .. ... e e e e 23
The queuing network and the individual subsystems......................o 29
One-hop pathsfor classr, 1=1, 2, 3, 4. oo e 35
Two-hop pathsfor classr, =1, 2, 3, 4. e, 35
Three-hop pathsfor classr, r=1,2, 3, 4. e, 36
Four-hop pathsfor classr, r=1,2,3,4....cccoiiiiii i e a2, 30
Five-hop and six-hop pathsfor classr, r=1,2,3,4......ccccceviiiiiiiiiiiiiinnnn 37
Path resultsfor classr, r=1,2,3,4 and Ws=128 SEIVES. .. ....c.vviviiiiiiiie e 50
A four-node, three wavelength optical network and all source-destination paths......55
The queuing network and the individual subsystems..................ooco i, 56
Wavelength 1 and 2 resultsfor SS128 Servers......oovveiveiiiiiiiiciie e 71
Wavelength 3 resultsS for SE128 SEIVEIS. ... e it e e 72
Wavelength 1 and 2 resultsfor =256 Servers.......oovvvvveiiiiiiiiicicie e e e 14
Wavelength 3 resultsS for S=256 SErVErS.......vv i iii i 1D
Pathsfor classr, r=1,2,3,4 and WS=256 SErVers..........cccovveveiieiinecnnienneennn.. .84
Pathsfor classr, r=1,2,3,4 and WS=512 Servers..........ccceeveeviiiiiiie e .87
Pathsfor classr, r=1,2,3,4 and Ws=1024 SEfVers...........ccooveiveievenienine e .89

Vii



Chapter 1

| ntroduction

1.1 Research Motivation

The ever-increasing demands of the Internet are due, in part, to the emergence of
applications such as video conferencing, television channel distribution, multimedia
graphics, and Internet browsers. Recent advances in telecommunication networks have
allowed wavelength division multiplexing (WDM) to emerge as a viable solution to these
demands. In WDM, multiple wavelengths can be transmitted simultaneously over a
single optical fiber. Each wavelength is capable of carrying traffic streams at Gh/s rates,
thereby providing asingle fiber with atotal throughput in the range of Th/s.

In a wavelength-routed optical network, traffic is transported over lightpaths. A

lightpath exclusively occupies an entire wavelength on each hop of the source-destination



path. This is the same wavelength through out the optica network, or different
wavelengths if converters are available at the optical nodes. However, many traffic
streams do not require the bandwidth of an entire wavelength. In fact, a traffic stream
may need only a small fraction of the bandwidth. This results in a large amount of
underutilized resources, as the mgority of the lightpath’s bandwidth is unused but
unavailable for use by other traffic streams.

To resolve this, the bandwidth of a lightpath is divided into lower sub-rate units
so that it can carry traffic streams transmitted at lower rates. A traffic stream uses one or
a multiple of these sub-rate units. This allows the unused bandwidth to be available to
other traffic streams in the network. This technique is known as traffic grooming. In
traffic grooming, lower-rate traffic streams are multiplexed and de-multiplexed onto
higher capacity WDM wavelengths, in order to improve wavelength utilization [8] and
meet network design goals such as cost minimization [29]. The lowest sub-rate stream
carried, hereafter referred to as a sub-wavelength unit, defines alightpath’ s granularity.

Because these networks carry large amounts of traffic, alternate routing methods
are designed in order to allow traffic to be properly re-routed from source to destination
in the event of certain events, such aslink blocking, or even link failure. All traffic in the
network is assigned a primary path, upon which it initialy attempts to be routed. If the
call cannot be routed on this path, then it is re-routed to an alternate path. If there are
multiple alternate paths available, then they are attempted in a specific order until the

traffic is either accepted or blocked from the network.



In this study, we focus on the analysis of traffic-groomed tandem optical networks
supporting multi-rate traffic. We begin with a tandem network composed of a single
wavelength, which supports traffic from multiple sources each with unique resource
requirements. The optical network is modeled as a tandem queueing network of multi-
rate Erlang loss nodes with simultaneous resource possession. The queueuing network
was decomposed into two-node subsystems, and each subsystem was analyzed using a
modified version of Courtois method. The results from each subsystem were
appropriately combined to analyze calls in the origina network.

Next, we extended our research to tandem optical networks with a large number
of wavelengths and a large number of servers per wavelength. We assumed traffic
bifurcation was permitted, which allowed us to view each link of the network as a single
pool of resources. The network was decomposed into two-node subsystems as before,
and each subsystem was analyzed using a modification of the recursion developed by
Nilsson et. al [19].

Finally, we extended our research to the analysis of a tandem employing aternate
routing techniques. The network was decomposed into subsystems based on the
lightpaths existing on a wavelength. Each subsystem was then analyzed using an

extension of Basharin and Kurenkov’ s approximation and the Nilsson et. al recursion.



1.2 Organization of the Dissertation

The remainder of this dissertation is organized into five chapters. In Chapter 2, we
review in detail the most important literature pertaining to the calculation of call blocking
probabilities in WDM networks, traffic-groomed WDM networks, and WDM overflow
systems. In Chapter 3, we introduce the decomposition agorithm developed for the
anaysis of a traffic-groomed tandem WDM network. The algorithm uses a modified
version of Courtois method. We also provide some numerical examples and compare
the results obtained to both simulation data and the single-node decomposition method
assuming link independence. In Chapter 4, we extend the decomposition algorithm to a
large number of wavelengths and sub-wavelength units. We introduce a modified
version of the recursion developed by Nilsson et. a for the analysis of the traffic-
groomed tandem optical network. Numerical examples are provided and we compare the
results obtained to the simulation data and single node decomposition data. In Chapter 5,
we present a decomposition method for the analysis of networks employing aternate
routing, i.e. overflow systems. Finaly, in Chapter 6, we conclude our research and

present future areas of research.



Chapter 2

Literature Survey

In this chapter, we review the literature for the analysis of traffic-groomed WDM networks
and overflow systems. The literature is grouped into logical sections according to the

subject matter.

2.1 Call Blocking Probabilitiesin WDM Networks

The calculation of call blocking probabilitiesin aWDM network where asingle call occupies
an entire wavelength has been studied extensively. Birman[4] compared the blocking
probabilities of a circuit-switched network and a WDM network, and determined that the
blocking experienced by a cal in the WDM network is greater. In addition, an

approximation algorithm was developed, which determined the blocking probability of traffic



on al source-destination paths within the WDM network, assuming random wavelength
assignment. The results were compared for fixed and least-loaded routing.

Conway et. a [6] developed three decomposition methods for the exact analysis of
large multi-facility networks that exploit the sparse nature of the demand matrix associated
with the network. The first algorithm decomposes the network into two separate subsystems.
Each subsystem is analyzed using the normalization constant recursion developed by the
authors. The results from the two subsystems are then used to determine the blocking
probability of al callsin the network.

The second decomposition algorithm extends the work of the previous to M
subsystems. The normalization constant recursion is used to analyze each subsystem and the
results are combined appropriately to analyze the original network. The third decomposition
algorithm is an incremental decomposition method that successively analyzes each
subsystem. The proposed methods are shown to have lower computational and storage
requirements than previous algorithms.

Zhu et. a [29] developed a decomposition method for the analysis of WDM networks
with fixed or alternate routing. The blocking experienced by an individua path in the
network was determined by decomposing the path into a set of tandem segments. The
effective arrival rates of calls within a segment account for the link correlation and blocking
in the original path. Each segment was analyzed in isolation using an approximate closed-
form solution. The results of each segment were combined to determine the blocking

probability of callsin the original network traversing more than one segment. The effective



arrival rates of each segment were then updated and each segment was again analyzed in
isolation until the blocking probabilities of the path converged.

Ramesh et. a[20] extended the work of Zhu et. a [29] to analyze a WDM network
with multiple classes of calls as well as multicast traffic. To analyze the multi-class traffic,
the authors created an equivalent system that aggregates the multi-class traffic into a single-
class. The analysis of the equivalent system is then performed using the path decomposition
method described in [29]. The authors extended this work to measure the performance of
multi-class networks with both multicast as well as unicast traffic.

The problem of calculating call blocking probabilities in a traffic-groomed WDM
network has gained attention in recent years. Thiagargan and Somani [24] modeled a
dynamic traffic-groomed WDM network assuming both link independence and wavelength
independence. The network consisted of two node types. Wavelength-Selective
Crossconnect (WSXC) nodes and Wavelength-Grooming Crossconnect (WGXC) nodes.
Both nodes have the capability to groom traffic streams to (from) added (dropped)
wavelengths. WSXC nodes contain Optical Crossconnects (OXC) that can only switch full
wavelengths from an input port to a specific output port. WGXC nodes have the added
functionality of switching low-rate traffic streams from an input port at one wavelength to an
output port at another. It is assumed that, if a path traverses through one or more
intermediate WGXC nodes, then the path contains more than one lightpath.

The analysis of the model provides the overall network blocking probability of a class
r call in the network, r=1,2, ...R. The analysis was performed iteratively, beginning with the

calculation of thelink arrival rates for each link in the network. Each link was then analyzed



as a single-wavelength link, by creating the generator matrix Q*, corresponding to all state
transitions within the link. Solving the set of equations XQ*=0, Xe=1 provided the stationary
probability of all states within the link. The results from each link were used to determine
the blocking probability of a single source-destination path with multiple wavelengths. The
overall blocking probability of aclassr call in the network was determined using the results
of each individua path analysis. The authors found that, although the method is simple,
efficient, and, for most cases, converged within afew iterations, it did not always converge.

In [23], Thiagargjan and Somani extended the work in [24] to account for the capacity
correlation that exists between links. The authors developed a model for the analysis of a
multi-hop path consisting of a single wavelength. Beginning with a two-hop model, the state
of the system is defined as the number of traffic streams of a specific class that are present on
the one-hop links as well as the path continuing from the first link to the second. The steady-
state probability of the two-hop model was determined by numerically solving the generator
matrix, Q*.

The analysis of an h-hop path was determined by first dividing the path into a set of
two-hop paths, such that each successive two-hop path originates at the first node and
terminates at node i, where 2£ | £ h. The steady-state probability of calls in each two-hop
path was determined using the numerical solution, and the blocking probability of the h-hop
path is recursively calculated using the results of each successive two-hop path. The authors
found that the technique provided a better accuracy than the link independence algorithm.

Srinivasan and Somani [22] developed an analytica model to measure the call

blocking probabilities without accounting for the exact call distribution. The network was



modeled as a homogenous Trunk Switched Network. Within this two-level network model,
each trunk represented a wavelength. The analysis was performed in three steps. First,
assuming a two-link path model, the state space was constructed based on the number of
busy channels due to calls on the first link, second link, and those continuing from the first to
second link. The steady-state probability of the system was then calculated recursively.

Second, the trunk distribution is recursively calculated using the channel distribution.
The state space of the trunk distribution is defined as the number of busy trunks on the first
link, second link, and the path continuing from the first to second link. Finaly, the blocking
probability of a z-link path is recursively calculated by viewing the path as a two-hop path
consisting of the first z-1 links in the first hop and the last two links in the second hop. The
trunk distribution is used in this recursion.

Mosharaf et. al [18] developed an analytical model to determine the number of
wavelengths necessary to provide a specific grade of service for dynamic traffic-groomed
WDM networks. For asingle link consisting of multiple wavelengths, the state of the system
is determined as the number of classr customers present on each wavelength. The product-
form solution is provided for the steady state probability of calls within the system. The
authors showed that the calculation of the normalizing constant requires extensive
computation. As a result, an approximation to the normalizing constant was developed,
assuming low traffic loads. The results were compared, for both random and first-fit
allocation policies, where it is determined that the approximation provides better results for
the case of first-fit allocation. The approximation was then used to determine the minimum

number of wavelengths required to provide a specific grade of service for alink.



Xin et. a [26] measured the end-to-end blocking probability of a class r call in the
network using the Erlang-fixed point approximation, assuming link independence. Within
the network, the arrival of a new call may trigger the establishment of a new lightpath. The
authors modeled a single-wavelength link as a multi-rate link queue consisting of a number
of servers. The arrival of each call is converted into micro calls, such that each micro call
can be carried by one server of the multi-rate link queue. The individua link blocking
probabilities were then determined using the number of call types, offered load, total number
of servers, and the probability mass function.

Zhu et. a [28] developed anovel graph model to analyze the blocking probability of a
traffic-groomed WDM network. First, an auxiliary graph is constructed according to the
current network configuration. For each arriving call, the shortest path from the source to
destination node is determined. The call is appropriately routed along either a pre-existing or
newly formed lightpath of the route. The auxiliary graph is then updated to reflect the
appropriate changes within the network. The algorithm is compared against different
grooming policies. By comparing the average utilization and the blocking probabilities of
each policy, the authors determined that an adaptive grooming policy, which switched
between the two best performing policies according to the network state, provided better

performance than any of the individual grooming policies.

2.2 Cadl Blocking Probabilities in Erlang Loss Queues

There are several elegant solutions for the analysis of a single multi-rate loss node. Kaufman
[14] and Roberts developed a one-dimensional recursion for the analysis. This work was

10



preceded by the work of Fortet and Grandjean. The recursion, which is applicable in the case
of the complete-sharing policy, tracks the total number of busy servers, thereby reducing the
amount of storage required. It is shown that the storage requirements are dependent on the
maximum demand of all call typesin the system.

Nilsson et. a [19] observed that the work by Kaufman and Roberts suffered from
potential numerical stability problems. As a result, the authors developed a recursive
function that was derived from the work of the previous authors' and the single-rate Erlang-B
recursion. It was found that the recursion is of the same complexity as the Kaufman-Roberts
recursion and the results are numerically stable.

Dziong and Roberts [9] developed a recursive procedure for the joint distribution of
the number of busy serversin each Erlang loss node. While providing an exact solution, the
use of the joint distribution increased the computational complexity of the analysis. As a
result, the authors proposed an approximation based on the multivariate normal distribution.
The approximate method took into account the correlation between links.

Iversen et. al [12] use the generalization of the recurrence developed for the Erlang-B
equation to create a recursive algorithm for the analysis of a multi-rate Erlang loss node. The
algorithm developed determines the probability of k servers busy on a single link. At each
step of the recursion, the algorithm computes the normalized values. As a result, the
recursion is both numerically stable as well as simple, and requires a small amount of

storage.
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2.3 Overflow Analysisin Erlang Loss Queues

The analysis of overflow systems, where blocked calls arriving to a primary Erlang loss
system overflow to a secondary system, has been extensively studied. The mgority of this
work has focused on systems where al calls require a single resource. In [13], Iversen
surveyed the various techniques for the analysis of overflow systems. The Equivalent
Random Theory (ERT) method, also known as the Wilkinson method, assumes a number of
traffic streams, characterized by their individual mean and variance, are offered to a common
Erlang loss system consisting of a number of channels. The total mean and variance of the
traffic in this system is defined as the sum of the individual means and variances. It is
assumed that the total overflow of this system can be represented by an equivalent Poisson
flow arriving to an equivaent system consisting of a number of channels. The values for the
equivalent flow and equivalent system are approximately calculated. The overall blocking of
the equivalent system, determined using the Erlang-B equation, approximates the overall
blocking in the original system. The individua blocking probabilities of each traffic stream
are determined using parcel blocking probability techniques.

In addition to these methods, the BPP traffic model which uses the mean and
peakedness to analyze overflow traffic, the Sander’ s method which changes the scale of the
state probabilities so that the peakedness becomes 1, and Berkeley’s method which fixes
either the number of channels or the offered traffic and uses the Erlang-B formula to
determine the correct mean of the overflow traffic, are presented as approximation methods
for overflow analysis. The work in [11] extends Iversen’s survey to include approximations
for the calculation of the mean and variance of each individua overflowing traffic stream. In

12



addition to the IPP method, the Equivalent Capacity method, Approximate Wilkinson
Wallenstrom method, Equivalent Random Traffic method, and Equivalent Poisson Stream
method are presented.

Kuckzura [15] determined that the Interrupted Poisson Process (IPP) can be used to
represent overflow traffic. The IPP is a Poisson process that is interrupted by a random
switch that turns the process on and off. This on/off state of the process represents the bursty
nature of the traffic arriving to the overflow system. Using this model, the overflow traffic is
characterized by three parameters. the arrival process, the on duration, and the off duration
of the arrival process. The author determined that the blocking in the secondary system was
numerically determined using the appropriate state transitions of the IPP model.

Frederick and Hayward’'s [10] equivalence method is presented as a simpler
aternative to the Wilkinson method. The approximation assumes that a system with n
servers, offered traffic A, and peakedness Z! 1 has the same blocking probability as a system
with n/Z servers, offered traffic A/Z, and peakedness Z=1.

Alyatama [2] presented an approximate method for the analysis of a WDM network
supporting single-rate traffic in an overflow system consisting of multiple wavelengths. No
traffic grooming was considered. As a result, a single call occupies an entire wavelength.
The network was modeled as an aggregate group of digoint, single-wavelength subsystems,
with acommon physical topology. Each subsystem is analyzed in iteration using a numerical
method that extends the generalized Erlang-B equation. The mean and variance of the
overflow traffic were determined using Riordan’s formula. The equivalent Poisson traffic

and equivaent number of servers are determined using Frederick and Hayward's
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approximation. This process was repeated for each wavelength using both a first-fit as well
as random wavelength assignment strategy.

Scherer [21] presented an ERT method for the analysis of an overflow system with
finite source traffic. The author first determined an explicit and recursive solution for the
analysis of an overflow system with a single primary group. An approximate solution for
this system was also determined. The mean and variance of the overflow traffic is
determined using an equivalent single group such that the overflow from the equivalent
group approximates the overflow from the primary group. The variance of the overflow
traffic is determined using an equivalent system to the original. The calculated variance is
then appropriately weighted to approximate the variance of the offered traffic from the
original primary system. The ERT method used assumes traffic from two primary groups
overflow to a common secondary group. The mean and variance of each primary group were
determined using either the exact or approximate method. The total equivalent offered traffic
from both systems was determined and the overflow of calls from the secondary equivalent
group was analyzed as an approximation for the total overflow from the original overflow
group.

Akimaru and Takahashi [1] derived an approximation of individual call blocking
probabilities in overflow systems, using an IPP model. This method is a suitable
approximation to the exact solution developed by Kuczura. A traffic stream is described by
its mean offered traffic and peakedness. It is offered to a system consisting of a number of
servers. The traffic overflowing from this system is offered to a secondary group, which aso

services random primary traffic. The total offered traffic and peakedness of the traffic
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offered to the secondary system is approximated by an IPP. Using the total blocking of the
system, the blocking of each individual stream is determined by assuming the call congestion
of the random traffic arriving to the secondary node equals the time congestion. The
individual blocking probabilities are then calculated under this assumption. The analysis of
this network is extended to multi-overflow systems, where multiple identical overflow
traffics are offered to a secondary system, in addition to a single random Poisson traffic. Itis
assumed that the input traffic is divided into two groups, such that the analysis of each isthen
performed using the same I PP approximation as with the single overflow case.

Brochin and Pradel [5] used the MM PP model to simultaneously match the first
two moments of each individual overflow stream in an integrated services digital network.
Multi-class traffic overflows from a direct route to a final route, where the bandwidth on the

direct and final route may differ. The overflow process of each traffic stream is represented

the same class as well as different classes. The analysis of the system is performed assuming

the overflowing streams are serviced by an infinite number of servers. Moment-matching

Listanti et. a [16] modeled a switchless network as a number of Passive Optical
Networks (PON) interconnected by a passive wavelength router node, with a dedicated
wavelength for each PON pair. An additional number of wavelengths, defined as dummy
ports, are designated as a common overflow group for all PON pairs. Each PON pair
supports traffic from multiple sources with multiple demands. The analysis of the dedicated

wavel ength between a PON pair is determined using either the generalized Erlang-B equation
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or arecursive solution. The average blocking probability of a dedicated primary wavelength
is determined from these results.

The analysis of the dummy ports is performed using Frederick and Hayward's
approximation. The total mean and variance of the overflow traffic is determined using the
individual traffic characteristics from each PON pair in the network. The average blocking
probability of a call in the network is then determined recursively. The overal blocking
probability of the network is determined, assuming both loss events in the primary and
dummy ports are digoint.

Liu et. a [17] developed an approach for the analysis of the individual moments of
the overflow traffic using the combination method, previously developed by the author, and
the moment-matching technique. Individual calls, each with a unique resource requirement,
arrive to an individual trunk group. The overflow from each trunk group, described by its
first two moments, arrive to a common secondary trunk group. The network model alows
for both overflow and Poisson traffic to arrive to the common trunk group.

The convolution method is used to determine the blocking experienced by each traffic
stream in the network. The equivalent is determined, using Basharin and Kurenkov’'s
method. The analysis of the equivalent system is used to determine the binomial moments,
for each traffic stream. The binomial moments are then used to determine the mean and

variance of each traffic stream overflowing from the common group.
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Chapter 3

Analysis of TrafficcGroomed Optical
Networks

In this chapter, we present a decomposition algorithm used to calculate call blocking
probabilities in a traffic-groomed tandem optical network. The algorithm decomposes the
network into subsystems each consisting of two adjacent nodes. Each subsystem is analyzed
exactly using a modification of Courtois agorithm. The subsystems are analyzed
iteratively, and the results are appropriately combined to analyze cals in the original
network. The remainder of the chapter is organized as follows. Section 3.1 describes the
gueueing model used to calculate the call blocking probabilities in the network. Section 3.2
describes the decomposition algorithm, and Section 3.3 presents the numerical comparisons

between the algorithm and simulation model.
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3.1 The Queueing Network Mode

We consider a traffic-groomed optical network composed of N nodes linked in series. Each
optical node is an add/drop multiplexer (ADM). That is, it can be configured so that some of
the traffic continues through, some is dropped, i.e. delivered to the local users, and some new
locally originated traffic is added. The network supports traffic from multiple sources, each
with a resource requirement measured in sub-wavelength units. We focus our analysis on a
single wavelength that forms a lightpath terminated at each ADM, and we assume that traffic
cannot be switched between wavelengths.

We model the optical network under study with a tandem queueing network of
multi-rate Erlang loss models with simultaneous resource possession. Figure 1 illustrates
a seven-node optical network. Two adjacent nodes are linked by a single fiber with W
wavelengths. In our queueing model, we only consider a single wavelength.

As shown in Figure 1, we consider all possible source-destination paths. That is,
we assume that calls may arrive a any nodei, i=0,1,...6, and be destined for any node j,
]=1,2,...6, where > i. All calls, irrespective of their source-destination path, are grouped
into R classes. Each classr, r=1, 2, ....R, has an associated demand d; measured in sub-
wavelength units. A classr call arriving at node i with destination j, j>i, will be accepted
if dr sub-wavelength units are available on links i+1, i+2,..,j. These sub-wavelength units
are assumed to be alocated simultaneously on all the links at the moment the call arrives.
When the call departs, all d; sub-wavelength units on all the links along the source-
destination path are simultaneously released.

18
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Figure 1. A seven-node optical network with all source-destination paths

Each link of the optical network is represented in the queueing network model by
a multi-rate Erlang loss model with s servers, where each server represents a sub-
wavelength unit. In view of this, the queueing network consisting of six nodes, as in
Figure 3, represents the seven-node optical network shown in Figure 1. A customer in the
gueueing network represents a call. Customers arrive a any node i=0,1,...,5 and
terminate at any node j=1,2,...,6, where j3i. Class r customers with a source-destination
path (i,j) arrive a node i in a Poisson fashion at the rate of /;,, and they have a holding
time of rate m,. A class r customer simultaneously occupies d, servers at nodes i,
i+1,...,J of the queueing network model. The d, servers on all these nodes are released
simultaneously at the time the customer leaves the queueing network, i.e. it is terminated.
A class r arriving customer is accepted into the queueing network, if the required d;
servers on each node along the source-destination path of the customer are available.

Otherwise, the customer is blocked, i.e., lost.
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We note that in the optical network shown in Figure 1, we assumed that any two
adjacent nodes are linked by a single fiber, and each node is an ADM. However, these
nodes may not necessarily be physically adjacent. Rather, they can be logically adjacent.
That is, there may be other nodes in-between, through which the groomed wavelength

passes transparently, i.e., without being terminated.

3.2 The Decomposition Algorithm

In this section, we present the decomposition algorithm developed for the analysis of the
above described queueing network. The algorithm decomposes the queueing network into
subsystems, each consisting of two adjacent links. Each subsystem is analyzed numerically
using a modified version of Courtois method [7]. As will be seen, in order to analyze a
subsystem, we need information from the previous subsystem and the next subsystem. In
view of this, our algorithm is an iterative scheme, where the subsystems are analyzed one at a
time continuously, until a convergence criterion is satisfied. The results for each subsystem
are then combined to analyze the original network.

Below, we first describe how we analyze a single subsystem in isolation, using
both Courtois' method and the modified Courtois method. We then describe the overall

iterative scheme.
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3.2.1 Courtois Method

In this section, we first present Courtois method and then we describe how this method
ismodified to analyze a single subsystem.

Let P be a transition probability matrix. The state space associated with P is
partitioned into groups, often referred to as lumps, such that any state within a group
contains the same number of customers in a specific portion of the state descriptor. The
transition probability matrix P, written out according to these groups consists of blocks of
transition probabilities along the diagonal and of other blocks along the off-diagonals
above and below the diagonal. P is said to be nearly completely decomposable (NCD) if
the sum of the non-zero transition probabilities on each row that lie within the diagona
block is close to 1. That means, that the sum of the off-diagonal probabilities along a row
is extremely small. This occurs when most of the transitions are between states of the
same group, with very few transitions between states of different groups.

Let p = (p1, p2...pw) be the stationary probability vector associated with P,
where p; is the probability of being in state i and Wis the total number of states associated
with P. Then p can be obtained by solving the linear system of equations p P=p, pe=1,
where e is acolumn vector of 1's.

Assuming that P is NCD, p can aso be solved approximately following Courtois
method. In this case, the off-diagona transition probabilities of each row are re-
distributed along the row inside the diagonal block in an arbitrary fashion. As a result of
this, P is reduced to a matrix consisting of blocks along the diagonal. Let D be the

diagonal block matrix obtained from P by allocating the off-diagonal elements. We
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partition the state vector p conformally to the blocks of D, i.e., p=(p1, p, ...0.) Where L
is the total number of groups. The state vector p is then obtained from p D=p where
pe=1, or since D is a diagonal matrix, each sub-vector p; can be obtained by solving
numerically the following system of equations: p Di=p;, pe=1.

Let p =(pi1, pi2, ---Pigiy), Where I(i) is the total number of states within the it
group. Then, p; isthe conditional probability of being in state j given that we are in block
i. However, what we need to obtain is the unconditional probability of being in any state.
These probabilities can be obtained by un-conditioning on p; ,i=12,...L, and
j=1,2,...,1(1). This is done as follows. We first construct the aggregate matrix Q=(q;),
where gj; is the transition probability of going from block i to block j. This is obtained
using the expression: g;=piP;; e , where Pj; is the block of transition probabilities in the
original matrix P that corresponds to the transitions from any state in group i to any state
in group j. Solving the system xQ=x, xe=1 gives X=(Xi,X2,...X ), Where X is the
unconditional probability of being in the i™ block. Finally, the unconditional probability

of being in state j isgiven by p=p; %, j=1,2,....W

3.2.2 Modified Courtois Method

As mentioned above, the queueing network is decomposed into a number of subsystems,
each representing two adjacent links. Figure 2(a) shows the first subsystem consisting of
ADMs 0, 1 and 2, and all the possible source-destination pairs, i.e., (0,2), (0,1), and (1,2).

Figure 2(b) shows the two-node queueing network model of the optical subsystem. Each
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node consists of s servers, with each server representing a sub-wavelength unit. Node 1
represents the link between ADMs 0 and 1, and node 2 represents the link between ADMs 1
and 2. There are three different types of customers. cross traffic, local traffic 1, and local
traffic 2. These customers are associated with the source-destination pairs (0,2), (0,1), and
(1,2), respectively. Customers of class r for source-destination pair (i,j) requiring d. servers

arrive in a Poisson fashion with rate/ j;, and have an exponentially distributed holding time

withrate m .
Node 1 Node 2
O—O—>o .4f0 O
\_ ozr—pp| (P
[ \ A v —Pp N
| v ol v ’_» O
[ o1r | 12
a) Nodes 0,1, and 2 b) The two-node queueing networ k

Figure2. Thetwo-link subsystem

Let n= (Doz, Noz, Dlz) be the state of the system, where Qij:(nij,l, Nij,2, ... nij,R) and
nij,r 1S the number of class r customers on source-destination path (i,j). For each link of

the system, astate isvalid if

0f & ni,d £s

all
@i3)r

where d; is the demand, measured in the number of servers required by a class r

customer.
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We now proceed to describe the algorithm for the analysis of the two-node sub-
system. For presentation purposes, we assume only two classes of customers with
demands d;=1, d,=2, and s=4 servers per node. The state space associated with all
feasible states n=(ng2, No1, N12) is enumerated by first fixing the value of ng; and then
generating all the feasible values for ng; and nio. For example, we first assume that
no2=(0,0). This means that there is no cross traffic, and therefore the local traffic on either
node can use al 4 servers. The following are the feasible states: {(0,0,0,0,0,0),
(0,0,0,1,0,0), (0,0,0,1,0,1), (0,0,2,1,1,1)}. Subsequently, we fix the cross traffic to be such
that only 1 server is used, i.e., ng;=(1,0). For this state, the following are feasible states:
{(1,0,0,0,0,0), (1,0,0,1,0,0), (1,0,0,1,0,1), (1,0,0,1,1,1)}.

In general, the following states are possible for ny,: (0,0), (0,1), (0,2), (1,0), (1,1),
(2,0), (2,2), (3,0), (4,0). For each of these states, we generate a block of the feasible states
for the local traffic on nodes 1 and 2. We can now construct the rate matrix R by
generating al possible transitions from each feasible state n to n¢ where n¢represents a
valid state that can be entered from state n, due to a single arrival or departure. R is then
transformed into the transition probability matrix P as follows. For each row, the negative
sum of al row entriesis placed in the diagona element, and subsequently, all elements of
the resulting matrix are divided by the absolute value of the largest diagonal element.

Assuming that the resulting matrix is NCD, we can follow the steps of Courtois
method outlined above to solve it numerically, and obtain the steady-state probability
vector p. However, we note that, for a fixed value of ng,, the random variables no; and ny,

are independent of each other. That is, the number of local traffic 1 customers on node 1
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does not affect the number of local traffic 2 customers on node 2 and vice versa
Furthermore, we observe that, for fixed no,=(No21, Noz2), the first node is a multi-rate
Erlang loss model with s-(ngz 101+ nop2dy) servers. Likewise, the second node is aso a
multi-rate Erlang loss model with s-(nop1di+ Ngg2dy) servers. Consequently, given afixed
value for ne=(No21, Noz2), we have that p(hoiniz)=p(no)p(n2) where p(n;) can be

obtained using the following expression from the multi-rate Erlang loss model:
nij,r

8 AN
p(nj)=G* O 2= 1

r=g Nijr!
where A, = I /M, is the offered traffic of a class r customer on source-destination

path (i,j), and G is the normalizing constant defined as

nij,r

o] 8 :
G=aO-X @)

Expression (1) gives the exact solution for the conditional probability pig of a
state in block i, i= 1,2,...L. Therefore, we can by-pass the first step of Courtois
algorithm that requires the solution of the system of equations p Di=p; , pi e=1, i=
1,2,....L. Having solved for py we can proceed as above to construct the aggregate
matrix Q and solve the system xQ=x, xe=1 numerically in order to obtain x=(x1,X2,...X.),
where x is the unconditional probability of being in the i™ block. Finaly, the
unconditional probability of being in state j is given by p=pjx, where
1=1,2,...,W represents all valid states, n, for the network.

Courtois' method typically gives an approximate solution. However, in this case it

gives the exact solution due to the fact that it calculates exactly the conditional
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probabilities p using (1). This can be easily demonstrated by considering the balance
eguations of the two-node sub-system. Let p(n) be the probability of network state n of a

subsystem. Then, the balance equation is as follows:

2 2
p[ A lie+ Q m.r] =
r=1 r=1
(@i.]) (.7)
P(No2,1-1, No2,2, No1,1, Noz,2, M2,1, M2.2)/ 02,1 1(No2,1° 1)

+ P(No2,1, No2,2-1, Nox,1, No2, N12,1, M2,2) 022 1(No2,2° 1)
+ P(No2,1, No2,2, Not,1-1, No1,2, N12,1, M2.2)/ 01,1 1(Noz,1® 1)
+ P(No2,1, No2,2, Noz,1, Noz,2-1, N12.1, N122)/ 01,2 1(No1,2% 1)
+ P(No2,1, No2,2, Noz,1 5 Noz,2, M2,1-1, N122) 121 1(N1223 1)
+ p(Noz,1, No22, No1,1, Noz2, Ni2,1, M22-1)] 122 1(N122° 1)
+ p(Noz,1+1, Noz,2, Noz,1, Noz,2, M21, Ni2,2) (No2,1+1) Moz 1 1(No21< &/d10)

+ P(No2,1, No2,2+1, No1,1, No1,2, M2, N12,2) ( Noz2+1) Moz2 1 (No2,2< &5/d20)
+ P(No2,1, No2,2, Not,1+1, No1,2, M2, N12,2) ( No1,1+1) Moy 1(Noy,1< &/d10)
+ P(Noz2,1, No2,2, No1,1, Noz,2+1, MN12,1, N22) (Nox,2+1) Mog2l (Nog,2< €s/d20)
+ P(No2,1, No2,2, No1,1, Not,2, N121+1, N22) (N12,1+1) Mz 1l (Ni21< &s/d10)
+ P(No2,1, No2,2, Not,1, Not,2, N12,1, Ni2.2+1) ((N12,2+1) Mzl (N122< &s/d20)

where the indicator functions I(+) are defined as follows:

i1 nir31 ese
I(nij,r3 1): :’ b

A~

.. o 11 ir <& "
I(nij,r< adru)= ’[é' nijr <égdrd ese
|

In addition, we have the normalizing equation,

a p(n)=1.
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We note that p(n) can be expressed as follows: p(n)=p(No1, Ni2| No2)P(No2), Where p(Noy,
N2 Nop) is given by (1). Let E(no1, Ni2) represent (1). That is, p(noi, M2 No2) = E(No1, Ni2).

Substituting E(no1, N12) into the previous balance equation, we have

2 2
P(No2,1, No2,2) E(No1, N12)[ é lijr + é m.r]
r=1 r=1
Q1) )

= p(noz,1-1, No22) E( Nox,1, Nox,2, M2,1, Ni2,2)/ 021 1(No2,2% 1)
+ Pp(Noz,1, Noz2-1) E( Nox,1, Noz,2, M2,1, N12,2)/ 02,2 1(No2,2% 1)
+ P(No2,1, No2,2) E( No1,1-1, Nox,2, Ni2,1, N12,2)/ 01,1 1(Noz,23 1)
+ P(No2,1, No2,2) E( No1,1, Noz2-1, Ni21, N122)/ 01,2 1(Noz,2% 1)
+ p(Noz,1, Noz,2) E( Nox,1, Nox,2, M21-1, Ni22)/ 121 1(N1213 1)
+ p(Noz,1, Noz2) E( Nox,1, Noz,2, M21, Ni22-1)/ 122 1(N12,2° 1)
+ pP(Noz,1+1, No2,2) E( No,1, No1,2, M21, M122) (No2at+1) Moz,1 [(No21< €5/d10)
+ P(No2,1, Noz,2+1) E(Nox,1, Nox,2, Ni2,1, N12,2) (Noz,2+1) Moo 2 1(No2,2< &/dL0)
+ P(No2,1, No2,2) E( Nog,1+1, No1,2, M1, M122) (No11+1) Mog,1 [(No11< €5/d10)
+ P(No2,1, No2,2) E( Nog,1, Noz,2+1, Mi21, Mi22) ( No12+1) Moy 2l (Nog,2< &/dy0)
+ p(Noz,1, No2,2) E( Nox,1, No,2, Miz1t+1, M2o) (N121+1) Mzl (Moa< &/d10)
+ Pp(Noz,1, No2,2) E( Nox,1, No1,2, Miz1, N122+1) ((N122+1) Mool (M2o< E/d20)

The values of p(ny;) can be determined by solving the above system of linear
eguations. We note that this system of linear equation is in fact the system xQ=x, xe=1,
obtained through the aggregation step in Courtois method, which means that the solution

for x is exact.

3.2.3 The Decomposition Algorithm

We describe the decomposition algorithm using a seven-node optical network modeled
by the six-node queueing network shown in Figure 3. For presentation purposes, we do
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not show the customer flows for al the possible source-destination paths. The queueing
network is decomposed into 3 subsystems as shown in Figure 3, where each subsystem
contains 2 nodes that represent two links in the original network, as in Figure 2(a).
Subsystem 1 represents the links connecting ADMs 0 and 1,and 1 and 2 in the origina
network, subsystem 2 represents the links connecting ADMs 2 and 3, and 3 and 4, and
subsystem 3 represents the links connecting ADMs 4 and 5, and 5 and 6.

For simplicity, the paths of each subsystem will be defined as (0,2), (0,1), (1,2),

representing the two-node path, one-node path on the first node, and one-node path on the

second node, respectively. Let 1,1 %, and | % denote the effective arrival rates of
customers on each path of each subsystem, where [ =(1%,, 1%,, ...1%%) and I isthe
effective arrival rate of a class r customer on path (i, j) of subsystem x as seen by the
subsystem. In addition, let b, bY, and b denote the blocking probability on each path

of subsystem x, where b =(b%, b%, ...b%) and K} is the blocking probability of a

classr customer on path (i,j) of subsystem x.
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Figure 3. The queueing network and the individual sub-systems

The decomposition algorithm iteratively analyzes each subsystem. An iteration
consists of analyzing subsystems 1, 2, and 3 once, in the respective order. At the
beginning of the first iteration, we assume that all blocking probabilities are zero. In order
to analyze each subsystem we need to know the effective arrival rates for each class r

customer. For subsystem 1, these arrival rates are determined as follows:

Ii)12)r =1 02,r +/ 03r (1' (12r) )+ / 04r (1' b(()g)r )+ / 05, (1' (?r )(1' (i?r ) (3)

+ 1o, (1-b35 )(1-b3) ), r=12,...R
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/gir: /01,r ’ r:1!21"'1R (4)
I(112)r =1 12r + 1 131 (1_ (?r )+ / 14r (1_ (g?r )+ / 15,r (1_ (g?r )(1_ (?.?r ) (5)

+ 16, (1 (?r )(1- (3?,), r=12,...R

The effective arrival rates for subsystem 1 account for all traffic that originates in
the system and terminates either inside the system or in subsystem 2 or 3, as seen by
subsystem 1. Expression (3) determines the effective arrival rate of al traffic traversing
both nodes of subsystem 1. This corresponds to all customers that originate at ADM 0 of

the original seven-node optical network and terminate at ADM i, wherei . For example,
the term / o, (1-b§?)) is the effective arrival rate of traffic on path (0,3) of the original

network. Expression (5) follows the same idea, where the effective arrival rate is
calculated for traffic traversing the second node of subsystem 1. This corresponds to
traffic originating a¢ ADM 1 of the original network, and terminating at ADM 2 or
higher. Customers traversing only the first node of subsystem 1 do not leave the
subsystem. Therefore, the effective arrival rate in (4) is equa to the original arrival rate
of traffic originating at ADM 0 of the original network and terminating at ADM 1.

Using (4), (5), and (6) the two-node subsystem is analyzed as described in section

3.2.2. From the results obtained, we calculate the blocking probability, b, of each class

1j,r?
r customer in subsystem 1 by summing the probabilities of every state for which the
number of free servers available for a class r customer on path (i,j) is less than its

respective demand, d; .
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Next, we analyze subsystem 2. For this subsystem, the effective arrival rates are
calculated as follows:
/ E)zz),r =1 24, +1 04,r (1' b(%)r )+ / 14r (1' bg?r )+ / 05,r (1' b(%)r )(1' (?r ) (6)
+1 15r (1_ bg)r )(1_ bg)r )+ / 25,1 (1_ bg)r )+ / 06,r (1_ b(%)r )(1_ (g?r )

+1 161 (1_ bg)r )(1_ (g?r )+ / 26,1 (1_ (?r )! r= 112!' . '!R

Igzl),r =1 23r + l03,r (1' b(%)r )+ / 13r (1' bg?r ); I’:l,2,...,R (7)
19, = g+ g, (160 )+ 1 55, (1-05),); r=1,2,..,R )

The most recent b” values are used in (6), (7), and (8). The paths of subsystem 2

include traffic from subsystems 1 and 3. As a result, (6) accounts for all traffic
originating or terminating in, and passing through ADMs 2, 3, or 4 of the original seven-
node optical network. Expression (7) accounts for traffic on the first node of subsystem 2.
This corresponds to traffic originating at ADM 2 or lower of the original network and
terminating at ADM 3. Expression (8) accounts for traffic on the second node of
subsystem 2. This corresponds to traffic originating a¢ ADM 3 of the origina network,

and terminating at ADM 4 or higher. Subsystem 2 is analyzed using the procedure
described above in section 3.2.2, and the conditional probabilities b, b?, and b are

subsequently calculated in the same manner as in subsystem 1.
Next we analyze subsystem 3, for which the effective arrival rates are calculated

asfollows:
IE)32)r =1 461 +/ 06, (1_ b(%)r )(1_ (?r )+ I 16, (1_ b:l(.é)r )(1_ (?r ) (9)
+1/ 26 (1' b(g?r ) +1 36 (1' bg)r ); r= 1’21- . .,R
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/ E)gl)r =1 457 + 05, (1_ b(%)r )(1_ (?r )+ / 15, (1_ bg)r )(1' (gr )+ / 251 (1_ (?r ) (10)
+1 g, (L bﬁ?r ); r=12,...R

19, =1g,;r=12,...,R (11)

The most recent b’ and b values are used in (9), (10), and (11). Expression (9)

accounts for traffic originating a8 ADM 4 or lower in the origina seven-node optical
network and terminating at ADM 6. Similarly, (10) accounts for traffic originating at
ADM 4 or lower in the original network and terminating at ADM 5. Expression (11) does
not account for any traffic from lower subsystems because al traffic on the second node
of the subsystem, i.e. path (5,6) of the original network, originates and terminates inside
the subsystem. Subsystem 3 is analyzed using the procedure described in section 3.2.2,
and subsequently the unconditional probabilities bS), bS , and b are determined in the
same manner as in the previous subsystems.

At this point, we have completed the first iteration where each subsystem was
analyzed once and new blocking probabilities were calculated. The algorithm executes
successive iterations until the blocking probabilities have all converged. That is, the
absolute difference of each blocking probability between two successive iterations is less
than e where e is set to 10,

After the agorithm has converged, the blocking probabilities from each
subsystem are used to calculate the blocking probabilities of the original network as

follows. Let bjj, denote the blocking probability of a class r call on path (i,j) of the
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original network. For paths in the original network that map directly to a path of a
subsystem, the blocking probabilities are equal to the blocking probabilities of the

corresponding paths in the respective subsystem. For example, the blocking probability

of aclassr call on path (0,1) of the original network is bg; = (fr . Likewise, the blocking

probability of calls on path (4,6) of the original network is bas,= b, , and so forth. For

the remaining source-destination paths the blocking probability is calculated using the

expression 1-p{not blocked on each subsystem path traversed}. For example, the
blocking probability of aclass r call on the four-link path (1,5) is 1-[(1-bS;) )(1-b$, )(1-
béi?r )] which accounts for the respective paths on each subsystem that the original path

traverses.

3.3 Numerical Results

In this section, we discuss the accuracy of the decomposition algorithm by comparing
results obtained to simulation data. In the experiments reported below we considered a
seven-ADM optical network modeled by the six-node queueing network shown in figure
3. Each link between two adjacent ADMs is composed of a single wavelength that
consists of 12 sub-wavelength units. In view of this, the number of servers in each node
of the queueing network is 12. All possible source-destination paths are considered, and
for each path we assume four classes of traffic, i.e. R=4, with demands of d;=2, d,=4,

ds=6, and d;=8 servers.
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The accuracy of the decomposition algorithm was evaluated under two cases,
referred to as case 1 and case 2, where the cross traffic, i.e. the traffic traversing more
than one link, represented 25% and 50% respectively of the total offered traffic to the
network.

In case 1, /11 is assigned the highest arrival rate, and the arrival rate of each
successive local call type is decreased by a small amount from the previous as follows.
Referring to Figure 1, all calls that traverse one link are assigned first, starting with the
link between ADMs 0 and 1, and then proceeding to the right. Within the calls of a given
path, the assignment of the arrival rates is from class 1 to class 4. The following values
were used. /g1 was set to 1 and each successive local call type was decreased by 0.01.
All two, three, four, five, and six link calls were assigned arrival rates of 0.1, 0.1, 0.1, 0.1,
and 0.1, respectively. The service rate of all calls was 500.

Figures 4 through 8 show the results for all one-hop, two-hop, three-hop, four-
hop, five-hop, and six-hop paths, respectively. Each graph plots the approximate and
simulated blocking probability of a classr call, r=1,2,3,4, as a function of the call path,
identified by the pair (source, destination). The approximate (simulated) results are
indicated by app (sim) followed by the class number. The simulation results are plotted
with a 95% confidence interval, indicated by the ‘+ values in each graph. The blocking

probabilities on the vertical axis are given in the logarithmic scale.
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Figure8. Fiveand six-hop pathsfor classr,r=1,2,3,4

We observe in al figures that the blocking probability increases with the call
demand. Thisis expected, and it is due to the fact that calls requiring a greater number of
servers are more likely to be blocked due to a lack of available resources, thereby
lowering the blocking of calls requiring fewer servers.

We also observe that the blocking probability increases as the number of hops per
path increases. We attribute this to the fact that calls with longer paths are less likely to
find sufficient resources on every link traversed. This resultsin calls with shorter paths,
such as one, two, and three-hops, experiencing lower blocking. In addition, for each
figure, the blocking probability increases, for the most part, on paths requiring links 3 and

4 of the original network. These two links support up to half of the total network traffic
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each. Ultimately, calls traversing these links experience more blocking than other cals
with the same number of hops that traverse other links.

In case 2, the cross traffic represents 50% of the total offered network traffic.
Referring to Figure 1, al calls that traverse one link are assigned first, as with case 1,
starting with the link between ADMs 0 and 1, and then proceeding to the right. For case
2, o011 was set to 1 and each successive local call type was assigned a rate which
decreased by 0.01 from the previous. All two, three, four, five, and six link calls were
assigned arrival rates of 0.5, 0.4, 0.3, 0.2, and 0.1, respectively. The service rate of al
calls was 500. The average relative errors are given in Tables 1 and 2 under the app-2
header. In addition, Tables 1 and 2 give the average relative errors of the single-node
decomposition algorithm based on the assumption of link independence, under the app-1
header. As can be seen, our algorithm provides more accurate results than the single-node

decomposition algorithm.

Class1 Class 2 Class3 Class 4
app-2 | app-1 app-2 | app-1 app-2 | app-1 app-2 | app-1
Casel| |0.0755(0.1439 0.0546|0.1451 0.1170|0.2376 0.1176 | 0.2378
Case2| |0.0772(0.1515 0.0937|0.1914 0.2013|0.3918 0.2001 | 0.3985

Table 1. Per-classrelative errorsfor the two-node (app-2)
and single-node (app-1) decomposition algorithm

38



1Hop 2Hops 3 Hops

app-2 | app-1 app-2 | app-1 app-2 | app-1
Casel| | 0.0438 | 0.0560 | | | 0.0905 | 0.1915 | | | 0.1150 | 0.2299
Case2| | 0.0425|0.0442 | | | 0.1235 | 0.2207 | | | 0.1891 | 0.3649

4 Hops 5Hops 6 Hops

app-2 | app-1 app-2 | app-1 app-2 | app-1
Casel |0.1106 | 0.2900 | | | 0.1429 | 0.3107 | | | 0.1269 | 0.3088
Case2 | 0.2070 | 0.4809 | | | 0.2493 | 0.5199 | | | 0.2436 | 0.5531

Table2. Per-hop relativeerrorsfor the two-node (app-2) and
single-node (app-1) decomposition algorithm

Overall, we observe that the proposed two-node decomposition algorithm has
good accuracy. However, its accuracy tends to decrease as the path length and call
demand increase. In addition, we observe that the decomposition algorithm is limited to
a small number of servers per node. This is due to the fact that the analysis of each
subsystem requires knowledge of the entire state space of the subsystem. As the number
of servers per node increases, so does the size of the state space. This leads to much

longer computation times.
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Chapter 4

Analysis of Large Traffic-Groomed Optical
Networks

In Chapter 3, we proposed a decomposition algorithm whereby the traffic-groomed optical
network is decomposed into two-node subsystems. Each subsystem is anayzed exactly
using a modification of Courtois method. Although the proposed method was shown to be
an improvement over the single-node decomposition algorithm, the analysis was limited to
networks of small size.

In this chapter, we extend the algorithm presented in Chapter 3 to the case where the
link between two adjacent nodes consists of W wavelengths, each with s sub-rate streams.
Bifurcation of traffic is permitted, which means that, on each link, a call may use sub-rate

traffic streams that belong to different wavelengths. This allows us a view to analyzing a
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large number of servers per link. We present an approximation method for the analysis of

the two-node subsystem

4.1 The Queueing Network Model

We model the optical network shown in Figure 1, which is a seven-node optical network.
Adjacent nodes are linked by a single fiber consisting of W wavelengths. Each wavelength
carries s sub-rate streams. We assume that traffic bifurcation is permitted. This means that,
on each link, a call may use sub-rate traffic-streams belonging to different wavelengths.
Because of this assumption and also due to the fact that each node is an opaque add/drop
multiplexer, we consider the Ws sub-rate streams as a single pool from which sub-rate
streams are allocated to each call

Asin 3.1, calls may arrive to any node i, i=0,1,...6, and be destined for any node j,
]=1,2,...6, wherej>i. All calls, irrespective of their source-destination path, are grouped into
R classes. Each class r, r=1, 2, ...R, has an associated demand d, measured in sub-
wavelength units. An arriving classr call is accepted if there are at least d, sub-wavelength
units available on each link between the source and destination node. Otherwise, the cal is
blocked, i.e. lost. An accepted class r call simultaneously occupies d: sub-wavelength units
on each link along the source-destination path, and simultaneously releases them upon call
completion.

Each link of the optical network is represented in the queueing network model by a
multi-rate loss queue with m=Ws servers, where each server represents a sub-wavelength
unit. We refer to the six-node queueing network in Figure 3 representing the optical network
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in Figure 1. Each customer in the queueing network represent a call. Customers arrive at
any node i=1,2,...6 with Poisson rate / j;;, and terminate at any node j=1,2,...,6, where j3i,
with rate my,. A class r arriving customer is accepted into the queueing network if the
required d, servers are available on each node along the source-destination path of the

customer. Otherwise, the customer is blocked, i.e., lost.

4.2 The Decomposition Algorithm

In this section, we present the decomposition algorithm developed for the analysis of the
above described queueing network. This is the same decomposition algorithm as in Chapter
3. The algorithm decomposes the queueing network into subsystems, each consisting of two
adjacent links. Each subsystem is analyzed numerically using the approximation algorithm.
As before, in order to analyze a subsystem, we need information from the previous
subsystem and the next subsystem. In view of this, the algorithm is an iterative scheme,
where the subsystems are analyzed one at a time continuously, until a convergence criterion
is satisfied. The results for each subsystem are then combined to analyze the original
network.

We first describe the recursion developed by Nilsson et. d [19] and the modified
recursion, used for the analysis of a single subsystem. Following this, we describe the

decomposition algorithm.
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4.2.1 Nilsson et. a Recursion

Consider a single multi-rate loss queue with R sources, each with demand d,, r=1,2,..R. Let
A; be the offered traffic of a class r customer, that is, A, =/,/m. Let m and k denote the
maximum number of servers in the node and the number of free servers in the node
respectively. Define b(m, k) as the probability that there are m-k busy servers in the loss

gueue. Nilsson et al [19] showed that:

b(mk)= b(m-1k-1)/[1+(1/m) § Adb(m- Ld - 1)] (12)
with r
b(m0)= (Um) § Adb(m- 1,d - 1)[/1+(U/m) § Adb(m- L,d - 1)] (13)

Using these probabilities, the blocking probability of aclassr customer, By, can be computed

asfollows:

dr-1
B=a b(m,j) (14)

j=0

4.2.2 Modified Nilsson et. al Recursion

As before, the queueing network is decomposed into a number of subsystems, each
representing two adjacent links as in Figure 2, which is shown again below. Figure 2(a)
shows the first subsystem, consisting of ADMs 0, 1 and 2, and all the possible source-
destination pairs. Figure 2(b) shows the two-node queueing network model of the optical

subsystem. Each node consists of m servers, with each server representing a sub-wavelength
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unit. Node 1 represents the link between ADMs 0 and 1, and node 2 represents the link
between ADMs 1 and 2. There are three different types of customers: cross traffic, local
traffic 1, and local traffic 2, associated with source-destination pairs (0,2), (0,1), and (1,2),
respectively. Customers of class r destined for source-destination pair (i,j) requiring d;

servers arrive in a Poisson fashion with rate [, and have an exponentially distributed

holding time with rate m, .

Node 1 Node 2
O—0O—> .5]0 O
_ ozr—pp| (P
[ \ A v —Pp N
| v | O O
[ o1r | 12
a) Nodes 0,1, and 2 b) The two-node queueing networ k

Figure2. Thetwo-link subsystem

The subsystem was previously analyzed using a modified version of Courtois
method. It was determined that, while the accuracy of the modified Courtois method was
good, the analysis of each subsystem required knowledge of the entire state-space and, as a
result, was limited to networks with a small number of servers per node. In order to anayze
this subsystem assuming a large number of wavelengths and servers, we use the recursive
eguations developed by Nilsson et. a [19] which alow for a quick and stable analysis of a
multi-rate loss queue with alarge number of servers.

Consider the subsystem shown in Figure 2(b). Each source-destination path in the

subsystem is analyzed separately. Beginning with the local traffic 1 associated with path
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(0,1), the local traffic is iteratively analyzed as follows. We assume 2R classes of traffic
arrive to node 1, corresponding to the R classes associated with path (0,2), and the R classes
associated with path (0,1). Node 1 is offered traffic from path (0,2) with rate Aoz (1-by;),
where Agzr= 1 02r/M2 and by, is the blocking probability of the class r traffic on node 2 of
path (0,2). Traffic from path (0,1) is offered with rate Aoi =/ 01,/M1,. Node 1 is analyzed
using (12) and (13). We note that the analysis of local traffic 1 accounts for al traffic in the
subsystem that uses the link. As aresult, (12) and (13) include the offered traffic and demand

of each classr call on path (0,2) as well as path (0,1). The blocking probability of local 1

traffic, hy, , , is determined using the following expression:

br-1
by, =@ be(m k) (15)

k=0

which is the sum of the probabilities where the number of free servers on path (0,1), k, isless
than the demand of an arriving classr call, b.

The local traffic 2 is analyzed in the same manner as the local traffic 1. Traffic from
path (1,2) as well as path (0,2) must be included in the analysis. As aresult, node 2 is offered
traffic from path (0,2) with rate Ag, ((1-b1,), where by ( is the blocking probability of the class
r traffic on node 1, and traffic from path (1,2) with rate Agz= I o2/, . Node 2 is then
analyzed using (12) and (13), and the blocking probabilities of calls on path (1,2) are

calculated using (15). At this point, the blocking probabilities for the local traffic on nodes 1
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and 2 are tested for convergence. If the results have converged, the blocking experienced by
local traffic on each node is stored.

For the cross traffic, we assume that the traffic arrives to a single node, representing
path (0,2). In addition, we assume an aggregate traffic flow exists which represents the local
traffic on both links 1 and 2. This aggregate traffic flow, which we refer to as Agggyr, IS

caculated as follows:

Aaggr=RPor* [l ord & (onr +1o2.0) ]+ (Arzr) *[ 12 § (I 2.0 +1 02.1)] (16)

It is assumed that 2R classes of traffic are offered to the node, R classes from path (0,2) and R

classes from the aggregate flow. The cross traffic is then analyzed using (12) and (13). The

blocking probability, hy,, , isobtained as follows:

g mg-Lo rotg
bOZ,r =[a a a boz(m,C)bm(m,ll)blz(m,l2)]+[ aaa boz(m,C)bm(m,l1)b12(m,|2)] (17)
c=011=0 12=0 dr=011=0I2=dr

We consider the number of busy servers due to each call type, which would result in a
blocked call of class r on the cross path (0,2). As a result, (17) sums the probability of
having c, |1, and I, free servers available for the cross path, local path 1, and local path 2,

respectively.
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4.2.3 The Decomposition Algorithm

The decomposition algorithm is similar to the one described in 3.2.3. We define

19,19 and 1% as the effective arrival rates of customers on each path of each

subsystem, where [ 0 =(1%, 1%, ... 1%%) and 1% isthe effective arrival rate of aclass

ij ijr
r customer on path (i, j) of subsystem x as seen by the subsystem. In addition, b%, b%,

and bY denote the blocking probability on each path of subsystem x, where

bt =(b%, b, ...b{%) and hﬁ’? is the blocking probability of aclass r customer on path
(i,j) of subsystem x.
Beginning with subsystem 1, the effective arrival rates are determined using (3),

(4), and (5). The subsystem is then analyzed using the approximation previously
described. The blocking probabilities bfY are calculated and the algorithm shifts to

subsystem 2.
At subsystem 2, the effective arrival rates are determined using (6), (7), and (8),

and the most recently cal culated blocking probabilities from subsystem 1. The subsystem
is analyzed using the approximation method, and new results for h(jzr) are calculated. The

algorithm then shifts to subsystem 3.

At subsystem 3, the effective arrival rates are determined using (9), (10), and (11),
and the most recent results for subsystems 1 and 2. Subsystem 3 is analyzed using the
(?;)

approximation method, and new results for B, are determined.
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At this point, a single iteration of the entire decomposition algorithm has
completed, whereby the algorithm tests the blocking probabilities from each subsystem
for convergence. If the results from each subsystem have not converged, the algorithm
repeats another iteration, beginning with subsystem 1, using the most recently calculated
results. If the results have converged within a specific value, e which is set to 10, then
the algorithm stops.

The blocking of paths in the original network is determined as follows. For paths
equivalent to a path in a specific subsystem, the blocking probabilities are equal. For
paths traversing more than one subsystem, the blocking probability is calculated as 1-

{probability the call is not blocked on each subsystem path traversed}.

4.3 Numerica Results

In this section, we discuss the accuracy of the decomposition algorithm, using the
approximation method from 4.2, by comparing the results obtained to simulation data as well
as the results of the single-node decomposition method assuming link independence. For
each case below, we considered the seven-ADM optical network of Figure 1 modeled by the
six-node queueing network shown in Figure 2. Each link between adjacent ADMs is
composed of W wavelengths, with each wavelength containing s servers. Bifurcation of
traffic is permitted. All possible source-destination paths are considered and, for each path,
we assume four classes of traffic, i.e. R=4, with demands of di=2, d,=4, ds=6, and ds=8

SEIVErs.
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We note that, in our model, the accuracy of the approximation method is usually
established by comparing the results with simulation results. However, due to the very low
blocking probabilities, standard Monte-Carlo simulation techniques cannot be applied
without introducing avery large error relative to the blocking rate itself. Therefore, applying
rare-event simulation techniques become essential for validating our results. We use the
Adaptive Importance Sampling using Standard Clock (A-1SSC) method, developed by Hsu
and Devetsikiotis [25] to measure the accuracy of the approximations.

The accuracy of the decomposition algorithm was evaluated under the four cases:
Ws=128, 256, 512, and 1024 servers. For each case, /911 Was assigned the highest arrival
rate, and the arrival rate of each successive local call type was decreased by a small amount
from the previous as follows. Referring to Figure 1, all calls that traverse one link were
assigned first, starting with the link between ADMs 0 and 1, and then proceeding to the right.
Within calls of a given path, the assignment of arrival rates was from class 1 to class 4.

Table 3 shows the arrival rates for each case.

Case| Ws |01’1 One-hop | Two-hop|Three-hop| Four-hop | Five-hop | Six-hop
1 128 500 -5 250 200 150 100 50
2 256 [ 1000 -10 500 400 300 200 100
3 512 [ 2500 -25 1250 1000 750 500 250
4 1024 | 5000 -50 2500 2000 1500 1000 500

Table 3. Per-casearrival rates of all network call types

We note that the arrival rate of each successive one-hop call, after /o1 isequal to the
arrival rate of the previous one-hop call minus the value indicated in the one-hop column of
Table 3. For each case, the servicerate of al calls was set to 500.
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Figure 9 shows the results, for 128 servers, for all one to six-hop paths. A complete
set of results for al cases is found in the Appendix. Each graph plots the approximate
results, ssimulation results (sim), and the link independence results (ind) of a class r call,
r=1,2,3,4, as a function of the call path, identified by the pair (source, destination). The

blocking probabilities are given in the logarithmic scale.
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Figure9a. One-hop path resultsfor classr, r=1,2,3,4 and Ws=128 servers.
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For all cases, we observed that the blocking probability increases with the call
demand. In addition, we observed that the blocking probability increases with the number of
hops per path. These results were noted in Chapter 3. Also, we note that the approximation
results were more accurate than the link independence algorithm when the total number of
servers, Ws, was equal to 128. As the total number of servers increased, the accuracy of the

approximation results became closer to those of the link independence algorithm.
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Chapter 5

Analysis of Traffic-Groomed Optical Networks
with Alternate Routing

5.1 The Queueing Network Model

We consider a traffic-groomed optical network composed of N nodes linked in series. Each
link between adjacent nodes is composed of W wavelengths. Each wavelength contains s
sub-wavelength units, upon which traffic may be carried on any. The wavelengths are used
to establish a number of lightpaths. The network supports traffic from multiple sources, each
with a unique resource requirement measured in sub-wavelength units.

Figure 10 illustrates a four-node optical network with W=3 wavelengths on each link.
The following lightpaths have been established: 0-3 on wavelength 1, 0-2 and 2-3 on
wavelength 2, and 0-1, 1-2, and 2-3 on wavelength 3. Calls arrive at any nodei, i=0,1,...,3

and are destined for any node j, j=1,2,3, where j>i. All calls, irrespective of their source-
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destination path, are grouped into R classes. Each classr cdl, r=1,2,...,R, has an associated

demand, d;, measured in sub-wavelength units.

v |

W=

v
v

O—O—>—
3 | \4
\ 4
\ 4

Figure10. A four-node, three-wavelength optical network and all source-destination paths

A classr call arriving at node i with destination j, j>i, isinitially offered to the direct
lightpath between nodes i and j, if there is any. The call will be accepted on the direct
lightpath, which we will refer to as the primary path, if d, sub-wavelength units are available
on the same wavelength along links i+1, i+2, ...J. These sub-wavelength units are
simultaneously allocated on all links upon call arrival. Upon the call departure, al d, sub-
wavelength units are ssimultaneously released along each link of the source-destination path.
If a cal cannot be serviced on its primary path, the call is offered to its pre-determined
aternate paths in a sequential fashion. The alternate paths may traverse one or more
lightpaths. This process repeats until the call is either accepted on one of its alternate paths
or is blocked.

We model the optical network of Figure 10 as a W-level overflow system, where each
level represents the lightpaths existing on a wavelength and each lightpath is represented by a
multi-rate loss node with n servers. Figure 11 illustrates the queueing network model. The

solid lines represent random Poisson traffic arriving to the node. The dashed lines represent
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overflow traffic arriving to the node from a previous wavelength. A server represents a sub-
wavelength unit. Each customer in the queueing network represents acall. Customers arrive
at any node on any wavelength w, w=1,2,...W, with Poisson rate / ,; and exponential service
rate m,,. In addition to the local arriving traffic, traffic overflowing from wavelength w-1

may also arrive to the node.
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Figure11. The queueing network and theindividual subsystems

A classr local customer arriving to a node at wavelength w simultaneously occupies
dr servers and simultaneously releases them at the time the customer |eaves the network. If
there are not enough free servers available, the customer overflows to the pre-determined
alternate node(s) on wavelength w+1. If the customer is accepted on the aternate path, then
it ssmultaneously occupies and releases d. servers on each node of the aternate path. If there

are not enough free servers available at wavelength w+1, the customer overflows to the
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alternate node(s) on wavelength w+2, and so forth. Upon reaching wavelength W, if the class
r customer finds an insufficient number of servers available, the customer is blocked, i.e.
lost. We note that, at wavelength W, random Poisson customers arriving to any node for

service are blocked, i.e. do not overflow, if they cannot be serviced at the node.

5.2. The Decomposition Algorithm

In this section, we present the decomposition algorithm developed for the analysis of the
above-described queueing network. The algorithm first decomposes the network into W
subsystems. Each subsystem is then analyzed as a single-wavelength network composed of
the nodes that correspond to the lightpaths established over the wavelength. Within each
subsystem, each node is iteratively analyzed in isolation using an approximation method
derived from the recursive method developed by Nilsson et. al [19] as well as the method
developed by Basharin and Kurenkov. The details of the recursion by Nilsson et. a can be
found in section 4.2.1. In order to analyze a node within a subsystem, we need information
from the previous node as well as the next node. As a result, the approximation method
within a subsystem is an iterative scheme where each node is analyzed one at a time
continuously until a convergence criterion is satisfied.

In addition, the analysis of each node within a subsystem requires information from
the previous subsystem. As a result, the decomposition method analyzes each subsystem,
one at a time starting from wavelength 1 and moving downwards. Each subsystem is
anayzed horizontally using the iterative scheme developed in Chapter 3. Below, we describe
the approximation developed for the analysis of overflow systems by Frederick and
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Hayward, as well as the extension by Basharin and Kurenkov. Following this, we present

our approximation method.

5.2.1. Frederick and Hayward' s Approximation

Consider a single class of customers arriving to a loss system, referred to as the primary
system, consisting of N servers. All customers arrive to the node with Poisson rate / and are
serviced with rate m Each arriving customer requires a single server for service. Customers
blocked in the primary system overflow to a secondary system of N servers where, if the
customers cannot be serviced, they are blocked, i.e. lost. We define the offered traffic of an
arriving customer as A=//m The blocking probability, b;, of an arriving customer in the

primary system is determined using the Erlang-B equation

bi=E(A, N) (18)

where E(A,N)= AE(A, N-1)/(N+AE(A, N-1)) and E(A,0)=1. The mean and variance, M and V

respectively, of the traffic offered to the secondary system are given by the expressions:

M=A*b, (19)

V=1-M+ (A/(N+1-A+ M)) (20)

We note that, while the traffic offered to the primary system is Poisson, the traffic

offered to the secondary system is bursty, i.e. non-Poisson. By assuming that this traffic is
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Poisson, the blocking probability of the secondary system is underestimated. Frederick and
Hayward [10] developed the following approximation to address this issue.

We define the peakedness, Z=V/M. For Poisson traffic, Z=1. Frederick and Hayward
determined that a non-Poisson traffic stream with mean M and Z* 1, arriving to a secondary
system of N servers experiences the same blocking as an equivalent system of N/Z servers
offered traffic with mean M/Z and peakedness Z=1. The analysis of the secondary system is
performed using the equivalent Poisson flow and equivalent maximum servers. The blocking

probability of the customersin the secondary system, by, is approximated using

by=E,(A/Z, N/Z) (21)

We note that E;(A, N)=/ Ne’ (GN+1,/))* is the generalized Erlang-B equation that allows for
non-integer values. GN+1,/) isthe incomplete Gamma function.

Basharin and Kurenkov [3] extended the work of Frederick and Hayward to the
analysis of networks supporting multi-rate calls with simultaneous resource possession.
Assume that customers arrive to a primary system requesting d servers, which are
simultaneously allocated and released upon call arrival and departure, respectively. The

blocking of callsin the primary system is determined using the product-form solution

p(nN)=G*(A"/n!) (22)
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where n is the number of customers present in the network and G is the normalizing constant,

defined as

G=SA"n! (23)

The authors noted that the peakedness, Z, is d times bigger as a result of the
simultaneous resource possession, and subsequent increased mean and variance. The
secondary system is analyzed in one of two manners. First, the demand is fixed and number
of serversisdecreased by Z. That is, an equivalent system of N/Z servers is offered traffic
with mean M/Z and demand d. Second, the maximum number of servers is fixed and the
demand isincreased by Z. That is, an equivalent system of N serversis offered traffic with
mean M/Z and demand d*Z. We note that, the second case results in non-integer values for

the call demand, which must be appropriately addressed.

5.2.2 The Approximation Method

As previoudly stated, the queueing network consists of levels of nodes, representing
lightpaths on specific wavelengths in the original network. There are two types of nodes that

exist in the network. The analysis of each is described below.

5.2.2.1 Nodes Supporting Poisson Traffic

First, we consider the case where the node supports Poisson traffic only. That is, thereisno

overflow traffic arriving to the node. This is the case for traffic arriving to node 1 on
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wavelength 1, in Figure 11. The node supports traffic from R classes, each with a demand of
dr servers, r=1,2,...,R. The analysis of the node is performed using the recursion developed
by Nilsson et. a [19]. Let m denote the maximum number of servers in the node. In
addition, let k denote the number of free serversin the node. The function b(m,k), defined as

the probability that m-k servers are busy in the node, is determined as

b(mk)= b(m-1,k-1)/[1+(1/m) § Adb(m- 1,d - 1)] (24)
with r
b(m0)= (Um) § Adb(m- 1,d - 1)[/1+(Um) § Adb(m- L,d - 1)] (25)

A=Ay=l w,/m,, is the offered traffic of a class r customer. The blocking probability is

determined as

d6-1
b= b(m,J) (26)

j=0

5.2.2.2 Nodes Supporting Overflow and Poisson Traffic

The second type of node supports both local arriving Poisson traffic and traffic overflowing
from a previous subsystem, such as those on wavelength 2 of Figure 11. If either traffic
cannot be serviced on the node, it overflows to the subsequent wavelength until it is blocked.
We note that there may be overflow traffic from more than one node arriving.

Consider, for example, the traffic arriving to node 1@ in Figure 11. The node

supports R classes of traffic overflowing from wavelength 1, as well as R classes of local
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Poisson traffic. As noted before, the overflow traffic is not Poisson. In order to anayze the
node, we must determine an equivalent Poisson flow to represent the overflow traffic. We
propose the following approximation.

The mean of the offered traffic of each class r overflow customer, M, is determined
using (19). However, the variance, V;, cannot be determined using Expression (20). Thisis
due to the fact that the overflow of each class r customer at node 1 on wavelength 1 is not
independent of the overflow from the other classes. To determine V;, we assume that each
class r customer arrives to an independent set of primary servers, N;, on wavelength 1. Each
customer, regardless of class and original demand, requires one server. The blocking
experienced by the class r customer is equal to the blocking experienced by a class r
customer in the original node. This analysis allows us to analyze each classr customer using
the Erlang-B equation, such that we can determine an equivalent number of servers that
would produce the same blocking probability, assuming single-server demands, as in the
original system.

The value of N; is determined as follows. For each classr, N, isinitialized to zero.
We define by as the current value of the blocking probability of the single-flow equivalent

system, such that

Bres=Er(Ar, Ni) (27)

Beginning with N;=0, b IS determined using (27). The difference between bies and by is

calculated. If the differenceis less than a pre-specified value, then the current value of N is
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a suitable approximation for the single-flow system. Otherwise, if b iS greater than by, the
value of N; istoo low, and it isincreased by a specific amount, referred to as delta. If by IS
lower than by, N; istoo high, and it is decreased by delta. The value of delta is initialized to
1 and successively halved, depending on the difference between beg and b,. While the
difference is higher, the value of delta remains unchanged. As the difference decreases, the
value of delta is halved. This process is repeated until the difference between by and by is
less than the pre-specified value.

At this point, we have determined the equivalent number of servers, N;, for each class
r customer, that would produce the blocking probability, by, experienced by the node of the
previous subsystem, assuming each class r customer arrived to an independent group of
servers with rate Ay, and requesting a single server. N; is used to approximate the variance

of each overflowing traffic stream as

V= 1-M+ (A/(Ne+ 1-Ac+ M) (28)

The peakedness of each overflowing customer, Z,, is defined as

Z=V,IM (29)

At this point, the equivalent Poisson traffic for the overflow traffic offered to the node

is defined as M/Z;. We now proceed to analyze the node using the equivalent and local

Poisson traffic. Basharin and Kurenkov’s approximation requires either the scaling of the
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maximum number of servers in the node or the demand of each class r call offered to the
node. We note that, because multiple classes are considered in addition to the arrival of both
overflow and local traffic to the node, the analysis requires the scaling of the call demands of
the overflow traffic by the respective peakedness values, Z.. The node is analyzed using
(24), (25), and (26). It is to be noted that, the demands of each class r customer of the
overflow and Poisson traffic may no longer be identical. As a result, we assume that 2R

classes of traffic, with individual demands d,, r=1, 2, ...2R, arrive to the node.

5.2.3 The Decomposition Algorithm

We describe the decomposition algorithm using the four-node optical network modeled by
the queueing network shown in Figure 11. The queueing network is decomposed into three
subsystems, corresponding to the three wavelengths shown in Figure 10. Subsystem 1

represents the lightpath on wavelength 1, subsystem 2 represents the lightpaths on
wavelength 2, and subsystem 3 represents the lightpaths on wavelength 3. A® =1®/nf? is
the offered traffic of a class r customer on subsystem x, where x=1,23. M and z{?

denote the mean and peakedness, respectively, of the offered traffic of a class r customer

overflowing from node y of subsystem x. A% and d? denote the equivalent offered traffic

and equivalent demand, respectively, of a class r customer overflowing to node y on

subsystem x. Finaly, b{¥ is the blocking probability of a class r customer at node y of

subsystem x. All blocking probabilities are initialized to zero.
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Beginning with subsystem 1, each subsystem is analyzed in iteration. Within a
subsystem, each node is analyzed in iteration as well using the single-node decomposition
method assuming link independence. For subsystem 1, the only traffic arriving to the node is

Poisson traffic. The node is analyzed using (24), (25), and (26). The blocking probabilities,
b7, are stored and the algorithm shifts to subsystem 2.

At subsystem 2, the algorithm begins with node 1. The equivalent Poisson traffic for

each classr customer overflowing from subsystem 1 isfirst determined, using (19), (28), and
(29), and the most recently calculated values for b. We note that the overflow traffic

arriving to this node continues on to node 2, if accepted. As aresult, the equivalent Poisson

trafficis
AT =ME (1-b0)/ Z{ (30)
Expression (30) assumes that the overflow traffic is not blocked at the downstream
nodes of the alternate path, in this case, node 2. This alows for the calculation of the
blocking experienced by a customer, due to an insufficient number of servers on node 1 of

the alternate path. The equivalent demands of the overflow traffic are determined as

d? =d* z{? (31)
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Because there is both Poisson and overflow traffic arriving to the node, the maximum
number of servers per node is fixed and the demands of the overflow traffic are scaled by
their corresponding peakedness.

At this point, we have a total of 2R classes arriving to node 1 on wavelength 2, R

classes of overflow traffic with equivalent offered traffic A and equivalent demandsd(?,

and R classes of local Poisson traffic with offered traffic A® and demands d;. The nodes are
analyzed using (24), (25), and (26) assuming 2R classes. The algorithm then shifts to node 2
on wavelength 1.

At node 2, the overflow traffic arriving to the node is the amount of traffic that is not

blocked at node 1. The equivalent Poisson offered traffic and equivalent demand is

A =M (1-b2 )z (32)
and

d? =d* z® (33)

We note that the mean and peakedness of the traffic overflowing from node 1 on subsystem 1
isthe same. The node is analyzed using (24), (25), and (26).

At this point, a single iteration has completed within subsystem 2. The agorithm
executes successive iterations until the blocking probabilities of each node within the
subsystem have converged within a criterion, e, which is set to 10, Once the results have
converged, the blocking probabilities of all source-destination paths within the subsystem are

calculated by appropriately combining the results from each node. For example, the blocking
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probability of the class r renewal traffic on path (0,3) of subsystem 2 is 1-(1-b{?)(1-b{?).
The algorithm then shifts to subsystem 3.

At subsystem 3, each node is analyzed in iteration using the most recently calculated
blocking probabilities from each node in subsystem 2. Beginning with node 1 on wavelength
3, the equivalent Poisson traffic for each class r customer overflowing from node 1 on
wavelength 2 is determined. We note that there is a total of 2R classes of overflow traffic
offered to node 1 on wavelength 3, R classes from the overflow path traversing both nodes 1
and 2 on wavelength 2, and R classes from the local traffic traversing node 1. The mean and
peakedness of the overflow traffic is determined using (19), (28), and (29). The equivalent

Poisson traffic is determined as

AY=M® (1-bP)(1-b)z?;  r=12,...R (34)

AY=M® (1-bQ)z{?; r=R+1R+2,..2R (35)

The traffic overflowing from node 1 on subsystem 2 traverses different nodes in
subsystem 3. As aresult, (34) and (35) account for the alternate path of each, assuming the
customer is not blocked on its downstream nodes. The equivalent demands of the overflow

traffic are

d¥=d*z?; r=12,.2R (36)
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At this point, we have a total of 3R classes arriving to node 1 on subsystem 3, 2R
classes overflowing from node 1 of subsystem 2, and R classes of local Poisson traffic. The
node is analyzed using (24), (25), and (26). The algorithm then shifts to node 2.

At node 2, the equivalent Poisson offered traffic and equivalent demands are

A =M (-b)(A-bF ) Z?; r=12..R (37)
AD=M®@ (1-b)z®;  r=R+1R+2,..2R (38)
d¥=d*z?; r=1,2,.,2R (39)

We note that (37) assumes the overflow traffic is not blocked on any downstream or
upstream node of its alternate path. Similarly, (38) does the same. Node 2 is analyzed using
(24), (25), and (26).

At node 3, the equivalent Poisson traffic and equivalent demands are determined as

AD=MF (1-69)@-bF )z r=12,..R (40)
AD=MP [Z?;  r=R+1R+2,..2R (41)
d¥=d*z?; r=12,.R (42)

d¥=d* z?; r=R+1R+2,.2R (43)

We note that (40) and (42) account for the overflow traffic originating at node 1 in subsystem

2 and traversing al three nodes. Expressions (41) and (43) account for the overflow traffic
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overflowing from node 2 on wavelength 2. The node is then analyzed using (24), (25), and
(26).

At this point, a single iteration within subsystem 3 is complete. The algorithm
executes successive iterations until the blocking probabilities of each node within the
subsystem have converged within e Once the results have converged, the blocking
probabilities of all source-destination paths within the subsystem are calculated by
appropriately combining the results from each node. Because this is the last subsystem, the

blocking is determined as follows. For local traffic on node 1 of wavelength 3, the blocking
probability is simply b, r=2R+1,2R+2,..., 3R. The blocking experienced by a cal in a
previous subsystem, such as subsystem 1, is M{? [1-(1-b?)(1-b¥)(1-b )]/ AP,
r=1,2,..,R. We note that the blocking for this path uses the offered traffic arriving from

subsystem 2, the original offered traffic to subsystem 1, and the blocking probability of the

call in subsystem 3.

5.3 Numerical Results

In this section, we discuss the accuracy of the decomposition algorithm by comparing the
results obtained to simulation data. For each case, we consider the four-ADM optical
network of Figure 10, modeled by the W-level queueing network shown in Figure 11. Each
link between two adjacent ADMs is composed of 3 wavelengths, each wavelength containing
sservers.

All possible source-destination paths are considered and, for each path, the call isfirst

offered to the direct lightpath between the source and destination node. If the call cannot be
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serviced on the direct lightpath, it overflows to its alternate paths sequentially, until the call is
either accepted or blocked. We assume four classes of traffic, i.e. R=4, with demands of
di=2, d>=4, d3=6, and d,=8 servers.

The accuracy of the decomposition algorithm was evaluated under different cases,
where the arrival rates and the number of servers vary. We assume, for presentation
purposes, that the arrival rate of all class r calls, regardless of source-destination path, is /..
For each case, / 1 was assigned the highest arrival rate, and the arrival rate of each successive
class r call was decreased by a small amount from the previous as follows. We assume
$=128, 256 servers. For s=128 servers, cases 1, 2, and 3, set /1 to 5000, 8000, and 10000,
respectively. For s=256, cases 1 and 2 set /; to 8000 and 10000, respectively. For both
cases, the arrival rate of each successive class r call was decreased by 500, and the service
rate of all calls was set to 500.

Figures 12, 13, 14, and 15 show the results for the wavelengths 1 and 2, and
wavelengths 3 for 128 and 256 servers, respectively. Each figure plots the blocking
probability of each source-destination path, labeled as (source, destination), as a function of

the call class. In addition, the simulation results are plotted with a 95% confidence interval.

70



Blocking Probability(log)

Blocking Probability(log)
=

10

10

Overall Results-Link Independence Algorithm
T T

* (0,3)app
o (0,2)app i
O (23)app
)
)
)

— (0,3)sim
+ ——- (0,2)sim 1
— = (2,3)sim

Class

Figure 12a. Wavelength 1 and 2 resultsfor s=128 serversand / ;=5000

Overall Results-Link Independence Algorithm

COHrEH

* (0,3)app
3 8 (0,2)app
O (23)pp
— (0,3)sim
——- (0,2)sim
—— (2,3)sim

Class

Figure 12b. Wavelength 1 and 2 resultsfor s=128 serversand / ;=8000

71



10 T T

Blocking Probability(log)

Blocking Probability(log)

Overall Results-Link Independence Algorithm

Class

Figure 12c. Wavelength 1 and 2 resultsfor s=128 serversand / ;=10000

Overall Results-Link Independece Algorithm

10 T T
>
5
*(01)app
o (1.2)app
o O (2,3)app
® — (0,1)sim
-—- (1,2)sim
—— (2,3)sim
10" 1 |
1 2 3 4
Class

Figure 13a. Wavelength 3 resultsfor s=128 serversand / ;=5000

72



Blocking Probability(log)

Blocking Probability(log)

Overall Results-Link Independece Algorithm

*(0,1)app
8 (1,2)app
C (23)app
— (0,1)sim
——- (1,2)sim
—— (2,3)sim

10

Class

Figure 13b. Wavelength 3 resultsfor s=128 serversand / ;=8000

QOverall Results-Link Independece Algorithm

10

* (0,1)app
o (1,2)app
C (2.3)app
— (0,1)sim
-—- (1,2)sim
—-— (2,3)sim

Class

Figure 13c. Wavelength 3 resultsfor s=128 serversand / ;=10000

73



Blocking Probability(log)

Blocking Probability(log)

10" ¢

Overall Results-Link Independence Algorithm

* (0,3)app
o (0,2)app
O (2,3)app
— (0,3)sim
-—- (0,2)sim
(2,3)sim

10

Class

Figure 14a. Wavelength 1 and 2 resultsfor s=256 serversand / ;=8000

QOverall Results-Link Independence Algorithm

107 T T

*
o
O

(0.3)app
(0,2)app
(2,3)app
— (0,3)sim
-—- (0,2)sim
(2,3)sim

107

Class

Figure 14b. Wavelength 1 and 2 resultsfor s=256 serversand / ;=10000

74



Overall Results-Link Independece Algorithm

10° ‘ ‘
@
Re)
=
=
&
=
o
2
-
[5]
o
m
* (0. 1)app
8 (1,2)app
O (2,3)app
— (0,1)sim
-—- (1,2)sim
—— (2,3)sim
10'2 | |
1 2 2 4
Class
Figure 15a. Wavelength 3 resultsfor s=256 serversand / ;=8000
. Overall Results-Link Independece Algorithm
10 T T
@
e
=
3
[}
o
<]
o
2
=
Q
K<)
m
10'1 I |
1 2 3 4
Class

Figure 15b. Wavelength 3 resultsfor s=256 serversand / ;=10000

75



We observe that, overal, the decomposition provides good accuracy for all cases.
Tables 4 and 5 show the per-class and per wavelength relative errors for each case. Asis
shown, the average relative errors are fairly low, meaning that the decomposition algorithm,
using the single-node decomposition algorithm assuming link independence has good

accuracy.

Class1

Class 2

Class 3

Class 4

128

Casel

0.029

0.022

0.015

0.013

Case?2

0.039

0.014

0.013

0.014

Case 3

0.038

0.013

0.014

0.013

256

Casel

0.041

0.031

0.027

0.025

Case?2

0.046

0.027

0.019

0.015

Table4. Per-classrelativeerrors

Wave 1l

Wave 2

Wave 3

128

Casel

0.044

0.048

0.092

Case?2

0.047

0.070

0.076

Case 3

0.054

0.081

0.065

256

Casel

0.125

0.099

0.108

Case?2

0.058

0.090

0.109

Table5. Per-wavelength relativeerrors
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Chapter 6

Conclusion and Future Resear ch

WDM networks appear to be a viable solution to the bandwidth limitations experienced by
current backbone networks. Asthe amount of traffic supported and their subsequent
demands continue to increase, traffic grooming alows for a closer match between the
resource requirements and the amount of resources allocated. Our focusin thisresearchis
the performance analysis of traffic-groomed tandem WDM networks with varying network
architectures supporting multi-rate traffic.

From Chapter 3, we determined a decomposition algorithm that provided an
approximate analysis of atraffic-groomed tandem WDM network. Assuming asingle-

wavelength existed per link, we used a modified version of Courtois method in order to
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analyze each subsystem. It was determined that, while providing good accuracy, the
algorithm was limited to small networks.

From Chapter 4, we extended the work of Chapter 3 to alarge number of wavelengths
and alarge number of servers per wavelength. A modified version of the recursion
developed by Nilsson et. a was devel oped to analyze each subsystem. We found that
overall, the algorithm provided a good approximation to simulation results. However, the
approximate results were comparabl e to the link independence results as the number of
Servers increases.

Finally, from Chapter 5, we determined a decomposition algorithm for the analysis of
atraffic-groomed tandem WDM network with alternate routing. The decomposition
algorithm used a modified version of the Frederick and Hayward' s approximation as well as
the Nilsson et. a recursion, assuming link independence, in order to analyze the network. It

was determined that the decomposition algorithm provided good accuracy overall.

6.1 Future Research

Our work can be extended in two directions. First, as stated before, the decomposition
algorithm based on the modified Courtois method was limited to small networks. In
addition, the extension of thiswork allowed for traffic bifurcation. A good extension for this
problem isthe removal of the traffic bifurcation assumption in the analysis of links with a

large number of wavelengths.
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Second, the analysis of the traffic-groomed network employing alternate routing
focused on atandem network. Analyzing arbitrary mesh topologies as well as the addition of

multiple flows to each node can extend this work.
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In this section, we present further numerical results obtained by the decomposition algorithm
of Chapter 4, using the modified version of the recursion developed by Nilsson et. a. The
network was analyzed under four cases, where the number of servers per link, Ws=128, 256,
512, and 1024 servers.

The analysis of the each subsystem was performed using the approximation algorithm
described in 4.2. Figures 16, 17, and 18 show the results for 256, 512, and 1024 servers,

respectively.

Blocking Probability(log)

10(0,1) 1,2 23) 3.4) (4,5 (5,6)
Call Path

Figure 16a. One-hop pathsfor classr, r=1,2,3,4 and Ws=256 servers.
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Figure 16¢c. Three-hop pathsfor classr, r=1,2,3,4 and Ws=256 servers.
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Figure 16d. Four-hop pathsfor classr, r=1,2,3,4 and Ws=256 servers.
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Figure 16e. Five-hop and six-hop pathsfor classr, r=1,2,3,4 and Ws=256 servers.
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Figure 17a. One-hop pathsfor classr, r=1,2,3,4 and Ws=512 servers.
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Figure 17b. Two-hop pathsfor classr, r=1,2,3,4 and Ws=512 servers.
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Three-hop pathsfor classr, r=1,2,3,4 and Ws=512 servers.
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Figure 17d. Four-hop pathsfor classr, r=1,2,3,4 and Ws=512 servers.
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e l7e. Five-hop and six-hop pathsfor classr, r=1,2,3,4 and Ws=512 servers.
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Figure 18a. One-hop pathsfor classr, r=1,2,3,4 and Ws=1024 servers.
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Figure 18b. Two-hop pathsfor classr, r=1,2,3,4 and Ws=1024 servers.
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Figure 18c. Three-hop pathsfor classr, r=1,2,3,4 and Ws=1024 servers.
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Figure 18d. Four-hop pathsfor classr, r=1,2,3,4 and Ws=1024 servers.
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Figure 18e. Five-hop and six-hop pathsfor classr, r=1,2,3,4 and Ws=1024 servers.
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We note that the approximation algorithm is comparable to the link independence
algorithm as the number of servers increases. Ultimately, when the number of servers is

high, the link independence is a good approximation for the network.
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