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Abstract

We present a method for stochastic finite element stress analysis aimed at structural
safety and reliability. Structural design is based on stress analysis in part to evaluate
the stress values in structure under certain loads. Finite element methods have been used to
this end, and many efforts have been made to improve the formulations and to eliminate the
errors in computation and input/output. Despite the ability to output the stress values, the
deterministic finite element solution used hitherto cannot predict the dispersion of stresses,
when any uncertainty is involved in structure configuration, material properties and boundary
conditions besides in loading. On the other hand, the analysis of structural safety and reli-
ability postulates for such uncertainties, and, in this light, stochastic treatment of stress
analysis is desired.

Our present method is on the basis of the second order perturbation method incorporated
with the finite element displacement method. The stiffness matrix is subjected to fluctuate
in the presence of uncertainties about element dimensions, material properties and so forth.
The fluctuation of the stiffness matrix is expressed in polynomial expansion with respect to
the parameters representing uncertainties up to their second order products. Also the un-
known displacement vector is expanded similarly to the second order. These expansions enable
us to write down the stiffness equation in form of polynomial expansion regarding the parame-
ters. Applying the second order perturbation method to the stiffness equation, we are able
to determine all the unknowns involved by means of solving a set of simultaneous eguation
only once, which is identical with that used in the deterministic finite element solution.

Numerical analyses have been carried out in regard to the stress intensity factor for an
edge crack with fluctuating length and the stress state in a strip, the shape of which varies
to small extent. Through these numerical analyses, not only the validity of the present meth-

od but also its superiority to the first order (linear) perturbation has been evidenced.



1. Introduction

Finite element modeling is conducted usually in deterministic manner,
that is, the fluctuations in the variables comprised in stiffness matrix are
discarded. For example, the material properties input are supposedly taken *
equal to their mean values. Such simplified reckoning may be fruitful since
the coefficient of variation of which is allegedly small. However, such mod-
eling may not be persuasive fully that the irregularly undulating contour of
weldment cross-section is simplified sometimes as a straight line. Finite
element stress analysis is therefore desired to have the capability to cope
with fluctuations in the inputs, which enables us to proceed to probabilistic
consideration of the analysed results.

In the field of the mechanical vibration analysis, the rates of change
of eigenvalues and eigenvectors have been investigated by taking the variabil-
ity of the material constants into account [1,2,3,4] and in regard to random
excitation [5]. There are also a few reports on the statistical properties of
elastic bar under longitudinal impact [6,7]. Most of these researches are
based essentially on so called linear statistical modeling, and attention is
not paid to the stress values.

In the light of the finite element displacement method, it should be
pointed out that the effects of the fluctuations of nodal coordinates, Young's
modulus or Poission's ratio, as the inputs, on the stresses, strains or dis-
placements, as the outputs, are no longer linear. We therefore devise the
second order perturbation method herein so as to evaluate the unknowns of the
first and second orders by means of solving an equivalent stiffness equation

to the deterministic one only once [8].

2. Stochastic stiffness equation and its solution

We describe in the following how to generate stochastic stiffness equa-
tion in regard to an exemplary case that the nodal coordinates are subjected
to small fluctuation around the mean values, bearing in mind linear, elastic
two-dimensional problem. The random variables representing the small fluctua-

tion of k-th nodal coordinates are denoted by o, and Bk respectively in the x-

k
and y-direction. To begin with, we assume that ij-th entity of the global

stiffness matrix (k)] can be expanded in terms of o, and Bk up to the second

k
order products as follows,
0 1 &
K = Kii * R0 %% Ki]ks )+ %(K %%t KBt l]kzs By (1)
where ng, Kij"' are the coefficients to be obtained in the chapter 3. The

following equation (2) gives i-th unknown displacement U, expanded in the same

form as above,

o o
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are unknown coefficients of the first and second orders. It

U, = U? + %(U% o
1 1

1 2
where Ui Uik
should be noted that an alternative expansions given below were found to make

the formulation mentioned in the latter part of this chapter so complicated
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that CPU time is expected enormous prohibitively.

k,, =k, +x,. (3)
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It is easily seen that there exists non-linear relation between Kij and v, in
egs.(l) and (2). The superfix 0 means deterministic term.

Substitution of egs.(l) and (2) into the ordinary form of the stiffness
equation gives rise to the following equation in regard to i-th row of the

unknown displacement and i-th known nodal force Fg.

(x){v} = {F}
0 0 1’
E{Kijuj 1J£(Ujk et U, B ) + U i(xl o * K S ) + Klj §(U N Z
2
jklakBZ ij k Z) * E(Kl Ot * Kl]k k)E(U]k x U B ) +u ]Z(Z(Kljkz k A
2! 0
+ szkzakﬁz + Kl]kZBkBZ) o } = F; (6)

Higher terms than third order regarding o, and Bk are omitted in the above

k
equation. Applying the rule of second order perturbation method [9] and sort-

ing out the respective terms with o and Sk, we have the followings,

Wy = o T, (7)
ij i’

{”ik}g = -x! J l{w‘;xijk 1 (8)

Wit = -1 l{zuJ Ko (9)

f ikZ}J {Z(ijkviz J 1sz } (10

w ikZ}J = -1 l{Z(Kij ot + ujkxiﬂ vix Tt (11)

{U;:z}j = —[Kl.j]' {§(K§;k”§',z + ngf;kz )} (12)

where i and j vary within the degrees of freedom of the unknown displacements.
Equation (7) equals the deterministic stiffness equation used conventionally.

-1, .
is stored once in computer memory,

When the solution is obtained, and [Kfj]
it is worthy to note that all the unknown coefficients in eq.(2) are deter-
mined only by substituting them successively into egs. (8) through (12).

The expectation of U, is derived on the basis of eq.(2) as follows,

_ 0 2
E[U] = U + E%{Ui E[OLkOLZ] + U° kZE[a B.] + U E[g g 7} (13)

where E[-] represents expectation. We put E[ak] = E[Bk] = 0 in eq.(13), or, in
other words, oy and Bk are defined so as to satisfy this condition. The dis-
persion of v, var(u,], is given as var(u,] = E[Uizj - {E[Ui]}z. It is said
that the first order approximation is more realistic to calculate Var[Ui][lO].
If we take the alternative expansion of v, given in eq. (5), E[U,] is summa-
rized as given below after taking the similar path by the .use of -egs.(3),(4)

and (5) .
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This formulation requires a great deal of CPU time so that we discarded it.
The expectation and dispersion of the strains and stresses at arbitrary
point, our major concern beyond those of displacements, are estimated in the
following manner. A strain ey; caused by U, is calculated from (BNi/Sx)Ui
and so on [11], where ani/ax is tobegiven in form of eq.(27) in the chapter 3.

This means we can summarize the general form of ¢, as
€
€y; = (product of Nl.'s spatial derivatives and U,)

0 1 1 2 PY 20
Tl ROt Bt %t it S BBy (15)

In the sequel, the expectation and dispersion of strain are calculated by the

B

following formulas as eg and so on are given as function of U, and particular
coordinates of the evaluation point,

Ble] = Jef + §£§{eiklE[akaZ] * eJZ'J'CZE[akBZ] * 912';;1“81(62” (16)
var(e] = [F5(e} el Bl ] + 26y €l EloLBy ] + &) et LB, B 1) an
where § and § denote summation with respect to all nodes related with the ele-
ments under attention. As for var[e], only the expression according to the
first order approximation is taken as well as that of displacement, because
there appear higher than third order moments of o and/or Bk which are seldom
given in practice, when the second order approximation for var[u;] is taken
otherwise.

3. Generation of stochastic stiffness matrix

In the frame of small displacement theory the element stiffness matrix
[k] is generated in the following form [11l].
1 = [[18ay,5,) 1% (D1 (B(1,1,)] det|s]aL,ar, (18)
where [D] denotes the stress-strain matrix, [B] the strain-displacement one.
In the particular form of eqg.(18), the isoparametric displacement function Ny
whose arguments are the area coordinates Ll and L2, is borne in mind for tri-
angular element with node numbering 1 to 6, quadratic displacement function
being taken into account. The elastic constants in [D] are regarded as deter-
ministic in the subsequent formulation.

To generate the stochastic stiffness matrix caused by fluctuating coordi-
nates, the nodal coordinates are taken as sum of the deterministic portion as

expectation and stochastic one, that is, X, = xz +vuk and v, = yi + Bk' The

effect of the random variables oy and Bk appears through [B] and the Jacobian

matrix [J] regarding the coordinate transformation. Then, we have

[J]=3_X_B_X_BL_8_y=Jo J0+JPJP (19)
8L2 3L3 aL2 3L3 21 "22 21 22
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where the superfix p means stochastic term, and s¥. and so on are linear func-

11
tion of o, or Bk. The components of the stiffness matrix consist of
BN oN BNi Efi aNi oN BNI oN
¢ 1 1 ’
(ax ox 9x dy dy ox Y By) det |7] (20)
besides the contribution from [D]. Use is made of eq.(19) to evaluate det|J|,
and we have the following results, neglecting higher product terms of Oy and/
or Bk than third order.
0

det |J| = det |77| + D, + D, (21)

_ 0 _ 00 _ 00

=det |77| =7,,7,, - 7,7, (22)

_ .0 I 0
D) = T35 " 170 < TarTes * Tah

=0y + B8 (23)
b =335 -5° 52 =35, o8 (24)

2 1122 12721 iy ij 1

We assume further that D2/Do < Dl/Do < 1 holds based on the postulate of small
fluctuation, and use the approximation of 1/(1 + x) = 1 - x + x? for small x.
Then, neglecting again the higher than third order terms, we obtain

2 0 0 D
p. Dp. D° g b, J°2. -JP
-1 1
N e L 1O 12] +a-Shy Jff 11)2] (25)
00 Dy "Iy Ju 0 Iy 11

This is rewritten as

-1 0 -1
D7) 35 = Dp(T) 5 = Fm, % = By By + BB, %% * B9, %Py BER gk BBs (26)
where (J);; stands for ij-th entity of [J) -1 and so forth. As the spatial

derivatives of N, are

;) AN, ON, N,

L b =—2_ 1

g ox g\ i aLl 8L3
= [J] (27)

? oN oN, oN,

_1 b - 1 _ 1

dy i2 3L2 8L3

we obtain the following expression by the use of egs.(21),(26) and (27).

i M5 1 0 ,
5 o det 19l = D, 31922~ Pz 12) “’;1“722 27 12) Rt BB
+ E;filaka + %%gkzakBZ + ﬁ%hkz 18, (28)

Now that all the terms in eq.(20) are formulated in the same manner, carrying
out the numerical integration of eq.(18) with the introduction of [D] matrix
and merging the element matrices thus generated into .the global matrix appropri-
ately, we reach the expression of eq.(l). The first deterministic term natu-
rally is identical with the stiffness matrix used in conventional finite ele-
ment method, and the second one and the followings are the embodiment of the
stochastic stiffness matrix due to small fluctuation of the nodal coordinates.
It goes without saying that the stochastic stiffness matrix can be generated
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similarly and more simply in case that uncertain material properties are dealt
with. Even the uncertainty of boundary condition can be incorporated by means
of adding spring elements on the boundary, whose spring constant is treated as
random variable.

4. Spectrum expression of spatial fluctuation

We consider the fluctuation of nodal coordinates as spatial stochastic
process. E[akaZ] and so on, emerging in the preceding chapter 3, are linked
with power spectrum with the aid of the Wiener-Khintchin relation if the sto-
chastic process is homogeneous. This means that we have

i2TA (x

E[0 0,] =R (x 1" a (29)

k1 a0 ¥7 T %) T ffwsaa(k)e
in the case that o is of stochastic process with respect to the x-direction,
where Rua andvsaa denote autocorrelation function and power spectrum, and A
the wave number.

The input data required for the proposed stochastic finite element method
are the expectation of the nodal coordinates and the autocorrelation function
or the power spectrum representing the fluctuation. Based on the assessment
of the fitness of the quadratic interpolation, which is used in the isopara-
metric element, for a cosine curve, it can be said tentatively that the nodes
are to be placed in interval shorter than one fourth of the wave length cor-
responding to the largest wave number, the power of which cannot be neglected.
This is a necessary condition of the nodal interval for the input, and it
should be examined further whether the nodal interval is sufficiently short
for the stress field or not.

5. Nunmerical examples and conclusions

5.1 Statistics of stress intensity factor of an edge crack with uncertain

length

Figure 1 illustrates the objective of this example and its mesh division.
The expectation of the ratio of the crack length to block width is taken as
Ela/W] = 0.4, and the loading is of uniform tension under plane strain state.
The crack opening displacement (COD) at node 4 is used to evaluate K, . The
quarter point elements [12] are arrayed around the crack tip. Comparison is
made in Fig. 2 of the present method and deterministic one. All the nodes
marked by square in Fig. 1 were shifted with correlation coefficient of unity
so that the distance between the crack tip ¢ and node a4 is kept constant and
the singularity is maintained suitably near the crack tip, in order to obtain
precise and stable evaluation of kK, In Fig. 2, crack opening displacements
obtained by the second order-perturbation and the first order one are shown
by solid line and broken line respectively, and the circles mean the results
obtained by conventional finite element solutions by varying crack length,
the error of which is estimated less than 1 % for an analytical solution [13].
When the coefficient of variation is input as vvarfa]/Ef[a] = 0.025, we obtain

E[K, /0,] = 23.40Vmm, var(K /0,] = 0.754 mm (C.0.V; /Var[KI/CFO]/E[KI/Go] =
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= 0.0371). These agree well with the results of 23.63Vmm, 0.840mm (c.o.v =
0.0388) given by the first order approximation applied to the analytical solu-
tion [13].

5.2 Statistics of stress in a strip with fluctuating shape

The objective and mesh division of this example are depicted in Fig. 3.
The loading condition and caution taken for the shift of the nodes are the
same with the above example. The power spectrum representing the fluctuation
of the right flank is given as saa(k) = ch/(d2 + 4n2A2) (-® < A < »), As well
as the first example, the accuracy of the present method is examined by the
use of conventional finite element method, the typical example of which is
shown in Fig. 4. In this example, all the stochastic nodes denoted by squares
in Fig. 3 are subjected to fluctuate with same amount. As for the resultant
statistics of stress oy, it is seen that the expectations remain almost the
same through the nodes & to E of Fig. 3, but the dispersions are larger at the
flank, and that the dispersion increases with 4 at the nodes A and B, while
this trend is inverse at C, D at E. Another result obtained with finer mesh
division (two times in each direction) shows that the expectations are not
affected by mesh division, but the dispersions are reduced a little. This
seemingly is caused by that the dispersion evaluation enlarges any difference
by power of two, and that there exists discontinuity in stress in the finite
element displacement method. The dispersions mentioned above are evaluated
by the first order approximation.

The new formulation for the stochastic finite element method is thus
verified through the above numerical examples. The CPU time required was two
or three times the one for the conventional finite element solution for the
same mesh division. The second order perturbation is seen to give more accu-
rate solution than the first order one, in the case that non-linearity is as
strong as caused by the fluctuations of the nodal coordinates. Thanks to CPU
time required far shorter than for Monte Carlo approach, the present method
can be available as a tool in the field of structural safety and reliability.
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