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SUMMARY

Dynamical loaded structures can be analysed by spectral representations, which usually lead to an
enormous computational effort. If it is possible to find a fitting dynamical load factor, the dynamical
problem can be reduced to a statical one. The computation of this statical problem is much more
+ simpler. The disadvantage is that the dynamical load factor usually leads to a very rough approx-
imation. In this paper it will be shown, that by combination of these two methods, the approximation
of the dynamical load factor can be improved and the consumption of computation time can be enor-
mously reduced.

If we consider a system with one degree of freedom the dynamical load factor is a function of
the dynamical load and of the eigenfrequency of the system. If we have a continuum with many
eigenfrequencies the dynamical load factor of the critical eigenfunction must be taken, which usually
leads to very high dynamical load factors. For improvement a computation by spectral representation
must be done: The solution of the dynamically loaded structure will be evaluated in terms of the
eigenfunctions of vibrating structures. The terms of the series will be multiplied by the amplification
factors of each eigenfunction and all terms are added. For practical solutions only a finite number
of terms can be considered. If we take for granted the convergence of the series, we must additionally
be sure that the number of terms is sufficient to get a good approximation of the solution. To prove
this, we evaluate the statical problem in terms of the same eigenfunctions of the freely vibrating struc-
ture as the dynamical problem. The limit of the statical series is the exact statical solution, which
easily can be computed. If we consider only N terms of the statical series, the quality of the solution
i can be seen as the difference to the exact statical solution. Now we consider a nonperiodical dynam-
ical impact load. In this case the dynamical amplification factor is .a number between 0 and 2, and
so we can state that both series, the statical one and the dynamical one, behave in the same manner.
This knowledge will help us to construct an improved approximation of the dynamical solution
though only a few terms of the series are considered.

We consider N terms of the dynamical series and we get without additional computation the stat-
ical series with N terms, because the eigenfunctions and the evaluation constants of both series are
the same. The remainder of the statical series—difference to the exact statical solution—will be mul-
tiplied by a dynamical load factor 6% and will be added to the dynamical series with N terms. The
value of 8% ist the maximum of the frequencies wy» with N* > N. By this way 5§ decreases with
increasing number N and runs to 1. As an example a clamped hemispherical shell with #/a = 1/500
is considered. The shell has an impact load at its dome. The time variation of the load is the well
known function of aircraft impact. The critical frequency of this load function leads to a dynamical
load factor 8,4, = 1.83. By the above mentioned method the dynamical load factor can be enormously
reduced, though only a few terms of the dynamical series are considered. The same method (com-
parison of the dynamical series with the statical one) makes it possible to control the accuracy of the
dynamical series with N terms.



1. Introduction The safeguard of modern buildings requires in many cases
that dynamical loads, such as impact, explosion and earth quake, must be
considered. When calculating the dynamical problem by spectral represen-
tation, the variables are evaluated in terms of the eigenmodes of the
freely vibrating system., If the lowest eigenmodes of a structure are
dominant (beams, plates), this method converges very rapidly. But
considering shell problems higher eigenmodes are of greater influence;
that is why in this case a very great number of eigenmodes must be con-
sidered to achieve a sufficient good approximation, and we have to expect
high computational costs. Besides the computation of higher eigenmodes is
not so accurate as that of the lower ones. If it is possible to find a
fitting dynamical load factor, the cost wasting dynamical computation can
be replaced by a relative simple statical one. Unfortunately the approxi-
mation by a dynamical load factor is a very rough one. In the example of
the axisymmetrical loaded hemispherical shell we want to show, how the
combination of both methods (spectral representation and dynamical load
factor) Teads to a very good approximation of the dynamical solution with-
out too extensive calculations.

2. The dynamical load factor of a spring-mass-system

The method of the dynamical load factor is well known from systems of one
degree of freedom. We consider a system of mass m and of spring constant
¢ (figure 1), which is loaded by a force F(t). The differential equation
of the displacement x(t) of the mass is:

myx +cX = F(¢) 0
1
with () 2;—;-)

If the mass m is in rest at the beginning (x(t=0) = 0, %X(t=0) = 0, the
force F(t) exists for t>0) the solution of equation (1) is:

¢
x () = ﬁclafm) sin w0 (£-) d & (2)

& is the eigenfrequency of the mass-spring-system. Now we compare the
dynamical solution x(t) from equation (2) with the statical displacement
of the mass-spring-system under the maximum F of the load F(t).

2
XSM= c

(3)

The ratio of the solutions (2) and (3) is the so called dynamical amplifi-
cation d‘(t).

+
d(t) = Xtt) = —/‘_‘,’— _[F(?')/élh w(t-T)ol T (4)

stat
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The maximum of the dynamical amplification 4 (t) s the dynamical load
factor Jt If this dynamical load factor dI* is known and if only the
maximum of the dynamical solution is of interest, an approximation of the
dynamical solution can be given by a statical calculation.

The dynamical load factor I* from eq. (4) is a function of the shape of
F(t) and a function of the eigenfrequency & of the considered mass-
spring-system. If we consider a force F(t) which increases linearly to its
maximum F0 within the time tl and then remains constant (figure 2a),
we get the following amplification:

d@t) = —f— - w—'; sin wt for ¢ <t, (5a)

dGk) = 1 _“_’4?4 sinwt +"—;4—f1/51'n wlt-1,) for 24, (5b)

The maximum amplification dﬂtoccurs for t > t and is given over w-tl
in figure 2a

I*= 4+/£Mw%/ (6)

For the given shape of F(t) the factor a* is only a function of time
t1 and of the eigenfrequency & . For low numbers of a}tl (Tow eigen-
frequency @ or short time tl) I *is nearly 2.0 and for great numbers

of wtl (high eigenfrequency & or long time tl) d* tends to 1

If we consider another load function F(t), the dynamical load factor I*
over w-t; looks quite different.In figure 2b we have a sinusoidal load
shape. The factor d?* increases from 0 to its maximum of about 1.75 and
then tends to 1 again for great numbers of cd¢1.

3. The dynamical Toaded shell

For a continuum the calculation with help of the dynamical load factor is
difficult, because the continuum has an infinite number of eigenfrequencies.
A reliable approximation of the dynamical solution with the dynamical load
factor requires the greatest factor ( cf”= 2.0 for F(t) of figure 2a,
(f*= 1.75 for F(t) of figure 2b). If we know the eigenfrequencies of the
continuum, the eigenfrequency, which leads to the greatest dynamical load
factor, must be regarded. Thereby the dynamical load factor can be reduced
sometimes but in many cases the approximation is not very good. So mostly

a dynamical calculation is necessary.

In the example of the dynamical Toaded spherical shell we briefly want to
explain the dynamical solution of a continuum by spectral representation,
The governing equations of the dynamical loaded shel}l are:
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14
L, (uvw)e=- Pl

1 .
Ly (uvw)=- il

L3 (u.,v,w) =- Z;':TW - %Q(Y,ja*) {7)

Ly» L2, L3 are differential operators; u, v, w are the displacements of
the shell in the direction of the shell coordinates [ S > 7 s af y ,J%,t)
is a normal load varying with time and space, W, =m is a
reference-frequency D = Eh / (1 - %) is the extensional rigidity; E is
the modulus of elasticity, + Poisson's ratio, 9 the density of the shell
material, a the radius and h the thickness of the spherical shell. The
homogeneous solution - the freely vibrating shell - are the eigenfunctions

u *', v: s w:— with the eigenfrequency W, and the orthogonality condition

n
Bn'
- * ¥ * ¥ =0 for m # n 8
f{uu U * Vi Vin, "'Wuwm)d&':,Bhfor m=n )
4
Now we expand the variables u,v,w 1in terms of the eigenfunctions :
vE L uX
n n *
w=2 Q) ukipH)
"
— *
V= Q@) vt .

W=y ¢ (¢) wkipH
™y Ll
ﬂn(t) is the n-th generalized coordinate.

The functions u, v, w from (9) are put into the inhomogeneous diff. eq
system (7) and we get together with the orthogonality condition (8) a
single diff. eq. for ﬂn(t).

b, ph ) wdo

¢.. t W, ¢., 9 (10)
If we assume that the local distribution of the load does not change with
time

7(;;,«7’,{) = plyP)F¢), (11)
we get:

B+ w2@. = wi W, F({) (12)



with W, = — (13)

The solution of eq. (12) can easily be given

¢
¢,,(H= D, (o) cos 0, +"—:— Q’(o)Aqu,z‘fuqu.fF(Z’)/szhu,, (£-2)(14)

with
4
¢“(0)= f g(u(a)a..",« Vo) UK + N(g}k/_‘*)dﬁ (15a)
¢... (o) =j/-/ J(a'(o)a,’f V)V + wio) wX)d O (15b)

u(o), v(o), w(o) are the displacements of the shell and u(o), Q(o), w(o)
the displacement "velocities" of the shell in the beginning at time t =0

4, Statical solution of the normally loaded spherical shell
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If we omit the time dependent terms in the diff. equation system (7) we get

the equations of the statically loaded shell.

L (u,v,w)

Lt (u,v, w)

0
Ly(u,v,w) ;2 piy, ) (16)

In the following we want to compare the dynamical solution with the

statical one. That is why we expand the statical solution in terms of the
* *

eigenfunctions Up » Yy s : of the freely vibrating shell, too.
- *
U.'Z uw U,
(23

W *
V=;Wu Ve

- (17)
we X Wowd
W is an unknown expansion coefficient

n

The variables wu, v, w of (17) are put into the equation system (16) and
we get after some manipulations under consideration of the orthogonality

condition (8) the constant wn.
- /ﬁWu*dﬁ
YA o
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Looking at (13) we can see, that the coefficient Wn coinsides with wn,

the coefficient of the dynamical solution. The expansion (17) is the com-

plete solution of the statical problem, because the chosen functions u;‘,
*

L w:' satisfy all boundary conditions.

5. The dvnamic load factor of shell structures

We consider the n~th term of the dynamical displacement :

we = Ple) wk (19)

and the n-th term of the statical displacement:

wi =W, w* . (20)

The ratio of both displacements is the dynamical amplification of the n-th

term. ¢
> @ ~
W o ,
d.@)= == = '—""“’u[F(T)/s./u o, (#-T)al? (21)
w.St W,
W " o
. s . . . cf*
The maximum of the amplification J;(t) is the dynam1ca1*1oad factor O,
of the n-th mode. For a given load F(t) the factor J‘n is a function of
the eigenfrequency aon

6. Approximation of the dynamical solution

For practical calculations each series must be ended after a finite number
of terms. If we assume that the dynamical series is convergent, we also

must be sure, that the considered terms are sufficient to describe the

final solution. To proof this we first calculate the exact statical solution
The statical series from chapter 4 must tend to this solution. If we compare
the exact statical solution with our statical series with N terms we are
informed about the quality of this series with its N terms. The difference
between both solutions is the rest of the series.

If we have a nonperiodical impact load, the dynamical amplification must be
between 0 and 2. For this case the dynamical series must converge, too,
and must behave in the same manner as the statical solution. If we end the
dynamical series after N terms WIEN , we get without additional compu-
tation the statical series with N terms wlgﬁ , because the evaluation
coefficients wn of the statical and the dynamical series are the same

By a comparison of the statical series wl?ﬁ with the exact statical
solution Woy We get the rest of the statical series, which will be
multiplied with a dynamical load factor J;* and will be added to the dy
namical series WIEN



$ 7/2

D 2 * s¢
W= Wiy t JR (Wu" Wy sn (22)

*
Thereby d% is the greatest dynamical load factor of frequencies a]n
with n > N

7. Numerical example

We consider a clamped hemisphere with h/a = 1/500, which is partially
loaded at its apex (figure 3a). The statical solution (bending theory of
thin shells) is given over the coordinate y in figure 3b., For an approxi-
mate dynamical solution the statical values have to be multiplied by a
fitting dynamical Toad factor, which depends on the time variety of the
load. The time dependence of the Toad is given in figure 4, which leads

to dynamical load factors Cr*as given over the frequency & in figure 5.
If we want to deduce the maximum value of the dynamical solution from the
statical calculation, we have to multiply the statical values from figure

3b with the greatest dynamical load factor of figure 5, Cf max - 1.83.
But the value Cr:ax = 1.83 must only by taken, if the shell has

frequencies, which are lying in the region of max of figure 5. That is
why sometimes a more accurate dynamical load factor can be found if the
eigenfrequencies of the shell are known. In this case only the greatest
dynamical load factor of the shell frequencies is of interest, in our
example 1° 1.42 (dynamical load factor of the first eigenfrequency).

For further improvement the above mentioned method will be applied.

If we calculate the radial displacement at shell apex, e.g., the statical
solution yields the value !7% = 121.48. This exact statical solution will
be compared with the statical series given in the 3'”d column of table I ,
in which the first column shows how many terms N are considered. In the
second column we have the related eigenfrequency tJNﬂuo of the N-th mode.
For example, if we consider two terms, the eigenmodes of the first frequency
0.705 and of the second frequency 0.877 are considered, we get a statical
series solution of 7.12, which will be compared with the exact statical
value 121.48. The difference of both values will be multiplied by the
greatest dynamical load factor, which occurs for frequencies a;>va (here
greater than 0.877). The result will be added to the maximum of the
dynamical series solution with two modes (4th column). So we achieve the
approximate dynamical solution 149.96 (5th column). The last column shows
the dynamical load factor of the approximate dynamical solution. The
results of table I are graphically shown in figure 6 over N, the number of
the considered terms. We can see, that by this method a good approximate
dynamical solution can be achieved with a relative small number of eigen-

modes - , e.g., the series with 10 terms only represents 70% of the final
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solution, but the approximate dynamical solution is satisfying with its 6%
over the final value.

For the membrane forces at apex the same calculation is done and shown
over numer N in figure 7 . We get similar results.

8. Conclusion

The dynamical series solution of an impact loaded spherical shell shows
that in the case of shells many terms of the series must be considered in
order to get sufficient practical solutions.

If we expand the statical solution in terms of the eigenmodes, too, and
compare the statical series with the exact statical value, we are informed
about the convergence of the statical series solution. If we are only
interested in the maximum value of the dynamical solution, we can achieve
a very good dynamical load factor by the above mentioned method, whereby
only a few terms of eigenmodes must be considered.
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Table I:
w

N N/wo

1 0.705
2 0.877
4 0.928
6 0.942
8 0.957
10 0.980
12 1.017
14 1,072
16 1.150
18 1,251
20 1,378
22 1.627

series solutions of radial displacement

consideration of

Wst =

121.48

stat. sol
(N‘}erms)
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2
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97
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figure 1:

N terms (wo =

dyn.

sol.

(N terms)
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22
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65.
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mass-spring-system
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19
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14
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F(t)

R?

W
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approximate
dyg. sol.

W
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132
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125
125

.47
146.
144,
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137.
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13
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.96
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.31
.31
125,
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at apex under

h/a _

1/500)

DLF

1.436
1.210
1.187
1.162
1,130
1.093
1.060
1.037
1.033
1,032
1.032
1.031
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figure 2a:  gdynamical load factor (DLF)
J over @t, for a linearly
o} increasing load function F(t)
Fit)
F
/3.
t
10
figure 2b: dynamical load factor (DLF)
J* over wt, for a sinusoidal gt'
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figure 3a: ch]amped hemisphere Y 4
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at its apex M‘a/éa!'
figure 3b: statical results
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