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SUMMARY

Uniformly loaded circular plates having orthotropic plastic properties are investigated.
Limit pressure solutions are obtained for both the simply supported and rigidly built-in edge
conditions. The usual sandwich plate theory is used. Statically admissible radial and circum-
ferential bending moment fields are found for all annular regions of the plates, and the
associated velocity fields are shown to be kinematically admissible. Numerical results are
given in dimensionless form covering arbitrary plate geometries over the entire range of
material orthotropy.

These solutions are quite useful in the plastic design and analysis of perforated plates
used as pressure vessel heads, tube sheets, reactor core support plates and the like. Perforated
plates have considerably higher effective yield strengths when subjected to equi-biaxial
loading than when subjected to loading of arbitrary biaxiality and orientation with respect
to the penetration pattern. Thus, the equivalent orthotropic plastic material concept is
ideally suited to the analysis of such plates. The resulting limit load pressures are substantially
lower than the values obtained using isotropic Tresca yield properties based on the yield
strength for equi-biaxial loading. The results are substantially higher than the values obtained
using the maximum isotropic Tresca yield properties falling entirely within the orthotropic
yield surface.

This work was sponsored by the Pressure Vessel Research Committee of the Welding
Research Council.
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Nomenclature

A = outer radius of the plate

C; = integration constants

2k = yield stress of solid isotropic material in uniaxial tension
MT,MG = radial and tangentlal moments per unit length

Mo = reference moment , Mo= kug o T2
MWy, My = dimensionless radial and tangential moments

P = pressure

P = dimensionless pressure defined by equation /10/

R = radial coordinate

" = dimensionless coordinate r=R/A

Tg = dimensionless radius of interface between the plastic regions
Ylelding in regimes AB and BC of Fig. 1

Tc = dimensionless radius of interface between the plastic regions
vilelding in reglmes BC and CD of Fig. 1

T = plate thickness
W = deflection velocity
W, = constant used to define velocity fields

Yii= the yleld stresses of equivalent orthotroplc materisl in uni-
axial tension in directions of orthotropy, i = 1,2,3, no sum

Y = yield point of the equivalent solid material for uniaxial
in-plane loading

P = orthotropy coefficient defined by equation /1/

Qr, §o = dimensionless radial and tengential stresses for plane stress
’ conditions

@a = general cut-out factor
M= ligament efficiency , = h/P,
L = width of minimum ligament section
Gii = principal stresses in directions of orthotropy, i=1,2,3,no0 sum
Ly W = dimensionless curvatures
= yleld function given by equation /7/
X, = auxiliary parameter used in equations /18/ and /19/
Y = posltive scalar in flow law equations /8/

1. Introduction

The solutlion of an elastic-plastlic problem of perforated circular
plate in bending obtained in Ref.[1] was based on the concept of an equi-
valent isotroplc material. Since the sendwich construction of the plate
was considered, the plastic behavior of the perforated sheet subjected to
biaxial in-plane loadlng and plane stress conditions was analyzed. The
equivalent isotropic material was described by the Tresca hexagon inscrib-
od within the lower bound yleld surfaces for perforated sheets subjected
to bilaxial in-plane loading of arbltrary orientation with respect to the
penetration pattern.

The concept of an equlvalent orthotropic material is presented herein.
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This concept is applied in the limit analysis of circular perforated /

plates., The go-called "general cut-out" factor, derived in Refs.[?] and
[3] for the perforated materials with equilateral triengular penetration
patterns, is used to describe the plastic properties of the equivalent
orthotropic plastic material. Uniformly loaded circular plates of equi-
valent orthotropic plastic materials are then investigated. The solutions
are obtained for rigld-plastic material behaviour for the cases of simply
supported and built-in edge conditions. It i1s shown that the collapse
loads obtained using the concept of an equivalent orthotropic material are
slgnificantly higher than those obtained for isotropic plates.

2, Yield Surfaces for Equivalent Orthotropic Material

A piecewise linear theory of plasticity of anisotropic materials was
formulated in Ref.[4]. The yield surface for incompressible materials is
represented in the space of principal stresses by parallelepipedes whose
edged are parallel to the axis of hydrostatic pressure. The equivalent
orthotropic material considered herein is described in Fig. 1. The stress
in the transverse direction is zero and the yield properties are inde-
pendent of the directlon of loading in the plane. Y11= YZZ are then de-
termined by uniaxial in-plane loading. Y35 is the yield stress for equi-
biaxial in-plane loading.
The plastic properties of the equivalent solid meterial mey then be con-
veniently described by the two constants Y and {5 where:

Y =Yy=T, and Y=(3Y33 n/

The extent to which ﬁ differs from unity indicates the degree of
orthotropy. The dashed line of Fig. 1 shows the yield surface of an iso-
tropic material for which Y11= Y22= Y33= Y. The orthotroplic equivalent
solid meterial described in Fig. 1 is precisely amalogous to a solid
material having isotropic in-plane yield properties, but higher yield pro-
perties for loading in the transverse direction. The plane stress general-
ized Tresca yield condition for this equivalent transversally isotropic
material is defined by the equations:

IG%,] ~ 079 | =Y for regime FE and BC /2a/
[ (P=1) Sy + 632 (=Y for regime AB and DE  /2b/
1 Grq + ((5-4) Con [=Y for regime AF and CD /2¢c/

where Gﬁq, 6§2are the in-plane stresses in the unperforated material.
For perforated materials, the yield point for equi-biaxial in-plane
stress is always larger than the yield point for uniaxial loading ,P<i4
Hence the requirement that the yield surface must be convex will always
be satlsfied,



3. Generalized Stresses

Since the lower bound approach is used to derive the plastic proper-
tles of the equivalent orthotropic material, its yield surface must fall
entirely within the yield surface of the perforated material. The yield
point in uniaxial tension Y and the yield point for the equi-biaxial
gtate of stress Y3 = Y/ﬁ must be obtained for the perforated materials.
For equilateral penetration patterns /i.e. trianguler or square/ and equi-
biaxial loading, the minimum ligament sections can support the yield
strength of the solid material. This is shown in Ref.[2] for the equilater-
al triangular pattern and can easily be seen for the square penetration
pattern., Consequently,

Y55=2f,(/k, /3/

where }b is the ligament efficiency.

The minimum yield strength for a perforated sheet subjected to uni-
axial stress arbitrarily oriented with respect to the penetration pattern
may be defimed by the se-ealled cut-out factor §, described in Refs.[2]
and [3]. The minimum yield point for unlaxial loading of the equivalent
80l1id material is glven by:

Y = 2/A,k,§° /4/

For a triangular penetration pattern a lower bound to the equivalent yield
stress is plotted in Fig. 2 versus the ligament efficiency.

Relation /4/ defines the maximum size of the Tresca hexagon which may
be inscribed within the yield surface of the orthotropic material and used
as reference for dimensionless stresses. It is apparent that for the
penetration patterns which were considered, 8o = which means that gener-

al cut-out factor go represents directly the degree of orthotropy.
The yield condition for the equlvalent transversally isotropic material
in plane stress is given by:

-] g0‘4 gr+§e T ©° ge =

where {y and {g are the dimensionless stresses ©7,,/Y and 6,5/,
respectively. The graphical representation of the limit surfaces employed
with this concept are shown in Fig. 3.

For the perforated plate in bending, the bending moments can be defined
as stress resultents

Moy = My /M, s My = Mo /M, /6/

whera P1o is a reference yield moment associsted with the yield stress /4/.

The yield condition in the space of generalized stresses is given by:

= max {lmy-mgl | Mg +(gomt)my | Jm, +(go-tmel}=1 72/
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Curvatures as generalized strains can be obtained for each side of
the yield polygon from the plastlic potential flow law, Dimensionless
moment-curvature rate relations are

oy dw-,,@t

dr?

Yy

Y=~

where Y 1is an arbitrary positive scalar.

4, Simply Supported Circular Plate

The solution for uniformly loaded plates whose orthotropy is charac-
terized by three yield points is glven in genersl form in Ref. 5 . For the
considered material /Y4 = ¥,5 = ¥ and 4
during collapse remains in the regime qﬁ?; +14-8o ), =1+ The collapse pres-

Y

/8/

= go/ the entire plate

sure for the simply supported edge condition is given by the relation:

r]/_

1

3

2
3¢,

where IL is the dimensionless pressure:

’Yler:;O (4-"'1)

Pl

p/

PA*

6M,
The moment distribution is given by

me = = +(4——) *

and kinematically admissible velocity field hes the form

5 Built-in Plate
The built-in plate will yield in three of the stress regimes speci-

fied in equation /7/. The respective regimes will be labelled AB, BC and

W= W, (4—’rg°)

/97

/10/

/Y

712/

CD with reference to the yleld polygon in Fig. 1. The equilibrium equa-
tions are as follows:

(o S

(rmy)

o
=

+ oy

G (Y ) +(G-1)m

v=1=-3pr?

after integration respectively:

in regime AB:

My =

4

%

~

I
2+¢,

~1 :—3?’1;?’"
L rm) + 712 L (me=t) = -3pr?

)

for regime AB

for regime BC

for regime CD

/13a/

/13b/

/13c/

/4a/

F 6/9



—6—

in regime BC: my =nr - (%tu),,z+ c, /1\4b/
in reglme CD: my = —% - ( ?’% °2"4)) re s C, T 2ot /bc/
o go—

The condition resulting from symmetry for regime A,
4
M, (0) = /W?e(O):‘ —g— /15/
o

whereas the houndary and interface conditions for regimes B, C, D are:

mv(1):m9(4)=~é}; My (Fg)=0; Mp(re) =1 /16/

The continuity requirements on the interfaces are:
my (rs)] =0 My ()] = 0 /17/

where Ty and Ty denote dimensionless radii determining the interfaces
between the stress regimes, and the symbol] indicates the discontinuity
across the interfaces, The dimensionless radii Ty and Tao and the collapse
pressure p, can now be obtalned in terms of the general cut-out factor
usging relations /15/ thru /17/ in equations /14/:

30, -2) % (3g,-2)% 2
Ln, [ (9€0 ~2) ¥ } - \29g 2 _2 /18/
?O+2 go 5 go
YF[ ];c /197
Yo
rp,=[g4ﬁ (4“‘%0] /20/
r K4 ~Qp
The bending moment field takes eventually the form
for regime AB m, = g_o~ (g%%)rz) me"@i ;[l%;i_)}t!'}rz) 721/
Y 3 2 2
for regime BC m,= ln (T’;s) Lty ), me= my+d, 122/
4 A (o _am PR ;D —e N
for regime CD Wi, =-— 4 | 2[4\So”1) | 7, I S 723/
R e voesr sl A i~ ik

me==d () [ (5]
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The plotted values of parameters Ty and ro are shown in Fig. 4

versus the general cut-out factor which describes the degree of orthotropy
of the plate. For &,— 1 which represents the isotropic behavior of the
material, g tends to unity which shows that the plastic region in regime
CD venishes, and the radius Ty tends to 0,730 which is the value obtained
for built-in isotropic plates.

To demonstrate that the solution obtained by considering the equi-~
1librium conditions i1s also kinematically admissible, the associated velo-
city flelds must be derived. Eliminabting parameter V from relations /8/
for each slde of the yield polygon, integrating and using the boundary
and continuity conditions the resulting velocity fields during plastic
flow become in regime AB:

Qo go So
W =Wofc(g°")g%j[($e) - g’otn({g)—(§0—1)Q(4“€o)+§0—2J /24a/
' ) (j_) g ( So )
in regime BC: W= W, '$' [ _§ _: W(;C_) ~r, 1-8o /24%/
. Se )
in regime CD W= w, [y- o1/ _ 1 ] /24c/

where W, is a parameter. This mechanism of collapse is kinematically
admissible and corresponds to the previous agsumption that the plate
yields in stress regime ABCD. Hence, the exact solution of the considered
limit analysls problem has been obtained.

The collapse pressure, and moment distribution are shown in Figs. 5
and 6, respectively. The plots are made versus the general cut-out factor

Qo , Its numerical values for the plates with equilateral triangular pene-

tration patterns are given in Ref.[Z]. Much smaller cut-out factors would
be expected for square penetration patterns.

In Fig. 7 comparison of collapse pressure for isotropic and ortho-
tropic plates is shown for triangular penetration pattern.
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FIGURE 1 YTIELD SURFACE FOR ORTHOTROPIC MATERTAL
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FIGURE 2 YIELD STRESS FOR EQUIVALENT MATERIAL
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FIGURE 3 THE OONCEPT OF EQUIVALENT ORTHOTROPIC MATERIAL APPLIED TO
FERFORATED SHEETS
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FIGURE 4 DIMENSIONLESS RADII OF INTERFACES BETWEEN THE STRESS REGIMES
IN BUILT-IN FLATE
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FIGURE 5 COLLAPSE PRESSURE FOR PERFORATED PLATE MADE OF AN EQUIVALENT
ORTHOTROPIC MATERIAL
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FIGURE 6 RADIAL AND CIRCUMFERENTTIAL MOMENT DISTRIBUTIONS IN ORTHOTROPIC
CIRCULAR PLATE AT COLLAPSE

/Y,I,l = Y22 = T Y35 = §°-Y/
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FIGURE 7 COLLAPSE PRESSURES FOR PLATES MADE OF EQUIVALENT ISOTROPIC AND

/TRIANGULAR PENETRATION PATTERN/











