
ABSTRACT

KORRAPATI, SAMEER. A Simple Auction for Early Delivery of High-Demand Products.

(Under the direction of Dr. Peter Wurman).

Companies face an important challenge in deciding the allocation and pricing of

high-demand products when they can supply them only in limited quantities, especially

during initial releases. Instead of traditional means, letting free market mechanisms like

auctions solve this problem can lead to more efficient outcomes. The Generalized Vickrey

Auction (GVA) occupies a prominent place in auction theory because of its allocative ef-

ficiency and incentive properties. But implementing the GVA requires the auctioneer to

solve n + 1 optimization problems, where n is the number of bidders. Moreover, it also

requires complete information revelation by bidders, which can be a severe constraint in

a real world application. Iterative auctions have been identified as a good alternative for

practical implementations, though sometimes trading practicality with efficiency.

We present a simple iterative auction that lets companies efficiently price and

allocate limited quantities of high-demand goods. Self-interested and myopic agents can

participate in a distributed manner in this online auction. We consider a supply of multiple

units of heterogeneous goods under unit demand by agents that have private valuations.

Because of its iterative nature, our auction computes the efficient outcome with very lit-

tle information revelation from the agents. We show that this outcome is efficient and

has incentive compatibility properties, like the GVA, under certain assumptions about the

agent valuations. Our simulations have shown that the mechanism converges quickly to the

equilibrium and collects relatively little information from the agents.
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Chapter 1

Introduction

Pricing high-demand goods is an important problem faced by companies. Difficul-

ties in accurately estimating the consumers’ demand and their valuations for the goods is

one main reason for this. Often, companies can supply limited quantities of goods during

the initial release of a product. During this period, there might be consumers who are

willing to pay much higher prices than the list price because they get the product earlier

than their peers. This is especially true in the case of high-demand goods like luxury cars,

game consoles, and such. In these cases, letting free market mechanisms determine the

prices based on high demand may be a better option than to use traditional means to price

the items.

As an illustration, some researchers have observed auctions on different web sites,

trying to identify various trends and patterns in these online auctions [4, 24]. In some

auctions we observed on eBay, a large number of Sony PlayStation 2s were traded for much

higher prices than the actual list price set by Sony.1 Fig 1.1 shows the data obtained from

different auctions conducted on eBay between Oct 14th and Oct 16th 2000, before the Sony

PS2 was released. The graph depicts the closing price of Sony PS2 in all these auctions,

along with the actual list price fixed by Sony ($299). This data shows that there was a

period during which Sony could supply only limited quantities of PS2 consoles and fell

far short of the demand they generated in the market. The opportunity to possess a PS2

earlier than their peers influenced buyers to raise their valuations much higher than the list
1I would like to thank Pravin Boniface for the data
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Figure 1.1: Winning Bids for auctions on eBay when Sony PS2 was released in Oct 2000.
Excess demand in the market drove the prices to up to 260% of the list price

price set by Sony.2 This arbitrage was effectively pocketed by individuals who bought PS2s

in stores and auctioned them on eBay. Rather than setting a list price without complete

knowledge of consumers’ valuations, Sony could have collected these profits itself by setting

prices with a free market mechanism.

An important problem to consider in such cases is how to decide an efficient allo-

cation and prices. A company can produce a finite quantity of items every day and offer

them for sale before there is enough supply to meet the total demand. In many such cases,

a lot of buyers are willing to pay more than the actual list-price. However, the company

does not know the valuations of the buyers during this period of excess demand. Such

asymmetries of information abound in economics. The decision about how to efficiently

allocate the limited goods, in the presence of self-interested buyers who are unwilling to

reveal their preferences completely is a non-trivial problem. Auctions are a mechanism that
2As http://www.pcworld.com/news/article/0,aid,33225,00.asp reports, bids went as high up as $1525 on

eBay, by the time PS2 was released on Oct 26th 2000
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can be used to address such problems.

An auction is a market institution with an explicit set of rules determining resource

allocation and prices on the basis of bids from the market participants [16]. Auctions have

been used for a long time for various purposes [12]. In recent times, auctions have been

used in trades involving billions of dollars, like spectrum allocation auctions by governments

[8, 17], procurement auctions, where a firm solicits bids from multiple suppliers to obtain

raw materials or other services, and between individuals for small value items, as on eBay.

We describe the design of a simple auction mechanism that can be used by compa-

nies for pricing their over demanded, time sensitive goods. Our design is an iterative, online

auction in which the auctioneer sells a supply of multiple units of otherwise homogeneous

goods differentiated by the fact that they are delivered on different days.

One way of achieving what we set out to do is to conduct a different auction for

each of the delivery days, by using a second price auction. But this approach is more

cumbersome than our integrated design. More importantly, the agents do not have to

participate in many auctions and manage their bids for each to identify their best position.

Our design is simple to participate for the agents, and easier to conduct for the auctioneer.

An efficient allocation is one in which the goods are allocated to the persons who

value them the most. Thus, reaching an efficient allocation implies that the participants

have no reason to re-trade the goods among themselves, as was the case with Sony PS2. We

describe an auction mechanism that (a) makes an efficient allocation of the goods among

the buyers, and (b) charges prices that cause each buyer to report true valuations and

choose her best position, under some assumptions about the valuation profiles. We present

a simple design that is practical and easy to conduct, and which does not require complete

revelation of values.

Auction theory, in general, distinguishes between the seller(s) and the auctioneer

depending on the type of auction being used. In our case, we do not make this distinction.

We use the term auctioneer, in what follows, to refer to the entity conducting the auction.

We ignore the seller’s incentives and do not address potential manipulation by the seller.

Similarly, the bidders in the auction could be computerized agents, so we use the terms

‘bidders’ and ‘agents’ interchangeably.

In chapter 2, we introduce the current field of study and survey related work and

results that we leverage on. Section 2.1 explains some common terms that we use frequently

in this document. In chapter 3, we describe our contribution. Section 3.1 describes the
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model we consider, while Section 3.2 explains our mechanism design. In chapter 4, we

discuss the properties of our auction, explain the reasons why our design works and also

the cases where it does not, with examples. Finally, in chapter 5, we present the results of

our simulations, supporting our claims. We analyze our auction and also compare it with

relevant previous works.



5

Chapter 2

Economic Mechanism Design and

Auction Theory

The area of mechanism design uses the tools of economics and game theory to

design a set of rules of interaction between participants to achieve a desired outcome,

according to some criteria [19, 26]. Resource allocation problems have been widely studied

in this perspective, and one of the important objectives of these problems is to achieve

efficiency in the final allocation. A large number of problems in economics can be stated

in terms of the general assignment problem in which the goal is to efficiently match a

set of ‘individuals’ to an equal number of ‘positions’. Assigning goods in a market among

buyers with different preferences can also be viewed in this perspective. Classical economics

studies competitive equilibria in such cases by making assumptions like “goods do not

exhibit complementarities”, and “the number of agents are large enough that a single agent

does not affect the market conditions”, among others. But in many practical situations,

the markets are thin, and researchers have used game theoretic approaches to solve the

assignment game.

An auction is a resource allocation mechanism. Information problems have been

identified as an important challenge in achieving globally optimal and efficient outcomes in

resource allocation problems [16]. In auctions, the information problems manifest through
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the idea that bidders have better knowledge of their valuations than the auctioneer, and

are usually reluctant to honestly reveal them. Any auction mechanism has to work within

this constraint but still achieve efficient allocation among bidders.

The term auction, derived from the Latin augere meaning ‘to increase’, is some-

what misleading, as not all auctions have increasing bids. Auctions can be classified in

different ways, based on parameters like how the prices vary during the auction (ascending

vs. descending), how the bids are elicited (open out-cry vs. sealed-bid, iterative vs. single-

shot), the bidders’ valuations of the goods (private values vs. common values) and others.

Instead of using a hierarchical taxonomy for these various types, Wurman et al. [29] de-

scribe the essential features that capture the similarities and differences among different

auctions.

The traditional auction theory points to four main auction types when a unique

item is to be traded, though many other variations have been practiced [12]. The English

auction is an open-outcry, ascending auction. Here, the bidding increases progressively until

only a single highest bidder remains, and the person with the highest bid wins the object at

that price. (first-price auction). The Dutch auction, as it is known in the academic world, is

an open, descending auction where the seller announces a high starting price, and price falls

until bidders’ demand matches supply. In the first-price, sealed-bid auction, sealed bids are

submitted to the auctioneer and the bidder with the highest bid wins the item at that bid.

The second-price auction, also known as the Vickrey auction, proceeds in a similar manner

except that the winner pays a price equal to the first loosing bid [1, 18].

But after analysis done by William Vickrey [27] and later by Myerson [21] and

Riley and Samuelson [23], the equivalence of these was established for certain settings. In

the independent private values setting and the benchmark model assumptions, the revenue

equivalence theorem establishes the following result: Any auction mechanism in which (i)

the object always goes to the highest bidder, and (ii) any bidder with the lowest feasible

signal expects zero surplus, yields the same expected revenue, on average, and results in

each bidder making the same expected payment as a function of her signal [13].

Game theory has been used by economists to study auction design and related

topics like bidders’ strategies (risk-averse vs. risk-neutral, etc) and their behavior under

different settings. Some of the assumptions made in explaining the theoretical properties

(e.g., bidder rationality) have attracted criticism that these models fail and are not robust

in practical settings. With the advent of the age of Internet commerce, auctions have
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become a multi-billion dollar industry. With computerized agents being used to participate

in economic transactions on behalf of humans, some of these shortcomings may be alleviated

[22, 26].

The Vickrey-Clarke-Groves (VCG) analysis [7, 11, 27] has become an important

contribution to the theory of mechanism design, by which other works can be assessed.

Groves and Clarke [7, 11] have addressed a general class of problems that include the as-

signment problem. Their solution has the property that honest preference revelation is a

dominant strategy for all players. The VCG mechanism eliminates some game-theoretic

challenges and can also be used as a standard for judging an auction design. As Parkes

[22] mentions, “the Groves mechanisms are the only allocatively-efficient and strategy

proof mechanisms for agents with quasi-linear preferences and general valuation functions,

amongst all direct-revelation mechanisms.”

In the famous sealed bid, single item Vickrey Auction [27], bidders bid their true

valuations. The auctioneer allocates the object to the bidder with the highest bid, at a

price equal to the second-highest bid. In this case, the price that a winning bidder pays

is the social opportunity cost, or the surplus that she takes away from other bidders by

winning that object. This auction is known to be incentive-compatible, which means that

it is a weakly dominant strategy for the bidders to reveal their true valuations, and the

assignment is Pareto-efficient. To understand this, consider a situation where a single

item has to be auctioned in the presence of two bidders [15]. Let bi and vi be the bid, true

valuation, respectively, of bidder i. The expected payoff, or utility, of bidder 1 when bidding

b1 is

u1(b1) = Prob(b1 > b2).(v1 − b2)

Bidder 1 can evaluate her three cases as follows: if v1 > b2, then bidder 1 can

maximize her chances of winning by making Prob(b1 > b2) = 1, by reporting b1 as v1; if

v1 < b2, then bidder 1 can maximize her chances of losing by making Prob(b1 > b2) = 0,

by reporting b1 as v1; if v1 = b2, any of the bids is optimal. Thus, reporting true valuation

is always an optimal strategy, irrespective of other bidders’ reports.

In its natural form, this Vickrey auction has limited scope. The Generalized

Vickrey Auction (GVA) shares the incentive-compatibility feature in a much broader class

of problems [26]. The GVA charges each bidder the social opportunity cost (or the surplus

loss that the bidder imposed on the other bidders). Also, the property that final payoffs
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equal the agents’ marginal products induces truthful revelation of valuations by agents.

This is a very important result for the field of mechanism design. Computing system-

wide globally optimal solutions in the presence of distributed, self-interested agents with

private valuations, is an important problem addressed by the researchers in this area. So,

a mechanism that encourages truthful information revelation has profound applications.

But when it comes to real world applications, the high communicative and com-

putational requirements of the sealed-bid GVA make it unattractive. In a sealed-bid GVA,

all the agents reveal their complete valuation profiles to the centralized auctioneer. The

auctioneer then solves the optimization problem of finding the efficient allocation, the one

that maximizes the sum of the valuations under resource constraints. Once the best alloca-

tion is known, the auctioneer also has to compute the prices to be paid by each agent. For

this, the auctioneer considers the marginal economies where each agent is removed and the

allocation determined again. Thus, the auctioneer has to solve (n + 1) optimization prob-

lems where n is the number of agents. This high computational cost makes the sealed-bid

GVA infeasible for many practical purposes.

These optimization programs can be formulated as linear programs. Instead of

solving n + 1 problems, researchers have identified that it is enough to consider just two

sequential linear problems [14]. First, the assignment problem (primal) is solved that gives

the allocation along with the total valuation of that assignment. Based on the observation

that the relevant prices to be found out are the market clearing prices with the lowest sum,

the dual of the above primal is solved to get the prices as well.1 Thus, identifying the

connection between the GVA and the primal-dual algorithm to implement it, we need to

solve just two sequential linear programs.

While the primal-dual approach has reduced the computation requirements, it still

is of theoretical interest, as it assumes the availability of complete agent valuations with

the centralized auctioneer. In reality, complete information about agent valuations might

not be feasible because, (a) computing the entire valuation profile might be too costly for

agents and (b) self-interested, autonomous agents might not be willing to reveal entire

private information for privacy reasons. Practical and efficient ascending auctions have

been proposed that implement the primal-dual algorithm for the underlying optimization

problem [2, 10, 22] without the need for complete information revelation, under different
1See section 4.1 for a better explanation of this
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settings.

Ausubel [2] designed an efficient ascending price auction in the case of homoge-

neous items where the buyers have non-increasing marginal values on units. This auc-

tion implements the VCG outcome, thereby making it an incentive compatible mechanism.

Bikhchandani [5] shows that this auction is a primal-dual algorithm applied to an appro-

priate linear programming formulation in which the dual solution yields those same market

clearing prices at which the bidders get their marginal products. Ausubel and Milgrom

[3] propose an ascending auction for package bidding with Vickrey payoffs under the buyer

submodularity condition. Parkes [22] designed an ascending auction with strategyproofness

to solve the combinatorial allocation problem when agents are substitutes.

Demange et al. [10] designed an ascending price auction for the assignment prob-

lem with multiple objects under the unit demand case that implements the VCG outcome.

In every iteration, the auctioneer collects the ‘demand sets’ that give maximum utility to

the bidders, and calculates the ‘minimally overdemanded’ set of items. Prices of these min-

imally overdemanded items are incremented and the auction proceeds into the next round.

The auction terminates when no overdemanded sets remain, and the final assignment is the

one reached in the last iteration. They also prove that this is the equilibrium assignment

and prices. de Vries et al. [9] generalize this case where buyers demand multiple items; they

construct an ascending price auction for heterogeneous objects by applying a primal-dual

algorithm to a linear program representing the efficient allocation problem for this setting.

Wellman et al. [28] consider some general classes of scheduling problems and investigate

the existence and properties of equilibrium solutions with distributed protocols. They an-

alyze an ascending auction protocol under various settings, including single unit resource

allocation problems — a class of problems that contains our model. Wellman et al. derive

error bounds on the sub-optimality of the solution that arises in the ascending auction.

In our work, we consider the case of multiple heterogeneous items under a unit

demand setting. This can be re-written into the standard assignment model. We design

a simple iterative mechanism that can be used by companies in efficiently pricing and

allocating their highly demanded goods. We present experimental results that showed

that our mechanism converges to the desired equilibrium while collecting relatively little

information from the agents.
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2.1 Explanation of some terms

In this section, we discuss some concepts that we will be using in the document.

More detailed explanations can be found elsewhere [16, 22].

In game theory, a strategy of an agent is a decision rule that defines the action an

agent will select given the current state of the game. Utility is an ordinal representation of

a preference relation among different outcomes. In auctions, an agent can assign different

valuations to different allocations it can obtain. We usually assume that all agents’ values

are drawn from a common, known distribution. Surplus is the difference in utility that an

agent receives between two different outcomes.

A Quasilinear utility function for an agent holding the commodity z and money τ

is denoted by the following equation:

u(z, τ) = υ(z) + τ

This is to say, the agent defines a valuation function υ(.) for the commodities

z ∈ Z and the monetary transfers represent payments made by the agent. Quasi-linear

preferences allow us to consider the valuations of agents independent of their wealth. The

money payments are effectively a way to transfer utility across agents. We assume in

our auction model that bidders have quasi-linear utilities. Further, each agent’s money

endowment is normalized to be zero, and the utility of no-trade is 0. (u(0, 0) = 0)

Risk neutral bidders are agents that are indifferent between two options that have

the same expected payoff. In the case of utility maximizing agents with quasi-linear utilities,

risk neutrality follows because an expected utility maximizing agent will pay as much as

the expected utility of the item, and its valuations are independent of its endowment.

The concept of Nash equilibrium has come to occupy a prominent place among

the solution concepts of game theory. A strategy profile (strategies of all agents consid-

ered together) is a Nash equilibrium if every agent maximizes its expected utility given the

strategy profile of other agents. In other words, if there is a set of strategies with the prop-

erty that no player can benefit by changing her strategy while the other players keep their

strategies unchanged, then that set of strategies and the corresponding payoffs constitute a

Nash equilibrium.

A dominant strategy equilibrium is a more robust solution concept where every

agent has a single utility-maximizing strategy that is independent of strategies of other
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agents. An agent’s dominant strategy would maximize it’s utility without having to make

any assumptions about other agents’ behavior.

Pareto optimality is a measure of the efficiency of the outcome of a game. An

outcome of a game is Pareto optimal if there is no other outcome that makes every player

at least as well off and at least one player strictly better off. A Pareto optimal allocation

cannot be improved upon without hurting at least one bidder. With quasi-linear preferences,

Pareto optimal solutions also maximize the net gain in utility.

Revenue maximization and social welfare maximization are two different design

objectives for pricing a good. The former tries to price the goods in such a way that the

revenue received by the seller is maximized. The latter maximizes the consumers’ surplus

as opposed to maximizing the seller’s revenue. The second method is efficient in the sense

that it maximizes the gains from the trade, which are divided between both the buyers and

the sellers. Efficient auctions also have a desirable effect on the participation of agents in

the trade. In our model, we choose efficiency rather than revenue maximization to be the

goal.

A mechanism is incentive compatible if truthful revelation of an agent’s valuations

is a dominant strategy. An auction design that achieves strategy-proofness (dominant strat-

egy, incentive compatible) is very desirable, as it gives self-interested agents an ‘incentive’

to report their actual preferences. Incentive compatibility has other useful properties also.

An agent can compute it’s optimal strategy without trying to model other agents’ strategies

which reduces the complexity of the decision problem facing the agent.

Given various auction mechanisms to choose from, a natural question is, “which

auction is best for a given problem”. The revelation principle states that for any mecha-

nism, there is a direct, incentive compatible mechanism with the same outcome [21]. The

significance is that, the search for an optimal mechanism can be limited to the class of direct,

incentive compatible mechanisms, which is a useful theoretical result. Computationally, it

is not always feasible to reveal complete preferences, and this has motivated research into

iterative mechanisms.

An iterative auction is one that proceeds in multiple rounds, progressively chang-

ing the auction state, as opposed to a ‘single shot’, sealed-bid design. Iterative auctions

have been devised to address the problem of a lack of complete information at the central

auctioneer in the presence of distributed, self-interested agents. Some of these auctions

aim to compute the same outcome as those produced by mechanisms that have complete
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information, with less information revelation, and with less computational requirements

on the part of agents. As Parkes and Mishra [20] mention, iterative auctions with similar

theoretical properties as their equivalent sealed bid designs can have better revenue and

efficiency features, better address the privacy issues, and have greater ease of use.

We assume in our model that agents follow a myopic best response strategy when

placing their bids. The agents are myopic in the sense that they only consider the current

state of the auction in making their decision. When agents try to maximize their surplus,

they compute the best surplus by considering the price schedule given to them in that

round.

Symmetric independent private values is a common assumption in auction litera-

ture, especially with regards to the basic auction types. It makes some ‘benchmark’ assump-

tions that include (i) bidder valuations are ‘private’, (ii) bidder valuations are modeled as

independent random variables, drawn from some continuous probability distribution, and

(iii) all bidders are ex-post indistinguishable, and the distribution of each bidder’s valuation

is the same (symmetric)
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Chapter 3

The Early Delivery Auction

In this chapter, we describe the design of our auction, how it is run and how the

allocation and the prices are determined. The auction has an iterative structure, with the

‘state’ of the auction at each iteration described by the winning agents and the pricing

information (delivery prices and the ask-prices). Section 3.1 explains the problem model we

consider. We present the details of our auction design in Section 3.2. Subsections 3.2.1 and

3.2.2 describe the algorithms used by the auctioneer and the agents respectively. Subsection

3.2.3 describes how the prices are determined in our mechanism. Subsection 3.2.4 describes

an important part of the design that is needed for the auction to converge to equilibrium.

We finally illustrate our mechanism with examples in Section 3.3.

3.1 The Model

The setting we consider is a company that has a limited number of indivisible

units available to be auctioned off; it can supply these goods spread across different days,

with possibly multiple units on each day. We wish to assign these goods to bidders who

demand at most one unit. We also wish to price the goods anonymously, meaning that all

the bidders who receive a good on a given delivery day will pay the same price for it. The

bidders have their own private valuations for these goods, and typically, different values

for delivery on different days. A reasonable assumption that we make is that valuations
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decrease for delivery on later days. Thus, we expect that the price of the goods determined

by the auction decreases with the delivery days.

The auction can be conducted anytime before the actual delivery. Agents register

with the auctioneer to participate in the auction. The auction proceeds in multiple iterations

and terminates after a finite number of iterations when no participating agent changes its

bid, indicating that the agents are satisfied with the outcome reached. The price vector

declared by the auctioneer at the end of the last iteration establishes the prices of the items

for each of the delivery days. The allocation is the one reached in this last iteration.

To explain the working of our auction, we introduce the following notation: Let B

be the set of bidders who wish to participate in the auction. Let the delivery period run for

m days,1 and d = 1, 2, ...m denote the delivery days with earlier delivery days represented

by a lower number. Let Q be the total quantity of items (discrete units) available to be

auctioned off; these items are available in limited quantities on each of these days. Let qd

denote the number of units available on day d, such that
∑m

d=1 qd = Q. We want to decide

the allocation of the goods among agents j ∈ B. We also wish to determine a price pd for

each delivery day d. Because our pricing scheme is anonymous, all the winners who get an

item on day d pay price pd.

Each agent j demands at most one unit of the base good. Since the agents’ value

for a particular unit of the good depends on the day on which it is delivered, the goods

available on different days can be treated as heterogeneous. Each agent j has a valuation

profile vj(.) with vj(d) being the valuation assigned by agent j for receiving an item on

day d. Without loss of generality, we can assume that these valuations represent the excess

monetary value that bidders are ready to pay for the item over a fixed price set for the item

available on day m+1. For normalization purposes, we define vj(d) = 0 for d > m, ∀j ∈ B.

With this notation, we next describe the assumptions under which we consider our

problem setting.

3.1.1 Assumptions

• Private values: The valuation profile vj(.) of agent j is private information. It does

not change these values based on other agents’ bids. This assumption removes the

effects of any kinds of “value interdependencies”.
1Typically, we expect n À Q ≥ m because of the high demand
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Figure 3.1: Nature of agent valuations

• Quasilinear utility without externalities:

– An agent j that wins an item on day d pays a price pd, and earns a net payoff,

or surplus, of vj(d)− pd,

which does not depend on what other agents receive.

– An agent who does not win any item receives nothing, and pays nothing, with

its utility being zero.

This assumption is a standard one in auction theory, that restricts payoffs to be linear

in money.

Along with the above standard assumptions, we make the following additional

assumptions about the valuations of the bidders:

• Monotonically decreasing valuations: A bidder’s valuation of a good decreases as the

delivery days progress. That is, for every bidder j, vj(i) > vj(i
′
) for i < i

′
.

• Non-crossing valuations: An important assumption we sometimes make about the

valuations of the agents is that the sorted order of the agents remains the same on all

the delivery days. That is,

vj(i) > vj′ (i) ⇒ vj(i
′
) > vj′ (i

′
) ∀j, j′ ∈ B, ∀i, i′ ∈ {1...m}.
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When the (discrete) valuations are plotted in a 2 dimensional space, this means

that the valuation graphs of two agents do not cross. We then have the following constant-

decrease valuation profiles to consider: converging, diverging, parallel and any mixture of

these. (See Fig. 3.1). Note that, our assumption, by itself, does not restrict us to constant-

decrease plots for valuations. But in our simulations, we have considered constant-decrease

plots only, and, in what follows, we describe the mechanism using such valuations.

3.1.2 The Problem

Given the limited quantities of goods ({q1, q2, ...qm}) available on each day, and

the agents valuing them according to their valuation profiles vj(.), we want to determine

the efficient assignment of bidders to delivery days and the supporting prices. Specifically,

we wish to determine the prices pd for the items bought on day d and the allocation matrix

a = {xjd} where xjd = 1 if agent j is delivered an item on day d, and 0 otherwise.

Clearly, there would be many such feasible allocations that meet the constraints

on quantity and unit demand. Let A be the set of all feasible allocations that satisfy the

conditions
∑

j

xjd ≤ qd ∀d,

∑

d

xjd ≤ 1 ∀j ∈ B,

xjd ∈ {0, 1}.

Our criterion is to find the efficient solution, that is, the one that maximizes the

sum of the agents’ surplus. Formally, our goal is to find the allocation a∗ ∈ A that achieves

max
∑

j

∑

d

vj(d)xjd (3.1)

subject to

∑

j

xjd ≤ qd ∀d,

∑

d

xjd ≤ 1 ∀j ∈ B,

xjd ∈ {0, 1}.
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Along with the allocation, we also want to determine the set of incentive compatible

prices pd on day d that induce truthful valuation revelation by the agents.

3.2 Auction Algorithm

In this section, we describe the steps followed by both the auctioneer and the

agents, on their respective ends, as part of the auction. We do not concern ourselves

with issues like how the agents register to participate in the auction, the syntax of the

communication messages and such. We start with the assumption that the auctioneer and

the agents already know the number of delivery days for which the auction is to be run,

and the number of units to be auctioned each day. Each agent has a private valuation for

each available day.

At each iteration, the auctioneer computes and reveals a tuple {pd, askd} for all

the m delivery days, where

• pd is the price of the good for delivery day d.

• askd is the lowest price that a bidder needs to exceed to win an item on day d.

The bid placed by an agent j has the following information:

• Bid-price for one of the delivery days v̂j(d̂).

• δj , or the amount it is willing to go up, to get the item a day earlier, where δj =

v̂j(d̂− 1)− v̂j(d̂).

Here, d̂ is the day that maximizes the agent’s payoff, and is implicitly communicated to the

auctioneer. We later show that our mechanism is incentive compatible, and the bid-price

revealed by agent j, v̂j(d̂), is in fact its true valuation vj(d̂)

3.2.1 Auctioneer’s Algorithm

The auctioneer computes the state of the auction (price vectors and winning

agents) at each iteration, and announces the prices to the agents. The price vectors are

all-zero at the start of the auction. Whenever an agent places a new bid, the auctioneer

re-computes the state of the auction and makes a new announcement. The calculation done
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by the auctioneer is very straightforward. First, it tags an askedDay request to the bid, by

observing which day the agent had targeted, as implied by the ask prices. The auctioneer

sorts the bidders in the decreasing order of their bid-prices, and allocates the items available

by assigning the highest bidders to the earliest days. In this computation, the auctioneer

does not consider the askedDay request of the agent’s bid. The set of agents W who are

assigned an item are the ‘winning agents’ in the current state of the auction. Once the

allocation is determined, the prices and ask-prices for each day are calculated (explained in

Section 3.2.3). On declaring this new state, agents place new bids, and if any agent changes

its bid, the auction continues; if no agent changes its bid, the auction terminates. Termi-

nation indicates that the equilibrium is reached, and the winners pay the prices declared in

the price vector.

Thus the auctioneer’s algorithm can be presented as follows:

• STEP-1: Initialize the price vector and the ask-price vectors to all-zero values (pd =

0, askd = 0 ∀d), and set of winners to null (W = ∅).

• STEP-2: Declare the current price vectors (p(.), ask(.)) and accept new bids. On

eliciting a new bid from agent j, perform steps 3-7

• STEP-3: Tag an askedDay to this bid. i.e., find d̂ such that askbd−1
> v̂j(d̂) >= askbd.

• STEP-4: Sort the agents according to their bid-prices. Break ties by the bids’ δs.

• STEP-5: Allocate items by assigning highest bidding agents to earliest days, and

find the new W .

• STEP-6: Perform adjustAllocation algorithm (see section 3.2.4)

• STEP-7: Calculate the new price vector and ask-price vector (see section 3.2.3)

• STEP-8: Run steps 2-7 till no agent changes its bid from the previous bid. When

no agent changes its bid, terminate the auction.

3.2.2 Agent’s Decision Process

Every agent has its own valuation for the good on each of the potential delivery

days. The agents follow a myopic best response strategy along with the additional “bid at
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least the ask price” behavior. Every agent finds the day for which, given the current prices,

its payoff is maximized. Here, the payoff is the surplus of the agent’s valuation above the

declared price. If one or more payoffs are positive, the agent places a bid with bid-price

equal to it’s valuation for the day that maximizes it’s utility. It also declares the difference

δ, between this bid-price and the valuation for the next earlier day. That is, the agent

declares the extra amount that it is ready to pay, in order to receive the item a day earlier.

When agents place their bid, they first check if they fall in the ask price range of

the day they want to bid for. If they do not, they look for other days. Given the current

price tuples, each agent j myopically picks its utility maximizing day d̂, where,

d̂ = max
d
{vj(d)− pd},

subject to

askd ≤ vj(d) < askd−1.

If the previous choice is among those that maximizes the utility, the agent decides

to stick to the previous choice. Thus in the bid, agent j reveals the following information:

• Bid-price = vj(d̂).

• δj = vj(d̂− 1)− vj(d̂)2

If none of the payoffs are positive, agent j places a bid-price of 0 — its valuation

for day m + 1 — along with δj = vj(m).

3.2.3 Price Computation

In this section, we present the equation that the auctioneer uses to compute the

prices. In the next chapter, we use this equation and prove that these prices are the same

as those computed by the sealed-bid GVA, and charge the agents their social opportunity

costs in equilibrium.

In our scheme, as mentioned earlier, every agent reports a δ, which is the difference

between the agent’s placed bid and its valuation for a day earlier. After every bid, the

auctioneer allocates the goods among the agents, and identifies the highest bid-price on

2For completeness, we define δj = 0 when bd = 1.
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each day. The price is then calculated as a cumulative sum of all the δs of these ‘border

agents’, starting from the last day, including the δ of the first losing agent in the overall

auction. Remember that the δ declared by this agent is its last day’s valuation.

Let Hd be the highest bidder on day d, and δHd
be the δ declared by Hd. Then

the prices are given by

pd =
m+1∑

d+1

δHd
. (3.2)

Similarly, when the agents are sorted in decreasing order of their bid-prices and

assigned items, we find that there would be an agent who receives the last item available on

each day.3 Let Ld be the lowest bidder on day d, and v̂Ld
be its declared bid-price. Then

the ask-prices are given by

askd = max[v̂Ld
(d), v̂Ld−1

(d) + v̂Ld
(d− 1)− v̂Ld−1

(d− 1)]. (3.3)

Note that we have the bidders’ earlier day’s valuations from their declared δs.

3.2.4 adjustAllocation

In this section, we describe a sequence of steps that the auctioneer performs after

there is a new bid and the state of the auction is re-computed. We call this subroutine

adjustAllocation, because the auctioneer adjusts the bid-prices and allocation of a few

agents in order to find the best allocation. The need for this algorithm is explained in

section 4.3. This subroutine consists of the following steps:

• STEP-1: Looking at the current allocation, identify the agents that fall on the day

borders. At each day-border, perform steps 2-4

• STEP-2: Pick the agents on either side of the day-border d. Denote the last winner

of the earlier day as Ld and the first winner of the later day as Hd+1.
3When the last item has to be allocated between two agents with equal bid-prices, the auctioneer breaks

the tie in favor of the agent with the higher declared δ.
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• STEP-3: If the askedDay requests of both these agents have been met by the current

allocation, return to step-1 and continue to the next day border. Else, perform step

4.

• STEP-4: If the best allocation agrees with the sorted order of the agents, adjust the

bid-price of Ld by pushing it higher by an amount equal to its declared δ. Else, adjust

the bid-price of Hd+1 by pushing it higher by an amount equal to its δ, and swap the

agents in the assignment list.

3.3 An Example

In this section, we present two examples, one with converging valuations and

another with diverging valuations. In both the examples, we consider a case where 4 items

are to be auctioned off, spread across 2 days {d0, d1}, 2 on each day. Let there be 5 agents,

B = {b0, b1, b2, b3, b4} participating in the auction. The valuations of the agents are given

in Table 3.1 for the converging case, and in Table 3.2 for the diverging case. The trace of

the auction when run with these examples is presented in the appendix. Note that, in our

simulations, the order of elicitation of bids in a round is random.

In the converging case, clearly, the efficient allocation would be {b0, b1} → d0 and

{b2, b3} → d1, which gives a net social value of [(100 + 90) + (74 + 66)] = 330. The prices

as computed by a sealed-bid GVA are {p0, p1} = {64, 58}. Observe that by the last round,

our auction settles at this equilibrium (see trace-1 in appendix).

In the diverging case, the efficient allocation would be {b0, b2} → d0 and {b1, b3} →
d1 giving a net social value of [(100 + 82) + (83 + 66)] = 331. (Note that it is not

{b0, b1} → d0 and {b2, b3} → d1). The prices as computed by a sealed-bid GVA are

{p0, p1} = {66, 58}. Again, by the last round, our auction settles at this equilibrium (see

trace-2 in appendix).

Some of the features of our auction that can be observed from the trace are:

• An agent can move in any direction (among all days) during the auction, by either

decreasing or increasing its bid. (From trace-2 in appendix, we can see that b4 moves

up to d1 by placing a bid-price of 58 and later comes down by making its bid-price 0)

• The prices and ask prices of the items can both increase and decrease during the
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AGENT DAY0 DAY1
b0 100 90
b1 90 82
b2 80 74
b3 70 66
b4 60 58

Table 3.1: Valuations of agents: Converging case (Example-1)

AGENT DAY0 DAY1
b0 100 90
b1 90 82
b2 83 74
b3 70 66
b4 60 58

Table 3.2: Valuations of agents: Diverging case (Example-2)

course of auction.

• An agent that withdraws from the auction in an iteration (by placing a bid of 0) can

place a bid (and maybe win) in subsequent rounds.
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Chapter 4

Auction Properties

Following the work of Vickrey [27], the ‘second-price’ auctions have been proven to

be incentive compatible. Another important property of these auctions is that the second-

highest bid is the smallest price that maintains the efficient equilibrium. Researchers [10, 14]

have studied the generalization of the Vickrey second-price auction for multi-item case under

a unit demand setting and shown that the incentive compatibility feature continues to hold.

In the multi-item, unit demand setting, an observation from Shapley and Shubik [25] is

that the model always has an equilibrium and that the smallest price vector among all the

equilibrium prices is unique, and ‘best’ from the point of view of the bidders.

In this chapter, we prove that, at equilibrium, our auction is incentive compatible

and achieves the efficient allocation. For this, we leverage existing literature in the areas

of economics and mechanism design. Bikchandani et. al [6] survey various auction envi-

ronments and examine the connection between Linear Programming and Vickrey payments

in auctions. They analyze multi-object auctions in terms of the duality theory of linear

programming. Leonard [14] considered the assignment problem and derived the require-

ments for the final solution to be incentive compatible. We use results from these papers

to establish that the equilibrium reached in our mechanism is incentive compatible.
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4.1 Incentive Compatibility

Proposition In a heterogeneous, unit demand model, with monotonically decreas-

ing and non-crossing agent valuations (see Section 3.1.1), the equilibrium allocation and

prices determined by our auction are incentive compatible and each agent receives a surplus

equal to it’s marginal product.

The above observation can be considered by breaking it down into the following

statements:

• Dynamics: Our auction terminates with the efficient allocation when the agents follow

a myopic best response strategy.

• Static: At this equilibrium, bidders receive surplus equal to their marginal products

(i.e., pay GVA payments), and so this is an incentive compatible mechanism, and an

ex post Nash Equilibrium.

First, we consider the static part, assuming that the auction terminates at the

optimal allocation. For the dynamic part, we present experimental results in the next

chapter to support our claim that the auction terminates at the efficient equilibrium, under

some restrictions on the agent valuations. Our simulations produced encouraging results

about the practicality of our auction with different problem sizes. We also randomized the

order of bid elicitation to remove the effect of specific test data influencing the results based

on the order in which bids are placed.

Let B = {j} be the set of n bidders, I be the set of all objects to be allocated;

Let A be the set of feasible allocations among them. As these items are available across

different days, we can break the set I as
⋃

d(Id) where Id is the set of items available and

|Id| = qd is the number of items available on day d. Recall from section 3.1.2, the problem

we consider is

max
∑

j

∑

d

vj(d)xjd

subject to

∑

j

xjd ≤ qd ∀d,
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∑

d

xjd ≤ 1 ∀j ∈ B,

xjd ∈ {0, 1}.

where xjd = 1 if agent j is allocated object on day d and 0 otherwise.

These equations can be rewritten without the explicit constraints on each day, by

looking at the problem as a ‘matching’ problem where we have to efficiently match all the

items available to the bidders. Let vj(i) ≥ 0 be the value that agent j assigns to object i.

Let xji = 1 if agent j is allocated object i ∈ I and 0 otherwise. Then the problem is to

choose xji such that

max
∑

j∈B

∑

i∈I

vj(i)xji (4.1)

subject to

∑

j∈B

xji ≤ 1 ∀i ∈ I,

∑

i∈I

xji ≤ 1 ∀j ∈ B,

xji ∈ {0, 1}.

This is the assignment problem that was considered by Leonard [14]. The first con-

straint implies that an object can be allocated to at most one agent. The second constraint

implies that the sum of all allocations made to an agent j is at most 1.

Solving this assignment linear programming problem gives us the efficient alloca-

tion of the goods among all the agents. We also need to find the market-clearing prices of

these goods. For that, let us consider the following dual of the above primal problem [14].

min
∑

j∈B

uj +
∑

i∈I

wi (4.2)

subject to

uj + wi ≥ vj(i) ∀i ∈ I, ∀j ∈ B,

uj , wi ≥ 0 ∀i ∈ I, ∀j ∈ B.
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Typically, there will be multiple solutions to the dual problem manifested as dif-

ferent market-clearing prices that satisfy the optimal allocation. Leonard [14] presents an

elegant argument why, among all these prices, the ones that maximize the surplus to the

agents yield the Vickrey payments, and shows that these are incentive compatible. Specif-

ically, if we interpret wi as the price of object i and uj as the surplus of agent j, then the

Vickrey payments maximize the total surplus
∑

j∈B uj . We also know from VCG analysis

that these prices would result in each agent getting a surplus equal to it’s marginal product.

In other words, among all the pricing equilibria, the buyer pays the minimum when she pays

her social opportunity cost.

Given this background, if we show that in our auction the winning agents end up

making Vickrey payments, then our auction will be incentive compatible. We show this in

the next section.

4.2 Prices are GVA prices

In this section, we show that the prices computed by the auctioneer when our

auction terminates are the same prices as those computed by a sealed-bid GVA.

Equation (3.2) gives the pricing scheme in our auction, where all agents winning

on day d pay pd. It is not difficult to see the relationship to the pricing scheme of the GVA.

As an illustration, consider the auction of a single item on a single day. In the sealed-bid

GVA (which in this case reduces to the Vickrey second price auction), all the bidders reveal

their true valuations as bids to the auctioneer. The auctioneer then sorts the bids and

assigns the item to the highest bidding agent, at a price equal to the bid of the second

highest agent. In our auction also, the item goes to the highest bidder. The price, from

equation (3.2) is given by

p1 = δH2 = v̂H2(1)

where H2 is the second highest bidder and v̂H2(1), her bid-price for the item. Thus in this

simple case, our allocation and the pricing scheme are the same as that of Vickrey second

price auction.

Let us now consider a more general setting, with m items to be auctioned off in m

delivery days, one per day. Let us assume, without loss of generality, that the agents, when
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sorted in the decreasing order of their valuations over all these days, are {1, 2, ...m, m +

1, ...n}. Because of our assumptions on the agents’ valuations, this sorted order remains

the same on all the days. Let us also assume that in the efficient allocation, agent j wins

the item on day j. This means that Hj and Lj will be agent j, as there is only one item on

each day. When we consider the marginal economy without agent j, and re-calculate the

optimal allocation, agent j’s position will be taken by agent j + 1.

Recall that A is the set of all feasible allocations. Let aj be agent j’s allocation

in a ∈ A and vj(aj), the agent’s valuation for that allocation. Clearly, vj(aj) = vj(d) if a

assigns an item to agent j on day d, and 0 otherwise. Let a∗ be the efficient allocation that

solves maxa∈A
∑

j∈B vj(aj). Let

V (B) = max
a∈A

∑

j∈B

vj(aj), (4.3)

V (B\j) = max
a∈A

∑

k∈B\{j}
vk(ak). (4.4)

Let us look at the prices computed by the GVA under these assumptions. Equation

(4.4) refers to the marginal economy without bidder j. That is, we consider the economy

in which agent j is not present, and solve the allocation problem. In the GVA scheme, the

price paid by a bidder j is given by

πj = V (B\j)− [V (B)− v̂j(a∗j )], (4.5)

where a∗j is agent j’s assignment in the efficient allocation a∗.

In the present case, with the assumption that agent j wins the item on day j,

a∗ = {xjd} with xjd = 1 when j = d, and 0 otherwise. Equation (4.3) then reduces to

V (B) =
m∑

d=1

v̂d(d).

If we drop agent j from the economy, equation (4.4) reduces to

V (B\j) =
j−1∑

d=1

v̂d(d) +
m+1∑

d=j+1

v̂d(d− 1),
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because, on re-assignment, every agent moves up one day, and agent m + 1 gets the last

item. Recall that agents report both v̂(d) and v̂(d− 1) = v̂(d) + δ. Substituting, we get

V (B\j) =
j−1∑

d=1

v̂d(d) +
m+1∑

d=j+1

[v̂d(d) + δd].

So, equation (4.5) becomes

πj = [
j−1∑

d=1

v̂d(d) +
m+1∑

d=j+1

[v̂d(d) + δd]]− [
m∑

d=1

v̂d(d)− v̂j(j)],

as a∗j is day j. On reducing, the price paid by agent j, πj or pj , according to the GVA

scheme, is given by

pj =
m+1∑

d=j+1

δd.

We know that agent d is Hd, and so, the above equation is the same as equation

(3.2), the one we use in our auction.

In the above explanation, we considered that there is just one item per one day.

The generalization to the case of multiple items per day is straightforward. Recall that,

in our scheme, we consider the δs of the ‘border agents’ only. Even in the GVA, when an

arbitrary agent is removed from the system, and the agents move up on re-allocation, the

effect on prices is still caused by the agents on the day borders. We conclude that our

pricing scheme, given by equation (3.2), is the same as the GVA pricing scheme.

4.3 Rationale for adjustAllocation

adjustAllocation is a simple process applied by the auctioneer at the end of each

round. In this section, we explain the need for the auctioneer using adjustAllocation and

show that this adjustment is needed to accurately compute prices.

We present a simple 2 agent situation that occurs at the day borders in the auction.

Let b0 and b1 be two bidders that will be allocated items on two different days d0 and d1.

Let vj(d) be the valuation of the agent j on day d. The allocation of the goods between the

two agents can be done in two ways: a1 : {b0 → d0, b1 → d1} and a2 : {b1 → d0, b0 → d1}.
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We consider two cases, that of converging valuations and diverging valuations (see Fig.

3.1). The examples presented in Tables 3.1 and 3.2 can be used as specific instances of

these cases.

Let us consider the converging case first. In this case, it is clear that the allocation

a1 would be the most efficient one. The price vector would be {δb1, 0} = {v1(0)−v1(1), 0}. In

the next iteration, when given this price vector, b0 chooses d0 (no change in bid), indicating

that it is satisfied. b1 is indifferent between choosing d0 and d1, and so stays at d1. Thus,

no agent changes its bid, and the auction will terminate at this efficient allocation.

At an intermediate stage, if the auction is in the inefficient allocation a2, the price

vector would be {δb0, 0} = {v0(0)− v0(1), 0}. With this price vector, in the next iteration,

b1 chooses d1, which should drive the auction to equilibrium. But b0, which is actually

indifferent between choosing d0 and d1, stays at d1. When sorted on bid-price, the order

would still be {b0, b1}, but this is not what the agents bid for. b0 actually bid for d1, but

was allocated d0. This can be identified by the ‘communication gap’ where agents do not

get their asked-day. So, if the auctioneer can adjust the bid-price of b0 to v0(0), we can

move to the equilibrium. Note that, though b0 declared a bid-price of v0(1), we know v0(0),

because of the bidder’s declared δ.

Let us now consider the case of diverging valuations. As shown in our earlier

example (Table 3.2), the efficient allocation a∗ can be a2, and not a1. The price vector

would be {δb0, 0} = {v0(0) − v0(1), 0}. In the next iteration, when given this price vector,

b1 chooses d0 (no change in bid), indicating that it is satisfied. b0 is now indifferent between

choosing d0 and d1, and so stays at d1. Thus, no agent changes its bid, and the auction

will terminate at this efficient allocation.

If at an intermediate stage, the auction is in the inefficient allocation a1, the price

vector would be {δb1, 0} = {v1(0) − v1(1), 0}. With this price vector, in the next round,

b0 chooses d1, which should drive the auction to equilibrium. But b1, which is actually

indifferent between choosing d0 and d1, stays at d1. When sorted on bid-price, the order

would be {b0, b1}, but this is not what the agents bid for. b0 actually bid for d1, but was

allocated d0. Similarly, b1 chose d1 while the efficient allocation needs b1 at d0. This can

again be identified by the ‘communication gap’ where agent b0 did not get its asked-day. In

this case, if the auctioneer can adjust the bid-price of b1 to v1(0), and re-allocate them, we

can move to the equilibrium. Note that, here also, though b1 declared a bid-price of v1(1),

we know v1(0), because of the bidder’s declared δ.
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The above paragraphs prove that some adjustment is needed to drive the auction

to equilibrium, when the agents make myopically best response choices. The essential reason

for this is that the agents that fall on day-borders are sometimes indifferent between two

choices, and the equilibrium choices do not match with the non-equilibrium choices. The

auctioneer makes these adjustments in our adjustAllocation algorithm. Note that the

adjustments needed in the converging and diverging cases are different, and so the algorithm

addresses these two cases in different ways. These adjustments are made only on agents that

fall on day borders, and only when there is a ‘communication-gap’ between these agents

and the auctioneer (manifested as their asked-day requests not being met).

One important point to observe is that, though the auctioneer manipulates the

choices of the agents, it does not violate the agents’ bidding intentions. The agents whose

bid-prices are adjusted by the auctioneer are already indifferent between the choice they

make and the one the auctioneer moves them to. Another interesting detail is that, the

auctioneer does not see the big picture that we argue above and only works with a set of

bids, but always has enough information to make these changes to bid-prices. On close

inspection, we can see that the bid-prices of agents are always moved from a later day to

an earlier day. Because the agents already declare their δ, the auctioneer can compute this

earlier day’s valuation of the agent.

4.4 Case of Crossing Valuations

To understand why we needed the non-crossing valuations assumption, observe

that in Section 4.2, where we argued that our prices are the same as the sealed-bid GVA

prices, we assumed that the sorted order of the bidders remains the same on all days. In

the absence of this assumption, we may not have enough information to compute the GVA

prices.

To see why, consider the example in Table 4.1, in which the valuations of b1 cross

those of b2 and b3. Let us assume that we have one item to be delivered on each of 2 days.

Clearly, b0 would get the item on the first day, and b2 gets on day 2. b2 would have to

pay 80. The price that b0 pays, when computed by the sealed bid GVA method, would be

determined by b1’s bid, because, when we consider the marginal economy without b0, b1

takes its place. But in our method, this is determined by the declared δ of b2. Specifically,
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b0 asks and wins day 1, and b1, b2, b3 bid for day 2, but only b2 wins, and its declared δ

would be used in the calculation of price for b0. So, price paid by b0 would be 84 in our case,

while it is 90 in a sealed-bid GVA. The reason is that, in our mechanism, we do not use the

information from b1 in price computation, as it is not involved in the final allocation.

AGENT DAY0 DAY1
b0 100 90
b1 90 75
b2 89 85
b3 85 80

Table 4.1: Valuations of agents: Crossing case (Example-3)
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Chapter 5

Results and Analysis

We conducted experiments to analyze the performance of our mechanism. In our

simulations, the auctioneer proceeds in multiple rounds. In each round, it elicits bids from

each agent, in a random order. The state of the auction is re-computed after each new

bid is placed. We present results of simulations we conducted to observe the working and

performance of our auction, in Section 5.1. In Section 5.2, we analyze our auction and

compare it with related work in this area.

We considered test cases with converging, diverging as well as mixed valuations.

In our experiments, our mechanism always converged to the equilibrium.

5.1 Simulation Results

One of the important goals of our auction is to compute the outcome with as little

information from the agents as possible. To observe how our auction performs, we computed

the average number of days for which an agent reveals its valuations to the auctioneer. Note

that, in our auction, when an agent places its bid, along with its valuation for a particular

day, it also reveals a δ, effectively revealing its valuation for an earlier day as well. So we

treat this as two valuations being revealed.

Figure 5.1 gives an illustration where we considered 500 agents participating in an

auction that has been run to distribute 225 items spread across 45 days. We ran the auction
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15 times and computed the average of the number of days of each agent’s valuations that

are revealed. Out of 45 days, the agents revealed their valuations for relatively few days,

varying between 1 and 14, with an average of 6. In Figure 5.1, the agents are numbered such

that the lowest numbered agents are the highest bidding agents. We can observe that the

highest agents and the lowest agents reveal relatively little information while the agents in

between expose more of their valuation functions. One reason for such behavior is the ask-

price rule that the auctioneer imposes. The lowest agents, as they are not able to beat the

ask-prices, are quickly pushed out of the auction. The highest agents, once they reach their

optimal places, are satisfied and do not change their bids, revealing very little information

about later days. The agents in the middle reveal relatively more information before they

settle at their optimal positions. Figure 5.2 shows a typical variation in bid-prices of some

of these agents in the middle. We can observe that the myopic best responses of these

agents causes them to change their bids multiple times before they settle at their optimal

positions.

Another parameter we are interested in is the number of iterations that our auction

takes to converge. Our simulations produced very encouraging results for this also. We

simulated our auction with different problem sizes and observed the average number of

rounds taken to converge to the equilibrium, which, in essence, is the average number of

bidding opportunities for each agent. Table 5.1 lists some of these results.

Problem Size Avg. number of rounds to converge
No. of agents:20 Days: 5 Items: 16 6
No. of agents:50 Days: 10 Items: 26 11
No. of agents:100 Days: 20 Items: 40 12
No. of agents:500 Days: 45 Items: 225 15

No. of agents:1000 Days: 100 Items: 500 28
No. of agents:1100 Days: 1000 Items: 1000 65

Table 5.1: Performance with different problem sizes

We also ran the auction several times by changing one of the three parameters

(number of agents, items and delivery days) at a time. We observed that the number of

delivery days is the most influential parameter in deciding the number of rounds to converge.

Table 5.2 shows the results when we varied the number of delivery days while keeping fixed

the number of agents at 600 and total items at 400. These observations have been averaged
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Figure 5.1: Average information revealed by the agents
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Figure 5.2: Variation in bid-price of some agents
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over 12 trials of the auction.

Number of delivery days Avg. number of rounds to converge
50 16
100 26
250 35
400 51

Table 5.2: Performance with 600 agents and 400 items

5.2 Analysis

Because of the incentive compatibility feature of our auction, we greatly simplify

the valuation problem of the agents, that is, the agents’ task of determining their private

valuations for the items. Agents can decrease their computational costs because, owing

to the nice incentive properties, their strategy space is simplified. Another feature of our

auction is that agents can join and/or leave the auction anytime during the process. This

is a desirable feature for the practical situations where we envisage our auction being used.

From the viewpoint of the auctioneer, while the entire bid history of each agent can be

stored, our mechanism does not require it. Only the most recent bid of each agent, and

its δ, is stored by the auctioneer, and it is enough information to compute the efficient

allocation and the VCG prices. This is also a desirable feature when implementing large

auctions.

5.2.1 Related Work

On formulating the linear programming model of our problem, it was evident that

this problem is very similar to the standard assignment model, which has been widely

studied. Leonard [14] studied the same problem (where he considered assigning individuals

to positions, in a unit demand case) and proposed a procedure that elicits honest preferences

and uses them to efficiently assign individuals to positions, and to determine prices to be

charged for the positions. He finds the prices that satisfy the Groves-Clarke [7, 11] definition

of pricing, thus achieving incentive-compatibility. But this method requires the knowledge

of the complete valuation profiles of all the individuals. While our mechanism has theoretical
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similarity with this method, we describe a more practical auction design where complete

information revelation by distributed agents is a serious constraint. Our simulations have

shown that our mechanism requires relatively little information from the agents to compute

the efficient allocation and the supporting prices.

Demange et al. [10] consider the assignment problem with multiple items in the

unit demand case. They designed an ascending auction for this setting that implements the

VCG outcome. The auctioneer collects the ‘demand sets’ (set of all items giving maximum

payoff) of bidders at each iteration, and computes the minimally overdemanded set of items.

The prices of these overdemanded items are progressively increased until the competitive

equilibrium is reached (each bidder demands only one item, and each item is demanded

by no more than one bidder) and the auction terminates. In this work, they assume that

all prices and valuations are integers; we do not restrict the valuations (and prices) to be

integral in our mechanism. Also, for their exact mechanism to work, it is necessary for the

bidders to be very precise in their responses to the changing prices. As a consequence of

the valuations being integral numbers of units, a bidder should report all the items that

maximize her surplus, and cannot switch between items from one step to another. For this

reason, the authors themselves admit that this might not be a very practical mechanism to

implement in realistic situations. Our iterative mechanism needs the agent to report only

one value, not the entire set of utility maximizing points, along with a δ.

Demange et al. [10] also propose a more flexible ‘approximate’ mechanism that

achieves the equilibrium prices with some error bounds. But the outcome of this mechanism

depends on the order of placing bids. Our mechanism does not depend on the order of bid

elicitation. In our simulations, we randomize the order in which the auctioneer elicits bids

from the agents in every round.

One essential difference between the ascending auctions considered in the literature

and our auction is in the application of the mechanism to a real world scenario. We consider

the problem in a particular case where sellers need to distribute a limited supply of goods

spread across different days. We believe such situations are common in the real world.

Pricing the goods consistently for products delivered on the same day is a reasonable and

fair method that is likely to be acceptable to bidders. The existing ascending auctions do

not explicitly deal with such an issue.
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Chapter 6

Conclusions and Future Work

We have designed a simple auction mechanism for efficient allocation and pricing

of a limited supply of highly demanded homogeneous goods, with different delivery days.

An important application of this work is the initial release of popular products which the

manufacturer can supply in limited quantities for some period of time. The bidders that

participate in this auction can be categorized as self-interested, with private valuations for

the goods. The iterative nature of our auction addresses the problem of computing the

efficient outcome with incomplete information revelation by agents. Under certain assump-

tions on the valuations, and unit demand, we have shown that our mechanism computes

the outcome of the generalized Vickrey auction and is incentive compatible.

Our simulations have produced encouraging results about the convergence of the

mechanism to the equilibrium. The number of iterations taken to converge is also very

satisfactory. We have also shown that the information revealed by the agents is typically

less than 30% of the total valuation profile, with an average revelation of 8%. At the

equilibrium, our pricing scheme charges each winning agent its social opportunity cost,

giving a surplus equal to its marginal product. Leveraging on earlier work in this area, we

concluded that this makes our mechanism incentive compatible.
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6.1 Future Work

We have presented simulation results to support our claims that our auction con-

verges to the equilibrium for some agent valuations. Analytically proving the dynamics of

the mechanism is the next step in validating our claims. The existing literature in this area

points to only ascending auctions that implement the primal-dual algorithm in a practical

setting. Our mechanism does not have an ascending auction design, and trying to further

interpret the dynamics of our auction should yield more fruitful research.

Another aspect that we have not addressed are issues like collusion by agents. A

lot of existing auction mechanisms fail in the face of collusive behavior by bidders, including

the Vickrey second price auction, and it would be interesting to design mechanisms that are

robust against bidder misbehavior. While our auction does provide incentives for individual

agents to be truthful in revealing their valuations, it is certainly a desirable feature for the

mechanism to be robust against colluding groups of agents.
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Appendix A

Simulation Traces

Trace-1: Simulation trace when run for Example -1 (Table 3.1)

———Round 1 —————

—CHANGE OF BID BY BIDDER 4 from 0.0 to 60.0

Winners: Day 0: 4,0, Day 1: 1,2,

Bidder 4: (0) BidPrice=60.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =0

Bidder 1: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 2: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 0.0 0.0

—CHANGE OF BID BY BIDDER 2 from 0.0 to 80.0

Winners: Day 0: 2,4, Day 1: 0,1,

Bidder 2: (0) BidPrice=80.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 4: (0) BidPrice=60.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 1: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 60.0 0.0

—CHANGE OF BID BY BIDDER 1 from 0.0 to 90.0

Winners: Day 0: 1,2, Day 1: 4,0,

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=80.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 4: (0) BidPrice=60.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1
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Bidder 3: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 80.0 0.0

—CHANGE OF BID BY BIDDER 3 from 0.0 to 66.0

Winners: Day 0: 1,2, Day 1: 3,4,

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=80.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (0) BidPrice=60.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 4.0(4.0) 0.0(0.0)

Ask Price Vector: 80.0 60.0

—CHANGE OF BID BY BIDDER 0 from 0.0 to 100.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=80.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (0) BidPrice=60.0 ..AskedDeliveryDay= 0 ..Delivery Day =-1

Price Vector: 60.0(0.0) 60.0(60.0)

Ask Price Vector: 90.0 66.0

———Round 2 —————

—CHANGE OF BID BY BIDDER 4 from 60.0 to -1.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=80.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 58.0(0.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0

—CHANGE OF BID BY BIDDER 2 from 80.0 to 74.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (6.0) BidPrice=74.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 64.0(6.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0

———Round 3 —————

———FINAL RESULTS—————-

Winners: Day 0: 0,1, Day 1: 2,3,
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Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (6.0) BidPrice=74.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 64.0(6.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0
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Trace-2: Simulation trace when run for Example -2 (Table 3.2)

———Round 1 —————

—CHANGE OF BID BY BIDDER 3 from 0.0 to 70.0

Winners: Day 0: 3,0, Day 1: 1,2,

Bidder 3: (0) BidPrice=70.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =0

Bidder 1: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 2: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 0.0 0.0

—CHANGE OF BID BY BIDDER 1 from 0.0 to 90.0

Winners: Day 0: 1,3, Day 1: 0,2,

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 3: (0) BidPrice=70.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 2: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 70.0 0.0

—CHANGE OF BID BY BIDDER 2 from 0.0 to 83.0

Winners: Day 0: 1,2, Day 1: 3,0,

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=83.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 3: (0) BidPrice=70.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 83.0 0.0

—CHANGE OF BID BY BIDDER 4 from 0.0 to 58.0

Winners: Day 0: 1,2, Day 1: 3,4,

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=83.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 3: (0) BidPrice=70.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 4: (2.0) BidPrice=58.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 0: (0) BidPrice=0.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 0.0(0.0) 0.0(0.0)

Ask Price Vector: 83.0 58.0

—CHANGE OF BID BY BIDDER 0 from 0.0 to 100.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=83.0 ..AskedDeliveryDay= 0 ..Delivery Day =1
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Bidder 3: (0) BidPrice=70.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 4: (2.0) BidPrice=58.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 58.0(0.0) 58.0(58.0)

Ask Price Vector: 90.0 70.0

———Round 2 —————

—CHANGE OF BID BY BIDDER 3 from 70.0 to 66.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=83.0 ..AskedDeliveryDay= 0 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (2.0) BidPrice=58.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 58.0(0.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0

—CHANGE OF BID BY BIDDER 2 from 83.0 to 74.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (9.0) BidPrice=74.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (2.0) BidPrice=58.0 ..AskedDeliveryDay= 1 ..Delivery Day =-1

Price Vector: 67.0(9.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0

—CHANGE OF BID BY BIDDER 4 from 58.0 to -1.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (0) BidPrice=90.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (9.0) BidPrice=74.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 67.0(9.0) 58.0(58.0)

Ask Price Vector: 90.0 66.0

———Round 3 —————

—CHANGE OF BID BY BIDDER 1 from 90.0 to 82.0

Winners: Day 0: 0,1, Day 1: 2,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (8.0) BidPrice=82.0 ..AskedDeliveryDay= 1 ..Delivery Day =0

Bidder 2: (9.0) BidPrice=74.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 67.0(9.0) 58.0(58.0)

Ask Price Vector: 82.0 66.0

———Round 4 —————



vi

———FINAL RESULTS—————-

Winners: Day 0: 0,2, Day 1: 1,3,

Bidder 0: (0) BidPrice=100.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 2: (0) BidPrice=83.0 ..AskedDeliveryDay= 0 ..Delivery Day =0

Bidder 1: (8.0) BidPrice=82.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 3: (4.0) BidPrice=66.0 ..AskedDeliveryDay= 1 ..Delivery Day =1

Bidder 4: (58.0) BidPrice=0 ..AskedDeliveryDay= -1 ..Delivery Day =-1

Price Vector: 66.0(8.0) 58.0(58.0)

Ask Price Vector: 83.0 66.0


