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ABSTRACT

For a general class of continuous and marginally symmetric,
multivariate distributions, shrinkage estimators of locations based
on suitable M-statistics are considered. These estimators are based
on the James-Stein rule ( incorporating the idea of preliminary
test estimators too ), and the main emphasis is laid on the study
of their asymptotic ( distributional ) risk properties . Asymptotic
admissibility results are also studied under fairly general regula-
rity conditions.

1. INTRODUCTION

For a multinormal distribution ( of dim=nsion 3 or more), un-
der a quadratic error loss function , the classical maximum like-
lihood estimators (MLE) of location are not generally admissible
v[ c.f. Stein (1956)] and improved (non-linear ) estimators are
available in the literature [ viz., James and Stein (1961) and a
series of papers , referred to in Berger (1980) ]. Though, in the
initial stage, the covariance matrix was assumed to be of certain

specific form, the case of campletely unknown dispersion matrix



has also been treated in generality [ viz., Berger and Haff (1983)
where other references have been cited ]. While the assumed norm-
ality of the underlying distribution plays a vital role in the
development of the so called exact dominance and admissibility
results, the exact theory stumbles into difficulties when this
normality assumption is dispensed with. Nevertheless, under an
appropriate asymptotic setup [ explained in detail in Sen (1984)
and Sen and Saleh (1985) ], the theory of shrinkage estimation in
multi-parameter models extends to a wider class of statistics and
a general class of distributions. Sen (1984) considered the case
of U-statistics , while, Sen and Saleh (1985) have considered the
case of R-estimators of locations. The object of the present study
is to consider same shrinkage M-estimators of location where the
theory of Jamee-Stein rule estimation and preliminary test estim-
ation are incorporated in the formulation of the prposed estimat—
ors.

Iet X, = (X;1, .., xip)', i=1,..., n be independent and
identically distributed (i.i.d.) random vectors ( r.v.) having a
p ( > 2) variate continuous distribution function Fe , defined on
the Euclidean space P, FQ is assumed to have symmetric marginal
distributions F[j] ( around the location parameter ej) , for j = 1,.
ey P. Thus,

]
Fo) =F(x-8) ,xecE ;0 =(81see0s0)) , (L1)
where 0 1is the vector of (marginal) location parameters, and our

interest lies in the estimation of 6 . For an estimator Gn ( based
on )_El,.. . '}fn ), we conceive of a quadratic error loss function

L0880 = (8, =00 8, =8) .2

for some given positive definite (p.d.) matrix Q . Then, the risk
funetion is given by

op( 8, 8) =nEL(§:6) =Tr(Qv ), (1.3)
where
1]
Yn=nE(§n—9)(§n-g)’ (1.4)
" . . _ = _ =lon
For normal F, the MLE of 9 is given by §n—)5n—n zi=l§i . For p

N



greater than 2, a detailed account of (admissible and minimax )
estimation of g ( for normal F ) , based on the James-Stein rule,
is given by Berger (1980). For possibly non-normal F, particularly,
for distributions with heavy tails, these estimators may not be
robust ard efficient. Robust shrinkage R-estimators of locations
in the multivariate case have recently been considered by Sen and
Saleh (1985) ; parallel results on U-statistics are due to Sen
(1984) . We propose to study the preliminary test (PT) and shrin-
kage versions of M—estimators of location in the multivariate case
and to present their asymptotic risk properties. Along with the
preliminary notions, the proposed estimators are introduced in
Section 2. Section 3 deals with the general results on their asy-
mptotic risks . Some general remarks are made in the concluding

2. THE PROPOSED ESTIMATORS

First, we introduce the score functions. let Y = ( \pl,...,wp)
with wj = {wj(x); x € E }, be defined by

'J)J (x) = U)Jl(X) + wjz(X) r X€E, 3=1,...,p, (2.1)

where the ‘pjk y k=1,2, are both nondecreasing and skew-symmetric;
lpj 1 is absolutely continuous on any bounded interval in E and wj2

is a step~function having finitely many jumps, j=1,...,p. Further,
we assume that for suitable positive constants c5 v for all |x|>cj ,
le (x) = lpj (c:j)signx , and lpj is non-constant on [—cj ,cj], so that

2
0 < g, = . (x)dF
v waj (x)
where F[j] is the jth marginal of F. We also denote by F[jR,] the

G, th ( bivariate) marginal of F , for j # 2= 1,...,p, and let

[J] (X) < b 14 lj_]f_p 14 (202)

In the sequel, Ew will be assumed to be positive definite (p.d.).
Note that by virtue of the assumed symmetiy of the F and the
skew~-symmetry of the q;j , we have

Y

[3]

= Jg YyOaF ) =0, for J = 1,...,p. (2.4)



Let us now define foreveryrealtandnil,

M .(t) = 1-1 11;J(xl:j t) r J=1,e00,p « (2.5)
Note that for each j, M hi (t) is nonincreasing in t, and further,

by (2.4), M (9 ) has mean 0; this leads us to the following esti-

mators ofe :

A A A )

gn = ( enl y eee enp) (2.6)
where

83 = ( sup{t: M (t) > 0} + inf{ t: M (t) <0} )/2, (2.7)

for j=1,.ee,p. In the literature, these are known as the M-esti-
mators [ viz., Huber (1981) for a detailed account of the univariate
theory ]. Under the assumed regularity conditions, it is well known
that §n is a robust, camponentwise median-unbiased , translation-
invariant and consistent estimator of 9 . Further, as n + « ,

B0 D -1, -1
ni(e =-6) -.Np(‘g,g.gw

where T = Diag( Yy roeee s yp) is defined by letting

), (2.8)

3

and it is assumed that the marginal probability density functions
(p.d.f) £ 5] are all absolutely continuous with finite Fisher in-
fomations, We may refer to Jurelkova and Sen (198l1a,b; 1982) for
some detailed accounts of the asymptotic theory of M-estimators,

In a shrinkage estimation problem, one has apriori same rea-—
sons to believe that 9 is likely to be in a small neighbourhood of
a pivotal point 8, # by virtue of the translation-invariance of the
estimators, we may set , without any loss of generality, that e =
9 . In a preliminary test estimation (PTE) problem, one has the same
belief, and one sets to test for the null hypothesis that 6 = e
first, and on the basis of this test, the ultimate estlmator 1s
chosen. In either case, one needs a suitable test-statistic which
is incorporated in a suitable form in the construction of the est-
imators. Towards this, we define first

= §n(1£) = ((s

’

n, 3% )) ., (2.10)



_ ln - _a
Sn,jR, =n l"l wJ(X.. enj)wz(xiz enl) ’ (2.11)

for j ,£ =1,...,p. Then, as in Singer and Sen (1985) , we may con-
sider a test statistic

Lo=ntomon's aon, (2.12)

whereM (O) = (M (O),...,M (0))' is defined as in (2.5), and S
is a (reflex.we) generallzed inverse of S . Under H £ has as-
ymptotically chi quare distribution w1th p degrees of freedan (DF)
when I is p.d. Thus, if X; , Stands for the upper 1000% point of
the chi square distribution with p DF, for o € (0,1), then corres-
ponding to a desired significance level o , the preliminary test
for H, is based on the following :

0
2 .
2 y reject H, ,
o Xg"" 0 (2.13)
< Xp,a , accept Ho .
The PTE of 6 is then defined by
APT _ 2 A 2
8 = 1082908 1< o, (2.14)

where I(A) stands for the indicator function of the set A. On the
other hand, in the shrinkage estimation, the statistic Ln is dire-
ctly incorporated into the modified estimator. For this purpose, we
need an estimator of the dispersion matrix v = r 12 IEP -1 , appearing
in (2.8). Following Jureckova and Sen (1981b) ' x:ve ;h;ose some posi-
tive a and define

A - A _ _14 _
Ynj (2an {MnJ nj =B a) M (en

for j =1,..., p and let

En = Diag( Yppreeer an

It follows fram the results in Singer and Sen (1985) that under the
assumed regularity conditions, Vo is p.d. in probability, and it
converges to Vo, in probability, as n + «, Let

j+ n a)}, (2.15)

~ -1, 5-1
) aa oy = IR 2.16

dn chp (Q\) ) = smallest characteristic root of Q~Gn r (2.17)

where Q is defined as in (1.2). Since for possibly non-normal F and
arbitrary ¥ , the behaviour of ,C;l,when .Cn is close to 0, is not



that precisely known, and hence, we use a small truncation , and as
in Sen (1984), consider the following version of a shrinkage M-esti-
Mtor:AS 0,if£<s;

o> = n (2.18)

~n {(Iﬁ&l 1A1)§’1f£

where € (> 0) is an arbitrary small number and ¢ is a positive num~
ber ( 0 < ¢ < 2(p-2)). It is also possible to replace c by a seque-
nce {cn} of positive numbers , such that c, converges to a limit c:
0 < c < 2(p-2). Ideally, c may be taken as (p~2). Our primary inte-
rest lies in studying the asymptotic risks of the proposed PTE and
shrinkage estimators and to campare them in a meaningful way.

3. ASYMPTOTIC RISK EFFICIENCY RESULTS

In view of the boundedness of the score functions, as has been
assumed, we may not need stringent moment conditions on the d.f. F.
We assume that for same positive b ( not necessarily > 1),

E, [1%,11° < ) EFIlelb < e, (3.1)
Then, the following results can directly be adapted fram Jureckovi
and Sen (1982) :
(i) For every k ( > 0), there exists a positive integer n k),
such that E, ]6 | exists for every n > n_(k) ( and j—l,...,p)
(ii) Forevexyk(>0), :

nj J
where Z has the standard normal distribution, and, in particular,

. k/2 o~ _
11mn_m EF{n (6 .-90.) )= cijz , (3.2)

nE[(§n—g)(§n—e)]+ V ,asn-+ o, (3.3)

~ ~

(iii) For every j( =1,...,p),
n(6 . =-6,)= y:M.(6,) + w

; 3.4
. nj J J nj'j nj ’ (3.4)
where n_'ilwnjl + 0 almost surely (a.s.), as n » « , and
-l
Elnﬁ‘*’nj lk’*orasn+°°,foreveryk>0. (3.5)

Now, by virtue of (1.3), (1.4) and (3.3), we obtain that for
the classical M-estimator,




p(9:Q) =1lim  {p (6 ;Q}

Tr(Q[Llim  nE( 6 -0)(6 -8)'])

=Tr(Q v ). (3.6)
Next, by (2.14), we have (87 - § =1 < Xp a)én , so that
14
API| ~ . "
n( 6 - e)Q(e e )-n(eQem,Q ’a). (3.7)
2
£, 2 15 n “he. 50 /8 ), (3.8)
so that
2 min -1 2 2
Pl £n < Xpla' } = l_f_JiP Pin anJ 0) < snljjxpra}
< e P M (0) < SIS (3.9)

Note that when 6, is the true location, E{M . (0)| 0, } is a negative
or positive number according as 6J is pos1t1ve or negatlve ; wWhile
n-;is'iljj)(p o Converges to 0 (a.s.) as n » @ , Further, under 6 j ,
(0) involves i.i.d.r.v.'s (bounded valued) on which the exponen-
tial inequality [ viz., Hoeffding (1963)] holds . Hence, using The-
orem 3.3 of JureCkovd and Sen (1982) and the above facts, we arrive
at the conclus:Lon that under e # 0 , the right hand side of (3.9)
can be made O(n" ), for n adequately large. On the other hand, by

the Holder inequality, for every q > 1, by (3.7),

-1 -1
"PI‘_ A . APT— ~ A A g.q 2 l_q
En (G- 80'Q0 8- 8 < nlE@g 08 )T (K < )
where (3.10)
E( gnge 4 < ch; (Q)E( 6 § 4 < lTr(Q)zp 1El8 51 a4, (3.11)

and the right hand side of (3.11) is finite for every n > n_ (9. By
(3.9), (3.10) and (3.11), we conclude that for any (flxed) 6 # 0,
(3.7) converges in mean to 0 as n » « ., so that éPT ande are
asymptotically risk-equivalent for any (fixed) 6 74 0

Let us next consider the case of the shrmkage estimator., By
(1.3), (1.4) and (2.18), we have

B{n(§, - 8)'0@) - §)1 = 1( & < e){n (808 )} +

n ~n>-n
+ I( Ln :E)E{ dflf_;zcz( 6 \) lQ 1\) 19 )} (3.12)



Now, using the basic inequality in (3.10) of Sen and Saleh (1985)
and proceeding as in their (3.8) through (3.11), it follows that
for every (fixed) 6 # 0 ’

Limsup_,  Eln( 62 -8)'9(85-8) =0, (3.13)
so that for every (fixed) 6 # 0, the shrinkage and the classical
M-estimators are asynptoti;all; risk-equivalent. The situation is,
however, quite different for local shift alternatives, and, we plan
to explore the same. '

As has been mentioned earlier in Section 1 that both the PTE
and shrinkage estimation works out well only for shrinking neighb-
ourhoods of the pivotal point ( here 0 ). In the asymptotic case,
this shrinking neighbourhood coincides with the usual Pitman-type
( local) translation alternatives. Hence, we consider a double se-
quence {X ., i=l,...,n; n > 1} of (row-wise) i.i.d.r.v.'s, where
for each n, the distribution of X . is given by (1l.1) with 6 9

’ik, andx belongstoacanpactsetc (contammgOasan
inner point). By virtue of the translation-invariance of ;he 8 '
we may still work with the X .- 9, , and justify all the asyr-t;pto—
tic results considered earller. Therefore ¢+ (3.6) remains true for
such local alternatives as well, though the other asymptotic risk
expressions remain to be worked out. For later use, we denote by
{K } , the sequence of altematives for which (1.1) holds with b=

gn 1 >\ for a given A # 0, so that for the PTE,we have
p(PTM;2) = n_m{pn(g Q| K 3
= lim PO, Xp LK) o + (3.14)
+ lim  EB{I(L > )n(6-6)Q(9 -9 )k }.
Note that
. 2 _ 2 .
lm o PLL x5, IR Y= HOxg i0) (3.15)
where
b= (AR (3.16)

and Hq (x;8) stands for a noncentral chi square distribution functi-
on with q DF and noncentrality parameter § . For the second term on
the right hand side of (3.14), we make use of (3.2) ( for k = 4) ,



(3.3), (3.4) and (2.12), and conclude that the second term on the
right hand side of (3.14) converges to

' 2
TEQUIL - B, 08 0] - () QM) 5, ¢

2
2Hp+2(xp a’A) +H 4(Xp 8] ; (3.17)
in this context, we have also made use of the formulale for the in-
camplete moments of multinormal distributions [ viz. Sen and Saleh
(1979)]. Thus, from (3.14) through (3.17), we obtain that
- e 2
D(PIM,_?}) = [1 Hp+2(xp ,A)]Tr(Q\)) + [2H Z(Xp
H ;A A'OM). 3.18
p+4(xp,oz ) ](~ 9~) (3.18)
Note that (3.6) remains in tact under {Kn} as well, and hence, for
the classical M-estimator, we have

PM ;2 ) =Tr(Qv) , for every (fixed) A ¢ EP. (3.19)
Fram (3.18) and (3.19), we have for every (fixed) 5 ’
—-— - 2 -
P(PIM;A) /p ;1) =1 Hp+2(xp iA) + ,
[(A? QX)/Tr(QV)][ 2H (xp Hp+4(xp,a;A)]. (3.20)

Since Hq(x;d) > Hq+2(x;6) for every x € E and g 21 (8§ >0), we obt-
ain from (3.20) that
(i) (&'9‘{\)/’1'1'(93) >1 = D(P'IMQ\)/D(M;&\) >1, (3.20)

(i1) (A'QM)/TrQu) <k

> p(PTM;A) /po(M;) < 1. (3.21)

In (3.20), the excess over 1 (for the asymptotic risk ratio) may

not be very much, and this ratio converges to 1 as A + » ., On the
other hand, the deficit in (3.21) may be more appreciable; in par-
ticular, under H )\ = 0 , the risk ratio is l—H (x 0) , and

0 ~
it depends on p and Oe Thus, the PTE performs better under H, and

for small deviations from HO » while, in the tail, the classgcal
M-estimator performs better. None dominates over the other over the
entire range, though the PTE has a more robust performance.

Let us now consider the case of the shrinkage estimator. From
(2.18) , we obtain that under {Kn} and the assumed regularity con-

ditions,



S AS _ a4y as
P(SM;A) = 1im . [nE{( 8 -.6)'Q0 (87 -06) |K}]
QoM [lim  E{I( L <e) | K }]

~ e

+ lim E{ 1(L > en(@_- o )'Q( B, -0 | K )

-2c| 11m LEld L n( 6 -9 ) \) Bn I(£n> €) | Kn} ]

+c [lmn_m h{dﬁan 19 l() 8,1(L > K } 1.(3.22)
The first term on the right hand side (rhs) of (3.22) is equal to

(.A'QA)HP( eE;A4) . (3.23)
Also, proceeding as in (3.17), the second term on the rhs of (3.22)
reduces to

[1-4 Hp+2(€ A)]Tr(Qv) - ()\ QA)[H (e;4)-2H p+2(e :A)+H 4(e A)].(3.24)
For the third termm, we note that
N _ A_l/\ _ L A _ Al __1/2 1/2/\
In( A N | = lnﬁ(gn ) 2 n’6d, |
o S A AtA]A L
s {[n(gn gn) Bn ( gn gn) dn 1 dn'ngn}v)n gn 1}

A

A Ay A 1
- 2
<tn, - 80'908 -5 . nilgh )

| A

(n(8,-9)'0(8 ~06) +ns'gd 12, (3.25)

while,L;l is bounded from above by € (< «). Hence, the integrabi-
lity condition may easily be verified by using (3.2) through (3.5),
and, following some routine steps.( and denoting by Wa r,v. having
the p-variate normal distribution with mean W=V '5)\ and dispersion
matrix I ), we conclude that the third term on the rhs of (3.22)
is equal to

~2c.ch @UE{ (0 = w) 'WE'W ™ - TW'W <)W' (W-w) 0'W) "1 (3.26)
For the second temm under the expectation, we may proceed as in
Sen and Saleh (1985) and conclude that it is O(e ®™/2) uhile, for
the first term, we may use the classical Stein identity [viz., App-

endix B of Judge and Bock (1978) ], and conclude that (3.26) is

(p-1)/2

'2°-°hp(9‘3){ 1- AE(Xp,.z(A))} +0(¢ )y (3.27)

where W'W = X;LA) has the noncentral chi square distribution with

10



p DF and noncentrallty parameter A = w'w = lA Also, noting

that a28'9"1g” 1vnle < 8'08 , we obtain on using (3.2) through

~

(3.5) that the last temm on the rhs of (3.22) is equal to
. 2 o=l -1 -4 -4
[c.en (@™ {5 (@ v MIE(x,,,(8) + BYE (x4 ()
| - E[ T('W <€) (0'W) 2 (0'aW ] ) (3.28)
where
' —lQ—l

-~

* = ) A and A* = vivE, (3.29)

As in Sen and Saleh (1985), the second term on the rhs of (3.28) is
0(P™2), and hence, using (3.22) through (3.28), we obtain that
= -2
D(SM;Q) = Tr(Qv) - ZC;Chp(Qg)i 11-AE(ZP+2(A))} + )
.ch_(Qu Te(Q Vv E(X . (A)) + A*E (X, (A
[c p(9~)] { (9 v ) (ch»z( )) (X'p+4( ))}
+0(P?) + 0 ®D/2) L o(P?) (3.30)
as K_(:6) < H_(ei0) = 0(e¥?) , for every q > 1 and 6 > 0. Since
P is taken to be greater than 2 ( for the shrinkage estimator), it
follows that by choosing € adequately small, the rhs of (3.30) can
be approximated by the first three terms . On this approximation,
the results in Berger et al.(1977) directly applies, and we obtain
that for every ¢ : 0 < c < 2(p~2) and A eEp,
l:imem p(SM;z\')/p(M;)\) < 1 with strict < at A = 0, (3.31)

Thus, the shrinkage M-estimator dominates over the classical one .

In particular, underH (i.e., A—O),c— (p-—2) andQ\) =1, the

left hand side of (3. 31) reduces to 4(p-1)p and is <1 Eor all

P > 2 ; the reduction is substantial for large values of p.
Finally, from (3.18) and (3.30), we obtain that

Lim_ opcsm;x)/pmm;x) =(Tr(QV) - 2e.ch (QV) [1- AE GG, ()]
+ (e.ch (@u)) *[rr (@7l )E(xp+2(A))+A*E(xp+4(A))J}
(1, (x L OITEQIF IOV (2 H 62 068 1Y

A€ E°, 8>0,0%>0. (3.32)
By (3.20) and (3. 31) ; we conclude that for all A ’ for which A'Q)

~ e

exceeds Tr(Qv), (3.32) is less than 1 ( though lt converges to 1 as

14



A moves away f£ram 0, i.e., & or A* converges to + « ); however,
;:he deficit fram the upper asymptote (i.e,, 1) is usually quite
small for moderate to large values of A . On the other hand, the
picture may be quite different for A close to 0 ; see (3.21) in this
respect. Letting r1J ch (Q\))/I'r(Q\)), for 3 = 1,.e4,p and notmg
that (i) n, <p™ and ad) TrTe @y = (o (ot > p?

( where the equality sign holds when the nJ are all equal), we ob—
tain that under H0 ( i.e., & = 0 )r (3.32) reduces to

1 -2on + czn;mr(gmr(o‘l o@213 1= 1,02 o)

> {1- chp + &2 np (p-2)" p {1- p!-2(xp ;0)} . (3.33)

The denominator on the rhs of (3.33) is free from c, while the nu-
merator is minimized at c = ¢, where c, = (p—2)p'-lr1;l ( >(p-2)), so
that (3.33) is bounded from below by

{1- 2¢ qp +c np(p—2) p {1- p+2(xp, ;0) }
1
= 2mp{1- p+2(Xp 00} (3.34)
and (3.34) exceeds one whenever 1 - H 2(xp i0) < 2/p i.e.,
[H 2(xp ;0) > (P2)/p] => [(3.33) is > 1]. (3.35)

Now, looking at the central chi square distribution, we gather that
(3.33) exceeds 1 for a significant range of values of p and o . For
example, for a = 0.05, for all p <21 and for a = 0,10, for all p
< 11, In fact, the smaller is the significance level o , the larger
is the range of p for which (3.33) is greater than 1. This clearly
indicates that generally the shrinkage M-estimator fails to daminate
over the PTE M-estimator under HO and for smaller values of )\ . We
shall elaborate this a bit more in the next section.

4. SQME GENERAL REMARKS

In camparing the PTE and shrinkage versions of M—estimators ’
we may note first that the PTE does not presuppose that p is greater
than 2 , while the shrinkage estimator does so. Thus, the PTE may
have a wider scope of applicability. On the other hand, the shrink-
age eéthnator daminates over the classical one, while the PTE does

12



so only for é close to 0 ( i.e., for small values of A ). For larg-
er values of A , clearly the shrinkage estimator is superior to the
PTE , though both of these may behave quite closely for A not too
small. Next, we have noted after (2.18) that the constant c may
also be replaced by a sequence {cn} for which lim ¢ = c exists.
The existence of tnis limit will ensure the convergence of the risk
formulae. In this context, naturally, one may raise the question on
the choice of € and <, in the definition of the shrinkage estimator
in (2.18). Basically, for small n, the constant <, should also be
chosen small, while, for large n, ¢, may be taken to equal to (p-2)
( as was recamended for the nommal mean case by Berger et al. (19—
77)). Since in (3.30), we have neglected terms of the 0(e P 11/?),
the choice of € is naturally dependent on p as well. The larger is
the value of p, the larger is the quantity € , so that e(p—l)/z is
smaller than a specified n > 0. It may also be noted that in (2.18)
one neeczs the esti.mator §n which in turn depends on the estimators
§n and En . For E o ¢ One may use the stronger convergence results
studied in Juretkova and Sen (198la,b; 1982) , while the convergen—
ce rates for §n , generally, depends on the underlying F (through
the dependence of the p characters) . We have tacitly assumed that
dn , defined in (2.17), converges in probability (or a.s.) to a po-
sitive limit. This,in fact, demands that §n converges (in probabi-
lity or a.s.) to a p.d. matrix as n + » , and,in oxder that such a
convergence is uniform ( in A ,under {Kn} ), we may need to assume
that F is non-singluar ( in the sense that chp (§ ) is strictly po-
sitive over a suitable class of such F's). For "nomal d.f.'s, it
suffices to formulate this condition in terms of the covariance ma-
trix, while, EY takes on this role for a general F and a set of ch-
osen score functions. Finally, we have confined ourselves to bound-
ed score functions on which the M-estimators are defined. It is po-
ssible to relax this assumption and to incorporate ( as in JureCk-
ova and Sen (1981 a,b)) unbounded scores functions satisfying suit-
able moment conditions. As we need to justify (3.2) through (3.5)
(needed for the desired integrability conditions to be verfied),

3



we may endup , in (3.1), with a value of b greater than k ( > 2).
Alternatively, instead of the asymptotic risk, one may consider the
asymptotic distributional risk (ADR) computed directly fram the as-
ynptotic distribution of an estimator ( which may or may not agree
with the asymptotic risk),and , in the light of ADR, we would have
the same picture as in Section 3 , valid for a broader class of sc-
ore functions . However, bounded score functions are very popular

( on the ground of robustness against gross errors and outliers) in
M-estimation, and hence, we need not campramise on the weaker ADR
results at the cost of unbounded scores and / or hJ.gher order mame—
nts of the underlying d.f. F .
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