
ABSTRACT 

MAILEN, RUSSELL WILLIAM. Computational Modeling of Shape Memory Polymer 

Origami that Responds to Light. (Under the direction of Drs. Mohammed Zikry and Jan 

Genzer). 

Shape memory polymers (SMPs) transform in response to external stimuli, such as 

infrared (IR) light. Although SMPs have many applications, this investigation focuses on their 

use as actuators in self-folding origami structures. Ink patterned on the surface of the SMP 

sheet absorbs thermal energy from the IR light, which produces localized heating. The material 

shrinks wherever the activation temperature is exceeded and can produce out-of-plane 

deformation. The time and temperature dependent response of these SMPs provides unique 

opportunities for developing complex three-dimensional (3D) structures from initially flat 

sheets through self-folding origami, but the application of this technique requires predicting 

accurately the final folded or deformed shape. Furthermore, current computational approaches 

for SMPs do not fully couple the thermo-mechanical response of the material. Hence, a 

proposed nonlinear, 3D, thermo-viscoelastic finite element framework was formulated to 

predict deformed shapes for different self-folding systems and compared to experimental 

results for self-folding origami structures. A detailed understanding of the shape memory 

response and the effect of controllable design parameters, such as the ink pattern, pre-strain 

conditions, and applied thermal and mechanical fields, allows for a predictive understanding 

and design of functional, 3D structures. 

The proposed modeling framework was used to obtain a fundamental understanding of 

the thermo-mechanical behavior of SMPs and the impact of the material behavior on hinged 

self-folding. These predictions indicated how the thermal and mechanical conditions during 



pre-strain significantly affect the shrinking and folding response of the SMP. Additionally, the 

externally applied thermal loads significantly influenced the folding rate and maximum 

bending angle.  

The computational framework was also adapted to understand the effects of fully 

coupling the thermal and mechanical response of the material. This updated framework 

accounted for external heat sources, such as ambient temperature and incident surface heat 

flux, as well as internal temperature changes due to conduction and viscous heat generation. 

Viscous heating during the pre-strain sequence affected the residual stresses after cooling due 

to accelerated viscoelastic relaxation. This resulted in a delayed shrinking and folding 

response. Other factors that affected the folding response include sheet thickness, hinge width, 

degree of pre-strain, and hinge temperature. The predicted results indicated that the maximum 

bending angle can be increased for a folded structure by increasing the hinge width, degree of 

pre-strain, and hinge surface temperature. Folding time can be reduced by decreasing the sheet 

thickness, increasing the hinge width, and increasing the hinge temperature. 

The coupled thermo-mechanical approach was also extended to investigate both curved 

and folded structures by varying the ink pattern and the substrate geometry. With this approach, 

two continuous curvature mechanisms were obtained. One was an indirect curvature 

mechanism which resulted from internal stresses that evolved from the shrinking of activated 

regions of the material relative to unactivated regions. The second was a direct curvature 

mechanism that resulted from ink distributed in gradients across the surface of the material. 

Furthermore, the effects of hinge orientation, proximity of multiple hinges, sheet aspect ratio, 



and axisymmetric ink patterns were characterized for other shapes, such as rectangles and 

discs. 

The findings of this investigation clearly indicate that this validated computational 

approach can be used to predict and understand the myriad mechanisms of self-folding origami 

structures. By varying the location of ink on the polymer surface and making changes to the 

substrate geometry, complex 3D structures can be obtained. The developed thermo-mechanical 

framework can be used to design optimized origami structures for biomedical devices, space 

telescopes, and functional, engineered origami devices. 
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Chapter 1: Introduction  

1.1 Overview 

Consider what it takes to manufacture and put into use an everyday object, such as a 

chair. This process begins with manufacturing steps that require time consuming and costly 

operations to produce components of the chair. These steps may be additive or subtractive in 

nature, i.e., material is added to or removed from the workpiece, to produce individual parts 

and assemblies. These manufacturing steps bring the chair to its near final, three-dimensional 

(3D) shape. The chair is then shipped in this bulky state to its final destination. This results in 

empty space during shipping, which reduces the number of chairs that can be transported. Upon 

reaching the final destination, some assembly may be required before using the chair. 

Alternatively, folding systems allow the use of high throughput patterning and cutting 

techniques to produce a two-dimensional (2D) representation of the chair. The chair ships in 

its flat state to the final destination where it is put into use through folding and unfolding 

manipulations. The incorporation of active materials into a folding structure results in a self-

folding structure that responds to the environment. Active materials change shape or have 

significantly altered properties in response to external stimuli such as heat, light, or solvents.  

1.1.1 Engineered Origami and Kirigami 

Origami, the ancient art of paper folding, found renewed interest in recent decades as 

a means to temporarily reduce the stored volume of or to enhance the functionality of an object. 

Engineered origami fulfills a diverse set of applications across multiple length scales, ranging 

from micro-scale1ï3 to macro-scale.4,5 When combined with active materials, as discussed 

above, the object becomes responsive to external stimuli such as heat, light, or solvent. Another 
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closely related approach, kirigami, incorporates cuts into the material and can be used to 

develop more complex structures.6ï11 

A primary thrust of origami engineering is the development of fold patterns and the 

associated kinematics of folding and unfolding. Commonly utilized fold patterns include the 

waterbomb12,13 base and Miura-ori.8,14ï17 Other crease patterns can be designed using models 

that typically assume that the material has a negligible thickness and that the material forms a 

sharp, zeroth-order fold at the crease line. The use of finite thickness materials invalidates this 

assumption, which has led to the development of models for smooth folds18 and folding of 

structures with finite thicknesses.19,20 Further, origami patterns can be superimposed to obtain 

functional structures with multiple stable states, as seen in Figure 1.1.21 Kirigami structures 

have been developed for beam steering and solar tracking applications.7,10 In these systems, 

linear actuation produces significant changes in the orientation of facets on the structure. 

Another advantage of self-folding origami is that it allows full access to the surface of the 

material for patterning at the microscale, and the active materials in the structure can be used 

to control shape at the macroscale.22 Self-folding can also be actuated by relaxation of 

mechanical loads. For instance, release of mechanical pre-strain in an elastomeric substrate 

can cause rigid origami structures to pop-up from a flat state.2,23,24 

1.1.2 Self-Folding Origami 

Self-folding transforms two-dimensional (2D) sheets into three-dimensional 

(3D) objects through an origami-like process with no direct manual interaction.25ï27 The 

ability to convert planar sheets into 3D shapes is attractive for several reasons: (i) sheets can 

be stacked efficiently for storage and transportation, (ii) there are many high-throughput 
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methods for patterning and cutting sheets, (iii) facile or autonomous assembly of 3D structures 

reduces time and cost of deploying the product. Converting a planar sheet into a 3D shape 

requires deformation of the sheet, which can be achieved by physical manipulation or by using 

active materials, i.e., materials that can change shape (i.e., shrink or expand) in response to an 

external stimulus such as light, heat, or solvent.28ï41 Conventionally, these responsive materials 

are placed in regions where deformation is desired.30,31,39,41ï43 Self-folding can be used to 

obtain 3D structures for an array of applications, including medical stents,44ï46 antennas,47 and 

engineered origami applications, such as space telescopes.48 Self-folding can be attained 

through the use of active materials, such as hydrogels,49ï53 shape memory alloys 

(SMAs),54ï56 or shape memory polymers (SMPs),30,42,57ï59 or either alone or in 

combination with passive materials including wood, paper, or polymers.  

Hydrogels are active materials that swell in response to exposure to 

solvents,12,13,33,42,57,59ï66 and therefore represent suitable candidates for inducing changes in 

curvature in initially flat sheets. Bilayers of hydrogels28,32,38,51,67ï70 or hydrogels patterned with 

stiff regions37,53,71 can produce curved 3D structures due to differential swelling. However, 

hydrogel based materials generally possess a slow response time, low moduli, and require 

continuous solvent exposure to maintain their deformed shape.  

Certain metal alloys exhibit a shape memory effect. For instance, nickel-titanium 

(NiTi) alloys transition from austenite to martensite when cooled. The metal can be deformed 

at low temperatures, but the original shape is restored when the material is reheated. This 

change in shape has been used for environmentally responsive systems. SMA folding 

structures have been developed for beam steering10 and hinged folding.72 SMAs have a fast 



 

4 
 

response and range of activation temperatures, but they are generally more expensive and often 

must be used in combination with a second material. 

Conventional SMPs are attractive shape changing alternatives to gels and SMAs due 

to their relatively short response time, low cost, high stiffness, and potential responsiveness to 

a wide range of activation stimuli. Activation stimuli for SMPs include heat, light, and electric 

fields.58,73 Heat activated SMPs can respond to a variety of heat sources, such as uniform 

heating,31,63,74 local energy absorption,14,30,41,43,75 or Joule heating.42,61 SMPs can generate 

discretely folded structures in laminated composites42,60ï63 or homogeneous sheets.30,31,37,41 

Additionally, heat activated SMPs maintain their shape upon removal of the stimulus.  

Of these active materials, SMPs are attractive due to their low cost, ease of 

processing, ability to recover large deformation, and a diverse selection of activation 

stimuli, i.e., heat,30,42,60,61,63,76 light,77ï79 pH,80 solvents,49,81ï83 and magnetic fields.84 Based on 

these advantages, I sought an approach to obtain 3D objects from thermoplastic SMP sheets 

by using localized material shrinking. Although SMPs have many applications, I am primarily 

interested in using the material as thermally responsive actuators for self-folding origami 

structures73,85,86 because of the potential multifunctional applications. 

1.1.3 Experimental Studies 

The typical thermo-mechanical cycle applied to heat activated SMPs87ï89 involves 

straining the polymer, which is initially at an elevated temperature near the glass transition 

temperature (Tg), to some temporary shape (e.g., an elongated sheet). After cooling, the 

polymer retains the temporary shape until, at some later time, the material is reheated. Upon 

reheating, the strain relaxes, and the SMP shrinks, i.e., recovers, to the initial, unstrained shape 
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through a viscoelastic strain recovery process, referred to as shrinkage. Shrinkage is a 

function of both time and temperature and occurs more rapidly at higher temperatures.90  

I have shown that black ink patterned on SMPs can locally absorb light to induce 

folding.30,90,91 In this investigation, I utilized pre-strained polystyrene SMP sheets in the 

form of commercially available Grafix® shrink film. These amorphous, biaxially pre-

strained polystyrene sheets shrink in-plane to approximately half of the original 

dimensions when thermally activated (the activation temperature, Ta, is approximately 

the same as Tg, Tg = 103°C). Figure 1.2 outlines schematically the behavior of three 

SMP samples when exposed to two different heat sources. The center column depicts 

the samples before heating. All three configurations shrink uniformly when heated 

above Ta as shown in the left column of Figure 1.2. These configurations behave 

differently when exposed to a radiant heat source, e.g., infrared (IR) light. A transparent 

SMP does not shrink readily when exposed to the radiant heat source because the 

polymer does not absorb the radiant thermal energy efficiently (Figure 1.2, top row).90 

Samples coated with black ink absorb light more efficiently than uncoated samples and 

a temperature gradient develops through the thickness of the sheet. Thus, the polymer 

shrinks locally wherever the temperature reaches Ta. This temperature gradient results 

in a shrinkage gradient, due to a thermally accelerated viscoelastic recovery, which 

causes the sheet to curl towards the inked side of the sheet initially before flattening out 

upon recovery of the material pre-strain (Figure 1.2, middle row). Similarly, a sample 

patterned with lines of ink (i.e., hinges) exposed to radiant heat develops a thermal 

gradient beneath the patterned region only. This thermal gradient creates a shrinkage 
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gradient, and the polymer folds along the ink pattern (Figure 1.2, bottom row).30 While 

folding, the un-patterned regions do not shrink noticeably. Other approaches to induce 

self-folding in thermally activated SMP sheets include the use of uniform1 or Joule 

heating42,63 in SMP composites, or using microwaves76 or lasers.91 Previously, a simple 

geometrical model was developed and presented that predicts the maximum and 

transient bending angles, Ŭb (defined graphically in the lower right image of Figure 1.2) 

of self-folding polymer sheets.90 However, that geometrical model does not provide 

fundamental thermo-mechanical understanding of the relevant material mechanisms 

and requires experimentally measured temperatures to predict transient Ŭb. In addition 

to the hinged folding behavior, a balance of internal stresses that arise from material 

shrinkage can be used to induce curvature in the polymer sheet. In our system, the recovery 

rate can be controlled by the rate of localized energy absorption and the subsequent heat 

dissipation of the patterned region. This can be realized by changing the intensity of the IR 

light source or the light absorptivity of the ink.43 Complex 3D structures can be obtained by 

combining multi-hinged patterns with cuts in the material.41 

As part of this investigation, I investigated viscous heating during the shrinking and 

folding of SMP sheets. Viscous heat generation arises from viscous sliding and shearing of 

polymer chains at the molecular level.92ï96 This heating effect is significant in many polymer 

systems during the transition from glassy to rubbery behavior, and is prevalent near Tg. Viscous 

heating, in response to ultrasonic waves, has been shown to have a significant effect during the 

unfolding of polymer sheets,94 drug delivery,95,96 and polymer plasticization during injection 

molding.97 Additionally, viscous heating affects rubber dampers, which dissipate energy from 
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cyclic mechanical loading.98,99 In these materials, viscous heating can lead to significant 

thermal increases,98 which affect the behavior of the damper. Hence, the effects of viscous 

heating must be understood among a myriad of effects, such as damping and material failure.  

1.1.4 Computational Studies 

Computational modeling has been utilized to obtain a detailed understanding of the 

behavior of SMPs at both atomistic and continuum levels and to provide a predictive tool to 

aid in the design of localized shrinkage patterns.100ï105 Molecular dynamics (MD) studies have 

offered insights into the molecular mechanisms that result in the shape memory effect,106 but 

these models are at spatial and temporal scales that are generally not relevant for mesoscale 

and macroscale folded, origami structures. At the continuum level, two approaches have 

generally been employed based on different constitutive formulations. The first 

approach treats the material as a biphasic system consisting of glassy and rubbery 

phases (cf. Figure 1.3).107ï110 Heating the strained material transforms the glassy domains to 

rubbery domains, which induces a mechanical response through the release of stored entropic 

energy. This approach is computationally expedient, but it does not account fully for the 

transient, thermo-mechanical response of the material. The second continuum modeling 

approach utilizes the viscoelastic properties of the SMP obtained via rheology or 

dynamic mechanical analysis to model time- and temperature-dependent recovery 

behavior.40,87,100ï102,111ï113 This approach captures the transient and temperature-dependent 

response of the polymer by incorporating the time-temperature superposition principle (TTSP) 

using the Williams-Landel-Ferry (WLF) equation.114. However, these modeling approaches 

do no fully couple the thermal and mechanical responses of the SMP. Others studies 
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have investigated the effects of the thermal and mechanical history applied to the 

polymer on the recovery behavior89,102 and finite deformation viscoelasticity101,109,115ï119 

using a combination of finite element or numerical analysis and experimental 

evaluations. 

1.2 General Research Objectives and Approach 

The objective of this research is to model computationally the behavior of SMPs 

used for self-folding origami. Self-folding is affected significantly by the heat 

absorption and heat transfer, the non-linear relationship between temperature and 

shrinkage, and the conservation of mass in the material. Therefore, in this investigation, 

I use a 3D, non-linear, finite element framework with a thermo-viscoelastic material model 

and fully-coupled thermo-mechanical solution to gain insights into the fundamental 

behavior of folding SMP sheets that cannot be obtained experimentally. To this end, I 

systematically investigate the effects of hinge orientation, size, and spacing, as well as the 

effects of initial temperature and surface heat flux. Further, this computational framework 

provides an understanding of the sensitivity of folding to the surface heat flux and 

sample pre-straining process.  

Beyond hinged folding behavior, our goal is to generalize the model so that it 

may be extended to predict the behavior due to any ink pattern on the SMP surface in 

response to an external heat flux. This goal stems from recent research in which discrete 

folds in tessellated Miura-ori patterns have been used to approximate surfaces with positive, 

negative, and zero Gaussian curvature.15,16,41,120 When refining the curvature using tessellated 

fold patterns, the number and density of folds in these patterns becomes impractical to fold 
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manually. An alternative method is to induce changes in material dimensions, such as through 

strain that arises from swelling or shrinking of SMP sheets. I explored two strategies, termed 

the ódirectô and óindirectô mechanism of curvature to convert planar thermoplastic sheets into 

3D shapes. The direct mechanism, achieves curvature by applying strain directly to the portions 

of the sheet to be curved. For the indirect mechanism, curvature can arise óindirectlyô in 

response to internal stresses induced by one region shrinking relative to adjacent regions. 

Within the framework of the computational model, I sought a better understanding of 

the thermo-mechanical mechanisms that lead to shrinking and folding in SMP sheets. These 

mechanisms include time and temperature dependent moduli, viscoelastic recovery, external 

temperature fields, surface heat fluxes, internal dissipative viscous heat generation, and 

diffusive heat conduction. Viscous heating occurs whenever there is viscous sliding among 

polymer chains, i.e., during both the initial straining and subsequent relaxing of SMPs. Given 

the relationship between temperature and the shrinking or folding of SMP sheets, viscous 

heating, in combination with other heating mechanisms, would affect the shape change 

response of the material. Additionally, viscous heating during shape recovery causes an 

increase in temperatures that significantly affect the strain relaxation rate. 

The goal of this research was to couple fully the thermal and mechanical behavior of 

the SMP by accounting for both viscous heating and TTSP as the SMP was pre-strained and 

subsequently relaxed upon reheating. In doing so, I sought to understand the thermo-

mechanistic aspects related to shrinking and folding, i.e., recovery, of SMP sheets. Herein, it 

was important to understand how the heat was partitioned between dissipative and diffusive 

processes. Viscous heating results from mechanical energy dissipation, while conduction 
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diffuses heat that arises from internal and external sources. Heating affects instantaneous 

moduli, which are related to TTSP, and also affects thermal expansion, which is related to 

thermal stresses and strains. All these thermal components affect the internal temperature 

distribution, but they are also coupled to the stresses through viscous heating. In addition to 

the imposed thermal loading, each thermal component affects thermo-mechanistic aspects of 

shrinking and folding, which can provide further understanding regarding how time, 

temperature, and stresses affect material response. 

1.3 Dissertation Organization 

In this investigation, I seek to gain fundamental understanding of the self-folding 

behavior of locally heated SMPs. This investigation is organized as follows: Chapter 2 

presents the constitutive theory and finite element framework. Chapter 3 provides 

experimental and material properties data for Grafix® shrink films. Chapter 4 presents 

finite element results for hinged folding of SMP sheets. Chapter 5 extends the model to 

be fully coupled by accounting for internal heat generation. Chapter 6 generalizes the 

model to different thermal and mechanical loadings and investigates curvature 

producing patterns. Chapter 7 studies geometric variations in hinged folding and 

investigates axisymmetric ink patterns. Chapter 8 summarises this investigation, and 

Chapter 9 provides recommendations for future research.  
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Figure 1.1 An example of a foldable origami structure with two, independent folded states. (a) A crease pattern 

and its resulting shelter configuration. (b) Miura-ori pattern and its folded configuration. (c) Overlay of the shelter 

pattern (black) and Miura-ori pattern (red) and the resulting structure folded into each configuration. (d) A thick 

panel equivalent of the shelter and Miura-ori foldable structure. (Image from Liu et. al21). 
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Figure 1.2 Response of ink patterned SMP sheets to uniform heating and exposure to IR light. Center column: 

patterned sheets do not shrink at room temperature. Left column: patterned sheets shrink uniformly when heated 

above the activation temperature Ta. Right column: and unpatterned sheet (top) does not absorb thermal energy 

from and IR light efficiently and does not heat above the activation temperature. Therefore, it does not shrink. A 

sheet coated in black ink (middle) will begin heating from the exposed surface. This generates a temperature and 

shrinkage gradient through the thickness, and the sheet initially curls towards toward the light before flattening 

out to shrink uniformly. A sheet patterned with discrete lines (bottom) will heat in the patterned region only. A 

gradient in temperature and shrinkage beneath the patterned region causes the sheet to fold along the line. 
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Figure 1.3 Illustration of the bi-phasic model used to predict the behavior of SMPs.30 Temperature converts frozen 

phases to active phases. The switch between frozen and active phases allows for the storage and release of entropic 

deformation.  

  



 

14 
 

References 

1 J.-H. Na, A. A. Evans, J. Bae, M. C. Chiappelli, C. D. Santangelo, R. J. Lang, T. C. 

Hull and R. C. Hayward, Adv. Mater., 2015, 27, 79ï85. 

2 Z. Yan, F. Zhang, J. Wang, F. Liu, X. Guo, K. Nan, Q. Lin, M. Gao, D. Xiao, Y. Shi, 

Y. Qiu, H. Luan, J. H. Kim, Y. Wang, H. Luo, M. Han, Y. Huang, Y. Zhang and J. A. 

Rogers, Adv. Funct. Mater., 2016, 26, 2629ï2639. 

3 G. Stoychev, N. Puretskiy and L. Ionov, Soft Matter, 2011, 7, 3277ï3279. 

4 A. Lebée, Int. J. Space Struct., 2015, 30, 55ï74. 

5 C. Qiu, V. Aminzadeh and J. S. Dai, J. Mech. Des., 2013, 135, 111004ï111004. 

6 Q. Zhang, J. Wommer, C. OôRourke, J. Teitelman, Y. Tang, J. Robison, G. Lin and J. 

Yin, Extreme Mech. Lett., 2017, 11, 111ï120. 

7 A. Lamoureux, K. Lee, M. Shlian, S. R. Forrest and M. Shtein, Nat. Commun., 2015, 

6. 

8 C. Jianguo, D. Xiaowei and F. Jian, Smart Mater. Struct., 2014, 23, 94011. 

9 Y. Tang, G. Lin, S. Yang, Y. K. Yi, R. D. Kamien and J. Yin, Adv. Mater., 2016, n/a-

n/a. 

10 W. Wang, C. Li, H. Rodrigue, F. Yuan, M.-W. Han, M. Cho and S.-H. Ahn, Adv. Funct. 

Mater., 2017, n/a-n/a. 

11 S. Yang, I.-S. Choi and R. D. Kamien, MRS Bull., 2016, 41, 130ï138. 

12 B. H. Hanna, J. M. Lund, R. J. Lang, S. P. Magleby and L. L. Howell, Smart Mater. 

Struct., 2014, 23, 94009. 

13 B. H. Hanna, S. P. Magleby, R. J. Lang and L. L. Howell, J. Appl. Mech., 2015, 82, 

081001ï081001. 

14 K. Suzuki, H. Yamada, H. Miura and H. Takanobu, Microsyst. Technol., 2007, 13, 

1047ï1053. 

15 M. Schenk and S. D. Guest, Proc. Natl. Acad. Sci., 2013, 110, 3276ï3281. 

16 C. Jianguo, D. Xiaowei and F. Jian, Smart Mater. Struct., 2014, 23, 94011. 



 

15 
 

17 K. C. Cheung, T. Tachi, S. Calisch and K. Miura, Smart Mater. Struct., 2014, 23, 

94012. 

18 E. A. Peraza Hernandez, D. J. Hartl and D. C. Lagoudas, J. Mech. Robot., 2016, 8, 

61019-61019ï22. 

19 Y. Chen, R. Peng and Z. You, Science, 2015, 349, 396ï400. 

20 M. R. Morgan, R. J. Lang, S. P. Magleby and L. L. Howell, Mech. Sci., 2016, 7, 69ï

77. 

21 X. Liu, J. M. Gattas and Y. Chen, Sci. Rep., 2016, 6, 36883. 

22 S. Janbaz, R. Hedayati and A. A. Zadpoor, Mater. Horiz., 2016, 3, 536ï547. 

23 S. Xu, Z. Yan, K.-I. Jang, W. Huang, H. Fu, J. Kim, Z. Wei, M. Flavin, J. McCracken, 

R. Wang, A. Badea, Y. Liu, D. Xiao, G. Zhou, J. Lee, H. U. Chung, H. Cheng, W. Ren, 

A. Banks, X. Li, U. Paik, R. G. Nuzzo, Y. Huang, Y. Zhang and J. A. Rogers, Science, 

2015, 347, 154ï159. 

24 Z. Yan, F. Zhang, F. Liu, M. Han, D. Ou, Y. Liu, Q. Lin, X. Guo, H. Fu, Z. Xie, M. 

Gao, Y. Huang, J. Kim, Y. Qiu, K. Nan, J. Kim, P. Gutruf, H. Luo, A. Zhao, K.-C. 

Hwang, Y. Huang, Y. Zhang and J. A. Rogers, Sci. Adv., 2016, 2, e1601014. 

25 D. H. Gracias, Curr. Opin. Chem. Eng., 2013, 2, 112ï119. 

26 E. A. Peraza-Hernandez, D. J. Hartl, R. J. Malak Jr and D. C. Lagoudas, Smart Mater. 

Struct., 2014, 23, 94001. 

27 L. Ionov, Polym. Rev., 2013, 53, 92ï107. 

28 J. C. Athas, C. P. Nguyen, B. C. Zarket, A. Gargava, Z. Nie and S. R. Raghavan, ACS 

Appl. Mater. Interfaces, 2016, 8, 19066ï19074. 

29 H. Arazoe, D. Miyajima, K. Akaike, F. Araoka, E. Sato, T. Hikima, M. Kawamoto and 

T. Aida, Nat. Mater., 2016, 15, 1084ï1089. 

30 Y. Liu, J. K. Boyles, J. Genzer and M. D. Dickey, Soft Matter, 2012, 8, 1764ï1769. 

31 D. Davis, B. Chen, M. D. Dickey and J. Genzer, J. Mech. Robot., 2016, 8, 031014ï

031014. 

32 A. M. Abdullah, P. V. Braun and K. J. Hsia, Soft Matter, 2016, 12, 6184ï6195. 

33 Q. Ge, C. K. Dunn, H. J. Qi and M. L. Dunn, Smart Mater. Struct., 2014, 23, 94007. 



 

16 
 

34 Q. Guo, A. K. Mehta, M. A. Grover, W. Chen, D. G. Lynn and Z. Chen, Appl. Phys. 

Lett., 2014, 104, 211901. 

35 A. I. Egunov, J. G. Korvink and V. A. Luchnikov, Soft Matter, 2015, 12, 45ï52. 

36 D. J. Glugla, M. D. Alim, K. D. Byars, D. P. Nair, C. N. Bowman, K. K. Maute and R. 

R. McLeod, ACS Appl. Mater. Interfaces, 2016, 8, 29658ï29667. 

37 J. Kim, J. A. Hanna, M. Byun, C. D. Santangelo and R. C. Hayward, Science, 2012, 

335, 1201ï1205. 

38 J. Ma, X. Mu, C. N. Bowman, Y. Sun, M. L. Dunn, H. J. Qi and D. Fang, J. Mech. 

Phys. Solids, 2014, 70, 84ï103. 

39 R. Takahashi, Y. Ikura, D. R. King, T. Nonoyama, T. Nakajima, T. Kurokawa, H. 

Kuroda, Y. Tonegawa and J. P. Gong, Soft Matter, 2016, 12, 5081ï5088. 

40 J. J. Wie, K. M. Lee, M. L. Smith, R. A. Vaia and T. J. White, Soft Matter, 2013, 9, 

9303ï9310. 

41 Q. Zhang, J. Wommer, C. OôRourke, J. Teitelman, Y. Tang, J. Robison, G. Lin and J. 

Yin, Extreme Mech. Lett., Article in Press. 

42 S. M. Felton, M. T. Tolley, B. Shin, C. D. Onal, E. D. Demaine, D. Rus and R. J. Wood, 

Soft Matter, 2013, 9, 7688ï7694. 

43 Y. Lee, H. Lee, T. Hwang, J.-G. Lee and M. Cho, Sci. Rep., 2015, 5, 16544. 

44 G. M. Baer, W. Small, T. S. Wilson, W. J. Benett, D. L. Matthews, J. Hartman and D. 

J. Maitland, Biomed. Eng. OnLine, 2007, 6, 43. 

45 S. Reese, M. Böl and D. Christ, Comput. Methods Appl. Mech. Eng., 2010, 199, 1276ï

1286. 

46 L. Xue, S. Dai and Z. Li, J. Mater. Chem., 2012, 22, 7403ï7411. 

47 G. J. Hayes, Y. Liu, J. Genzer, G. Lazzi and M. D. Dickey, IEEE Trans. Antennas 

Propag., 2014, 62, 5416ï5419. 

48 J. T. Early, R. Hyde and R. L. Baron, 2004, vol. 5166, pp. 148ï156. 

49 M. Li, Q. Yang, H. Liu, M. Qiu, T. J. Lu and F. Xu, Small, 2016, 12, 4492ï4500. 



 

17 
 

50 S.-H. Kim, H. R. Lee, S. J. Yu, M.-E. Han, D. Y. Lee, S. Y. Kim, H.-J. Ahn, M.-J. Han, 

T.-I. Lee, T.-S. Kim, S. K. Kwon, S. G. Im and N. S. Hwang, Proc. Natl. Acad. Sci., 

2015, 201504745. 

51 C. Yoon, R. Xiao, J. Park, J. Cha, T. D. Nguyen and D. H. Gracias, Smart Mater. 

Struct., 2014, 23, 94008. 

52 Y. Zhang and L. Ionov, Langmuir, 2015, 31, 4552ï4557. 

53 E. Palleau, D. Morales, M. D. Dickey and O. D. Velev, Nat. Commun., 2013, 4, 2257. 

54 E. A. Peraza-Hernandez, D. J. Hartl and R. J. M. Jr, Smart Mater. Struct., 2013, 22, 

94008. 

55 C. Lelieveld, K. Jansen and P. Teuffel, J. Intell. Mater. Syst. Struct., 2016, 27, 2038ï

2048. 

56 M. Taya, Y. Liang, O. C. Namli, H. Tamagawa and T. Howie, Smart Mater. Struct., 

2013, 22, 105003. 

57 L. Ionov, Soft Matter, 2011, 7, 6786. 

58 J. Leng, X. Lan, Y. Liu and S. Du, Prog. Mater. Sci., 2011, 56, 1077ï1135. 

59 E. Hawkes, B. An, N. M. Benbernou, H. Tanaka, S. Kim, E. D. Demaine, D. Rus and 

R. J. Wood, Proc. Natl. Acad. Sci. U. S. A., 2010, 107, 12441ï5. 

60 S. Felton, M. Tolley, E. Demaine, D. Rus and R. Wood, Science, 2014, 345, 644ï646. 

61 S. M. Felton, K. P. Becker, D. M. Aukes and R. J. Wood, J. Micromechanics 

Microengineering, 2015, 25, 85004. 

62 S. Miyashita, L. Meeker, M. T. Tolley, R. J. Wood and D. Rus, Smart Mater. Struct., 

2014, 23, 94005. 

63 M. T. Tolley, S. M. Felton, S. Miyashita, D. Aukes, D. Rus and R. J. Wood, Smart 

Mater. Struct., 2014, 23, 94006. 

64 S. Daynes, R. S. Trask and P. M. Weaver, Smart Mater. Struct., 2014, 23, 125011. 

65 E. T. Filipov, T. Tachi and G. H. Paulino, Proc. Natl. Acad. Sci., 2015, 201509465. 

66 D. Hartl, D. Lagoudas, R. Malak, M. Frecker and Z. Ounaies, Smart Mater. Struct., 

2014, 23, 90201. 



 

18 
 

67 D. Morales, E. Palleau, M. D. Dickey and O. D. Velev, Soft Matter, 2014, 10, 1337ï

1348. 

68 G. Stoychev, S. Turcaud, J. W. C. Dunlop and L. Ionov, Adv. Funct. Mater., 2013, 23, 

2295ï2300. 

69 H. Thérien-Aubin, Z. L. Wu, Z. Nie and E. Kumacheva, J. Am. Chem. Soc., 2013, 135, 

4834ï4839. 

70 R. Vaia and J. Baur, Science, 2008, 319, 420ï421. 

71 Z. L. Wu, M. Moshe, J. Greener, H. Therien-Aubin, Z. Nie, E. Sharon and E. 

Kumacheva, Nat. Commun., 2013, 4, 1586. 

72 E. A. Peraza-Hernandez, D. J. Hartl and R. J. M. Jr, Smart Mater. Struct., 2013, 22, 

94008. 

73 Y. Liu, J. Genzer and M. D. Dickey, Prog. Polym. Sci., 2016, 52, 79ï106. 

74 B. An, S. Miyashita, M. T. Tolley, D. M. Aukes, L. Meeker, E. D. Demaine, M. L. 

Demaine, R. J. Wood and D. Rus, in 2014 IEEE International Conference on Robotics 

and Automation (ICRA), 2014, pp. 1466ï1473. 

75 K. N. Long, T. F. Scott, H. Jerry Qi, C. N. Bowman and M. L. Dunn, J. Mech. Phys. 

Solids, 2009, 57, 1103ï1121. 

76 D. Davis, R. Mailen, J. Genzer and M. Dickey, RSC Adv., 2015, 89254ï89261. 

77 J. S. Sodhi, P. R. Cruz and I. J. Rao, Int. J. Eng. Sci., 2015, 89, 1ï17. 

78 R. V. Beblo and L. M. Weiland, J. Appl. Mech., 2008, 76, 11008. 

79 R. V. Beblo and L. M. Weiland, J. Appl. Mech., 2011, 78, 61016. 

80 X.-J. Han, Z.-Q. Dong, M.-M. Fan, Y. Liu, J.-H. Li, Y.-F. Wang, Q.-J. Yuan, B.-J. Li 

and S. Zhang, Macromol. Rapid Commun., 2012, 33, 1055ï1060. 

81 D. Morales, I. Podolsky, R. W. Mailen, T. Shay, M. D. Dickey and O. D. Velev, 

Micromachines, 2016, 7, 98. 

82 C. Yoon, R. Xiao, J. Park, J. Cha, T. D. Nguyen and D. H. Gracias, Smart Mater. 

Struct., 2014, 23, 94008. 

83 Y. Zhang and L. Ionov, Langmuir, 2015, 31, 4552ï4557. 



 

19 
 

84 P. R. Buckley, G. H. Mckinley, T. S. Wilson, W. Small, W. J. Benett, J. P. Bearinger, 

M. W. Mcelfresh and D. J. Maitland, IEEE Trans. Biomed. Eng., 2006, 53, 2075ï2083. 

85 K. Oliver, A. Seddon and R. S. Trask, J. Mater. Sci., 2016, 1ï27. 

86 J. Leng, X. Lan, Y. Liu and S. Du, Prog. Mater. Sci., 2011, 56, 1077ï1135. 

87 X. Chen and T. D. Nguyen, Mech. Mater., 2011, 43, 127ï138. 

88 M. Behl and A. Lendlein, Mater. Today, 2007, 10, 20ï28. 

89 F. Castro, K. K. Westbrook, K. N. Long, R. Shandas and H. J. Qi, Mech. Time-Depend. 

Mater., 2010, 14, 219ï241. 

90 Y. Liu, R. Mailen, Y. Zhu, M. D. Dickey and J. Genzer, Phys. Rev. E, 2014, 89, 42601. 

91 Y. Liu, M. Miskiewicz, M. J. Escuti, J. Genzer and M. D. Dickey, J. Appl. Phys., 2014, 

115, 204911. 

92 L. Oehm, S. Bach and J.-P. Majschak, Ultrasonics, 2016, 70, 204ï210. 

93 B. Liu, H. Xia, G. Fei, G. Li and W. Fan, Macromol. Chem. Phys., 2013, 214, 2519ï

2527. 

94 G. Li, G. Fei, B. Liu, H. Xia and Y. Zhao, RSC Adv., 2014, 4, 32701ï32709. 

95 H. Bruinewoud, Dissertation, Technische Universiteit Eindhoven, 2005. 

96 G. Li, G. Fei, H. Xia, J. Han and Y. Zhao, J. Mater. Chem., 2012, 22, 7692ï7696. 

97 B. Jiang, H. Peng, W. Wu, Y. Jia and Y. Zhang, Polymers, 2016, 8, 199. 

98 B. Dippel, M. Johlitz and A. Lion, ZAMM - J. Appl. Math. Mech. Z. Für Angew. Math. 

Mech., 2015, 95, 1117ï1128. 

99 R. K. Luo, W. X. Wu and W. J. Mortel, Proc. Inst. Mech. Eng., 2005, 219, 239ï244. 

100 R. W. Mailen, Y. Liu, M. D. Dickey, M. Zikry and J. Genzer, Soft Matter, 2015, 11, 

7827ï7834. 

101 J. Diani, P. Gilormini, C. Frédy and I. Rousseau, Int. J. Solids Struct., 2012, 49, 793ï

799. 

102 S. Arrieta, J. Diani and P. Gilormini, Mech. Mater., 2014, 68, 95ï103. 

103 S. Alexander, R. Xiao and T. D. Nguyen, J. Appl. Mech., 2013, 81, 041003ï041003. 



 

20 
 

104 S. Moon, F. Cui and I. J. Rao, Int. J. Eng. Sci., 2015, 96, 86ï110. 

105 T. D. Nguyen, Polym. Rev., 2013, 53, 130ï152. 

106 J. Moon, J. Choi and M. Cho, Polymer, 102, 1ï9. 

107 H. J. Qi, T. D. Nguyen, F. Castro, C. M. Yakacki and R. Shandas, J. Mech. Phys. Solids, 

2008, 56, 1730ï1751. 

108 Y. Liu, K. Gall, M. L. Dunn, A. R. Greenberg and J. Diani, Int. J. Plast., 2006, 22, 

279ï313. 

109 Y.-C. Chen and D. C. Lagoudas, J. Mech. Phys. Solids, 2008, 56, 1752ï1765. 

110 Y.-C. Chen and D. C. Lagoudas, J. Mech. Phys. Solids, 2008, 56, 1766ï1778. 

111 K. Yu, T. Xie, J. Leng, Y. Ding and H. J. Qi, Soft Matter, 2012, 8, 5687ï5695. 

112 O. Balogun and C. Mo, Smart Mater. Struct., 2014, 23, 45008. 

113 T. D. Nguyen, H. Jerry Qi, F. Castro and K. N. Long, J. Mech. Phys. Solids, 2008, 56, 

2792ï2814. 

114 M. L. Williams, R. F. Landel and J. D. Ferry, J. Am. Chem. Soc., 1955, 77, 3701ï3707. 

115 V. Srivastava, S. A. Chester and L. Anand, J. Mech. Phys. Solids, 2010, 58, 1100ï1124. 

116 S. Reese and S. Govindjee, Int. J. Solids Struct., 1998, 35, 3455ï3482. 

117 J. C. Simo, Comput. Methods Appl. Mech. Eng., 1987, 60, 153ï173. 

118 B. L. Volk, D. C. Lagoudas, Y.-C. Chen and K. S. Whitley, Smart Mater. Struct., 2010, 

19, 75005. 

119 B. L. Volk, D. C. Lagoudas and Y.-C. Chen, Smart Mater. Struct., 2010, 19, 75006. 

120 L. H. Dudte, E. Vouga, T. Tachi and L. Mahadevan, Nat. Mater., 2016, 15, 583ï588.



 

21 
 

Chapter 2: Constitutive Theory and Finite Element Framework 

In this Chapter, I discuss the constitutive theory and finite element framework 

employed in this investigation. Subsection 2.1 provides a molecular explanation for the 

behavior of shape memory polymers (SMPs). Subsection 2.2 outlines the fundamentals of 

viscoelastic theory. Subsection 2.3 describes the finite element framework. Subsection 2.4 

discusses the implementation of viscoelasticity into the finite element framework. Subsection 

2.5 presents the implementation of thermomechanical coupling in the finite element framework 

2.1 Shape Recovery Mechanism 

The ability of thermally activated SMPs to hold a temporary shape and recover their 

original shape arises from changes to free volume and enhanced polymer chain mobility in 

response to temperature changes. SMPs consist of a network of polymer chains, joined at 

physical (i.e., entanglements) or chemical (i.e., chemical bonds) crosslinks, which serve as net-

points. In the case of physical crosslinks, it is critical that the polymer have a sufficiently high 

molecular weight, above the entanglement molecular weight, that a network of entanglements 

is formed. At low temperatures, free volume is reduced and secondary intermolecular bonds, 

e.g. van der Waals forces, prevent significant molecular motion. Free volume increases with 

temperature (cf. Figure 2.1), and so does chain mobility due to increased thermal energy. In 

this condition, the application of mechanical loads can result in significant deformation of the 

polymer through changes in conformation of the individual chains according to the affine 

assumption. If the material is cooled in the deformed, temporary shape, this shape is maintained 

due to reduced chain mobility and secondary bonding. When the material is reheated, the 
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individual chains change conformation to a lowest energy state, thereby recovering the 

permanent shape.  

As depicted in Figure 2.1, a significant change in free volume occurs as the material 

transitions across the glass transition temperature, Tg. Although this indicates the temperature 

at which molecular motion is enabled, a distinction is drawn between Tg and the activation 

temperature, Ta, for SMPs. It has been shown that SMPs begin to recover their original shape, 

from an initial temporary shape, at temperatures slightly below Tg.
1 Therefore, Ta may be 

slightly lower than Tg, but Tg serves as a good approximation of Ta due to the time dependence 

of molecular motion. This time dependence is described by the viscoelastic theory outlined 

next. 

2.2 Viscoelastic Theory 

Viscoelasticity is the term used to describe the time-dependent behavior of materials 

that exhibit the hallmarks of both elastic and viscous behavior. In the context of this 

investigation, viscoelasticity provides a means to analyze the mechanical behavior of polymers 

which have both ñviscousò deformation, which is irreversible and time-dependent, and 

ñelasticò deformation, which is reversible and time-independent. The time-dependent behavior 

of polymers originates from the motion of individual polymer chains. As viscoelastic materials, 

polymers exhibit a few key behaviors that can be illustrated by creep/creep-recovery tests and 

stress-relaxation tests discussed in Subsection 2.2.1. Subsection 2.2.2 introduces linear 

viscoelasticity. Subsection 2.2.3 presents phenomenological models developed to describe the 

mechanical response of polymers subjected to various loading conditions at a single 

temperature. These models are extended to a range of temperature using the time-temperature 
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superposition principle (TTSP) discussed in Subsection 2.2.4. Subsection 2.2.5 describes the 

viscoelastic master curve, which represents viscoelastic behavior over a wide range of time 

and temperature.  

2.2.1 Time-Dependent Behavior of Polymers 

Two tests are typically used to characterize the time-dependent behavior of polymers: 

creep/creep-recovery and stress relaxation. These tests involve applying a stress or fixed 

displacement to a polymer sample, and recording the resulting deformation or stress, 

respectively, as a function of time. 

Creep/Creep-Recovery 

In a creep test, a constant magnitude force is applied to a sample and the strain in the 

sample is recorded as a function of time. This test is illustrated in the left side of Figure 2.2. 

Upon application of the force, there is an immediate elastic deformation of the material 

followed by an exponential, time-dependent deformation. If the polymer is a thermoset, i.e. if 

it has chemical cross-links between polymer chains, it will approach a limiting maximum 

deformation. If the material is a thermoplastic, the material will deform until it eventually 

fractures. 

Also shown in Figure 2.2 is a creep-recovery test. In the creep recovery test, the load 

that is applied in the creep test is removed at some time, t1. Upon removal of the load, the 

material experiences an instantaneous, elastic, partial recovery followed by a time dependent, 

viscous response. As in the creep test, the recovery depends on if the material is a thermoset 

or thermoplastic. Because of the chemical crosslinks, the thermoset recovers to its initial shape 

from before the creep test, but the thermoplastic will experience some residual strain due to 
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plastic deformation. In an experimental creep recovery test for polymers, four behaviors are 

exhibited: 

1. Initial elastic strain upon load application 

2. Time dependent creep, ɔ(t) 

3. Instantaneous elastic recovery 

4. Permanent deformation after removal of stress for thermoplastics 

Stress Relaxation 

In a stress relaxation test, a constant magnitude displacement, ɔ0, is applied to a sample, 

and the stress, ů, in the sample is recorded as a function of time (cf. Figure 2.3). Application 

of the fixed displacement, ɔ0, results in an initial, elastic stress ů0. The stress decreases 

exponentially as time increases. For a thermoset, some residual stress remains at long times 

due to crosslinks, but for a thermoplastic, which is able to flow in the absence of chemical 

crosslinks, the stress eventually reduces to zero. The key behaviors exhibited in a stress 

relaxation test include: 

1. Instantaneous initial stress upon load application 

2. Decay of stress as time increases 

3. Final stress depends on the type of polymer 

2.2.2 Linear Viscoelasticity 

Linear viscoelasticity does not refer to the stress-strain response, rather the time 

dependent stress or strain behavior exhibited in creep or stress relaxation tests. Consider a 

creep test in which a stress, ů1, is applied at t=0 (cf. Figure 2.4a), and the strain, ɔ1(t), is 

recorded at times ta and tb (cf. Figure 2.4b). This test is repeated at a higher stress ů2> ů1, and 
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the strains are recorded at the same times ta and tb. A plot of the stains as a function of the 

applied stresses produces an isochronus plot (cf. Figure 2.4c). If a line plotted from the origin 

through the strains for a given time ta or tb satisfies the following relation: 
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() () ()

s

g

s

g

s

g ttt
tJ ===

21

  (2.1) 

then the material is said to be linear viscoelastic. J(t), which is the slope of the line, is referred 

to the as the compliance of the material. All polymers are linear viscoelastic at sufficiently low 

stress as shown in Figure 2.5. Above some critical stress, Equation 2.1 no longer holds and 

the material is in the non-linear viscoelastic regime. Analogous behavior exists for stress 

relaxation tests, but the behavior is inverted. In order to be linear, the following relation must 

be satisfied: 

 ()
()
g

st
tG =   (2.2) 

where G(t) is the stiffness of the material. At sufficiently high strain, this relation does not hold 

and the material is in the non-linear viscoelastic regime. 

2.2.3 Phenomenological Models 

Phenomenological models have been developed to model the time dependent behavior 

of polymers. The most fundamental of these models are based on combinations of linear 

springs (elastic response) and dashpots (viscous response). The stress in a spring is written as: 

 gs G=  (2.3) 

where G is the stiffness of the spring and is analogous to the shear modulus of the material. 

The stress in a dashpot is written as: 
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where ɖ is the viscosity of the dashpot. 

A spring and a dashpot connected in series as shown in Figure 2.6 is referred to as a 

Maxwell model, and a spring and dashpot connected in parallel as shown in Figure 2.7 is 

referred to as a Kelvin-Voigt model. These models are capable of representing mathematically 

the fundamental behavior of creep/creep-recovery and stress relaxation tests, but they fail to 

represent fully the real behavior of polymers. The span of the time dependent behavior of 

polymers exceeds what can be modeled by a single Maxwell or Kelvin-Voigt model. 

The Maxwell and Kelvin-Voigt models can be generalized to better represent the real 

behavior of polymers by introducing additional springs and dashpots. As seen in Figure 2.8, a 

generalized Maxwell model consists of many Maxwell elements in parallel, and a generalized 

Kelvin-Voigt model consists of many Kelvin-Voigt models in series as seen in Figure 2.9. The 

number of elements should be selected to accurately represent the distribution/spectrum of 

relaxation times {Űi} in a real polymer. 

Special cases exist for both generalized models. If the viscosity of one dashpot in the 

Generalized Maxwell model is set to infinity, equivalent to setting the relaxation time for that 

element to infinity, the model transitions from being a viscoelastic liquid (i.e., a material that 

is able to flow) to a viscoelastic solid (i.e., a material with some finite modulus at infinite time). 

This is sometimes referred to as a generalized Zener model. A generalized Kelvin-Voigt model 

is already a viscoelastic solid, but the model is incapable of responding elastically to an 

instantaneous change in stress. This feature can be built into the model by setting the viscosity 
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of one Kelvin-Voigt element to ɖi=0, which is equivalent to setting the relaxation time for that 

element to Űi =0. 

2.2.4 Time-Temperature Superposition Principle  

In the previous discussion of viscoelasticity, the relaxation times are valid only at one 

temperature. Increasing the temperature of the polymer results in a decrease in relaxation times, 

and this must be accounted for in the transient analysis of thermally activated shape memory 

polymers. To account for changes in temperature, a shift factor is introduced: 
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where 
Tt is the relaxation time at temperature T, and 

0Tt is the relaxation time at the reference 

temperature T0. Two expressions for the shift factor aT are commonly used depending on the 

temperature regime. Below Tg, the temperature dependence of aT is expressed by the Arrhenius 

equation: 
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where R is the universal gas constant, ȹH is the activation enthalpy, and T is expressed as an 

absolute temperature. Above Tg, aT is expressed by the Williams-Landel-Ferry (WLF) 

equation2: 
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where C1 and C2 are empirically determined constants and T0 is the reference temperature 

(typically T0 =  Tg). It was proposed by Williams, Landel, and Ferry that the constants C1 and 
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C2 are universal for all polymers with C1=17.44 and C2=51.6. Although this does not apply to 

all polymers, it is a reasonable assumption for many polymers.2 

2.2.5 Viscoelastic Master Curve 

Given the time (rate) and temperature dependence of viscoelastic material properties, 

it is convenient to develop a viscoelastic master curve which describes the behavior of the 

material across a wide range of time (frequency or temperature). The viscoelastic master curve 

is obtained by performing isothermal frequency sweep tests on a polymer using a dynamic 

mechanical analyzer (DMA) or a rheometer to obtain the complex modulus. The complex 

modulus is the sum of the storage modulus (elastic response) and the loss modulus (damped 

response). These values can then be shifted in frequency using the TTSP (Subsection 2.1.4) as 

shown in Figure 2.10. The viscoelastic master curve can be shifted to any temperature using 

Equations 2.5 - 2.7. 

2.3 Finite Element Framework 

I studied the behavior of thermally activated SMPs with a non-linear, three-dimensional 

(3D) finite element framework. This framework allowed the investigation of the sensitivity of 

the self-folding behavior of SMP sheets to pre-strain thermal and mechanical loads, material 

geometry, degree of pre-strain, ink pattern, and temperature. I applied this model to a 

polystyrene SMP commercially available as Grafix® shink film. It is noted, however, that the 

approach is applicable to any SMP with a viscoelastic shape recovery mechanism. The 

framework utilized a coupled thermo-mechanical framework with 8-node trilinear brick 

elements. Concurrently, I utilized a linear viscoelastic material model for the time dependent 
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behavior of the SMP. A quasi-Newton solution technique analyzed the coupled thermo-

mechanical solution within each time step by minimizing the residual according to:  
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where Kuu is the stiffness matrix of the mechanical solution, Kɗɗ is the stiffness matrix of the 

thermal solution, ȹu is the change in the mechanical solution, ȹɗ is the change in the thermal 

solution, and Ru and Rɗ are the residuals which are minimized in each time step. 

2.4 Viscoelastic Formulation 

The transient mechanical solution depended on the local temperature in the polymer 

sheet. Temperature dependence of the viscoelastic behavior was accounted for by the TTSP 

using the WLF equation2 given previously in Equation 2.7. The WLF equation shifted the 

viscoelastic relaxation times, Űi, of the material as a function of local temperature. I modeled 

the viscoelastic behavior with a generalized Maxwell model (cf. Figure 2.8) represented by a 

Prony series with: 
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where Gô is the shear storage modulus, Gò is the shear loss modulus, G0 is the instantaneous 

shear modulus, gi is the incremental change in modulus associated with relaxation time Űi, and 

f is frequency. Figure 2.11 demonstrates this model in for a two-element generalized Maxwell 
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model, comprising one free spring in parallel with one Maxwell element (i.e., a spring and 

dashpot in series). In Figure 2.11a, GR is the rubbery, long term modulus. The peak in tan(ŭ) 

(cf. Figure 2.11b) occurs during the transition from G0 to GR. Gô and Gò represent the in-phase 

and out-of-phase stress response of the material to the applied strain (cf. Figure 2.12). Gô is 

associated with elastically stored energy in the system, and Gò is associated with viscously 

damped energy. The phase angle, tan(ŭ), represents a damping factor, which is indicative of 

the relative amount of dissipated energy (i.e., higher values of tan(ŭ) result in greater energy 

dissipation). 

2.5 Thermo-Mechanical Coupling 

The viscous nature of the polymer led to internal heating as polymer chains changed 

conformation. Viscous heating, which resulted from the dissipation of viscous strain energy, 

can be expressed as: 

 vvq ecs## :=  (2.12) 

where vq# is the viscous heat flux, ɢ is the viscous heat fraction, ů is the stress tensor, and ve# 

is the viscous strain rate tensor. If ɢ=0, no viscous heating occurred, and if ɢ=1, all viscous 

work was converted to heat. Equation 2.5 represents a heat source term, and it contributes to 

the heat equation as: 

 convectionvintotal qqqq #### ++=   (2.13) 
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where totalq#  is the total heat flux due to internal and external sources, inq#  is the input heat flux 

from external sources, convectionq#  is the surface heat flux due to convection, ɟ is the density, Cp 
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is the specific heat at constant pressure, and k is the thermal conductivity. The change in 

temperature due to viscous heating can be determined from Equations 2.12 ï 2.14. 

 

 

Figure 2.1 Relative volume as a function of temperature (Image from Brinson and Brinson.3) 

 

 

 

Figure 2.2 Creep and creep recovery tests: stress input (top) and qualitative material strain response (bottom). 

(Figure from Brinson and Brinson3). Strain has an immediate, elastic response upon stress application and removal 

and a time-dependent, viscous response after changes in stress. 
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Figure 2.3 Stress relaxation test: strain input (left) and qualitative stress output (right). (Figure from Brinson and 

Brinson3) Stress has immediate elastic response followed by time-dependent, viscous response after initial strain 

application. Stress relaxes with time. 

 

 

 

 

Figure 2.4 Linear viscoelastic creep: (A) a constant stress of ů1 or ů2, applied at t=0, leads to (B) time-dependent 

strain ɔ1(t) or ɔ2(t), respectively; (C) from (A) and (B) the strains at ta, ɔ(ta), and at time tb, ɔ(tb), are linear in the 

stress. 
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Figure 2.5 Isochronals taken at ta (see Figure 2.4) after the initiation of the creep experiment, ɔ(ta), and at tb, ɔ(tb). 

The diagram illustrates the transition from linear to non-linear viscoelastic behavior. Note that this is not the ɔ-ů 

plot that would be obtained in a conventional stress-strain test; the data are taken from creep experiments at 

different stresses.(Figure and caption from McCrum et al.4) 

 

 

 

 

Figure 2.6 Maxwell model consisting of a spring and dashpot in series. 

 

 

 

 

Figure 2.7 Kelvin-Voigt model consisting of a spring and dashpot in parallel. 
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Figure 2.8 Generalized Maxwell model 

 

 

 

 

Figure 2.9 Generalized Kelvin-Voigt model. 
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Figure 2.10 Example master curve for a modified epoxy. (Original data from Cartner (1978).) Figure from 

Brinson and Brinson.3 

 

 

 

Figure 2.11 (A) Storage modulus, G', Loss Modulus, G", and (B) Phase angle, tan(ŭ) for a two-element 

generalized Maxwell model containing one free spring in parallel with a single Maxwell element (spring and 

dashpot in series). GR=0.01, G0=1, and Ű=1. 
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Figure 2.12 Left: Relationship between strain, stress, and phase angle. Right: Depiction of phase angle in the 

complex plane. 
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Chapter 3: Experimental Basis 

3.1 Rheology Results 

The viscoelastic material properties of the polystyrene SMP used in this investigation 

was evaluated using data obtained from an AR2000 Rheometer. This rheometer was outfitted 

with a torsion sample clamp fixture inside a thermal jacket. The rheometer subjected the 

sample to an oscillatory strain across a range of frequencies. This test was repeated at 

temperatures ranging from 95 to 120°C in 5°C increments. Figure 3.1 shows the storage 

modulus, Gô, as a function of temperature and frequency. At 95ÁC, the sample was in the glassy 

regime, characterized by an approximately constant Gô across the entire frequency range 

considered. At 120°C, the sample was in the rubbery regime, approaching viscous flow. This 

transition is evident based on the lower value of Gô and the short, rubbery plateau. Between 

95°C to 120°C, the temperature traverses the glass transition temperature, indicated by the 

drastic changes in Gô. 

The individual curves in Figure 3.1 can be shifted in frequency according to the time 

temperature superposition principal (TTSP) using the WLF shift factor (Equation 2.1).1 

Standard empirical constants, C1 = 17.44 and C2 = 51.6, in addition to a vertical shift2 of T/Tg 

provided a satisfactory shift to align the individual curves into a viscoelastic master curve (cf. 

Figure 3.2). This master curve is capable of representing the material behavior across an 

immeasurably wide range of time or frequency. Due to the viscoelastic nature of the material, 

there is a correlation between time and temperature. A Prony series (Equation. 2.9 ï 2.11) was 

used to represent the master curve for implementation into the finite element analysis software. 

The Prony series coefficients were fit using a MATLAB algorithm. A Prony series of 6 terms 
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(cf. Table 3.1) sufficiently captured the transition from glassy to rubbery regimes as shown by 

solid red lines in Figure 3.2. The fit of the model is verified by comparing the Prony series 

model to experimental results for the phase angle, tan ŭ. Although additional terms would 

theoretically improve the fit to the experimental data, this comes at a reduction in 

computational efficiency. 

3.2 Differential Scanning Calorimetry Results 

The glass transition of the polystyrene based Grafix® shrink film was determined using 

differential scanning calorimetry. Each sample was subjected to a heat-cool-heat cycle. On the 

second heating stage, the sample was heated at 5°C/min from 50°C to 150°C, and the glass 

transition occurred in this range (cf. Figure 3.3). The mid-point of the change in heat flow 

occurred at approximately 103°C, so this temperature was selected as the glass transition 

temperature. This value is representative of literature values for the Tg. 

3.3 Sample Folding 

GrafixÈ shrink film is commercially available in 8.5ò x 11ò sheets. Figure 3.4 

illustrates the experimental procedure used to prepare and deform experimental samples. The 

SMP sheets were printed on using a desktop inkjet printer Epson Stylus C88. After printing, 

individual samples were cut from the sheet using a laser cutter or manually using scissors. 

Samples were then evaluated by placing them on a hot plate initially set to 90°C (cf. Figure 

3.5). This brought the sample close to Tg, which was shown to improve folding of the SMP 

sheets.3 An IR light placed ~5 cm above the hotplate surface was then turned on, which initiated 

the folding response. In most experimental comparisons, the IR light was turned off when the 

material reversed its folding or curving behavior. 
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Figure 3.1 Storage modulus of PS as a function of temperature and frequency. 

 

 

 

Figure 3.2 Viscoelastic Master Curve. Colors correspond to colors in Figure 3.1. Data for T < 105°C is 

approximately constant and therefore is omitted for clarity. Solid red line represents Prony series model fit. 
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Table 3.1 Prony series coefficients 

# 1 2 3 4 5 6 

gi 0.2089 0.3654 0.3037 0.1011 0.01243 0.004661 

Űi (s) 1.182 14.77 114.8 402 3096 25680 

 

 
 

 

Figure 3.3 Typical DSC results for polystyrene SMP. The dashed red line represents Tg=103°C. 
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Figure 3.4 Schematic of the experimental procedure applied to polystyrene SMP sheets. The sheets are received 

in the pre-strained state. A desktop inkjet printer patterns the sheet with the desired ink pattern. Individual samples 

are cut from the sheet manually or by using a laser cutter. Exposure of the sample to a radiant heat source, such 

as an IR light, results in a temperature gradient through the thickness of the sheet. Wherever the sheet exceeds 

the activation temperature, Ta, locally, the material shrinks, which can cause the sheet to deform out of plane. 

 

 

 

 

Figure 3.5 Schematic of folding experimental setup. The sample rests on a hotplate pre-heated to 90°C. An IR 

light placed approximately 5 cm above the surface of the hotplate provides the external stimulus to initiate folding. 
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Chapter 4: Modelling of shape memory polymer sheets that self-fold in response to 

localized heating 

Abstract  

We conduct a nonlinear finite element analysis (FEA) of the thermo-mechanical 

shrinking and self-folding behavior of pre-strained polystyrene polymer sheets.  Self -folding 

is useful for actuation, packaging, and remote deployment of flat surfaces that convert to 3D 

objects in response to a stimulus such as heat.  The proposed FEA model accounts for the 

viscoelastic recovery of pre-strained polystyrene sheets in response to localized heating on the 

surface of the polymer.  Herein, the heat results from the localized absorption of light by ink 

patterned on the surface of the sheet. This localized delivery of heat results in a temperature 

gradient through the thickness of the sheet, and thus a gradient of strain recovery, or shrinkage, 

develops causing the polymer sheet to fold. This process transforms a 2D pattern into a 3D 

shape through an origami-like behavior. The FEA predictions indicate that shrinking and 

folding are sensitive to the thermo-mechanical history of the polymer during pre-straining.  

The model also shows that shrinkage does not vary linearly through the thickness of the 

polymer during folding due to the accumulation of mass in the hinged region. 

Counterintuitively, the maximum shrinkage does not occur at the patterned surface.  Rather, it 

occurs considerably below the top surface of the polymer.  This investigation provides a 

fundamental understanding of shrinking, self-folding dynamics, and bending angles, and 

provides design guidelines for origami shapes and structures. 
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4.1 Introduction 

Self-folding transforms two-dimensional (2D) sheets into three-dimensional 

(3D) objects through an origami-like process with no direct manual interaction.1ï4 

Applications of self-folding include remote deployment, packaging, manufacturing, 

reconfigurable devices, and self-assembly.5ï7 Self-folding can be attained through the 

use of active materials, such as shape memory polymers (SMPs)8ï10 or shape memory 

alloys (SMAs),11 either alone or in combination with passive materials including wood, 

paper, or polymers. 

SMPs are attractive due to their low cost, ease of processing, and a diverse 

selection of activation stimuli, i.e., heat, light, pH, pneumatics, or chemical 

modification.12 Thermally activated SMPs comprising pre-strained polymers that shrink 

when heated above their shape memory activation temperature, Ta, are particularly 

attractive due to the variety of available chemical compositions and possible stimuli 

(e.g., radiant heating, joule heating, and convective heating). These materials are pre-

strained at an elevated temperature close to the glass transition temperature, Tg, of the 

material. Rapid cooling of the material preserves the pre-strained state. Reheating the 

pre-strained polymer above the activation temperature, Ta, causes the material to return 

to its original state through a viscoelastic strain recovery process, generally referred to 

as shrinkage. Shrinkage is a function of both time and temperature and occurs more 

rapidly at higher temperatures.13 

Previously we have shown that black ink patterned on SMPs can locally absorb 

light to induce folding.9,13,14 We utilized pre-strained polystyrene SMP sheets in the form 
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of commercially available Shrinky-Dinks. These amorphous, biaxially pre-strained 

sheets shrink in-plane to approximately half of the original size in each direction when 

thermally activated (Ta close to Tg = 103°C). Figure 4.1 outlines schematically the 

behaviour of three SMP samples when exposed to two different heat sources. The centre 

column depicts the samples before heating. All three configurations shrink uniformly 

when heated above Ta as shown in the left column of Figure 4.1. These configurations 

behave differently when exposed to a radiant heat source, e.g., infrared (IR) light. A 

transparent SMP does not shrink readily when exposed to the radiant heat source 

because the polymer does not absorb the radiant thermal energy efficiently (Figure 4.1, 

top row).13 Samples coated with black ink absorb light more efficiently than uncoated 

samples and a temperature gradient develops through the thickness of the sheet. As a 

result, the polymer shrinks locally when the temperature reaches Ta. This temperature 

gradient results in a shrinkage gradient, due to a thermally accelerated viscoelastic 

recovery, which causes the sheet to curl initially before flattening out upon recovery of 

the material pre-strain (Figure 4.1, middle row). Similarly, a sample patterned with lines 

of ink (i.e., óhingesô) exposed to radiant heat develops a thermal gradient beneath the 

patterned region only. This thermal gradient creates a shrinkage gradient, and the 

polymer folds along the ink pattern (Figure 4.1, bottom row). While folding, the un-

patterned regions do not shrink noticeably. This approach is different from the work of 

others who have utilized patterned electrodes to deliver heat locally through Joule 

heating, which is another effective way of inducing self-folding.10,15 
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Previously, we developed and presented a simple geometrical model that predict 

the maximum and transient bending angles, Ŭb (defined graphically in the lower right 

image of Figure 4.1) of self-folding polymer sheets.13  However, that geometrical model 

does not provide fundamental thermo-mechanical understanding of the relevant 

material mechanisms and requires experimentally measured temperatures to predict 

transient Ŭb. Self-folding is significantly affected by the heat absorption and heat 

transfer, the non-linear relationship between temperature and shrinkage, and the 

conservation of mass in the hinge.  Therefore, in this investigation, we use a rigorous 

nonlinear finite element analysis (FEA) to gain insights into the fundamental behaviour 

of folding process that cannot be obtained experimentally. This computational 

framework also provides an understanding of the sensitivity of folding to the surface 

heat flux and sample pre-straining process as discussed in the Supplementary 

Information. 

Different modelling studies of the shape recovery behaviour of SMPs have been 

performed, and two approaches have generally been employed based on different 

constitutive formulations. The model treats the material as a biphasic system consisting 

of glassy and rubbery phases;16,17 this approach is used to predict temperature dependent 

behaviour, but not rate dependent behaviours. The second modelling approach utilizes 

the viscoelastic properties of the SMP obtained via rheology or dynamic mechanical 

analysis to model time- and temperature-dependent recovery behavior.18ï20 Others 

studies have investigated the effects of the thermal and mechanical history applied to 

the polymer on the recovery behavior19,21 and finite deformation viscoelasticity22ï28 
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using a combination of finite element or numerical analysis and experimental 

evaluations. 

In this study, we seek to gain fundamental understanding of the self-folding 

behaviour of locally heated SMPs including the influence of pre-strain, surface heat flux 

intensity, and hinge width (the width of the patterned region used to direct folding) on 

the dynamic folding behaviour. After measuring and modelling the viscoelastic 

properties of the material, we investigated in-plane shrinking behaviour to validate the 

implementation of the model. We also investigated the folding behaviour of samples 

with patterned ink hinges. Our discussion includes a comparison and a validation of the 

predictions of the nonlinear FEA model with previously published experimental data.13 

An understanding of strain recovery is critical for predicting origami self-folding to 

develop complex geometries. These predictions can, in turn, lead to optimal design 

guidelines for origami shapes and structures based on the integration of computational 

modelling and experimental measurements. This paper is organized as follows: in 

ñComputational Approach,ò the FEA model and material model are introduced. In 

ñResults and Discussion,ò FEA predictions are presented and discussed, first for in-

plane shrinkage and then for folding.  

4.2 Computational Approach 

We investigated the shrinking and folding behaviour of SMP by using the 

viscoelastic material subroutine in ABAQUS.29 Two finite element models were 

developed for comparison to experimental results: an in-plane shrinkage model (cf. 

Supplemental Information Figure S4.2) and a folding model (cf. Figure 4.2). We 
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employed a simultaneous, three-dimensional, temperature-displacement analysis with 

8-node trilinear elements. The solution technique is based on uncoupled mechanical and 

thermal solutions that result from the boundary conditions that are applied as shown in 

Figure 4.2b and Figure S4.2b. In both models, the following steps (illustrated in Figure 

4.3) modelled the sequence that produces the pre-strained material state. After setting a 

uniform initial temperature of T = 112°C (above the Tg), a compressive displacement 

was applied through the thickness (along the Z-axis), as shown in Figure 4.2a, to obtain 

lateral strains in the transverse (X-Y plane) directions. The temperature is rapidly cooled 

to 90°C (below the Tg) to preserve the deformed shape. The compressive displacements 

are then unloaded elastically, and thermal and mechanical boundary conditions are then 

applied to obtain the desired in-plane shrinking or folding behaviour. The surface heat 

flux, qin, applied to the folding model was approximated based on experimental results 

in which the rapidly heating filament in the IR lightbulb results in a dynamic surface 

heat flux (see Supplemental Information for more details). 

Shrinkage of the model in the X-Y plane (referred to as in-plane shrinkage) was 

modelled using two planes of symmetry (cf. Figure S4.2). The dimensions of the model 

prior to shrinking were 10 mm (length) × 10 mm (width) × 0.3 mm (thickness). 

Mechanical and thermal boundary conditions during the pre-straining and shrinking 

processes were applied as shown in Figures S4.2a,b. A convergence analysis was 

performed based on the strain of the sample throughout the shrinking process. The final 

mesh size was selected to comprise 10 elements (length) × 10 elements (width) × 4 
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elements (thickness). Additional details for the in-plane shrinkage model can be found 

in the Supplemental Information. 

Folding was modelled using a single plane of symmetry due to the non-uniform 

thermal boundary conditions present experimentally. Figure 4.2 shows the boundary 

conditions and mesh for the folding model. The dimensions of the model prior to folding 

were 5 mm (length) × 20 mm (width) × 0.3 mm (thickness). Mechanical and thermal 

boundary conditions during the pre-straining and folding processes were applied 

(Figure 4.2a,b). A convergence analysis based on Ŭb was performed and resulted in the 

mesh shown in Figure 4.2c. Four hinge widths were investigated (1.0, 1.2, 1.5, and 2.0 

mm), and each hinge was populated with 10 elements/mm across the width of the hinge. 

These hinge widths were studied experimentally in our prior work.9,13 Outside of the 

hinge region, the mesh was refined to account for high stress, strain, and temperature 

gradients. 

4.3 Material Properties for Viscoelastic Model 

The viscoelastic material properties for the Shrinky-Dinks material were 

measured with a TA Instruments AR2000 rheometer. The material was assumed to be 

thermo-rheologically simple, and isothermal frequency sweep data was shifted 

horizontally in frequency according to the time-temperature superposition principle 

using the Williams-Landel-Ferry (WLF) equation.30 The resulting master curve, which 

represents material behaviour across a wide range of frequency or time, was fit with a 

Prony series model. Figure 4.4a,c show the experimentally measured shear storage 

modulus (Gô) and the phase angle (tan ŭ). Figure 4.4b,d display the Prony series model 
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fit to the frequency shifted storage modulus and phase angle tan ŭ data. A 6 element 

Prony series results in a satisfactory fit of the model to the experimental data. Additional 

details for the rheological model and other material properties can be found in the 

Supplemental Information. 

4.4 Results and Discussion 

4.4.1 In-Plane Shrinking Model 

We validated the model implementation by comparing results from the in-plane 

shrinkage FEA with experimental shrinkage data for samples subjected to uniform 

temperatures. Unlike folding, in-plane shrinkage is simpler because there are no 

temperature gradients (i.e., it is isothermal). We modelled the in-plane shrinkage by 

specifying the temperature on the boundary of the model in the pre-strained state. The 

material initially expands due to the increased temperature, but begins to shrink freely 

as the temperature approaches and exceeds Tg. The nodal displacement during the 

shrinkage process is used to calculate the shrinkage Si as 

 
0

0

l

ll
Si

-
=  (4.1) 

where l0 is the pre-strained length of the sample prior to recovery, and l is the shrunken 

or instantaneous length of the sample. The data in Figure 4.5a demonstrate excellent 

agreement between the predicted values and experimental results for in-plane shrinkage 

at isothermal temperatures ranging from 100 to 120°C. The data in Figure 4.5b show 

excellent agreement between the predicted values and experimental results for in-plane 

shrinkage under uniform, linear heating for heating rates of 2 and 20°C/min.  
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This agreement between the predicted values and experimental results validates 

the model and numerical approach. We found the model to be sensitive to the thermo-

mechanical history used to pre-strain the sample. Contrary to the work of others,21,28 the 

modelled material is sensitive to the cooling rate used to lock in the pre-strain. By 

adjusting the cooling rate in the pre-straining cycle, we compensated for the hysteretic 

behaviour of the material in the leathery transition. Figure S4.3 in Supplemental 

Information shows the effect of increasing the time to cool the material during pre-

straining by an order of magnitude. Increasing the time to cool the material (decreasing 

the cooling rate) results in stress relaxation prior to locking in the material pre-strain.19 

This reduces the initial rate of recovery of the reheated sample, and the effect is most 

evident for shrinkage at isothermal temperatures near the Tg of the material. 

4.4.2 Folding Model 

We modelled the self-folding of patterned polymer sheets to gain better 

understanding of the folding process.  First, we developed a model for folding a sample 

with a 1 mm wide hinge. After completing the pre-straining sequence, representative 

mechanical and thermal boundary conditions were applied to model the folding 

behaviour. Mechanical boundary conditions were imposed to prevent rigid body motion 

while avoiding over-constraint of the model. The thermal boundary conditions account 

for non-uniform thermal boundary conditions caused by the hot plate that supports the 

sample experimentally which was modelled as thermal contact conductance. A 

convective heat transfer boundary condition was applied to the remaining, exposed 

surfaces of the polymer sheet.14 A uniformly distributed but non-constant surface heat 
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flux (Figure 4.6a) boundary condition is applied to the hinge region. This non-constant 

heat flux results from rapid heating of the filament in the IR light used to generate the 

surface heat flux. Further discussion of the imposed thermal boundary conditions and 

surface heat flux can be found in the Supplemental Information. Application of the 

surface heat flux shown in Figure 4.6a yields an average hinge temperature that agrees 

well with the experimentally measured hinge temperature (Figure 4.6b). Application of 

the surface heat flux shown in Figure 4.6a to the hinge region also results in excellent 

agreement for the bending angle (Figure 4.6c). 

Figure 4.7 displays the average hinge temperature and bending angle for all four 

hinge widths using similarly developed thermal boundaries as applied to the 1 mm 

model. Here the predicted surface temperatures have an excellent agreement with the 

experimentally measured temperatures for 1, 1.2, and 1.5 mm hinge widths; however, 

the predicted average hinge temperature for the 2 mm hinge width is greater than the 

experimentally measured hinge temperature by a maximum of 9.5°C. The evolution of 

the bending angle as a function of time and the maximum bending angle for all hinge 

widths agrees well with the experimental results at longer time scales; however, it has 

limited accuracy in the initial transient region for the larger hinge widths. The overall 

fit of the model to the experimental results is excellent considering the number of model 

input parameters and the unquantified uncertainty in the experimental data. 

We investigated the sensitivity of parameters related to folding that are difficult, 

if not impossible, to ascertain experimentally for a better understanding of the folding 

process. One parameter of interest is the through-the-thickness variation of the 
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shrinkage in the hinged region. Figure 4.8a shows the temporal variation of axial 

shrinkage in the hinged region for the 1 mm hinge width model. The overlaid grey lines 

represent extensions of the upper and lower faces of the unshrunk polymer regions and 

the folding angle bisection line. The folding angle is the complement to the bending 

angle.  From this result, it is seen that the shrinkage is not symmetric about a line that 

bisects the hinge.  The portion of the polymer in contact with the hot plate (the left side 

of the sample in Figure 4.8a) shrinks slower than the portion that lifts off the hot plate. 

The top surface of the hinge does not shrink the most and the bottom surface shrinks 

some. Figure 4.8b shows the shrinkage through the thickness normalized by 

instantaneous depth. The shrinkage through the depth is initially linear, but as folding 

progresses it becomes non-linear primarily due to the accumulation of mass in the 

hinged region. The back of the hinge shrinks as the material folds (Figure 4.8a,b). This 

shrinkage arrests the folding process and may cause the material to unfold if not 

properly controlled. Unfolding is seen in the Ŭb results for the 2 mm sample. Figure 4.8c 

shows that the thickness of the hinge increases significantly as folding progresses. The 

accumulation of material in the hinged region is consistent with experimental 

observations as shown by the cross-section images in Figure 4.9. Accumulation of 

material in the hinged region is also consistent with the conservation of mass. This 

accumulation is not accounted for by the simple geometric model presented 

previously.13 
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4.5 Conclusions 

This paper applies a finite element model to predict the in-plane shrinkage and 

folding of pre-strained polystyrene polymer sheets. This model is based on a 

viscoelastic constitutive formulation, and the computational results were validated with 

experimental results and observations for average hinge temperature and transient 

bending angle Ŭb. The computational model provides understanding that is difficult, if 

not impossible, to obtain experimentally for behaviour pertaining to the shrinking and 

folding processes. 

The predicted results for in-plane shrinkage indicate that the process is sensitive 

to the thermal and mechanical history of the sample. Reducing the cooling rate or 

increasing temperature during the pre-straining sequence reduced the rate of strain 

recovery, an effect that was most noticeable for isothermal recovery near Tg of the 

material (cf. Figure S4.3). For the folding predictions, the folding is not symmetric 

about the centre of the hinge width due to the non-uniform thermal boundary caused by 

the hot plate used in the experimental configuration. The predictions substantiated that 

the shrinkage gradient that causes folding is non-linear across the sheet thickness. The 

maximum shrinkage was not on the top surface of the hinge, and the bottom surface of 

the hinge shrinks some. The model predicted a local increase in hinge thickness.  

This computational approach provides a detailed and validated understanding of the 

folding process for self-folding polymer origami. Development of the model was originally 

motivated by the limitations and assumptions of the simple geometric model (e.g., conservation 

of mass not accounted for and a linear variation of shrinkage through hinge depth). The finite 
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element model avoids these assumptions and also allows the prediction of parameters and 

understanding of thermo-  mechanical mechanisms that are difficult, if not impossible, to 

obtain experimentally. These computational insights provide guidelines on how to improve 

significantly the reliability of self-folding and how to optimize the folding process by 

controlling the temporally and thermally dependent strain recovery using localized heating. 

This understanding of strain recovery is critical for predicting origami self-folding of complex 

geometries.  This model is another step in developing predictive models that can be used to 

achieve optimal origami structures. 

 

 

Figure 4.1 Illustration of shrinkage/folding behaviour of pre-strained Shrinky-Dinks SMP. Left column: samples 

acted on by uniform heating shrinks to approximately half the original size in each direction while increasing in 

thickness. Centre column: initial sample shape before heating. Shrinking or folding does not occur at room 

temperature. Right column: samples under radiant heating (e.g., by IR light) shrink in regions patterned with ink. 

Top row: unpatterned sample does not shrink. Middle row: entire top of sample coated with black ink initially 

curls before flattening and shrinking. Bottom row: locally patterned sample folds along hinge. 
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Figure 4.2 Folding model. (a) Mechanical boundary conditions during pre-straining sequence. (b) Mechanical 

and thermal boundary condition of folding model during recovery. (c) Folding model showing model symmetry 

and mesh. Labels specify the number of elements that span the indicated region. X1=20 elements for 1.0 and 1.2 

mm hinge widths,.X1 = 19 elements for 1.5 and 2.0 mm hinge widths. X2 = 10 elements/mm of hinge width. Y = 

22 elements. Z = 24 elements. 
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Figure 4.3 Illustration of thermal and mechanical boundary conditions for both in-plane recovery and folding 

models during pre-straining sequence. 
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Figure 4.4 Rheology data fit with Prony series model. (a) Experimental shear storage modulus (Gô) data. (b) 

Shifted shear storage modulus data with Prony series model. (c) Experimental phase angle (tan ŭ) data. (d) Shifted 

phase angle data with Prony series model. Isothermal curves shifted using WLF equation (Supplemental 

Information Equation S4.2) with C1 = 17.44, C2 = 51.6, and Tref = 103°C. 
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Figure 4.5 Comparison of predicted values (lines) and experimental results (symbols) for in-plane shrinkage. (a) 

Isothermal recovery between 100 and 120°C, (b) Recovery for pre-strained samples heated uniformly at two 

heating rates. 
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Figure 4.6 Predicted folding results for 1 mm hinge width. (a) Modelled hinge surface heat flux (qin). (b) 

Comparison of averaged model and experimental hinge surface temperatures. (c) Comparison of model and 

experimental bending angles (Ŭb). 
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Figure 4.7 Computed results for 1.0, 1.2, 1.5, and 2.0 mm hinge widths. (a) Predicted average hinge temperature 

(lines) compared to experimental results (symbols). (b) Predicted bending angle (Ŭb) results for model (lines) and 

experimental (symbols) results. 
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Figure 4.8 Predicted variation of axial shrinkage and material thickness in the hinged region during folding for 1 

mm hinge width. (a) Axial shrinkage at multiple times steps. (b) Axial shrinkage as a function of depth along 

folding angle bisection line. Note that the depth has been normalized by instantaneous hinge thickness. (c) 

Variation of hinge thickness along folding angle bisection line normalized by the pre-strained, unfolded thickness 

for duration of experiment. 
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Figure 4.9 Comparison of mass accumulation in hinged region for 2 mm hinge. (a) Experimental, early folding 

stages. (b) Experimental, late folding stages. (c) Computational model, shorter times. (d) Computational model 

longer times. 
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Supplemental Information 

The previously developed geometric model assumes that the top surface of the hinge 

shrinks completely during folding while the bottom does not shrink at all and that the axial 

shrinkage varies linearly through the depth of the hinge.13  The geometric model also assumes 

that the thickness of the polymer does not increase during the folding process. This assumption 

does not account for mass conservation. Figure S4.1a offers a slightly modified version of the 

simple geometric model that accounts for both top and bottom surface shrinkage according to 
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where W is the width of the hinge on the pre-strained material, h is the thickness of the polymer 

sheet, and S1 and S2 are the shrinkage of the top and bottom surfaces of the hinged region, 

respectively. Shrinkage was defined previously in Equation S4.1. Figure S4.1b shows the 

results of this model for a sample with a 2 mm hinge width. The Ŭb is maximized when the top 

surface shrinks completely and the bottom surface does not shrink at all. However, 

experimental results published previously do not maximize Ŭb (maximum experimental 

bending angle Ŭb,max = 100° for a 2 mm hinge width).13 The Ŭb is reduced by shrinking of the 

bottom of the hinge so that one Ŭb can be achieved by a combination of top and bottom surface 

shrinkage. If the bottom surface continues to shrink after the top has shrunk completely, the 

sample unfolds as seen experimentally.  

To model the shrinkage and folding behavior of the pre-strained polystyrene polymer 

sheet, we first evaluate the viscoelastic properties of the material. A TA Instruments AR2000 

rheometer with a torsion-bar clamp fixture measured the time and temperature dependent shear 
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modulus. Pre-shrunk samples were mounted in the fixture and subjected to an oscillatory strain 

of 0.2% across a frequency sweep from 0.03 Hz - 0.8 Hz. This frequency sweep was repeated 

at 5° increments ranging from 95 to 120C̄. The reaction force was obtained as a function of 

strain and frequency, and the material shear storage modulus (Gô), shear loss modulus (Gò), 

and phase angle (tan(ŭ) = Gò/Gô) were calculated.  Figures 4.4a,c plot the storage modulus and 

phase angle as measured by the rheometer, respectively. A vertical shift of Tg/T (temperatures 

in Kelvin) has been applied to the storage and loss modulus data used to obtain these plots. 

These curves can be shifted horizontally in frequency according to the time-temperature 

superposition principle to allow the evaluation of viscoelastic material properties at frequencies 

or temperatures that are otherwise not measurable. Once shifted, the isothermal curves make 

up a viscoelastic master curve at the selected reference temperature. Assuming that the material 

is thermo-rheologically simple, the isothermal curves can be shifted in frequency according to 

the Williams-Landel-Ferry (WLF) equation 30 
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where C1 and C2 are empirical parameters, T is the experimental temperature, and Tref is 

typically taken as the glass transition temperature, Tg. Reasonable alignment of the shear 

modulus curves was obtained with the standard WLF shift factors of C1 = 17.44 and C2 = 51.6 

30 and a reference temperature of Tref  = Tg = 103̄ C. After obtaining the master curve, the time-

temperature dependent behavior at any temperature above the glass transition temperature Tg 

can be determined through further application of the time-temperature superposition principle.  
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The viscoelastic master curve obtained by the time-temperature superposition principle 

can be modeled using a Prony series to represent a generalized Maxwell model29,31. To do this, 

a series of suitable dimensionless relaxation moduli gi and relaxation times Űi were calculated 

to fit a Prony series to Gô and Gò using a bounded search algorithm implemented in MATLAB. 

The Prony series for the storage and loss moduli of a viscoelastic material can be implemented 

in ABAQUS29 according to  
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where G0 is the instantaneous shear modulus and Ὢ is the frequency in Hz. The generalized 

Maxwell model is validated by the fit of the model to the experimental storage modulus data 

(cf. Figure 4.4b), and the model is further validated by the fit of the model to the phase angle 

data as shown in Figure 4.4d. As seen in these plots, the fit of the model begins to deteriorate 

as the material enters the rubbery plateau and terminal zones of the data (low frequency). This 

is attributed to the fact that polystyrene is a thermoplastic that will flow at higher temperatures 

or low frequencies (long times) even though the molecular weight of Shrinky-Dinks exceeds 

the entanglement molecular weight of polystyrene. The calculated Prony series coefficients are 

summarized in Table S4.1. Other material properties used as inputs to the finite element model 

are listed in Table S4.2.  

The in-plane shrinkage model makes use of two planes of symmetry (cf. Figure S4.2c). 

The dimensions of the model prior to shrinking were 10 mm (length) × 10 mm (width) × 0.3 
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mm (thickness). Following the pre-straining sequence, the model was subjected to a specified 

temperature boundary condition on all surfaces that were not planes of symmetry as shown in 

Figure S4.2b. Mechanical displacement normal to each plane of symmetry was prevented in 

addition to a prevention of out-of-plane (Z-direction) displacement of one node at the 

intersection of the two planes of symmetry. 

We evaluate the effect that cooling rate during material prestraining has on the Shrinky-

Dink material recovery. It was found that increasing the time to cool the sample (i.e., a lower 

cooling rate) reduced the initial rate of recovery of the sample as seen in Figure S4.3. This 

effect is most noticeable for isothermal recovery near Tg. It is noted that in the comparison of 

recovery model results to experimental data, the experimental process of placing the sample in 

the hot stage which then must re-establish the preset temperature then taking the sample out of 

the hot stage for measurement introduces uncertainty, which has not been quantified and may 

account for some of the discrepancies in the comparisons. Additionally, although the samples 

nominally shrink ~55% in both in-plane directions, this value may vary by a few percent from 

sample to sample as well with some variation within each sample. 

The out-of-plane folding model with one plane of symmetry was shown in Figure 4.2. 

Following the pre-straining sequence, the model was subjected to convective boundary 

conditions on all surfaces that were not the plane of symmetry. An additional thermal boundary 

condition was applied to the hinge surface to model heating of the hinge surface. Mechanical 

displacement normal to the plane of symmetry was prevented in addition to fixed 

displacements at specific locations on the model as shown in Figure 4.2b. Initially, a model 

for the folding of a sample with a 1 mm hinge width was developed. To account for the non-
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uniform thermal boundary conditions, a convective heat transfer coefficient of h = 5 W/mK and 

sink temperature of 90̄C was applied to all surfaces except the face in contact with the hot 

plate and the back of the hinge. For the face in contact with the hot plate, a convective heat 

transfer coefficient of h = 2000 W/mK and sink temperature of 90̄C was applied to model the 

thermal contact conductance between the hot plate and the polymer. For the back of the hinge, 

which lifts away from the hot plate through the folding process, a heat transfer coefficient that 

transitions from h = 2000 W/mK to h = 5 W/mK across the width of the hinge was applied. 

These thermal boundary conditions were validated by applying the experimentally measured 

hinge temperature to the hinge region of the model. The model results provide a very 

reasonable comparison of bending angle to the experimental results as seen in Figure S4.4. 

For the larger hinge widths, the same length of transition for the heat transfer coefficient on 

the back side of the hinge as that for the 1 mm hinge width model was used, although the 

location of this transition on the back of the hinge was shifted toward the edge of the hinge 

nearest the hot-plate. 

A suitable model for the IR heat flux was developed based on reported values for the 

IR heat flux measured by a thermopile and comparison of modeled temperature results to the 

measured hinge temperature. The IR flux of the light in the experimental setup is 

approximately 1,000 mW/cm2 (=10,000 W/m2);9 this value was initially applied as a constant 

heat flux on the hinge surface. A model of the 1 mm hinge width sample using this constant 

surface heat flux underpredicts the maximum bending angle of the hinge. Additionally, the 

average temperature of the hinge heated by a surface heat flux (because the temperature is non-

uniform when heated by a surface heat flux) is lower than the experimentally measured 
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temperature. This experimentally measured temperature is somewhat misleading because the 

software for the IR camera smooths the experimental data, and the IR image is pixelated due 

to necessary aspects of the experimental setup. Because the bending angle and temperature 

were underpredicted, a range of constant surface heat flux values were evaluated. As seen in 

Figure S4.5, no single, constant surface heat flux accurately reproduced the bending angle and 

average hinge temperature. Instead, a non-constant heat flux was used that rapidly increases 

when the light is turned on and eventually approaches some constant value. This heat flux 

variation is representative of the mechanism of light production in an IR light where electrical 

current flowing through the filament in the lightbulb initially causes a rapid heating of the 

filament, and after a while, the filament approaches a constant temperature that yields a 

constant heat flux. The time to reach constant heat flux is long compared to the duration of the 

experiment.  

The local, axial shrinkage field in Figure 4.8a was calculated by determining the 

shrinkage between two adjacent nodes in the model, and then assigning that shrinkage to the 

midpoint between those nodes. This axial shrinkage field moves and rotates with the hinge 

locally as it folds. Additionally, information for the shrinkage profile through the thickness 

along the folding angle bisection line was extracted from the model by first selecting two nodes 

each on the top and bottom of the lifted and non-lifted face of the folding polymer away from 

the hinged region (8 nodes total). The two intersection points of vectors defined by these sets 

of nodes are used to define the folding angle bisection vector. These vectors are depicted as 

gray lines in Figure 4.8a. 
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Table S4.1 Prony series coefficients for Shrinky-Dink material 

# 1 2 3 4 5 6 

gi 0.2089 0.3654 0.3037 0.1011 0.01243 0.004661 

Űi 

(s) 
1.182 14.77 114.8 402 3096 25680 

 

 

Table S4.2 Material properties used in the finite element model 

Property Value Reference 

Thermo-Rheologically Simple 

WLF Parameters 

C1 = 17.44 [30] 

C2 = 51.6 [30] 

Tref = Tg = 103°C this work 

Instantaneous Elastic 

Modulus, E  
1.78 x 109 Pa this work 

Poissonôs Ratio, ɜ 
0.33 (T < Tg) [32] 

0.4995 (T > Tg)   

Thermal Conductivity, k  0.14 W/mK [33] 

Density, ɟ 1050 kg/m3 [34] 

Thermal Expansion 
2.09 x 10-4 Kī1 (T < Tg) [32] 

5.65 x 10-4 Kī1 (T > Tg) [32] 

Specific Heat 1300 J/kgK this work 

 

 

 

Figure S4.1 Alternate geometric model that accounts for shrinkage of top and bottom hinge surfaces. (a) 

Geometric definitions. (b) Bending angle predicted by alternate geometric model for a range of top and bottom 

surface shrinkage values. 
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Figure S4.2 In-plane shrinkage model. (a) Mechanical boundary conditions during programming sequence. (b) 

Mechanical and thermal boundary condition of in-plane shrinkage model during shrinking process. (c) In-plane 

folding model showing model symmetry and mesh. Labels specify the number of elements that span the indicated 

region. X=10 elements. Y = 10 elements. Z = 4 elements. 

 

 

 

Figure S4.3 Comparison of effect of short and long cooling times on isothermal recovery behavior. Samples 

programmed by short cooling time shown as solid lines. Samples programmed by long cooling time are shown 

as dashed lines. Experimental data shown as discrete points. 
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Figure S4.4 Bending angle results obtained by specifying experimentally measured hinge temperature for 1 mm 

hinge width model. Solid line represents model results. Symbols represent experimental results. 

 

 

Figure S4.5 Constant IR flux results for 1 mm hinge. (a) Average hinge temperature results. (b) Bending angle 

results. Solid lines represent model results. Discrete points represent experimental results.  
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Chapter 5: Fully-Coupled, Thermo-Viscoelastic Finite Element Model for Self-Folding Shape 

Memory Polymer Sheets  

Abstract  

The thermo-mechanical response of heat activated shape memory polymers (SMPs) 

has been investigated using a thermo-viscoelastic finite element analysis that accounts for 

external and internal heat sources. SMPs can be thermally stimulated by external heat sources, 

such as temperature and surface heat flux, or from internal viscous heating. Viscous heating 

can significantly affect the response of SMP sheets by increasing the temperature during pre-

strain, which accelerates stress relaxation. This stress relaxation results in a slower shrinking 

rate when the SMP is reheated. Viscous heating also causes an increase in temperatures during 

unconstrained recovery. The predicted results elucidate how the coupled thermo-mechanical 

loading conditions affect folding and unfolding of SMP sheets in response to localized heating 

in a hinged region. A parametric study of sheet thickness, hinge width, degree of pre-strain, 

and hinge surface temperature is also conducted. The validated results can provide guidelines 

for the design of functional, self-folding structures. 

5.1 Introduction 

Shape memory polymers (SMPs) represent a class of active materials that can change 

shape in response to external stimuli such as heat,1ï6 light,7ï9 pH,10 solvents,11ï14 and magnetic 

fields.15 Although SMPs have many applications, we are primarily interested in using the 

material as environmentally responsive actuators for self-folding origami structures16ï18 

because of the potential multifunctional applications. Thermally activated SMPs can change 

shape in response to heat, and are desirable due to their low cost and tailorable properties. Self-
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folding using thermally activated SMPs is compatible with high throughput manufacturing 

techniques, and can be used to obtain three-dimensional (3D) structures from planar sheets for 

an array of applications, including medical stents,19ï21 antennas,22 and engineered origami 

applications, such as space telescopes.23 

Self-folding in thermally activated SMP sheets is achieved by isolating material 

shrinkage to localized hinge regions. This shrinkage results from the strain relaxation that 

occurs upon reheating the SMP after an initial pre-straining sequence. Self-folding can occur 

in laminated shape memory composites using uniform1 or Joule heating,2 or in SMP sheets 

patterned with black ink that are exposed to lasers24 or infrared (IR) light.5,25 This approach, in 

which SMPs are patterned with black ink, was first introduced by our group5 and was a focus 

of the present study. In this method, the black ink absorbs light, resulting in localized heating 

beneath the ink. This results in thermal gradients through the thickness of the sheet. The SMP 

sheet shrinks, locally, wherever the activation temperature, Ta, is exceeded, and the thermal 

gradient results in a shrinkage gradient that produces folding. In this method, the folding rate 

(change in angle versus time) can be controlled by the rate of localized energy absorption and 

the subsequent heat dissipation of the hinge region. This can be realized by changing the 

intensity of the IR light source or the light absorptivity of the ink.26 Complex 3D structures can 

be obtained by combining multi-hinged patterns with cuts in the material.27 

Different computational approaches have been utilized to obtain a detailed 

understanding of the behavior of SMP sheets. Molecular dynamics (MD) studies have provided 

insights into the molecular mechanisms that result in the shape memory effect,28 but these 

models are at spatial and temporal scales that are generally not relevant for mesoscale and 
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macroscale folded, origami structures. At the continuum level, there are two general 

approaches to modeling the behavior of SMPs. In the first approach, the SMP material is 

assumed to consist of both glassy and rubbery domains.29ï31 Heating the strained material 

transforms the glassy domains to rubbery domains, which induces a mechanical response 

through the release of stored entropic energy. This approach is computationally expedient, but 

it does not fully account for the transient, thermo-mechanical response of the material. 

Alternatively, a thermo-viscoelastic approach, which uses rheological data to formulate a 

viscoelastic material model, has been used to study the thermo-mechanical behavior of 

SMPs.32ï37 This approach captures the transient and temperature-dependent response of the 

polymer. However, the models developed up to this point fail to fully couple the thermal and 

mechanical responses by not accounting for all relevant heating mechanisms. We sought a 

better understanding of the thermo-mechanical mechanisms that lead to shrinking and folding 

in SMP sheets. These mechanisms include time and temperature dependent moduli, 

viscoelastic recovery, external temperature fields, surface heat fluxes, internal dissipative 

viscous heat generation, and diffusive heat conduction.  

As part of this study, we investigated viscous heating during the shrinking and folding 

of SMP sheets. Viscous heat generation arises from viscous sliding and shearing of polymer 

chains at the molecular level.38ï42 This heating effect is significant in many polymer systems 

during the transition from glassy to rubbery behavior, and is prevalent near the glass transition 

temperature, Tg. Viscous heating, in response to ultrasonic waves, has been shown to have a 

significant effect during the unfolding of polymer sheets,40 drug delivery,41,42 and polymer 

plasticization during injection molding.43 Additionally, viscous heating affects rubber 
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dampers, which dissipate energy from cyclic mechanical loading.44,45 In these materials, 

viscous heating can lead to significant thermal increases,44 which affect the behavior of the 

damper. Hence, the effects of viscous heating must be understood among a myriad of effects, 

such as damping and material failure.  

The typical thermo-mechanical cycle applied to heat activated SMPs35,46,47 involves 

straining the polymer, which is initially at an elevated temperature near Tg, to some temporary 

shape (in this case, an elongated sheet). After cooling, the polymer retains the temporary shape 

until, at some later time, the material is reheated. Upon reheating, the strain relaxes, and the 

SMP recovers to the initial, unstrained shape. Viscous heating occurs whenever there is viscous 

sliding among polymer chains, i.e., during both the initial straining and subsequent relaxing of 

SMPs. Given the relationship between temperature and the shrinking or folding of SMP sheets, 

viscous heating, in combination with other heating mechanisms, would affect the shape change 

response of the material. Additionally, viscous heating during shape recovery causes an 

increase in temperatures that significantly affect the strain relaxation rate. 

In a previous study, we have introduced a non-linear, 3D, viscoelastic finite element 

(FE) approach with a thermo-mechanical solution to investigate the behavior of SMPs.37 That 

model accounts for heat conduction and couples the mechanical solution to the thermal solution 

via the time-temperature superposition principle (TTSP) using the Williams-Landel-Ferry 

(WLF) equation.48 In the present work, we extended our previous model37 to account for 

relevant heating mechanisms. The goal was to couple fully the thermal and mechanical 

behavior of the SMP by accounting for both viscous heating and TTSP as the SMP was pre-

strained and subsequently relaxed upon reheating. In doing so, we sought to understand the 
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thermo-mechanistic aspects related to shrinking and folding, i.e recovery, of SMP sheets. 

Herein, it was important to understand how the heat was partitioned between dissipative and 

diffusive processes. Viscous heating results from mechanical energy dissipation, while 

conduction diffuses heat that arises from internal and external sources. Heating affects 

instantaneous moduli, which are related to TTSP, and also affects thermal expansion, which is 

related to thermal stresses and strains. All these thermal components affect the internal 

temperature distribution, but they are also coupled to the stresses through viscous heating. In 

addition to the imposed thermal loading, each thermal component affects thermo-mechanistic 

aspects of shrinking and folding, which can provide further understanding regarding how time, 

temperature, and stresses affect material response.  

In this paper, we used a 3D, non-linear finite element framework with a thermo-

mechanical solution to study the shrinking, folding, and unfolding of SMP sheets while 

accounting for both internal and external heat sources throughout the thermo-mechanical cycle. 

These heat sources included viscous heating, conduction, convection, and temperature 

boundary conditions. Additionally, we accounted for thermal expansion, viscoelasticity, and 

temperature dependent material moduli. We began by describing the computational approach. 

Then, we introduced the finite element model. After introducing the finite element model, we 

analyzed the effects of viscous heating during the pre-strain sequence and subsequent 

shrinking. Next, we investigated the effects of pre-strain times and temperatures. After that, 

we introduced a scheme for the unfolding of folded sheets. Finally, we conducted a parametric 

study of the effects of material thickness, hinge width, degree of pre-strain, and hinge 

temperature to understand how these variables affect folding behavior. 
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5.2 Computational Approach 

We used a non-linear, three-dimensional finite element framework to evaluate the 

sensitivity of the self-folding behavior to pre-strain times and temperatures, material thickness, 

degree of pre-strain, hinge width, and hinge temperature. In the present study, we applied this 

model to a polystyrene SMP commercially available as Grafix® shink film. We note, however, 

that the approach is applicable to any SMP with a viscoelastic shape recovery mechanism. We 

utilized a coupled thermo-mechanical framework with 8-node trilinear brick elements. 

Concurrently, we utilized a linear viscoelastic material model for the time dependent behavior 

of the SMP. Temperature dependence of the viscoelastic behavior was accounted for by the 

TTSP using the WLF equation48 given by 
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where Gô is the shear storage modulus, Gò is the shear loss modulus, G0 is the instantaneous 

shear modulus, gi is the incremental change in modulus associated with relaxation time Űi, and 

f is frequency. Gô is associated with elastically stored energy in the system, and Gò is 

associated with viscously damped energy. The phase angle, tan(ŭ), represents a damping 

factor, which is indicative of the relative amount of dissipated energy (i.e., higher values of 

tan(ŭ) result in greater energy dissipation). 

Equations 5.1 ï 5.4 were used to couple the mechanical behavior to the thermal 

response of the material. The thermal response was also coupled to the mechanical behavior 

through viscous heating, which resulted from the dissipation of viscous strain energy as 

 vvq ecs## :=  (5.5) 

where vq# is the viscous heat flux, ɢ is the viscous heat fraction, ů is the stress tensor, and ve# 

is the viscous strain rate tensor. If ɢ=0, no viscous heating occurred, and if ɢ=1, all viscous 

work was converted to heat. Equation 5.5 represents a heat source term, and it contributes to 

the heat equation as 

 vintotal qqq ### +=   (5.6) 

 ( ) total

p qTk
t

T
C #=ÐÖÐ-
µ

µ
r  (5.7) 

where totalq#  is the total heat flux due to internal and external sources, inq#  is the input heat flux 

from external sources, ɟ is the density, Cp is the specific heat, and k is the thermal conductivity. 

The change in temperature due to viscous heating can be determined from Equations 5.5 ï 

5.7. 
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5.3 Results and Discussion 

5.3.1 Finite Element Model 

The finite element models and results for this investigation were divided into two 

categories: (1) unconstrained recovery due to a uniform thermal boundary condition (cf. Figure 

5.1a) and (2) folding due to localized heating (cf. Figure 5.1c). For the unconstrained recovery 

case, the material shrank freely from a pre-strained state when heated above the activation 

temperature, Ta. For folding, a localized heat flux caused the material to shrink and fold along 

a predefined hinge region.  

For both categories, the material was first subjected to a sequence of thermal and 

mechanical loading conditions (Figure 5.1b) to develop material pre-strain prior to the 

recovery (shrinking or folding) phase.37 Experimentally, this pre-strain resulted from the 

commercial rolling process applied to Grafix® shrink film and was necessary to drive shape 

recovery. The applied thermal and mechanical boundaries for the pre-strain sequence are 

illustrated in Figure 5.1e. We used a typical SMP thermo-mechanical cycle to pre-strain the 

material.35,46,47 The process initiated with the material at an elevated, uniform temperature that 

was specified as an initial condition. The initial temperature used was comparable to 

temperatures that are used in experimental studies of polystyrene SMPs.49 Then, the material 

was compressed in the z-direction with a specified displacement boundary condition. This 

compression was representative of the commercial rolling process used to induce transverse 

strains in the sheet. The magnitude of the compression was determined by the target transverse 

strains, initial thickness, and strained thickness. After the compression step, the material was 

cooled with a constant cooling rate to 90°C, which was below Tg. This cooling was 
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accomplished using a specified temperature boundary condition applied to the top and bottom 

x-y plane faces. Then, the compressive displacement boundary was removed, but the transverse 

strains were still present because the temperatures were below Tg, which reduced polymer 

chain mobility. Here, we make a distinction between the Tg and Ta. For the material studied, 

Tg=103°C,5 but Ta was not known. Tg represents the temperature at which free volume and 

chain mobility change significantly. Our material has been shown to shrink at an isothermal 

temperature of 100°C across longer time scales.25 Hence Ta was less than Tg for our material. 

Because Ta for our material was not known, Tg was specified as a reference temperature below 

which significant recovery would not occur in the time scale investigated. 

After the pre-straining sequence, the material was reheated by applying specified 

thermal boundary conditions, which depended on the type of recovery (shrinking or folding). 

For the unconstrained recovery, a convective boundary with a specified isothermal sink 

temperature, Tsink, above Tg, was specified on all surfaces to account for exposure of the 

material to a uniform external temperature, e.g., being placed in an oven. For hinged folding, 

a temperature was specified on the surface of the hinge region (Figure 5.1d) when 

experimentally measured temperature data was available.25 In the absence of experimental 

temperature data, a surface heat flux of 1000 mW/cm2 was specified in the hinge region to 

represent the heat flux due to IR light.5 

The material properties for the Grafix® shrink film used in this study were obtained 

from a previous investigation by the authors.37 Storage modulus and tan(ŭ) are shifted in 

frequency according to the TTSP to obtain a viscoelastic master curve, shown in Figure 5.1f, 

using the WLF shift factor (Equation 5.1) with standard WLF coefficients of C1=17.44 and 
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C2=51.6. A Prony series (cf. Equations 5.2 ï 5.4) with 6 terms is used to fit the experimental 

data, and it captures the transition from the glassy plateau to the rubbery plateau. The Youngôs 

modulus is based on experimentally obtained tensile test data,37 and the other material 

parameters are representative values for polystyrene obtained from literature.50ï52 

5.3.2 Effects of Viscous Heating 

For a typical SMP thermo-mechanical sequence, we investigated the effects of fully 

coupling the thermal and mechanical FE solutions by accounting for viscous heat generation 

(cf. Equation 5.5) and conduction, while also accounting for the time and temperature 

dependence of the viscoelastic material properties using the WLF equation. We probed the 

effects of viscous heat generation during the previously described pre-strain sequence by 

varying the viscous heat fraction, ɢ, in Equation 5.5 from 0 to 1. Increases in ɢ resulted in 

increases in temperature during the pre-strain compression step (Figure 5.2a). The displayed 

temperatures represent average nodal values on the mid-plane of the sheet normal to the 

compression direction (the x-y plane with compression in the z direction). The greatest increase 

in temperature corresponded to ɢ=1. The rapid rise in temperature was consistent with 

experimental observations and computational results of temperature rise near or slightly above 

the Tg in studies of polystyrene and other polymers acted upon by ultrasonic waves.38ï43 In 

those studies, oscillating pressure waves interact with polymer chains which dissipate the 

mechanical energy through viscous shearing and relaxation.39,41,42 As the material transitions 

from the glassy phase to the rubbery phase, there is an increase in the amount of energy 

dissipated by the material that is related to the increase in the phase angle tan(ŭ).38,40,41 
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The rapid rise in temperature during the compression step resulted in the rapid 

relaxation of the viscous stresses based on the TTSP (Equation 5.1). This viscoelastic 

relaxation was evident in the stress history in the axial (z-axis) direction. As seen in Figure 

5.2b, the axial or normal stress (which was the largest stress component) with ɢ=1 was initially 

the same as the stress for the model with ɢ=0. For the model with ɢ=1, when the internal 

temperature increased rapidly at ~0.25 s, the axial stress decreased rapidly in magnitude. This 

trend was detected for all values of ɢ greater than zero. Conversely, the magnitude of the axial 

stress, for ɢ=0, continued to increase to a maximum value at the end of the compression step. 

The relaxation was also evident in the evolution of the transverse stresses on the mid-plane 

during cooling, as seen in Figure 5.2c. For the model without viscous heating, i.e., ɢ=0, 

compressive transverse stresses developed on the mid-plane as the model cooled from the 

outside in. This was due to the continued expansion of the inner regions of the sheet during 

cooling associated with viscoelastic relaxation that stemmed from the compression step. In 

contrast, the model that accounted for viscous heating, with ɢ=1, developed transverse tensile 

stresses with a smaller magnitude on the mid-plane. As before, this was a result of the outside 

surfaces cooling before the interior of the material. However, the internal stresses had already 

relaxed. Cooling of the outer surfaces first caused the interior of the sheet to be in tension. This 

variation of transverse stress can be seen clearly in the contour plots of Figure 5.2d, which are 

plotted on the undeformed cross-section. Previous studies evaluate net material stress47,53ï56 or 

energy stored in viscoelastic phenomenological elements33,57,58 during the thermo-mechanical, 

shape memory sequence, but do not account for the variation of stresses throughout the sheet 

thickness. In this study, the resulting residual stress distribution was a function of the thermal 
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and mechanical loads applied during the pre-strain sequence as well as the material properties. 

The distribution of residual stresses was due to the entropy state of the polymer chains, which 

would affect shape recovery upon reheating.59 It has been shown that the relaxation modulus 

at the end of the pre-straining sequence, which is related to the residual stress state, is directly 

related to the recovery rate upon reheating.57 

The effects of viscous heating during the pre-straining sequence affected the 

unconstrained recovery behavior of the polymer as well. We subjected the material to the 

previously described pre-strain sequence, and after releasing the mechanical compression 

boundary, the material was cooled from 90°C to 25°C. A convective boundary condition with 

a uniform isothermal sink temperature, Tsink, greater than Tg was then specified on all faces to 

represent the uniform heating associated with the experimental investigation, i.e., placing the 

sample in a hot stage.25 Above Tg, polymer chain mobility increased, and the pre-strained sheet 

shrank. Shrinkage of the material as a function of time, S(t), was calculated according to  

 ()
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where ls is the length in the strained state and l(t) is the instantaneous length of the sheet. The 

results for the unconstrained, isothermal recovery for sink temperatures of 110, 115, and 120°C 

are shown in Figure 5.3a-c, respectively. The predicted results are compared with 

experimental results (shown as discrete points) for polystyrene SMP obtained by Liu et al.25 

As these results indicate, increasing the isothermal sink temperature resulted in faster recovery 

of the pre-strain.25,60 The stress relaxation during the pre-strain sequence, when accounting for 

viscous heating, resulted in a slower initial recovery rate; however, the effect was less 
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significant with increasing isothermal sink temperature, Tsink. This has been observed for 

investigations pertaining to increased viscoelastic relaxation due to longer pre-straining times 

or higher pre-straining temperatures, which result in slower recovery rates and a delay in the 

start of recovery.35 Figure 5.3a-c show that viscous heating during the pre-strain sequence 

affected the unconstrained recovery behavior as a result of changes to the state of residual 

stresses prior to recovery (cf. Figure 5.2b-d). Additionally, viscous heat generation 

significantly affected the thermal response during recovery as a result of viscous heat induced 

temperature rise as the material shrank. Figure 5.3d shows changes in average mid-plane 

temperature due to the components of conduction, condTD , and viscous heating, vTD , such that 

 ( )dtdtdTTTTT
vcondvcondtotal +D=D+D=D  (5.9) 

where ( )vdtdT  is the viscous heating rate calculated according to Equations 5.5 ï 5.7. The 

temperature rise due to conduction was obtained by subtracting the viscous heating component 

from the total change in temperature. The viscous heat generation for the 120°C unconstrained 

recovery resulted in an increase in temperature of ~5.2°C, or ~5.3% of the total temperature 

rise. While this value was small in comparison to the temperature change due to conduction, it 

would be large enough to influence the recovery behavior as indicated by changes in recovery 

time due to 5°C increments in temperature (cf. Figure 5.3a-c). This temperature change 

induced by viscous heating, vTD , combined with the stress state at the end of the pre-strain 

sequence, caused the material to complete recovery sooner than when ɢ=0 for sink 

temperatures of Tsink greater than or equal to 115°C. Furthermore, the temperature rise due to 

viscous heating would be the same if the recovery had initiated from 90°C instead of 25°C 
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because viscous heating is most significant near Tg, where polymer chain mobility is increased. 

The initial temperature of 25°C corresponded to the experimental conditions used for 

comparison.25 

5.3.3 Effects of Pre-strain Time and Temperature 

The preceding results underscore the significance of the thermo-mechanical loads and 

response of the material during the pre-strain sequence. Other experimental and computational 

investigations have shown that the time and temperatures used during the pre-strain sequence 

strongly influence the recovery behavior of SMPs.33,47,61,62 Since viscous heating during the 

pre-strain sequence affected the unconstrained recovery rate, we investigated the original pre-

strain sequence with the following variations on specified initial temperature and pre-strain 

compression time  

¶ Specified initial temperature of 106°C.  

¶ Specified initial temperature of 118°C. 

¶ Specified initial temperature of 112°C and double the time to compress 

¶ Specified initial temperature of 112°C and half the time to compress 

The average mid-plane temperatures during the pre-straining sequence for the original and four 

variations of the pre-strain sequence are shown in Figure 5.4a. This plot uses a reduced time 

scale in which the abscissa values of the significant events are aligned. The baseline results are 

the results for ɢ=1, which were presented earlier. 

Changes in the initial temperature resulted in a change in the heating rate during the 

compression step (Figure 5.4a), but there was no change in the maximum temperature for 

these cases. By changing the time to strain, there were only slight changes in the maximum 
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temperatures, but the polymer was still able to relax to approximately the same state during 

each pre-strain sequence. These effects are similar to the initial temperature and frequency 

dependent heating effects seen in ultrasonic plasticization, in which rapid heating occurs near 

Tg.
43

 In all cases presented here, the viscoelastic stress relaxation during pre-strain was 

accelerated due to the internal temperature rise that resulted from viscous heating. Following 

each pre-strain and cooling sequence, the material was reheated for unconstrained recovery 

using a specified convective surface boundary condition with a sink temperature of 

Tsink=110°C. Figure 5.4b shows that the resulting unconstrained recovery behavior for all pre-

strain sequences for the specified 110°C sink temperature were nearly identical. The similarity 

in recovery behavior was a result of the relaxed stress state of the polymer at the end of the 

pre-strain sequence.57 

5.3.4 Hinged Folding and Unfolding 

We also investigated the effects of viscous heating on the self-folding behavior of the 

polymer sheet. Self-folding was demonstrated for a 1 mm hinge width geometry, as shown in 

Figure 5.1c. This hinge model for folding is introduced by Mailen et al.37 After the pre-strain 

sequence, an experimentally measured temperature history25 was specified as a thermal 

boundary condition on the surface of the hinge region. The experimental hinge temperature as 

a function of time was measured by an IR camera and averaged along the center of the hinge 

surface across the width of the sample. 

Figure 5.5a shows the effect of viscous heating on the self-folding behavior using ɢ=0, 

0.5, and 1. The bending angle, Ŭb, is defined as the angle traversed by the sheet as it folds (the 

supplement to the angle between the two panels adjacent to the hinge). These results were 
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compared to the experimentally measured Ŭb, shown as discrete points.25 The model with ɢ=0 

was equivalent to the results presented in our previous work,37 but it is evident that the results 

beyond 2 seconds do not agree with the experimental result. This was due to the applied 

thermal boundary conditions outside of the heated hinge surface, which were assumed as 

insulated for the present study. This assumption was made to simplify the analysis procedure 

and create a uniform thermal boundary condition. In the experiment, the sample is supported 

by a hot plate, which acts as a heat sink and influences heat conduction in the material. Similar 

to the unconstrained recovery results presented earlier, viscous heating during pre-strain 

influenced the recovery response, but the magnitude of the viscous heat fraction had little 

impact. A similar maximum bending angle, Ŭb,max, was attained for all viscous heat fractions, 

but the recovery response was delayed when accounting for viscous heating. This was due to 

the slower recovery response at lower temperatures that resulted from viscous stress relaxation 

during the pre-strain sequence. This slower recovery was shown in Figure 5.3a. 

Figure 5.5b shows contour plots of the temperature rise due to viscous heating at the 

time steps of t=3.5 s and 5.8 s. The times for these contour plots are indicated with dashed lines 

in Figure 5.5a. Viscous heat was generated in the hinge region as the model began to fold and 

continued to increase after Ŭb,max was attained. The maximum temperature increase due to 

viscous heating occurred in the hinge region beneath the hinge surface as the material shrank 

and accumulated due to the conservation of mass.37 Viscous heating primarily affected the 

folding response through viscous stress relaxation during the pre-straining sequence and 

prevented the agreement with experimental results by delaying the folding response. 

Additionally, the thermal boundary conditions for the computational results could have 
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affected the agreement with experimental results. Viscous heating during the folding process 

had a limited effect on the maximum Ŭb and the viscous heat reached a maximum after the 

Ŭb,max had been attained. Furthermore, because only a small region of the material shrank during 

folding, there was a less significant temperature rise compared to the unconstrained recovery 

case. 

Unfolding of SMP sheets requires application of an external stimulus after the initial 

folding, but this process has not been fully investigated computationally because of the 

complex deformations that occur. Local absorption of high intensity focused ultrasound in 

polymer sheets folded below Tg of the polymer has been shown to cause local heating that 

relaxes the strained polymer and causes it to unfold.40 A simpler approach is to heat the 

polymer uniformly above Ta after folding5 as illustrated in Figure 5.6. In Figure 5.6a, the 

material was pre-strained according to the pre-strain sequence and cooled to 90°C. An IR 

surface flux boundary condition of 1000 mW/cm2 was applied to the hinge region5 and the 

material folded as shown in Figure 5.6b. Removing the heat flux and cooling the material 

below Tg, shown in Figure 5.6c, retained the folded state. This configuration was maintained 

until the polymer was heated uniformly above Tg (Figure 5.6d). After shrinking, residual 

strains from the folding process were still present. 

5.3.5 Parametric Study of Folding Variables 

We wanted to further understand the effects of folding variables, such as sheet 

thickness, hinge width, degree of pre-strain, and hinge surface temperature. Strained sheet 

thicknesses were varied from 0.03 to 0.3 mm (the nominal thickness of the polystyrene sheets 

used experimentally) using the pre-strain sequence described previously, a degree of pre-strain 
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with a maximum shrinkage of Smax=55%, and ɢ=1. After the pre-strain sequence, a constant 

surface heat flux of 1,000 mW/cm2 was applied to the hinge region.5 The results for the time 

dependence of Ŭb are shown in Figure 5.7a. The data in Figure 5.7a reveal that thinner sheets 

folded faster. Thinner sheets took less time to heat through the thickness, and folding occurred 

when a sufficient depth of material was heated above Ta to overcome the bending stiffness of 

the un-activated thickness of the sheet. The sheets unfolded after attaining Ŭb,max. The Ŭb,max for 

each sheet thickness and the time to reach Ŭb,max are shown in Figure 5.7b. The Ŭb,max was 73° 

at t=0.91 s for a sheet thickness of 0.15 mm. Thicker sheets reached Ŭb,max at a later time (t=0.18 

s and Ŭb=57° for a 0.03 mm thick sheet compared to t=2.22 s and Ŭb=68° for a 0.3 mm thick 

sheet). These results provide information about the effect of sheet thickness on Ŭb,max and time 

to fold. The Ŭb,max is also influenced by the hinge width, degree of pre-strain, surface heat flux, 

thermal conductivity of the polymer, and the thermal boundary conditions. Model images at 

Ŭb,max for each sheet thickness are shown in Figure 5.7c.  

The effects of hinge width were investigated for polymer sheets with a pre-strained 

thickness of 0.3 mm, a maximum shrinkage of Smax=55%, and a viscous heat fraction of ɢ=1. 

The hinge widths ranged from 0.5 to 2 mm, corresponding to the experimentally investigated 

hinge widths.25,27 As seen in Figure 5.8a, increases in the hinge width resulted in increases of 

Ŭb,max while the time to fold the sheet decreased. Larger hinge widths were also more 

susceptible to unfolding, because wider hinge widths allowed a larger region of the back of the 

polymer sheet to exceed Ta. Unfolding occurred when the back of the sheet reached a 

sufficiently high temperature, greater than Ta, and the material began to shrink. The Ŭb,max and 

time of maximum are plotted in Figure 5.8b, in which a linear dependence of Ŭb on hinge 
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width for the range of hinge widths studied is seen. This trend is similar to the trend observed 

by Zhang et al.27 although the current results predicted larger values for Ŭb. The Ŭb differed 

also from previous results published by our group,25 but this was caused by differences in the 

thermal boundaries and viscous heat generation during the pre-straining sequence, which 

resulted in extensive relaxation of the viscous stresses prior to folding. The data in Figure 5.8b 

also reveal that the time to reach the Ŭb,max approaches asymptotically a value between 1 and 2 

seconds. This indicates that there is a minimum time required for folding to occur, during 

which a gradient of temperature and shrinkage is developed through the thickness of the sheet. 

This time depends on material thermal conductivity, sheet thickness, and initial temperature. 

Model images at Ŭb,max for each hinge width are shown in Figure 5.8c. These results 

substantiate that Ŭb of the sheet can be adjusted by changing the width of the hinge alone. 

The effects of pre-strain on folding were investigated for the 1 mm hinge width 

geometry (Figure 5.9). We used the same pre-strain sequence as earlier in the paper, ɢ=1, and 

a strained thickness of 0.3 mm. As seen in Figure 5.9a,b, increasing the degree of pre-strain, 

i.e., higher Smax, increased Ŭb,max. The Ŭb,max was attained at approximately the same time, 

regardless of the degree of pre-strain, but an apparent maximum time to reach the Ŭb,max was 

2.33 s for a sheet with Smax=40%. Figure 5.9c shows each sheet at Ŭb,max. It should be noted 

that microscopic changes due to chain alignment imparted by pre-straining may influence the 

mechanical and thermal properties of the polymer.28 These results indicate that the degree of 

pre-strain also can be used to control Ŭb,max. 

We investigated the effects of isothermal hinge temperature on sheet folding. The 1 

mm hinge width geometry with ɢ=1 was pre-strained for a maximum shrinkage of Smax=55% 
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and a thickness of 0.3 mm, which was representative of the polystyrene sheets used for 

experimental comparison.5 After the pre-strain sequence, an isothermal boundary temperature 

greater than Tg ranging from 110°C to 120°C was applied to the hinge region, which resulted 

in folding. The dependence of Ŭb on time, plotted in Figure 5.10a, revealed that the folding 

rate increased with increasing temperature. Contour plots of the temperature distribution across 

the hinge cross-section are shown in Figure 5.10b. At 120°C, the bottom of the hinge region 

attained a sufficiently high temperature that it began to shrink which caused unfolding in the 

given time domain. In comparison, the temperatures on the bottom of the hinge region for the 

110°C and 115°C models were low enough that the material in this region did not shrink 

significantly in the given time domain. Hence, shrinking of the polymer on the back of the 

hinge region leads to unfolding when the hinge surface temperature is sufficiently high. 

5.4 Conclusions 

We introduced a three-dimensional, non-linear finite element framework that has 

accounted for both external and internal heat sources to study the thermo-mechanical response 

of SMPs during the pre-straining and shape recovery sequences. The coupled thermo-

mechanical approach was used to predict the thermo-viscoelastic response of the material to 

external thermal and mechanical loads. We investigated the interrelated effects of viscous 

heating, pre-strain conditions, sheet thickness, hinge width, degree of pre-strain, and hinge 

temperature on folding. We also demonstrated how unfolding occurred for a self-folded sheet.  

Viscous heat generation significantly affected the recovery and folding behavior of the 

SMP sheet. A rapid increase in temperature occurred during the compression pre-strain step 

due to viscous heat generation. This caused viscous stresses to relax more quickly during the 
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compression pre-strain step, and it affected the residual stresses in the material prior to 

recovery. The change in residual stresses resulted in a slower initial recovery rate upon 

reheating and delayed the folding process. The strain time and initial temperature during pre-

strain had an insignificant effect on recovery behavior due to the relaxation of viscous stresses 

after the rapid temperature rise during compression. A significant increase in temperature 

associated with viscous heating occurred during unconstrained recovery. However, the 

temperature increase due to viscous heating was less significant during folding. A parametric 

study showed that the maximum bending angle, Ŭb,max, can be increased for a folded structure 

by increasing the hinge width, degree of pre-strain, and hinge surface temperature. Folding 

time can be reduced by decreasing the sheet thickness, increasing the hinge width, and 

increasing the hinge temperature. These predicted trends were in agreement with previous 

experimental observations. These predictions can be used to design optimal self-folding 

structures by controlling sheet thickness, hinge width, degree of pre-strain, and hinge surface 

temperature for desired folded structures. 
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Figure 5.1 (a) A depiction of the undeformed mesh used for the unconstrained recovery model (X=Y=20 elements 

along the transverse directions, Z=16 elements through the thickness). (b) A graphical depiction of thermal and 

mechanical boundaries during the pre-strain sequence. (c) A depiction of the undeformed mesh used for the 

folding model (X1=Y=Z=20 elements, X2=10 elements/mm across the hinge width). The hinge region is 

highlighted in red. (d) Thermal and mechanical loads applied during the folding sequence. (e) Plot of applied 

mechanical and thermal boundary conditions during pre-strain. (f) The viscoelastic master curve with a 

comparison of experimental results (discrete points) and the fit Prony series model (red line) at the glass transition 

temperature Tref=Tg=103°C. The blue discrete points are for the shear storage modulus, G', and the green discrete 

points are for the phase angle, tan(ŭ). 
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Figure 5.2 (a) Viscous heating caused a rapid rise in the average temperature on the mid-plane of model, 

perpendicular to the compression direction. (b) Temperature increases due to viscous heating affected the average 

stress on the mid-plane normal to the compression direction. (c) Relaxation of compressive normal stresses 

affected the average stress in the direction transverse to the compression direction on the mid-plane normal to the 

compression direction. (d) Transverse stresses along the plane parallel to the compression direction, after cooling, 

indicated significant differences in the residual stress state. The result in the top contour plot does not account for 

viscous heating, while the result in the bottom contour plot does. Contours are plotted on the undeformed mesh. 
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Figure 5.3 The viscous heat fraction and recovery temperature affected unconstrained recovery behavior. (a) 

Isothermal temperature Tsink=110°C. (b) Isothermal temperature Tsink=115°C. (c) Isothermal temperature 

Tsink=120°C. (d) Viscous heating during unconstrained recovery at 120°C caused an increase in internal 

temperature. The average temperature changes on the mid-plane due to conduction and viscous heating are plotted 

for Tsink=120°C. Viscous heat generation accounted for ~5.3% of the total temperature increase. 
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Figure 5.4 Viscous heating occurred during variations on the original pre-straining sequence. (a) Viscous heating 

caused a rise in temperature during the compression step for all pre-strain variations considered. A common time 

scale is used for all pre-strain variations considered. (b) Due to viscous stress relaxation during pre-strain, the 

unconstrained recovery response of models exposed to a Tsink=110°C convective boundary condition were 

approximately identical. 
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Figure 5.5 (a) Changes in the residual stress state after the pre-strain sequence resulted in a delayed folding 

response. The bending angle, Ŭb, is the angle traversed by the folding panel. The vertical, dashed lines represent 

the times for the contour plots in Figure 5.5b (b) Viscous heating caused a rise in temperature in the hinge region 

during folding. For these contour plots, the viscous heat fraction was ɢ=1.0. 
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Figure 5.6 Demonstration of folding and unfolding of a single-hinged SMP sheet. (a) The material was first pre-

strained according to the pre-strain sequence. (b) The sheet folded in response to a specified surface heat flux in 

the hinged region. (c) The folded shape was retained after removing the heat flux and cooling the material to 

below Tg. (d) The sheet unfolded and shrank after application of a uniform, isothermal boundary condition with 

a temperature greater than Tg. 
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Figure 5.7 Results for the investigation of the effects of sheet thickness on bending angle, Ŭb, using a constant 

surface heat flux applied to the hinge region. (a) Plot of Ŭb as a function of time for multiple sheet thicknesses. 

All sheets had the same initial, transverse pre-strain. (b) A comparison of the maximum bending angle, Ŭb,max, and 

time to reach Ŭb,max for each sheet thickness. (c) Images of the folded models at Ŭb,max. Color indicates temperature 

from blue (cool) to red (hot). 
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Figure 5.8 Results for the investigation of the effects of hinge width on bending angle, Ŭb. (a) Ŭb plotted as a 

function of time for a range of hinge widths. (b) A comparison of the maximum bending angle, Ŭb,max, and time 

to reach Ŭb,max. (c) Images of folded model at Ŭb,max. Color indicates temperature from blue (cool) to red (hot). 
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Figure 5.9 Results for the investigation of the effects of the degree of pre-strain on bending angle, Ŭb. (a) Ŭb as a 

function of time for a range of pre-strains listed by maximum possible shrinkage upon recovery. (b) Maximum 

bending angle, Ŭb,max, and time to reach Ŭb,max. (c) Images of folded model at Ŭb,max for each degree of pre-strain. 

Color indicates temperature from blue (cool) to red (hot). 
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Figure 5.10 Bending results from a specified temperature boundary condition applied to a 1 mm wide hinged 

region. (a) Bending angle, Ŭb, and the rate of folding was affected by the applied hinge temperature. (b) Contour 

plots indicate a gradient in temperature. Unfolding occurred when a sufficiently high temperature was attained on 

the back surface of the hinge. 
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Chapter 6: Controllable Curvature from Planar Polymer Sheets in Response to Light 

Abstract 

The ability to change shape and control curvature in 3D structures starting from planar 

sheets can aid in assembly and add functionality to an object. Herein, we convert planar sheets 

of shape memory polymers (SMPs) into 3D objects with controllable curvature by dictating 

where the sheets shrink. Ink patterned on the surface of the sheet absorbs infrared (IR) light, 

resulting in localized heating, and the material shrinks locally wherever the temperature 

exceeds the activation temperature, Ta. We introduce two different mechanisms for controlling 

curvature within SMP sheets. The ódirectô mechanism uses localized shrinkage to induce 

curvature only in regions patterned with ink. The óindirectô mechanism uses localized 

shrinkage in regions patterned with ink to induce curvature in neighboring regions without ink 

through a balance of internal stresses. We employ finite element analysis to predict the final 

shape of the polymer sheets in tandem with experimental studies and obtain excellent 

qualitative agreement. Results from this study show that curvature can be controlled by the 

distribution and darkness of the ink pattern on the polymer sheet. Additionally, we utilize the 

direct and indirect curvature mechanisms to demonstrate the formation and actuation of gripper 

devices, which represent the potential utility of this approach. 

6.1 Introduction 

The ability to convert planar sheets into 3D shapes is attractive for several reasons: (i) 

sheets can be stacked efficiently for storage and transportation, (ii) there are many high-

throughput methods for patterning and cutting sheets, (iii) facile or autonomous assembly of 

3D structures reduces time and cost of deploying the product. Converting a planar sheet into a 
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3D shape requires deformation of the sheet, which can be achieved by physical manipulation 

or by using active materials. Active materials can change shape (i.e., shrink or expand) in 

response to an external stimulus such as light, heat, or solvents.1,2,2ï16 Conventionally, these 

responsive materials are placed in regions where deformation is desired.4,5,13,15,17,18 However, 

as we have demonstrated in this paper, it is also possible to use active materials to induce 

deformation in adjacent regions of the material through a balance of internal stresses. The 

internal stresses from the active regions can interact mechanically with the passive regions and 

induce deformation.  

In this paper, we explored two strategies, termed the ódirectô and óindirectô mechanism 

of curvature to convert planar thermoplastic sheets into 3D shapes. We will use an example 

from nature, i.e., the sunflower, shown in Figure 6.1A, to illustrate these two strategies. 

Gradients in the rate of cell growth through the thickness of each petal cause the petals to curve 

as highlighted in blue in the upper right corner of Figure 6.1A. The petal curves in part due to 

a faster cell growth rate on the front surface of the petal relative to the back of the petal.19 

Similarly, continuous bending (not shown) or discrete folding of a piece of paper introduces 

gradients in strain through the thickness of the sheet and induces curvature, as shown in the 

upper image of Figure 6.1B. These examples utilize the ódirectô mechanism to achieve 

curvature by applying strain (the folds in the piece of paper) directly to the portions of the sheet 

to be curved.  

Alternatively, curvature can arise óindirectlyô in response to internal stresses induced 

by one region elongating or shrinking relative to adjacent regions. For example, heliotropism 

causes the stem of a young sunflower to curve and follow the sun throughout the day as a result 
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of accelerated cell growth along one side of the stem,20 as shown by the curvature in the lower 

right corner of Figure 6.1A, highlighted in red. The lower image in Figure 6.1B provides an 

example of a sheet of paper that has curvature on one half of the sheet induced by a pleated 

fold pattern on the other half. The portion of the sheet with curvature also undergoes some 

strain, but the distinction is that the strain is induced by internal stresses arising from the folded 

region; stated differently, the curvature of the sheet would not exist if it was detached from the 

pleated region. We therefore refer to this as the óindirectô mechanism.  

These two mechanisms for inducing curvature can be realized via cell growth, as in the 

sunflower, or via folding, as in the sheets of paper. Recently, discrete folds in tessellated Miura-

Ori patterns on paper have been used to approximate surfaces with positive, negative, and zero 

Gaussian curvature,15,21ï23 but when refining the curvature, the number and density of folds in 

these patterns becomes impractical to fold manually. An alternative method for inducing 

changes in material dimensions, such as strain that arises from swelling or shrinking of active 

materials, can be harnessed to engineer sheets that curve in response to environmental stimuli 

(e.g., pH, solvent, light, or heat).2,2ï13,15 

Hydrogels are active materials that can change shape in response to external 

stimuli,7,17,24ï35 and therefore are good candidates for inducing changes in curvature using the 

direct and indirect mechanisms. Bilayers of hydrogels2,6,12,36ï40 or hydrogels patterned with 

stiff regions11,41ï43 can produce curved 3D structures due to differential swelling. However, 

hydrogel based materials generally have a slow response time, low moduli, and require 

continuous solvent exposure to maintain their deformed shape.  
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Conventional SMPs are attractive shape changing alternatives to gels due to their 

relatively short response time, higher stiffness, and potential responsiveness to a wide range of 

activation stimuli. Activation stimuli for SMPs include heat, light, and electric 

fields.4,5,10,18,36,40,44ï49 Heat activated SMPs can respond to a variety of heat sources, such as 

uniform heating,5,50 local energy absorption,4,15,18,47,51 or Joule heating.17 SMPs can generate 

discretely folded structures in laminated composites17,24,25,27,28 or homogeneous sheets.5,11 

Additionally, heat activated SMPs maintain their shape upon removal of the stimulus. Based 

on these advantages, we sought an approach to obtain direct and indirect curvature in 

thermoplastic SMP sheets by using differential shrinking. 

The approach described here used polystyrene sheets, available commercially as 

Grafix® Shrink Film, that were initially strained in two directions. These sheets shrink (i.e. 

recover or relax), when heated above a critical activation temperature, Ta (Ta å Tg, the glass 

transition temperature). This approach produced curvature by control of localized shrinkage 

within the sheet. Black ink patterns were printed on the polymer using a desktop inkjet printer. 

Black ink absorbs a higher percentage of energy from an IR light than un-patterned regions of 

the polymer. When exposed to an IR light, localized heating in the black ink regions created a 

gradient in temperature and shrinkage through the thickness of the sheet.4 This gradient in 

shrinkage could produce an out-of-plane deformation via the ódirectô curvature mechanism. 

Additionally, due to a balance of internal stresses, shrinking of patterned regions could cause 

deformation in unpatterned regions according to the óindirectô curvature mechanism. 

Computational modeling has been used to understand better the shape memory process at 

atomistic and continuum levels and to provide a predictive tool to aid in the design of localized 
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shrinkage patterns.52ï57 The development of ink patterns and sample geometries that produce 

spatially varying curvature is necessary to obtain complex, 3D shapes for practical applications 

of thermally-activated SMP sheets.  

We demonstrated the direct and indirect curvature mechanisms in heat activated SMP 

sheets by coupling the behavior of stiff, unactivated regions of the sheet with softened, 

activated regions. Our approach combined computational and experimental results to predict 

and physically demonstrate the control of curvature. We performed a systematic study on the 

effects that ink darkness, ink distribution, and sample geometry had on the deformed curved 

structure. Qualitative and quantitative comparisons of computational and experimental results 

showed excellent agreement. Motivated by the goal to develop functional, bio-inspired 

structures, we concluded by demonstrating a gripper device produced using the methods 

developed in this paper. 

6.2 Results and Discussion 

6.2.1 Indirect Curvature Mechanism 

Curvature in thermoplastic SMP sheets can be induced by both the indirect and direct 

mechanisms by controlling the location and extent of localized shrinkage. The placement of 

ink dictates where shrinkage will occur in response to light.4,52,58 Although an infinite number 

of ways exist to distribute ink on a sheet, we chose designs that contained both inked and non-

inked regions to demonstrate and study systematically the indirect mechanism. Specifically, 

we patterned 30 mm x 10 mm SMP samples with horizontal strips of ink so that each sample 

was covered ï on average ï 50% with ink, as seen at the top center of Figure 6.2. These 

samples differed only in the placement of the ink. 
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Despite having equal amounts of ink coverage, the two samples in Figure 6.2 produced 

very different final shapes. The sample shown in the left half of Figure 6.2, having two equal-

width black strips along the long edges of the sheet, produced a synclastic response (i.e., 

positive Gaussian curvature), and the sample on the right half of the figure, having a single 

centered black strip, produced an anticlastic response (i.e., negative Gaussian curvature). The 

synclastic samples bent initially toward the inked side of the sheet with the long axis of the 

sheet remaining flat (cf. the left half of Figure 6.2). Then the entire sample curled towards the 

patterned side of the sheet due to shrinking of the upturned, inked regions. This trend was 

evident in both computational and experimental results. Conversely, the anticlastic sample 

folded initially along the central patterned region before curling backwards, away from the 

inked surface (cf. the right half of Figure 6.2). Experimentally, at some critical time, there was 

a snap-through instability as the sheet curled backwards. This snap-through behavior was not 

seen in the computational result, which unfolded as the sheet curled backwards. In both 

synclastic and anticlastic cases, the final shape resulted from the interaction between the stiff 

portions of the sample and the shrinking inked regions. 

We explored three patterns similar to those in Figure 6.2 to evaluate the behavior 

between the anticlastic and synclastic extremes. In these patterns, the outer strips decreased in 

ink darkness from 80%, to 50%, to 20% as seen in Figure 6.3B - D. A 50% weighted average 

ink coverage was maintained by adjusting the darkness of the center strip (i.e., 20% ink 

darkness on half of the sample combined with 80% darkness on the other half is equivalent to 

half of the sample having 100% darkness). Darker ink absorbs light more effectively than 

lighter ink, which causes the material to heat and shrink more quickly when exposed to the 
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same intensity of IR light (cf. Figure S6.2A in Supporting Information). Although the entire 

sheet heated and became active for patterns B and D, we classified this as part of the indirect 

curvature mechanism because the darker patterned regions shrank significantly faster than the 

lighter patterned regions. Note that the patterns in Figure 6.3A, E, are the same as those shown 

in Figure 6.2. A comparison of Figure 6.3A-B (and likewise, Figure 6.3D-E) indicates that 

the samples maintained the synclastic and anticlastic responses across a range of ink 

darknesses. However, the response was random for a sample patterned uniformly with 50% 

black ink (cf. Figure 6.3C). This regime produces non-repeatable structures with no preference 

for direction of curvature other than the upward curvature of the sheet since the inked side of 

the sheet shrinks more than the bottom.4,52,58 The results shown in Figure 6.3 indicate that the 

contrast between patterned regions and the location of the darkest regions influences 

significantly the curvature of the sheet, but the darkness of ink can be varied to some extent. 

This behavior was seen in both computational and experimental results with good qualitative 

agreement between the deformed shapes.  

We designed a second set of patterns with 50% of the surface covered in black ink to 

evaluate further the effects of ink distribution. As seen in Figure 6.4, changing the location of 

ink on the surface of the polymer resulted in drastic changes to the final shape. We also 

evaluated aspect ratios of 3:1, 2:1, and 1:1 to determine the effect of sample geometry on the 

material deformation during recovery. The minimum sample width is 10 mm. The same 

general trend appeared for each pattern regardless of aspect ratio. However, larger aspect ratios 

allowed the opposite ends of the sample to come closer together. This relationship was a 

geometric effect that resulted from having a fixed percentage of shrinkage occurring along 
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greater lengths for higher aspect ratio samples. The curvature for all patterns resulted from a 

balance of internal stresses resulting from the shrinking response of inked regions, and it is 

representative of the indirect curvature mechanism.  

Figure 6.4 shows general agreement between the computational and experimental 

results; however, there are some discrepancies. For sample D, differences in the thermal 

boundary caused the predicted results to have a larger radius of curvature. The computational 

results used a constant thermal boundary condition throughout the recovery process, but the 

experimental thermal boundary conditions changed with time and position. In the experimental 

setup, the samples rested on a hot plate, which acted as a heat sink that influenced heat 

conduction through the sample. When the sample began to deform, the bottom portion of the 

sample lifted off the hot plate, and experienced a non-uniform thermal boundary condition. 

This change in thermal boundary conditions was not only a function of time but also a function 

of space as the experimental samples fell over and moved on the hot plate while curling into 

their final structure. The discrepancy between the computational and experimental results seen 

in Figure 6.3E extended to the samples of smaller aspect ratios (cf. Figure 6.4B). The outcome 

for designs B and D are comparable, which was expected due to their similarities in ink pattern. 

However, design D yielded a smaller final deformation for each aspect ratio compared to 

design B due to the slightly narrower ink border along the length of the sample. 

6.2.2 Direct Curvature Mechanism 

We demonstrated the direct curvature mechanism with patterns that had gradients of 

ink darkness along the length of the sample, as shown in Figure 6.5. The local radius of 

curvature changed along the length of the sample as a result of the changing ink darkness. The 
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left column in Figure 6.5 depicts the ink darkness graphically across the length of the sample. 

The overlaid red lines aid in visualizing the changing ink darkness. Computational results are 

shown in the center column, and experimental results are shown in the right-hand column. 

Regions of darker ink in the gradient patterns shown in Figure 6.5A-C shrank more quickly 

than lighter colored regions. This resulted in tighter curling along the length of the sample 

throughout the duration of the experiment. The computational and experimental results for 

samples A and B differed due to temperature non-uniformities in the sample and the applied 

thermal boundary conditions in the model. Additionally, the experimental samples heated up 

faster as they moved toward the light during the experiment. Recent research findings support 

the change in the axis of rotation with local pattern aspect ratio seen in the computational 

results for designs A ï C.59 Computational and experimental results for design C agreed well 

as a result of higher ink darkness along a greater length of the sample. Additionally, we 

evaluated experimentally the patterns in Figure 6.5A-C for three aspect ratios (cf. Figure S6.3 

in Supplemental Information) and found that the trends for curvature and total deformation 

were similar to those seen in Figure 6.4. 

Additionally, we considered direct curvature patterns that used linear ink gradients that 

increased or decreased in darkness in opposite directions. Design D in Figure 6.5 demonstrates 

a pattern that produced a nearly zero Gaussian curvature similar to óhingedô patterns that fold 

along a discrete black line.4,15,58 However, design D bowed along the two outer panels, which 

prevented the adherence of the deformation to our previously reported model for predicting 

folding angle.58 A completely different final shape was obtained when the direction of the 

gradients was reversed, as in Figure 6.5E. Design E yielded a similar curvature response to 
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design B, but the curved portion was mirrored across the center of the sample. The final total 

deformation was smaller for design E compared to design B due to the reduced aspect ratio of 

the gradient which resulted from splitting the gradient into two portions of the 3:1 aspect ratio 

sheet. 

6.2.3 Bio-Inspired Gripper Devices 

We used the indirect (Figure 6.6A) and direct (Figure 6.6B) curvature mechanisms to 

develop four-paneled arrays that contained both folding and continuous curvature. The panels 

in the top pattern of Figure 6.6A have black ink that covers 50% of the surface area, and the 

panels in bottom pattern have linear gradients in ink darkness. We compared the computational 

and experimental results using digital 3D point clouds with excellent qualitative agreement. 

We created the 3D point clouds via serial sectioning (cf. Figure S6.4) by compiling the data 

points from individual milling steps, as described in the Experimental section and further 

detailed in the Supplemental Information. The colors in Figure 6.6B-C correspond to height. 

Nodal coordinates from the computational results are overlaid on this image in black. We 

extracted individual panels, which are depicted in the right column of Figure 6.6B-C, for 

enhanced clarity. Excellent qualitative agreement existed between the computational and 

experimental results; however, the discrepancies that occurred were attributed to the symmetry 

inherent within the computational model and known experimental limitations including light 

field uniformity, shadowing effects, changes to the thermal boundary conditions and 

experimental uncertainties. 

We quantified the agreement between the computational and experimental results using 

the dihedral angle, ɗ, and radius of curvature, Rc, for each sample. The ɗ was measured via 
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ImageJ, and the Rc was calculated by selecting three points along the edge of the curved panels, 

as depicted on the gradient computational result in Figure 6.7A (see SI Equations S6.1 ï S6.4 

and Figure S6.5 for additional information on Rc). The ɗ results shown graphically in Figure 

6.7B exhibit a good agreement between the computational and experimental results, regardless 

of design. The experimental values were consistently lower than their computational 

counterpart. One reason for this difference was that all experimental samples were exposed to 

an external stimulus until the point at which they began to reverse their direction of 

deformation. Once this occurred, the stimulus was removed. Because the polymer was at an 

elevated temperature, it continued to deform until sufficiently cooled. As a result, the ɗ values 

for the experimental structures were marginally lower relative to the experimental maximum 

and the values obtained from the computational results. The Rc values display excellent 

quantitative agreement between the computational and experimental outcomes. The Rc was 

substantially smaller for the gradient patterned samples compared to the bordered panels. 

These smaller values resulted from the hook-like motion induced by the increase in ink 

darkness on the tips of the gradient panels. The experimental variation in the ɗ and Rc, indicated 

by the error bars resulting from measurements averaged over ~ 16 panels, were considerably 

larger than those for the computational results. Panel twisting and overlapping caused by 

experimental variations (such as light and heat non-uniformities and imperfect ink coverage) 

prevented every panel from being analyzed by the edge detection algorithm.  

Grippers represent one potential application of structures resulting from this work. 

Figure 6.8A shows a pattern for a six-paneled gripper using indirect curvature. These designs 

were demonstrated by placing them face down over some object, for example the head of a 
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bolt as depicted in Figure 6.8B, and the panels moved downward to grip the bolt upon exposure 

to IR light. These functional devices were capable of holding ~ 925 times their own weight (cf. 

Figure 6.8C). 

6.3 Conclusions 

We presented a method for converting planar sheets of pre-strained, polystyrene SMP 

into 3D objects with controlled curvature. The sheets were patterned with ink from an inkjet 

printer, which allowed them to heat locally and shrink when exposed to IR light. Changing the 

distribution and darkness of ink on the surface of the SMP controlled the curvature of the sheet. 

Sheets with the same initial shape and ink coverage formed distinctly different 3D shapes 

depending on the placement of ink in the pattern. Computational and experimental studies were 

carried out in tandem with generally good qualitative and quantitative agreement.  

Two methods for inducing curvature were introduced, which we termed the indirect 

and direct mechanisms of curvature. For the indirect mechanism, non-inked regions of the 

sheet became curved in response to shrinkage of adjacent, inked regions, which shrank in 

response to IR light. The nature of the curvature could be varied from synclastic (positive 

Gaussian curvature) to anticlastic (negative Gaussian curvature) by changing the location of 

the ink on the polymer surface. The aspect ratio of the sheet had a limited effect on the nature 

of the curvature. Alternatively, for the direct mechanism, curvature occurred only within inked 

regions of the sheet, as demonstrated using linear gradients in ink darkness. The radius of 

curvature varied along the length of the sheet due to differences in the rate of local heat 

absorption and thus material shrinkage. Finally, functional gripper devices capable of holding 

~ 925 times their own mass were demonstrated. The results presented here can be used to 
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design additional functional 3D structures from planar polymer sheets that change shape in 

response to external stimuli. 

6.4 Computational Sections 

We used computational modeling to predict localized curvature control in pre-strained, 

polystyrene sheets. The details of our 3D, non-linear finite element model are reported in a 

previous study.52 Briefly, the model is based on a thermo-viscoelastic material model with a 

coupled thermo-mechanical solution. The time and temperature dependent response of the 

materials was accounted for according to the time-temperature superposition principle with the 

Williams-Landel-Ferry (WLF) equation.60 The thermomechanical history of the material was 

divided into two phases: pre-straining and recovery. 

A sequence of thermal and mechanical loads, typical for SMPs,61ï63 was used to impart 

pre-strain into the material. The material was subjected to an elevated temperature, and then it 

was mechanically compressed through the thickness of the sheet to produce pre-strain in the 

transverse plane. This compression step was representative of the heated rolling process used 

to commercially fabricate the material. The material was then cooled using a specified 

temperature boundary condition, after which the compressive loading was removed. The pre-

strain stored at the end of this step was equivalent to the pre-strain stored in the as-received 

experimental material.4,58 

After the pre-strain sequence, the material was subjected to both thermal and 

mechanical boundary conditions that were representative of the experimental conditions. In 

this step, a specified surface heat flux was applied to the top surface of the sheet according to 

a predefined pattern of ink.52 The magnitude of this flux was adjusted based on the local ink 
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darkness, which influenced the local absorption of thermal energy. As a result of the surface 

heat flux, the sheet began to heat (cf. Figure S6.2B). The in-plane shrinkage caused by local 

heating and conduction resulted in an out-of-plane deformation of the material. We assumed 

that regions without a specified heat flux were subject to free convection with a heat transfer 

coefficient h=5 W/m2ÅK and a sink temperature of Tsink=90°C. 

6.5 Experimental Section 

The substrates used throughout all experimental work were Grafix® clear, inkjet-

printable shrink film sheets, which were composed of polystyrene (PS) coated with a thin 

polyvinyl alcohol (PVA) layer for increased ink adhesion. These biaxially strained films shrink 

by ~ 55% when uniformly heated above their Ta.
4 The sample preparation process is illustrated 

in Figure S6.1A. Black ink was printed onto these shrink films using an Epson® Stylus C88+ 

desktop, inkjet printer and the accompanying Epson® 60 black ink cartridge. The sample 

designs were generated using CorelDRAW® and printed onto the sheet. All sample geometries 

were initially chosen as 30 x 10 mm rectangles. The samples were removed from the shrink 

film using scissors.  

Once samples were prepared, they were placed onto a hot plate set to 90°C where they 

were allowed to equilibrate thermally. A 250 W infrared (IR) lamp was placed ~ 5 cm above 

the surface of the sample and turned on. The ink placed onto the sample absorbed the thermal 

energy from the lamp and generated a temperature gradient through the thickness of the sheet. 

This temperature gradient resulted in a strain relaxation gradient through the sheet at all 

locations where the Ta is exceeded (Ta å Tg = 103°C from our previous studies).4 The shrinkage 

gradient resulted in an out-of-plane deformation. The darkness of ink and the amount of ink 
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placed onto the substrate as well as the ink locations were related directly to the rate at which 

the sample heated and the resulting motion (see Figure S6.2 in the Supporting information). 

Previous reports demonstrate the ability to produce discrete folds from this procedure.4,18,58,64 

To determine the effect of sample geometry upon final structure, the aspect ratio for each 

design was varied between 3:1, 2:1, and 1:1 with the initial 3:1 ratio having dimensions of 30 

mm x 10 mm. 

To quantify the comparison between the computational and experimental results, high-

resolution images were taken of each sample from a side view using a Canon® EOS Rebel T3 

DSLR camera. The experimental and computational sample images were analyzed by a Sobel 

edge detection algorithm in MATLAB. The algorithm output scaled coordinates that represent 

the edges of the material, and select points were used to calculate the radius of curvature of the 

deformed sheet (cf. Equations S6.1-S6.3). All other image analysis was performed in 

ImageJ.65 

Bio-inspired structures composed of four-paneled and six-paneled, rectangular arrays 

were designed in which the panels were curved according to either direct and indirect 

mechanisms for curvature. To gain a complete qualitative understanding of the sample 

behavior, a 3D point cloud was generated via serial sectioning (cf. Figure S6.4A). The samples 

were painted contrasting colors on the inside and outside surfaces using FolkArt® acrylic paint 

for increased contrast. Painted samples were mounted onto a poly(methyl methacrylate) 

(PMMA) base using LoctiteÈ Heavy Duty Epoxy and then cast in Castinô CraftÈ Clear 

Polyester Casting Resin. These cast samples were allowed to dry and harden for a minimum 

of 48 hours to ensure that the molds were fully solidified. The solidified sample casting was 
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milled in approximately 0.5 mm increments using a Bridgeport CNC mill. At each milling 

interval, high-resolution digital images were taken of the cast from a top view, and the 

thickness of the casting was measured using a caliper. These images of the milled casting were 

analyzed by a MATLAB edge detection algorithm, and the data points generated for each of 

~15 layers were compiled into one 3D point cloud.  

 

 

 

Figure 6.1 (A) Sunflowers exhibit two mechanisms for generating natural curvature. Lower right image (red): 

Cell growth on one side of the stem - prompted by heliotropism ï has caused the stem of the sunflower to bend. 

This is an example of the indirect curvature mechanism. Upper right image (blue): A gradient of cell growth 

through the thickness of the petal has caused the petals of the sunflower to curve. This is an example of the direct 

curvature mechanism. B) Paper analogs that demonstrate both mechanisms of curvature in (A) can be formed 

using discrete fold patterns. Lower: Pleats of mountain (solid lines) and valley (dashed lines) folds along one side 

of a rectangular piece of paper cause the half without folds to curve due to the indirect curvature mechanism. 

Upper image: Valley folds with a gradient of spacing cause the sheet to curve in a discontinuous fashion due to 

the direct curvature mechanism. The scale bars are 25 mm. 
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Figure 6.2 Progression of deformation of SMP samples 50% covered with black ink. Images progress in sequence 

of time from top to bottom. Both synclastic and anticlastic samples take less than 10 seconds to complete their 

activation response. Left two columns: Samples patterned with black strips along the outer edges bent up initially 

along the edges before the sample was curled towards the inked side in a synclastic (positive Gaussian curvature) 

manner. Right two columns: Samples patterned with a black strip along the middle initially folded along the ink 

pattern then curled away from the ink in an anticlastic (negative Gaussian curvature) manner. The colors in the 

computational images represent temperatures ranging from below Tg (blue) to above Tg (red). Intermediate 

temperatures are depicted in green. The scale bar is 5 mm. 
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Figure 6.3 Changes to the ink darkness resulted in a transition from a synclastic to anticlastic response. The 

percent ink darkness of each strip was superimposed on the patterns in the left column. (A, B) Synclastic, positive 

Gaussian curvature. (C) Random curvature formed by uniform ink coverage. (D, E) Anticlastic, negative Gaussian 

curvature. Slight heating of the previously uninked strips in (D) softened the material enough that the 

experimentally seen anticlastic behavior was predicted computationally. The colors in the computational images 

represent temperatures ranging from below Tg (blue) to above Tg (red). The scale bar is 5 mm. 
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Figure 6.4 An illustration of the effects of changes to the substrate aspect ratio while maintaining 50% ink 

coverage. (A) Two equal-with horizontal strips produced a synclastic response. (B) A single, centrally located, 

horizontal strip produced an anticlastic response. (C) A horizontal strip moved to the edge resulted in a ñUò shape. 

(D) An equal width border created a similar synclastic response as in (A). In general, the total deformation was 

influenced by the substrate aspect ratio. The colors in the computational images represent temperatures ranging 

from below Tg (blue) to above Tg (red). Scale bars are 5 mm. 
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Figure 6.5 Linear gradients of ink influenced curving behavior. (A) Bilinear gradient where 50% ink darkness 

occurred 75% of the distance across the sample. (B) Linear gradient across the full sample width. (C) Bilinear 

gradient where 50% ink darkness occurred 25% of the distance across the sample. (D) Bilinear gradient with 

maximum darkness in the center. (E) Bilinear gradient with maximum darkness at edges. The colors in the 

computational images represent temperatures ranging from below Tg (blue) to above Tg (red). The glass slide in 

the experimental result images for designs A-C were not present during the sample recovery process, but were 

used to hold the sample for imaging convenience. Scale bars are 5 mm for samples A-C and 10 mm for samples 

D-E. 
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Figure 6.6 Comparison of experimentally and computationally generated structures utilizing both direct and 

indirect mechanisms. (A) Spatially varying curvature was controlled by ink distribution. There was excellent 

visual agreement between the computational and experimental results. The colors in the computational images 

represent temperatures ranging from below Tg (blue) to above Tg (red). (B-C) 3D point clouds produced via serial 

sectioning for both the bordered and gradient ink patterns, B and C respectively. The black points represent the 

computational results, and the colored points indicate the experimental samples. Individual panels are extracted 

on the right-hand columns to clarify the excellent agreement between the experimental and computational results. 

The scale bars are 5 mm. 
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Figure 6.7 Quantitative comparison of the computationally and experimentally generated structures. (A) The 

computational result for the gradient sample is shown with a representative radius of curvature (Rc) and dihedral 

angle (ɗ) for clarification. The radius of curvature was calculated using three points along the curve of the panel. 

The colors in the computational images represent temperatures ranging from below Tg (blue) to above Tg (red). 

(B) The dihedral angle values, ɗ, are plotted for both structures seen in Figure 6.6. (C) The radius of curvature 

values, Rc, are plotted for both structures seen in Figure 6.6. There is excellent agreement between the 

experimental and computational results. The scale bar is 5 mm. 
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Figure 6.8 The four-paneled bio-inspired structures were extended to a greater number of panels with similar 

behavior, allowing for a wider range of applications. (A) A hexagonally-based, six-paneled array was applied as 

a small gripping device. (B) Grippers based on these designs were able to encompass and hold small objects, such 

as the head of a bolt. (C) Due to their global curvature and lightweight nature, these grippers were able to firmly 

grip the bolt and could easily hold ~925x their own weight. The scale bars are 10 mm. 

 

  
































































































