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SUMMARY

A literature survey indicates that the problem of elastoplastic thick-walled cylinders
have been solved by almost all investigators based on cylinders subjected to either only
on mechanical loading or only on thermal loading. Very little work has been done on the
elastoplastic solutions for thick-walled cylinders subjected to both mechanical and transient
thermal loadings. The equivalent stress in the thick-walled cylinder under pressure and
axial loading has been proved to be a monotonic function with respect to the radius;
hence, only one elastic-plastic boundary exists. However, for the problem of an elastoplas-
tic thick-walled cylinder subjected to both mechanical and transient thermal loadings, the
equivalent stress in the cylinder is not necessarily a monotonic function with respect to
radius. Therefore, the number of elastic-plastic boundaries in the wall of the cylinder is
not necessarily restricted to be one but may be two or more appearing at several places
in the cylinder. The temperature distribution, temperature gradient, temperature and pres-
sure loading history are very important factors in determining the locations of the elastic-
plastic boundaries. Therefore, this problem is much more difficult than the problem of a
thick-walled cylinder subjected only to mechanical loading.

On the basis of the Prandtl-Reuss stress-strain rule, the von Mises flow criterion, and
temperature-dependent yield strength, the strain-hardening, and compressibility properties
of a material, an efficient incremental solution technique proposed by Chu for solving
elastoplastic problems of thick-walled tubes subjected to mechanical loading is here ex-
tended to include the effects of transient thermal loading. The finite-difference treatment
of the elastoplastic problem of a thick-walled tube is normally based on the differential
equations for the displacement vector; hence, determination of stresses and strains requires
numerical differentiation. However, good results in differentiation are not provided by the
computer unless a rather fine grid is used. With the alternative method, developed in this
paper, incremental stresses and strains are directly used as variables; hence, numerical dif-
ferentiation in the evaluation of stresses and strains is not required. Moreover, since no
assumption is made on the displacement field, this method can provide better results than
those of the finite-element methods. Since the consideration of stress, strain, loading and
temperature history is involved in the analysis, the present theory is particularly suitable
for predicting stress and strain distribution, and location of elastic-plastic boundaries of a
thick-walled tube subjected to nonproportional mechanical and transient thermal loadings.
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1. Introduction

A literature survey indicated that the problems of elasto-plastic thick-walled cylin-
ders have been solved by almost all investigators on the basis of cylinders subjected to
mechanical loadings [1-14]. Very little work has been done on the elastoplastic solutions
for thick-walled cylinders subjected to transient thermal loadings which is very important
for power plant pipe line design. The equivalent stress in a thick-walled tube under pres-
sure and axlal loading is a monotonic function with respect to the radius; hence, only one
elastic-plastic boundary exists. However, for the problem of an elastoplastic thick-walled
tube subjected to transient thermal loading, the equivalent stress in the cylinder is not
necessarily a monotonic function with respect to the radius, but is strongly dependent upon
the heat flow in the wall of the tube. Therefore, the number of elastic-plastic boundaries
in the wall of the tube is not necessarily restricted to one, but may be two or more ap-
pearing at several places in the tube. Also, the temperature distribution, temperature
gradient, and temperature history of the cylinder are very important factors in determining
the locations of the elastic~plastic boundaries. Therefore, the problem of an elastoplas-
tic thick-walled cylinder subjected to both mechanical and transient
thermal loading, is much more difficult and more complicated than the problem of a thick-
walled cylinder subjected only to mechanical loading. Moreover, no previous solutlon is
available for this problem.

Bland [17] analyzed the problem of a thick-walled tube subjected to pressure and a
steady-state temperature gradient. On the basis of the Tresca yield criterion, the incom-
pressibility of a material, and the plane-strain assumption, Weiner and Huddleston [18]
proposed a thermal stress analysis of heat-treated cylinders. By use of von Mises' yield
criterion, Prandtl-Reuss' flow rule of plasticity, isotropic~isothermal hardening rule, and
compressibility of a material, Chu [16] proposed a numerical thermoelastoplastic solution
of a thick-walled tube. In all of the an§lysis above, the thermal stresses were induced by
thermal expansion. However, the temperature effect on the yield strength of a material was
not considered. Hence, these solutlons can be applied. to only the case in which the tem-
perature in the material is lower than certain values. The yleld strength of a material
decreases with temperature increases, and it decreases dramatically if the temperature of
the material reaches a certain high level. At the present time, no solution is available
for the elasto-plastic problems of thick-walled tubes subjected to both mechanical and
transient thermal loading with the consideration of temperature yield strength of a ma-
terial and nonisothermal flow rules of plasticity. The purpose of this investigation was

to solve this complicated problem.

2. Development of an Incremental Solution

In the development of an incremental inelastic theory for a thick-walled tube, a cylin-
drical coordinate system (r, 6, z) is used with the z axls coinclident with the axis of the
tube. The cross section of a thick-walled tube is divided into n rings by radii ry = a,
Ty = seeny Tp = Coenny Lop0 = b, where r =c is an elastic-plastic boundary.

For any point 1n the inelastic region, the governing equations for stresses, incre-
ments of stresses, and strains can be derived as follows:

Since Prandtl-Reuss' flow rule 1s assumed to be valid, two independent incremental

stress-strain equations are derived as
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- %[(202-01.-09) + v(20,-0g-0z) ]do, + %[(202-01.-09) - (20,-0g-0;) 1dog
+ —,];[(ZUr—ce—oz) + V(20,-0p-09) 1do, + (20,-0.-0g)dey

= (20.-0p-0;)de, + B[(20,-0¢-0g) - (20,-0g-07)JdT )

where B is the thermal expansion coefficilent. All notations in the paper are the same as

in Ref., (16), except those defined in the paper.
v
EI(ZUz'Ur-Ue) - (209-04~0y) 1dop - %[(202-01-—0'9) + v(209-0,-0) 1d0g
+%[v(202-orce) + (209-0z-0y) 1doz + (20z-Cr-0g)deg

= (209-0,-0,)de,; + B[(20,-0,-09) -~ (209-0z~0y) 1dT 2)

The surface used to define the elastic limit is referred to as the yleld surface. For
strain-hardening nonisothermal material, the subsequent yleld surface or loading function
can be represented as

1 1+v 1+v

{2—&(20,:—09-02) + % ¢ [(2e-eg-€3) ~ (—E)—(Zor—ce-az)]}dc,_.

1 1+v 1+v
+ {E(ZUQ-UZ-Gr) + % ¢ [(2eg-€,-€4) - —(E—)(Zce-oz—or)]}doe

+ {’2%(2%'0:‘06) + j_l-;\)) ¢ [(2eg~ep-eg) - (1;‘)) (20,-0,-0g) 1 }do,

- $[(2e -cg-€;) - 1%"—)(20r-ce-cz)]der
\

- $l(2e0-e5mer) - L2 (208-0,-0,) 1aeg

= ¢[(2e,-er-cp) ~ i1—:;‘)—)(2cxz-crr—oe)]c1ez + $BdT + dgTT T 3)
in which

g =‘,%_ [(o.~0g)% + (0g-03) % + (ch—cr,_.)"]ll2 )

&= ‘/TZ— [(eB-eB)? + (ef-€2)* + (eg—eﬁ’)z]l/2 )
and

b= 6)

where n 1is the strain-hardening factor for the material, o(T) is the temperature-dependent

yleld strength of the material, and <P is the plastic straln component in the r direction.
r

For any point in the elastic region, the Duhamel-Neumann stress-strain-temperature re-

lations are assumed to be satisfied:
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dey = § 4oy - gdog - do, + BdT 7)
Yo + Ldog - o, + BAT (8)
deg = - 0 * §U96 - 90z
v v 1
dey = - gdoy - p0g + 3o, + BdT ®
The equation of compatibility and the equation of equilibrium are valid for both the
elastic and the inelastic regions of a thick-walled tube. The finite~difference forms of
these two equations are given by [12]:
- (l‘i_H-ri) (ds,_-)i + (riﬂ-ri) (dEe)i + !.':,_(deg):H.l
= (ri4,-r1) (Er€g)y - r1{(eg)1+; - (eg)1l (10)
for the equation of compatibility, and
(r141-274) (d0p) 4 = (ry4,-r1) (dog)1 + ry(dop) gy,
= (T441-74) (09-0r)1 - T1[(Tg) gty = (Op)4] an

for the equation of equilibrium.

At each point r = s silx incremental quantities dcr, doe, do deo, and dez are

’
present that have to be determined for each step of the variationzof loading (this includes
the variation of temperature distribution). Since the axial strain €, 1s independent of

r, 1f the incremental of axial strain, dez, is specified in each increment of loads, then
only five incremental unknowns are present at each point. Hence, a total of 5(n+l) un~
knowns exist that must be determined for each increment of loading. Five equations listed
above can be formulated at each point (except r = b), either in.the elastic region or in
the plastic reglon. At the outer surface, r = b, of a thick-walled tube, some information
concerning quantities in equations (10) and (11) is unavailable. Hence, the total number
of equations is 5(n+l)-2. To solve 5(n+l) unknowns, two additional equations resulting

from the boundary conditions are:
(d0r) =g = -8P3 and  (dOp)r=p = -AP, (12)

3. Solution Procedure

To obtaln a numerical elastoplastic solution of a thick-walled tube subjected to both
mechanical and transient thermal loading, one must first determine the relationship of
yleld strength of the material vs. the temperature. Usually, the yield strength of a ma-
terial decreases dramatically if the temperature reaches a certain high level, Test data
of yleld strength vs. temperature for chromium-molybdenum—vanadium (Cr-Mo-V) steel are
shown in Figure 1 by open circles. A fourth-degree polynomial approximation for test data,

as shown in Figure 1 by solid curve, is
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o(T) = 131,000 - 10.89047T + 0.06483536T2

- 0.0001666979T° + 0.00000005984565T" @3
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Fig. 1 Yield strength at elevated temperature for chromium
molybdenum vanadium steel

This relatilon exhibits a very good approximation of test data.

To determine the transient thermal loading, one must first solve the transient tem-
perature distribution. If the thermal propertles of a material are assumed to be inde-
pendent of the temperature, the heat flow 1n a thick-walled tube i1s governed by the well-
known Fourier heat-conduction equation [19]

3% 19T
AT T

Rl-
o;lo;
|2

a<r<b, t>o (14)

where a>0 denotes thermal diffusivity. In addition, the following initial and radiation~

convection boundary conditions are specified:

T(r,0) = g(r) a<r<b, t=o as)
K % = -h, (£) [Tg (£)-T,] - YFITg* (£)-Ty*]  r=a (16)

K 5—7: = -hy () [Ty-Ta(t)] - YFIT*-To(6)]  z=b an

Where hl(t) and h2(t) are the convection coefficients at the bore and outer surfaces, re-
spectively, y is the Stefan-Boltzman constant, K 1s thermal conductibility, and F is the
interchange factor.

To provide all the calculations of the temperature distribution and the temperature
history for this given problem, a finlte-element digital computer code was developed [20].
For example, a three-layer compound tube with Insulating material in the middle layer under

cyclic heating condition 1is considered. The material properties of the tube are given by:
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p(1b/£t®) C(Btu/1b~OF) K(Btu/ft-hr-oF)

.0495' £ ¢ < 0,0510" 490 0.10 26.0
0.0570' £ r £ 0.0597' 36 0.25 0.1
0.0597' < r 2 0.0677' 490 0.10 26.0

The duration of each heating cycle is considered to be 100 milliseconds. The variations
of the heating gas temperature, Tg(t), and gas convection coefficient hl(t) are shown in
Figure 2. T_ = 100°F, h, = 5 Btu/hr ££2-°F, and T(r,0) = 100°F,

The bore temperature for the first five-heating cycles is shown in Figure 3. The max-
imum bore temperature is indicated at approximately 1.2 milliseconds after each heating

cycle started.
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Since the stability and nonoscillation characteristics of the finite-element transient
temperature solution were reported by Yalamanchili and Chu [21] in great detail, the dis-
cussion of instability and oscillation for the transient temperature numerical solution is
omitted here.

The numerical computation procedure for obtaining thermo-elastoplastic solutions for
thick-walled tubes can now be stated as follows: The computation starts with given loads
(including thermal loading). The loading path is divided into a number of increments. At
the beginning of each increment of loading, the distribution of stresses and strains 1s
assumed to be known.

Step 1. Specify the values of (dor)r=a = -AP,, (dor)r=b = -AP , and temperature vari-
ation dTi = ATi at each nodal point i.

Step 2. Assume a value for dez (independent of r).

Step 3. Calculate (dcr)i, (dce)i, (dcz)i, (der)i, and (dEe)i (for 1=1, 2, ..., n+l)
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from 5(n+l) x 5(n+l) matrix equation formed by use of equations (1), (2), (3), (7), (8),
(9), (10), (11), and (12).

Step 4. Compute (9.); = (9.)y|pefore increase in loads T do)ys (o), (9,04, ()4,
(ee)i, and (sz)i are computed in the same way.

Step 5. Compute the axial load, Pc, by using Simpson's rule and compare it with the
actual applied axlal load Pa. If the difference between PC and Pa falls within certain al-
lowable limits, the computed stresses and strains in Step 4 are considered to be acceptable
Then, refer back to Step 1. Another set of new increments of mechanical load, variation of
temperature distribution in the tube, and axial strain will be assigned to compute a new
stress—and-strain distribution.

Step 6. If the difference between PC and Pa 1s greater than some allowable limit, a
new dez has to be assumed. Then, go back to Step 2.

Step 7. The elastic-plastic boundary is determined by the condition that the effective
stress o 1s equal to the temperature-dependent yield strength, i.e.,

o= ',—;. [(op-0g) % + (og~0,)* + (<:lz-or)2]1/2 T- a(T) (15)
In the elastic-plastic problem, the elastic-plastic boundary was allowed to be moved by an
increment, at most equal to the thickness of a volume element.

For each step of the changing of mechanical loading or temperature distribution, a sys-
tem of 5(n+l) linear algebraic equations, with nonzero terms clustered about the main dia-
gonal, will be obtained. This type of matrix is known as a band matrix and can be solved
quite rapidly on a digital computer. In the computer code that has been developed, the

Gaussian elimination method 1s used to solve these equations.

4, Application

To illustrate the solutlion technique on the elastoplastic problem of a thick-walled
tube subjected to both mechanical and thermal loading, a thick-walled tube 1s considered
that has been subjected to internal pressure and heat input at bore surface with radiating
and convecting boundary conditions on inner and outer surfaces. Without loss of generali-
ty, the initial temperature of the tube is assumed to be uniform with a value of zero. The
radiation-convection boundary conditlons were given in equations (18) and (19).

To obtain a numerical solution, the following values were assigned:

@ = 4.3530 (ft2/hr), vy = 0.1714x10™°(Btu/hr-ft-R), K = 219
(Btu/ft-hr-F), Cp specific heat = 0.0915 (Btu/16-F), F = 0.2,

17 = 3000°F, Tz = 0°F, h; = 100 (Btu/ft’-hr-F), h, = 100 (Btu/ft2-hr-F),
b/a = 2.0, v = 0.3, E = 30x10° psi, and Py = 0, and 1 = 0.05.

The cross section of the tube was divided Into twenty volume-elements by radii Py =
1.00, Py = 1.05,... Pgq = 2.0. For each time increment At, the varilatlon of temperature
distribution for that particular time increment is computed, first by use of a finite-dif-
ference computer code; then this temperature variation and a increment of internal pressure
APi are used as load inputs to compute all corresponding incremental stresses and strains
by the method proposed in the previous section., For this particular example, plane strain
assumption 1s considered to be valid. The distribution of stresses and stralns, tempera-

tures, and temperature-dependent yleld strength at several times are given in Figures 4 - 7.
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The elastic-plastic boundary 1in the tube is located by use of equation (15)
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5. Conclusions

On the basis of the Prandtl-Reuss stress-strain rule, the von Mises flow criterion, and
temperature-dependent yield strength, the strain-hardening, and compressibility properties
of a material, an incremental theory is proposed in this paper for solving the problem of
elastoplastic thick-walled tubes subjected to both mechanical and transient thermal loadings.
Since the consideration of stress, strain, loading, and temperature history is involved in
the analysis, the present approach is particularly suitable for predicting stress and strain
distribution, and location of elastic-plastic boundaries of a thick-walled tube subjected
to nonproportionate mechanical and transient thermal loadings.

A literature survey indicated that the closed-form elasto-plastic solutions of thick-
walled tubes [1,2,7,8] were obtained by use of deformation theory of plasticity. On the
basis of the deformation theory, the strains at any state depend on the instantaneous state
of stress and strain, and not on how that stress and strain system is reached. Taylor
pointed out the inaccuracy of deformation theory, particularly for a member subjected to
nonproportionate loading. More rigorous elasto-plastic solutions can be obtained only on
the basis of the flow theory of plasticity. And, in such situations, one has to rely on
numerical methods. Both the finite-element method and the finite-difference method are com-
monly used for solving elastoplastic problems.

To use the finlte-element method [10, 11] for solving elastoplastic problems, a func-
tional has to be formulated on the basis of approximation expressions of the displacement
field and the energy approach. Since the displacement field cannot be accurately deter-
mined at the beginning, the governing equations derived from the approximated functilonal
do not exactly prescribe the inelastic behavior of a structural component. Hence, if a
finite-element method must be used, some inherent errors cannot be avoided. The finite-
difference treatment [3,5,6] of the elastoplastic problem of a thick-walled tube is usual-
ly based on the differential equations for the displacement vector and, hence, determina-
tion of stresses and strains requires numerical differentlation. However, the computer
usually does not provide good results in differentiation unless a rather fine grid is used.
With an alternative method developed in this investigatlon, incremental stresses and strains
are directly used as variables and, hence, numerical differentiation in the evaluation of
stresses and strains is not required. Moreover, since no assumption is made on the dis-
placement field, this method can provide better results than those of the finite-element

method.
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