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INTRODUCTION

In the general analysis of variance situation, we
have observations on a single character of each individual or
experimental unit for various factor-combinations. This may
be called a multi-factor uni-response situation. Such data
are usually analyzed under the assumption of a normal distri-
bution for the response.

More generally, we may have observations on several
characters of each individual or experimental unit for various
factor-combinations. This may be called a multifactor multi-
response situation. Such data also are usually analyzed under
the assumption of joint normality of the several responses
for each individual.

Similarly when a number of observations on several
variables are available, the associations between the vari-
ables are generally studied under the assumption of normality.

In Part I of this thesis, we shall be concerned with
experimental data given in the form of frequencies in cells
determined by a finitely multi-way cross-classification, with
predefined categories, finite in number, along each way of
classification. We shall pose hypotheses, which might be con-
sidered to be generalizations appropriate to this set up of
therusual hypotheses (i) in classical "normal" univariate
"fixed effects"” analeis of vériance or ANOVA, (ii) "normal"

mult;variate "fixed effects" analysis of variance or MANOVA,

A"



vi
and (iii) in analysis of various kinds of "normal" independ-
ence, and shall offer large sample tests for such hypotheses.

The large sample tests suggested for all these cases
in Part I are based on the frequency x2-test of Karl Pearson
[25]. Analysis of categorical data, thus going back to Karl
Pearson, has been developed at subsequent stages, among others,
by Fisher [10]}, Barnard [2], E. S. Pearson [24], Cramer {7]
and Neyman {22]. However, Part I of this thesis is along the
line, historically going back to Barnard and E. S. Pearson for
the simple 2 X 2 table, but developed extensively (and for a
long time in ignorance of Barnard and Pearson's prior work)
for more general cases by Mitra [19], Roy and Mitra [33],
Ogawa [23] and Diamond [8]. So far as the mathematical methods
are concerned, Part I of this thesis uses and extends the ones
introduced by Cramer [7] and further developed by Mitra [19],
Ogawa [23] and Diamond [8].

The general probability model for Part I is that of a
product of several multinomial distributions. According as
the marginal frequencies along any way or dimension are held
fixed or left free, that dimension or way will be said to be
associated with a "factor" or a "response."

n_.! n, . :
The model is then TT 2. TTpif']-'J such that Z P; 5 =
. v
1 i

j TTn, .t
i 1

Doy=1 andZnijEnoj is fixed, i=1,2,000,7 and §=1,2,400,5
1

Thus here "i" refers to categories of the response while "j"
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refers to categories of the factor. Ny; denotes the pre-
assigned sample size for the j-th factor-category, out of
which N happen. to lie in the i-th response-category. It
should be further noticed that i may be a multiple subscript,
say, iy iz «eo i with iy = 132,000,71 3 ig = 1,2,000,T2 3
cee} ik = 1,2,...,rk ; so that, all combinations being sup-
posed to be allowed, r = 14 Iy e.. Ty o Likewise, j also
might be a multiple subscript, say, Jji Jz «e» j& with
Ji1 = 1,2,00e,81 & ses; j& = 1,2,...,3& 3 but with this im-
portant distinction that all combinations may not be allowed.
This will be called a k-response (or k-variate) and X-factor
problem, i1,ig,...,ik denoting categories of responses and
j1,jg,...,j£ denoting categories of factors.

According as a get of (real) values is or is not assoc-
iated with the categories along any way of classification
(factor or response), that way of classification will be said
to be structured or unstructured. If the categories are
class-intervals for a continuous variate (or factor), then
the distances from an arbitrary origin of, say, the midpoints
of such intervals form a natural set of associated scores.
Likewise, if the variate (or factor) is discrete, then these
values will be natural scores. If the response (or factor)
is not even discrete but is categorical with an implied rank-
ing (like good, fair, bad) then the scores may be assigned to
these categories accordingly. It may happen that a system of

scores is assigned on some other considerations, even for

categories without any implied ranking to start with.
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So far as the problems of interest are concerned, the
main distinction between the unstructured and the structured
case seems to be the following. It is possible and also use-
ful, in the structured case, to define certain over-all
aspects of the distribution. Then, while it is still possible
to study the same problems as in the unstructured case, such
problems are hardly of the same interest for the structured
case and the problems involving the newly defined over-all
aspects are the ones that become more meaningful.

Part II considers, broadly speaking, the same kinds of
problems as Part I, but under the usual probability models of
the nonparametric inference. An important distinction between
this Part I approach (which might be characterized as one kind
of nonparametric set up and hence might be called categorical
nonparametric set up) and the nonparametric approach may be
pointed out. In the nonparametric set up, while studying
some aspect of different populations, it is generally assumed
that the population distributions are identical, apart from
the aspect that is being studied. 1In the case of one-way
classification, for example, it is assumed that the factor
under consideration leaves the entire distribution unaffected
except for location. In some situations such an assumption
may be quite realistic while in others it might be quite
unrealistic. It may also happen that the experimenter is
interested in some over-all aspect of the distribution (e.g.,

average), whatever may be the form of the distribution. In
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other words, the main point of interest might be just how
the different levels of a particular factor are affecting
some special feature of the whole response and not the whole
response itself. This type of problems, in particular, and
some other types, in general, can be tackled more easily (at
least for large samples) under the approach of Part I than
under the nonparametric approach. Naturally, since the set
up is more general with fewer assumptions, we have to be con-
tent, at least at this stage, with approximate criteria of
asymptotic nature. On the other hand, in the nonparametric
set up with some broad restrictive assumptions, it is often
possible to have exact criteria for small samples and asymp-
totic approximations for large samples. Thus the nonpara-
metric approach may be recommended where we have reasons to
believe that the restrictive model is not so unrealistic
while categorical approach may be recommended for other situ-
ations, with the proviso that, as of now, no small sample
tests are available. This means that, at the moment, there
is nothing we can do in those situations where the categorical
approach seems to be more reasonable and where, at the same
time, we need exact tests.

In this thesis, the first three chapters (i.e., Part I)
deal with the categorical approach, while the last two chap-
ters (i.e., Part II) deal with the;nonparametric approach.

In Chapter I, the hypotheses are posed which are con-

sidered to be analogues appropriate to this categorical set up
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of the usual hypotheses in classical normal "fixed effects"
ANOVA and MANOVA, and in analysis of various kinds of normal
independence. A more detailed version of this material has
already appeared elsewhere (see Roy and Bhapkar [31]), but
is included here for the sake of completeness.

In ChapterII, two theorems on minimum X2 are proved.
These have been already proved by Neyman [22]. The first one
is proved here along Cramer's lines while the second gives
the justification for Neyman's linearization procedure.

In ChapterIlI, some special problems out of those posed
in Chapter I are investigated. The univariate two-factor
problems are studied in some detail and other problems are
considered briefly. It has been shown that for "linear hypoth-
eses," the minimum X2 is the same as the one obtained by the
"general least squares" approach on some asymptotically normal
variables.

In Chapter IV, Mood's test [20] for the two-way classi-
fication has been extended to cover incomplete block situa-
tions. An extension of Hoeffding's theorem [14] on U-statistics
is stated and proved and a new test-criterion for the problem
of ¢ samples is offered.

In Chapter V, some regression problems and some bivari-
ate problems in the nonparametric set up are studied. Most of
the test-criteria developed are asymptotic in nature. The
methods employed for the regression problems aré extensions of

those used by Mood and Brown [20].
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NOTATION

As far as possible the following notation will be used,
all departures being clearly indicated at the proper places.
Matrices will be denoted by capital letters, small
letters underscored will denote column-vectors and row-vectors
if they are primed. The transpose of a matrix A is denoted
by A' . A matrix M with p rows and q columns will
sometimes be written as Mpxq to denote its structure.
d.f. denotes degrees of freedom.
N(p,0) denotes a normal variable with mean u and
standard deviation o .
N(u,Z) denotes a random variable having the multivariate

normal distribution with mean-vector J and

variance-covariance matrix 2 .

(p)

-+ denotes convergence in probability.

When there are multiple subscripts, as in Pisk » @
zero in the place of a subscript indicates the result of sum-
mation over that subscript.

A star in the place of a subscript will indicate that
the quantity in question is independent of that subscript.

If "i" denotes the categories of a response, we shall,
in short, say that "i" is a response.
J. will denote a matrix [1]rXr .
J will denote a column-vector of unities.

~ will denote 'approximately' (sometimes in proba-
bility) .
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O will denote 'of the order' (sometimes in probabilityk

£ will denote 'expectation.'

In ChapterIV, sometimes, capital letters denote 'vari-
ables' while small letters denote 'fixed quantities.’
In Part I, q with some subscripts will denote a quan-

tity which is not necessarily a probability.



CHAPTER 1

SOME ANALOGUES OF THE CUSTOMARY HYPOTHESES
IN "NORMAL" ANOVA, MANOVA, AND IN
STUDIES OF "NORMAL" ASSOCIATION

1.1 Introduction

Roy and Mitra [33] state: "This is an attempt at a
somewhat systematic exposition (i) which is based on a clear
distinction between a 'variate' (response) and a 'way of
classification' (factor), that stems from differing experi-
mental situations and sampling schemes, (ii) which sets up
different probability models for the different situations,
and (iii) which poses different types of hypotheses according
as it is a 'multivariate analysis' situation or an 'analysis
of variance' situation or something of a mixed type."

Accordingly, we shall pose hypotheses, that might be
considered to be generalizations appropriate to this cate-
gorical set up of the usual hypbtheses in the classical
'normal' set up. The problems of interest will naturally de-
pend on the nature of 'responses' and 'factors.' If a set
of values is associated with thé categories along any way of
classification (factor or response), that way of classifica-
tion will be said to be structured. We shall consider three
different types of problems, namely where (i) all responses
are unstructured and so also are all factors, (ii) some re-

sponses are structured and factors are unstructured,

1
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(iii) responses are structured and so also are some factors.
To make everything concrete we shall consider here only some
three-way, four-way and five-way tables. This will serve as
an illustration and will indicate what happens as we increase

the dimensionality of the table.

1.2 A three-way table (ijk) in which "i" is a response and

"j* and "k" are factors

Let i denote the categories of the response and Jj,k
denote the categories correéponding to the two factors. Then
the probability model is given by the product-multinomial
distribution

n_., 1! n. .. |
(1.2.1) ¢ =TT ﬁ‘gﬁ":ﬂ P
i,k A nijk‘ i

where Z P; jk = Pyik = 1 and Z nisk = Nojk (fixed). Suppose
i

i

i =1,2,000, 3 jJ=1,2,00e,5 and k =1,..s,t but with the
provision that all combinations (jk) may not be allowed. In
other words, given j, k takes a set of values which is a
subset of (1,2,+0.t), depending upon j . We shall refer to
these as either a complete design or an incomplete design, as

the case may be.

1.2.1 The case where "i", "j" and "k" are all unstructured

The hypothesis of no interaction between "j" and "t
(i.e., between the two factors) means, essentially, that for

a given i , there is a lesser number of unknown parameters
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than would be given by all allowable (jk) combinations. Two
specializations are in the same spirit as in ordinary analysis

of variance.

(1.2.2) Hoq : pijk = 94 %k qij* ,
and

(1) (1) (M
(1.203) H01 M pijk = qi*k + qij* .

As explained in the section on notation, we shall be using ¢
with some subscripts as a general symbol for quantities which
are not necessarily probabilities. The physical interpreta-
tions are as follows. For (1.2.2), pijk/'pij,k is independent
of "k". This means that, for any two categories of the first
factor, the proportions in the i-th category of the response
are in the same ratio for any category of the second factor.
Similarly, pijk/pijk' is independent of "j" with a similar
interpretation. Hence we might call (1.2.2) the hypothesis
of no interaction (between the two factors) in the multipli-
cative sense. For (1.2.3), Pisk = Pijik is independent of
"k" and pijk'pijk' is independent of "j", with similar
interpretations. Hence we might call (1.2.3) the hypothesis
of no interaction (between the two factors) in the additive
sense.,

Now, if the design is complete, then summing both
sides of (1.2.2) over "j" and "k" separately and then jointly
it is easy to check that (1.2.2) can be rewritten (letting ¢
stand for complete) in the equivalent form
(c)

1

(1.2.4) Hoy ¢ Pijk © piokpijo‘/pioo
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It &déﬁ be iéﬁémﬁéiéd'thgt fone 6f Dj rs Pijo OT Pigo is a
‘ préﬁéﬁility; éach,beiﬁg based oh summation over subscripts
belonging to différént multinomial distributions. Thus (1.2.4)
is only formaliy gimliiar to (1.3.2) (to be discussed in the
next sectlon)' but (1 2.4) would be identical with the con-
dition that there is no partial association between "j" and
"k“, for given wiv,  if 73" and "k" were variates and not féc-
‘tors as in the present case. Thus the "no interaction"
hypothesis in the form (1.2.2) (for a complete design) is
rélatea to the hypothesis of "no partial association" in the
cdse where "j" and "k" are variates. |

Going back to Hgy we can test the narrower hypothesis
that qlJ* is independent of "j", or, in other words, that

P3 4k 'is independent of "j", which, without any loss of gen-

erality, can be written in the form

(1.24.5) Hoz Pijk = 9%k .

We shall eventually get the same hypothesis if we proceed
¢imilarly from Hé? . Now, if we assume for concreteness

that "j" stands for treatments and "k" for blocks, (i) Hoq

and (ii) Hg:) state respectively the hypothesis or model of

. no interaction (i) in the multiplicative sense and (ii) in the
additive sense. Hpas states the hypothesis of no treatment
‘effect. It is open to us (depending upon past knowledge)

(a) to start from (1.2.1) as the model and test as a hypoth-

1
esis either Hpy or H£1) or directly even Hpg , OT



(b) to start from a model which is (1.2.1) together with

1)
either Hpq or Hé, , and then to test Hpz as a hypothesis.

1.2.2 The case when "i" is structured

(1)

In this case, the natural analogues of Hpi and Hp1

seem to be

(1.2.6) Hos : Z asy pijk = Quexk Q*j* ,
and -
' (1) (1) ()
(1.2.7) Hos : z 85 Pijk = Gaxk T Gxjx v
i
where a.'s are the scores associated with the categories of

i
1
the response. Hps and Hgg are then seen to.be hypotheses

of no interaction in the multiplicative and the additive sense
respectively, appropriate to the case of structured variate
where we might be primarily interested in the average response.
(1.2.7) seems to be more natural, being in the spirit of the

usual hypothesis of no interaction in the analysis of variance.

1 1
Remembering that qi*i and qiji are completely

unknown, we can rewrite (1.2.7) in the equivalent form
(1) (1) (1)
(1.2.8) Hos' ), 8 Pijk = Y as e * L 2 CHEFR
i i i
or
Tl (1) _ )
83t Pigk = Giwc ~ Gigw
i
(1) (1)

It is easy to see that Hpy => Hgs but not conversely, and

1
- that (1.2.8) for all sets of ai's =3 Pé1). On the other

l]=0 .

hand, neither Hpy =>Hps nor does the converse hold (even

for all sets of ai'S)o Suppose we ask what happens if (1.2.6)



is to hold for all sets of ai's? Rewriting the right side

of (1.2.6) as, say, q*j*,z a;q; ¥ » We can rewrite (1.2.6) as
i
i
This means that if we set up a hypothesis

then Hggq == Hpg but not conversely. However, Hps for
all ai's === Hgq with a counterpart formed by interchanging
"j" and "k" on the right side of (1.2.10). Thus it turns
out that Hpg does not have a natural tie-up with Hgpy in the

) (1)

1
sense in which Hg; has a natural tie-up with Hpy' . The
tie-up of Hps (in this sense) is with Hpea or its counterpart.
However, if we sum both sides of (1.2.10) over i , we
should have 1 = q*j*-z d; x » Whence Ausx = 1//2 A4 %k

i i
which really means that both are pure constants. Thus Hopa

is essentially Hps, and (1.2.6) for all sets of a;'s is the
same as Hpg and its counterpart.
Going back to Hpg, we write its analogue in the form
i
Again, as before, Hps == Hps but not conversely. But Hps .
(for all sets of ai's) == Hps . The other remarks made after
(1.2.5) would also carry over to this case, covering (1.2.6),

(1.2.7) and (1.2.11).



Going back to (1.2.6), another hypothesis which has

1
the same relation to Hgpy as Hgg has to Hép is

an
1
(1.2.12) Hog ¢ LI pijk = q*j* Qi *

a. a,
Rewriting the right side as TT q : q 1 , we can rewrite

1 ij* i*k
(1.2.12) as
a;

“Ds = i
Now Hgy === Hpg but not bonversely, and also Hpe (for all
ai's) == Hp1 . We notice, (1.2.12) implies that the weighted
geometric mean of Pj 5k (over "i") has the 'no interaction
property.' How meaningful this interpretation would be is

not very clear and thus (1.2.12) is offered quite tentatively.

1.2.3 The case where "i" and "j" are structured

In this case (assuming a given set of weights bj's to
(1)

go with "j") the natural analogues of Hos, Hgs and Hps

seem to be

. a— 3 1}
(1.2.14) Hpo: Z 35 Pjjk = Gwxg X an assumed function of bj s
i

Oyyr (A + pb.) , say,
or *¥) J

= N F iy bj (which is more general),

where Kk and My are unknown functions of k and N and p are

unknown constants,
(1)
i

I
o]
X
wv
+
-
o
-

and

(102016) H08 H Z ai pijk = q**k ]
' i



The remarks made after (1.2.5) would also carry over here.
It may be noted that "j" may be a structured factor in a
two-dimensional (jk) design or a concomitant variable in a
one-way (k) classification. Another meaningful hypothesis
parallel to Hps is
(1.2.17) Hoo: Z a; Pyjk = A+ ubj .

i

1.2.4 The case where "i", "j" and "k" are all structured

In this case, assuming furthermore a given set of
weights ck's to go with "k", it is possible to set up the
same Hgv, HOL, Hos and Hpg and also similar ones in which
the roles of "j" and "k" are interchanged. However, the more

interesting hypothesis would seem to be

(1.2.18) Ho10: Z a pijk = an assumed function of bjand Ck

i

A+ pbj + vc, , say.

(i) Starting from (1.2.1) as a model we can test this hypoth-
esis or directly one in which u =0 and/or v =0, or

(ii) starting from (1.2.1) together with (1.2.18) as a model
we can test the hypothesis that p =0 and/or v =0.

1.3 A three-way table (ijk) in which "i®", "j" and "k" are
responses
The probability model is given by

' n; .

(1.3.1) & === T p, bk
T piget B3k
1,3,

where Z pijk =1 and Z njjp =N (fixed) .
i!j!k i’j!k



1.3.1 The case where "i", “j" and "k" are all unstructured
Consider
Piok Pojk
(1.3.2) Hopp: Pssp = =20 .
1k Pook

which can be described as the hypothesis of no partial asso-
ciation between "i" and "j", given "k". There are two
equivalent ways to get at (1.3.2). One is to notice that
the conditional joint distribution of "i" and "j", given "k",
is pijk/pOok and the conditional marginal distribution of
"iv, given "k", is piok/book , that of "j", given "k", is
pojk/pook » which leads to (1.3.2). Another way is to start

with the condition
(1.3.3) pijk/ Pojk 1s independent of "j" = q;4 , say,

which means that the conditional distribution of "i", given
"j" and "k", is independent of "j", and then rewrite (1.3.3)
in the form Pisk = Pojk 9ixk ° Summing over "j" we have
that (1.3.3) is equivalent to (1.3.2). This hypothesis and
the appropriate x® testhave already been discussed in [33].
We next proceed to the hypothesis that "j" and "k"

are independent and so also are "i" and "k", i.e.,
(1.3.4) Hota® Posk = Pojo Pook 379 Piok = Pioo Pook *
We note that H011 n Ho12 sy

(1.3.5) Hot13: Pijk = Pioo Pojo Pook

which is the hypothesis of over-all independence of "i", "j"
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and "k". It should also be noticed that Hgia =5

(1.3.6) Hota: Pyj5p = Pijo Pook

which is the hypothesis that there is no multiple association
between "ij" and "k". It can be seen that Hgiq4 == Hpg1s »
but not conversely (unlike the multivariate normal case). One
could also get to (1.3.6) by starting either from the condi-
tion that

(1.3.7) pijk/pijo is independent of "ij"
or from the one that

(1.3.8) pijk/pook is independent of "k"

Another hypothesis which might be of interest is that of

two by two independence, or in symbols,
(1.3.9) Hois: Pijo = Pigo Pojo * Piok = Pioo Pook

and p

ojk = Pojo Pook
It is well known that Hgi13 === Hp1s , but not conversely
in general. The hypotheses Hgys and Hgi14 have already been

discussed in [33].

1.3.2 The case where "i" is structured

We may consider hypotheses analogous to (1.2.6) and

(1.2.7), namely

i
or
(1)
(1.3.11)  Hote: ). a3 By 4/Po s
i

(") (1)

A% * Qe .
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Next let us consider & hypothésis an31090us to Hpo11 »
using the version of Hgiq given by (1.3;3).
(1.3.12)  Hor7: [ a; Pyj/Posx 15 independent of "j" .
i
It is easily seen that (1.3.12) could be written in the
equivalent form

Piok Poik
(1.3.13)  Horr: za"E’" __ao___s).;__.‘_l:o :
i1¥ijk P
i ook

Thus Hpiq == Hoy7 but not conversely. However, (1.3.13)
(for all ai's) ===> Hg1q o
Also analogous to Hpqz we now have

(1.3.14) Ho18: z ay pijo/pojo is independent of "j" ,
i
Z ay piok/'pook is independent of "k" ,
i

which is equivalent to

(103015) Ho‘|8: ) =O $

3; (5 50 = Pioo Pojo

ai(piok = Bioo pook) =0.

e D e D

The same remarks are applicable as after (1.3.13). Likewise,

analogous to Hp14 we have

(1.3.16) Hot19: Z ay pijk/pojk is independent of "jk" ,
i

which is equivalent to
i :

The same remarks are applicable again as after (1.3.13).
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1.3.3 The case where "i" and "j" are structured

If, for concreteness, we fix our attention on "i", then
the hypothesis of independence of "i" with respect to "j"
and "k" of the types (1.3.12), (1.3.14) and (1.3.16) (as
well as the tests) remain as before. However, we have other
interesting possibilities. Assuming a set of weights bj's
to go with "j", we can write, for example, a hypothesis
related to Hpyp in the form

(1.3.18) Hozo: Z ay pijk/'pOjk = an assumed function of bj

1 X an assumed function of "k"

(A +Hbj)q**k (saY) ’

or xk + “kbj (which is more

general) .
We can test this in the épirit of testing for linearity of
regression; or assuming this as a model, we can test the
hypothesis that u =0 or K = o .
A hypothesis naturally related to Hopys would seem to be
(1.3.19) Hoz1: Z a; pijo/pojo = an assumed function of b

i
=N + ubj (say) ,

Z ay piok/pook is independent of "k"

i

1.3.4 The case where "i", "j" and "k" are all structured

Here we have further interesting possibilities. Assuming
a set of weights ck’s to go with "k", we have, for example,

"a hypothesis related to Hpyg in the form
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(1.3.20) Hpzs: Zai pijk/pojk = an assumed function of bj

i and Ci
= A +.ubj + ve (say) .

We can test this hypothesis in the spirit of testing for
linearity of regression, treating X\, p and v as unknown
constants. Or assuming (1.3.20) as a model we can also
test the hypothesis that WL =.0 or that v = 0 . Likewise,
the one related to (1.3.14) seems to be

(1.3.21) Hozs: Z a; pijo/pojo = an assumed function of b

i
= A + b (say) ,

Z a; piok/pOok = an assumed function of ¢,

' = kg + ve (say) .
This also may be tested in the spirit of testing for linearity
of regression, or, assuming this as a model we can test for,
say, M =0 and/or v =20 .

It will be seen that in this study of association in

this categorical set up we have been working in the spirit
of "regression" rather than in the spirit of "correlation."
We have not been trying to use a sihgle measure for any of
the various types of association. Such a single measure
seems to have a limited use in this categorical set up. How-
ever, such single measures (which come out as the noncentral-
ity parameters in the asymptotic power functions of the

respective tests for independence) have already been dis-

cussed in [8].
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1.4 A four-way (ijki&) table in which "i", "j", "k" and ™"
are all responses

y N5kl
(1.4.1) o = L T o ,
T ijkd
i, Tl,& Nk i,3,k,4
r‘ -
where P:spp = an n, . =n (fixed).
b Z ijkd L d ), i3kd (fixed)
i’j!k9& i’j,k”?’

There is much in common between this four-variate case
and the three-variate case discussed in 1.3. However, the
four-variate case presents certain new features and we shall

state some for purposes of illustration.

1.4.1 The case where all are structured

(1.4.2) Hoza: Pisko T Pioko pojko/pooko ’
Pijol = Pioot Pojol/ Pocol -

1.4.2 The case where "i", "j" and "k" are structured

(1.4.3) Hoas: Z ay pijko/pOjko = an assumed function of bj
i and Cy

=\ + pbj + vo (say) ,

Z a; pijoﬁ/pojo% = Quxxf X an assumed function
i of bj

= q***&()u + Mbj) (say) .
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1.5 A five-way (ijkdm) table in which "i" and "j" are
responses and "k", "L and "m" are factors

N, o po |
(1.5.1) @ = IT nOOKLm! TT P leLm
k,4,m iTI Disidm? 109 ijkdm

where .Z. Piskhm = Pookdm = 1 23nd ) skt = Mookbm (Fixed)
1,J i,J

There is much in common between this case and the

corresponding three-way case discussed in 1.2. We shall

discuss some new features.

1.5.1 The case where all are unstructured

We may consider the hypothesis

(1.5.2) H026:

Piokbm = 9iwxelm 9ixk#m Gixklx

Pojkdm = Fxj»bm Ixjkxm Fejkdx

which may be interpreted as the hypothesis of no three-factor

interaction (in the multiplicative sense) or a similar hypoth-
esis Hggg in the additive set up. Similarly, we may

consider

(1.5.3) Hoz7: DPjophm = Gixgex 9ixebx dixxsm

Pojkdm = Gxjkxsx Txjulx Dwjwxm

which may be interpreted as the hypothesis of no two-factor

interaction and a similar hypothesis Hg'a)7 , and finally

(1.9.4) Hpgs: the right side is independent of one or more
of the factors "k", "&* and "m"
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which may be interpreted as the hypothesis of no corresponding
main-effects and a similar hypothesis Hggg .

One may start from (1.5.1) and test Hogs oT HéLe as
a hypothesis, or from Hpgg or HSQQ as a model and test Hpg»
or Hg;L as a hypothesis, or from Hpgs or HJ27 as a model and
test Hpgg or Hé;L as a hypothesis. There are various inter-

mediate cases.

1.5.2 The case where "i" and "j" are structured

The analogues of the hypotheses in the previous case

seem to be as follows:

(1) (1) (1)

1 .
| T b _ o (2) (2)  (2)
5 Pojikdm = Dewnbym Quexgrm Drwedx o
J
or Ho;g with the additive set up,
(1) (1) (1) (1)
(1.5.6) Hoso: Z 85 Piokhm = Twxkax T Dxxndx T Twwwwy
i
@, () (3)
Z bj pojk%m = Qo T Qyswenl» Qexx¥m ?

J ,
or Hogo with the multiplicative set up, and finally

(1.5.7) Hog1: the right side is independent of one or
more of "k", nfv and "m" ,

1
or Hogy with the additive set up.

Finally we consider
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1.5.3 The case where "i", "j" and "k" are structured

The hypotheses of interest might be, for example, as

1l
b
S
*
+
*
83
+
R
o
.

bs Dy ixdm

follows:
(v (1)
(1.5.8) Hoas: Z a5 Piordm = Mot Bg S (say) ,
i
(2) . (=2)
Z bj Pojkdm = Mm ¥ Wm Sk (say)
or J
1
(1.5.9) Hoss: Z a3 Psordm = é&; + J1)ck (say)
i
2) 2
55 Positn = Ma * H e (sap)
J
(1.5.10) Hosa: Z a piok’?/m = KEQ;-)Z + )\(,;_rzl + }.L(1) Cx ’
i
J

and finally

(1.5.11) Hoss: the right side is independent of one or
more of ™" and "m" with or without u's
being zero.



CHAPTER II
ON SOME BASIC THEOREMS OF NEYMAN ON 3
AND "LINEARIZATION"

2.1 Introduction

Let

(2.1.1) = TT -—-l—- TT p
TT ny

denote a product multinomial distribution so that z:pij==1
i
and Z Ny = Ny 3 is fixed. If a hypothesis Hgp is given in

the form of certain constraints on pij's, then the large
sample test of Hp under (2.1.1) for the model is in terms

of a statistic given by'

L h' * 2
i, P03 Pij

in which ﬁij's are estimates of pij's which maximize @ subject

to Z p.: =1 and to the further constraints on p;.:'s that
T 3] 1]

define the hypothesis. This statistic, in the limit as

n - subject to noj/n's being held fixed, is distributed
as a x® with degrees of freedom equal to the number of
independent constraints on pij's that define the hypothesis.

It may be observed that instead of the maximum likelihood

18
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estimates of pij's, one might as well consider any set of
estimates belonging to the broader class of BAN estimates,

as shown by Neyman [22]. Likewise, instead of the statistic
(2.1.2) one might as well consider the slightly different

one known as xf . If we introduce some additional constraints
on pij's and thus define a new hypothesis HE C Ho , then

the test of Hg, under (2.1.1) for the model, is in terms of

a statistic given by

(2.1.3) p s

which, in the limit as n = subject to noj/n's being
held fixed, has the Y® distribution with degrees of freedom
equal to the number of independent constraints on pij's that
define Hﬁ. However, if we want to test H§ under Ho for the

model, then the test will be given in terms of a stafistic

(241.4)

which, in the limit as n —© subject to noj/h's being
held fixed, has the X2 distribution with degrees of freedom
equal to the number of additional independent constraints
on the pij's that define Hg under Hg for the model. As
before, any set of BAN estimates may be used, and similarly,
the slightly different x? statistics may be used.

Neyman shows that the relevant equations (namely max-

imum likelihood or minimum X2 or minimum x?) have a system
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of solutions which are BAN estimates of parameters. On the
other hand, Cramer [7] shows, in the simplest case, that the
maximum likelihood equations (which are the same as modified
minimum X2 equations) have a unique system of consistent
solutions, and then the x® statistic based on this solution
has an asymptotic x? distribution. Mitra [19] and Ogawa
[23] extend it to more general cases. We shall prove along
Cramer's lines the theorem, in the simplest case, for the
minimum x? estimates and the x? statistic. It could then
be extended to more general cases. Mitra [19] and Diamond
[8] have defined and obtained asymptotic power of the x®

tests. The same thing could be done for xf tests.

2.2 Theorem 202

Suppose that we are given r functions p1(g), cony
pr(g) of s < r variables a' = (a3, s, as) such that,
for all points of a nondegenerate interval A in the
s-dimensional space of a , the functions pi(g) satisfy

the following conditions:

I
(a) Z pij(a) =1 .

i=1

(b) pyla) 2 ¢® >0 for all i .

op. ‘
(c) Every pi(g) has continuous derivatives g—i and
92 E
ol S
8q.0a
J k i=1,o¢-,r

ﬁpi '
(d) The matrix D = ( o) 5=1 s is of rank s .
v j ’ o e 8 )
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Let the possible results of a certain random experiment E
be divided into r mutually exclusive groups and suppose

that the probability of obtaining a result belonging to the
i-th group is pg = pi(go) , where a¢ = (ad, voes ag) is

an inner point of A . Let vy denote the number of

results belonging to the i-th group, in a sequence of n
e . T
repetitions of E , so that Z vi =n . It is assumed
i=1
that none of the vi's is equal to zero. Then, the equations
o (vy - np;) Op;

(2-201) 0 ’ j=1,2,-..,$
Z vy aaj ’

i=1
of the minimum x2 method, have exactly one solution
é' = (G1, soe, &s) such that & converges in probability

to ao as n =+, and

r A 2
2 Z [Vi - npi(g_)]
Xy = Ve
i=1 i
is, in the limit as n =+, distributed as a X% with r-s-1d.f.

(2.2.2)

api api
Proof: Let -—= = p.. and — = P40 .
Oda. 1J 8a.” a=ag J
J J - -
The equations (2.2.1) can then be written as
0
(v: - npJ) V, = NP
i i i i
) v (Py5- P50 +), —v;  Pijo
i i
(p; - p3) (p; - ;)
i~ Fi i~ ¥ _
) Vs (py5-P550) - P ) — Pijo =0

j = 1,2,.00,5 .

Therefore,
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0
V5 = ND;

i
(2.2.3) Z O‘k"o‘k z Pjj0Piko™ Z o0 pij0'+wj(g)
k i T
where o 0
V. = 0P P; = Py
_ i i 1 i
(2.204) Wj(g_) - Z Vi (pij" pijo) - N ; Vi (le pijO

-) 130{P1 l(P py) * (pi‘pz)‘z(ak'aﬁ)piko}
Py & k

i

;- ‘?)a
z (v np
i

p" ’ j=1,2 R °
nvg pl 1Jo ’
Let B= |—— p:. .
737 e
i rXs
Then by condition (d) B 1is of rank s . Let
0
V. - np;
= e L =
(2.205) Xi = npg s -)_(' (X1, X3y o0y Xr) 3
i
and w'(a) = [wi(a), «oe, w(a)] -

Then the equations (2.2.3) can be written as

1

(2.2.6) B'B(g - go) =n"% B'x + w(a) R

so that

(2.2.7)  a=ao+n~3(8'8)~" B'x + (B'B)”" w(a) .

Then, following Cramer, we have with a probability greater

than 1 - 4 ,
2

(2.2.8) lvi - npgl <KANvVn for alli=1, 2, eee, T .

Until further notice, we shall assume that v, satisfy (2.2.8).
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We shall let N denote a function of n such that A =+ &

2
as n =< , while -)-‘-—-+O as n—+o [e.g. A =n9,

n
0 < qg<#4]. All results obtained will then be true with a

probability >1 - ;% ,» and which -+ 1 as n =+,
z N .
By condition (b) ,
(2-209) 'xi, < % N i = 1,2,-.0,r .

Now, for two inner pointes a4 and gg of A , we have
0 1 2
Vi = NPy Pi - Py

— l P S————
Wj(-o-“)'wj(gz)—;—_v'i'—(piﬁ'pij2)' nEj,: A (pij1"pij0)

pf - 3 Pijo [

Pi-Pi Pijo f1_ 42 1 q®

- “Z o2 (py 51 - Py30) - ). 229 {p} - pE-), Piolaf- af)
i 1 i Py k
0

Ve e np.

1 3 1 2 ] =

- ———v;—n (pi - pi)} N J 1, 2, esey S5 o

Now from (2.2.5), (b) and (2.2.9)

X
= np® VoS - o0 i 0 A
vy = npy + x;vnp{ = npi”‘l +A/np. > npiE - caf\/r-;] ,
i

so that

(2.,2.10) Lo< ,
Vi 30 -2 el -
. cWn c®n

——

-
N

< s i=192,'0.’r.

and

Therefore,
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A1 = =2 wy(a) - ny(ze)| <o }i:‘piﬂ piga| + 5o} -52]
1

Ipy 501
2 _ 0 S ijo' 1.1 2
P31 - Pijo”’Z]Pi SHILTE pijzi"vﬁ ) o |pi-pE]
i i i

o2 Z ’Pigol.
i P

p%--plg--zpiko(af(-aﬁ)l ’ j=1,2,.-.,$ .
k -

In view of conditions (b) and (c), lpij1” pij2| < klijjg1"52"
where |g1-gzl is the distance in the s-space and k1ij is

) « Then,

a constant. Let k1j ==§ k1ij and k¢4 = max(klj

leij1 - pij2| < kylay - azl for all j . Similarly,
i

in

‘P} - Pfl kglar - agl for all i,

;lpij1 - Pyjol £ kslgr - gol for all J,

|p§ - p¢l < kalge - gol for all i,
1 .
Z — Ipijol < kg for all i,j , and
1 Pi
1 2 — 1 2
|P1° Pi"; Piko(“ﬂ"“k)' = i;(pikQ"piko)(ak"ak)
1 9%p,

+ L] - o) (o - o)
k k'90 G0

2
< kelga-g”g_z-gol + kolag-a1l”

Also Ia& - aﬁl < lg1 - ggl for all k .

Therefore,
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kolas - aal [y
[wi(g1)-w;(ag)| £ e {-=+ |ay - g0l + |as = g0l
slar)-wylea)l s —— {Z+ 121 - g0l + g2 - 0l}
c®n
j = 1,2,0.0,5 .
Hence,
k‘_Cy-,‘_I_al A
(2.2.11) Iﬂ(gj)..ﬂ(gg)ls-—————xr—~ﬁ;:+ lay - ao'lga —Gol} .
1. n

We now define a sequence of vectors g  for
V=1,2,oo' by
(2.2.12) g, = ao + n"F(B'B)""B'x + (B'B)'wla,_,) .
and we propose to show that {gv} ~ a definite limit g

which is then evidently a solution of (2.2.7). It will be

seen from the definition of w(g) that

(vi - np?)*
wi(go) = <), =—=——=2— D50 » J =1,2,..0,5. Also,
i nvpd
(202-13) _%_ 9 1
g1 -go = n"*(B'B)"'B'x + (B'B)” 'w(go)
and g 4 -g, = (B'B)"'[w(a,) - wlg, )] .

The matrices (B'B)”'B' and (B'B)~' are independent of n .
Denoting by g an upper bound of absolute values of the

elements, we have from (2.2.8), (2.2.10) and (c)

(v, - np?)2 AR
lpijol = 5 = <k .
nv; Py (1 - 2
cA/n

for all (i,3),

where k 1is some constant independent of n . Hence, from

(2.2.9) and (2.2.13) we have
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2
lat - 0] < 2 X9 4 g S kA L 3 = 1,2,000,5 ,
J J - c ;
v d:1- A )
e
so that
A A

(2.2.14) |ay -gol < k' = |1 , where k' is

-
vh A
) ~G{:1 ) ca¢ﬁ>

a suitable constant. Similarly, from (2.2.11) and (2.2.13),

we have
k'la, ~a .|
-y =y A
(2.2.15) |_0_tv+1 -g_vl < - {Fn + l_d_v-gol + lgv_1-ﬁol}’
1 -
c®n
where k' is independent of n and v . Since 5&‘* 0 as
n
s i A 1
n =+, for sufficiently large values of n, 1 - >
Y g ’ 2R B
*
so that lay - ol <k* X , and
= Vi

(2.2.16)

A\
oy -2y S 20 gy gy g {2+ Loy - g0l + gy g - gol) -

Then, following Cramer, for large n

v+

' v
v(ak® A
(2.2.17)  lay4q - a,l < K2k (k™ +1)] <7n> :

v
The infinite series
a0 + (g1 - 20) + (a2 ~- Q1)+ oeen

converges absolutely for sufficiently large n , and if we

define § by

(2.2.18) & =ga0 + (a1 - go) + (g2 - a1) + +.o

then & satisfies (2.2.7) and hence (2.2.1). It follows
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from (2.2.17) that & .ﬁ.E_L;g_o as n =+ ., Proving unique-
ness along Cramer's lines, we thus have a unique solution &
of (2.2.1), which converges in probability to go .

Still assuming (2.2.8), we have, from (2.2.13),

(B'B)~'w(8) =& - a1 + (B'B)""w(go)

= (B'B) 'w(ao) + (g2 - @) + (g8 - @a) + «vv &

As seen already, every component of (B'B)-1ﬂ(go) is, in
2

~absolute value, < 2k L— for large n and therefore, from

(2.2.17), we see that every component of (B! B)"'w w(d) is,

2
in absolute value, < M ér , so that (2.2.7) may be written as

2
(2.2.19) 4 =gao * n'%(B’B)"’B'zs + M 2%;' 8

where M' 1is a constant and Q{ = (04, see, Gs) such that
lejl <1, 3=1,2,000,8 « Consider now

v: - np: (&)
(2.,2.20) ' = = ,  1=1,2,e0e,7

i

so that x% =-Z vy . Then
i=1

Now,

2
VALpy (&) - P91 =vF Lp; 5 (4 a°>+—g-ZZa—a-—< - a§Xdy- af),
3 j i
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A o — ¥ )\
and from (2.2.19) aj - aj =0 (}:§> , so that

VAl p; (8) - p§] =~fﬁ}; pyjo(85-a9) +0(X) .

Hence

Yi={x1'/g Zpijo(&j‘“g“o@ﬁz')} {1- 2}1_ +0@52‘>}

i j np$

n - N2 .
o/ Dagelay - o +0 (G st
i 3]

Thus,
2
Yy =x -vE B(& - go) + k" 22 8,
n
2
= x - B(B'B)™"B'x + Mo 2= 0
(2.2.21) *’52
=[I - B(B'B)"'B'Ix + My 228
Kl OI\/E_

where k's and M's are independent of n and 8's stand for
vectors such that 1eil <1, i=1,2,0e.,r + From this
point on the rest of the proof goes through along Cramer's

lines.

2.3 Linearization

It will be noticed that Cramer's theorem and its
generalizations, as well as analogous theorems on x?, are
of the nature of pure existence theorems. They prove the
existence of a particular system of solutions for the
minimizing equations, for which the theorem stated is true.
But neither of them says how to isolate this particular

system of solutions. When the equations concerned have
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just one real solution, there is no problem. However, when
there are more than one such system, a theorem due to Wald
[36] and Ogawa [23] says that the solution system that maxi-
mizes the likelihood in the arithmetical sense is the
consistent one.

In many situations, the hypothesis can be equivalently
expressed in terms of the constraints on p's, say, for
example

(2.3.1) A Ft(g) =0 s t = 1,2,000, b

In the particular case, when these constraints are linear
in p's, the method of minimum xf reduces the problem to the
solution of a system of linear equations and hence is more
convenient. When these constraints are not linear, Neyman
[22] has suggested the following "linearization" technique.
Taylor's formula is applied to obtain the expansion of
Ft(g) about the point p = g , where g's are sample

proportions. Thus,

(2.3.2) Ft(ﬁ) = F; 3 2 Z:Z CtlJ i)(pj"qj) ’
where
(2.3.3) F:(E’B) = Fi(q) +Z bey(pg - a3)

i

Here b,, represents the partial derivative of Ft(p) with
respect to py taken at p =g « Thus bti does not depend
upon the p's, so that F:(g,g) is a linear function of the

p's. On the other hand, the coefficients Cyyj arTe functions
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of both the p's and the g's. Neyman considers two models
for minimizing the "generalized distance" between p and q .
(i) Under the first model, the minimization is effected with
respect to such variation of the p's as is consistent with
(2.3.1) and (ii) under the second model, the minimization

is effected with respect to such variation of the p's as is

consistent with

(2.3.4) F:(_E) =0 , t=1,2,000H o

He then proves that if the generalized distance is such that
its minimization under the restrictions (2.3.1) leads to
BAN estimate of 30 , then the minimization of the same
distance under the conditions (2.3.4) also leads to the BAN
estimate of 20 . In particular, the minimization of x?
under the conditions (2.3.4) leads to the BAN estimate of
the p® and thus the problem is reduced to the solution of a
system of linear equations.

Some steps in Neyman's proof are not very clear. He
says, for example, "In fact, the numbers pﬁ satisfy re-
strictions (2.3.1) and (2.3.4). + « " We shall give an
independent direct proof for the simple case and this
cduld be easily generalized to the product multinomial

situation.

2.4 Theorem 2.4

Suppose that we are given p' = (D1, D2s s+ pr)

such that, for all points of a nondegenerate interval A in
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the r-dimensional space of p, pi's satisfy the following

conditions:
T
(a) Z Py = 1 .
i=1

(2.4.1) (b) In addition, Ft(g) =0, t =1,2,00ey,4 , where
F's are independent functions of p .

(c) p;y 2 c® >0 for alli.

(d) Every Ft(g) has continuous derivatives

oF 82F
—t ang —— .

api 5piapj
Let the possible results of a certain random experiment E
be divided into r mutually exclusive groups and suppose
that the probability of obtaining a result belonging to the
i-th group is p§ , where 26 = (p9, ooy pg) is an inner
point of A such that Ft(EO) =0 . Let v; denote the
number of results belonging to the i-th group, whigh occur

in a sequence of n repetitiohs of E , so that Z v; =0 .

i
Then, (i) the equations minimizing x® with respect to such
variation of the p's as is consistent with (a), (b*), (c),

and (d), where

* *
(2.4.2) (b™) Fyp(p) = Fy(@) + ) byglpy - 95) =0
1
aF v,
bti___.. and ql = -



32

» 3 . 8 2 » (3 )
have a unique solution B , (ii) P is a consistent estimate

(Vi - nf’i)z .
is, in the limit as n-—o0,

of po , and (iii) )
i=1 i

distributed as a x® with p degrees of freedom.

Remark: What this theorem does, in effect, is to offer a
test for the original hypothesis Ft(g) =0 (t =1,2,c00s}t)
in terms of a x® in which the estimates for the p's are
obtained not from the minimization of X2 under the originalv

constraints but under the constraints (2.4.2).

Proof: Under constraints (2.4.1) on p , eliminating
B p's we have r - 1 - p = s independent p's, say pi, Pz,

L I ps s SO that

*

(204-3) pi = fi(R ) i=2s¢+ 1, sesey I ’
1
where Br%s = (P1, Doy eees ps) .

Then, from (2.2.19), we have a minimum X? estimate, subject
to (2.4.1), given by

3
+ n"-%‘(B'B)'1 B'x + k Al 04 s
=gX1

sx1 = 8Xs sXT rx1 N = ex1

where

| ap- ] i = 1,2,000 r
(2.405) B = ""‘—"C"a"—'a ’
'pg pJo j = 1,2,---,5 .

Under constraints (2.4.2), we have to minimize

(Vi‘ npi)a M1
f ==Z - 2n Z )\t[Ft(g) + Z bti(pi - qi)] ’
i Vi t=1 i
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r
assuming that the (p + 1)-th equation is Z P; = 1 . The
. i=1
equations are

v; - nb,

, i i
(2.4.6) = +Z
and t

(2.4.7)  E (@) +) bys(Bi-q) =0 , t=1,2,000,(n¥1) =u',
i saye

b-=0 ,i=1,2,...,1‘,

Let

Q = diagonal (q1,...,qr)

(2.4.8) A= (b T

ti)u'Xr ’
and Lixpr = [F1(@)s weey Ep(@)] s

Then, (2.4.6) and (2.4.7) can be written as

- 8 + QA" A = 0 and
/ Jrx1 Erx1 X TXE' ptX1
£ + A (ﬁ -gq) =0 .
TS| MiIXT X1
Therefore, £ + (AQA')ﬁ = 0 .
VRPN

Since the restrictions (2.4.1) are independent, A is of

rank B' so that AQA' is nonsingular. Hence
i = - (AQA')°1j , so that

=q -QA'(AQa")" £,
X1 X1

(2.4.9)

o>

Thus % is unique.

Now, in the notation of Theorem 2.2, with probability

> 1 ..-1—- s IX.I < = . i-= 1,2,.;.,1‘ . AlSO,
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(2.4.10) q = pg + Xy Vpg’_/n , and hence
. 2
b, = it Fef L7 2R 0
ti = (q -Pp )
1 ap, 3p, dp, 0 k= 7k
ilp=9g ilp=po k °Pi °Pg
oF
_ A _ -t
= btio +O<Fn> ,» where btio = -a—;— .
112=D,
Similarly,
| | " 0%F,
Fo(a) = Fy(po) +). byiolay -09) +3), ). — (q; - ;) (a5 - p3)
i ij OPiOP;
_ S (N
i
Now,
(AQA')ij =; blk qk ka
AN T o A A
= ) |b, +O(=—)||py +0O(—)||b. +0(—
%[uco CJE)]l_k <~/T{>:H:Jk° <'\/'ﬁ>]
A
=) b,, pl b, +0(&) , so that
}Z(: iko *k “jko <~/H>
(AQA') = AgDA§ + @ , where @ = (Gij) ,
A

D = diagonal (p?,.o.,pg) and eij =0 v .
n

Suppose @ =P R , where 4 = Rank P = Rank R
“,Xul “"XX/ ,{,x“'|

A
and P =0 = « Then,
<m>
(AQA')™" = (AoDAS)™" + (AoDAS)'P A R(AoDAS)™,

where A is a suitable matrix. Hence,
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(2.4.11) AQat)=t = (AoDAd)™' +o(X) .
( oDA (ﬁ)
! t
Similarly, HIXH
) A N
(QA")y5 = agbys = [pi +O<7ﬁ>:‘ oni" +O<~7—H>]
o A
= pibjio +O<Fn> s, so that

A
QA' = DAg +O(—= .
ol
Thus, QA'(AQA')~" = DAL (AqDAS) ™" +o<~/-"-__> , and
n
Qa'(AQa')"ME = [DA&(AODA:))" +o(£—_}] '}‘%AOD%}S +0 l‘n—z)]
n .
= n"%DA(',(AoDAZ))”AOD%gc_ *OC')%‘ ’

where Dﬁ = diagonal(vz?, cens VSE ) .

Therefore, from (2.4.9) ,

3 2
(2.4.12) & =po  +nTDfx - n DAY (AoDAS) ™' AcDEx +ro(A)
=rx1 =~ Xl
2
= Po + n‘%[ﬁé- DAé(AoDAé)”TAOD%]l +()<%f> ,
= X1

which shows that P -~ po in probability. If we consider,
as before, only the independent estimates, say ﬁ"""ﬁs s

then we have, from (2.4.12),

, R 1 .
(2.4.13) f)* = pf; + n'2[D‘%:o][1- D%AQ(AODAZ,)“AOD%];
—sx1 - gx1 ° .
+o(X)
D4 0 ]
where D = say o
0 Dy =S
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We shall show that

(2.4.14) (B'B)"'B! = [D%I’0][I-D%A6(AODA5)"1AOD%] .

P I|s 0f
Now |=—= = where G = |=—= , so that
R | G p 18P
s

rXs

B
(2.4.15) B = D'%L:[ . p-¥ = diagonal(—l- yi=1,000,1)

t
m @'g

Since Ft(p) =0, t=1,2,.e0,u! , we have

OF r BF, O0p,
-a-——t%--l- E—I.E -é-—]-‘:'zo, j=1,2,..-,50
P i=s+i Pi P]
Then
-1
(204.16) [‘Z"i-j:., = -[:—E%} E:—E"t-] .
‘IJM‘XS pl u'x“" pJ u'xs
GFt
We notice that s is nonsingular in view of independence
Py
of Ft , t=1,2,00e,k' « Thus G = -A§1A1 , where

A = (Aq|Ag)u' , from (2.4.8). (For convenience, we shall

s M!
‘ il I
drop the suffix O.) Hence, B = D7° ; , so that
-A3" A
B'B = D7’ + AJAS”'D3 Az A4
- el _ef =t
= D11 + AlAz D31D31A31A1 , where Dg = U% .

Let (B'B)~! = Dy+ D1AJAL™ D5 oD Az AIDy &

Then,



37

(2.4.17)  [I + D3 A3'AD1A{Az”'D5'Je = -1

. 1
Thus, (B'B)™'B' = [Dy+ DyAJA3™"D3"9D3" A5 Dy J[13-ATAs™" JD7

— [Dy + ByAlAL-'D5' o D3'A5'AID:§ DyAIAL"'D5" ¢ Da1D"2
in view of (2.4.17). Now

ADA' = A;DjA; + A4D;A] + AgDgA} .

1=t 1=}

Hence, (ADA!')~'= AL~'D3'Az'+ A2~'D3'Az'AiDeo1DaA{AL™ D A"

where Dg = D? « Then,

(2.4.18) [I + DaAjAS~'D3'Az'A1D]oy = -I

From (2.4.17) and (2.4.18), we can see that

(2.4,19)  DgAlAS~"D3'e = @1DgAJAST'DE' .

Now

ot 5i9e)=obr(zlo) - (oFlopar (aoa) " aP]
i X

= Dy[(1]0)- D?A:(ADA')“ADBJ

3

= D1[(IIO)- D-%-A; (Aé-1D§1A§1 + Aé'1DE1A'2’1A1D4D4A1IAé-1D-3-1 %

® D§1A§1)AD%] {from (2.4.19}

3 i
= Dy[I- D?A%(A%“D§1As‘+-Aé"Ds‘A51A1D1A{Aé“D§’¢D§1A55A1D1
- D?A{Aé"nz%- DEAlA3~"D3' A5 A Dy AJAL " D5 0]

1 .

= Dy[I- D?A%{Aé"Ds’As’-Aé"os’(I-+¢)D§‘A§’}A1D?g

§
D?A;Aé'1D§1 ®] from (2.4.17)

= (B'B)"'B' = left side of (2.4.14) .

oeoede
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Thus we have

* * -3 -1 A2
= Po + n"%(B'B)” B'x +0\ = .
sx1 =" sx1 <“>

s

(2.4.20)

Now, from Theorem 2,2,

r A 2
3 = Z (Vi - npi)
g =

i=1

Vi

is, in the limit as n — o , distributed as a x? with u d.f.

Let
2 2
(v; - nby)

1 i

*2
(2.4021) X1 =

'_h
I ~1H

Since the first two terms in (2.4.4) and (2.4.20) are
jidentical, using the same argument as for the minimum Xf
under the original constraints, we have the limiting xz

distribution with u d.f. for x{® .

— der o m

P T



CHAPTER 111
SOME SPECIAL PROBLEMS POSED IN CHAPTER I

3.1 Introduction

Reiersol [27] considers binomial experiments and
makes use of results of Neyman [22] to determine y® tests
for the hypotheses appropriate to factorial experiments.
Mitra [19] not only generalizes Reiersol's theorems to
multinomial experiments, but also avoids his restriction
that the parameter-sets in the different linear forms
occurring in the hypothesis be non-overlapping. We shall
prove theorems, analogous to Mitra's theorem, to cover the
cases that cannot be treated by his theorem. In particular,
when the hypothesis Hp specifies linear functions of p's
as known linear functions of some unknown parameters, the
minimum x? to test Hp is exactly the same as the minimum
sum of squares of residuals obtained by the general least
squares technique on the linear functions of q's to esti-
mate the unknown parameters. We shall then treat the
various problems posed in Chapter I as direct applications
of either these theorems or Cramer's general theorems as

extended by Mitra [19] and Ogawa [23].

39
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.‘

3.2 On the test of linear hypotheses on the responses by

the use of x? statistic and the x® minimization method

of estimation

Let us consider a product-multinomial distribution
in the usual notation, so that "i" refers to categories of

the response and "j" refers to s different multinomial
r r

distributions. Also z Pij = 1 and Z Nis5 = Noj (fixed),
i=1 i=1

J = 1,2,00es5 « Let pij > 0 and also nij > 0 for all

(i,3) . We shall consider the hypothesis Ho defined by m

linearly independent constraints on pij's [independent of

I
‘ z pij=1}’ say,
i=d

(3.2.1)  Ho: Fy(p) =), =0, t=1,2,000m,
i

fii3Piy * he =

w. 1

where f and ht are known constants such that

tij

(i) Rank(f ) =m< (r-1)s, (ii) the above equa-

ti) mx{(rs)
tions, together with ) pij =1 (3=1,2,..0,8) have at
i=1

least one set of solutions {pij} for which P j >0 for

all (i.) Th 2 _Z n Z (qij-pij)z where . _ nij
J)e en, X1 = i Oj d ql. ’ qij"—'—n = .
3 i J >
. Let b'tJ =Z ftiJ qlJ ’ b't = Z btj ’ C't = bt + ht s
1 J
(302.2) ett'j = (f_tij - btj)(ft'ij - btlj)qij

i
and g,t,t' =Z ""1""" t,t'=1,2,o.o,m .
J
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We notice that b is in the nature of a "sample

tJ
mean" of "Ft" for j-th sample, while ett'j is in the
nature of a sample covariance of "Ft" and "Ft'" for the j-th
sample. Since Ft's are linearly independent, it follows

that G = (gtt') is positive-definite. We shall prove
mXm

Theorem 3.2.1

X712 =  Min x? = ¢'G'e .

subject to Hp

Proof: To minimize x® subject to the constraints we

introduce Lagrangian multipliers and write

(pss - qi:)?
£ =Z Ao Z leqiquJ -2 Z xj(z Pij -1)-2 Z “tFt(-E) .
J 1 J i t

Differentiating with respect to and equating this to

pij
zero, we get the minimizing equations
(pij - qij)

o3 9 3 -)\J'%“tftij=o’

i=1’2,i00,r ’

j=1,2,ooo,s .

Multiplying by qij and summing over i , we get

- Ay - ; by Byy =0

Eliminating the A's we get
; e(fe55 = byy)
1 + R
o3

(3.2:3)  pyy = a5

where p's are to be determined from (3.2.1). Hence,
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ZZ t13q13[1 Zp't' t1ij " t'j)] + ht =0 ,
i

OJ
t' t=1,2,ooo’m ]

These may be written as

and
Hence

Then

(3.2.4)

Gu+c=0 , where ¢'= (c1,02,...,cm)
B' = (B, Hay ooy Hp) oo

b o= - G'13 .

x¥2= Minimum X2

Z OJZ 13{ Z“t(fuj‘bta)}z

i

J
=§ 03 gg'ut Mg r e't't'
-y Gy

¢ Gl e .

Then by Neyman's theorem, if Hy is true, xfg is distributed

in the limit as a x® with m d.f.

2
The form of (3.2.4) suggests that Xf may be the same

as the one we would obtain if we test the hypothesis

(3.2.1) by considering bt's, the unbiased estimates of

Z Z ftij P; 5 and using asymptotic normality. We have

(bt) = Z z:ftij pij = . ht if Ho is true,

and
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pi.U -Dss) Ds Ds 1

= J 1J 1J°1

cov(b, ,b.,) Zthijft,ij ) £oyyfpigy —id
ji oJ jié.' oJ

; SRS U . JAN
=ZZ tlan;lJplj _ Z 'r'f:;"].' (Z ftijpij)(z ft'ijpij)
J1i J 1 i

= Pyt say .
Hence, in the limit, when Ho is true, ¢ =~ N(0Q,9) ,so that
c' ¢'1g is asymptotically distributed as a xg with m d.f.
If we replace pij's in ¢ by qij's we get G . Hence G

may be considered as an estimate of ¢ . Thus we have proved

Theorem 3.2.2: The minimum X2 method to test the linear

hypothesis of the type (3.2.1) is exactly equivalent to the
"large sample test" based on the asymptotic normality of

the unbiased estimates of Ft(g) , whose variance-covariance
matrix is estimated by the "sample variance-covariance
matrix."

Invariance

We then expect the x2 statistic to be invariant
~under the choice of linearly independent constraints (on p's)
defining the hypothesis (3.2.1). This can be easily proved.

Suppose we start from

* * __
Yy £ri; Pyy + hf =0 , where
i

* * _
£315 =) kiy fuiy @and hy
u

e
~
f-"
c
=g
c

where K = (ktu) is nonsingular.
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Then X2 =g G'c , from (3.2.4)
Similarly x¥® = c*'g*lc
* * _
Now btj = Z ftij 93 = Z ktu buj s+ SO that
i u
* *
b =), by Y key By
j u
* * *
Thus ¢y = bt + ht = Z ktu C, » SO that
M u
c = K¢ .
* * * *
Also,  eyyry =) (fi55- btJ)(ft'ij -by1y)ay;
i
Z Z ktu try Sttry so that
u v
* ity _
9ttt = ) = ZZ kiy kgry 9ggr and hence
j od
G =KGK' .
%2 *' x=1 x g1 =t mt 3
Then X, =& G " =gc'KK'"TG K Ke=xi -

3.2.1 Structured response

Sometimes a linear hypothesis is defined by linear
functions of unknown parameters. Theoretically, of course,
this can be reduced to the case, already considered, where
the hypothesis is defined by linear constraints on p's.

But in many cases this equivalent expression in terms of
linearly independent constraints on p'é may be tedious.

We shall prove a theorem,which might be considered as
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another version of theorems 3.2.1 and 3.2.2, which reduces

the problem to that of least squares.

Theorem 3.2.3: With the same product-multinomial distribu-

tion for the model that was used in theorem 3.2.1, let the

linear hypothesis Ho be defined by

j=1,2,--.,$ ’
where d's are known constants and O's are unknown parameters.
Then the minimum xf to test Hp is the same as the minimum

sum of squares of residuals obtained by the general least

squares technique on Z:ai qij , with the variances

estimated by "sample-variances."

Proof: Let D = (d. ) and Rank D=u < s .

Now Ho-——>ZJLZ le—Z&ZdJkk Zek;’?’jdjk'

Hence, if ZLJ. dj =04 (k=1,2,000,t) , then

ZZJL p1J = 0 . On the other hand, if ) ) 4, a; p;; =0 ,
ji
whatever may be O's, then Z:%j djk =0, k=1,2,¢0e,t &

may be called a

Such a linear function Z'Lj Z a; Py;
i

J
"hypothesis constraint."
Since Rank D = u , the number of linearly independent

s-vectors (LV1, Lv2’ cees Lvs) satisfying ; &vj djk =0

(k=1,2,o-o,t) iS S« U
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Let L=(4 be a matrix whose row-

v (s -u)xs
vectors satisfy the above conditions. Then Rank L = (s -u)

and ID=0 . NOW, Ho #Zz‘&vj ai pij = 0 ’ (V=1,2,o.o,
i3

s-u). On the other hand, ZZ'?’vj a; Py = 0, (v=1,2,ceep8=u)
ij

j = 0 (v=1,2,e4s,8-u) , where mj=; a; Pyj »

= Z'?’vjm
J

Thus (m1,m2,...,ms) is orthogonal to row-vectors of L .
But the row-vectors of L form a basis of the vector-space
orthogonal to column-vectors of D . Hence (my, «.., ms)
belongs to the vector-space generated by the column-vectors

of D . Thus, there are 0's, not all zero, such that
mjzgek djk 9 j=1.2,0DO’S 3
Therefore, ; ay pij ==; djk Gk (j=1,2,¢4¢,8) « Thus
Ho &> ZZ*’vj ay pij =0 (v=1,2,¢4e,5=-u) , where
i}

ID=0 and L 1is of rank (s-u) . Then by theorem 3.2.1,

the minimum xf is given by (3.2.4). Here
fvij = %vj a; so that
ij = ; fvij 93 < %vj - 8 935 < ij aj where
“jzgai Aj

bv=§bvj=};&vj ay
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Also hv =0 and hence c. =Db . Thus,

Also, e, “Z £u13 = Pyy) (Eyrig = Pyrg)ag;
i
= &vj %v'j By o where
Bj = ; (ai - Gj) tij .

B.
=§—Le g =LAt by by

Then, g,
'A% Nyy Vv : oj
so that G = LAL' , where
B
Xj = 327 and A = diagonal (Kj , j=1,2,4++,8) . Hence,
0J
(3.2.6) X2 =g'L'(LaL) Lg .

Note that aj's are independent and

Py - b; P;js Psrs
= 2 J lJ ij fitj
1 17410 J

I 2 2 -
“n.[aipij'{zaipij] .
0J |i i

- 2 2
Hence "sample var" (aj) = -ﬁ;-g EL: a3 dj ; -{; 3y qij ]

= kj .

If we use the least squares technique on aj's (using xj's

for the variance), then the sum of squares to be minimized

with respect to the parameters is
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2
(aj-dj191-dj292- ocb-djtet) X‘g

2
(Yj"¢j1e1 -aee -bjtet) , where

_ -5 _ -
Yy = ajkj and bjk = djkxj ,
so that y = A'%g and A = (bjk) = A'%D ,

where A'% = diagonal(h}ﬁ s J=1,2,ee¢,8) « Then it is
well known that (for example, [29])

Mgn S? = y'y - I'A1(A{ A1)'1A{I , where

4,

Basis of A .
sXu sXt

We note that A = A™°D === Rank A = Rank D = u and

Ay = A'%D1 , where Dy is a basis of D . Hence
(3.2.7) Min $% = ¢'A"'g - a'A”'Dy (DJAT'Dy) T DA

It remains to show that (3.2.6) = (3.2.7). Now
ID=0 &= LD; =0 .

Let us choose L , subject to LDy =0, so that LAL'=1.
Then, (3.2.6) = g'L'La . Let M=1 A% so that L =M A'§
and hence MM' = I and MA'%D1 =0 . Also DJA™'D, is
positive-definite, so that there is a nonsingular X such
that

X'DIA"'DyX = I , that is, DiAT'Dy = (xx")7' .
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S - Uu M . %
Now  |7°777°° % MY ¢ AT"D4X| s = .
u [X'DiAT : 0o I
s s -u u
. _é_ M
Hence, M' ¢ AT*D4X . 3 = I . Thus,
’ \§-D{A‘

M'M + A'%D1XX'D;A'% =I , so that
A%L'LA% + A” D1(D{A'1D1)'1D{A’% =1 .

Hence, L'L =A™ - A™'Dy(DIA™'Dy) DAY

Then (3.2.6) = g'L'Lg = (3.2.7) , which completes the proof
of the theorem.
It may be noted that the minimum x? is, in the limit,

distributed as a x® with s-u d.f., where u = Rank D .

3.2.2 Application of 3.2.1 to linear hypotheses on
structured uniresponse

In what follows, "i" will denote the structured

variate. We shall consider some simple cases.

(1) One dimensional design ("j" = factor)

(3.2.8) Hop: Z 34Dy 5 is independent of j , J=1,2,¢c¢,5 «
i

S n_.a ®
o[
n_.a? . 3
(3.2.9) x2 = ) I , defe=s-1,
i1 B S
= y -od
21 B3
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where ay z 3195 5 and Z qlJ
i

naw L] ]
(ii) Two-dimensional de51gn£"£" : "giggﬁzﬁ?ts )

(a) Hypothesis of no treatment effects on the basic model

(3.2-10) Ho: Z llek q**k ’ [H05 ’ (1.2.11)]
i

j=1,2’ouo,s
Kk=1.2 t {Design may be incomplete}
= lydyeevy

(3.2.11) X2 = ZZ 2 hay - Z[g thaJk]/Zth ,

dof. =M - t 4
_ - 2
where ajp = g 89 5k ° 5jk = Z (ai - ajk) 9 jk
i

and hj, = nojk/Bjk .
the summation is over allowable (jk) combinations and M is

the number of (jk) combinations. When the design is com-

plete, M= st , so that d.f. = (s=-1)t &

(b) Hypothesis of no interaction (in the additive set up)

(1)
i

t n2 S
(3.2.13) X2 =Z§ 0% hsp YR - ) Qsty
J j=

doefe =M = (s+t-1) ,

where t's satisfy
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S
(3.2.14) Q= ) cyyr by o 3= hiZieewss
511
and
By Z“thgk ’ Tj"zagkth ’
hok ; hyy » hyo = Z By ’
B h2
k jk
Q =T, - ) %= h. Gy = Yy 3k
3 j ; hy "3k * 733 Jo ; hok

]
[}
=~

i3t
hok

Here M is, as before, the number of (jk) combinations
and the summations are over allowable combinations only.

It may be noted that (3.2.13) and (3.2.14) are
similar to "error sum of squares" and "normal equations,"
respectively, in analysis of variance, Tj and Bk playing
the roles of "treatment total" and "block total," respec-
tively. The fundamental difference, however, is that
cjj,'s here depend not only on the design but also on the
observed proportions. In normal ANOVA, The designs can be
chosen suitably so that the normal equations have neat
closed solutions. This approach fails here for the
corresponding equations (3.2.14). For example, even for a
complete design (which may be called "randomized block
design"), there is no essential simplification in the

equations (3.2.14). [The degrees of freedom for x2 in that

case are = (s-1)(t-1).]
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(c) Hypothesis of no treatment effects on the no interaction

model
(3-2.16) X12 = (302-11) - (3.2013)
S
—...-ZQj'tj ’ defse = s = 1 s
J=1

where Q's and t's are defined as before.

(d) Ho: Z agPyj = M+ Hby  [Hoo , (1.2.17)] .
1

mi—

(3.2.17) x2 =] ) a8 hy - —L— [G®L - 26ym + v3h] ,

J K b - m?

s
where h=ZZhjk , m = Z bj hJO ’
jk j=1
s S t
= 2 = -
L= )b¥h, ., G= ) T,=) B and
j=1 j=1 k=1
s .
v = Z bj Tj (other quantities as before).
i=1

(e) Ho: Z 3Py = M *+ Mby [Hg;) » (1.2.15)]
1

t Bm
k 'kq?
+ B E [Y - 21 "'"E—ok]
(3.2.18) x? .—=ZZ agk hjk - Z R - - ,
jk k=1 ©

dlfl=M-t—1 3
where my ==Z b hsp (other quantities defined as before).
3 J J < _



53

(£) Ho: ), 3y pypy = M+ by [Hor o (1:214)]

B, m
k k42
t t Iy, - ]
B2 k h
2 _ 2 k ok
jk k=1 k=1 5 _ Kk
k ok

dofo =M-2t ’
- - 2
where vy, = g a5 hyx by and 2 = Z b% hyy
J
(other quantities defined as before).

- : . . ("j" =+ factor)
(iii) Iwo-dimensional de31gn("k" + another factor)

Hop: ; ai piJk ="\ + }.l.bj + VCi< [Ho1o s (1.2-18)] .

(3.2.20) xf-zzajk hy - f6 - fy - %6,
jk
dofc=M—3 »
where &, {l and Vv satisfy the equations
G = ih + ﬁm + W
v = fm + 0 + ¥x
> = fw + x + %y , where
t ' t
5= ) cBy » W= ) S ho
k=1 k=1

t
x=) ) bsc hy and y= ) cf hy
Jk k=1

(other quantities defined as before).
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3.2.3 Application of 3.2.1 to linear hypotheses on
structured multiresponse

Let us now suppose that i = (i1,iz,...,ip) , that is,
there are p responses indicated by i1,ia,...,ip such that
i1 = 1,2,00e) 13000, i = 1,2,...,rp . If these responses

b
are structured, the linear hypotheses, in general, will be

of type
| = (1)

(3.2'21) Ho: z Z fti1**ooo*j pi100-000j + ht =0

i1=1 3
Ep N s n® 2o
T, o ¥1 j pOOC-OOi j t - !

i=1j P P
P

t = 1,2,ooo,m »
where the linear functions are linearly independent. We can

write these as
(k) k = 1,2,ooo,p
ZZ fex,. . % %..0%g Piy thy =00 v oq2,000m
173 k A

and hence (3.2.21) is a particular case of (3.2.1). Let

=Z T, owi %,,.0%5 915 % Z Tiv.,o%i, *,..%3%...01, 00403’
T Kk . k k

(k) Zb(k) ’ CJ(ck) _ bik) N hék) and
(1) (2) (2) (p)
( ,...,c C1 sseesCp s voe Cm > v

1xmt

Similarly, let

(kk')_'z 1 _(kk")
Ietr gy Sttty
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where _

(kk") (ké_ (k1)
Cierj =‘§ {ft*...*ik*...*j' t3 {ft'*...*ik,*j"bt'j} as 5

T« ke
= Z Z ft*-no*i *ooo*j ft’*oob*i ,*o'c*j X
k) (k)
quuoOikOQoQOik'OoboOj - tj t'j *
Th
e @1 G'2 ... G'P
21 22 2p
G ) _ |G G ves G , where
pm pm L] * * L [ ] * L ] @ L .
p1 pp
E . 0 L] LI G J
RIS i=1,2,000,m
913 . .
mXm J=1,2,|oo,m
Then X3 = ¢ G ¢ , def.=opm .

We shall not go into the details of various special cases,

for example, Hé;l, n1) (1.5.6), H(') (1.8.7), Hosz (1.5.8),

080 081
Hoss (1»5-9), Hosa (1.5.10) and Hpss (1.5.11). By considerin'g
"hypothesis constraints," one can reduce the above hypoth-
eses (expressed in terms of parameters) to equivalent forms

like (3.2.21).

3.2.4 Unstructured response

In theorem 3.2.1, we considered the test criterion

appropriate to a linear hypothesis. Its equivalence to a
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certain least squares technique, for the linear hypotheses
in structured cases, was shown in theorem 3.2.3. We shall
establish a similar equivalence for the linear hypotheses

in unstructured cases in theorem 3.2.4.

Theorem 3.2.4

Under the product-multinomial set up, as in 3.2,

let the linear hypothesis be defined by

=d,,0 + d.,0 + oee +d.. 0, R

(3.2.22) Hp: 31941 j27i2 jt it

pij

i = 1,2,.:.,1’
j=1,2,..l,s ]

where d's are known constants and 6's are unknown parameters.
Then the minimum xf to test Hp is the same as the minimum \
"generalized sum of squares" of residuals obtained by the
"generalized least squares technique" on 9 3 with the
covariance-matrix estimated by the "sample covariance-matrix."

Proof: Let D = (d.,) and Rank D=u < & »
S — jk A
sXt
Then as in theorem 3.2.3, we can show that

S V=1,2,000,5-U
Ho &= Z T3 Pi3 =0 1 =1,2,000,r

j=1
where LD =0 and L is of rank (s-u). Hence we can apply
so that
b(vi)j =;,f(vi)i'j 43135 = Yv; 943

and, hence,
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-
c=L"g
where ¢! = (011,..|,C1r, sv ey Cv-‘,OOO'cvr!"'Dc(s_u) ’
T1xr(s-u)
*/111 .'.' ’?/ I
L*(-) =LX'Ir== r 1s7r
r S-u xrs (s-u)xs L ] . [ 4 s e L J L] [
'?’s-u,1Ir tee *’s-u,slr
' ——
and g'])(rs— (Q11’ 21596, qI“l’ AL qijp'O'rqrjt"'qus) .
Similarly,

e(Vl) (ui')j ";n[f vi)ivi~ (VJ.)J][f(UI’)i" (ui')j]qi"j

= Z (611"— qij)*’vj(bi'i" - qi’j)Lujqi"j

i"
—ij%uJ[bll.qu 9339 15
J
= toihusYise o save
Then Z& Y N,
v Qi) i) T viTuj nOJ Yije *
t
Hence G =1%y L* ,  where
r(s-u)xr(s-u) TSXTs
Y,/no1 0 cos 0
0 Ya/n ee e 0 j
_ /Poz -
L and Yy <yii':Lx
'_0 Ys/n02

Then, from (3.2.4),

(3.2.23)  x® = q'L*'[L* ¥y L*']""L*q .
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[This has already been shown by Mitra [19] in a slightly
different form.]
On the other hand, if we consider asymptotically

normal variables 's , then

qij

COV(qij: qi'j') =0 when J 74 it

n

1
1) — T memem—— . .
and cov(gj) = cov(q1j, . qrj) v YJ

2 _ -1 ,
Let S —%noj(gj-dj1§1-...-djt_e_t)vvj (G5-dy18y = =oe -

di8¢)
where Qﬁ = (61k, 92k, veos erk). S® may be called the
"generalized sum of squares of residuals," and S? is to be
minimized with respect to 0's.
Since Y. is positive-definite, there is P.

J J(rxr)
(nonsingular) such that

-1 _ 1
noj Yj -’Pj Pj ? J-1,2,0..,s .
*= . .
Let gj PJ gJ , so that

_ * Yoo *
J

= (g% - CO)'(g* - CO) , where
kel v/ \g AA

1

*' o (g* *'y ' = (8! 8l)
= 1 9 [ 2 ] 4 - -t ? e —
ixzs gt Txrt 1 o
P, 0 O vu. O
0O P50 ... 0
and C = AR D X-1 .
rsXrt s s o s ees ' ( sXt £>rsxrt
O O O 9 Ps

rsXrs
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Then, it is well known that
. ' -
(3.2.24) Min 8% = g*'[ 1 -1 (cien) 'eilg*

where Cy is a basis of C . We notice that if D, is
rsXru
the corresponding basis of D , then

-51 O o s e 0_
O P'2 e ae O
ci=1|, . . ... .| DF, where Df=DyX* I .
0 0 Ps
Then clcy = DF vy~'D¥ .

] 1] - -
Also g*'g* =) gf gt =) a} ny; ¥i'ay = g'¥'g
3 J
and 9*'01 = g'Y'1D? . Hence, from (3.2.24),
(3.2.25) Mén s2 = g'v"'g - g'y~'DHD¥ v 'D¥I" D v g .

Also LD =0 &= LDy =0 &=>L*"Wf=0. (3.2.23) and
(3.2.2%) can, then, be seen to be identical by exactly the

same argument as the one used for (3.2.6) and (3.247)

3.2.5 Application of 3.2.4 to linear hypotheses on
unstructured uniresponse

nan " 1]
Two-dimensional design i"i" : "giggﬁgﬁ?ts )

(i) Hypothesis of no treatment effects, on the basic model

Ho: Pjsx = 9i%k [Hoz, (1.2.5)] .

This has already been considered by Roy and Mitra [33].

In this case, maximum likelihood equations give a unique
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solution and using this in a x® statistic we have

(lk _215__12_>

(3.2.26) 2= ) ,
i,3,k Nojk Miok
Rook

defe = (r-1)(M-1t) in the usual notation

= t(r-1)(s=-1) for a complete design .

(ii) Hypothesis of no interaction (additive set-up)

(1)
Hot Pysp = Gy *+ 935% L[Hor »  (1.2.3)]

We shall not consider the details of the computation from

(3.2.23).
defs = (=1)(Meos-t+1) = (r=-1)(s=-1)(t -1)

for a complete design.

(iii) Hypothesis of no treatment effects, on the model of
no interaction (additive set-up)

x® = (3.2.26) - x% for (ii) above.
d.fo=(r-1)(s—1) .

3.2.6 Linear hypotheses on unstructured multiresponse

As in 3.2.3, let us now suppose that i= (i1,ia,...,ip),
that is, there are p responses indicated by i1,iz,...,ip s
such that iy = 1,2,c64,T1, 0o, ip = 1,2,0..,rp . If
these are unstructured, the linear hypotheses, in general,

will be of the type



61

Ho: [, 45 Pii00.eesoj *

ftj pOOoooOi

w1 ]

pj + ht =0 » t=:1,2,o-o,m .

It may be seen that it is not a particular case of
(3¢2.22) or of its equivalent form. But it is a particular
case of (3.2.1) (by suitable definition of ftij's). Hence
the x2 statistic may be worked out. We shall not go into

these details. This will cover, for example, the cases

(1) (1) (1)

Hoze » Hoz? and Hpogzs -

3.3 On the test of nonlinear hypotheses on p's in ANOVA
and MANOVA situations

As already mentioned in Chapter II, we can adopt
Neyman's technique of linearization, so that the problem
is reduced to one of the previous cases. On the other hand,
it may happen in some cases that the maximum likelihood
equations are fairly simple so that the x® statistic

(using maximum likelihood estimates) may be used.

3.3.1 Minimum x® by "linearization"

Suppose the hypothesis is defined by Ft(g) =0 ,

so that "linearization" gives

oF, (p)
Fr(g, p) = F(g) +ZZ "'"""‘"at ) (pyj - az3) =0
131 Pij
P=q

t = 1,2,¢-o,mv&
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Let oFy(p) £
e = f, ..
tij
Gpij
=4
and hy = F.(q) - Z:Z f415 935
N

Then by theorem 3.2.1, we have

X3 i'G-1i , defe=m , where

fl

[Fa(g)s ooy Fp(a)l -

We shall not go into the details of special cases,
except for the case discussed in the next subsection. The
cases that may be worked out in this way are, for example,
Hoy (1¢2.2), Hos (1+2.6), Hog(1+2.12), Hgze (1.5.2), Hoz»
(1.9.3), Hoss (1:5.4), Hogo (1.5.5), Hoso and Hosi o

3.3.2 The hypothesis of no interaction (multiplicative set-up)
in the two-dimensional design

Ho: Pjyp = 9ij% ixk [Ho1, (1.2.2)] .

This may be tested by the ™linearization" technique, as men-
tioned in the last ppragraph. On the other hand, in the case

of a complete design, the maximum likelihood equations

appear to be fairly simple and may admit an iterative solution.

It can be shown that Hy &=

12,000,
1,2,000,5x1
1,2,.00,t-1 .

(3.3.1) Pijk Pist = Pisk Pijt * )
Then the maximum likelihood equations, subject to (3.3.1)

and Z Pk = 1 , can be obtained by differentiating
i
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s t
£= ) nyy log by - ) )‘jk[Z Pijk - 1)
1

i,j,k j=1 k=1
r s-1 t1

- ) Z Z By 5 [109 pyjy +109 Pygy- 10g Pygy - 109 Py 54
i=1 j=1 k=1

with respect to the p's, where A's and p's are Lagrange

multipliers. The final equations are

(3.3.2) (nijk..uijk)(niSt.-uioo) = (nojk"“ojk)(nost"“ooo)

(nisk'*“iok)(nijt'+“ijo) (nosk'*“ook)(nojt'+“ojo)

i=1,2,ooo,r H j=1,2,0-o,s—1 and k=1,2,'cu,t—1 ,Where

s-1 t-1
Hiok = Z Hisk ? Hijo = Z Hisk
j=1 k=1
T
uojk = z “ijk , and so on.
i=1

In particular, when r=s=t=2 , we have just two
equations (linear) and these can be explicitly solved. In
this special case, Bartlett [3] posed another hypothesis of
no interaction, but the solution of the maximum likelihood
equation comes out as a root of a certain cubic equation.
Mitra [19]) shows that it is the numerically smallest real
root that gives consistent solution. The equations, in
the present case, thus seem to be simpler. Roy and
Kastenbaum [32] extended Bartlett's hypothesis to more
general cases where "i", "j" and "k" are variables, and

they get equations similar to (3.3.2).
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3.4 On the hypotheses about association for a single
multinomial

Most of the hypotheses, in this case, are nonlinear.
Hence, we can always apply Neyman's linearization technique.
On the other hand, in some cases, the maximum likelihood
equations are very simple, so that x? statistic may be used.
This is so, for example, in the cases Ho11 (1.3.2), Hots
(1.3.5) and Hp1a (1.3.6), which have been considered by
Roy and Mitra [33].

There is another possibility, namely, the conditional

probability approach, which we shall illustrate by considering

the case of three variables (i,j,k). Here

! N3k
¢ = —1 .Tl'kvp..i v[zpijk=1]’
'-r[ Dijk! l’J’ lJ i’j’k
i, j,k
which can be written as

it Y nijk . Nojk
= |TT oJ TT( ij ) n! TT p ©
3ok TT gt 1 Pojk TT n . b 3ok 03k
- i 1] j,k 0J

=y X O3 , say -

p..
Let ik p*. , so that Z p¥.., =1 « Then @, denotes
Poik ijk i ijk

the conditional probability density of nijk's' given nojk's,
while ®; denotes the probability density of nojk's’ Also,
the number of independent parameters in o, &, and &g is

ret -1, st{r-1) and st-1, respectively. We may consider
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p;jk's and pojk's instead of pijk's‘ Then it is logical to
require that the hypotheses, which are expressed in terms
of p:jk's only, should be tested by criteria based on @,
only. Hence the test on p*'s only will be the same as that
on p's if "j" and "k" were factors.

This approach seems to be similar to the "step-down
procedure" in normal multivariate anélysis [e.g. [28], [30]].
This procedure reduces the problems of association to problems
of analysis of variance. Exactly the same thing seems to
be happening here by the conditional probability approach.

We shall illustrate by considering three simple examples.

(i) Hypothesis of independence in two-dimensional table

Ho: Djj = Pjo Poj  °
* Py . :
Hence Pij; =3 p is independent of j . Thus Ho , by the
o
conditional probability approach, is equivalent to
* *
Ho: pij = Q% ’

the hypothesis of homogeneity when "j" is a factor. It is

well known that

s & W . . 2
=77 (ngy-nionoy/™® o Eat)(s- 1)
1]

n_./n

Rio0j
may be used to test both Ho and Hz .

(ii) Hypothesis of "no partial association"” in a three-
dimensional table

Hos _ Piok Pojk
of Pjjk Dook
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p?" = pl'k
i3k Poik

conditional probability approach, is equivalent to

Then is independent of j . Thus Hp, by the
L *
of Pijk T Giw
the hypothesis of "no treatment effects" when "j" and ngv

are factors. It has already been noticed [19] that

2

) “ojk“io@)
n

o0k dufe=t(r-1)(s-1)

n. !

ﬁ=§§§ @ﬁk

may be used to test both Ho and H§ . N

(iii) Hypothesis of "multiple independence" in a
three-dimensional table

Hot Pjjk = Pigo Pojk °

As noted earlier

p..
p¥. =ik ig independent of j and k. Thus
13k Pk

Ho , by the conditional probability approach, is equivalent to

* *
Ho: lek = Cli** s

when "j" and "k" are factors. It may be seen that

. N300 nojk 2
x2=zzz<nl:jk . ) , def.=(r-1)(st-1),
ijk

Nio0 N5k

n

: ¥*
may be used to test both Ho and Ho
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Applications

(i) Ho: Z aipijk//pojk is independent of
i
[Ho17 » (1.3.12)]. It is equivalent to

* *
Ho: Z 3;Pi3x T Guxg
i

when "j" and "k" are factors. H§ has already been considered
in 3.2 and the appropriate x? is given by (3.2.11). Hence,

the same statistic may be used for Ho

(ii)  Hp: Z a; pijk//pojk is independent of (jk)

1
[Ho1e, (1.3.16)]

It is equivalent to

Hg: Z a; pgjkis independent of (jk) ,
: *
when "3j" and "k" are factors. The critexion for Hp can be

easily derived and the same may be used for Hp.
1
Similarly Hg“g (1.3.11), Hozo (1 13018), H021 (103.19),
Hoze (1.3.20) will follow from corresponding cases when

"j" and "k" are factors.



PART 11
NONPARAMETRIC SET-UP

CHAPTER 1V
SOME UNIVARIATE PROBLEMS

4.1 Introduction

Much of the usual analysis of variance rests on the
assumption of normality and homoscedasticity. When these
assumptions are not realistic, two different kinds of
approaches have been made so far. One is the transforma-
tion of variates and the other is a nonparametric develop-
ment of the whole problem.

Transformation of variates with a view to
"normalizing" and "stabilizing the variance" has been in
vogue for a long time and has, by and large, served a useful
purpose. But, at the same time, one feels that there are
some dangers in the indiscriminate use of such procedures.
We should try to pose physically meaningful.models and then
state hypotheses or, in general, decision problems in terms
of the original variates themselves. If we make a trans-
formation even before we have posed any model and hypoth-
esis, then proceed with the usual analysis of variance and
reach some conclusions on that basis, such conclusions may

not have much physical meaning in terms of the original

68
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variates and, in any case, such conclusions should be inter-
preted in terms of the original variates.

Under the non-parametric approach, various methods
have been suggested so far to avoid the assumption of nor-
mality implicit in the analysis of variance. Friedman [13]
made use of ranks in the problem of m rankings. His xg
statistic, to test the hypothesis Hp that the rankings by
m "observers" of n ‘“objects" are independent, essentially
offers a rank test for two-way classification with one
observation per cell. For large m , when Hp is true, x§
is distributed asymptotically as a x2 with n-1 d.f.

Durbin [9] has given a generalization for the balanced
incomplete block design. Benard and Van Elteren [4] have
generalized it still further.

Fisher and Yates [12] proposed that each observa-
tion be replaced not by its rank but by its normalized
rank, defined as the average value of an observation having
the corresponding rank in samples of the same size from
N(0,1). They proposed that ordinary one-way analysis of
variance be applied to these normalized ranks. The argu-
ment seems that x® approximation might be approached more
.rapidly with normalized ranks or some other set of numbers
which resemble normal form more. than do ranks.

Another technique that has been suggested to get
around the assumption of normality, is the use of tests

based on permutations. Permutation tests, which seem to
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have been first proposed by Fisher [11], accept or reject

the null hypothesis according to the probability of a test
statistic among all relevant permutations of the observed
numbers. Application of the permutation method to important
cases may be found in articles by Pitman [26] and by Welch
[37]. Kruskal and Wallis [16] have proposed an analogue

(of one-way F-test) based on ranks and called the H test,
to decide whether ¢ samples come from the same population
(assuming that the populations are approximately of the same
form, in the sense that if they differ it is by a shift or
translation). If the samples come from identical populations
and the sample sizes are not too small, H is distributed as

a x® with c¢-1 d.f. When c=2, the H test is essentially
the same as Wilcoxon's test [39].

Mood and Brown [20] generalize to c¢ samples the
test proposed for two samples by Westenberg {38], utilizing
the number of observations above the median of the combined
sample. Massey [18] extends Mood's technique to use other
order statistics, besides the median, from combined samples.
Mood and Brown consider also the two-way classification with
one observation per cell or the same number of observations
per cell.

Mosteller [21] proposed a multi-decision procedure
for accepting either Ho (that ¢ samples come from the same
population) or one of ¢ alternatives that the i-~-th popu-

lation is translated to the right. His criterion is in
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terms of the number of observations in the sample containing
the largest observation that exceed all observations in the
samples.

Terpstra [34] gives a statistic (for the problem of
¢ samples) for testing against trend. His statistic is
based on Wilcoxon's statistic for all pairs of samples and
is asymptotically normal. He also [35] gives a test based
on a statistic Q , again based on Wilcoxon's statistics
for all pairs of samples and shows that Q is asymptotically
x® with (§) d.f.

In this chapter, we shall first extend Mood's test
for two-way classification to cover incomplete .block situ-
ations. Then, a new test for the problem of ¢ samples is
offered. For this purpose, Hoeffding's theorem on
U-statistics [14] extended by Lehmann [17] to the case of
two samples, has been extended in a straightforward manner
to the case of ¢ samples. This is, then, applied to derive
a new test-criterion for ¢ samples. The statistic derived
may be considered as an extension of Wilcoxon's statistic.

4,2 Extension of Mogd's test for two-way classification to
cover "incomplete designs"

Mood and Brown [20] have considered a test for
equality of "row" effects in the usual set up with one ob-
servation per cell or h observations per cell, with r
rows and ¢ columns. The distributions of X3 3 have
medians Vij =94 + Bj + v where the median of the numbers
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a; is zero as is the median of Bj. The distributions of the

xij's are assumed to be continuous and identical, except
for location.

Under the null hypothesis that the row effects a; are
equal (i.e., zero), all the observations in a given column

have the same distribution. Let ;j be the median of ob-

servations in the j-th column, and in the two-way table let
the observation X553 be replaced by a plus sign if it exceeds
X:, OT by a minus sign if it does not. Let m, be the

J i
number of plus signs in the i-th row. The test criterion
used is

T
(4.2.1) T -V B S CYRE-L)

i=1
where a = % if r 1is even or Eﬁfl if r is odd. Unless
¢ is small, the x2 approximation with (r-1) d.f. is used.
For practical purposes the large sample distribution is
satisfactory if ¢ > 10 or even if ¢ =5 provided
rc > 20 , For smaller c , exact probabilities could be

computed. We shall consider the geheralization to incom-

plete blocks.

4.2.1 Let us write nyy = 1 if (ij) combination is allowed

or zero otherwise. Let the number of observations in the

i-th row be c; (i=1,2,e0.,r) and in the j-th column be

I‘j (j=1,2,0.0,c). Let J

ay = rj/2 if r. is even or
T, - 1

—l—g—— if rs is odd. Then there are aj plus signs in the
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j=th column. Let mi's be defined as before. Then we expect
(under Ho) m; to be approximately equal to ci/é.

Following Mood, let us derive the generating function
to exhibit the distribution of the mi's. Suppose t is
associated with a plus sign in the i-th row (i=1,2,...,1).

Let ¢a.(t" cees to ) consist of the sum of all terms
J j

that can be formed by multiplying t's together ay at a time.
Each term of ® describes a possible arrangement of signs in
a given column. Furthermore, each arrangement of signs is

equally likely; hence the probability of a particular

T.
arrangement is 1//(33> o
J

Suppose the j-th column contains observations in
the j1,j3,...,jr‘-th rows. Then consider the function

J _
Qan(tj ,.oo,tj )

(4.2.2) O = 'ﬁ;‘ i - i .
j= T,
D

There is a one-to-one correspondence between ways of getting.

my Mg m
terms ty3 ta  ees trr in the numerator of ® and arrange-

ments of signs in the r X ¢ table which gives rise to my
plus signs in the i-th row (i = 1,2,...,r). Hence

(4.2.3) @ =) ) oo ) g(m,,...,mr)t:m te” vu. t:r ,

my Mg mr

where g 1is the density function for the mi's.

T,
Note that ®a (1,1,00e,1) = <a3> . ® is thus a
J J
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factorial-moment generating function for the mi's. Then

E(m,) =-g%— with all t;'s =1 . We note that

* i
6¢a
——i : cee . = 3 L. =
-y (ty, ’tJr.) 0 if ngjy=0
. j
=¢a'-1(tj1aooo,tj_ ) if nij=1 ,

.
J
where one of the t's from the previous bracket is missing..

Hence,

(4.2.4) g‘fi 'ﬁ'(al’) 21{3 2, (tj'1,...,tJ, )}x
=17 lJCDa q(ty, )] .

Then,

(4.2.5) 8(m)"|:|;'<a>-z-1{3 < >}1J<.-1> ZJ.JrJ'

J= J
Similarly,

3
ati

°n=var<mi)=[5’——-ﬂ +€lmg) - L€ (m)T"
t=1

From (4.2.4), we have
c

220 _
ous Tr(J) _Z_1 a1 (Egpoeees J)JéJt 0 fesgrerty))

p

J'

Jeeest :
k/—ILJ' oy Ko krk)

Hence,
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= e L), z WEIOBINE J

]

" ~Jo
~
o

o
<
o]
'—I
| 47
Bl o
H"_‘m
fl
I ~Jo
!-i
Cade
H
L____..__I
n [~1o
:s
Ll
2 1
a0 0

5=1 3143 J! =1
(o} aa
R 3
=[Em)I*- Loy =
j=1 b
so that
c 2
a. as
_ R
@.2.6) oy = L omyE - D
j=1 J
Similarly,

oij = COV(m sm Eaad} ] - €(mi) g(mJ)

From (4.2.4), we have

C
8% 1 o, ® n..o + 0 x
rk>(z 1k{ '-D;k aj,Jk ak-2 ak-1

Gtiﬁtj -Tgr<

k=12k" ~

K= -1 1
SO < D G G

__'_939__ = + Z n }
e O ey ™
K k J
c ak(ak- 1) ¢ z
=k§1 Pk 5k ?;T?;TTTT +JZ ik rk . knJJ' E;T !

so that



76

C
a, I, = a
(4.2.7) Co: = = n..n. Kk k R
ij 21 ik jk rﬁ r, - 1

4.,2.2 Asymptotic normality

We have

o(t) (t

C
) = = T 2, (t
T

g(m1,ono,m ) X

T
1 T tm1 tmr
1 L X ) r

-

I
3 C:ﬂ
5 [~

S
Replacing t; in @ by e l/Vci , we have

i°i
I V¢
l 3
o' (s) =Z Z g(my,eee,m) e .
My mr
My
= moment generating function of —='s .
Ve

Let us consider 1log @' for large ci's. We have

C

(4.2.8) = o} / Ty .
4.2.8 log @ j& log @aj (a?

aj Sjki
i=t VE};—
1 1 1 i
T o Qa. = - z:e s
DI

o
where the summation is over <aJ> combinations of type
J

k1, kz, s0 0y ka out of (1, 2, se ey r-)- Hence,
3 J

Now
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a5 sjk
1 v 1 i "'3/2
T a. T. 2{1 +Z ,———-l + 0(e )}
(ai) ’ (ag) i=1 cjki
. si 1 - 1 S
( )( ) Z lJ(a.-1) ) gi§1nij<2;-1> 5
...2 sisi. _3/2
* ‘2 Z}; 13040 J< Q '/———_Cici' + 0le )
I a S, r a., s%
SRVRIET- R S I RRE
= = j
83(83-1) 51511 + Ol _3/2) ’
so that rJ(r " VEEE;T
T a. S. Iz a. s2
Ho9 <”13'> %y L 73_':' ' %Efij 5 %1272 T
3.
J 2

Then, from (4.2.8), we have

I S. z 3 $.5,
log @' = Z e(ml)}-i * '122 031 '6':' + '12 ZZ 943 ""Lj + 0(0-3/2)
i=1 i i= . 3#1 ¥CiC5
m,

Thus for large ci's. we have the distribution of —= s

7

approximated by the multivariate normal distribution. Hence,
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(4.2-9) mn o~ N(a(ﬂ)s [GIJ]) )

by

c
Since Z my ==z aj , it follows that mi's are linearly
i=1 j=

dependent. Hence the above distribution is singular. Con-
sidering only my, Mg, eso., M. 1 which have an asymptotic
nonsingular normal distribution, we shall have a chi-square

criterion with r-1 d.f., given by

r-1 r-1
(4.2.10) X2 =) Z[mi-e(min[mj-e(mj)]oiir) :

i=1 j=1
where (a:ir)) = Zz;r) , z(rr) being the cofactor of ¢ .
in (oij) .
4.2.3 Special case

Suppose Cy = Cg = +ss = C, = Co S3Y
and Iy = Ig = eee = r. = To Say .
Then a1 = ag = eee = a, = 8o say, where
To

ap = -5 if ro is even

-1
= o otherwise. Also xcg = crg o

Then, from (4.2.5), g(n&) = ;% Cos 1=1,2,e00,r, and
Coap .
O:: = (ro - ag), i=1,2,44e,r, from (4.2.6),
ii rg
(4.2.11) -
0s; = - a:(ro 20) kij jA&i , from (4.2.7) ,
J ro(re - 1)
where }‘ij =Z sk njk .
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(i) Balanced Incomplete Block Designs:

Let xij = N for all (ij), (1 # j). Then we have

colrg=-1) = AM(r-1). Also,

Codo

Lo
11 I‘g

(ro - ag) = a say , and

ag(re - ag)

O,., = )\ = ﬁ Say e
13 r3(ro - 1)
Thus, Z = (a - B)1 +BJ .
(rr) I‘—1 r-i
Then 3™ — - P

I J
(rr) a-8 =1 (a-pMa+(r-2)p] =

=y I.y* 5 Jo._4 say 'Let

z" = [(my - 22%9), i=1,2,...,7-1] . Then, from (4.2.10),
Ix(r-1) °
-1
X2 =2'2" z=vyz'z+bdz'J 42
(rr) r-1
r-l a Il a
_ Co o
Now _z_'JI,_‘1 z =<Z zi> = Z
i=1 i=1 _
2
N (r - Coao _ Codo
= 8gCr = mr— To = mr - To .

It can also be seen that ¥ = & , so that

(4.2012)  yp = E0tzo = 1) Z (m; °a°) :

ag(rp - ag)ir i=l

If we put A =c and hence ro =1, Co =2¢C and ag = a ,

we get back to (4.2.1).

P T
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- (ii) Partially Balanced Incomplete Block Designs:

Let us consider rows as treatments, so that Kij==Nt
m

if i and j are 4-th associates. Then 2 ==aII;+Z ﬁ%3£ ,
, =1
where m is the number of associate classes, a is defined

as before, B's are association matrices [6] and

ap(re - ao) A
r3(ro - 1)

By = -

Let fo = 30(ro - 30)co and q = 39(ro - 3o) . Then

rd rol(ro - 1)

Z By By » where Bo =1,
=0

. = q a in the notation of [5].

Using the results derived in [5] and simplifying, we

have

l‘o - 1) Z z Coao)(m- _ Coao) ,

| X® ==
- o(ro - 20) jo1 3=1

where C = (cij) is such that the solution of "normal
equations" for 1t in the analysis of variance for PBIBD is

given by t =CQ , Q being defined in the usual notation.

4.3 Generalization of Hoeffding's theorem on U-statistics

to ¢ samples
Let X19Xas 00 esXp be independent and identically

distributed (real or vector-valued) random variables with

. distribution function F . Similarly let y1,y2,...,yn2

be with distribution function G and so on ... and
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21422500052 be with distribution function H . Consider
c

: 1
4, .1 = = X
( 3 ) u Un1,n2,o-.,n

¢ 'TT—n ...(ni- mi-+1)

i=1

¢ R N X s es ey 4, yee ey 3
Z (xg, Xam1y51 yﬁma “y1°%ye ZYmC)

where Z denotes the sum over all permutations of (ay, asz,

coey am1) such that 1 < g, < n; and are all different,

and similarly for B's, ..., and y's. Let

*
(403.2) (o) (x1,oc',xm1;y1,ooo,ym2;000;21,Zz,oonzmc)

Z ( geee,y X H' seee, Y HE I NI
_ﬁ'(m *as A, B P
i=1
2 s eeey 2 ) ’
Y1 Y
mC

where Z here denotes the sum over all permutations (a1,...,am )
of the my integers (1,2,...,m) and so on for B's, «..,
and for y's. Then ®* is symmetric in x's, symmetric in

y's, and so on. Then

(4.3.3) u -—_‘%—%——-BZ@ 1’.."xqm1;.'.;zY1’f..,ZYmC) ’
i=1

where Z denotes the sum over all combinations (a1,...,am )
of my integers chosen from (1,2,004,n), and so on for
B'sS, seey Y'Se

We shall now assume that

(4.3.4) E(®) =1 and E(PR) <0 .
Then,

(4.3.5) € (0*) = 1 and €(¢*2)<oo
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from Schwarz's inequality. Then,
(4.3.6) EU) =n .
Also,
var(U) = E(U-1)® = E{gmm DY (X, v ovesXg 5 eee

i=1 Z A »
Y1’ Ym)}
where W*.= ®* - 1 . Thus,
c ny 2 %
(4‘3;7) ;[E(m‘D Var(U)‘=82:z W (Xa1,...,xa HE R
Z s oe 0y g eeany HEEREY g o0y .
Y1 ZYmC)W (X ! X 1:11 ZY! ZY:;; )
c

Let

*
(4'3°8) Wa1,d2,.oo,dc(x1'...'xd1;Y1"..’ng;..';z1’Zz’."’zdc)

*
= SW (x1"'.’xd1’xd1+1""'xm1;.'.;21’22’."’Zd ’

Z yesssZ )
dc+1 mC

and

*
(4.309) Ed1’d2,ooo,dc = var Wd1,d2,aoo,d (X1,...,Xd1;-..;

= *2
21’...,ch) - 8 Wd1,d2,olo,d !

which exists in view of Schwarz's inequality and (4.3.5), and

€0,0,...,0 =0 ¢

Then, from (4.3.7),

m
T( )"ar = Z Z dy,dgsesesd, E’d,,dg,...,d ’

i=1 d,=0 d c

where N = number of combinations that can be
d‘l ’dz,QQO'dC

formed by choosing my distinct integers a's and my
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distinct a''s out of (1,2,.+s,n7) such that exactly di are
common between a's and o' 's and similarly for B's ... and y's.
Then we can see that
C_ N, M~ N; = M,
N - jj‘ i i i i .
Thus

(4.3.10) var(U) = -—5———'— Z "'Z —H—Cdlxm -d. ) d,,dz,... .

'H:(m)m-o d_=0 i=1
i=

4.3.1 Asymptotic behavior of var(U)

Let us study var(U) as n;'s »00 in such a way that

3

i

- pi >0 ’ is= 1,2,---,0 . Then,

'—lv
o
5

'—l-

1
M.~ N, = M, m. m, -d.
=) GRS NVn, =m,) * * m!
(di><mi-di>%<di> i i i
m.
<n¥> (mi - di)! ng i
My
m, e m.
i i
=~ (di>—T .
| |
Therefore,
Var U) Z'°°Z Tr 1 (d ) -T d1,d2,c00,d .
dy=0 d_=0 i=1 "d) ny c
Hence, ¢ 2 .
Y1 -
(4.3.11) var(U) = ), Ty £0.0,40,0,1,0,400,0 t ONT7)
i=1

C

where N = Z ny '
i=
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4,3.2 Asymptotic normality

We shall now show that Vﬁ(U - n)% N(0,0%2),

n1,n2,0..,nc
where

c 2
pi O,...,O,1,0,...,O i

n,
and T% ~+ Py >0 .

Proof: Let Vy = VN(Un,,...,nc - 1) and
ni Ne
my * m. *
Wy, = ¥ (X ) +oeent ) v (z,)
N L N ) o0 9
N1 D1 a=1 1’0’ ,O a ncpc Y=1 0,0’ 5011 Y
= W1,n1 + eee + wc,nc say,
m o
1 *
where WJ.’n1 = - Z W1,O,...,O(xa) and so on. Then
vYiP1 gz
W1,n1 is a sum of ny independent and identical random

2
m
2 * a2 1
variables with zero mean and variance —— 21 0 0 and,
n1p1 3 XN

hence, by the central limit theorem W has a normal

1»“1
limiting distribution with mean zero and variance
m2
1
— . i W, « M
B, 81’0’_."0 Similarly for other W; Moreover,

ny

w cee W are independent. Hence Wy has a

1,ny’ W2,n2’ Cyn,
normal limiting distribution with mean zero and variance o2,
given by (4.3.12).

We shall now show that VN - WN converges to zero
in probability. It is-sufficient to prove that
£(Vy - W)* =0 .

Now
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2 . - 2
e(vN-wN) = EVE + ewN - 2 EVy iy

C me
(4.3.13) = Zﬁ'l' 0, 0es0,1,0, 00,0 O]
+.Z1 B; 0,044,0,1,0,044,0 " 2EVy » and
i=
W = en ey HER R "‘52
E iy o, 'ﬁ'( e1) v(x_ , xclm1 Zy, ‘s )] x
) c
i=1 51:1
[ ¥ o olXg)]
fn’Tﬁ‘ oy 1O
‘\/Nnh
(4.3014) = ZZ SW ,...,Xa ;...’ZY‘l"..’
‘IT( )vm— a=1 my
*
Zy ) Y7,0,...,00%) -
C

Expectation of the product term is zero unless a 1is one

of the integers aj,sse, 0 , in which case, expectation is

m4
51’0’000’0. Hence’ from (403014)

’/ﬁ my
€ (VWq n,) = My & o,...,0 °» Where

frrr"‘rT()

My is the number of terms in the summation such that a«a is
one of the integers aj,...,aqp for 1 < a<ny and all

possible combinations of a's, PB's, .e», and y'se Thus
ny -1 C n,
= i
My = “‘<m1 -1 i|=|2 Cmi> .

Hence,
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~¥N mqny <n1.-1

¥ nypy (;:) -

- 2 28 €40 o

£y ) = €1,0,...,0

Similarly for other terms, so that

E(Vyiy) = Z: AN i,n, =

i=1 i=1

n pl 20,000,0,1,0,000,0 .

Therefore, c

E(VN-WN)2=Zm2 {—* - %% }o,....o1 o,...,o

i=1

+ O(N' ) , and
n,
hence -+ 0 as N =+, since —[-\-%- + P o Since

- W

Vy =Wyt (Vy = wN) and (V N)

N + 0 in probability,

N

V,, is also = N(O, o02).

N

4.3.3 Extension to a vector U-statistic

Suppose we consider @' = (®('),¢(2),...,¢(9)) and

' = (U(1), U(z), ey U(g)), where U(i) is a U-statistic

corresponding to Q(i). Then under the assumption of
existence of second moments of ®'s, we shall have extensions
of the previous results.

Let ECD(i) = n(i) and ' = (n(1),...,n(g)). Also

let
Edffégz...,d: Sw*(l)(x_’ beeesXy o Xy 4y ...,xm1(i),...,
21,...,ch,ch+1,...,Zm(i)) X
o
MARMI ceeiXy, ,xm1(i)+1 ’"”Xm,(j)m,(i).d,;'”;
Z1, “"ch'zméi)ﬂ o ..,chj)mcl)_dc)]
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and £ (i,3) = 0 . Then we shall have in a manner as
gy e e e,
before
Lo e
( ) ( )cov 12 U(J)) = Z voe Z N(lJ) X
k_1m J d‘],oo',c
dy=0 dC=O
E (i,3)
d‘|,.o-,c
where m$ij) = min(msi),m$j)), and N(ij) = number of

dy,dg,eee,de
combinations that can be formed by choosing mgd'distinct
integers a's and similarly m$j) distinct integers o' 's out
of (1,2,+4e,n1) such that exactly d, are common between a's

and a''s and similarly for ﬁ's, ese and Y's. Then,

Né?fiz’...'d nk ) (d ) ( > Therefore,
s m1(iJ’) méij)C mlﬁi)
(4:3:19) COV(U(l?U(J)l =T 1n 'Z .ee Z —rr<ak ) X
;E; <mi(:j)> dy=0 d =0 k=1
(1)
n, = my o
E (i,3) i
<1(<J) - dk> ffdg...., .

Asymptotic behavior. Let us study the behavior of

cov(U(i),U(j)) for large ny's. Now
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Hence, from (4.3.1%), we have
(1) _(3)
. . m m
(4.3.16) cov(u(l),U(J))=Z—-5—5——E(i,j) + O(N"%) .
o Tk 0y +00,0,1,0,444,0

f
(k-th place)

Asymptotic normality. We shall now show that

vN - ~
N(y‘n",na,.on,nc -Tl) N(Q’ 2) '
where c m(l) m(j)
k k . s
k=1 k 0,000,0’1,0,000,0
i

Proof: Let Vy =+N(U

=N, 000, ‘11) and

c

i) n i) n

w(i) g 21 yrd) (X ) + aes + ng N
N =~ vmps 1,0,¢04,0' "0 R

a=1 nePe

X

y=1

%(1)
¥5.6....,0,1(2y)

c .

_ Zw(l)

- k,nk *
k=1

Then, as before,

(1, & md
var(WN ) = Z X F (i,i) "
k=1 pk 0,090,0,1,0,000,0
and, similarly,
W ), o o md)
cov(wyt’ ,wy?') = ) ——m—— E(i,3) -0,
N N k§1 pk 0,1-050;1,0,o-.,0 lJ

By the central-limit theorem we have asymptotic normality

of W

Weon and, since these are independent for k=1,2,044,C,
Uk
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we have asymptotic normality of ﬂN with mean-vector zero

and covariance matrix 2 . Now

Yy = Wy + (Y - Wy) and as before,
E,(vlsll) - wlfli))2 +0 (i=1,2,4s0,9) so that
V&l) - Wéi) -+ 0 in probability, that is,
v - Yy -+ 0 in probability.

Hence the assertion follows.

4,4 An application to a certain nonparametric test for

¢ samples

Let X1,Xgseee,X be independent (real-valued)

ny
observations from a population with distribution function
Similarly let vyi,eeeny,, be independent (real-valued)
observations from G, ..., and z1,...,znC be from H .
We shall assume that the distributions are continuous.
We shall consider a certain nonparametric test for the

hypothesis

(4.4.1) Hpt F=G= s =H .

If we assume that the populations-are approximately
of the same form, in the sense that if they differ it is by
a shift or translation, then we may say that we are testing
for the equality of location parameters. Let

®(1)(xa,y5,oa.,z ) {1 if Xy < YB""’xa < ZY

Y 0 otherwise R

and
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() _ 7T e
1 1
v = Z Z ees Z o (xa,yB,...,zY)
a=1 B=1 y=1
= number of c-plets that can be formed by

choosing some xa,yp,...,zY such that Xy
is the smallest.

Here m$1) = m$1) = see = mé1) =1, so that

@(1) = ¢*(1) and \If(1) = W*(‘)
Also,
(4.4.2) U(1) =?1Tﬁ;:‘-_::'ﬁ; V(1) and

(4.4.3) q(‘) = 5[@")(x,v,...,z)] = Pr[X < Y,see, X < 2] .

If He 4is true, all orderings of X,Y,...,Z are equally

probable, and hence

(4.4.4) n = 3-9—5-,1-)-' = -l— .

Also
2
g(1,1) = epelt) (X1,
1,0,0es,0 1,0,000,0
where
W(1) (x) =€ W(1)(x,Y,...,Z) = 8[¢(1)(x,Y,...,Z)-%]
1,0,404,0 1 1
= [1 - F(X)} - E’ ’
so that
E(1,1) = E[1 - F(x)7%¢-2 _ L
1,0,404,0 c®

ST - R0 2 ) - L

CB
=1 - )22 e oL

-t




Similarly,

oj-

(1) (y) = e (x,y,...,2) -
0,1,0,404,0

Y11 - F(x)1°72F(x) - ¢

F(y) -2 1
= 50 (1 - £)°" %t - =
1o EyIet
c -1 ¢
so that
E(1,1) - e{r()” (¥)}

091509000,0 0!1’0330.,0

il

1

(¢ - 1%
- 1
c®(2¢c - 1)

Similarly,

E(1,1) = — ~ -

0,v20,0,1,0,...,0 S (2¢ - )
Hence, from (4.3.17), we have

. c

c2(2¢c - 1)

where p; = .

In general, if we define

g'j _2{1- Bt 4 1o E(¥)}°C-

?

91
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(1) ~ 1 if Xy < Yoseee, Xy <z
P (XG’YB’...’Z’Y) '-{ ﬁ Y

0 otherwise

(2)( 1 if Yg < Xyreess yB < zY

X sVaseesr2.) =
e Y {O otherwise

L] » [ ]

1 ifz_<x_, 2z, <y cos
¢(C)(XG’YB,.O.,Z ) ={ Y a’ Y B’
Y O otherwise )
and
) Ny nc
k
V( =Z oooz ¢(k)(xa,yB,coo,ZY) ) (k=1,2,.oo,C)
a=1 y=1
= number of c-plets that can be formed by choosing
one observation from each sample such that the
observation from the k-th sample is the least.
Then mg(k) = m,(gk) see m((:k) =1, U(k) = ﬁ-;-aél.-.—:'ﬁ— V(k),

c
so that u = —Tfl—-_! . If He 1is true, n(k) = % s SO

that 1 = % J « Then, similar to (4.4.5), we shall have

4.6) o, = ! (c-1)2
(4.4.6) Oii c3(2c-1)[ Py +k§1 :I

Now

5(1 ,2) = E[W(1)(X:Y1 9"'321 )‘I’(z)(X,Ya,---,Za)]
1,0,000,0

=g[®(‘)(x,y,,...,z, )cb(a)(x,ya,...,zg)] - —
= Pr[X <Y1,000,X<213Y2< X, 00e,¥Y2< 23] =~ —

—e{01- F(01°7" £ - Flya) 1% aE(ya)} -
- 00
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ce{ir -1 £ D petag o L

02
-(c = 1)
c®(2¢c - 1)
In general, E(i,j) e fe =) .
0,224,0,1,0,000,0 €2(2¢-1)
T
(at the i-th or j-th place)
Similarly,
£(2,c)  =el¥B) (X, Y1, 00020080 (X, Y0, 000, 22) ]
1,0, 400,0 .
= E/[®(2)(X9Y1o'°'9z1 )®(C)(st2"°°»22)] - '3'2'
. C
=Pﬂv1<m.";n<z,ﬂz<xzz<ym.”]--%
C
[§5T1 - F(y) 19 2aF (1) §T1 - Fl22) 19 %0F (22)] -
A o A
F(X) c=2 2 1
=:E[.ﬂO (1 - t)¢"“dt]” - =
_ 1
c2(2¢c - 1)

Hence, from (4.3.17), we have

(o]
1
= 0,.00,01 O,...,O

1 t (c-1)._(c-1) Z J

c?(2¢c - 1) Py Py k¥l

]

1
c?(2c - 1) |

]
1
i T~
,;.U -
’9la
c_.‘U"
=1

Thus from (4.4.6) and (4.4,7), we have
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c
(4.,4.8) c?(2c-1)Z = ( z é%) J + ¢c®D - cqJ' - cJgq'
=1
where D = diagonal (fL , k=1,2,ess,c) and
k

o = (L, L 1
- P’ P2’ "7 DS T

c
Now Z v(k) = number of possible c-plets

k=1

=n1ngoounc .
1

Hence u( ),...,u(c) are subject to one linear relation
c

Z u(k) =1 . ‘Hence the distribution of u's is singular
k=1
and hence the asymptotic distribution should also be singular.

[}

Thus, £ should be singular. In fact we expect
c
z Oiy + z dij to be zero. Now
i=t i#3
c
2 - A 2
c®(2c-1)J'Z —<k§1 pk> J'J + c®J'D - ¢J'gJ' - cJ'J9" .

L, 1 g=c3', J'J=c and JD=g",

But Jtgq =

ﬁ-DV1o

1

so that J'Z =0 . Hence Z is singular.

Let us consider only u(1), u(a), see, u(c'1) and

their asymptotic normal distribution. If Zo denotes the
covariance-matrix of the asymptotic normal distribution of

u(1), coes u(°'1) , then from (4.4.8) we have

c
(4.4.9) c?(2¢c -1)Zp = ( Z -51;(-) Jo+ ¢®Dg - Cgogé - C_{ogé ’
k=1
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h = ’ 5 = s
where o (1)(0-1)x(c-1) o (1)1x(c-1)

Do = diagonal(?%,...,S:LT> and 35 = (ﬁT,...,p;i1> .

4.4.1 Special case

Let us first consider the special case when

Ny =Ng = ees =N Then p; = T% =<+ 8O that Do = ¢l ,

0 cgé and hence (2¢ - 1)Zp = ¢I = Jo « Therefore,

Ke]
)
i

2—01—:1- Z.'(;1 =%[I + Jo] + If we denote k' = ¥N(U' -% J') =

(bysees,b_ ) and bo = (b1,bz,eee,b,_q)s then from the
asymptotic normality of bg, we have 25231g0 distributed,

in the limit, as a x® with c¢-1 d.f. Hence, here,

X2 = 2523’20 = bo 2C£'1 (1 + Jolbo
-1 2
N2g-1) Z(u(l)_%) + Z( (l) 1)
i=1 1
¢ 2
(4.4.10) = M2c 1) .21 (AR R
1=

4.,4,2 General case

Let us now suppose that not all n's are equal. Then

go and Jo are linearly independent. From (4.4.9) we have
c2(2c.1)zo = a Jo + ¢®Dp - cgoJdo - cJogd

when z é} « Therefore,

l

c2(2c -1)Zp = ¢®Do - (cgo.Jo> (o':aj)

= ¢2Dg - EF  say
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231 = D' - D'51EAFD31 , where A is

c®(2c -1) c?

Then

given by

(4.4.11)  [-c®Ig + FD3 EJA = -1-2- I, .
C

c
Simplifying and using the relation Z u(l) =1, we finally

have, by similar considerations, the limiting x® distribution

of
c

C
(1) _ 1y (1) _1y?®
N2e-1)| ) py (P oD L] a0t -}
i=1 i=1
With C-1 dofo When p‘] = pg = eee = pc =-l' 9 this

reduces to the earlier expression.

Remarks. It will be interesting to investigate the asymp-
totic power of the test against some specific alternatives.
The general alternative in mind behind the test is

Fi(x) = F(x - Gi) where O's are not all equal (F =+ Fy,

G =+ Fg, ees, H = FC). In this respect, it is similar to
Kruskal's test or Mood's test for c¢ samples. In a way,

it is similar to Mosteller's test, but his test is against
alternatives where one population is shifted to the right

and correspondingly his test-statistic is also with reference
to one particular sample. On the other hand, our statistic

is symmetric with respect to all samples and hence covers

much more general alternatives.
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Kruskal [16] says, "Unfortunately, for the H test
as for many nonparametric tests the power is difficult to
investigate and little is yet known about it." Recently,
Andrews [1] investigated the power of Kruskal's test and
Mood's test for ¢ samples and concluded that the asymptotic

efficiency of Kruskal's test relative to Mood's test for
S
>
be interesting to carry out similar studies on this test

¢ samples is 1 depending on the alternatives. It will
with respect to these two tests. It is expected that the
same type of conclusion will be reached in view of the

very nature of such nonparametric problems.



CHAPTER V
SOME REGRESSION AND BIVARIATE PROBLEMS

5.1 Introduction

Mood and Brown [20] have considered some simple
regression problems. On the basis of a sample of n ob-
servations (xi,yi) , where x 1is in the nature of a con-
comitant variable and y, given x, is a continuous variate
whose median is of the form a+Px where a and P are
unknown parameters, they consider the problem of estimating
a and B and testing hypotheses about them. They also
discuss briefly the general linear regression under this
nonparametric set up.

In this chapter we shall extend their methods to
discuss some additional regression problems. Next we shall
consider some bivariate analysis of variance problems. We
shall use the "step-down procedure" [28,30] to reduce the
problem to univariate cases with the other variate as a
concomitant variate. The regression methods developed
earlier will be used here in these bivariate problems. The
method seems to be perfectly general and could be extended
to three or more variates--that is, to the general multi-
variate situation. Most of the tests are offered on
heuristic considerations. They are expected to be "good"

for large samples.
| 98
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5.2 Some regression problems

We shall first state a lemma [20] which will be
useful for later applications.

Lemma 5.2.1 Let

k .
(5.2.1) g(mnmz»----mk) =.Tr<:\i>/<:> ’

i=1

k
where n = Z ny and m = Z m; denote the density
i=1 i=1
function for the mi's. Then

k
a____&___)_nn-ﬂ Al e Ny
(5.2.2) X" = m(n-m z ng Cmi “n
i=1
has an asymptotic x?® distribution with k-1 d.f. for large n.

2

Mood [20] says, "The expression (5.2.1) has a distri-
bution very accurately approximated by the chi-square dis-
tribution with k-1 d.f. even if n 1is only of the order

of twenty provided all the n; are at least five."

5.2.1 One sample

Let (x1,y1),...,(xn,yn) denote a sample of n
observations. We shall assume that
(a) the distribution of y for any X is continuous and
identical apart from a shift or translation, and
(b) the regression is linear, that is, the location parameter
(usually the median), given x , is a + Bx , where a
and B are unknown parameters. .
To estimate a and B , Mood and Brown [20] suggest
that the estimates & and § should be determined by
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(5.2.3) Median of (yi - & - Bxi) =0 for x; £ X
and

- éxi) =0 for x; >x ,

»

(5.3.4) Median of (y; -

where X is the median of xi's. If it happens that several x
values fall at X, then the sign < in (5.2.3) and > sign in
(5.2.4) may be replaced by < and > if such a replacement
would more nearly divide the points into groups of equal
size. They also give an iteration procedure to determine &
and E .

We shall find it convenient to speak of x; £ X as

group one and of X4 > X% as group two. Then (5.2.3) and

(5.2.4) may be equivalently written as

(5.2.5) & = Median (y; - Qxi)
and
(5.2.6) Megian (y; - ﬁxi) = Me?%an (y; - Bxi) ’

when I and II stand for groups one and two, respectively.
Test for P =PBo « If B =PBo , a is estimated by

& = Median (yi - Boxi) . Mood considers the number of points,

say my and mg, above the line y = & + Box in eachlgroup.

Let us, for convenience, assume that n 1is even. Then the

probability density of my and mz is given by

A
Coro)

so that, by lemma 5.2.1, Mood obtains

(5.2.7) p(my,mg) =
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(5.2.8) 2= (m -, as. =1,
as the test-statistic. It may be seen that the supposition
that n be even may be relaxed.

We may arrive at (5.2.8) on some heuristic considera-
tions. Assuming n is even, as before, we have % points
in each group and we note that my + mg = % « 1f the
hypothesis is true, we expect my and mg to be approxi-
mately = % « Now my is equal to the number of 'positive
Yi - & - Boxi's from the first group and, similarly, for ma.

Now, y; - a = Boxi's have identical distribution and, also,

(p)

§ - ¢ ~=—~>0 as n —>%, so that, on heuristic considera-

CAHED
Cn/é>

and, by lemma 5.2.1, we again have asymptotic x?® statistic,

tions

(5.2.9) p(my,mz) = for large n

given by (5.2.8)
If we are willing to assume, in addition, that

(c) the mean and variance of y exist for any x, then

taking the mean as a location parameter given by

a +Bx, a and P can be immediately estimated by

the usual least squares estimators. In the above case,
& =79 - BoXx , where y is the mean of y's and similarly
for X « Then also & - «a 119—9 O . In this case, if

b denotes the number of points above the regression line,

we have by a similar heuristic argument
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@

where my and mgp are defined as before. Hence, by lemma

p(my,mg) =~ for large n ,

5.2.1, we have an alternate test-statistic

: 2
(5-2010) Xz == Eﬁ-ﬂ (m" - %) s defe =1 &

Consistency of & and ﬁ determined by (5.2.5) and (5.2.6)

Let z; =vy; -a - Pxy o Then z;'s have identical

distribution with median zero. Now (5.2.6) may be written as
(5.2.11) Median [z, + (B - ﬁ)x.] = Median [z. + (B~ é)x.] .
1 i i 1 i i

Now as n =% 'Median(zi)- Me%%an(zi)|-iale 0 , so that
I

intuitively it seems that B =~ B will satisfy (5.2.11),

that is, |B - Bl {P) 50 . It has not been possible yet to
give a general formal proof. We shall give a formal proof

for a special case, when x's are constants at our disposal,
so that they can be chosen suitably.

Proof for the special case. Let x., 61n, 92n and

én denote the median of x's, Median(zi), Median(zi) and
I 11

respectively when the sample size is 2n . Let us suppose

that for n 2 ngo , (i) x's are chosen alternately from

~

group I (x < x, ) and from group II (x > §no), so that for

0
n xno
greater than or equal to §no +® , where & is a fixed

, and (ii) all x's in group II are

n2>ng, X
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positive number, however small. [For example, ® may be in

the nature of a unit of measurement.]

Since 6, -(-Rleo and Gznmeo , given 1n,e > 0,

there is ny such that

(5.2412) < ¢ and ]61n| <e for n>n ,

16,1
with probability greater than 1-1 . Consider n greater
than max(ng,ny) « Let P - én =0, .

Case (1): Suppose O 20 . Then

~

med-[zi + (B - én)xi] .S e1n + enxn ’

I 0
and " ~
mgg.[zi + (B - Bn)xi] > eZn + Gn(xno +8) .

Then (5.2.11) => 92n + Gn(xno +8) < 91n + enxno ,
so that an < 61n - 92n < 2¢ from (5.2.12).
Hence 6 = 16| < 2 _ev say .

n n o
Case (2): Suppose © <O . Then

n
mid.[zi + (ﬁ"Bn)xi] 20, - |9n|§n0 ,

and a v
mig'[zi + (B - pn)xi]5 0o - lenl(xno +3) .

Again, (5.2.11) ==>0, - 16 Ik <0y - 18 1(x, +28),

so that |6 |8 < 6, -6, <2 from (5.2.12).
. 2€
Hence, again, lenl <EZ =" .

Thus, given n and €' > 0 , there is n* = max(no,ny)

such that lenl < €' with probability > 1 -n for n > n*
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It may be seen that for large n (5.2.8) = the

corresponding expression obtained by lemma 5e2.1, if

n-1 n+1
'Tij ETT?
m Mg

n

(5.2.7) were replaced by where n, the sample

n-1

2

size, is odd. Hence, in the previous argument, for n 2 ng
and sample size 2n + 1 , we may take group I as X < ;no ’

as before, and group II as x > §no and the previous

argument goes through. Thus

Sn LP-L>O , that is, Bnip-)-—ﬂ% , and the

proof is complete for the special case mentioned above.

Remark: It may be seen that this proof hinges on the
existence of 5. We may note that if we decide x < Xo

as group I and x > xo as group II (even though x¢ is not
the median of x's), then the test statistic (5.2.8) can be
modified suitably and the above proof does not require
condition (1).

Consistency of &: Let us assume that P 1219 B .

Now & = med.(yi-Bxi) =q + med.[zi + (B - ﬁ)xi] . We
shall assume that x's are bounded (at least bounded with
probability > 1 - 1y)., Suppose Ixil <M for all i .
Also ﬁ 1£Q—>B ===> given &,n > 0 , there is n* such that
g - ﬁl < ﬁ for all n 2 n”* , with probability > 1 -1 .

Then
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med(zi) - €< med[zi + (B-—B)xi] < med(zi) +€e ,
for n > n* with probability > 1-n . Also med(zi) i-E-z--;>0,
so that med[zi + (B - ﬁ)xi] iiﬁ—>0 . Thus, & iﬁl€>a .

Henceforth we shall assume that the condition (2) is

A

obeyed, so that & and $ are consistent.

5.2.2 ¢ _samples

Let us suppose that we have ny independent observa-

tions (x. ) J=1,2,.00,04 from the i-th population,

i3 Yij
i=1,2,¢0e,¢c o We shall assume (a) as before and (b) that
the regression is linear, that is, the location parameter

(usually the median) of Yij given x; 4, is oy + Pyxy4 ¢

(i) TO test Bi = Bio Iy i=‘1,2,ooo,c .
We shall have c¢ independent X® statistics
with 1 d.f. each, giving a x?® statistic with ¢ d.f. No

new problem is presented here.

(ii) TO test B1 = Bg Ze00 = ﬁc .
On this hypothesis, yij’s have medians

2 1
a; + Bxij . We may estimate a;'s and B by

&, = median (yss: - Px: )
i j=1,2,.-.,n- 13 1J
i
and '
megian(yij-&i- ﬁxij) = meg%an(yij-&i-ﬁxij) .

For convenience, we shall take group I as X < X (median
of all x's) and group II as x 2 X , though the test-

statistics can be modified to suit other cases.
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c
Let Z n, = N . For simplicity, let us take n; to
1

be even. Let my be the number of points from the i-th

sample belonging to the second group and &i be the number

of points out of these my that lie above y = &i + ﬁx .

c c
N N . s
Then z:mi =% and Z Li =~ If the hypothesis 1s
1 1 m
true, we expect Li to be = 1% . Let %i be the number

of observations from the my in the second group of the
i-th sample, such that 2y5 = Yi3 = % - Bxij is > 0 .
Since &i-aiip-)-éo and Q-BLP-L,O, Li-ibilﬂl-;o as
ni's ~3>00 , Therefore, heuristically,-%i's have the same

c
!
distribution for large n;'s as &E s subject to Z &i ~ % .

Since z..'s have identical distribution, 1

iJ
T ()
N/2
G, /4)
) Qe,?

N/2
N/4>

p(JL,',...,JLé) = , so that

p(£19£2:"'9£ ) =

for large n:'s .

c 1

Hence, by lemma 5.2.1, we have

2
(5.2.13) X2.~V4Z-n}£@i-%"-) , defe=c -1 .

If some m; = 0 , the corresponding term will be absent

and d.f. will be reduced by one. We could have considered
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group I instead of group II. It may be seen now that the
condition ny be even may be relaxed.
If we are willing to assume, in addition, (c) as before,

then we may take least squares estimates

Z Z le i)xij

by =Ty - By whese B fl——
ij i
i
so that 4&; iﬁ&->ai and B llﬁ—bﬁ . If &i denotes the

number of points from the i-th sample above the corresponding
c

regression line and z:%i =4 , then by a similar heuristic
1

argument,
L M
TG
p(L1"°"£b) = for large ni's R
@
so that by lemma .5.2.1 ,
* c
2
(5.2.14) K2 =~ Z‘ﬁl' Nil,] , dofe=c-1 »
- 1 1

(iii) To test ay = ag = ».. = o, when Br =Pz = ee0 =P, »
On this hypothesis, yij’s have medians a + Bxij .
a and B may be estimated by
i = med(yij - Bxij)
and a A
I II
where, for convenience, we take groups I and II as x £ X

(median of all x's) and x 2 X respectively. Let N be
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even and Li be the number of points in the i-th sample
above the regression line y = & + éx . If tge hypothesis

. Ny N
is true, we expect &i =~ = . We note that Z Li =7 .
1

Let %i denote the number of positive terms in

.). Since @& j--E)--->c:

- f - Bxij (j = 1,2,-oc,nl

and ﬁj-gl-bp, Jci-JLi'i-P-)—>o as N —>o0 , Hence by
similar heuristic arguments, the distribution of %i's for

large N is approximately the same as that of %&'s subject

C
to z &i = g « Hence,
1
TG
Qi
N
(N/ 9

(5.2.15) p(44 ,Lg,...',)?,c) ~ for large N ,

so that by lemma 5.2.1

Cc
(5.2.16) X2=4Z?11':.L'<)?’i'22i'>2 , defe=c-1.
1

If we are willing to assume, in addition, (c), that

is, the existence of mean and variance, then we can have
least-square estimates & and P, such that a iﬂle»a and

c
é lﬂla.ﬁ . If we denote Z'Li by d , then by the same

heuristic argument

1
c N4
p(iyeeed,) = T1T< l)/(‘b for large N ,

so that
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We shall indicate here briefly a formal proof for

§5.2.15), which was first derived on heuristic considera-
tions.

Let Uiy = Yig - Bxij + Then

;)

2. = number of positive vy i

ij = é - Gxij (j‘=1’2v00'sn

= number of u,.:'s > & = median (u;.) .
) 1 i,3 1J
(j = 1s29"'9ni) !

be the a-th (a = g) Uy in

C
Also Z Li ='¥ . Let z,
1

magnitude. Then the joint density function of &"""%c

and z_, under the hypothesis, is

C
(5:207) ) ) Fyy (2)eeeFrag g (2000 =Frap go4q(2,)300
i=1

[1-Frap (2)0eeeFyy (2,)00 0y (z,) x

1-F,. eeot1 =F..
[ Fllni-&iﬂ(za)] [1 aniua)]

i 1 c ¢

(z,)]

C

(z )]...[1-F

[1-F
c cc
nc- C+1

c

where Fij(za) = Pr[uij < za] , the i-th term indicates
that z, is from the i-th sample and Z:denotes the sum

over all posible combinationse.

since B 4Bl5 g, given e,q > 0, there is Np
such that, for N > No , |B - B| < & with probability
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>1-n. Then for N 2 No , with probability > 1 -1 , we

have

<z +EX:s])

Lz, ]<F (z)<Pr[Y 513 i3

Pr[Yij-B 132

that is

Flz, - €ex;4) < Fij(z

a i3 ) S E(z, + ex55)

a 1]

where E denotes the distribution function of all

Y In view of the continuity of F ,

13 = Pxyy
Fij(za) = F(Za) + bij ’

where d's are arbitrarily small and tend to zero as N + .

Then (5.2.17) becomes

A, -1 L
ST T M )0 E ) T T ()1 - B(z)] (2,

i=1

nc_fl'/c 2
o F (z )01 - F(zg)] €+ 0(d)
c N 4 N
=Y T 27 (20 - F(z)1? dF(z,) + O(2)
i=1
n~+1 n
1 > ();l 1)1, - 1>=<%z+1>"'<&?"
i= N
’

Fi-(za)[1-F(za)]N/2 aF(z,) +0(3) .

On integrating out z, Wwe have the joint density of

L11L29"'3LC

c . N N
=.Z1<2:>...%.1(n.ni. ¥ ...(&Z> %)£2 (1--x)-2 dx + 0(%)
i= iV

-4, -1
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which is the same as (5.2.15).

(iv) To test B =0, when By =Bz = ... =p_ =P say.

On this hypothesis, yij's have medians %fs. We may
take a; = . median (yij) .
J=1,2,.-o,ni n

For simplicity let ny be even. Then 1% points from the

i-th sample are above the corresponding line. Also %
points are to the right of X , the median of all the x's.
Let Li be the number of points from the i-th sample to
the right of X and above the corresponding line and let

c
1 = Z &i . We expect, then, 4 to be = % . Let m's

1
and m be defined similarly for x < X . Then, by the same
heuristic argument, for which a formal proof could be given

as in (iii), we have
. N/2, N/2
p(‘t,m) ~ (&?( m)
<N/2>

and, hence, by lemma 5.2.1, we have

for large N,

2
(5.2.18) 2~ 2@-0, asa=1
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The condition that ny be even, then, may be relaxed.

5.2.3 Testing linearity of regression

As in the normal analysis, it is necessary that we
have a number of observations for each X; o Let the

observations be (x.

i? yij) s j = 1,2,-oo,ni, i= 1,2,ooo,k .

We shall assume that the distribution of y , given x , is
continuous and the same apart from location, say h(x) ,
which may depend on x . We want to test the hypothesis

that the "regression" is linear, that is,
h(x) = a + Bx &
k
Let z n; = N and these N observations be divided into
1

two groups, say x < XK, forming the first group-and

x 2 xk1 forming the second group, as evenly as possible.
Let us suppose that observations corresponding to xj
(1 = 1,2,++0,k1) belong to the first group and the rest to
the second. Let the groups contain a and N-a observa-

tions respectively. We may then estimate a and B by

med(yij - & - Bxi) =0 ,
and
med(yij - Bx;) = med(yij - Bx;) .

I II

Consider the ny observations corresponding to Xq o If

the regression is linear, we expect these ni' to be split

evenly by the regression line y = a + ﬁx » Let Li s out
Ns

of these n, , be above the line. We expect 4, =~ =% .

2
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kq

Then Z 2 = % and Z Li = ﬂéié , assuming for con-
i=1 i=ky +1

venience that a and N-a are even.

Let =z -a - Bxi . Then on the null

i3 = Yij3

hypothesis, z;4's have identical distribution. Let L{ be

the number of positive terms in 24 3 (3= 1,2,...,ni).

Since & {BLs ¢ and B‘-ﬂ’lep ) Li-L:{lP-)-»o .

Hence on heuristic considerations as before, the distribution

of Li's is the same (asymptotically) as that of lﬁ's subject

to 21'&; = % and Z &; = Eiig . Thus,
i=1 i=k1+1
L.
p('?’1 ”?’2,0":'&k) =~ < > k1;1< > ’
a -a
(a) (.
P 2

so that by lemma 5.2.1

Z_ﬁL( -%i)z , def.=k -1 ,
and 1
n.<2
X3~ 4 Z (JL ) L dfe=k -k -1,
kq+1
so that

k -2 .

. 2
2*421231'1‘@1‘?79  dlf.
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5.3 Some bivariate problems

5.3.1 One-way classification

Let there be n; independent observations (xij,

yij) 3 =1,2,0ee,n5 , from the i-th population,
i=1,2,ooo,k, and let inj.:N .

1
Suppose Fi(x,y) denotes the distribution function

of (X,Y) for the i-th population. We shall assume that
(i) F's are continuous,

(ii) the distributions are identical except for location,
and

(iii) the median of the conditional distribution of Y ,
given X , is a linear function of X . We note that

(i) ==>the conditional probability, given X , is also a
probability measure. Let fi(x,y), fi(x) and fi(y/x)
denote the densities of (X,Y), X and Y/X respectively.

Also, (ii) ==
(5'3'1) Fi(xsy) = F(X-Ci, Y- f]i) J

We want to test whether the populations are identical. Thus

(5.3.2) Ho: &1 =8z = eoe =0
and N =Mz = ees =Ny .

(5'301) == fi(x:Y) = f(X-Ci, Y—fli) ’
so that £.(x) = £f1(x - Ci) say .

1

(1ii) == . f(x,y) = £1(x)faly-a -px) ,
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so that f(x-¢;,y-ny) = f1(X-Ci)fa[y-ni-a-B(X-—Ci)]
= fy(x -¢;)faly-a;- fx) say .
Thus, we‘see that

Ho &= (s ={g = .o.==§k

and 4y = 0g = see = Gk .

It may be noted that we have relaxed just the normality of
the distribution, but retained other features from the
classical set up.

We shall use a step-down procedure to test Ho. A -
step-down procedure for Ho with a level ¥y will be a test

for

(5-3-3) HOX= C1 = Cz = pee = Ck ’

with a level ¥y , and if it is not rejected, a further
test for

(50304) Hoy/x: ay = dg Zeee =T Gk

with a level +yg , where ¥y and ¥a are chosen suitably
s0 that
(1 «%) = (1 =y4)(1 -yz)

The test for H will be derived from the conditional

oy/x
distribution of Y , given x , so that the x's then can
be regarded as fixed.

For Hox' we consider only x's. Let us consider the
test given by Mood [20]. [We could have used either

Kruskal's test or the test derived in Chapter IV.] Let m,
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denote the number of observations in the i-th sample
greater than the median of all x's. Mood shows that the

density function, if H_, is true, is
k Dj
1,

(5‘3'5) ‘P(m1 -mzn-nmk) = ‘55{" b

where a = % if N ig even or Nﬁ?l if N is odd. The

test-statistic proposed by him for large N 1is

(5.3.6) 2 = 3§N{53% YL (my - =) 5 defe=ket
| 1 |

For small n's, the probability is computed from the exact
distribution (5:345).

The test for H is seen to be precisely the same

oy/x
as that considered in 5.2. Hence we may take (5.2.16)

(in its modified form) as a test-statistic, if the condi-
tion (ii) mentioned on page 102 holds good. As already
stated, it may be possible to prove that & LBlé»a without
using condition (ii), in which case (5.2.16) may be used

for large samples in general.

5,3.2 Two-way cléssification

For simplicity, we shall consider only the case of
one observation per cell, when the design is complete. Let
"i" denote ntreatments" and "j" denote "blocks." Suppose

i = 1,2,ooo,t
j=1o290'0:b and N = bt .
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j(x,y) denote the distribution function of (X,Y)

for the (ij)-th cell.,

Let Fi

We shall assume that

(i) Fij(x,y) is continuous,

(ii) the distributions are identical except for location,

that 1is,

Fij(x’y) = .F(x’- aij’ Y'_Bij) >

(iii) +the model is additive, that is

aj5 = Ci + N3 and Bij =y; + 6j , and

(iv) the "regression" of Y on X is linear.

\

As before, we notice that we have relaxed just the
normality of the distribution while retaining other features
of the classical set up.

Let fij(x,y), f..(x) and fij(y/x) denote the

i)
densities of (X,Y), (X) and (Y/X) respectively.

]

(i1) = fij(x,y) f(x- aj5r Y- Bij) ’

l

f1(x—aij) Say [}

f4(x)faly-a-Bx) ,

and fij(x)

I

(iv) => f(x,y)
so that

fij(st) = fi(x -dij)fz[y -Bij -a - B(X —aij)]

(5.3.7) = £1(x-C;-ny)faly-a-v; +BC; -85 +Pny-px] .

We will be interested in the usual hypothesis

Ty

Ho: €4 =8z = «o.

and v

Y2 = oes Yt .
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We shall consider a step-down procedure to test Hpo. Con-

sidering x's separately, we can test, at a level ay ,

Ho: § =0z =00 = Ct

oX

by the criterion, given by Mood [20],

503.8 2 = M, = "'— dofo = t-1
(5.3.8)  x* = o=l z (m; ,
where a = % if t 4is even or 't51 otherwise, and

m, = the number of xij's (3 = 1,2,¢00,b) greater than

;j’ the median of the j-th column. Then, considering the

conditional distribution of yij's, given xij's, we have

to test
(5.3.9) Hoy/x: yiJ's have medians K + Ble ,
at a level ag , so that
(1 -a) =(1 - a)(1 - a2)
We may estimate Xj and P Dby
A. = median (y.:s: - éx..) , and
J i=1,2,ooo,t lJ lJ

A

mid(yij - Xj - Bxij) = m??(yij - Kj - Bxij) ’

where the groups are with respect to x's as usual. We note

that a , defined as above, out of t yij"hj' 's for

BlJ
each j , are positive and hence in all ab »sut of bt

Yij = X - Ble's are positive. Let Ll denote the number
of p051t1ve terms out of b Yij- ﬁxlj , for given 1i .
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t
2f (5.3.9) i3 true. Also Z Li,z ab.
i=1

olo

Then we expect %i s

Let Li denote the number of positive terms out of b
Yij- Xj-Bxij , for given i. On heuristic considerations,

for large samples kj == ij and B = @ , so that the distri-

bution of 4's is asymptotically the same as that of 4's
t

subject to Z Li = ab . Hence,
1 t b
UQL.)
—_
X
<ag>

p(&1,%2,---,Lt) = for large N, (N = bt),

so that by lemma 5.2.1,

t
xz*m'ﬁi:smg%@i ',ﬁ ab)”

t
(5.3.10) =~ gzri—s7 L (K4 JBEY, asa =t

1
The same remark as that at the end of 5.3.1 will hold good
here. Also, it may seem that we require t large (since
we require Kj =~ Xj in the above argument), but if we
give a formal proof, similar to that given in 5.2.2 (iii),
we shall note that B = é is sufficient to reduce the
proof to the one given by Mood. This does not require

large t but only large bt . Hence (5.3.10) gives a

test-criterion for large b .
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