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Bounds for the distribution function of a sum of independent,
identically distributed random variables.*

By Wassily Hoeffding and S, S. Shrikhande,
University of North Carolina and University of Nagpur

Summary., The problem is considered of obtaining hounds for the
cumulative distribution function of the sum of n independent, identically
distributed random variables with k prescribed moments and given range,
For n = 2 it is shown that the best bounds are attained or arbitrarily
closely approached with discrete random varia»les which take on at most
2k + 2 values, Explicit bounds are obtained for the case of nonnegative
random variahles with given mean when n = 2; for arbitrary values of n
bounds are given which are asymptotically best in the "ailn of the dis-
tribution. Some of the results contribute to the more general problem of
obtaining bounds for the expected value of a given function of independent,
identically distributed random variables when the expected values of

certain functions of the individual variables are given,

1. Introduction. The problem considered in this paper is part of

the following general problem, Let D be the class of all cdfs (cunulative

distribution functions) F(x) on the real line which satisfy the conditions

*Mhis research was supported by the United States Air Force under
Contract No. AF 18(600)-458 monitored by Headquarters, Air Research and
Development Command,



(1.1) ‘/fgi(x) dF{x) = Cys i=1, ..., k,

(1.2) F(x) = 0 if x < A, F(x) =1if x>B,

where the.functions gl(x), vess gk(x) and the copstants Cis eees €y A, B
are given, We allow that A = - oo and/or B = oo, Here and in what follows,
when the domain of integration is not indicated, the integral extends over
the entire range of the variables involved,

Let K(xl, essy X ) be a function such that
y (F) = /{ .../// K(xy5 seo, x.) dF(xl) vee dF(x )

exists for all F in D in the sense that the multiple integral is equal to
the repeated integral taken in an arbitrary order, The problem is to de-
termine upper and lower bounds for V] (F) when F is in 2.

For n = 1, gi(x) = xi, K(x) =1 or 0 according as x <t or > t,
as w ell as for other functions K(x), an extensive literature on the sub-
Ject exists, associated with the names of Bienayme, Chebyshev, Markov,
Stieltjes, and others; for references see Shohat and Tamarkin /7 6 7, The
M3

case n = 1, gi(x) =%, A=0,B =00 was treated by Wald /~ 7 _7,

For n arbitrary, Robbins /~ 5 7 showed that the Bienaymé - Chebyshev
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bound for Prob, (lxl ¥ oeee * Xn I.z t), where the Xi are independent and
identically distributed with zero mean and given variance, can be improved
when n > 1, Plackett /~ L 7 and Hartley and David /= 2 _7 obtained the
best possible bounds for the expected sample range and the expected value
of the largest observation in the case where the mean and the variance are
given, assuming that the common cdf is continuous, A problem analogous
to the general problem stated above, but without the assumption that the
n variables are identically distributed, was considered by one of the
authars /~ 3 _/ who showed that under general conditions the best bounds
are attained or arbitrarily closely approached with step functions in D
which have at most k + 1 steps.

In the present paper the attention is concentrated on the case where
k = 1 or O according és a given fuﬁction f(xl, cooy xn) is or is not con-
tained in a given set, The method used permits to obtain the closest bounds
only for n =2, If £ =x, + ... + X, n is even, and gi(x) = xi, the bounds
for n = 2 can be applied in an obvious way, but will not in general be the
best ones, More general functions K are considered only insofar as they
can be handled by the same method,

Theorem 2.1 states conditions under which we need consider only
step functions in D. Theorems 2,2 and 2.3 show that for functions K(x,y)
of a certain type we may restrict our attention to step functions with a
bounded number of steps., In Theorem 3.1 an explicit expression for the
least upper bound of Prob, (X + Y > t) is obtained when X and Y are in-

dependent, identically distributed and nonnegative, with given mean., In



-
section L bounds for the analogous case with n summands are considered.

2. The least upper bound of </9/K(x,y) dF(x) dF(y). Let D be

the class of cdfs F(x) which satisfy the conditions (1.1) and (1.2). ILet

K(x,y) be a function such that

(2.1) v(®) = [ xGe,y) @) ar(y)

exists for all F in g, in the sense that the double integral equals

the repeated integral., The oroblem is to determine the least upper and
the greatest lower bound of ¥ (F) for all F in D. As long as the function
K(x,y) is not specified it is sufficient to consider the least upper

bound.

3 :

Let D be the class of all F in D vhich are step functions with a

finite number of steps. The following obvious theorem gives sufficient
conditions for confining our attention to functions in 2%.

Theorem 2.1, Supnose that

* *

A) for every F in D and every 6 > O there exists an F in D

i

such that

sup IF*(X) - F(x) | <5 3
X

B) for every F in D and every e > O there exists a & > 0 such

that for any G in D for which
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sup lF(x) - G(x) | <5
x

we have

| v(F) -v(G) | <e.

Then

sup V(F) = sup,, V(F).
FeD FeD’

The proof is omitted.

m,
Assumption A) is satisfied if gi(x) = x ', where Myseee,M, are

arbitrary integers, that is, ii‘g is the class of cdfs with k prescribed
moments and given range. This follows from Lemma 3.1 in 1’3 _7,

A particular case in which assumption B) is satisfied is where
K(x,y) = 1 or O according as (x,y) is or is not contained in a Borel
set S with the property that the sets of all points x such that (x,y) ¢ S
and the sets of all y such that (x,y) ¢ S are unions of a finite and
bounded number of intervals. This is a special case of-Theorem 4.1 in
[37.

We shall now derive sufficient conditons under which, given a

step function F in D with m steps, we can construct a step function G in

D with less than m steps such that ¥(G) > ¥(F).
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A step function F in D with exactly m steps is of the form

= l’ nq.,m‘l,

(2.2) ‘ F(x) = Pj if aj‘f x < 35,10 J=0,1,44.,m,
where
(?.3) : —00=ao<al<a2<u‘o < m< am+l= Q0
Afal, ame,
(?.u) O=PO<P1<000<Pm_l<Pm=1,
m
(2.5) .E gi(aj)(Pj - Pj-l) = Cys i=1, «oe, ko
iyt A
If we define
hij = gi(aj) - gi(aj+l), i = l’ vey k; j
the last equations can be written
m-1
2 hij Pj =c,; - gi(am), i=1, ..., k .,

J=1



Let

(2.7) G(x) = Pj + tD, if 8, Sx <ag, 3=0,1,...,m.

J 3+1’

In order that G(x) be a cdf in D it is sufficient that the numbers t, Dj

satisfy the conditions

(2.8) D.=D =0,

(2,9)  O<Py +1tDy <P, +tD, < ... <P .+t , <1,

(2,10) Z h,,D,6 =0, i=1l,...,k.

If F and G are defined by (2,2) and (2,7), we have

m m
2,11 Y(F) = Z Z K.. (P, - P, P, - P,
(2.11) () = 2 2 Ky (- )y - ),
where
(2.12) Kij = K(ai, aj),
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and
) m-1 > m-1 m=1
(2,13) V(@) =¥ (F) =t 2 LD, +1t° 2 2 L..D.D,,
j=1 9 i=] =1 * *J
where
mn
(2.34) Ly = 2 (Ryg > Ky = K5 g1 = Kgag,e) B = Pig)ds

(2.15) gy = Kig = Ko,y = %50 * By

.

Lemma 2,1, Let F be a step function in D with exactly m steps,

defined by (2.2) to (2,5), where m > k+1, Suppose that the integers

Uyseensly 4 CAN be so chosen that

1 < u1 < u2 < e < uk+1 < m-1

and the eguations

+
(2.16) 2 h, x_ =0, i=1, ..., k,



imply
k+1 k+l

(2.17) Z 2 L u X X > 0,
r=1 s=1 ur S r

Then there exists a step function G in D with less than m steps, for

yhichV (G) > WF),

Proof. Let G(x) be defined by (2.7), and let

Dj =0 for j # Wyseeesly e

Let A = 1 or O according as the rank of the matrix

lu1 1uk+1
h [ I ) h

kul kuk+1
L oo L

Uy U1

is equal to or less than k+l, Then the equations (2.16) and
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have a solution (Du sesey D

1 Uy

) # (0, ..., 0). Having thus fixed the
+1

Dj’ let t be the largest number which satisfies the inequalities (2.9).

This number exists and is positive, With this choice of the numbers t

and Dj’ G is a step function in D with less than m steps. Furthermore,

by (2.13),

o k+l k+ 1

V(G) =¥ (F) =tr + t° 2 z Lu a D D > 0.
r=1 s=1 T S ur us

The proof is completa,

The next theorem shows that if K(x,y) is of a certain form, and if
we restrict ourselves to the class 2* of step functions in 2 with a finjte
number of steps, we need consider only step functions with a bounded
number of steps.

Let Bm be the class of all F in D which are step functions with

at most m steps.

Theorem 2,2, Suppose that K(x,y) is of the form

K(X,Y) = .Z Z atij gi(x) gj(y)
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if by y = 2(x,7) < by, t=1,00,8,

t-1

where go(x) = 1, the 354 2Xe arbitrary constants,

and f(x,y) is a strictly increasing function in each of its arguments

when the other argument is fixed. Then

[}

sup,, ¥ (F) sup v (F).

FE.—..Q' Fegslﬂ-s

The theorcm remains true if in the inequalities bt-l =< f(x,y) < bt

some signs < are replaced by < or vice versa, provided that the s sets

defined by the inequalities cover the cntire plane.

Proof, Let F(x), as defined by (2.2) to (2.5), be an arbitrary
step function in __]2 with exactly m steps, where m > sk + s. It is
sufficient to construct a step function G in D with less than m steps
such that ¥(G) > V(F), Let m, (t=1,...,8) denote the number of indices

u (1 <u <m) for which

b < f(au, au) < bt‘

t-1



w]2-

Then

S max (mt) Zm ot 4m o =m> s(k+1),

Hence therc exists a t for which m, > k + 2 and an integer n such that

bya S, a) < fa g 8n,) <b
The assumption about f(x,y) implies that
k k
Kow = iEO jio ay1; 8103y g5la)  forn < v, w < nvkel,

By (2.15) and (2.6) this implies

for n < v, w < n+k,

Hence if we let u, = n+r-l, r=1,2,,..,k+1, the conditions of Lemma 2.1

are satisfied. The proof is complete.

If gi(x) = xl, that is, if D is the class of distributions with



~13-

given moments up to order k and given range, the assumption of Theorem 2,2
means that K(x,y) is piecewise polynomial, of bounded degrees, in sections
of the planc separated by curves of negative slope. It is of interest to
note that if K(x,y) is piecewise polynomial in sections separated by
curves of positive slope, a similar reduction of the problem to the case
of step functions with a bounded number of steps is in genersl

impossible., For example, let
K(x,y) = max (x,y),
and let D be the class of cdfs F with

)(x dF(x) = 0, /[XQ df(x) = 1.

Under the rostriction to continuous functions F(x) this is a special case
of a problem considered by Hartley and David 1—2_7. For an arbitrary

cdf F(x) we can write
V(F) = 2 [/ x F(x) dF(x),
where

F(x) = (F(x-0)+F(x+0))/2.
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Using Schwarz's inequality, we have for any constant ¢ and sny F in D

]

W(E) + o = 2 J (x+c) F(x) dF(x)

<2 { K(X‘PC)Q dF(X)} 1/2 { ff‘(x)z aF(x) } 1/2

- 21?2 {  5)? ar) | 2L

If F(x) is continuous, j F(x)2 dF(x) = 1/3, and the bound
vV o(F) < min { 2.3-1/2 (1 + cz)l/2 - c}
c

is attained with a continuous cdf in D, as shown by Hartley and David,
Now let F(x) be a step function with at most m steps which takes

e ¢ = < < < = m A
on the values 0 =P <P <,,., < Pm-l—- P, =1, Ther

]

mn )2 (
5 (P, , *+ P, P, - P,
Z( -1 73 J J'l) ’

b | F0? ar(x)
j=1

and this can be written

12 5 f(x)z dr(x) = L - Ig ps.) p. = P, - P, .
_ . ’ j J -1



The conditions ij =1, pj >0 imply Zp3 > m <, Hence

S TR S

and the Hartley-David bound cannot be arbitrarily closely approached with

a step function in D having a bounded number of steps.

Combining Theorems 2.1 and 2.2 we can state that if the conditions

of both theorems are satisfied, then

Fsup V(F) = sup V(F) ;

Fe 25k+s

)
ito

In particular the conditions of Theorem 2,2 are fulfilled if

V(F) = P, { £7(X,Y) > ¢ } or Pp { ,f(X,Y)‘ >c } » etc., where

PF { cee } is the probability of the event in braces when X and Y are
independent with the common cdf F,and f(x,y) has the property stated in the
theorem. Referring to the remarks following the statement of Theorem 2.1,

we obtain

Theorem 2,3, Let Q be the class of cdfs F(x) which satisfy the

my
/f'x dr(x) = oy , i

conditions

1, eees k

]
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F(x) =0 if x<a, F(x)=1ifx>B,

with given integers Ts sess T and given numbers Cys sees Cpo A, B, whcre

we may have A = - 00 and/or B = oo. ILet f(x,y) be a strictly increasing

function in each of its arguments when the cther arpument is fixed. Then

sup PF { £(x,Y) > c} = sup Pp {f(X,Y) > c} .

Fag FG.P_-QL:+2

3. The least upper bound of P(X + Y > t) when X and Y are independent,

identically distributed and nonnegative with given mean. As an application

of the results of section 2 we shall prove the following theorem,

Theorem 3.1, Lot X and Y be two independent random variables with

comnon cdf F(x). Lot D be the class of cdfs Fwith [ x dF(x) = p and
F(x) = 0 for x < 0, where u > 0., Then
sup PF(X+Y_>_cu)=1 if e<2,
Feb
- J . 5
(3.1) ~-—c'-2 if 2:0:-2- 3

I
alro
!
%!H
|_l
(N
rolun
1A
o
®
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The three bounds are attained with the respective distributions

3 _ 2 - ¢ _ 2 .
P(X—O)—l-E , P(X 5#)—3 H
. 1 1l
P(X=0)=1=~2 , P(X=C[J.)=-C- .

Theorem 3.1 should be compared with the solution by Birnbaum,
Raymond and Zuckerman /” 1 7 of the analogous problem without the re-
striction that X and Y be identically distributed, Let M(t, A, p) be the
least upper bound of P(X + Y > t) when X and Y arc independent, nonnega-
tive, and have the respective means A <u . According to /"1, Theorem

1.2 __7 we have

M(t, A\, u) = 1 if t<A+yp
: 1
(3.2) = 5 if A+ St < 5(2u /)\2%“'2 )
)vl-p,

if -]2=(X+2u+ /@,m? ) <t

-]

“nE
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Obviously

FsupD PF(X +Y> cu) <M(ep, p, W) = M(c, 1, 1),
g

and we have

M(c, 1, 1) = 1 if ¢ <2
= 2o if 2<cs 2(3+/5 )
=gt 30+F)ze

(o]

Hence the bound (3.1) is smaller than the Birnbaum-Raymond-Zuckerman bound

if and only if 2<e <(3+/5 ) /2,

Proof of Theorem 3,1, We may and shall assume that u = 1. By

Theorem 2,3 we noed consider only cdfs F in D which are step functions with

m < L steps. Then F is of the form

1}

F(x) P.ifajfx<aj+1, i=0,1, ..., m,

J

where

o
it

a <a

0 <a, < <a <a =00 ,

1 2 m m+l



-19 -

O=PO<P1<PZ < es e <Pm = l ;)
m
Za{P,~P, .) = 1 .
1 J( j i1
We have
K(x,y) = 1 if x+y>c ,
=0 if x+y<c .

Hence the numbhers Kij = K(ai, aj) satisfy the conditions

= 0 K =
Kij or 1, Kij Kji s
K.. < K. if i<it

ij - it

The seqience (Kll, K22, ceny Kmm) con~ists of a semence of zeros
followed by a scquence of ones, The reasoning used in the proof of
Theorom 2.2 shows that any distribution for which there are more than
two consccutive zcros or more than two consecutive ones in this sequence

can be replaced by a distribution with less than m stcps which does not
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deccrease the valuc of V¥ (F).

Hence for m = i we need consider only matrices H Kij‘i of the four
types
000, 0000 0001 0011
000, 0011l 0011 0011
0011 0111 0111 1111
« « 11 0111 1111 1111
where the numbers reprcesented by dots need not he specified.
|
The corrcsponding matrices l Lij ﬁ are
I II 11T _ v
00. 0 1 0 0 1-1 0 0 0
01. 1-1 0 1-1 0 0-1 0
+ . 0 0 0 0 -1 0 O 0 00

We shall apply Lemma 2,1 to show that in every case there exists a
cdf in D with at most threc stcps which does not decrease the value of
V(F), It is sufficient to find integecrs u, v (1 <u < v < 3) such that

the equation

(3.3) (au - au+l) x + (a, - av+1)y =0
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implies

2 2 '
(3.4) LX +eL xy+ L y >0 .

]

In case I incquality (3.4) is satisfied with u = l, v=2, and in
cases IT and IV with u = 1, v = 3, 1In case IIT lgt u=1, v=3, Then
the left hand side of (3;&) is -2xy, and this is nonnegative by (3.3) since
aj-aj+1 < 0.

Hence we may confine our attention to step functions in D with
m < 3 steps,

If m = 3, we have to consider the matrices ” Kij" of the forms

000 000 001 000 001 011

000 001 001 011 011 111

001 011 111 011 111 111
The corrcsponding matrices H Lij H are

A B C D E F

00 0 1 0 0 10 1l1-1 -1 0

01 1 -1 0 -1 00 -1 0 0 ¢

In applying Lemma 2,1 we have to take u =1, v = 2 and to show that
(3.3) implies (3.4). This is true for the matrices A, D and E. In the

cases B, C and F Lemna 2,1 is not applicablec,



2

In case C, VW(F) =1 - Py,

If G(x) is defined by (2.7) with

m = 3, we have

WG) - W(F) = - tD, ["2(p,#tD,) - D, 7 ,

where t and D, satisfy the conditions

(3-5) (al - aZ)Dl * (3.2 = 33)D2 =0 ’
(3.6) O <Py +th) <P, +tD, <1 .
Let D2 = -1, Then D1 is given by (3.5). Let © be the largest number

which satisfies (3.6). Then t > 0, ¢ is in D, and ¥ (@) - V(F) > o,
Incase Fy, ¥(F) = 1 - Pi, and a similar reasoning shows that
this case also can bc reduced to a step function with at most two steps,

The only rcmaining case with m = 3 is case B, Here we can write

V(F) < Zpypy + p§ )

where (admitting the possibility that F has less than thrce steps)

(3-7) pl + p2 + p3 = 1’ alpl + 32p2 + a3p3 =1,
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(3.8) pp >0, Py 20 P3 20,
(3.9) 08y za,s33
L "' < ~
(3.10) 3 +a,<e, 22, <c, ¢ S a4 a
Expressing V (F) in terms of 3)5 8y, ag, Py, We get
- 2 2
¥W(F) = (1 - py)” - p, s
where
az = 1 - (a3 - al)pl
P2 ~ a.-a )
3 2
If a5, a3 py are held fixed, V(F) is a decrnasing function of aqe
Hence we maximizé V(F) by choosing the lcast possible value for a

1.

This is the greatest of the bounds given by the inequalities pj > 0 and

a; > 0. If this bound is given by one of the equations pj = 0, we get
a distribution in _]22., Hence we may assume that the least value is a; = C.
With a, = 0,

1
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and 'W(F) is a decreasing function of a, when 8., and pl arc fixed., The

3

only lower bound for ay which does not necessarily correspond to a distri-

bution in 22 is a2 = C - a3 . In this casec

(l-pl)a3-1 1-p, c(l-pl)-2

Pp = Za -0 - Nl

which is a monotonic function of a3 (possibly a comstant) when 12 is held
fixed, Hence the maximum is attained at one of the endpoints of the range

of aj. This range is given by the inequalitios (3.8) to (3.10) with

a; =0, 8, =¢ - a3. Its endpoints correspond either to distributions in

or (if given by a1 +a, = ¢ or 2a2 = ¢) to cases where the value of

=2 3

¥ (F) exceeds 2p2p3 + pg and which alrcady havo been disposed of,
Thus we necd consider only cdfs in 22,
If ¢ <2, we have V¥(F) = 1 for the cdf in 21 which has a single

step at x = 1, Thus

(3'11) sup WF) =1 if ec<2 ,
¢ Fe

fto

Henceforth we assume that ¢ > 2,
A distribution F in 22 assigns to the points a;y a, the respective

probabilities
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S
1 ay=aq ’ 2 ag-ay 2
where
0 =< al‘f l‘f a2 .

If ¢ < 2al, we have ¢ < 2, a case alrcady disposed of, If ¢ > 2a,,
- - (4
then YF) = 0, a case which may be disrcgarded. We are left with the
tw cases
(1) 2a, <c < a; + a,, (ii) 3 *a,<cc< 2a

1 2 °

In case (i),

2
W(F) = l'pl s

a decrcasing function of aye The lower bound for ay is max(0, c-a2) .
Ir a; = 0> C=a,, thaon
1
pp=l-— ,
1 a,

so that V(F) is a decreasing function of a5e The lower bound for a, is



so that V¥ (F) is an incrcasing function of ae Since a, < ¢, we obtain
[4
th: same maximum of VW (F) as in the provious case.

In casc (ii),
2
V(F) = Py

2 decrcasing function of 8p5s flence we lct a, = ¢/2, Then V(F) is a

2

decreasing function of Ay and hence is maximized for a, = 0., We get

Hence

(3.12) sup W(F) = max 5,
FeDd L c c” /
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Theorem 3.1 now follows from (3.11), (3.12) and the statod conditions

under which the bounds are attained,

, = -1
Y Lo = }
i, Bounds for P\Xl Fow v X > c). tX, =n (X1 oeea * Xn),

and let ‘Dn(t) denotc the lecast upper bound of P(in > tw) when Xl’ ssey

Xn are independent, identically distributced and nonnegative with mecan p.

It is casily scen that for every p

o () =1 ift<1,

= l, 2, L IR

[&]
)

@ (t) =@ (%),

By Markov's incquality

. _
wl(t)-_ F 1=t

By Thoorem 3.1

1 . 5
“’2<t)='f§ fl<t=<gf ,
%
- %—-—-]—'zif%ft.

It
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et z(t) be thoe least upper bound of I‘(Xn > tu) when Xl, seey

Kn ar2 indcpoendont and nonnegative with common mean u, Clearly

o (4) < o %),

It can be verificd (ef. also /71, Corollary 2,2 7 ) that

w:i(t) <M (nt, m, n-m), 2m<n,

whore M(t, X, ) is d.fined by (3.2). In particular, with n = 2m,

* 1 1 .o 3+ /5 :
o (t) <3 - == if = < t, n even,

and with n = 2m + 1,

YR 2
w;(t) _f% - n -2-1 _Lfi_z if In+l+ hn/s n2+6n+5 _f t ,
n

which holds for n odd and, a fortiori, for n cven,
On the othur hand, for any random voriables Xi which satisfy our
assumptions, P(3(7n > tiw) is a lowsr bound for n(’c). In particular, if

nt > 1 and X, = 0 or nt with respective prebabilitics 1 - (nt)-l and (n’o)"1

‘ we gct
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lyn_1 n-l 1
Cat) 21 - (1. =) >F -5 S5 .

Hence we have for all positive integers n

(h1) o (t) -1 L nl 1 if 3n+l+\/5n +6n+5 <4
n

tTnt2 s =t

where

1

a T e<1,
and

o, (t) 1 1+0r 1 . 5
()-l-o2) 2n =% '-T— -;2 if 'Eft 3
where
2

O<e@t <15
- n

Equation (L.1) is also truc for w;:(t), and (L4.2) holds for



-30-

@ (8) if (3 + /5)/h < %

Thus for large values of t the known bounds for (Dn(t) and

UJi(t) cannot bec substantially improved.
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