This research was supported by the National Institutes of Health, Institute
of General Medical Scieénces Grants GM-70004-01, GM-0038-18, and GM~12868-08.

LINEAR MODEL ANALYSIS OF CATEGORICAL DATA WITH
INCOMPLETE RESPONSE VECTORS

by
Gary G. Koch,1 Peter B. Imrey,1 and Donald W. Reinfurt2

1Department of Biostatistics and 2Highway Safety Research Center
University of North Carolina at Chapel Hill

Institute of Statistices Mimeo Series No. 790

December 1971



SUMMARY

The general linear model approach to the analy31s of categorical .
data described by Grizzle, Starmer and Koch [1969] is extended to situations
where. (l) missing data for certain ind1v1duals arise at random gs a result
of hon-response or deleted incorrect response; (2) supplemental samples
pertaining to various subsets of variables have been obtained due to cost
con31derations and/or special 1nterest in these variables. The problems
discussed are distinct from those involv1ng 1ncomplete contingency tables"
containlng a priori empty cells.

 The extension is presented through a series of examples which shew
how the approach can be used to handle a wide variety of non-standard data
configurations. Applications to categorical data mixed models and split

plot designs are emphasized.
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1. INTRODUCTION

In a recent paper, Grizzle, Starmer, and Koch [1969] (subsequently
abbrev1ated GSK) descrlbed how linear regression models and weighted least
Squares could be used to analyze multivariate categorlcal data which has been

summarized in a multi-dimensional contlngency table, This methodology prov1des

the researcher with a powerful and flex1ble tool which can be used to evaluate

. models and to test hypotheses for a broad class of experimental s1tuat10ns.F0r example,

various condltions of "no interaction" as discussed by Roy and Kastenhaum {1956] and
Bhapkar and Koch [1968a, l968b] can be investigated either as they apply to cell
probabllltles or to certain functions thereof (e,g,, marginal probablllties,
loglts? mean scores, etc,)., The resulting test statistics belong to the class
of minimum modified - Xl’ due to Neyman [1949] and are equ1valent to certadin
generalized quadratic form criteria of Wald [1943], Alternatively, many of
these same problems can be approached by using the methods described by Mantel [1966],
Lewis [1968], Bishop [1969, »1971], Fienberg [1970], and Goodman [1970, 1971a,
1971b] ‘based on maximum likelihood, or those described by Ku, Varner, and
Kullback [1968 1971] based on minimum discrimination information,

All of the previously menticned papers are primarily concerned with
data where there is complete cla331ficatlon of expcrlmental units (or subjects)
with respect to all variables of interest, However, in certain types of
applications incomplete configurations are encountered e1ther due to chance

or design, Examples here include:



l,  Cases where missing data arise as a result of non—reeponSe
: orrdeleted incorrect response, but such missing data can
'be presumed to occur at random,

2, UCases where supplemental samples.pertaioing to a subset
of_variableskhave been obtained either because of greater
interest ip thosebvariables or economic cost Considerations.
These eituetions are analogous to those Which arise in the
context of aogmented fractional factorial designs as dis-
cussed by Box and Wilson [1951], Box [1966], John [1966],
Gaylor and Merrill [1968], and sequences of fractional
factorials as discussed by Daniel [1962] and Addelman [1969];
this relatlonshlp is particularly apparent when one is
concerned w1th a categorical data mlxed model or split plot
experiment as described by Koch and Reinfurt [1970].

3. -Incomplete block or fractional‘factorial type split plot

multivariate designs like those deseribed by Roy, Gnahadesikan,

and Srivastava [1971],

4, Growth curve experiments like those described by Potthoff and Roy
[1964] and Allen and Grlzzle [1969]

The principal objectlve of the analysis for any of these 51tuations is to
obtain valld and precise estimators for all of the relevant parameters in
a manner which uses as much of the available. information in the data as
p0331b1e (i s€.5subjects with incomplete responses are not necessarily omitted).
With respect to incomplete categorical data, Hocking and Oxspring [1971] have
discussed maximum likelihood for the case of sampling from 5 single multinomial
population in termsrof an approach similar to that given‘by Hocking and Swith |
[1968]'for incomplete multivariate normal data, A similar problem has been
coneidered by Blumenthal [l968j, also in terms of maximum likelihood., Alternatively,

Koch and Reinfurt [1970] have described a two-stage procedure which yields the



mihimum;x2 anaiysis of incomplete categorical data, The remainder of this

paper will be concerned with descrlblng some additional aspects of this extension
of the GSK approach and w1th 1llustrating its application to several pertlnent
examples.

Finally, it is important to note that the situations under consideration
here'are-entirely different frombthose corresponding to "incomplete'cbntingencv
tables"as discussed Ey Gbodﬁan [1968], Bishbp‘and Fienberg [1969], Williams and
Grizzle [1970], and Mantel [1970]., 1In these cases, each exper1mental unit is
classified according to all of the varlables of interest but certain combina-

tions of such variables have zero probability of occurrence, Thus, the

»resulting contingency table is 1ncomplete in the sense that certain cells

contain zero frequencies regardless of sample size, Hence, the term "incomplete
contingency table" is a suitable descripti&e title for such éituations.

However, thé question then arises as to what to call the incomplete categorical
data situations of interest in the remainder of this paper. For lack of a

better term cases lik¢ those cited in (1) or (2) will be referred to as "aug-

' mented contingency tables" while the ones like those cited in (3)or (4) will be

called "complex split plot contingency tables" depending on the mature of the
experimental situation, Some of the reasoning behind these descriptive titles will be

apparent from the nature of the examples which will be considered,

2. SOME RELEVANT EXAMPLES

2,1 An application with missing data (non-response)

In Table 1, data are given for the unaided distance visilon of 8577 women
aged 30-39. TFor 7477 of these women, vision grade was classified for both eyes
and the resulting frequencies are identical to the data used as an illustrative

example for tests of marginal homogencity by several authorsA



TABLE 1

UNAIDED DISTANCE VISION; 8577 WOMEN AGED 30-39

Left eye

“Highest Second Third Lowest

Total 2067 2402 2707 901 8077 %

: Grade Grade Grade Grade Sub- Right
~Right Eye _ (1) (2) (3) (4) - Total Only Total

Highest grade (1) 1520 266 124 g6 1976 140 2116

Second grade (2) : 234 1512 432 78 2256 150 2406

Third grade (3) 117 362 - 1772 205 2456 160 2616

Lowest grade (4) 36 82 179 492 789 50 839

‘Sub-Total , 1907 2222 2507 841 7477 500 7977

Left Only o -160 180 200 . 60 600 * *
8577

including Stuart [1955], Bhapkar [1966], Ireland, Ku and Kullback [1969] and GSK.
Ihe.remaining 1100 observations form artificial data for 600 women for whom only
left eye vision was. reported and_SOO women for whom oniy fight eye vision was
reported. It will be presumed that the incomplete data for women with vision
c1a331f1ed only for one eye arose in a completely random manner which was statis-
tically independent of the true classification of their vision with respect to
both eyeé. This assumption alloWs us t; say that the marginal probabilifies
pertainlng to left eye vision and right eye vision for women c1a331f1ed on both
eyes are the same parameters as the probabilities pertainlng to left eye vision
for women classified only for the left eye and to right eye vision for women
classifled only for the right eye respectively,

To apply the GSK approach to this problem, we view the data as coming

from three populations and,arrange it in an array as follows:



n” 1520 266 124 66 234 1512 432 78 117 362 1772 205 36 82 179 492
n, = 140 150 160 50
ni 160 180 200 60

Let ﬂjj' denote the probability that a subject in the population is cla351fied
'according to the j-th category on the right eye and the 3 -th category on the

left eye where 3,37=1,2,3,4; and let 7, and m §° represent corresponding marginal

3.
probabilities with
4

o | | . - |
m, = 'E: p and T = Z: m .

3o T g A 40T g M

If we define p= (B/n), ER = (BR/nR), and P = (EL/nL) where n = 7477, np = 500,

and n, = 600 are the sums of the elements in n, n, n, respectively and if we
let pé = (Bf, Bﬁ’ pi) be the augmented vector of observed relative frequencies,
then P m |

Elpet = E | =| e )

Prl [T
where
s - o . .
T ("11’"12’"13'"14’”21*"22’"23’“24’"31’“32’"33’“34’"41’"42’“43’"44)

e, = My Ty 4Ty, )

ﬂ'*= (“.1’".2’”.3’n.4)

In addition, the coVariance matrix for pé is given by

D_-mn’!

R £ Q1D TR D66 | |
V() =var |Br| = 4,16 (Pw* " T Ta ) /g '94,4 a (2.2)
T 0 0 (D e

BL ~4’l6> . ~4’4 (~H.* ~.*~.*) /nL
where 0, . ,denotes a (kxk') zero matrix and D s D, D are diagonal matrices with.
~k,k _ S Y L , ,

diagonal elements being'corresponding'elements of m, ﬂ*,, T 4+ The matrix V(m) can

.. g

be consistently estimated by replacing TyTye o7 , with Ps BR; P respectively in

(2.2); i.e,, forming V(BG)’
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The estimate P = (B/n) of T in (2.1) can be adjusted to reflect the
available data for all 8577 women b& applying wéighted least square to the
vector pG with weights derived from the matrlx V(pG) in the manner described
by GSK. 1In order to avoid computational singularities which arise because
the sum of the elements in each of the vectors B’ Pp> P is unity, the analysis

is applied to the vector F(pG) = ApG where

- | :
215 25,1 95,3 95,1 15,3 %s5,1
sz (93,15 9,1 I3 %3, O34 93,1

93,15 93,1 93,3 9,1 I, 03,1

~d

with {3 and 115 being identity matrices and the other entries being suitable
zero matrices, For the vector F, the corresponding weights are derived from

VF = A[V(pG)]A' From (2.1), it follows that the linear model which pertains

to F is given by E{F} = XB where X is the known coeff1c1ent

Prm————.
~en—————r

Is
111100000000000
000011110000000

Bl F )= X § = [000000001111000| g, (2.3)
2Ixl 21x15 15K 660100010001 00
, 010001000100010
0010001000100 01

matrix specified in (2.3) and R is the vector of the first 15 components of

I; 1.e, T with T4y deleted, The resulting estimate b of 8 is given by

a—t

~1,. -1, -1 .
b= <Z,"~F X XVgE (2.4)
with estimated covariance matrix
~1_.~-1
Vpy=Var(b) = X'V, TR A (2.5)

~ ~




A goodness of fit statistic for assessing the extent to which the
model (2,3) characterizes the data i1s

x* = 8SCE(E) = x8) = BV e - b Oy | (2.6)

which has approximately a chi-square distribution with D,F, = {(No. of rows
in X) - (No. of columns in §)} in large samples,under the hypothesis that the
model fits, For these data, X?=2,33 with D.F, = § which. is non-significant
(0=,25), and thus further consideration of tﬁis model is justified,
Finally, it can be argued that the test statistic (2.6) provides a means of
partially checking the validity of the fundamental assumptlon that the incomplete
data arose in a completely random manner, Caution, however, should be
exercised in such interpretations since the 6 degrees of freedom in (2.6)
here apply only to comparisons of corresponding marginal distributions in the
three samples, »

Since the model (2.3) adequately describes the daéa,-tests of hypotheses
with respect to the péraméters comprising ﬁ can be undertaken, 1In particular,
for a generai hypothesis of the form H. €8 = 0 where g is a known (d x 15) matrix

0
of full rank, a suitable test statistic is

X2 = 8s(C8 = 0) =b'c’ [g(x'v x) c ] : . (2.7)

~

which has approximately a chi-square distribution with D,F, = 4 in large samples
under Ho. An hypothesis which is of particular interest for these data is

marginal homogeneity (marginal symmetry), This hypothesis may be written as

— » Hy @ ﬂj. = ﬂ.j for j = 1,2,3,4 7 (2.8)
- which in terms of B corresponds to
0 1 1 1-1000-100 0 -1 0 0 O R
cs=0'-1oo10110-1000-1oo§=9- (2.9)
. 0 0-1 0 0 0~-1 0110 1 0 0-1 0




For C as specified in (2.9), the statistic (2.7) is x? = 11.41 with D.F, = 3,
which is statistically significant (&5;01). When this hypothesis wasrinvesti-
gated by GSK for the original dété;'ignorihg the artificial data for the 1100
incompletely classified WOmeﬁ; XZ = 11;98 was obtained. 1In some.sense this
result is surprising since one would usually eipect X2~statisti§s of this typé
£o increase as more data wefe used in the analysis; However; here the addi-

tional data caused the differences between the respective estimates of the

marginal probabilities for right eye and left eye to become smaller (see Table 2)

than they were originally. On the other hand, Table 2 shows that .the estimated

TABLE 2

ESTIMATED PROBABILITIES & STANDARD ERRORS FOR EYE DATA

- Data for Completely Classified ) Data For All Women .
. Women (n=7477) (n=8577)

Cell p g.e, (p) : i s.e, (%)
(1,1) «20329 00465 «20456 - +00443
(1,2) ’ «03557 . »00214 .03562 .00213
(1,3) 01658 .00148 . +01654 00147
(1,4) .00882 .00108 .00876 .00108
2,1 v .03129 - .00201 ' +03146 »00200
(2,2) +20222 - 00464 420231 +00446
(2,3) 05777 . «00270 05759 00267
(2,4) .01043 +00118 .01035 . .00117
(3,1) 01564 00144 ’ «01576 ,00143
(3,2 04841 .00248 . 04851 . +00246
3,3 +23699 400492 «23664 00471
(3,4) . 202741 .00189 - 402725 © .,00187
(4,1) .00481 .00080 «00482 .00080
(4,2) .01096 .00120 .01093 .00120
(4,3) .02394 .00177 .02378 ,00175
(4,4) «06580. .00287 ' .06507 ,00275
(,.) +26428 .00510 +26549 00484
€2,.) «30173 »00530 +30172 .00506
(3, .32847 - +00543 «32817 , 00517
(,.) «10552 .00355 +10462 ,00338
(+,1) «25505 «00504 425661 .00480
(:,2) +29718 +00529 «29738 +00507
(,3) «33529 00546 ¢ 33456 +00522
(4y4) +11248 .00365 11144 ‘ «00349



A

standard errors for the estimates T of the cell probabilities derived using
all the data are uniformly smaller than the estimated standard errors for D
which reflect only data for completely classified women; a similar statement
applies to estimates of right eye and left eye marginal probabiliﬁies derived
from E and P respectively. Thus, by including the incompletely classified
women invthe analysisg more precise estimators of thesge parameters have been
obtained in the sense of estimated standard error.

The above analysis has emphasized the use of the minimum—X21 estimates
i. Alternatively, Reinfurt [1970] has implied that if the analysis here is
repeated but with Y(H) estimated by V(%) rather than V(pG) and the process is
continued in an iterative manner until successive estimates of T are satisfac-
torily similar, the maximum likelihood estimate is obtained. However, this
result as well as that of Hocking and Oxspring [1971) only applies to the
unrestricted model (i.e., exélusive of any hypotheses on the underlying para-
metefs). Maxlmum 1ikélihood estimation of T under hypotheses like (2.8) poses

more difficult mathematical problems for situations where there is additional

and incomplete categorical data of this type.

—

2,2 An incomplete split-plot experiment

Let us next conéider a hypothetical experiment whlch has been under-
taken to compare three drugs A,B,.and C. Suppose the response of a given sub-
Ject to any of these drugs can be observed in a quantal sense as either favorable
or unfavorable., For Mype = 46 subjects, each of the three drugs was administered
and the separate responses to each Yere noted; for n, = 28 subjects, only A and
B were administered; for n, = 16 subjects, only A. Groups of nACf= 25,

Moo = 26, ng = 15, n, = 14 subjects were treated analogously, The observed

results are given in Table 3.
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TABLE 3

RESPONSES TO DRUGS A,B,C
(1 DENOTES FAVORABLE RESPONSE, 0 DENOTES UNFAVORABLE RESPONSE,
AND * DENOTES THAT THE DRUG WAS NOT RECELVED)

PATTERNS OF RESPONSE : ~ NUMBER OF RESPONDENTS
A B C TOTAL = 170
1 1 1 6
1 1 0 16
1 0 1 2
1 0 0 4
0 1 1 2
0 1 0 4
0 0 1 6
0 0 0 6 nABC = 46
1 1 * 12 ’
1 0 * 4
0 1 * 4
0 0 * 8 n,p = 28
1 * 1 5
1 * 0 10
0 * 1 4
0 * 0 6 no = 25
* 1 1 4
* 1 0 12
* 0 1 5
% 0 0 5 g = 26
1 * * 10
0 % * 6 n, = 16
* 1 * 11
* 0 * 4 n, = 15
* * 1 5
* * 0 9 n = 14
TOTAL = 170

For the 46 women who received all three drugs, the frequencies of the respective
responses come from an illustrative example that has been treated by several
authors including Cochran [1950], Bhapkar [1965], and GSK. The data for the

other 124 subjects are artificial.
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In this examblé,‘fhe iﬁcompléte nature of the data'is considered
. to have been built Vinto the experimental design, Thus, if the set of drugs a
subject receives is determined randomly, it is appropriate to assume that the
same parameters T, , Tg, T, represent the probabilities of a favorable response
tokdrugs A, B, C respectively for each of the groups of subjects.,
The data in thisbexample can be analyzed in a manner similar to that
demonstrated in Section 2.1.First of ail, we view the results in Table 3 as

coming from seven populations and arrange it in the array (2.10). Let

r—g . ; 6 16 2 4 2 4 6 6]
nys 12 4 4 8 )
nl, 5 10 4 6
nls = 4 12 5 5 . (2,10)
‘ | = 10 6
‘I' Eﬁ 11 4
Zc C 7 ]

gi=(n /ni) where i takes on the values i = ABC, AB, AC, BC, A, B, C; and let

-~

Pc be the compound vector pé = (pABC’ pAB, pAC, péc, pA, pé pé). If we then

form the vector of linear functions F = éEG where A is defined in (2.11),

|

(2.11)

COOOHROO0OO0OO0OO
CoorHOoOO0COOOOOO
el oo R ool oo leRoReoR=Re)
CorocococOCcOO0OCOO
coococoococOoO0O0OO
OO0 OOCOOOOO
cooccocoocoocoooO
mOoOOOoOOoOCOOOOO

[c>c>c>c>c>c>c>c>c>c>c>c>'

COO0OO0OOO0OOOO M=
COCOO0OO0OOCOOHOK
C OO0 OO0 QOOH
COO0OO0COODOCOO MO
COO0OODOD OO0 OCOKO
COO0OOCO0OOOOKOOO
OCCO0OO0OO0O0OOMOOOO
COO0COO=MODOOOO
OCOO0OODOOHODOOCDOO
COO0OOOHOOQOOO
[sReoRoleoNoNeoNoRoNoRoeNoNo)
COOHMFHOODOODODOO

oS
]

' CO0COCOOOO -t
CODODDOOCOO OO
CO0O0OOOOOOOO
COO0O0O0OO0OHEFOOO
COO0OOOOO0OOOO OO

then it follows that E{

bt

'} o= X1 where

<

{a o . - .
1s given in (2,12) and " ("A’“B’"C)'



1 0 0

0 1 o

0 0 1

1 0 o

0 1 o wA
E(E} = x1 = 10 0 ™

0 o 1 Ll

0 1 0

0 0 1

1 0 0

0 1 o0

0 0 1

A consistent estimate V_ for the covariance matrix of F is given by V

~F

with V(p ) being the block diagonal matrix shown in (2.13) which has

Yac®anc?  9%,4  %,4  %,4 O
YR U % %,
Yac®ac) %4 %,
Vg = Yoc®ed)  Y%,2
26x26
Valpy)

%, 2

~

Y

Tl

12

(2,12)

= AlV(p A

92,2
0

2,2

v
V(e

“ongyen]

‘sub-matrices V.(pi) = (Dp - p.pi')/ni for i = ABC, AB, AC, BC, A, B, C, tréspectively
~L ~ ~

~L~
~

on the main diagonal. Following the approach discussed in the preceding section,

the model (2.12) is fitted to the vector F by weighted least squares.

The resulting

estimates for ﬁA’ WB’ WC and their estimated standard errors as determined from

(2,13)
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expressions analogous to (2.4) and (2.5) are given in the last column of Table 4.

TABLE 4

ESTIMATED PROBABILITIES AND (STANDARD ERRORS)-

SUBJECTS RECEIVING SUBJECTS RECEIVING
. ALL THREE DRUGS ONLY ONE OR TWO DRUGS ALL SUBJECTS
PARAMETERS (n=46) , (n=124) _ (n=170)
m, .609 . .604 .607
(.072) (.058) (.044)
m, .609 .629 .621
(,072) (.056) . (.044)
, .348 .352 . 350
(.070) , (.059) - (.045)
X’-statistic (0.F. = 3)  6.58 12,03 18,79
H im =1 =7TC

0" A B

A test of the hypothesis HO: Ty = Mg = Mo may be performed by using

1 -1 0 }
=11 o -1

in an expression aﬁaloéous to (2.7), The resﬁlting k? = 1é;5§ with D.F.ré é
is statistically significant (a=.01), Finally, it is worthwhile‘to note that
the goodness of fit statistic analogous to (2.6) for the model (2.12) is X2 =
1.37 with D.F, = 9; thug the assuﬁption that the same parameters Mys Ty Te
represent the probabilities of a favorable response to drugs A, B, C respectively
for each of the groups of subjects where they apply is consistent with the data.
For comparatierpurposes, results are also separately shown in Table 4

for the subjects receiving all three drugs and fof the subjects receiving only

one or two drugs, These Wege obtained by applying the previous type of analysis

to the corresponding rows of (2.12); i.e., the first three rows for the former
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and the last nine rows for the latter. For the hypothesis H0 : “A =My o= Mo

X2 = 6,58 with D,F, = 2 and X2 = 12,03 with D.F, = 2 respectively; and for good-

ness of fit, there is no test for the former and X2 = 1.29 with D.F, = 6 for the

- latterc

2,3 An application with supplemental samples

This example is based on the data considered by Dyke and Patterson
(1952}, Bighop [1969], Goodman [1970], and other authors, Suppose in order to
study the relationship Between an individual's knowledge of éaﬁcer and extent
of contact with reading materials, three samples were selected without replace~
ment from a large population by simple random sanpling (more complex sampling
designs could be treated by the approach described in Johnson and Koch [1970]
and Koch and Reinfurt [1970]).7 In sample I the indi?idhals were crossvclassified
according to the following three categorical variables:
i. whether they read newspapers or not,
idi, ‘Wwhether they read books or magazines (solid reading) or not,
iii. whether their knowledge of céncer was good or poor,
In sample II, subjects were classified only by (i) and @it); in Sample III, only
by (i) and (iii). |
The observed data are given in Table 5, for the 1729 subjects in sample
I, the frequencies are the appropriate marginal totals of the data considered by Dyke
and Patterson [1952] and other authors, The data }or the other 916 subjects are
artificial, | | | ‘
yfhe,incomplete nature of the data here is considered to have resulted

from the structure of the sample survey design, Samples II and III might be
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- . hostility or other causes will increase with the size of a questionnaire. In such
situations it may be advantageous to split the questionnaire, resulting in data such
as that of Table 5, In either case, the'analytical strategy to be applied is similiar

to that of Section 2.2, However, for these data, attention will be directed at the

- relationship among the three categorical variables as it pertains to the conditional

TABLE 5

RESPONSES TO CANCER SURVEYS
(* DENOTES UNMEASURED RESPONSE)

PATTERNS OF RESPONSE NUMBER OF RESPONDENTS
SOLID CANCER : TOTAL = 2639
N NEWSPAPERS READING KNOWLEDGE
YES YES GOOD 353
YES YES POOR 270
- ' YES NO GOOD 125
YES NO POOR : 225
NO YES GOOD 87
. NO YES POOR 110
NO NO - GOOD 103 :
NO NO POOR . 456 ng = 1729
YES % GOOD 90
'YES * POOR 100
NO * GOOD 40
NO * POOR 110 Cngp = 340
* YES GOOD 150
% YES POOR 120
* NO GOOD 80
% NO POOR 220 nppp = 570

i)robabi.lit':y of good kﬁowledge of cancer given fixed categories for exposuré to
newspapers and solid reading.

Following the approach described in Sections 2,1 and 2.2, we first view
the results in Table 5 as coming from three populations and arrange it in an array

@ &5 sollous:

- O e
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ny 353 270 125 225 g7 110 103 456
niI o= 90 100 40 110 '
[}
0 | 10 120 80 220
Let py = (o;/np), Brp = @pp/npp), and Prrr = (Bpyp/myqp) where np = 1729,
n, = 340, ﬁIIi =570 are the sizes of the three samples, Let Pe be the augment-

ed vector p If we then form the vector of linear functions

¢ = (P1> P1ps Pryp)e

‘F = Ap_ where

G .
FE? 9.1 9,3 9.1 9.3 951
A = 1o _o I, 0. . 0 0. .
1336 3,7 23,1 I3 ~3,1 23,3 931

0. .0 0 0

0
~3,7 ~3,1 23,3 93,1 I “3,1 |
then it follows that E{F) = Xm., where X and Tr are given in (2.14),The

~ A

r;‘111.
112

121
122

00 0 o
100 o0
01 0 o
00 1 o
00 0 1
00 0 o
0 00 o
01 0 0
101 o
00 0 1
00 0 1
100 0
01 0 o

[©c © - o o H © © 00 o o .

0 0
0 0

0.0

0 0

0 0

1 0

0 1 T (2.14)
0 0

c 0

0 1

0 0

1 0

01

elements Whh;j which comprise Ty may be interpreted as the probabilities that an
individual is classified into the h-th category with respect to newspapers (1 if
yes and 2 if no), the h'th category with respect to solid reading (1 if yes and

2 if no), and the J-th category with respect to knowledge of cancer (1 1f good and



2 if poor)., The estimated covariance matrix VF for

~

y(EG) being the following block diagonal matrix )

v
- (PI) 9,7,3 9,7,3
Teg) = ) 05 4
Y1z ®rrp)
where V(Bi) = (Pp - Eigi')/ui for i = I, I, III.

~1
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~~

. = 7 1
© 16 glven by v = AlV(p A",

The vector o is estimated by applying weighted least Squares to the

model (2,14), The goodness of fit statistic analogous to

(2.6) for the model

(2,14) 45 %2 - 1,02 with p,F, = 6, Hence, the model ig consistent with the data,

A

The resulting estimates Trp and their standard €rrors are shown in the last two

~

columns of Table 6, In addition, ﬂ222=(l.-j ;ET) and ‘its standard error, where

27 1s a vector of ones, are included here, Finally, corresponding estimatesg

from the Sample I data only are given for purposes of comparison,

TABLE 6

ESTIMATED PROBABILITIES FOR DYKE-

PATTERN OF RESPONSE SAMPLE I
SOLID CANCER
NEWSPAPERS READING KNOWLEDGE p s.e.p,
Y Y G .20416 .00969
Y Y P 15616 .00873
Y - N G 07230 .00623
Y N P .13013 . 00809
N Y G .05032 00526
N Y P .06362 .00587
N N G .05957 .00569
N N P +26374 .01060

PATTERSON DATA

ALL SAMPLES

~
m

« 20433
«15529
«07278
«13024
05127
.06284
.06105
«26220

s.e,T

.00833
00770
.00573
.00760
.00498
.00561
.00520

.00929
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In order to estimate the conditional probabilities of good knowledge
‘ of cancer for fixed categories with respect to newspapers and solid recading,

several additional calculations are required, If we let T be defined by

R N A ~ A

] 1! = (ﬂ%, ﬂ222), then a consistent estimate for the covariance matrix for 7 is
A I
_ | 27 -1,,-1 L o
V= [X'V l{] [I - ] . . (2.15)
~ -j' ~ ~12 ~ “‘7 s ~7 .
~7 1 ' .
: ~ A A :
Let fhh' ={nhh'l/(ﬁhh'l + ﬂhh'Z)} denote the estimated conditional probability
for good knowledge of cancer for individuals in the h-th category with respect

to newspapers and the h'-th category with respect to solid readiﬁg. Let f

be the vector defined by E' = (fll’ f12’ le, f22). The vector f may be

written in matrix notation as f =

=7 om(Kllog (A,M)} vhere A and K are
displayed in (2.16);

[ ey

10000000

i ‘l' 11000000
00100000 1-1 0 00 0 0 O
00110000 0 0 1-1 0 0 0 0
- A, = 100001000 and K = 0 0 0 0 1-1 0 O
~s 00001100 ~ 0 0 0 0 0 0 1-1

00000010 :
0000001 1]

also, loge transforms

~

transforms a vector to the corresponding vector of anti-logarithms (i.e.,

exponential functions), A consistent estimate for .the covariance matrix of f

~

is e e e e s .
V., = DfKD"lAfVA%D—%K'Df
»E ~Eoeg Mfvfeg o of
- where D and Dg are diagonal matrices formed from the vectors f and g = AT
A ~E -~ -~ ~d~

~ A

respectively and V is the matrix in (2,15),

(2,16)

a vector to the corresponding vector of logarithms and exp

~osns
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On applying these results to the data in this example, we obtain

[ 568] 2,937 -.289  -.651  .039
.358 5,485 133 =424
£ = 1.a00 and YT 11,120 -.348
189, | _ 2,172

In order to determine the influence that newspapers and solid readings have on

the probability of good knowledge of cancer, we fit the model

101 1 B,
E{f} = x8 = ! -1 8, (2.17)
) )

by weighted least squares where Bl is an overall mean, 82 is a newspaper effect,
and 63 is a solid reading effect, The resulting estimate b of 8 and its

estimated covaridnce matrix Vb are

+ 385 «830 -.101 « 228
b = |,076 and V= 1.275  -.623 | x10°
(115 ' -~ 14220

The goodness of fit test analogous to (2,6) for the model (2.15) is X2= 1.01
with D.F.=1, Thus, the model is supported by the data,which implies that there
is no interaction between the effects of newspapers and solid reading with

respect to the vector f, Finally, for the hypothesis Hy 82 =0, X% = 44,74
with D,F.=1; and for the hypothesis H, : 63 = 0, X2 = 108.50 with D,F,=1,

Thus, both of these main effects are statistically significant (a=,01).
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If only the data in sample I are considered, the results corresponding

tob and V., are

~b
... - "
+ 382 1,230 ~.076 .308
b = 078 and )Y = 1.480 ~.695 x10
~L ) ~b;
1151 - . 1.553.J

Similarly, the goodness of fit test statistic as well as those fOf’Ho: 32 = 0

2 2
and HO: 83 =0 are X" = 0.89, X* = 40.92 and X2 = 84,45, respectively, each

_ with D.F. = 1, Thus, it is apparent that inclusion of Samples II and ITI in

the analysis produced some improvement in the precision of the estimate of B

2.4 A Graeco-Latin square split-plot experiment

The data in Table 7 represent hypothetical results of.a typicai experi-
ment conducted on three specially 1nstrumented cars by the University of North
Carolina Highway Safety Research Center The objective here is to determine the
effect of three different driver training methods and three different examining
procedures on an individual's ability to pass a driving skill test. Representa-
‘tive subjects from populations corresponding to the three driver training methods
participate in g driving skill test at three dlfferent tlmes under three different

combinations of car and examining procedure. These combinations are determlned

~according to the Graeco-Latin. square in Table 8, where rows represent the driver

training method; columns, the three trials; Latin letters, the three cars; and

Greek letters, the three testing procedures. In some cases, certain subjects do
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S B s B

e e B el o

TABLE

7

RESULTS OF DRIVING TESTS
F = FAIL, % = NOT TAKEN)

(P = PASS,

PATTERNS OF RESPONSH

Ml v rg rg kg kg

TRIAL
Ry LI
P P
P F
F P
F F
P P
P F
F P
F F
* P
* F
* P
* F
P *
F %
P *
F *

NUMBER OF RESPONDENTS

GROUP
A B c
15 12 6
24 3 14
9 22 6
15 9 6
5 16 10
13 13 25
10 13 13
9 12 20
a1l T Bpp T Mgy = 100
6 14 3
21 8 6
8 10 11
5 8 20
Pa2 T Mgy = g, = 40
18 8 5
10 11 5
7 8 18
5 13 12
fA3 ¥ Pp3 T Mgy = 40

TABLE 8

DESIGN OF INSTRUMENTED CAR EXPERIMENT

1 2 3
v | | w |
| &Y u“?wu__ggﬁuﬁnhw~~w”§ém

21



‘the sums of the elements in

22
not participate in all three tests either because of time scheduling problems or
because of cost considerations. Thus, the data in Table 7 includes groups of
subjects with incomplete response vectors which may be viewed as having arisen

either in the context of the missing data in Section 2.1 or the supplemental

sample data in Section 2.3.

As in the other examples, we first view the results in Table 7 as

coming from nine populations and thus formulate the array displayed in (2.18),

ﬂ;:_‘— 15 24 9 15 5 13 10 ."gnf’

~A,1
né 1 12 3 22 9 16 13 13 12
l", -
né 1 14 6 6 10 25 13 20
Ly
BA,Z 6 21 8 5 (2.18)
1 = :
BB,Z 14 10
n' 3 11 20
~C,2
o1 5 18 10 7 5
4
1
25 3 8 11 8 13
B 3 5 5 18 12
’
e - ol htagese

e

For each n, in (2.18) define pi=(ni/ni)where i takes on values Al, Bl,...,C3

and nA,l = nB,l = nC,l = 100, nA’2 = nB,2 = nc’2 = nA;3 = nB’3 = nc’3 = 40 are

74,1 %8,1* Zc,1 Za,20 Up,2° 8¢ 20 Dp,30 Op, 30 2,3

respectiv?ly. Let Rg be the compcund vector Eé = (Ei,l’ Eé,l’ Eé,l"EA,Z’ Eé,Z’

' 1 1 1 i - =
BC,2’ EA,B’ Pg,3’ BC,B)' If we form the vector of linear functions F = Ap

Lo

where A is defined in (2,19),then the resulting elements of F represent estimated

probabilities_with which subjects in the various groups pass the driving test
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on respgective trials, Under the assumption that there 1s no second or higher
order interaction among the four factors training method, trial, car, and

examining procedure with respect to these probabilities of passing, then it

follows that E{F} = X8 where X and B are displayed in (2.20). The component

ey

F lll100000OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
11001lOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
1010lOlOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOOllllOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
000000001100llOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
OOOOOOOO1010101000OOOOOOOOOOOQOOOOOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOllll0OOOOOOOOOOOOOOOOOOOOOOOOOOO
00000000000000001100l1000OOOOOOOOOOOOOOOOOOOOOOO
00000000000000001010101000OOOOOOOOOOOOOOOOOOOOOO
) : OOOOOOOOOOOOOOOOOOOOOOOOllOOOOOOOOOOOOOOOOOOOOOO
A = OOOOOOOOOOOOOOOOOOOOOOOOlOlOOOOOOOOOOOOOOOOOOOOO (2,19)
OOOOOQOOOOOOOOOOOOOOOOOOOOOOllOOOOOOOOOOOOOOOOOO '
OOOOOOOOOOOOOOOOOOOOOOOOOOOO10100000000000000000
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOllOOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOlOlOOOOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOllOOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOlOlOOOOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOllOOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOlOlOOOOO
OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOllOO
0OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOlOlO‘g
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1
1

1

E{r} = xB

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
et

-1

t
s

I—'OHOHOF-‘O

o
1 1 [ u 7]
-1 -1 T
-1. 0 Ty
0 -1 ]
-1 0 p2
-1 1 1 Yy
-1 -1 o Y,
0 £
1 -1 | &
1 1 (2,20)
0 -1 0
0 0 -1
-1 1 1] -
-1 -1 o
0 -1
1 1
-1 -1
~1
-1 0
-1 -1 ¢
0 1 1

elements of B are an overall mean u, training method effects Tl and T2, trial

effects pl

and p2, car effects Yl

and Yo and examination effects El and 52. A

- consistent estimate for the covariance matrix of F 1s V

is a block dlagonal matrix with the matrices V{p } = {p
~P

= A[V(pG)]A' where V(pG)
H ~ . -~ -~

- ' 1 =
b, Eigi}/ni for i

Al, B1, Cl A2, B2, (€2, A3, B3, C3 respectively being the main diagonal

blocks.

As with the previous examples, the model (2.20)can be fitted to the
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vector F by weighted least squares, The resulting estimates b of 8 and

. their standard errors are given in the last two columns of Table 9, Similarly,

TABLE 9
Subjects in All Subjects in Two
Three Trials Trials Only All Subjects
(n=300) . (n=240) S - (n=540)
Parameter estimate B8,e, estimate S4€.. _egtimate g.e,
[V 482 .016 .481 .023 482 .013
T 076 .023 .094 .032 .088 .018
T, -.028 023 -.022 .033 029 .019
Py .026 .023 .051 ‘ .025 .033 .019
Py ~,038 .024 ~.053 ,034 -.040 »019
Yy .016 024 .003 .033 011 019
Y, ~.024 021 -.005 .032. -.015 017
gl .099 .024 +153 .033 123,019
€2 +022 .023 -.014 .032 .009 .019
@
“ X’-tests for the effects of the respective factors and the adequacy of the model

are determined as in (2.6) and (2.7). These results are displayed in the last

column of Table 10, For purposes of comparison, analogous statistics are also

Hypothesis

T,=T,%0
P1=P,=0
Y,=Y,=0
£17&,=0

. Residual

TABLE 10
X2-statistic ' X 2-statistic X2¥statistic
Subjects din All Subjects in Two

" _Three Trials " _Trials Only" - All Subjects

11,22 9.95 25,50

2,56 2,77 4,61

1,34 0.02 0.79

33.84 25,24 62,52

0.00 0.58 4,52
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separately shown in Tables 9 and 10 for the subjects participating in all three
trials and for the subjects participating in only two of the trials. These
values were obtained by applying the methods described here to the appropriate
rows of (2.20), i.e., the first nine rows for the former case and the last twelve
rows for the latter.

All of the results in Table 10 indicate that car effects and trial
effects are not important, Hence, a revised model can be fitted to F with these
factors excluded (i. €., columns 4, 5, 6, 7 are deleted from X and pl, pz, Yl’

Y, are deleted from B). The corresponding estimates gnd test statistics for

this analysis of the data on all subjects are given in Table 11. Finally, it

TABLE 11
" Parameter Estimate s.e, Ezgg;hgaié_ jg? D.F,
U 480 .013 Residual 9.80 16
Ty 087 - ,018
T . 1 . = = 7
2 03 019 7= T,= 0 24,81 2
.EL «119 .019
52 007 018 . gl= £2=0 61.72 - . 2

is worthwhile noting that if it can be a Priori assumed that there are no dif=
ferences among cars and no * differences among trials, then the parameters Pqs

p2, Y., Y2 correspond to the (trainlng method x examination procedure) inter-

1
action effects, .In this context, these results imply that the main effects of

training method and examination procedure are statistically significant (a=,01),

and that the corresponding second order interaction is negligible,

-
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2,5 A grow;h curve problem

In many areas of research, longitudinal data are collected from
subjects at several different points in time, The following example is of
interest with respect.to the analysis of categorical data arising from such
investigations;

Suppose four different diets (I,I1,111,1V) designed to reduce blood
cholesterol are assigned to four different groups of people., At the end of
each of three time periods, a blood sample is taken from each available person
and classified as to whether the blood cholesterol is normal or abpormal. For
diets II, III, and IV, the subjects were closely supervised (e.g.,within a
hospital or clinic environment), and responses for all three time periods were
obtained. Subjects on diet I were not as closely supervised, -however, and
for many of these individuals blood sample data were obtainable only for one
or two of the time periods., The resulting artifiéial data are shown in
Table 12, It is assumed that the incomplete data in this situation occurred
because of scheduling problems (e.g., subjects in group I lived at home and were
not able to attend all three appointments for blood samples either because of
other commitments, unrelated illness, travel distance, etc,) and thus may be
viewed either in the context of the missing data in Sections 2.1 or 2,4 or the
supplemental sample data in Section 2.3,

Let us now arrange the results in Table 12 in the array displayed in (2.21),

P~ - mt— P
Bi,l 2 2 8 9 91527 28
- Bil,l 7 2 5 231 532 6
B 1613 9 314 415 6
5iv,1 = |31 6 022 2 9 o (2,21)
gi’z 1 6 14
gi’3 1 7 14
gi,4 ' 3 8 10
s | [ _
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TABLE 12

RESULTS OF BLOOD CHOLESTEROL TESTS
(N = NORMAL, A = ABNORMAL, * = NOT TAKEN)

PATTERNS OF RESPONSE

TIME PERIOD
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Let Py = (gi/ni) for 1 = 11, II1, IIIl, IV, 12, 13, 14, 15, respectively where

n, denotes the sum of the elements in the vector D i.e., npgo= 100,
]
11,1 7 90 nygp = 80, "v,1 7 0 mp g - 1,4 T Pp,5 = 25. Let p,
be the compound vector ‘
= ! ! 1 LS ' ' '
R¢ @1,1’211,1’3111,1'EIV,1’BI,2’1’1,3'1’1,4’31,5) (2.22)

If we form the vector of linear functions F = ApG wﬁere A is defined in (2.23),
then the resulting élements of ¥ represent the estimated probabilities of normal
and abnormal blood cholesterol for the respective time periods in the four

groups of subjects, If the trend according to which the probability of normal

) FIIilOOOO
00001111
11001100
00110011
10101010
01010101
11110000
00001111
11001100
00110011
10101030
01010101
11110000
000011121
11001100 0's
00110011 elsewhere
10101010
01010101
11110000 .
00001111 @
11001100
: 00110011
A - 10101010
38%46 01010101
1100
0011
B 1010
- v 0101 '
' 1100
0011
1010
0101
1100
. 0011
1010
0101
10

— : . 01
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blood cholesterol changes over time is a logistic curve, then the logit function
vector f obtained as f = Klog (F) becomes of interest, where %gge(g) is the vector

of logarithms of elements in F, and K is a 19 x 38 block diagonal matrix with

n

nineteen submatrices of the type K [1-1)] forming the main diagonal, A

~1

consistent estimate for the covariance matrix of F jig

Yy - §2F1 ALV(p) IA'D 1K' (2.24)

where V(p ) is a block diagonal matrix with the matrices V_ (p ) = {D - pipi}/ni
~i ~ 3 e
for i = 11, IT1, IIIii, Ivi, 12, 13, 14, 15 respectively representing the main

diagonal blocks, ’
In order to compare the groups with respect to trends in their blood

cholesterol, we fit the model gilven by (2.25) to the vector f by weighted least

squares where B

01 and Bl i Yepresent the intercept and slope parameters for the
£ ’

1 o Fgé I-_'
B

—

1,1
0,II
1,1I
0,III
1,111
0,1V

1,1V

mmmmmm

000 000
11000000
120000 0 0
00100000
00110000
001 20000
00001000

_ 00001100
E{f} = xg = 0 0001200
000000 10
0 0000011
0000001 2
10000000
11000000
10000000
1 2000000
1 1000000
1 2000000
1000000 o]
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growth curve fitted to the i-th group 1 = 1,11,I1I1I,IV, The resulting
estimate b of B and the estimated standard errors are shown in Table 13, The

TABLE 13

ESTIMATED PARAMETERS AND STANDARD ERRORS
FOR CHOLESTEROL MODEL

Parameter , Estimate 8.e.

B -1.400 : «165
0,1
B « 549 124
1,1
B —10548 0252 R
0,11
8 1.570 .207
1,11
B8 ’ 045 221
0,III 176
.33 .
By, 111 > vro
. 4 .
Bo,1v 043
R 1.441 ¢ 249
1,1V

' goodness of fit test for the model(2,25) yields x? = 3.61 with D,F, = 11, Thus,
the model is consistent with the data., Results for tests of hypotheses correspond-
ing to pairwise comparisons of the intercepts and slopes in the respective
groups have been determined in a manner analogous to (2,7) and are given in
Table 14, Hence, it is apparent that treatments I and III have similar time

trends as do II and IV, Also treatments I and II have similar initial effects as

TABLE 14

PAIRWISE COMPARISONS OF PARAMETERS ‘
'FOR CHOLESTEROL MODEL (xf)

DIETS COMPARED INTERCEPTS SLOPES

" I-1I - 0.24 17,81
I-I11 27.39 1,03

I-1V 26,06 10,26

~ II-III 22,58 21,21
. _ II-1V . 21,81 0.16
II1I-1IV : 0.00 13.45
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do III and 1V, However, the other comparisons are statistically significant
(e=,01), These conclusions may be summarized by fitting the revised model

displayed in (2,26)where Bf and B% are the two distinct ihtercept parameters and

(2.26)

1
1
1
1
1
1
0
0
0
‘O
0
0
1
1
1
1
1
1
1

O O ©O O 0 © © =@ |k H = O O 0 O 0o o

0 0]
10
2 0
0 0
0 1
0 2
0 0
1 0
2- 0
0 0
0 1
0 2
0 0
10
0 0
2 0
10
2 0
0 ol

B§ and Bz are the two distinct slope parameters., On fitting the model (2,26)
by weighted least squares, we obtain estimates b* and estimated covariance-

matrix Vb* as shown in (2.27). The goodness of fit test for the model (2,26)

2

yields X™'= 5,69 with D,F, = 15 which implies that.this model also is consistent

. *
with the data, Finally, for tests of the hypotheses HO : Bl = B; and HO H B§ = Bz,

x2 = 89,74 with D,F, = 1 and X2 = 66,09 with D,F, = 1 respectively, The results

are!
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-. '—"l —— R
rbf [_1.365 f1.426 .628 ~.700 -,818
b - ,065 1,713 -,614 ~.564 2
o2 " ,485 Ypu .763 445 | X107 (2.27)
b* 1,461 1,569
I s L
. ied

3. STATISTICAL THEORY

The methodology which has been applied in the preceding examples
is very similar to that given by GSK for the complete data case., In particular,
we assume that there are s populations of elements from which independent random
samples of fixed sizes n, n2,...,nS respectively.are selected, The responses
of the n, elements from the i~th population are classified into r, categories,
with nij,where j=l,2,...,ri,denoting the number of elements classified into
tﬁe j-th response category for the i-th population, This structure is different
from that considered in GSK because it allows the definition of response
qategories as well as their number (i.e., the ri) to vary from one population
to another,

The vector Bi,where Bi = (nil’niZ""’nir.% will be assumed to follow
the multinomial dispribution with parameters ni‘and Ei’ where ﬂij ig the probability

of response j in population 1, Thus, the relevant product multinomial model is

& n, ! r n, 1
6 =T - 3 (3.1)
" l n nys! =
. j=l

L.
.

Other models like those considered by Johnson and Koch [1970] are applicable

for more complex sampling situations,
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Let Ry = (n /n ) and let . be the compound vector defined by

BG = (p1’~2""'p ). A consistent estimate for the covariance matrix of
pG is given by the block diagonal matrix V(p ) with the matrices v, (pi) =

..{ - P, pi} for 1=1,2,,...s representing the main diagonal; here Dp is a
<1
diagonal matrix with elements in the vector p; on the main diagonal,

Let F <BG)’ FA(pG),...,F (pG) be a set of u functions of Po» each

~

with partial derivatives up to order two with respect to the elements of e

existing throughout a region containing “G = E{pG} where ﬂ' (ﬂ 2,... ﬂ )

1f F E_E(EG) is defined by E' = E'(pG) (r (pG) F (pG),...,F (pG)) then the

~

covariance matrix of F can be consistently estimated by V = H[V(pG)]H' where

[dF(x)/dx [x=B « In all applications, the functions comprising F are

~F

~

chosen so that is asymptotically non-singular,
The function vector F is a consistent estimator of F(ﬂ ). Hence,

con31deration can then be directed at fitting a linear model E{F(p )} F(ﬂ ) =

e R4

where X is a known (u X t) coefficient matrix and B is an unknown (t x 1) parameter

vector, Weighted least squares is applied to determine a BAN estimator b for

~

’ g as indicated in (2,4). Statistical tests for the fit of the model and for

linear hypotheses involving B can be undertaken by applying (2.6) and (2.7).
For the examples considered in Section 2, pfimary emphasis was

placed on cases where F(E ) were linear functions obtained as F(pG) éBG; in
this event V = A[V(pG)]A' The functions comprising F in these examples were
either estlmates of cell probabilities or marginals thereof, Thus, even
though the response categories for the respective s populations were not
necessarily the same, they were always related in the sense of involving the
same underlying parameters, This fact defines the underlying principle by

means of which information on both completely classified subjects and incompletely
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classified subjects can be synthesized together in the analysis. Finally, it
should be indicated that in certain situations like that illustrated in Section 2,3,
a two-stage approach is required, At the first stage, the methods which have

been described here are used to determine estimates ff of T which reflect all the
A A
available data. Corresponding to T, an estimated covariance matrix V is also

~ A

determined, Then, at the second stage, T and V play the same role as P and

-y

X(BG) do at the first stage, In other ﬁordé, if £(H) represents a set of

functions which are of interest, then corresponding estimates are given by

~N

f£(T) with estimated covariance matrix Vf = HVH' where ﬁ [df(x)/dx|x=ﬂ].

~ o

f(f) ='§fx are then fitted by weighted
least squares, )

Essentially all fhe analyses described in this papef can be under-
taken by using the same computer program cited in GSK., The only refinements
required are suitable modifications of the relevant matrix operations, Also,
in some cases, if certain nij are zero, it may be necessary to replace them by
(1/r n ) in order to prevent V

~F
[1955] for more details in this respect),

from being singular (See GSK and Berkson

In summary, a straightforward generalization of the GSK approach
has been formulated for situations involving incompletely classified categorical
data., The corresponding methodology was shown to provide the analyst with a
powerful tool for dealing with a wide variety of problems, Thus, in some sense,
one can say that incomplete categorlcal data can be more readily handled than
incompleté.continuous data provided that the sample size is large (e, g., as in

the examples reported here), In this context, Kleinbaum [1970] discusses how

Wald statistics can be applied to incomplete continuous data arising in
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situations like those emphasized here, Alternative methods have been discussed

by Afifi and Elashoff [1966, 1967,1969a, 1969b],Hocking and Smith [1968], and

‘Hartley and Hocking [1971). However, if computational difficulties arise in the

application of any of these methods, then it may be more convenient to categorize

the continuous data corresponding to such cases and apply the analysis reported here.
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