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0. Introduction

Suppose an output or dependent counting process, N and an input or
independent covariate process X is observed. A model relating N to X
which is often used in survival analysis is the Cox Regression Model
(Cox, 1972; Anderson and Gill, 1982). This model stipulates that the

stochastic intensity of N is

B X,
A (X) = e Ao(t)-

.In the above, the regression coefficient, B, is an unknown scalar and AO
is an unspecified detgrminjstic, function. Since B is constant in time,
the above model implies that the regression relationship between N and X
is stationary. Since this may not be the case, several authors have
considered a time-varying regression coefficient (Brown, 1975; Taulbee,
1979; Stablein et al., 1981 and Zucker and Karr, 1988). Brown, Taulbee
and Stablein et al. make simplifying assumptions on the form of 8 so as
to maintain a finite dimensional parameter space. Zucker and Karr,
using a penalized likelihood technique, allow B to be infinite
dimensional (i.e., a function of time). Their analysis is developed
within the survival analysis context; that is where N can have at most
one jump. The method presented here, which also allows B to be infinite
dimensional, utilizes the method of sieves (Grenander, 1981), and in
particular, a very simple sieve, the histogram sieve. This choice of a
sieve retains the simplicity of analysis presenf in methods involving
only a finite dimensional parameterization of the regression coefficient

B. In addition, the estimation method presented below is applicable not

only in the survival analysis context, but also in the more general




context where N is allowed multiple jumps. The histogram sieve was used
by Friedman (1982) in the survival analysis context for the purpose of
estimating KO. McKezgue (1987) and Leskow (1987) also use the histogram
sieve for estimation purposes in multiplicative intensity model of Aalen
(1978).

Section 1 contains a description of the statistical model with a
list of assumptions made in the following theorems. Weak consistency
(with a rate of convergence) is proved in Section 2. Next in Section 3.
a functional central limit theorem 1is given for the integrated
regression coefficient. Section 4 preserits ‘a’ consistent estimator of
the asymptotic variance process. and’ the® Tast “section contains the

technical details. g Conorng . el
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1. Statistical Model

For each n, one observes an n-component multivariate counting
process, En = (Nn(l),... Nn(n)), over the time interval [0,T]. For
example, Nn(i) might count certain life events for individual i. En is
defined on a stochastic base (Qn,yn,{gz : t € [0,T]}) with respect to
which E(n) has stochastic intensity bn = (An(l),.,. An(n)) where

Bo()X (1)

?\Itl(i) = Ny(t) e Y’t‘(i).

In the above, both BO and AO are deterministic functions on [0.T], ﬁn =

(Xn(l),... .n(n)) is“8“vector '6f locally bounded, predictable stochastic
processes, and Xn = (Yn(l),... Yn(n)) is a vector of predictable
stochastic processes each takingjvalues in {0,1}. In this paper, En

% o
o Tyt

e

having stochastié ihténéity kn iﬁplies that
TEAL i amyyee ot N, .
Mo(1) = WY - S Ng(a)ds

is a local square integrable martingale with predictable variation,

A M) > ;,rg AD(1)ds for i=j

0 for i # j.

Since the focus of this paper is on BO’ inference for BO is based on the

logarithm of Cox's partial likelihood (Cox, 1972),

o B(s)XS(1)
¢ (B) = = [} én|—2 . an?(1) .
-1 B(s)XR(3)
e Y_(3)

M2

S

j=1

A direct maximization of Qn(B) for B will not produce a meaningful



estimate. For example, let Xn be time independent and each component of
En have at most one jump, then if Rank(X?) = n and the jump of Nn(i)

eB(TO)Xn(i)

occurs at TO, En[ ] can be made as large as desired
n

B(Te)X"(5)
e

j=1
simply by increasing B(To) (Zucker and Karr, 1988). In this situation,
the method of sieves (Gremander, 1981) is often useful. Essentially an

increasing sequence of parameter spaces, say {en, n2l}, is given so that

within each Qn there exists a maximum likelihood estimate, say Bn” and U
n

en is dense in O, where O is the paramsfer space of interest. The
histogram sieve is used here,
K FEs

0 ={B:B(s)= T b I{se I?j';fgr
i=1 B Y

R ™

i
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n n . . -
The (Il’°'°’IK ) are consecutive segmenis of [0.T].
o NI i

i

Defining, for each s e [0.T],

n B(s)X,(4)
2 e
j=1

s

i N n i n ( : oy ’Ji{"v':«?)
si(6.s) = GRN® YR 10 23.4,

consider the following assumptions:

A. (Asymptotic stability) There exist Si(BO,s), i=0,1,2, such that

i i
1) g IS, (By-s) = 8" (By.s)| = o (1).
2) n Jy (SL(By.5) - 81(By.5))? ds = o (1), and

3) there exist v > O such that



Sn(b,s)
sup sup |—6—————| =0 (1) i=1,2.3,4.
s€[0,T] beR s (b.s) P

Ib_Bo(s) |<’7

B. (Lindeberg Condition) For all € > 0,

T . . . €
1) 12§§n fo I{s : IXS(J)YS(J)l > §-v5} ds = op(l).

C. (Asymptotic Regularity)

1 > 0, U2 > 0 such that

max{A(s). Si(BO,s), i=0,1,2} <U and

@&:e. Lebesque on [0,T].

1) There exist constants U

O v«
S (BO’S) Z Uc;:

2) There exists a constant L > O such that for

£

ST SO R AL - 2
s%(8y.5) [$'B,.9)

V(‘BO, S) = SO{E - SO »
e ;g4%€i%ﬁﬁlk : gPQ’S)

V(Bo,s} S{Bogs} ke(s)r?“&%jug.e. Lebesque on [0,T].
D. (Bias) - |
1) Bo(s) is Lipshitz of order 1 on [0,T].
2) Bo(é) has bounded second derivative a.e. Lebesque on [0,T].
3) V(Bo,s) Sﬁiﬁogs) Ao(s) is continuous in s on [0,T].

4) V(Bo,s) So(ﬁobs) Ao(s) is Lipshitz of order 1 on [0,T].

In the following section, a member of Qn will be denoted either by

K
its’ functional form, B(s) = 3 © BiIi(s)’ or by its’ vector form,
i=1
B = (Bl"" BK ). It should be clear from the context which form of B
n
is pertinent. The lengths of the Kn intervals, I?,...,IE . will be
n

n n A n n n . -
denoted by & = (81,...,8Kn) with 2(1). B(Kn), and {271l being the minimum




length, maximum length and the 82 norm, respectively. Other definitions

are-
1) E_(B.s) = SL(B.5)/S2(B.5),
2) V_(B.s) = S2(B.5)/S2(B.s) - (E_(B.s))2.
K

3) forpeeo, u;sn:J ng2

n i=1 1

2 1 n 0 .

4) of = fo Ii(s) V(Bo,s) S (Bo,s) AO(S) ds, 1=1”"’Kn’ and

Iy T3(s) Bo(s) V(By.s) 8%(By.5) hy(s)ds

n,. .
5) for Bo(l) = 5 .1=1,...,Kn,
05 vosiincn o orian
n Kn n n
B(u) = = BO(i);i(u)* for uw in {0,T].
i=1 S = <
In the following, the superscripts?dhd’subsé;ipks Only

§ai
[P - S

KO and ﬁo are constant with increasing n.

@
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2. Consistency

One way to prove consistency of the maximum likelihood estimator is
to expand the log-likelihood about the true parameter, say BO’ and then
use a fixed point theorem as in Aitchison and Silvey (1958) or
Billingsley (1968). However, in the problem considered here, BO is, in
general, not a member of en for any finite n; hence in the following
proof, the idea is to expand the log-likelihood about a point in Gn, say
Bg, which 1is close to BO’ instead of expanding about ﬁo. This
introduces a technical difficulty as the score function is no longer a
martingale but a martingale plus a bias term. To the first order, this
bias term can be eliminzted by'proper choice of ﬁg as is given in the
previous section. Assumptions D and‘A2 are then useful in showing that

the bias is asymptotically negligibié.

I
S5

Theorem 1. Assuie

a) lim mnit¢d
n R

AR Rt Ty
b) Llim ni¢i® 5 o (Vafiance converges), and
L

g,
c) A, C, b1, -Tim E,LIQ. o,
n (1)

then for B maximizing Qn(B) in Qn,

4 ~ BN

JHEH Ig-g.ll = 0 (1) .

n lIB-B, L(1)

PROOF: Recalling that L is defined in assumption C2, let

52 = nent X 5 I,(s) & V(B,.s) SO(BO,s) Ay(s)ds

n i=1 L2

If



-1-1 3
sup K n el 8 (y(B.-B(1)) < O
pee_ i1 1 8B ™m 170
1B-Bii= (neu 4%

with probability going to 1 (as n - ®, |12l -» 0), then by lemma 2 of

. . . 2 d | ~ _ .
Aitchison and Silvey (1958), 3 B € en such that é—B—l— &Bn(B‘)|B=B = 0 Vi

~ .}
and IIB—BSII < 6n(II£|I4n) % on a set of probability going to 1. Since
62
—_— Qn(B)) is nonpositive for each i, this proves the conclusion. Using

6[3?

1

a Taylor series about the vector (Bo(l), cee BO(K)), gives,

A S

zK (n 2! B LA

=izf (a2 aﬁ ¢ (BD) (B, 60(1))

- ,,.'.~

2
+ X mey (Lo €, (P (B,Bo(1)?
i=1 aﬁi \\\\\\
. »v_i; ”53 " ALY
+ § . (l'l 81} (“ﬁ;:w ))(5 _Bo(l))
i=1 e’ 5&3{;
~1§f where ’HB*—ﬁSH < IB-pyl
< ( zK (n2,)72 5 ¢ ' (50)%)* )* up-pQu
+ sup |(m eyt 9%—-$ 8% + 71 2] np-pRi2 - Lup-g2
1<i<K i BB? n'"0 i i (0] 0
+ L s sy |(n 2)7! QE—-Q CRYRTEA
2 1<K 5Hee . aﬁi n 0

g™ pon<np Bo"
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Consider B € @_, where NB-gaI® = (en®n)~2 52, then, by lemma 1,

3‘; (ne)7 65 ¢ (B)(B;-By(1))

52 + Op(n"BHlo) + op(nen4)
< nB-pRu

62
n

2,-1
+ op((vﬁ'ueu ) ) +o (1) - L+ op(l)nﬁ—ﬂgu}

(since (HBH4n)—£ 6n 10).
Since lim 5ﬁ > 0.

n

sze) fw)m %hn

CgREnmar

o
J;:;:JI + g.,,' {,nj!“e,” )*‘0 (i?{f!! ) +0 ((\E Hel ) )

P

gHB~ﬁSM

+o0(1) - L+ Op(l)HB—BSH}.

It is obvious that, for & > 0, 3 ne such that for n > ne

[5( 207 G5 2, (B) (B-By(1) <O Vpeco,

such that uﬁ—Bgn = (nen? ny™* 5nJ >1-e 0O

Notes to Theorem 1.

1) Assuming D4 and lim nnen® < ®©, results in fg (Bg(s)—ﬁo(s))2ds =
n
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O(HBH4). Since nIlBH4 HB—BSH2 = Op(l) implies that nH€H2

fg({;(s)~ﬁg(s))2ds = 0 (1), one gets (anei®y 5] (B(s)-By(s))%as = 0,(1).

2) It is natural to question whether the rate JHBH4n from Theorem 1.
can be improved. In general this will not be possible. To see this,
let T=1, and Bi= 1/K for each i (so HeH2=1/K). It turns out that
VGE? (Bi - BO(i)), i=1,...,K, behave asymptotically like N(0,1) random
variables; this indicates that the approximate distribution of

EK (VSE? (Bi - Bo(i)))2 is chi-squared on K degrees of freedom. So one
i=1
P

expects that EK (VEE? (Bi - Bo(i)))z/K => 1. This can be proven
i=1

rigorously using lemmas 1 and 3. Since 0? = OP(I/K), this gives the

rate Vi/K?, i.e., JnM8H4. Other norms might allow. for different rates.

For example, using the above intuitive reasoning, it is expected that

. .- i =0 '];‘3‘,)., vielding - J_____ } B -
Bo(1) | =0, (1).

3) To understand why the choice of Bg given above eliminates the bias

to a first order, consider the following:

Maximizing %n(ﬁ) is equivalent to maximizing,

0, .
S, (B.s)

= 5" Jp (B(s) - By(s))X (1) - en [—8—] dN_(1)
i=1 Sn(BO'S)

for B € On. This is "asymptotically” like maximizing

0 -
i {(B(S) - B.(s)) sl(B,.s) - en F—“i——)—] s°(p s)}x (s)ds
2.1) © 0 0 SO(BO.S) 0>/ %o
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all o

Iy (B(s)-Bo())? V(B,.5) °(By.5) A, (s)ds.
(under suitable conditions)

But the B maximizing the RHS of (2.1) is given by [)’8. Therefore it is
natural to expect that for the maximum partial likelihood estimator, [3
the convergence of f(g (E(s)*ﬁg(s))zds to O will be of a faster rate than
for choices of B € en other than ﬁg

4) Further consideration of (2.1) lends substance to the use of the L2
norm in proving consistency. Usually in the method of sieves, the
Kullback-Leibler information (in this case, (2.1)) determines the norm
in which the maximum likelihood'estimator converges to BO (see Grenander
(1981), Geman % Hwangs:(1982) vand Karr (1987)). In the situation

considered here, ‘.'“.Zi:‘he’:’:i‘;‘LEZ‘fﬁnOij approximates, to the first order, the

Kullback-Leibler informationessr
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3. Asymptotic Normality

In order to conduct inference about the regression coefficient
function, BO’ it is useful to consider some sort of weak convergence
result for E. However, in this case and in other situations where the
parameter of interest is a function (Karr, 1985; Leskow, 1988:
Ramlau-Hansen, 1983) normalized versions of E(t) and B(s) have
asymptotically independent normal distributions. Intuitively, this
means that the limiting distribution of 5 is "white noise.” Thié
complicates inference using B taken as a function, as this excludes a
functional central theorem. Karr {1983} circimvents this by giving a
supremum type statistic which has @8 ‘asymptotic extreme value
distribution. Another possibility igVEOwcan;idemw%n integrated version
of E as will be done below. McKeague: ! {1887):. also considers an
integrated version and then proposes the use of a supremum type
statistic based on the integrated estimztor for inference purposes. One

ey
might also consider various weighted iutegrals of B, 1i.e.

fg wn(x)(ﬁn(x)—ﬁo(x)) dx as is done in Aalen {1278} and in Gill (1980).
In a later paper, issues involving inference will be addressed.

In the following, the existence of a sequence of estimators (Bn €

- i o _phy
Qn) is assumed such that HBn BOH = op(l), as n = ®,

Theorem 2. Assume,

a) Tim nlet® = 0 (Bias - 0),
n

b) lim nilen?

n

® (Variance converges), and

)
c) A, B, C, D2, D4, Tme—(ﬁ«»,
n (1)
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then,
VR Sg B (s) - By(s)ds B G
where G is a Gaussian martingale with GO =0 a.s.,and
<G>, =I5 (V(B,.s)S (B, s)N(s)) !
t 0 0 0 0
PROOF :

Using assumptions D2 and D4, it is easily proved that

VB IE BR(s) - B.(s)ds = o(n” nen?y.
28 1 95 P30 < poteras = oo

To show that vh JO ﬁn(s) - ﬁg(s) ds £ G consider the following Taylor

series: ‘
=1 90 o5y 1 8 n
0= Fap; P = = 3, £.(Po)
v TET 2 ,
F G e ) s L2 |
B B |2 D, 2 () + =L 2 (6 (B,-B, (1) |
el Bﬁi 65
| where BBl < nﬁg—fau.
2 3
. ~2 1 1 d o NP . . -
Define ol = oy Bg 5 3 ffn(B )(Bi—ﬁo(l)). Lemma 3 implies
ﬁl aB;
that P[ min 2?1 a? > l"-] - 1 so it is sufficient to consider
1< <K 102

\/Efct) (Bn(s) - Bg(s))ds on this set only. Therefore, solving for
\E(ﬁii—ﬁo(i)). multiplying by Ii(s) and integrating from zero to t

results in,

va I§ B_(s) - BY(s)ds
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1 t 1 1 d n
== 5t iz’f I(s) [;5 - ;5] 5, ¢ (Bp)ds
(3.1) i %
1 t 1 & n
- 5 ii‘ I.(s) ;?551 ¢ (BD)ds

To show that the first term on the RHS of (3.1) is op(l) in sup norm

consider,

2
1 T 1 1]a n
LK L-L1)¢g € (B ]I.( d]
[\/Hoizl 2 a?]aﬁino) (8)ds
2
21 1
eiE;z"'aﬂ .
ag

. . i=1
1 - 1

I\

2
1 a n .
n [§Bi gn(ﬁo)] '

i=1

2 R DR
1 ,-2 4L _1)° 2,2 .2 (3 n,)2
<o iEK £ [;—2 - —] n® ¢ 'zK (n 2,) [aﬁi SEH(BO)]

o 2 1 LT
X 4[:7 1 ] (X) [ 1 ] 6 1
= - = n 0_|— + 0 _(1en°) + 0 _(2)
-1 2 A % Plieits’ P p'n

£

{by lemma 1)

4 2 ~ 2
o_(1)nen*|o ] + 0 _(heil®) + O_(HE-£4%)
P [ Plhenty P

1 6 1
n_op[||e||4n] + 0 (lel”) + op(-ﬁ-)}

op(l) (by 1), 2), and lemma 3).

As for the second term on the RHS of (3.1),

1 .t 1 8 n
E fo 151( I.(s) 0_25’31 2 (By)ds

1

1™

t { 1 T . .
I ifi I.(s) ;§-j§T So T;(w) (X,(3) - E (Bg.u)) dN (j)ds.
2 5=
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Let,
2.

f st [izl I,(s) ;g} (X,(5) - E_(B5.5)) aN_(3)

Z, = %E

i
Using McKeague's (1987) lemma 4.1, one gets that if Z 2> G, then the

second term on the RHS of (3.1) converges weakly to G.
Now,

fn [ 2 ;(s) 2](x (3) - E (By.s)) aM_(3)

_ 1
t VH J i=1

+ VS [1§T I.(s) 2](E (By-s) - En(pg,s))sg(ﬁo,s)xo(s) ds.

By lemma 4, the,§Egond genmaof‘zt is op(l) in sup norm. As for the
first term, the idea is to use the version of Rebolledo’s central limit
theorem in Ander”‘sglgl &EGili" ;(11982);' Call the first term of Zt’ Yt'
Since

: Y
ix

= 55| F100 ;] (57 (B:5) + EL(5. 51800, 9)-

2 En(Bg,s)Si(BO,s)]AO(s) ds,

. '&‘) - -
and max  sup IB o, - V(B ,s)SO(B ,8)A\,(s)| = O (by the continuity of
. i 0 0 0
1{i<K seI

V(BO,S)S (Bo,s)ko(s) in s), one gets, using Al and lemma 2, that
P .t 0 -1
<Yt> > IO [V(BO,S)S (Bo,s)ko(s)] ds.

A Lindeberg condition must be satisfied also: that is, show

By(s)X ()
fo & 30 (X, - By e
J:

2.2
. 1
1 AOMOIENE ;§]
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1 X9 BB > ok [ F r 2] Jas.
1=

is op(l) for each € > 0. Recall that min ei_la? 2 L so the Lindeberg
i

condition will be satisfied if,

5 Bo(8)X,(3)
3% (X,(3) - E(85.5))% ° Y_(3)g(s)
(3.2) j=1

O'—!
=N

* I{s : |X,(3) - E_(By.s)| > evh}ds
= op(l) Ve>O.

The LHS of (3.2) is bounded above by,

5 Bo($)X,(J)

T 1 . . P SR F) e :
4 Jg = J:z‘ll X_(3)" e Y (3) Ngls)eTés =l (3)] > § V) ds
T 2 0 . .. e '
+4J, En(ﬁg.S) S, (Byns)-Ag(e} I{s = [E (By.5)| > 5 vh}ds
o Bp(s)X (J)
<4y Px (i Y_(3(s) I{s : P (5)1-Y_(3) > § vA)ds
j=1

+ 0p(1) by Al, C1, and lemwa 2."

So the LHS of 3.2 is

0p(1) - mx [ Io Ws = 1X,(3) Y (D > § Vids + o (1)

= op(l) {by B and Al).



18

4. A Consistent Estimator for the Asymptotic Variance Process

Theorem 4.1. Assume,

a) niel? 5 », and

b) Al, A3, C, D1, D3, Tim —i—l < o,
(1)

then,

sup |J° [ I(s)(em)” 7 ) ¢ (B)]—lds - SEV(B,.5)SO (B, s)AA(s) T Lds|
0<t<T op2 0= 0 070

i

= op(l)e
PROOF -
sup |SE | K1 sy eyt e (B)]_l - [V(B,.5)S°(B,.s)A (s)1 " ds]
0<t<T ° i=1 ﬂiw?i 3w}:um: ﬁB?,«F 0 ° >
t X 2
< sup lfo 27 I(s) (¢ n) 5 & (B) - V(BO,S)S (Bg»s)2y(s s)ds|
0<t<T =1 BB.
(4.1) i
(B, 538 (ByrsINy(s) = 3N I (s)(e.n)”} 62 ¢ (57!
- sup [V(B,.5)8 (B, 5)A (s) - I.(s)(e.n) = & B
Oi:<T 0 057" i=1 ' 1 5>

Consider the first factor on the RHS of (4.1),

2 (0] -1,
sup |15 3% 1() (em)M & 2 (B) - [V(By.5)SO(B, . 5 )Ny (5)] Las]
0<tLT i=1 aﬁl
2 2 n
< sup [ EK I(s) (¢;n)" ¢ (B) - &, ¢ (B2 |as]
0<t<T i= 6B1 Bl
2
+ s g T L e0em T S, e 6] - e lo?as]
0<t<T i=1 3B

i
12

+ sup if X I, (s) 8 o5

0
= V(By.5)S"(By.s)Ng(s)ds |
04T i=1 0 0 0
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The second term above is op(l) by lemma 1 and the third term is op(l) by

the continuity of V(ﬁo,s)SO(Bo,s)Ro(s). As for the first term above,

2 N 2
sup S5 K1 () ey 2 (B) - L 2 (B las|
ogest 0 a1 BT LT gp2 TR g2 O

I

fo Vo(B.5) -V (B3.9) | dF_(+)

B 5 T d 3 —
iff By = o] 55 1y() 15 Vo (8*.0) | ()

where nﬁ*—ﬁgn < uﬁ—ﬁgn

op(l) by A3, lemma 2 and the fact that HB—BSH E 0.

n—xo

fi, %)

That the second factor in (4.1) is Op(i), can b proved by lemma 2, a),

and A3. § \ o
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5 Appendix

Lemma 1. Assume,

< 2quenny™h puen® 57 K1 RORX V(Bo,s)SO(BO,s))\O(s) ds
- - i—*~

+o0 ‘(4.11)"31&'%{ nen®y Op(%),

.- T NEH S C
2) max |(n e, ) 922 (50) y a?I =0 ((va 1er’y Yy + 6 (1), and
1<i<K I ot :‘* P P
3
Je i e il o0 2 ¥y 2,-1
3)  max up 0 Hn eIy R e[ = 0 ((Va nen®) "ty + 0 (1).
1<i<K Biee 1 aﬁ? n p P
g -;302!< By &
PROOF

[

5y X e ‘w
) Z D7 5, % F0))”

ZK((ne)l

(5.1) i=1

jz? To T, ()X ()E_(BR.$)] aN_(3))>

I~

2 lzf ((mey™! 5? Ty T, ()X ()-E_(85.5)] an_(3))>

+2 z‘f (egl fg I, (s)[E,(By.5)

- E(By-5)1Sp(Bys sy (s) ds)?

Consider
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t . n N/
12T ((n2,) -f? Io T(s) X ()E_(BR.s)] aM_(4))

The compensator of Z, is

_ Bo()%,(3)
Co= B (o) PG L @0 - B We T ag(e) as

t -2 -1 2 1 n
I izf I,(s) €2 0 '[S2(By.s) - 25L(B,.5) E_(BR.5)

+ EL(BG.5)S0 (B 5) Ny (s)ds

To show that Zt has the same limit in probability as its’ compensator

Ct, it is sufficient (by Lenglart’'s inequality, Lenglart (1977)) to show
. ° - > < .;‘.¢4~ iy -

that the quadratic variation of ﬂéu'mﬁétwg¥)“goes to =zero in

probability. Denoting the endpoints of interva@;}i by a; and a1 and
defining M*(ai,s) =2 3" n_1

> (F5.u)] AN (§). the

optional variation of H8H4n(Z~C) is;{Kéﬁuf;, pz. 148)
[hentn(z-c)], = = nen® n’(4(z-c} )
s<t
= nen®n® P f K1 () { M (a ,s)
Jj=1 i=1 ;

e

- [X,(3) - En(ﬁg,S)]2 n“ze;2 + [Xs(j)—En(Bg,s)]4n_4e;4

+2 M (a;.8) - [X,(3) - E (B5.5)T°n 2%} aN_(4).
Then the compensator of [H£H4n(Z—C)] is given by,

cnentn (z-C)>, = nen®n? 5 zK I.(s)

(2;.8)" n €)% = 3 (X (§)-E_(6].9)) Y_(3)

{Mx 2 -1,-2 [l 2 Pols)%,00)
n oS
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_ By (s)X (3)
s 03 g [ (X () - E(BG.snt e Y (j)}
J...
+ 2 M¥a, ) n 2 ¢ L% 3 (%,(5)
51
Bp(s)X,(3)
- E By’ e O YS(J)]} No(s)ds

4 t 3 2
= nentn 5f iif I,(s) M'(a;.5)%s 0 (1)
+ 0l 0 (1)+ ueu2 5t iif I(s) M (a,.5)ds 0 (1)

by A3, CI1.

Now, max sup lM (a ,8)| ¢ max. sup IM*(O,S]I + max IM*(O,ai]|
1<{i<K S€Ii 1(1(h s€I 1<€i<K

1 ~1 ; n .
<t llff 332 8 Jo T (DX (DE (B w)] @ (3)]
fa

p[ s | Pn ;_€1 S 1, ()X, (9)- E (FR.w)] oM (5) |2
0Lt&T  i=1 j=1 cost

4 -1 (nentny~? B%
> B(ll2l™*n) ] <
B

R

5 P[ nen? n iET nt e gl I, (s)[S2(B,.5)-2 Si(BO,s)En(Bn,s)
* EX(B5.5) Sp(By- ) Phgls) ds 2 B |

{ e for B large and n large (use A3, Cl).



23

Therefore H£H f D I. (s)IM (a ,s)|ds = 0 (n_%).

i=1
Consider the process, EK I, (s)M (a ) ds for t belonging to
{a1 = O,al,...,aK = T} and the family {g }1 —0.K+1° On {? }1 ~0.K+1"
. P .3 2
fo .EK Ii(s) M (ai,s) ds
i=1
- f EK I. (s) 5P n 2 ;2 IS [X (3)-
a. “"u
i=1 j=1 i
9 Bo(u)X (3) _
E, (65.u)] Y (D(u) du ds

B

is a local martingale. Therefore by Lenglart's inequality (1977) for

B>0, >0,

prien? n 5 oI (5) Wia,.s)?ds 28] -
i=1 AP
B(Hen?n)! 5 £ e op Py g
< s+ Pluem“n;IQ 3 I(s)n f [s “(Byu)
(5.3) B(llel°n) f=t -

- R S )

I~
ul

for B and n large (use Al, Cl, and lemma 2).

4

2 -1 ]

Therefore <liei? n(Z-C)>p = HeI” 0 (1) + n" 0 (1) + n " O (1) (by

(5.2), (5.3)). This, as mentioned earlier, implies that

sup lentn Izt—ct| = o_(1).
0<t<T P

Since,

4 t -2 -1 0
sup l2II° n|C, - [ K I.(s) £, n " V(B,.s)S (B~.s)A~(s) ds]
0<t<T t 0 jop1 1 i 0 0 0]
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= nen? X 71 o(1) by Al and C1,

i=1 ! "'

4 t -2 ~1 o
sup lleli’n |Z S ZK I.(s) &."n " V(B,,s)S"(B,.s)A\,(s) ds| = o_(1).
0<t<T t 0 j=1 1 i 0] 0 0 P

This concludes the proof for the first term on the RHS of (5.1).
Consider the second term on the RHS of (5.1),

3¢ (671 1 L(S)E(BS.5) - E_(By.)1S(B,. s)Ag(s)ds).

i=1

Let Ilxli = .zf (e;1 fg Ii(s)(ﬁg(s) - Bo(s))(Vn(BO.s)Sg(Bo.s)
1=

= V(By:s) $7(By.5)) Ag(s) ds)>
and,

i = ST IG T ()(BH) - Bo() 8By s (s) ds)

1 .3 2
* sup sup 7 (5 vV (B.s))".
oy 3 08s<T B(s)€R 4 °06(s) 'n
” 1B(s)-By(s) <

a7 '
:
N

Using a Taylor series for fixed s yields:
En<é§?$§“é‘£4éﬁ0;;§'i’(ég<s) - Bo(s)) V. (By.5)
L - Bo(s)? (o) Vu(B:s) where
B(s)-By(s) ] < 1B5(s) = By(s)|

Then, since sup “38(5) - l30(s)| = o(1),
04<s<T

-1 T 0 9
iif (7! 55 T (S)E(BD.5) - E_(B,.5)180(By. ) (5)ds)
2

< 21x1Z + 20y,

2

It turns out that, IIxIl® = Op(rl_1) and Ilyll2 = O(II@IIG) so that the second .
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term on the RHS of (5.1) is equal to Op(%) + Op(H8H6). ly A, Cl, and
D1, one gets,

llxll2

_ET (I 1,(8) IV, (By.$)S2(B,.5) = V(By.5)S°(B,.5) |ds)2 0(1)
1=

* (@ [L)2o )

i=1

1
Op(ﬁ), and

2 2.2 6
liyl? = iz? (£9)” 0,(1) = nei® o (1).

9 _
-1 43 A o -1 2
2) |(ei n) 5;3-2 €.(By) + & Ui)l

PR -
e o
1 .

1T = -1l s GO
le; S T1;(5) Vi (Bg.s) dN () - &.°f 1,(s}V(8,.5)8"(By.s)\y(s) ds]

I

o7 g 1 () (V,(BY.8) - V{Fg.2}) dF ()]

1 L6V F )

e e
TS i RN M

-1 T 0 . O, .
+ 2 o I (s)V(By.s)(S (B,.5) -8 aﬁomﬁgpmgcs)dsl

oy

sup |V (B].5) - V(By.s)| max ]! ST I(s) av_(+)
0<s<T i

I

-1 (.T _
+ max 8. [f) I.(s)V(B..s) dM (+)]|
1<i<K i 0 "i 0 s

0 0 -1 T
+ sup [S (B,.s) - S (Bs.s)| e max & [, I (s)V(B..s)\.(s)ds
0¢s<T n"0 0] 1<i<K i 0 7i 0] 0]

So by lemma 2 and C1,

2

“1 6 _1 2 _ 2 _1 -
12?§K |(e; n) 5;? ¢ (B,) - & ol = OP((vE'neu ™+ o 1)
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53
3) max  gup I(ne) — 2 (F)] =
KKK Beo_ api
uB*—Bgu<.5q
-1 .T Si(ﬁ*,s) 3 Si(ﬁ*,s) >
max up Iei I L (s) |5 - —5 =35 E(F.s)
1Kk Beo Sp(B7.s) S (F.s)° T
HB*—BBH<.57
+ 2 E (F%.5)°| ()]
By assumption A3, Cl, and lemma 2, the above is,
<0 (1) max &1 1 [, (s) A (4) = 0,(1) + 0 ((vﬁhen Yy @

1<i<k ?* 1

Lemma 2. Assume Al, A3, Cl, and D1,

then,

1) max |5 1.(s) di ( )l o (1), and
1<K O ‘“WS vﬁ)

Ry
[HE S

Y

2)  sup isi(@?,s) - g (5 ,s)g =0 (8,,.) i=0,1,2.
0¢sxT 0 n*"0 p' (K)

PROOF :
1) Let B > 0 and coansider,

max |\/Ef I(s)dM()|<2 sup I\/Hﬁt(ﬁl.
1<i<K t€[0,T]

Using the version of Rebolledo’s central limit theorem present in
Anderson and Gill (1982) it is easily proved that for ZIZ = vh ﬁt('), z"
converges weakly to a Gaussian martingale with variance function
fé SO(BO,S)7\O(s)ds. An application of the continuous mapping theorem

(Theorem 5.1 in Billingsley, 1968) suffices to prove 1.
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2) Fix s, then using a Taylor series about 53(5) results in,
i i i+l
S (By.s) - sn(ﬁg,s) =S, (b.s)(By(s) - By(s)) where

Ib-po(s) | < 1B(s) - Bo(s)| 1=0.1.2.

Therefore,
sup |s}(B,.s) - S(BR,s)]
0<s<T n'"0 n'"0
= sup [B,(s) - Bo(s)| O (1) (by A3)
0¢s<T 0 0 p
= op(e(k)) (by D1). o

8 . B
Lemma 3. Assume A, Bl, Cl, and Tim ~2L ¢ &,

2.,
(1)
then, ;
5 ~2. 9 4 N T T T
K (%622 = wanffo (- ) + o {12y + o{iB-gRn=) 7.
i=1 - 1 P ey p 0
PROOF: .
2 _ 2.2 T o s u vqD e g
| — % ) il ¢ ‘}
iif (0f —oy)" <2 ic1 {fo I;(s) ¥,(By.s) ai( d

\ 2
- Jg 1, (s)V(By.9)8%(B,. 53 (s) ds]

3 -~
v2 (D (B96, - 1))
i= aB;

where n5*~53u < Npy-Bil.

On uﬁg—ﬁu < .57,

2 2.2 T - 9
izf (ai-oi) {4 iif (fo Ii(s) Vn(Bg,s) dM_(-))" +

* 437 U L)V, (F- )8 (8g-5) = V(B8 (B, ) Py(s)ds)?
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2 A~ n9 9
58 0B-BN° max s [(e. n) 3 £ (B N
(K) 0" ik 3}129 aﬁi
g ~B_lI<. 5

Using lemma 1 results in,

-ET (0-09)% < 4 zK et 5y I,(s)V_ (Bp.s) di_(-)) o(uent)
1=

‘4 -ET (8! Ig 1)V, (BR.5)s0(B,. 5)
1=

- V(By.5)8°(B,y.5)] Ay(s)ds)? ocnen?)

+ Ie- 881&9 0 (leal ).

Using Lenglart’s inequalit§‘éLénglart, 1977) it is easy to show (using
lemma 2) that = . _ :;Q,;;

zK (05-07)% = 0 (i) ocuen? )+ nﬁ-ﬁgu2 ocnen’ty
nentn

+ oguenty’ EK @l LSV, (B].5)82(B,. 5)

- V(B,y.5)8°(By.5)] Ay (s)ds)?

All that is left is tc prove that
iff (€7 Iy L(S)IV, (8. 9)S2(By.5) = V(8,0 (By.5)] Ay(s)ds)>

= 30 0 LIV, (0.9) = Y, (By-5)80(Bo. ) ()49)2
(5.4)

+ _zf (€71 15 1(S)V, (B $382(By. 5) = V(B,.5)8°(B,. 5) Ay (5)dls)>

1=
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= op(ueu2) + 0 (=

).
P et

Using lemma 2, it is easy to show that the first term on the RHS of

(5.4) is op(ueuz). The second term,
iff (25" 15 1,(8)IV, By )S2(By. 5) - V(B 105y, ) ng(5)4e)?.

can be divided up into terms such as

-1 T j j 2
lzf (€5 Jo L) I8)(5.5) - s(8,.5)14s)% 0 (1)

j =0,1,2, by lemma 2, and the fact that<info9{ﬁ@,s) > 0.

OLs(T

The proof will be concluded if for J = 0,1921_$ N

et LY

-1 T j J 3 Z 1
iff (" Jo 15(5)I87(8,.9)- $3(8y.0) ias)® = 0 (A— ).

P anen

SEVRTS SR .

The above LHS is less than or equal to,

-2 T, j 2,
iif (557 & o) Pgre) - S ey Pes
- 33) Iy (slg,.9) - s9(p,.s13%s 0(1).

e,
Using A2, and 1lim ELEL { ®© yields the desired result. o
n (1)

8
Lemma 4. Assume A, C, D and IEE'ELKL { o,
(1)

then,

Ivﬁft[zKI ei]E - E (8%,s))sC An(s) ds|
O;‘:I(jrr 0 o1 i(s) E ( H(BO'S) D(BO’S)) D(BO’S) O(S) S

4 2
= op(vﬁ nensy + op(ueu ) .
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PROOF :

Using a Taylor series on Bg(s) about Bo(s) at each s results in
E (By.s) = E (By.s) = (Bo(s) - By(s)) V_(By.s)
+.5(83(s) = Bo())? G55y ValB.9)

where |[B(s) - Bo(s)[ < IBO(s) - Bg(s)l and subsequently for IBO(S) -
Bo(s) <.

sup sup l V_(B.s)| = 0 (1) by A3.
0<s<T  B(s)€R 9B(s) 'n P

|B(s)-B4(s) I<x
g

Th i ST E_(By:s) - E_(B5.5))SO(By. s)A,(5)ds ]
en Oz:zT | ll l (sz‘ 2]'( ( 0 S 0’ S ( 0+ $)Ag(s)ds

W i ¢
< oo A£G [i§§ 1,(s) ;%] (Bo(s) — B($)) V, (By. 9)S2(By. s ) (s)dis |

+ VB Ty (Byle) - BR(s))%ds 0.(1) (by A, C1).

Using the definition of ﬁg it is easy to see that the second term above

is op(vﬁ’ueu4). As for the first term,

sup  |Va SE [ K1 (s) fi] (B(s) - B()) V. (B..5)SO(B.s)A (s) ds]
0<t<T O 1 J§ 0 0 n'Por )5, 0

< sup VA 5 (By(s) - BY(s))ds]
0<t<T

2
i 0
AR ORI L NO 3 Wl - Pg(2) - 1as

The first term above, sup Ivﬁ'f (Bo(s) Bg(s))dsl, has already been
0<tLT
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shown to be O(vﬁlﬂéll%. The second term is equal to,

2
a,
O(1) VR 1§ 18o(s) - B3() | IV, (B, )80(B,. sIAy(5) - [ 10 gHles

< 0(1) VA [y lBo(s) =~ BY() 1V, (Bo.9)S2(By.5) = V(8. )5%(B,. 5) ng(s)ds

2
o
i
2.
i

+ (1) VR Jg1Bo(s) - BA() IV, (B $)5°(B,. $Ay(s) - [izf () 7 las

= op(vﬁneuz) fg |Vn(Bo,s)Sg(Bo,s) - V(By.s) SO(BO.S)Ids

+ op(»EMeu4) by D4.

Using A2 and Cl, results in,

Ig l Vn(Bo.s)Sg(BO,s) - V(Bo,s)SO(EG?é)ﬁdglv =

it
k_ff)
o ‘L\a

m]



